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'THE EFFECT OIF STRESS CONCENTRATION ON STRENGTH
OF A MODEL TWO-PHASE SYSTIEM
Raymond L; Bertolotti
Inorganic Materials Research Division, Lawrence Radiation Laboratory,
and Department of Mineral Technology, College of Ingineering,

University of California, Berkeley, California

August 23, 1966

ABSTRACT

The effect of sfress concentrations around elastic discontinuities
in a glass was investigated. Specimens of glass containing porosity of
éontrolled size and volume fraction were fabricated by vacuum hot-
pressing and strength tgsted under uniaxial and biaxial stress con-
ditions. Results were interpreted as a function of the relative sizes
of Griffith flaws and the volume of material over which stress con-
centrations act.

For the glass investigated, assuming an adequate flaw density, the
strength was found to be dependent on pore size and volume fraction as
well as the loading conditions. Differences in uniaxial and biaxial

strength are suggested to be due to differences in stress concentration

geometry.



I. INTRODUCTION

It has been known for many years that the fracture strength of
most brittle materials is less than the theoretical strength by two or
three orders of magnitude. Griffith1 attributed this discrepancy to
microscopic flaws or cracks that exist throughout the bulk of brittle
materials. Later, as the realization grew that fractﬁres in glass
. invariably originate at the surface, Griffith's postulated cracks were
restricted to the surfaces of the material. Fracture could originate
'at these cracks at an average stress level well below the theoretical
strength of the material due to stress concéntrations. The existence
of these flaws has fecently been Verifiea by several investigators.2—h

It is found that the strength of homogenéous brittle materials is
highly depegdent'on the surface condition due to the effects of Griffith
flaws. . Many of the brittle materials of current technological importance
are not truly homogenedus, being composed bf mixtures of materials
differing in mechanical, thermal, and other properties. Under applied
load, the differences in elastic properties of the components lead to
the existence of stress inhomogerieities. Although this can be used to
advantage in many cases, such as fiber reinforcement of a ductile
matrix, stress. inhomogeneities can lead to a large decrease in fhe
strength of composite materials. Such is the case when pores, thch can
bé regarded as a second phase, are present in a brittle matrix.

Many solutions have appeared in the literature for the stress con-

centrations around elastic inhomogeneities of various shapes in an

infinite matrix. The application of these solutions to ceramic systenps



seems to be limited because the stress concentrations are independent

of the size of the inhomogeneity. With the introduction of the first
pore in a brittle matrix there should be a precipitous decrease in
strenzth. This is not found to be the case experimentally. Observations
usually show a smooth monotonic decrease in strength with porosity.

The purpose of this investigation was to determine the effect of
stress concentrations on the strength of a brittle matrix system.
ifferent stress concentrations and stress concentration distributions
were investigated by determining the strength>of a glass with very
closely controlled ?orosity. Both uniaxial and biaxial stress conditions
were used and results were interpreted as a function of the relative
size of Griffith flaws and the volume of matefial over which the stress
concentratidhs act.

Much experimeptal work has been done to determine the effect of
porosity.on strength of brittle materials. Several investigators have
used a "cross-sectional-area' approach and predicted the strength of

5,6

matricies containing various forms of inclusions. This approach

predicts a smooth monotonic decrease in strength with porosity. Various

-9

other investigators used a "stress concentration" approach.' Z They
calculated the stress concentrations around cavities of various kinds.
This approach predicts an instantaneous decrease in strength with the
e . 10 11 . .
introduction of the first pore. Jacobson and Nason investigated

the effect of internal stresses on strength of glass systems. Hasselman
and Fulrathlg further investigated stress concentration effects in

classes and gave upper and lower bounds for the effect of porosity on

strenzth. Based on observations of many dispersed phase-glass composites,



.Hasselmanl3 postuiated that the effect’ of stress concentratlons on
strength is governed by the relatlve 31ze of the Griffith flaw and. the -
volume of materlal over which the stress concentratlons act.'

