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ABSTRACI' 

A cutved-surface spline function is used t9 describe the reduced excess 

Gibbs energy for multicomponent liquid mixtures in a model-free theimo

dynamic method for calculating vapor compositions from experimental tem

peratures, pressures and liquid cOmpositions. A Newton-Raphson iteration pro

cedure modified by Broyden is used for solving the method's nonlinear equa

tions. The method is illustrated with calculations for a variety of binaries, ter

naries and two quaternaries; these calculations indicate that this new method is 

both stable and reliable. Calculated vapor compositions are in good agreement 

with experimenL The method converges rapidly and has no special require

ments for selecting initial guesses. The method may be used for either isother

mal or isobaric data. 
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INTRODUCTION 

For measuring vapor-liquid equilibria in mixtures at cpnstant temperature and at low or 
moderate pressures, two methods are commonly used. In the first method, the quantities meas
ured are liquid composition x, vapor composition y, and total pressure P all at fixed tempera
ture T. In the second method, only x and P are measured; from these isothermal measure
ments, vapor compositions y are calculated using the Gibbs-Duhem equation. The relative 
advantages and disadvantages of these two methods have been discussed extensively in the 
literature; see, for example, Van Ness (1982) and Abbott (1986). The main advantage of the 
second method is that experimental difficulties in measuring y are avoided entirely because y is 
not measured. The main advantage of the first method ·is that the experimental ·data can be 
tested for thermodynamic consistency ( see, for example, Prausnitz et al, 1986); such a test is 
not . possible for the second method because the calculation of y from isothermal P -x data 
asSulnes thermodynamic consistency. 

A variation of the second method is to obtain T -x data of constant total pressure. In this 
case, y is also calculated using the Gibbs-Duhem equation. 

While application of the second method has been extensive, almost all attention has been 
restricted to binary systems. This wmk concerns application to multicomponent systems. We 
refer to the second method as the isothermal P -x method or the isobaric T -x method. 

The simplest and most popular isothermal P-x method is that proposed by Barker (1953) 
which uses an arbitrary model for the molar excess Gibbs energy gE and then obtains the con
stants in that model from the isothermal P-x data. Alternatively, Bartcer's method can also be 
used for isobaric T-x data. Bartcer's method for binary mixtures is easily extended to mul
ticomponent mixtures, as shown, for example, by Abbott and Van Ness (1975) and by Loehe 
et al (1981). However, Barker's method has an inherent weakness: to reduce isothermal i-x 
data or isobaric T -x data, the user must choose a model for gE. Fmal results depend on that 
choice. 

To avoid use of a model for gE, several authors have suggested procedures for numeri
cal calculations. These procedures fall into two classes: indirect methods yield gE (e.g. Mixon 
et al, 1965) while direct methods integrate the Gibbs-Duhem equation to yield y (e.g. Boisson
nas, 1939; Ho et al, 1961; Van Ness, 1970; Martinez-Ortiz and Manley, 1977,1978; Hu and 
Ying, 1980). However, these model-free methods are essentially restricted to binary mixtures. 
Although Mixon et al (1965) and Hu et al (1980) showed examples of calculations for some 
ternaries, the indicated calculation efficiency was very low; further, serious convergence prob
lems were encountered. Sayegh and Vera (1980) presented an extensive review on model-free 
methods for binaries. 

This work presents a new indirect model-free method for multicomponent systems. The 
reduced excess Gibbs energy is simulated by a curved-surface spline function .. Parameters for 
the spline function are obtained using a Broyden-revised Newton-Raphson iteration procedure. 
The method has been successfully tested for a variety of binaries, ternaries and quaternaries. 

Thermodynamic Framework 

For a K-component system in vapor-liquid equilibrium, for each component i the equality 
of fugacities gives 

(1) 
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where Jt is the fugacity of pure liquid i and ~; is the fugacity coefficient of component i in 
the vapor phase, both at system temperature T and pressure P. Activity coefficient Y; can be 
related to the molar excess Gibbs energy gE of the liquid mixture by an equation derived from 
the Gibbs-Duhem equation: 

. aQ K-1 aQ 
Iny; = Q +<-a >r,p.x£i,KJ- ,Lxi<-a )T,p.xU.KJ (2) 

~ i~ ~ 

where Q is the reduced excess Gibbs energy defined by 

Q = gE I RT 

The total pressure can then be related to Q and its partial derivatives. 
K 

p = LPY; 
i=l 

K rx· · aQ K-1 aQ 
= ,L-'-' exp [ Q + (-)T ,p .z [i .KI - LXi (-)T ,p .z u .KI l 

i=1 ~i ax; j=1 axj 

(3) 

(4) 

where subscript x [i ,K]in the partial derivatives indicates that all liquid mole fractions are con
stant except x; and xx. The partial derivatives in eq.(l) can be expressed as: 

aQ aQ aQ ar aQ aP 
(~h.P,z[i,KJ =(-a. )"'[i.K]- ( ~T)p..,(-a. )P,x[i,K]- ( ~p h,x(~)T,x[i,K] 

,dX, !X, a !X, a . dX, 

·,"(5) 
h 

where hE and vE are the molar excess enthalpy and the molar excess volume of the liquid 
mixture, respectively. 

We define an objective function F to express the relative deviation between calculated 
total pressure P calc by eq.(4) and its corresponding experimental value P apr· The mathematical 
expectation of that function should be zero. · , 

F =(Peale -Pop~)! Pap, 

= F (x;, Q, aQ lax; ) = 0 (6) 

By solving eq.(6) simultaneously for all data points, we can, in principle, obtain reduced excess 
Gibbs energies Q and corresponding partial derivatives aQ tax;. Activity coefficients Y; can 
therefore be calculated by eq.(2). Substituting into eq.(l), we obtain vapor compositions Y;. 

Fugacity coefficients ~; in eq.(l) are estimated using an equation of state with vapor composi
tions obtained from the last iteration. 

