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THE EFFECT OF YIELDlliG ON THE STRAm ENERGY RELEASE RATE 

P. L. Key 

Inorganic Materials Research Division, Lawrence Radiation Laboratory J 

,Department of' Mineral Technology, College of' Engineering, 
" UniverSity of Californiaj Berkeley, California 

ABSTRACT 

The ef'fect of' local yielding on the strain energy release rate 

accompanying crack extension is evaluated by considering the Dugdale 

model of a yielded crack. An exact, analytical expression is obtained 

for the strain energy release rate of the Dugdale crack which shows 

an almost linear increase with plastic zone length from the value for 

the Griffith crack. When these results are applied to data on 

2219-TS7 aluminum alloy in the literature ,the apparent decrease in 

toughness at high stress levels calculated by the ASTM procedure is 

removed. 
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INTRODUCT ION 

Fracture mechanics, although based on linear elasticity, recognizes 

the existence and importance of plastic. deformation at the crack tip. 

Several approa.ches have been used to incorporate the effects of plasticity 

into the e~uations of linear elastic fracture mechanics. Irwin (1) 

made the a posteriori assumption that the effect of pla.stic deformation 

can be represented by an effective cra.ck length e~ual to the actual crack 

length increased by the radius of the plastic zone at each end of the 

crack. The radiu's of the plastic zone is obtained by applying a yield 

criterion 'to the' elastic stress distribution around the crack. This 

effective crack length is then used in the expressions for the stress 

intensity factor or strain energy release rate obtained from elasticity 

theory. This approach and other plasticity aspects of fracture mechanics 

have been reviewed by McClintock and Irwin (2) with emphas is on the 

results of elastic-plastic analyses of shear loaded cracks. The size 

of the plastic zone is ,calculated from these analyses and incorporated 

into the Irwin effective crack length to estimate the effect of 

yielding on the stress intensity factor. 

In this paper, the effect of plastic flow at the crack tip on the 

strain energy release rate will be examined by considering the Dugdale 

model (3) for a yielded crack. In this model, yielding at the crack tip 

is simulated by applying a tensile pressure e~ual to the yield strength 

over short extensions at each end of the crack (Fig. 1). Although both 

the Dugdale and Irwin models of the effect of plastic flow at the crack 

tip involve crack extensions, the Dugdale model can be treated exactly 

by the theory of elasticity. Thus, the Dugdale model only involves 
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assumptions in the description of the model whereas the Irwin approach 

has assumptions in both the model and its application. 

The Dugdale model h8..s been very successfully used to investigate 

yielding effects in fracture mechanics. The model was initially used 

by Dugdale to predict the length of plastic zones around the tips of 

cracks in mild steel (3) with excellent agreement being obtained with 

the measured values.· The plastic energy absorption rate and crack tip 

dispiacement of the DUgdale model were calculated by Goodier and 

Field (4). Hahn and Rosenfield (5) obtained. good agreement between 

the Dugdale model and measurements of the plastic zone size and crack 

tip displacements in various steels. In a recent paper, Forman (6) 

numerically calculated the strain energy release rate for a crack in 

a finite width plate using the Dugdale model to approximate the effects 

of plast ic flow. 

This latter application of the Dugdale model is re-examined below 

and an exact, analytical solution is obtained for the original Dugdale 

model of a crack in a plate of infinite width. 

• 
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ANALYSIS, 

The Dugdale model combines tw'o elastic stress distributions to 

simulate an elastic-plastic problem. Specifically, Dugdale (3) considerEi 

a crack of length2a in an infinite plate loaded by a uniaxial tensile 

st:res,s normal 'fo the crack. Yielding at the crack tip is simulated by 

extending each end of'the crack by an amount, P, and applying a constant 

tensile pressure equal to Y, the yield stress of the material, over these 

eXtensionso The "length p is dete:rmined by requiring that the stress be 

finite at the extended crack tip and thus mathematically removing the 

stress singularity normally observed in elastic crack tip stresses. 