To quahtitative;y evaluate the effects of the flaws on strength,
Griffithl caleulated the decrease in elastic energy stored near an
l éllipticalvflaw_with.increaSing flaw'size: Equating this decrease of
elastic energy to the energy needed to form the fréc?uré surface resulted

in a critical stress, So’ the average stress required for failure. For

= - L * .
"a flat elliptical flaw, the expression becomes _

b 1/2 S ) -
o . (ma 3 , L ‘

- where y is the surface energy, E is.Young's modulus, and a is twice the -

i
I
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vfméjor axis of the ellipée or the flaw size. Assuming'that this criterion

 is valid only ifvmost of a flaw lies in material subjécted to the stress !
Sa,-Hasselman%3 suggested'that'strength'is governed by the relative
sizes of the Griffitﬁ flaws and %hé volume of material over which the
étress concehtrations acﬁQ' Using.thié cfiterion, he suggested thgﬁ the
- effect of porosity on strength can be Aivided.into three distinct
regions, assuming an adequéﬁe flaw densityi |
When theipOre size is mﬁch larger than thé.fiaﬁ size, Hasselhan's '

"reglon I, under loadlng condltlons flaws located near pores will be

‘entirely withln a stress concentration field. These flaws will nucleate

- ¥ Griffith's original equation was derived for an infinite flat plate
‘subjected to. a uniform tensile stress. In this investigation, cross-
bending tests on relatively tnin specimens produced high stress gradients
s0 it was thought that Griffith's equation for a flat plate with an
elliptical flaw was appl*cable. The flaw size is the length measured.
elong the' surface. - : ’ ' S
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fracture at averagé stresses equal to>thé;zero;porosity strength divided

' by the maximum value of the stress concentration factor. A precipitous.

decrease in strength would be expected with the introduction of the

first pore into the:-loaded area.
v\\

As the size of the pores approaches the flaw size, Hasselman's
region II, the flaws will not be located entirely in areas of high stre

concentration. A smaller decrease in strength would be expected than

for region I, but there would still be a precipitous decrease in strength

with the flrst pore although not as pronounced

| When the pore size is considerably smaller ohan the flaw size,
- Hasselman' s region III‘ the stress concentratlon field w1ll no longer
be. large enough to apprec1ably effect the strength of the material. P
.Only a monotonlc decrea;e 1n strength with por051ty should be observed .

3,w1th no orec1p1tous drop _ The amount of material available to carry

" the load will determlne the strength in thls case,

i

1
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Hasselman suggested that once the effect of stress concentration -

" reduces the tensile strength, as:in regions I and II, further decreases
in strength are determined by the emount of material in the porous body
available to carry the load. N

,Figuré 1 illustrates Hasselman's hypothesis.on the effect of.

. porosity on strength. of a brittle matrix.

N .
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¢ size >> pore size. (from D.P.H. Hasselman, reference 13)



| IT. EXPERIMEUTAL PROCEDURE
. A, -Materials
A sodium borosilicate glass of the eame composition (16% Na,0, 1L7%
B203, and T0% SiO,) as the D—gless used in previous investigatlonslo—13
was chosen for use in fhis study. The glase was manufactured by mixing
suitable proportioﬁs of sodium carbonate, boric acid,‘and silica and
melting the mixture in a platinum crucible at 1350°C overnight. The

glass was then milled to a particle size less than about 2 microns.

In order to introduce controlled porosity, nickel microspheres

‘were vacuum hot-pressed into the glass matrix. Due to the much larger .

- coefficient of thermal expansion of the nickel than that of the glass

and due to a lack of bonding, the nickel spheres on cooling developedj.

~,
~

" pores which would leave the spheres free even under the strain conditions

eemployed in the bepding tests. However, some difficulty was encountered
‘with interfacial bonding in the.minus 10 micron range (see Resul:s and

‘Discussion).

% - . : . oo
The nickel spheres were purchased in bulk form and were separated

by sieves and by air elutrlatlon. No oxide was visible on the nickel

surface and none ‘could be detected by X-ray analy31s.

B.',§pec1men Fabrlcatlon
The porous-glass specimens were prepared by mixing appropriate

amounts of nickel spheres and glass and vacuum hot-pressing at 680°C and

\‘, ’

2000 psi for 10 minutes in suitable graphite dies. The pressing tempere-

ture was about 60°C above the softening point of the gless. The’ hot-

#* Purchased from the Federal—mogul Division, Federal-Mogul-Bower
Bearing s, Inc.

e S T



. Quring polishing.