For all data points, eq.(6) forms a set of nonlineai partial differential equations. For mul
ticomponent systems, the essential requirement of the indirect model-free method is to develop 
an efficient procedure for solving eq.(6) to obtain Q as a function of x;. 

Curved-Surface Spline Function 

For a K -component system, reduced excess Gibbs energy Q is a continuous function with 
K -I dimensions in a physically meaningful thermodynamic space. When the number of (P -x) 

data points in that space is N, we can construct a curved-surface spline function 
S ( x 1 ••••• xx_1 ) fitting all N lattice points. A powerful method for constructing a spline 
function was developed by aeronautical engineers Harder and Desmarais (1972). In that 

,. 
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method, the curved-surface spline function is simulated by the deformation of an infinite plate 
which has no curvature in the absence of any loading. Deformation S is related to load q 
bearing on the plate and to the rigidity of the plate D by the panial differential equation: 

(7) 

Eq.(7) gives deformationS at N independent lattice points with the boundary condition that the 
surface becomes fiat at points remote from all loads. The curved-surface spline function can be 
expressed as: 

where 

N K-l 

S( x 1 ••••• XK-I) = L,[d,.R,.2ln(R,.2+e)] + L,dN+iXi + dN+K + C 
.. ~ i~ 

K-I 
R,.2 = L (Xi - Xj,~~)2 

i=I 

(8) 

(9) 

In eq.(8), xi,. is xi at the nth lattice point and d,. are parameters of the spline function subject 
to the restraints: 

N 
Li = L,d,.Xi,. = 0, i = 1 .... , K-1 (10) 

11=1 

N 

LK = L,d,. =0 (11) 
II=! 

In eq.(8), C is a weighting factor related to the quality of the fit It can be varied from one 
region to another in the lattice space. When the spline function is required to pass strictly 

·through all experimental points, C equals zero. 

Parameter e is a small adjustable quantity whose value is chosen according to practical 
conditions. If the surface is characterized by a sharp curvature, e is about 1~- 1<r. If the 
curvature of the surface is moderate, e is about 1 - w-2• We take e=O.OOI in all cases. The 
partial derivative of S with respect to composition can be written: 

~ N ~ 2 <-a )"'£i.KJ = 2 L, { d,.(xi-xi,~~)[-2 - + ln(R,.+e)]} + dN+i , (12) 
~i 11=1 R,.+e 

Application of the Curved-Surface Spline Function to the Model-Free Method 

From experimental measurements, there are N independent isothermal total pressures or 
N independent isobaric boiling temperan.rres . at different liquid compositions including K data 
points for pure components {x 1,. ••••• xK-I,. , T,. , p11 ; n = 1- N }. For those N-K mul
ticomponem points, we replace the reduced excess Gibbs energy Q and the corresponding 
derivatives in eqs.(4) and (6) by the curved-surface spline function and its derivatives, i.e., eqs 
(8) and (12): 

N K-I 
Q .=S(x1 •• .•• , XK 1 .)= ~[d,.R 2 .In(R 2 .+e)]+ ~dN+iX· .+dN+K +C 

II ,II - ,11 ~ fl.,ll 11,11 ~ 1,11 
n=I i=I 

n+ = 1, ... , N-K (13) 

where 

(14) 
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n+ = 1 •...• N-K , i =1 , ... , K-1 

Therefore, we have N -K independent equations for the objective function, eq.(6): 

F,. =F(xt,. •...• XK-1,. ,d1 ....• dN+K )=0 

n = 1, ... , N-K 

(15) 

(16) 

where d1 ••••• dN+K are N+K unknown parameters of the curved-surface spline function for 
the reduced excess Gibbs energy Q. For every pure component, Q equals zero. We then have 
additional K equations of the fonn 

FN-K+<=Q(xi=l)=O, i=l, ... ,K . (17) 

In addition, we have another K restraint equations for d,., eqs.(10) and (11): 
Li = 0, i = 1 •.... K. Now we have N+K independent equations in total, eqs.(10),(11),(16) 
and (17). We can solve for N +K parameters of the curved-surface spline function for the 
reduced excess Gibbs energy Q. After calculating activity coefficients by eq.(2), vapor compo
sitions can then be obtained using eq(1). 

Computation Prodedures 

Eqs.(10),(11),(16) and (17) can be rewritten in an abbreviated vector fonn: 
'·' 

Y(X)=O, (18) }. 

where X and Y are vectors. 

X= { dt •...• dN+K f 
y = {Fl ....• FN-K •...• FN 'Ll •... ' LK JT 

Here superscript T means "transpose". 

(19) ., 

(20) " •. 

Various numerical methods can be used to solve this set of nonlinear equations, indicated 
by eq.(18). We use the Newton-Raphson method modified by Broyden. Details are given else
where (Holland, 1981). Elementary iteration procedures are as follows: 

L\Xk =- c Jk r~ vc xt > (21) 

xt+l = xt + L\Xt (22) 

Where J is the Jacobian matrix. The essential of the Broyden modification is to establish a 
recurrence relation between J's of two successive iterati<:>ns: 

(23) 

Because the inverse matrix of J at the k th iteration can be obtained from that at the preceding 
k-Ith iteration by eq.(24), the computing time for estimating a Jacobian and its inverse matrix 
can be greatly reduced. 

ILLUSTRATIONS 
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1. Binaries 

Before applying the preceding method, it is necessary to smooth experimental isothermal 
P -x data or isobaric T -x data. Such data are first fit by some analytical function, for instance, 
a polynomial, from which values of total pressures or boiling temperatures can be interj>olated. 
For isothermal binaries, we use 

(24) 

For isobaric binaries, we use 

(25) 

where Pt and r;" are vapor pressure and boiling temperature of pure component i, respectively; 
i == 1,2. 

W12 = LJt(Xl- xi'l-l (26) 
k=l 

Here lt are parameters of the polynomial. 

