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THE EFFECT OF YIELDING ON THE STRAIN ENERGY RELEASE RATE
 P. L. Key
Inorganic Materials Résearch Division, Lawrence Radiation Laboratory,

'r,Departmegt of Mineral Technology, College of Engineering,
: " University of California; Berkeley, California

-

» ABSTRACT
: The efféct of local ylelding on the strain energy release rate

accompanying»érack.extension.is evaluatédvby'COngidering the Dugdale
_médel‘of a ylelded crack.. An éxact; analytical expreésion is obtained
for the sfrain'energy release rate of the Dugdale crack which shows

an almosf linear ﬁérease Wi‘th.pla.stic zoﬁe length from the value for
the Griffith crackf When these results are éppliedvto data on
'2219-T87 alﬁmihum’alloy iﬁ the literaturé, fhe appéreht decrease in
ﬁoughness-at high stress levels calculated by the ASTM procedure is

removed.
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' INTRODUCT TN
T Fraeture'mechaniés; although based on linear elesticity, recoghizes
the existence and 1mfertance of plastic:deformation at the crack tip.
Several approaches have been used to incorporate theveffeefe of plaetieity

into the eQﬁations of linear elastic fracture mechanics. Irwin (1)

© made ﬁheja bosferiofi;aeeumption that the effect of plastic deformation

can be reﬁfesented by an effective erack length equal to the actual crack
length increased by the radius of the plastic zone at each end of the
crack. The radius of the plastic zone is obtained by applying a yield

eriterion to the elastic stress distribution around the crack. This

: éffective crack length 1s then used in the expressions for the stress

intensity factor oi straih energy release rate obtained from elasticity
theory. This epproaeh and other plasticity aspects of fracture mechanics

have been reviewed by McClintock and Irwin (2) with emphasis on the

‘results of’elaetic-plastic analyses of shear loaded cracks. The size

of_the‘plastic zone is calculated from these analyses and incorporated

into the Irwin effective crack length to estimate the effect of

ylelding on the stress intensity factor.

In this paper, the effect of plagtic flow at the crack tip on the

strain energy release rate will be examined by considering the Dugdale

.mbdelv(B)Vfdr a yielded crack. In this model; yilelding at the crack tip

1s simulated by applying a tensile pressure equel to the yileld strength
oVer shoft exteneions at.eech end of the crack (Fig. 1). Although beth
fhe Dugdale and Irwin modelgof the effect of plastic flow at the crack
tip involve crack extensions, the Dugdale model can be treated exactly

by the theory of elasticity. Thus, the Dugdale model only involves
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éssumpfions iﬁ the aeséription.of the modei ﬁheréaé the'Irwin approach

has aésuﬁptioné'in both the model and 1ts apblicatioﬂ. '  ' o
.The‘Dugdéle modéi"has been Verylsucceésfully ﬁsed‘to inVeétigate

yielding effedtsvin>fractﬁre mechénicé. The model was initially used

by Dugdale.fo pre@ict thévieng¢h of plastlc zones around the tips of

cracks:in mild steei'(S) with exéellent agreément being;oﬁfainéd with

the measured valﬁeé;"Tﬁé ﬁl&éti@reﬁefgy abéorptidnvrate and crack tip

displacement.bf the Dugdale mddél were caléﬁlated by Goodier and‘

Field (k4). ﬁahh and Roseﬁfield (5) obfainéd good agreement between

the Dugdale model and measuremeri”cs of_‘ the plastic zoné size and crack

tip displacements in Various steels. In a recent paper, Forman (6)

numericaliy calculated fhe strain energy rélease rate'for a créck in

a finite width plate using the Dugdale model td approximate the effeéts

of plastic flow. | |
This latter épplication of the Dugdaie model 1s re-examined belowv

and an exact,'analytical SOlution-is'bbtéined.for the original Dugdale

model of a crack in a plate of infinite width.

\
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ANATLYSTS

‘--The'Dugdaie'mbdel combines two élastic stfess distributions to

'simulate an’ elastic-plastic problem. Specifically, Dugdale (3) considerd

a crack of length 2a in an infinite plate loaded by a uniaxlal tengile

stress normal to the'crack, Yieldlng at the crack tip is simulated by

éxﬁénding‘éaéh'end of the erack by an amount, p, and applying a constant

. tensile préséuré egﬁalktoiY; the yield stress of the material, over these

extensions. The length b ig détermined by requiring.that the stress be

v finiteiat the extended crack'tip and thus mathematleally removing the ‘
'stress'singularity‘norﬁally observed in elastic crack tip stresses.