" fitting dles would stop the cracklng but the glass would tend to flow L

pre551ng arrangement is shown in Flg. 2. Flgure 3 shows the micro-

: structure of a typical spe01men.' Some of the spheres have pulled out '

P
i
1
i
1
1

Some difficulty was experienced in the hot-pressing procedure. It

"was found that with tight dies the speoimens would crack during coolingg\;'

‘from the hot-pressing temperature. This was presumably due, to the ther@al
expansion differenoes of the graphite and glass and the resulting friction j
| of .the glass contracting awayvfrom the walls of the die but bveing restreine&_

'_by shearihg forces from the die plugs: It'was found“that very loose

I
¥

out of the dle.i Due to the ae51gn of the hot press, there is always a -

. :pressure on the die caused byra dlfference in pressure between the | B

. atmosphere eno_the_vacuum inside. . Thls forces the bellows to~contraetvs

| and place'pressure on the4ram. ‘To overeome'thejcracking problem it wasﬁ.:"
de01ded to press in vacuum as usual but after pre351ng to introduce onei.- R
..>atmosohere -of argon 1ntolthe press before the glass reached the anneallhé
~1po1nt on_cool;ng. _This would releaselall pressure on the die. It was .
’~found thet-fhis.proceaure stoppea the crecking with all butstheltightestv.
© dies. - B | . ) | . o
lhe'ususlvproceduresforvmixlnélfhevhickel spheres and powdered
.fiiélass‘was.fo'weigh out-the appropriate”proportionsrand then mix bj‘
tumblihg in_a,container. However, with some specimens (see Results,end' 
) Discussion) it was necessary to treaththe mixed powders in isopropylv o FE
alcohol..'lhis was'done by weighing as_usual'ehd‘theh mixing the R

powders:in iSopropyl alcohol and vacuum drying overnight. These treated

powders were placed in hot dies (about 150°C) and the time of exposure
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Key to Fig. 2

Hydraulic'ram
Bellows
Linear variable differential transformer

Plunger

Pyrolytic graphite spacer

Sample

Graphite spacer
Graphite die body
Graphite élunger
Radiation shielding
Vacuwu port

Top beam

Vacuun gaugé

Argon or air inlet
Load bearing column
Vacuun tank
Thermocouple

Sight window
Resistance heating coil

Bottom plate
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.to'the atmosphere Was'minimizedl

Unlax1al test snec1mens were made. by pre551ng two-inch- dlameter
| by 0.075 inch thick disks. These disks were polished on 240, 400, and ‘
600 grit SiC paper to insure an adequate density of Griffith flaws and v 
to produce a uniform surface, The disks were then cut with a nlgh |
precision diamond sav into bars about 0.25 inch wide by 0.075 inch thiek;
'Tne p0¢1s;ed surface was us edlfof the tensile surface in bend testing.

- The biaxial specimens were one inch diameter disks 0.075 inch
thick; The disks were,pollshed 1n the seme manner as the un1ax1al
 snecimens. It was found that test dlsks could not readily be sliced

. N I
- from a thick disk w1thout excess surface aamage,_espe01ally with the-

¥

_ hlgh nickel specimens. ., ThlS dlfflculty seemed to be due to the ductlllty_

A

of the nickel. Therefore, graphite dles were bullt to 1nd1v1dually :w

press four 0. 075 1nch thlck dlsk° at one tlme so'that no sawing would

be necessary.

:é;. Testing Pfocedurev g

Uniaxiel-strengths,were determinedmby loadingvthelb;25 by 0.075
inch bars to‘feilure on a four-point nydraulic loading defice with an
:overall span of 0.75 inch. .The specimens were loaded such that ﬁhe
ground surfaee‘was stressedf Time to féilure was approximatelyAls to 305
. seconds. Approxinately sixteen detafpoints were obteined for.each
v:comoosition of pefé size'and yoiume fraetion:" o
The.modnius of,ruptnre for thexuniéxial specimens ?as caiculaﬁedﬁ
vfrem the.expkession i : ‘_‘; BRI {
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vhere ¢ is the modulus of rupture (calculated outer fiber stress), M is
the maXimum bending moment, ¢ is the distance from the surface to the
neutral axis, anéd I is the moment of inertia of the cross section about
‘the neutral axis. The dimensions of each specimen were measured in-
diviaually at the point of failure.