Vapor-phase nonideality is taken into account through fugacity coefficients in eq.(4) 
estimated by the Peng-Robinson equation of state. Vapor compositions needed in these calcula
tions are taken from the last iteration; for the first iteration, ally's are set equal to liquid com
positions. Initial values for d; in eq.(l9) are 0.001. C in eq.(8) or (13) is set equal to zero 
because experimental data have been smoothed. Parameter e in eq.(8) is 0.001. 

Tables 1 and 2 show two examples for calculations using the indirect model-free method 
in this worlc. The first example, the chloroform(l)/ethanol(2) binary at 55°C, is isothermal; the 
second example, the benzene(l)/2-propanol(2) binary at 101.325kPa, is isobaric; For both sys
tems, calculated vapor compositions are in good agreement with experiment. Average devia
tions are 0.0016 and 0.0052, respectively. 

We do not use experimental excess volumes for isothennal data or experimental excess 
enthalpies for isobaric data. Although we allow for these excess quantities, as indicated in 
eq.(S), neglecting them has no significant effect on the results. However, when we use the 
direct method for isobaric data (Hu and Ying, 1980), setting excess enthalpies equal to zero, 
the standard deviation is tripled, as shown in Table 2. The direct method is more sensitive to 
hE because the fundamental equation in the direct method contains dy 1 dx, which is a higher
order differential equation than eq.(4) in the indirect method of this work. 

Table 3 shows average deviations for calculations of vapor compositions by the present 
method for 21 binaries. Results are good. 

2. Ternaries 

For ternaries, polynomials are again used to correlate experimental T, P and x data. For 
isothermal ternaries, we use 

+ x1x~3 ( Ao + B OX1 + C OX2 + Dox1x2 + Eox1x3 + F OX1;X3 + Gox1x~3 ) 

For isobaric ternaries, we use 

(27) 
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where W;i (see eq.27) is a polynomial obtained from binary i-j data and A 0, B 0, Co. D 0, E 0, F 0 

and G 0 are ternary parameters. 

For simplicity, because the total pressure s are low, we neglected vapor-phase nonideali
ties in our calculations for ternaries. Excess properties vE or hE are also not used as in calcula
tions for binaries. In eq.(9), parameter e is 0.001 in all cases. 

Tables 4 and 5 show two ternary examples. The first, methanol(1)/methyl acetate(2)/ethyl 
acetate(3) is isothennal at 40°C. The second, acetone(1)/chlorofonn(2)Jbenzene(3) is isobaric at 
101.325kPa. Both show good agreement with experimental vapor compositions. Average devia
tions for calculated vapor compositions are 0.0136 and 0.0065 for Ytt 0.0144 and 0.0063 for 
y 2, 0.0043 and 0.0057 for y 3, respectively. Tables 6 and 7 show more examples; all show satis
factory results. For systems that are nearly ideal, (e.g. dichloromethane/chlorofonn/carbon tetra
chloride, and 1,3,5- 1,2,4- and 1,2,3-trimethyl benzenes), the number of iterations is very low; 
a few iterations can reach convergence. However, as nonideality increases, more iterations are 
needed. 

Figures 1 and 2 show the reduced excess Gibbs energy Q as a function of composition. 
In Figure 1, for the dichloromethane(1)/chlorofonn(2)/carbon tetrachloride(3) ternary, Q is 
everywhere positive. In Figtire 2, for the acetone(l)/chlofonn(2)/ethanol(3) ternary, Q is posi
tive for the binaries chlorofonn/ethanol and acetone/ethanol with a minimum-roiling azeotrope 
for chlorofonn-ethanoL However, for the acetone/chlorofonn binary, Q is negative with a 
maximum-boiling azeotrope. A saddle-shape Q surface describes the ternary. As shown in;;' 
Table 7, for such a complicated case, only 9 iterations are required for convergence. Average·~. 
deviations for y 1, Yz and y 3 are 0.0103, 0.0080 and 0.0088 respectively, for 36 ternary data: ,, . 
points. 1-: ~ 

3. Quaternaries 

The method presented here can also be applied to systems containing four components ... 
To illustrate, neglecting vapor-phase nonidealities, Table 8 shows results for the system, 
cyclohexane(1)/benzene(2)/2-propanol(3)/2-butanone(4) at 101.325kPa. With 36 iterations, con..;;:, 
vergence was obtained for 58 quaternary data points . Average .deviations of vapor composi-' 
tions are 0.0134, 0.0134, 0.0133 and 0.0095 for Y1o y2, y 3 and y4, respectively. Table 9 shows 
results for another example, the ethanol(1)/chlorofonn(2)/acetone(3)/n-hexane(4) quaternary at 
55°C. With 25 iterations, convergence was obtained for 84 quaternary data points. Average 
deviations of vapor compositions are 0.0144, 0.0145, 0.0288 and 0.0201 for Y1o y 2, y 3 and y 4, 

respectively. 

CONCLUSION 

The power of thermodynamics follows from its rigorous general relations between a 
system's different properties. Therefore it is sometimes possible to avoid a difficult experimen
tal measurement because the quantity that cannot easily be measured can be calculated from 
other quantities that, pernaps, are measured more easily. In the work discussed here, the 
rigorous general relation is the Gibbs-Duhem equation; using either isothermal P-x data or iso
baric T ...;.x data, this equation pennits us to calculate vapor composition y which is often . 
difficult to obtain accurately with standard experimental methods. 

The work presented here provides a robust and accurate numerical method for perfonning 
the necessary calculations to obtain y. The method does not require assumption of a particular 

.;.. 
"I ... 
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model for gE nor does it require any experimental data for vE and hE that appear in the 
Gibbs-Duhem equation. Finally, the method described here pennits the user to correct for 
vapor-phase nonidealities in any way he wishes. 