. This mbdél thué:consists of a crack in an éldstic sheet loaded both by

uniaxial stresses and by'pressure on the crack faces ; as shown in Fig, 1,

and . can be treated by the theory of elasticity.

For convenience, the strain energy release rate, G, will be formula-

ted for a finité sheet of length I, and eross~gectional area Ag contalning

alDugdalé craék. The explieit dependence on the size of the sheet does

ﬁot éppeér in the'finél expregsion for G and thus the expression can be
applied to the original Dugdale model (infinite shéet). The strain energy
releage rate associated‘with an extension of the crack and the corresponding
extension of fhe‘plaétic zdnes can be obtained from the work done by the
stress, o, and the:elaétig strain energy releasedx‘

aU
vG==A0‘5-—- 5——- : (l)

where ¢ = applied stressy A = axlal displacement between the ends of the

tensile member; Ac = area of crack in plane perpendicular to tensile axisgj

and Ue = elastic strain energy in the sheet.
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The elastic strain energy can be calculated from the stresses, Ti’ and

displacements, u;s on the boundary, Se,of the elastic portion of the ¢
sheet: - .o
. ' . ) i (3,
IR
s .

e

For the Dugdale crack:

. . N |
A —'Q.AgA‘l 2Y‘. dex o | }_(2)

where w is the axial component of displacemeht_of'the crack surface. The
' displacement, A, can also be expressed'in terms of W by applying Greenspan's
method modified for the effect of the tensile pressure loading (7):
| a- L o, 2 | | '
b= L fwdA | (3)
o ' g (I S .
. " . c
where Ac' is thg_area of the Crgck bounded by the elastic portion of the
body. Thus, A; includes both the real crack and the crack extensions:

at+p .

walA o (1)

Introducing Eq. @) and (b4) into (1), and considering constant applied stress,

the strain energy release rate becoﬁes:‘ *-
atp ' atp - » \r/
I - 2
G = o 5= fwdx + Y 5 fwdx - - (5)
c a ' :

where the explicit dependence on the size of the sheet, L and Ag, no longer
appears. As discussed by several authors. (8), the assumption of constant

stress does not restrict the generality of the result.
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' The displacement,. w, has been given by Goodier and Field (4) for the case

of plane stress:.

N - (a+p) Y 'sinz(s—e) ! { (sinB + sinp)?
vw = a—-nEp—-_— {COS.valn (m) + cosf 1In ((SinB ” sine)z)}(s)

sin

Lk : . _ .
- where Y is the uniaxial yield strength of the material and

o = cosfl (x/atp) ) | (Ta)
8 = /2 (o/Y) | (70)

b ‘ '
.% - se?-B -1 ' S (Te)

Aftef'substituting Eq. (6) into Eq. (5), the indicated operations were
performed with'the aid of Goodier and Field's (4) Egs. (All) and (A12) frith a
» typographicél error corrected by intrddueing_é1factdr of ;cosl% into the
vthird term'of'AlE)"-Inicalcﬁlating the‘defivatives, the linear.dependence of
the plastic zone 1enéth,.p,ﬂ0n the crack.length,:a, giveﬁ by Eq. (Tc) must be
qonsidered butithe parametef‘B may be treated as a constanf. Performing

these operations yields the resultg

G  tan 1ln sec
G~ 2; il (8)
e .
© mo2a o : S
where G, = T the strain energy release rate for a Griffith crack.

-

This result is plotted in Fig. 2 as a function of p/a and in Fig. 3 as a
function of o¢/Y using the relations between B, o/Y and p/a given by

Eq. (7). Figure 2 shows that the straln energy release rate for a Dugdale
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crack is almost a linear function of the plastic zone size, This

fortuitous result enables the'étrain energy release rate for the Dugdale )
crack to be approximated closely bys
G . : : 9
e = 1 + (p/a) (9)
e . .
Alternatély, the strain enérgy release rate may be expressed in
terms of the displacement at the crack tip, w(a) = w, using the relations
' | e hya a |
W, = In secﬁ
Hence,'
G o )BtanB o - ’ . (10)
X 7 )In secB T .
This expresSion is shown in'Fig. A‘Which demonstratesvthat G can
be approximaféd by
- G =. 2¥w¢
for low stresses. A Similar prediction has been made by Hahn and
Rogenfield (5) and by Bilby et 'al. (8).
’
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DISCUSSION

It is proposed that the strain energy release rate for the Dugdale
crack may provide a useful general method of correctlng elastic strain
energy release rates for yielding effects. Accordingly, Eq. (8) has
been put in the form of a correctiOn factor to the elastic strain
energy~release retevend is'eompared to Irwin's correction factor in
Fig;‘S, Trwin's estimate of the effect of plastiec deformation on the
strain energy release rate in a plate of infinite width is glven by (l).
! o 1 ¥
T 2
i 1= 3/2(e/Y)

where the'fector, Ay nas been introduced for generality; Irwin's original

(11)

mc-"jim

estimate corresponded to the case of A = 1.0.