Biaxial strengihs were determined by loading one-inch diameter by
0.075 inch thick disks to failure. The aisks were placed on a stiff
rudbber O-ring aﬁd then a hydraulic plunger with a 3/16 in. diameter ball
tip was loaded against the center of the disk. Figure L shows 4
diagram of the breaking device. The time to failure was about 15 to 30
seconds.

The maximum tensile stress, hereéfter geferred to as the biaxial

strength, wés'calculated from the expressionl
o
o = 77 [{1+v)(0.485 log % + 0.52) + 0..48] (3)

where P is'the lqad on the ram, h is the thickness, v is Poissons ratio
(0.20), and a is the radius of the supporting O-ring.

Tc observe the density of Griffith flaws on the surface of the
strength specimens, the lithium ion-exchange process described by
Ernsbergerh was used. Several specimens were polished on successive
grades of abrasive down to Linde A alumina and then were placed in con-
tact with a eutectic mixture of LiNO3~KNOj for 1-1/2 hours at 200°C.

The specimens were washed in water, dried, and gold plated to incrcase
the reflectivity of the surface as was done by Hasselman.13

Trhe 1ithium ions in the melt exchangé with sodium ions in the glass;

This. causes a tensile stress in the glass due to the smaller size of the
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Fig. 4. Cross sectional view of biaxial breaking device.
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“lhe T S

lithium ions end subsequent decrease in thermal expansion effective on

crecks, and these cracks are thought to originate at Griffith cracks or .

be representative of them..

cooling from 200°C, Moistening the glass catalyzes the propagation of

e e g
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III. RESULTS AND DISCUSSION -
‘Figure 5 shows the expérimental data for the uniaxial strength of

glass specimens containing spherical porosity. Table I lists_the ex-

perimental data along with the statistical data. The strength of the

glass was found té bevll,930 psi. In general, the results agree very
well with thoéevpredigted on the basis of Haséelmah's hypotheéis'on
the strength of brittle-matrix composites.l |

The strengthening of the untreatéd glass by 5-10 micron nickel
spherés &as unexpected. It was found tha# treating the mixture in
isopropyl aicohol‘prior to’ho%—pressing gavé strengthé that would be
§redicted on ﬁhe %asis of the data for other porosity siées at a given
,vdlume fractions~of’poroéiﬁy. This saﬁe treatment_was tfied onvzero o
porosity gla;s and on a BO,YOlee percent of 36-LL micron porosity
Msa@ple. It was found that.thé strength of these samples was not sig-
nificantly effected. In view of the work of Roséil6 with é similar
igeatment on alunina, tﬁe effeét of.tﬁe isopropyl alcohol-is thought (to
_reduce fhe”amount_of absorbed water 05 the g.ass powder surface. .It is
knéwn that ﬁéter_vapof.will hasten.ﬁhé oxide:ion of nickel and that

nickel oxide will form a good bond to fhe‘glass. It is suggested here

- that with the lérge'surface areg and'thé’relatively smail'thérmal con-

traction of the 5-10 micron spheres as'cpmpared to the larger sizes, the

effect is for the éphﬁres té boﬁd to-th; glass and not separaﬁe on
’_¢ooling.i Tﬁe'fesulf‘would be localized areasbof glass in-tangentiéli
compressionvand fédial tension ;round the spherespv In this case the
effect. of the nickel microspheres is’not to‘create porosity but to dis-

1k

version strengthen the glass as was observed by Hasselman and Fulrath
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Teble I. Uniaxial strength ofjsodium'borosiliéate'glass

containing dispersed spherical pores, in psi x 1073 .