The method presented here. is not restricted to binaries. illustrative results are shown for a 
variety of binary and ternary systems and for a few quaternary systems where experimental 
data are rare. 
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List of Symbols 

A 0.,8 o.C o.D 0,E o.F 0,G 0 parameters for polynomials in eqs.(27) and (28) 

C~c parameter in spline functions, eqs(8) and (13) 

d; parameters in spline functions, eqs(8) and (13) 

D the rigidity of a plate 

e parameter in spline functions, eqs(8) and (13) 

f fugacity 

F functions of xi and d; 

g molar Gibbs energy 

G Gibbs energy 

h molar enthalpy 

J1c coefficients of polynomial in eq.(26) 

J Jacobian matrix 

K number of components 

L restraint equations for d; 

N number of lattice points or data points 

P pressure 

q load on the plate 

Q reduced excess Gibbs energy 

R gas constant 

R,. function defined by eqs.(9) and (14) 

S spline function 

temperature in Celsius 

T temperature 

v molar volume 

V volume 
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W polynomial defined by eq.(26) 

x · liquid-phase mole fraction 

X parameter matrix for spline function 

y vapor-phase mole fraction 

Y function matrix 

y activity coefficient 

cp fugacity coefficient 

Subscripts 

calc 
expt 

iJ 
k,n 

Superscripts 

* 
E 
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Figure Captions 

Figure 1. Q surface for the isothermal dichloromethane(l)/chloroform(2)/carbon tetrachloride(3) 
ternary 

Figure 2. Q surface for the isobaric acetone(l)/chloform(2)/ethanol(3) ternary 
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Table 1. Test of this work for the binary 
chlorofonn(1)/ethanol(2). 55~ 

xl p/kPa Yl.az>r Y1.ca1c 

0.00 37.31 0.0000 0.0000 
0.01 38.38 0.0372 0.0372 
0.02 39.44 0.0726 0.0725 
0.05 42.75 0.1694 0.1702 
0.10 48.57 0.3054 0.3089 
0.20 60.26 0.4988 0.5032 
0.30 69.48 0.6108 0.6130 
0.40 76.08 0.6774 0.6804 
0.50 80.69 0.7252 0.7274 
0.60 . 83.83 0.7598 0.7631 
0.70 85.81 0.7914 0.7941 
0.80 86.96 0.8264 0.8269 
0.90 86.77 0.8774 0.8783 
0.95 85.62 0.9226 0.9205 
0.98 83.99 0.9634 0.9614 
0.99 83.20 0.9800 0.9801 
1.00 82.37 1.0000 1.0000 

.t\yl = 0.001() 
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Data source: Scatchard. G .• Raymond. C. L .• Gillrnann. H. H .• JACS .• 60 1275 (1938). 



xl tl c 
0.000 822 
0.084 78.5 
0.126 77.1 
0.153 76.3 

0.199 75.3 

0.240 74.4 
0291 73.6 
0.357 73.0 
0.440 72.4 
0.492 72.3 
0.556 722 
0.624 72.0 
0.685 72.1 
0.762 72.4 
0.836 73.0 
0.887 73.8 
0.936 75.5 
0.972 77.5 
1.000 80.1 
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Table 2. Test of this work for the binary 
benzene(1 )/2-propanol(2), 10 1.325kPa 

Ylppt Y1.ca1c (a) Yl,,ctJJc ( b } 
0.0000 0.0000 0.0000 
0.2080 0.2059 0.2052 
02760 0.2776 0.2754 
0.3160 0.3175 0.3151 

0.3710 0.3758 0.3718 

0.4100 0.4611 0.4572 
0.4510 0.4611 0.4572 
0.4930 0.5005 0.4954 

0.5350 0.5372 0.5358 
0.5580 0.5581 0.5578 
0.5830 0.5901 0.5884 
0.6120 0.6301 0.6272 
0.6380 0.6327 0.6518 
0.6730 0.6653 0.6793 
0.7170 0.7120 0.7148 
0.7600 0.7509 0.7573 
0.8250 0.8173 0.8218 

0.9010 0.9016 0.9046 
1.0000 1.0000 1.0000 

Yl.calc (c) 
0.0000 
02071 
02786 
0.3191 

0.3768 

0.4635 
0.4635 
0.5020 
0.5419 
0.5641 

0.5946 
0.5799 
0.5901 
0.6178 
0.6921 
0.7394 
0.8084 

0.8984 
1.0000 

ay 1(a) = 0.0052, ay1(b) = 0.0058, ay1(c) = 0.0181 

(a) this work, (b) direct method (Hu and Ying, 1980), 

(c) direct method, hE=O (Hu and Ying, 1980) 

Data source: Nagata, I., Can. I. Chern, Eng., 42 82 (1964). 
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Table 3. Test of this work for binaries 

System (1)-(2) p/kPa ti°C 

cyclohexanefn-heptane 101.325 
cyclohexane/toluene 101.325 

diethyl amine/ethyl acetate 24.83 
74.94 

124.88 

dichloromethane/chlorobenzene 24.88 
74.82 

124.95 

dichloromethane/benzene 25.00 
74.85 

diethyl ether/acetonitrile · 24.99 

65.01 
115.02 

diethyl ether/acetone 24.91 

65.04 
115.15 

diethyl ether/methanol 25.01 

65.02 
115.00 

chloroform/ethanol 55.00 

benzene/2-propanol 101.325 

a: Black, C., IEC., 51 211 (1959). 

b: Srivastava, R. et al, J. Chern. Eng. Data, 31 94 (1986). 

c: Srivastava, R. et al, J. Chern. Eng. Data, 30 313 (1985). 

d: Srivastava, R. et al, J. Chern. Eng. Data, 31 89 (1986). 

e: Scatchard, G. et al., JACS., 60 1275 (1938). 

f: Nagata, I., Can. J. Chern., 42 82 (1964). 