This model thus consists of a crack in an elastic sheet loaded both by 

uniaxial stresses and by pressure on the c:rack faces; as shown in Fig .. 1, 

and can be treated by the theory of elastic1ty~ 

For convenience, the strain energy release rate 'I G, will be formula-

ted for a finite sheet of length Land cro,ss-sectional area A containing 
g 

a Dugdale crack. The explicit dependence on the size of the sheet does 

not appear in the final expression for G and thus the expression can be 

applied to the original Dugdale model (infinite sheet). The strain energy 

release rate associated with an extension of the crack and the corresponding 

extension of the plastic zones can be obtained from the work done by the 

stress" cr, and the elasti~ strain energy releasedt 

(1) 

where cr = applied stress; (':, = axial displacement betw'een the ends of the 

tensUe member; A = area of crack in plane perpendicular to tensile axis; 
c 

and U = elastic strain energy in the sheet. 
e 
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The elastic strain energy can be calculated from the stresses, T., and 
1 

displacements, ui ' on the boundary, Se,of the elastic portion of the 

sheet: 

For the Dugdale crack: 

U e 

U 
e 

= 

= 1 
2 

~A6 
2 g 

u. do 
1 

a+p 

·2Y· f 
a. 

wdx (2) 

where w is the axial component of displacement of the crack surface. The 

displacement, 6, can also be expressed 'in terms·ofw by applying Greenspan's 

method modified for the effect of the tensile pressure loading (7): 

6 . = oL 
- + 
E 

2 
A 

g 
f wdA 

A 
c 

where A. is the area of the crack bounded by the elastic portion of the 
c 

body. Thus, A' includes both the real crack and the crack extensions: 
c 

oL4 
= - + E A 

g 
lWdA 
Ci 

(4) 

Introducing Eq. (2) and (4) into (1), and ·consideringconstant applied stress, 

the strain energy release rate becomes: 

G = o 
da i wdx + wdx 

o 

where the explicit dependence on the size of the sheet, Land Ag, no longer 

appears. As discussed by several authors, (8), the assumption of constant 

stress does not restrict the generality of the result. 

, 

ft·· 
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The displacement,w, has been given by Goodier and Field (4) for the case 

of plane stress~, 

w = 
(a + p) 

TIE 
y { (sin

2
(S-S)) c' osQ 1 '((sinS + s~nS)2) t(6) 

cosS ln sin2(S~S) + ~ n (sinS slnS)2 f 
I, 

where Y is the uniaxiai yiel'd strength of the material and 

S 
-1 (x/a+p) = cos 

13 =' rr/2 (0' IY) 

£. = sec'S - 1 
a 

After substituting Eq. (6) into Eq. (5), the indicated operations were 

performed with the aid of Goodier and Field's' ( 4) E<ls • (All) and (A12 )6vith a 

typographical error corrected by introduc ing a factor of -cos e~ irito the 

third term' of A12)o' Tn 'calculating the derivatives, the linear dependence of 

the plastic zone length, P ,on the crack length,a, given by E<l. (7c) must be 

considered but.the paramete:t 8 may be treated as a constant. Performing 

these operations yields the result: 

G 
G 

e 
= ln sec 13 l 

13
2 ~ 

(8 ) 

where Ge the strain energy release rate for a Griffith crack. 

This result is plotted in Fig. 2 as a function of pia and in Fig. 3 as a 

function of alY using the relations between 8, alY and pia given by 

Eq. (7). Figure 2 shows that the strain energy release rate for a Dugdale 
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crack is almost a linear function of the plastic zone size. This 

fortuitous result enables the strain energy release rate for the Dugdale 

crack to be approximated closely byt 

G G = 1 + (Pia) 
e 

Alternately, the strain energy release rate may be expressed in 

terms of the displacement at the .crack tip, w(a) = we using the relation: 

w = 4Ya in sec{3 
c . 7TE 

Hence, 

G··· .{(3 tan{3 
2Yw c =. In sec{3 

. (10) 