{Glass strength =

11930 psi (12.7,L6)]*

(9 0,17)

Pore
diemeter
range Yolume vpercent porosity _
(microns) 2% 5% 10% 20% 307, Log%
5-10 "11.75 © 12.81 13.93 15.68 - -
o (13.5,17)  (23.4,13) (12.2,18)  (8.9,13)
5-10%# 10,98 1111 11.1% . - 1149 - -
: - (1k.0,17). (10.9,17) (11.1,15) (8.3,16)
10-20 1125 10.39 9.58 *  9.75. 8.7 = ==
- (11.9,18)  (6.7,16) (11.2,15) (T7.9,15) “(6.7,16)
20-36 . 10.7 '\ 9.83 -  8.52 .. 8.1k  T.29 - 6.97
o (10.2,17)  (9.L4,30) (8.7,17) ,,(7,8,16)_ (3.2,15) (Lk.2,15).
'36-Lu . 8.51 . T.27 6.23 - 6.02 5.03 - L.80
T (13.0,17) © (8.0,29) (13.1,1k) (6.5,14) . (7.9,1k) (5.4,15)
74-105  7.50 6.7  6.01 k.96 - k.35 4.21
o . (10,6,18) - (7.1,16) : (5.9,16) (20.0,15) (7:9,15) (8.3,16)
105-186  7.37  6.18 5.62 4.63  L4.06 3.68
: (14.6,15) . (7.1,14)  (8.4,16) (3.8,16) (9.9,13)

#Numbers in parentheses represent standard deviation in percent of
;average and number of spec1mens, respectlvely :

*%Alcohol treated,




with glass-alumina systems.

Figure 6 shows. the experimental data for the biaxial strength of

<4

gless specimens containing spherical porosity. Table II lists the ex-

)

verimental data along with the statistical data. The biaxial strength
s ~

of the glass was found to be 11;510 psi, in good agreement with the

uniaxial value.

In‘general, the standard deviations of the biaxial data weré higher

 then those for the corresponding uniaxiel data. This is probably due
to a iaréef suéfaée being exposed to the méximum stréss in the uniaxial
bend tést than ?n tﬁe_biaﬁial test used. In the uniaxial case the
maximpmvstress'%s preéent over avl/h by i/h inch area yhile in the
'biaxial éase fhé_maximﬁm stress is present only at a point.

When stress concentrations are present,uhder load, the relative

sizes of the Griff;th flaws and the‘volume of material over which'stress"

concentrations'agt determine the strength of the material} The stress

‘ , . *
. concentrations for conditions of uniaxial loading are:
2 7 I 2 ' i -
.o, =2r [~ &~ 4 (2 2 _ 8 o5 20) + T cos 6 o ()
o, = 27 [5'-‘-——-"-%- 2~ cos 20)] + T sine® -(5)
T by2 rt . : A
Under biaxial loading, the stress concentrationszare: ’
T I L P e . - (6)
T T X ‘ . - . - /
o_ = b4r [=—]+1 - . S (1)
s Lr2 I ' ‘ '

* These equations are for stress concentrations around a circular hole-
in « flat glate ané are used vecause of the relatively high stress

23 ! . IS I " L ~ . ) : = ~ .
gradients present in the test procedure as mentioned eariier.
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Tabie II. Biaxial strength of sodium borosilicate glass
. containing dispersed spherical pores, in psi x_10?3
(Glass strength = 11510 psi (18.L,11)7*

Pore
. ‘Giameter _ . ST :

. range . Volume percent porosity
{microns) .2k 5% S 10% 20%  .30% LoZ
510 C 1k 14.53 - 1k.60 16.32 - -

| - . (8.0,4) (13.8,3) (33.0,3) (19.8,k) .

2036 - 11.38 - 10.72 . 9.03 8.20 7.67  8.11
- (1k.4,4) ¢ (20.8,4)  (10.2,4)  (10.9,k) - (3.2,4) (7.k,4)
Th-105"" 7.9 - '7.38 - 6.7Th- . 5,80 - 5.68  5.32
L C(9.2,k) 1 (8.9,4)  (11.3,k) -+ (9.8,3) (5.6,4)

(12.8,k4)

*Number in parentheses represent standard deviation in percent of
average and .number of specimens, respectively.