AY1 Data Source 
0.0008 a 
O.<XH9 a 
0.0003 b 
0.0006 b 
0.0017 b 
0.0001 c 
0.0003 c 
0.0014 c 

0.0001 c 
0.0006 c 
0.0007 d 

0.0013 d 
0.0031 d 

0.0007 d 

0.0011 d 
0.0024 d 

0.0009 d 

0.0016 d 
0.0034 d 
0.0016 e 

0.0052 f 

.,. 
' 

~ i 
.~ 

·~ ' 
' . ,; .-\ ·~ 

,. 
<, 



Xt 

0.1000 
0.2000 
0.1000 
0.3000 
0.2000 
0.1000 
0.4000 
0.3000 
0.2000 
0.1000 
0.5000 
0.4000· 
0.3000 
0.2000 
0.1000 
0.6000 
0.5000 
0.4000 
0.3000 
0.2000 
0.1000 
0.7000 
0.6000 
0.5000 
0.4000 
0.3000 
0.2000 
0.1000 
0.8000 
0.7000 
0.6000 
0.5000 
0.4000 
0.3000 
0.2000 
0.1000 
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Table 4. Test of this work for the ternary 
methanol(1)/methyl acetate(2)/ethyl acetate(3), 40°C 

Xz plkPa Yt.-.r Yl calc Y2ezz>t 

0.8000 54.97 0.1470 0.1480 0.7920 
0.7000 56.65 0.2490 0.2475 0.6910 
0.7000 52.95 0.1520 0.1459 0.7260 
0.6000 57.07 0.3140 0.3143 0.6260 
0.6000 54.44 . 0.2520 0.2500 0.6300 
0.6000 50.90 0.1550 0.1483 0.6630 
0.5000 56.63 0.3640 0.3611 0.5720 
0.5000 54.66 0.3220 0.3196 0.5570 
0.5000 52.20 0.2590 0.2580 0.5640 
0.5000 48.73 0.1590 0.1520 0.5970 
0.4000 55.63 0.4070. 0.3992 0.5220 
0.4000 53.96 0.3780 0.3692 0.4940 
0.4000 52.15 0.3350 0.3312 0.4830 
0.4000 49.78 0.2690 0.2669 0.4940 
0.4000 46.34 0.1670 0.1594 0.5290 
0.3000 54.06 0.4500 0.4394 0.4680 
0.3000 52.51 0.4290 0.4093 0.4280 
0.3000 51.02 0.3990 0.3848 0.4060 
0.3000 49.36 0.3540 0.3495 0.4010 
0.3000 47.07 0.2860 0.2823 0.4140 
0.3000 43.61 0.1790 0.1707 0.4490 
0.2000 51.44 0.5050 0.4835 0.3950 
0.2000 50.18 0.4840 0.4552 0.3480 
0.2000 48.91 0.4600 0.4273 0.3200 
0.2000 47.67 0.4290 0.4100 0.3050 
0.2000 46.17 0.3830 0.3777 0.3030 
0.2000 43.91 0.3120 0.3064 0.3160 
0.2000 40.38 0.1970 0.1888 0.3510 
0.1000 46.59 0.5890 0.5630 0.2790 
0.1000 46.32 0.5620 0.5166 0.2260 
0.1000 45.58 0.5360 0.4845 0.1990 
0.1000 44.77 0.5090 0.4568 0.1840 
0.1000 43.84 0.4750 0.4415 0.1760 
0.1000 42.46 0.4260 . 0.4117 0.1780 
0.1000 40.15 0.3510 0.3409 0.1890 
0.1000 36.37 0.2280 0.2157 0.2140 

.1y1 = 0.0136, .12 = 0.0144 , .1y3 = 0.0043 

Data source: Gmehling, J. et al, Vapor-Liquid Equilibrium Data 

Collection, DECHEMA, Vol I. 1977-1984. 

Y2.ca1c 

0.7862 
0.6908 
0.7279 
0.6237 
0.6281 
0.6636 
0.5738 
0.5562 
0.5610 
0.6020 
0.5309 
0.4985 
0.4846 
0.4942 
0.5339 
0.4840 
0.4454 
0.4157 
0.4050 
0.4175 
0.4571 
0.4273 
0.3799 
0.3455 
0.3189 
0.3097 
0.3243 
0.3606 
0.3266 
0.2839 
0.2499 
0.2269 
0.2088 
0.1990 
0.2069 
0.2317 



xl 

0.0190 
0.1640 
0.0540 
0.1670 
0.1740 
0.0630 
0.0670 
0.2000 
0.0830 
0.2210 
0.0920 
0.0950 
0.2350 
0.2410 
0.1010 
0.2510 
0.1100 
0.1110 
0.2930 
0.1240 
0.3020 
0.1300 
0.3130 
0.1450 
0.3390 
0.1640 
0.3420 
0.3770 
0.3840 
0.4400 
0.4480 
0.5780 
0.6420 
0.6840 
0.7680 
0.8780 
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Table 5. Test of this work for the ternary 
acetone(1)/chloroform(2)/benzene(3), 101.325kPa 