“As shown in Fig. 3, a value of )\ :\2.4 gives good agreement between

' the Dugdale model and Irwin's estimate. It should be noted that p of

the Dugdele model equals the total length of the plastic zone whereas
T, of the Irwin model is the radius of the zone (one-half the total zone
length). bThis suggests that a value of A = 2.0 should be used to make

the two models consistent. Gerberich and Zackayr(9)'bave recently shown

vthat replacing the Irwin plastic zone radius, ry, by;the Dugdale zone

size, P, results in better agreement between displacement gage results
and those obtalned using an explicit plastic zone correction. This
corresponds. approximately to nsing a value of the total plastic zone
size ( Ery) rather than the plastic zone radius. |

The enalysis in this paper deals with plates of infinite width
but could be applied to plates in which the crack length plus the plastic

zone length 1s small compared to the plate width. The exact method to
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incorporaté width effects would involve making a new_elasiic stress
analysis for the finite width_plate to obtain thebéorrect crack surface Y
displacemehtsjto use in Eq. (5). A simblé‘a?pfbximation is to‘assﬁme
that the effects of width ahci plastici’cy may be éonsidered separétely‘.

Thus; for a finite width'plate, it is suggested that an equation of .

-

;qan'be used Where'(G/Geln is the Vaiué_given by Eq. (8) and f(ra/W) is a

the form:

(59-)  £(re/W)
e /oo -

correction factor due to width. The recentiy suggestéd-secant factor (lO)
is_an example’of such'a‘function for a central crack of length 22 in a

plate of width fo' ' 

f(ré/W) = sec 1ra/W
Thus, .
G _ o Jtanf _ In secB (- ) , C(12)
e 3 2 W A
e _ B , .

This approaéh_aésumes that the interaction of width énd'plasticity
result In only small corrections to the féspectivevfactors and should
be.valid,as long as the length of the»plast}c zone (Eq. Te) is small
relatife tb tﬁe plaéé width; Figure SVQhOWs the fésult of applying
Eg. 12 to test data on'O.i inch thick>by 2l inches wide plates of
2219-T87 aluminum alloy having a yield strength of 58,8-ksi and ultimate N
strength of 69.5 ksi (11). These data have also been treated by Irwin

and McClintock (2) and Gerberich and Zackay (9) and their results along

with the ASTM anaiysis (12) are also shown in Fig. 5. All three of these
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latter analyses aré baéed.bn the Irwin approach of increasing‘fhe crack
lengtﬁ by the"iéngfh of the plastic zone but theimethOd of estimating
the plastic zone length‘differs. Irwin and McClintock used a numericél
proceduré‘based”on:the-elastic—plastic aﬁalyses of cracks in shear.
Gerberich and zackéy'ﬁséd thé Dugdale zone length modified by the
Wesféiéaax‘_d’ (13) ‘width ‘coz"”re'ctic;m and the ASTM analysis derived a
plastic'zéﬁe 1énéth fromfthe'élastié‘stress'distribution. In applying

these ahalySeSQ"thé'tenéile strength rather than yield strength was

“used to compensate for work hardening since all the models were based

oﬁ elastic-perfecily.plAS£ic éolidé; a simiiar approach was uséd by
Irwin and McClintock and Gerberich and Zackay . |

Figurevibshows that a relatively constant fracture toughness is
predicfed by alivthree modéis which'iﬁcorporate plasticity effects but
thatvthé ASTM analysis_iesuits in a decrease in’Kc at sﬁaller crack

{

lengths. Because 1t 1s based on a model Incorporating plasticity effects

- and because of 1ts aﬁalytical simplicity, it. is considered that Eq. (12)

1s worthy of furthér investigation as a method introducing plasticity

corrections.
Goodier and Field (4) have shown that the plastic energy dissipation

rate for the Dugdale crack is given byi

e 2w02a tanf _ 1n se¢f
oA, B 8 | 8° .
for the case of plane stress. Comparison with Eq. (8) shows that
¢ = &£ (13)
- .

for the Dugdale crack.
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The change in energy accompanying crack extension can be writteh,as'