%*Alcohdl treated.

vt 3 e A
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where 9. and 0y are the radial and tangential stre;s components,
respectively, T is the applied stress, a is the pore radius, v is the
distance from the center of the pore, and 6 is the angle between the
tensile direction and the line joining the center of the pore and the
point in cuestion.

‘Under conditions of tensile load (T positive), tensilevstresses
grceater than the applied stresses occur in the tangential components as
can be seen from equations 5 and 7. Therefore, the tangential components
should be responsible for failure of the glass. |

The maximum value of stress concentrations that occur in uniaxial
ard biaxial loadihg differ. The maximum Vglue under uniaxial conditions
is 3T and under biaxial conditions is 2T. The maximum occurs at two
points only ih the uniaxial case and only along the edge of the pore in
the biaxial case. Figure T is a map of stress concentration contours.
The area of concentration greater than 1.5 (a typical value of calculated
strgss concentration observed for failure) for the two loading conditions
'is not significantly different. However, there is an area of higher
concentration than 2T in the uﬁiaxial case. Thié can account for the
lower observed strengths in the uniaxial tests compared to those in ﬁhe
biaxial tests. When the pore size is very much larger than the flaw
size, the uniaxial strength should be considerably lower than the
biaxial strength due to the probability of flaws being present in areas
of stress concentration greater thani2. Since the uniaxial strength zero
porosity intercept for the largest pores gives a stress concentration

factor less than 2, the data for larger pore sizes seems to fall into



UNIAXIAL

v

BIAXIAL

Fig. 7. Approximate tangential stress concentration contours
around a flat cylindrical flaw under uniaxial and
biaxial loading.
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liasselman's region II. That is, the flaws are not located entirely in
regions of high stress concentration. The same situation applies to
the largest pore size biaxial data.

Region III seems to be approached more rapidly in the biaxial case
than the uniaxial case. The biaxial data for 20-36u porosity seems to
fall in this region although the same is not true for the uniaxial data.
Region III seems to be approached with the smallest pores in the
uniaxial samples.

The strengtheneing of the alcohol treated glass by 5-10 micron
spheres was unexpected in the biaxial case in view of the uniaxial
results with the same treatment. Onc possible explanation of this is
that only a fraction of the spheres in this size range actually separate
from the tréated glass on cooling. Assuming that a large fraction do not,
the bonded fraction would lead to dispersion strengthening as explained
in.the uniaxial case. ‘Sihce there is a very large stress gradient from
the center to edge of the disk in the biaxial test used, the probability
of a pore-flaw combination being present at the point of maximum stress
is low and failure will be nucleated from an area of lower than maximum
stress. In the uniaxiai case there is a sufficiently large area (1/4 by
1/4 inch) under maximum stress to nucleate a failure within that area.
The result is that the biaxial specimens break at a higher apparent
stress than the uniaxial specimens. Another biaxial test that loads
a larger area would be desirable and could be used to investigate this
hypothesis. |

Figure 8 shows the results of the lithium ion-exchange technique.

There appears to be an adequate flaw density around pores as was assumed
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in this investigation. Some of the nickel spheres have pulled out of

the glass during polishing as would be expected.
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IV. SUMMARY
The effect of stress concentration on the strength of a glass was
investigated. It was found that the strength was determined by the
porosity size and volume fraction as well as the loading conditions.

The results %ere interpfeted as a function of the relative sizes
‘of Griffith flaws and the volume of material over which the stress
concentrations act. The experimentél results agree very well with
Hasselman's hypothesis on the effect of porosity on strength of a
brittle matrix.

It was found that with the poré size much greater than the flaw
"size the strength would be determined by stress concentrations around
the pores. This is due to the probability of é flaw being present in an
area of hightstress concentration. As the pore size becomes much |
smaller than the flaw size, the effects of stress concentration aré
not significant and a‘smooth; monotonic decrease in strength with
- porosity occurs. “ : ,
It is suggested that for very large. pores, the uniaxial sﬁrength

should be less than the biaxial strength due to higher stress concentra-

tions in the uniaxial case.
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