Xz T! C Yl.ur>t Yl.calc Y2L=t 

0.0610 77.85 0.0560 0.0450 0.0860 
0.4220 68.95 0.2360 0.2285 0.4660 
0.5220 69.58 0.0740 0.0702 0.6320 
0.3250 69.74 0.2670 0.2598 0.3550 
0.1920 70.42 0.3130 0.3059 0.2020 
0.2920 72.85 0.1200 0.1139 0.3640 
0.8830 62.98 0.0640 0.0502 0.9290 
0.6150 66.29 0.2140 0.2156 0.6620 
0.8510 63.47 0.0610 0.0677 0.9040 
0.5640 66.61 0.2530 0.2536 0.5990 
0.6500 66.92 0.0990 0.0973 0.7400 
0.4870 69.41 0.1320 0.1312 0.5690 
0.3350 68.23 0.3450 0.3400 0.3390 
0.2560 68.46 0.3800 0.3726 0.2500 
0.2780 71.83 0.1890 0.1809 0.3290 
0.0990 68.52 0.4380 0.4296 0.0900 
0.6110 67.35 0.1240 0.1231 0.6940 
0.4080 70.13 0.1720 0.1662 0.4750 
0.4880 66.39 0.3540 0.3400 0.4890 
0.4950 68.79 0.1660 0.1658 0.5640 
0.5110 66.09 0.3540 0.3436 0.5100 
0.1510 71.96 0.2640 0.2531 0.1690 
0.3180 66.80 0.4350 0.4314 0.2950 
0.5740 67.45 0.1700 0.1686 0.6420 
0.5910 65.11 0.3600 0.3628 0.5900 
0.5440 67.%9 0.1990 0.1983 0.6000 
0.2150 66.33 0.5030 0.4943 0.1840 
0.4110 65.53 0.4710 0.4727 0.3750 
0.3870 65.45 0.4860 0.4890 0.3470. 
0.1440 64.34 0.6160 0.6018 0.1050 
0.2670 64.49 0.5880 0.5792 0.2110 
0.3360 62.73 . 0.6820 0.6579 0.2550 
0.2890 61.75 0.7470 0.7395 0.2030 
0.0910 60.29 0.8030 0.7872 0.0520 
0.1170 59.33 0.8580 0.8470 0.0660 
0.0530 57.70 0.9290 0.9266 0.0260 

.1.y 1 == 0.0065, .1.y2 = 0.0063 , .1.y3 = 0.0057 

Data source: Kojima, K. et al, J. Chern. Eng. Data 36 343 (1991). 

Y?..£alc 

0.0955 
0.4623 
0.6269 
0.3510 
0.2006 
0.3582 
0.9247 
0.6561 
0.8969 
0.5926 
0.7346 
0.5642 
0.3367 
0.2493 
0.3217 
0.0978 
0.6889 
0.4699 
0.5031 ' .. 
0.5579 .f 
0.5207 

.. ).~~ , .. .. , ·'· 
0.1741 :.k "l .. 
0.2932 ..; . , ... ,. 
0.6363 l~ ·; 

. ·11 

0.5875 
0.5947 ·' ~ . .:. 
0.1832 
0.3694 

•4 {· •. ,. -· ,{<( ",11 

0.3399 "'1. ... .. i· 

0.1104 ·' -,... f,tj 

0.2132 ' ·~ 
.- -~ 

0,2807 
0.2130 
0.0612 
0.0762 
0.0334 
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Table 6. Ternaries tested 

No. System (1)-(2)-(3) 

1 2-propanol/methyl acetate/dichloromethane 

2 acetone/chloroform/benzene 

3 n-pentane/methyl acetate/dichloromethane 
4 dichloromethane/chloroform/carbon tetrachloride 

5 methyl acetate/2-propanoVbenzene 

6 methyl ethyl ketone/benzene/2-propanol 

7 methyl ethyl ketone/benzene/2-propanol 

8 n-hexane/benzene/toluene 

9 chloroform/methyl ethyl ketone/benzeze 
10 toluene/n-octane/ethyl be~ene 
11 benzene/cyclohexane/methyl ethyl ketone 

12 tet:rachloromethane/benzene/2-propanol . 
13 ethyl acetate/acetone/methyl acetate 
14 chloroform/acetone/carbon disulfide 
15 methanol/methyl acetate/ethyl acetate 
16 acetone/ethyl acetate/ethanol 
17 acetone/methanol/ethanol 
18 ·benzene/n-hexane/cyclohexane 
19 acetone/chloroform/ethanol 
20 acetone/methanol/water 
21 acetone/chloroform/11-hexane 
22 ethanol/chloroform/n-hexane 
23 methyl acetate/chloroform/benzene 
24 ethanol/1-propanol/water 
25 methanol/ethanol/1-propanol 
26 methanol/chloroform/acetone 
27 methanol/chloroform/acetone . 
28 acetonitrile/methyl ethyl ketone/benzene 
29 acetonitrile/methanol/benzene 
30 ethanol/acetonitrile/chloroform 
31 ethanoVbenzene/cyclohexane 
32 2-propanol/chloroform/benzene 
33 methanol/ethanoVbenzene 
34 acetonitrile/2-propanol/benzene 
35 n-pentane/ethanol/acetone 
36 methyl acetate/chloroform/benzene 
37 1,3,5-/1,2,4-/1,2,3 trimethyl benzene 
38 benzene/n-hexane/cyclohexane 

N: number of data points. 

a: Acevedo, I. L. et al, J. Chern. Eng. Data, 36 137 (1991). 

b: Kojima, Ketal, J. Chern. Eng. Data, 36 343 (1991). 

c:·Acevedo, I. L. et al, Auid Phase Equilibria, 74 145 (1992). 

p/kPa 

101.325 

101.325 

101.325 
101.325 

101.325 
101.325 
101.325 

101.325 . 
101.325 

101.325 
101.325 
101.325 
101.325 

.101.325 

101.325 
101.325 
101.325 
101.325 
101.325 

101.325 

101.325 

t/°C N Data Source 
25.0 34 a ' 

36 b 
25.0 32 c 
45.0 32 d 

32 d 
50.0 19 d 

19 d 
26 d 
36 d 
20 d 
32 d 
39 d 
16 d 

25.0 35 d 
40.0 36 d 

59 e 
22 f 

43 g 
36 g 

38 g 

37 g 
36 g 
45 g 

51 g 
45 g 

50.0 42 h 
40.0 45 h 
55.0 25 i 
55.0 17 i 

40.0 34 j 
53 k 

50.0 16 I 
25.0 24 m 
50.0 23 n 
99.55 31 0 

50.0 39 p 
24 q 

70.0 21 r 
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d: Gmehling, J. et al, Vapor-Liquid Equilibrium Data Collection, DECHEMA, Vol. 1., 1977-1984. 

e: Carta, R. et al, J. Chern. Eng. Data, 29 463 (1984). 

f: Amer, H. H. et al, IEC., 48 142 (1956). 

g: Kojima, K. et al, Prediction of VLE by ASOG Method, Elsevier, Amsterdam, 1979. 

h: Goral, M. et al, Fluid Phase Equilibria, 23 89 (1985). 

i: Ohta, T et al, J. Chern. Eng. Data, 28 398 (1983). 

j: Nagata, I., J. Chern. Eng. Data, 33 286 (1988). 

k: Arce, A. et al, J. Chern. Eng. Data, 32 247 (1987). 