This expression is sbown in Fig. 4 wbicb demonstrates tbat Gcan 

be approx ima ted by 

G = 2Yw c 

for low stresses. A s :!milar prediction bas been made by Hahn and 

Rosenfield ( 5) and by Bilby. et 8.1. (8). 

t 
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DISCUSSION 

It . is proposed that the strain energy. release rate for the Dugdale 

crack may provide a useful general method of correct:ing elastic strain 

energy release rates for yielding effects. Accordingly, EeJ.. (8) has 

been put in the form of a correction factor to the elast ic strain 

energy release rate and is compared to Irwin's correction factor in 

Fig. 3. Irw:inl s estimate of the effect of plastic defomation on the 

strain energy release rate iD. a plate of infinite width is given by (l)r 

G 1 I 

.cr.- = 
e 

( 11) 

I I 
where the factor, A, has been introduced for generality; Irwin s original 

estimate corresponded to the case of A = 1.0. 

As shown in Fig. 3, a value of A = 2.4 gives good agreement between 

. the Dugdale model and Irwin's estimate. It should be noted that P of 

the Dugdale model eeJ.uals the total length of the plast ic zone whereas 

r of the Irwin model is the radius of the zone (one-half the total zone 
y 

length). This suggests that a value of A = 2.0 should be used to make 

the two models consistent. Gerberich and Zackay (9) have recently shown 

that replacing the Irwin plast ic zone radius, r , by the Dugdale zone 
y 

size, P, results in better agreement between displacement gage results 

and those obtained using an explicit plastic zone correction. This 

corresponds approximately to using a value of the total plastic zone 

size (2r ) rather than the plastic zone radius. 
y 

The analysis in this pa.per deals with plates of infinite width 

but could be applied to plates in which the crack length plus the plastic 

zone length is sma.ll compared to the. plate width. The exact method to 



-8- UCRL-18l55 

incorpora.te width effects would involve making a new elast ic stress 

analysis for the finite width. plate to obtain the correct crack surface 

displacements to use .in Eq.. (5). A simple approximation is toa.ssume 

that the effects of width and plasticity may be considered separately_ 

Thus, for a finite width plate , it is suggested that an eq.uat ion of 

the form: 

(G: ) = f(rra!W) 

can be used where (G/G
e

) ... is the value given by Eq._ (8) and f(rra/W) is a 

correction factor due to w.idth. The recently suggested secant factor (10) 

is an example of such a function for a central crack of length 2ain a 

plate of width Wt· 

f( rra/W) 

Thus, 

G cr--
e 

2 

sec rra/W 

rra 
sec -

W 

This approach assumes that the interaction of width and plasticity 

(12) 

result in only small corrections to the respective factors and should 

be valid as long as the length of the plastic zone (Eq..7c) is small 

relative to the plate width. Figure 5 shows the result of applying 

Eq.. 12 to test data on 0.1 inch thick by 24 inches wide plates of 

• 
, 
\J 

, 
2219-T87 aluminum alloy having a yield strength of 5808 ksi and ultimate \; 

strength of 69.5 ksi (11). These data have also been treated by Irwin 

and McClintock (2) and Gerberich and Zackay (9) and their results along 

with the ASTM analysis (12) are also shown in Fig. 5. All three of these 
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latter analyses are based on the Irwin approach of increasing the crack 

length by the' length of the plastic zone but the'method of estimating 

the plastic zone length differs. Irwin and McClintock used a numerical 

procedure based on the elast ic-plast ic analyses of cra.cks in shear. 

Gerber,ich and Z~ckay'used the Dugdale zone length modified by the 

Westergaard (13) width .correct ion and the ASTM analys is derived a 
, , 

plastic zone length from the '~lastic stress distribution. In applying 

these analyses ,the' tensile strength rather than yield strength was 

used to compensate for work hardening since all the models were based 

on elastic-perfectly plastic solids; a s'imilar approach was used by 

Irwin and McClintock and Gerberich and Zackay. 