AE = . {G +» SK; + 27] f AA
which becomes, by x_firtué of Eq. (13) - |

AE - = EXAA ' |
independent of craﬁk size and sﬁréés leVei.' Thié result:implies thaf an
energy instabilit&'in.ﬁhe sénse of Griffifh caﬁhot oécur with the Dugdale
.cfaék.‘-Thus a fracturé cfiferia_based onvstrain.energy:releasé rate |
‘, would ndt be predidted for a‘Dugdale crack. Physically, this means'
that the energy supplied by fhe loading system and the release of strain

energy is Jjust balanced by the absorption of energy in inelastic deforma-

tion leaving no energy to provide for the new craék'surfaces; A similar

conclusion was reached by Goodier and Field (L) and attributed by them to

be a conséquence’of'the removal of ‘the crack tip singularity in the Dugdale

model., Recently,‘Rice'(lh) hasvshown that Eq.i(l}) applies for all load

levels for the more general case of a crack in an elastic-perfectly plastic

material.
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As mentioned abofé,:Forman (6)_has alsé>cdnSﬁdered,the sfrain
energy release fate of the Dugdale craék."Hié anélysis différs frqm:
the preéent onie in'threé Ways%>
l). Forman coné;dered finite width plates rather than the infinitg’
width plates éoﬁéidéféd in.this papér. Fofm;n incofboréted the ﬁidth
éffect épﬁfoxiﬁately by ﬁéing thé érackvsuffaée displacements for éﬁ
infinite piéte“buf_modifying the applied stress,o; with the stress
distribution'of.the.infinite'plate. This greatly complicétes the cal-
éulation gince o, becomes a'funétidn of crack siie. ”Because of these
complicatiéns, Foxman‘had'%o use numeriecal méané to obtain values for
the é%raihvéneréy reiease‘rate;' Althdugh the results of this approach
ﬁay be uéeful,_it is a much‘more complicated approximation thah treating
tﬁé fwéjeffécts1separately as outlined above. |

2) 'In calculating the strain enérgy of the plate, Forman considers only

. the appliéd stréss,a; thus neglecting the strain energy contribution of

the stress,”-Y, distributed along the elastic-plastic boundary. This

contribution resﬁlfs froﬁ-inferaction of.fhe two stress flelds and
negleCfing it produces an underestimate of the strain energy release
rate.

3) In calcﬁlating the axial rigidity of the plate} Forman integratedr
the erack diéplaceﬁenfs only over the_truevcrack area. However,‘in
order to’obtain'the rigidity of the elastic body, the crack displacemeﬁts
should beintegréﬁed over the’bdﬁndary of the elastic region which 1s

the extended crack (a+P) and not the true crack. This also produces

an underestimate of the strain energy release rate.
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CONCLUSIOﬁS‘
The Dugdale model of a.crack with yieldiﬁg'provideé a method_of 
incofporatiﬁg plastic flow effeétsvinto elastic fracture'mechaniCS.‘
The stféiﬁ energyvréléase'rate for'a'Dugdale crack is shown to be
almost'a'linééf fﬁnction of the plastic zone size.
The'strain energy réleéée.rate for a Dugdale crack jﬁst equals the

rate of energy absorption by piastic deformation. Hence, uhstable,

Griffith-typé fracture.Cannot occur in this model.

The plaétic‘zone correction pfOposed by Irwin can be made td more

closely-agrée With the,Dugdale model'by increasing thé effective

half crack length by 2.k ry rather,than~fy.

‘ Thevstrainfenergyvfeleasevrate for a Dugdale erack is proportional

to the craék'tip displacement for low loads.
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Fig. 1 The Dugd.ale model of & ylelded créck |
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Flg, 2 Strain energy releage rate of a ylelded crack

relative to a Griffith crack a8 a function of
plastic zone length
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Figs 3 Straln energy release rate of a ylelded crack
as a functlon of applied stress
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Fig, 4 Strain energy release rate of a ylelded erack
relstive to the ecrack opening displacement as
a function of applied stress
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o EQ. (12)
‘o MC CLINTOCK-IRW!N (REF2)"-¢
"~ & GERBERICH - ZACKAY (REF. 9)
© O ASTM (REF 2) .

L
2 16

Looe
- “. 20 (INCHES)

‘XBL 685-749 -

S Plge 5 Fracture toughness of 2219-T87 a.luminum alloy as a

_ funcetion of crack length,  Plates were 0,1 thick
by 24 inches wide with yleld strength of 58,8 ksi
and an ultimate strength of 69.5 ks, _
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