1: Nagata, 1., J. Chern. Eng. Data, 30 80 (1985). 

rn: Nagata, 1., J. Chern. Eng. Data, 30 201 (1985). 

n: Nagata, I., J. Chern. Eng. Data, 30 363 (1985). 

o: CampeD, S. W. et al, J. Chern. Eng. Data, 32 454 (1987). 

p: Nagata, I. et al, J. Chern. Eng. Japan,~ 161 (1970). 

q: Guo, N. et al, Chern. Eng. China, (4) 27 (1983). 

r: Susalev, M.P. et al, Rl!Ssian J. Phys. Chern., 37 1739 (1963). 

'•, 
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Table 7. Test of this work for ternaries 

No. ~Yt ~Yz ~Y3 NI 

1 0.0133 0.0358 0.0319 9 

2 0.0065 0.0063 0.0057 6 

3 0.0367 0.0233 0.0470 42 

4 0.0093 0.0065 0.0056 4 

5 0.0147 0.0165 0.0123 14 

6 0.0193 0.0133 0.0153 9 

7 0.0102 0.0159 0.0126 9 

8 0.0059 0.0112 0.0096 10 

9 0.0217 0.0195 0.0147 8 

10 0.0120 0.0113 0.0112 14 

11 0.0129 0.0161 0.0158 15 

12 0.0235 0.0270 0.0267 30 

13 0.0391 0.0189 0.0275 3 

14 0.0119 0.0424 0.0451 13 

15 0.0136 0.0144 0.0043 16 

16 0.0346 0.0245 0.0352 22 

17 0.0122 0.0127 0.0080 9 

18 0.0112 0.0097 0.0106 11 
19 0.0103 0.0080 0.0088 9 

20 0.0149 0.0183 0.0084 12 

21 0.0133 0.0086 0.0157 20 

22 0.0329 0.0354 0.0397 25 

23 0.0095 0.0106 0.0068 6 

24 0.0168 0.0159 0.0228 32 

25 0.0305 0.0271 ' 0.0182 6 

26 0.0097 0.0094 0.0046 52 

27 0.0086 0.0089 0.0044 26 

28 0.0061 0.0071 0.0062 6 
29 0.0189 0.0190 0.0233 12 

30 0.0121 0.0079 0.0107 28 

31 0.0255 0.0180 0.0188 19 
32 0.0149 0.0231 0.0147 10 

33 0.0372 0.0093 0.0416 18 

34 0.0225 0.0194 O.Ql73 12 

35 0.0206 0.0142 O.Ql74 24 

36 0.0046 0.0041 0.0043 10 

37 0.0097 0.0093 0.0088 2 

38 0.0068 0.0053 0.0052 11 

NI: number of iterations. 
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Table 8. Test of this work for the quaternary 
cyclohexane(1 )/benzene(2)!2-propanol(3)/2-butanone( 4 ), 10 1.325kPa 

Xz X3 T/ C Ytept Yt,calc Y?..ept Y?.ealc 

0.0200 0.8580 0.0060 78.40 0.0280 0.0296 0.8390 0.8226 
0.0270 0.8410 0.0140 77.80 0.0410 0.0386 0.8020 0.7951 
0.0410 0.8020 0.0380 76.40 0.0530 0.0543 0.7500 0.7308 

0.0530 0.7500 0.0900 74.20 0.0710 0.0659 0.6600 0.6455 

0.0510 0.6790 0.1480 73.10 0.0660 0.0665 0.5920 0.5836 

0.1120 0.4990 0.3160 71.00 0.1510 0.1466 0.4610 0.4780 

0.1860 0.4210 0.3520 70.20 0.2350 0.2291 0.3900 0.3923 

0.0180 0.9560 0.0050 79.20 0.0250 0.0254 0.9380 0.9359 

0.0250 0.9380 0.0170 77.90 0.0360 0.0412 0.8820 0.8753 

0.0810 0.8360 0.0050 77.80 0.1040 0.1052 0.8020 0.7962 

0.1460 0.7180 0.0070 76.80 0;1810 0.1905 0.6570 0.6479 

0.2150 0.5830 0.0550 73.20 0.2530 0.2460 0.4710 0.4888 

0.2750 0.3540 0.2580 70.10 0.3010 0.2999 0.3130 0.2907 

0.0350 0.5460 0.0270 76.70 0.0480 0.0552 0.5260 _)0.5177 

0.0480 0.5260 0.0420 75.90 0.0710 0.0785 0.4990 0.4818 

0.0710 0.4990 0.0710 74.90 0.0970 0.1075 0.4760 0.4671 

0.0930 0.4580 0.1340 74.00 0.1620 0.1292 0.4310 0.4457 

0.2560 . 0.2650 0.2810 70.10 0.3280 0.3277 0.2230 0.2268 

0.3400 0.2250 0.2970 69.50 0.3850 0.3762 0.1950 0.2059 
0.0060 0.0750 0.0470 78.80 0.0140 0.0118 0.1300 0.0882 

0.0140 0.1300 0.0260 78.20 0.0260 0.0265 0.1820 0.1586 
0.0460 0.1560 0.1180 75.80 0.0900 0.0846 0.1570 0.1731 
0.1270 0.1810 0.1500 73.40 ' 0.2080 0.2010 0.1700 0.1702 