Figure 5 shows that a relatively constant fracture toughness is 

predicted by all three models which incorporate plasticity effects but 

that the A!3TM analysis results in a decrease in K at smaller crack c 

lengths. Because it is based on a model incorporating plasticity effects 

and because of its analytical simpliCity, it is .considered that E<l. (12) 

is worthy of further investigation as a method introducing plasticity 

correct ions. 

Goodier and Field ( 4) ha:ve shown that the plastic energy diss,ipation 

rate for the Dugdale crack is given by: 

2 
271"0' a 

E 

for the case of plane stress. Comparison with E<l. (8) shows that 

G = 

for the Dugdale crack. 

(13 ) 
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The change in energy accompanying crack extension can be written as 

~E = r + ~:: + 2~] 
which becomes, by virtue of E<l. (13) 

~E = 2'Y.1A 

independent of crack size an~ stress level. This result implies that an 

energy instability in the sense of Griffith cannot occur with the Dugdale 

crack. Thus a fracture criteria based on strain energy release rate 

would not be predicted for a Dugdale crack. Phys ically, this means 

that the energy supplied by the loading system and the release of strain 

energy is just balanced by the absorption of energy in inelastic deforma-

tion leaving no energy to provide for the new crack· surfaces. A similar 

conclusion was reached by Goodier arid Field (4)· and attributed by them to 

be a consequence of the removal of the crack tip singularity in.the Dugdale 

model .. Recently, Rice (14) bas sJ:J.oWn that Eq. (13) applies for all load 

levels for the more general case of a crack in an elastic-perfectly plastic 

material. 

• 

< ' 
'd 
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As mentioned above, Forman (6) has also considered. the strain 

energy release rate of the Dugdale crack. His analysis differs from 

the present one in three ways: 

1) Forman cons idered finite width plates rather than the infinite 

width plates considered in this paper. Forman incorporated the width 

effect approximately by using the crack surface displacements for an 

infinite plate but modifying the applied stress,u, with the stress 

distribution of the infinite plate. Thi$ greatly complicates the cal-

cUlation since a, becomes a function of· crack size.. Because of these 

complications, Forman had to use numerical means to obtain values for 

the strain energy release rate. Although the results of this approach 

may be useful, it is a much. more complicated approximation than treating 

the two effects separately as outlined above. 

2} In calculating the strain energy of the plate, Forman considers only 

the applied stress, u, thus neglecting the strain energy contribution of 

the stress~ -y~ distributed along the elastic-plastic boundary. This 

contribution results from· interaction of the two stress fields and 

neglecting it produces an underestimate of the strain energy release 

rate. 

3) In calculating the axial" rigidity of the plate, Forman integrated 

the crack displacements only over the true crack area. However, in 

order to obtain the rigidity of the elastic body, the crack displacements 

should be futegrated over the boundary of the elastic region which is 

the extended crack (a+P) and not the true crack. This also produces 

an underestimate of the strain energy release rate. 
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CONCLUS IONS 

1. The Dugdale model of a crack with yielding provides a method of 

incorporating plastic flow effects into elastic fracture mechanics. 

The strain energy release' rate for a Dugdale crack is shown to be 

alrnosta linear function of the plastic zone size. 

2. The strain energy release rate for a Dugdale crack just e~uals the 

rate of energy abs orption by plastic deformat ion. Hence, unstable J 

Griffith-type fracture cannot occur in this model. 

3. The plast iczone correction proposed by Irwin can be made to more 

closely agree with the Dugdale model by increas ing the effective 

half crack length by 2.4 r rather than,r • . . y '. y 

4. The strain energy release rate for a Dugdale crack is proportional 

to the crack tip displacement for low loads. 
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Fig. 3 Strain energy release rate of a yielded crack 
as a function of applied stress 
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Fig. 4 strain energy release rate of a yielded crack 
relative to the crack opening displacement as 
a function of applied stress 
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