0.2750 0.1680 0.1840 70.60 0.3560 0.3480 0.1360 0.1429 
0.3500 0.1350 0.1990 69.90 0.3970 0.3869 0.1160 0.1077 
0.0050 0.0160 0.2370 77.50 0.0150 0.0110 0.0190 0.0207 
0.0430 0.0640 0.3020 75.10 0.1040 0.0984 0.0720 0.0821 
0.1300 0.0720 0.2900 72.50 0.2280 0.2241 0.0680 0.0827 
0.3060 0.0840 0.2480 70.10 0.3900 0.4358 0.0760 0.0938 
0.3760 0.0830 0.2280 69.50 0.4300 0.4562 0.0700 0.0872 
0.0080 0.3640 0.3850 73.70 0.0170 0.0138 0.3940 0.3772 
0.0430 0.4790 0.3840 71.90 0.0700 0.0619 0.4910 0.5013 
0.0990 0.4760 0.3670 71.00 0.1380 0.1339 0.4610 0.4795 
0.2360 0.3840 0.3570 69.80 0.2670 0.2741 0.3550 0.3539 
0.0750 0.1820 0.2130 73.90 0.1460 0.1274 0.1800 0.1837 
0.1460 0.1800 0.2320 72.40 0.2300 0.2225 0.1660 0.1666 
0.7470 0.0760 0.0100 72.50 0.6030 0.6022 0.0720 0.1132 
0.5480 0.0530 0.0900 70.00 0.5210 0.5365 0.0410 0.0491 
0.5080 0.0200 0.1640 69.40 0.5060 0.6120 0.0300 0.0194 
0.4950 0.0200 0.1670 69.60 0.4910 0.5967 0.0160 0.0197 
0.4660 0.5100 0.0010 76.50 0.4580 0.4925 0.4870 0.4752 
0.4290 0.3870 0.0200 73.80 0.4200 0.4475 0.3440 0.3213 
0.4060 0.~040 0.1700 . 70.40 0.4110 0.3894 0.1740 0.1430 
0.4360 0.1310 0.2520 69.20 0.4470 0.4435 0.1150 0.1052 

Y3,calc 

0.0150 0.0168 
0.0380 0.0376 
0.0900 0.0938 
0.1800 0.1889 
0.2410 0.2456 
0.3340 0.3237 
0.3430 0.3477 
0.0170 0.0148 
0.0610 0.0584 
0.0110 0.0136 
0.0140 0.0192 

0.1340 0.1190 
0.2910 0.3176 
0.0420 0.0518 
0.0710 0.0791 
0.1070 0.1110 
0.1420 0.1691 

0.2860 0.2865 
0.3020 0.3007 
0.0260 0.0592 
0.0350 0.0333 
0.1430 0.1528 
0.1720 0.1803 
0.2020 0.2074 
0.2190 0.237.8 
0.2620 0.2690 
0.2970 0.3041 
0.2640 0.2756 
0.2310 0.1916 
0.2310 0.2064 
0.3850 . 0.4081 
0.3680 0.3761 
0.3610 0.3471 
0.3580 0.3538 
0.2340 0.2429 
0.2370 0.2502 
0.0440 0.0262 
0.1380 0.1248 
0.1840 0.1359 
0.1980 0.1424 
0.0120 0.0027 
0.0400 0.0434 
0.2190 0.2692 
0.2720 0.2924 

~- ;. ~; 
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0.4670 0.1160 0.2670 69.10 0.4790 0.4675 0.0950 0.1064 
0.7210 0.1130 0.1250 70.10 0.5890 0.5548 0.0960 0.1439 
0.6070 0.0910 0.2480 69.20 0.5310 0.5197 0.0870 0.1082 
0.5080 0.0770 0.3420 69.10 0.5160 0.5161 0.0770 0.0993 
0.4670 0.2550 0.2070 69.60 0.4580 0.4489 0.2110 0.1914 

0.0040 0.0050 0.9170 80.20 0.0160 0.0131 0.0340 0.0161 
0.0140 0.0340 0.8490 78.10 0.0520 0.0373 0.0770 0.0851 
0.0380 0.0710 0.7410 75.90 0.1060 0.0844 0.1310 0.1391 
0.1650 0.1910 0.4820 70.90 0.2700 0.2483 0.2190 0.2265 
0.2740 0.2050 0.3860 70.00 0.3530 0.3450 0.2010 0.2217 
0.3820 0.1780 0.3340 69.20 0.4120 0.4391 0.1610 0.1792 
0.0280 0.4270 0.4700 72.10 0.0490 0.0448 0.4790 0.4774 
0.0560 0.4940 0.4000 71.30 0.0840 0.0783 0.5040 0.5101 
0.1540 0.2480 0.5000 70.70 0.2460 0.2392 0.2740 0.2790 

L1y1 = 0.0133, L1y2 = 0.0134, L1y3 = 0.0133, L1y4 = 0.0095 

Number of iterations: 36 

Data source: Gmehling, J. et al, Vapor-Liquid Equilibrium Data Collection, 

Vol. I, DECHEMA, 1977-1984. 

0.2850 0.2915 
0.2590 0.2437 
0.3130 0.3103 
0.3290 0.3115 
0.2690 0.3023 
0.8450 0.8332 

0.7360 0.7238 
0.5980 0.5961 
0.3780 0.3839 
0.3330 0.3201 
0.3330 0.2897 
0.4140 0.4202 
0.3760 0.3794 
0.3960 0.3957 

. .. 
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Table 9. Test of this work for quaternaries 

No. p!kPa trc N ~Y1 ~Y2 
1 101.325 58 0.0134 0.0134 

2 55.0 84 0.0144 0.0145 

1: cyclohexane(l )/benzene{2)/2-propanol(3 )/butanone( 4) 

2: ethanol(1)/chloroform(2)/acetone{3)/n-hexane(4) 

N: number of data points, 

NI: number of iterations, 

Data source: Gmehling, J. et al, Vapor-Liquid Equilibrium 

Data Collection, Vol. I, DECHEMA, 1977-1984. 

~Y3 

0.0133 

0.0288 

~Y4 Nl 

0.0095 36 

0.0201 25 
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