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- PRODUCTTON CROSS SECTIONS IN THE MULTIPERIPHERAL MODEL

James S. BallT and G. Marche31n1TT
Lawrence R&dl&thn Laboratory

Unlvers1ty of California -
‘Berkeley, Callfornla

‘May 21, 1970

ABSTRACT
The total - cross sectlon for the oultlperlpheral
f} model is obtalned by solving a Bethe-Salpeter equatlon.
We show that the N-particle prodﬁction cross‘sections
are given directly ie ferms of the eiéenvelues and eigeén-
" functions of this Bethe-Salpeter equatioh,.and hence are
"'directly related'fo ihe Reggevpole parametefe. Io
simplevmodels of Regge poles based on the multiperipheral
. ﬁodel the production cross sections are completely
"determined. Results are given for eeveral‘simple cases

including the Chew and Snider model of the Pomeranchuk.

Tt

This work was supported in part by the U.S. Atomic Energy Commission.

Permanent address: Phys1cs Department Unlvers1ty of Utah,

Selt Lake City, Utah 84112.
Address after September 1970: Istituto di Fisica, Universitd di

Parma, 43100 Parma, Italy.



'I. INTRODUCTION

1 that a multiperiph-

_itthas been propOsea by Fubini and co—wpfkers
erai.modél'of high—énergy'3cattering will-prbvide.a d&namical description
of Reggé bolés and hence:a.dynamical model of thé low-mass particles
that lie .on these trajeétories. The basic form of this model
is a 1édder étructﬁre of'the-type shown in-Fig; l, where the multipar-
ticle production cénfribution tb the tofai<cr6SS section is copStructed
by the i£efétion of an elastic cross section. In: our pievious

5 the ladder graphs

work2 and in fhe work. of Chéw, Rogers, and Snider
were summed by means of fhe Bethe-Salpeter equétion. IWhile the values
of theiﬁgfious‘Regge.poiéuparameteré.wefe obfained in the neighborhood
of At ; 0 littie was said about thé N-paiticle production
cfoés sécfions whichlare the quaﬁtities mbsf Airectly predicted by the
model ﬁﬁd are also directly measurable experimentally.

In this‘paper we would 1like to approaéhnthe saﬁe problem but
beginning»with a different point of view. Wé will assume that both
the total cross section and the elastic cross section are known from
experiment or theory and use the multiperipheralvmodel to predict thé
N-particle prqduction_cross sections. It is hoped that this will alloﬁ
the direct comparison of expérimental data to check the validity of this
model -without depending on a specific calculation; and at the same time
clarify the effect of certain-assumptions made in previous calculations

in regard to the parameterization of the elastic cross section and the

assumed off-mass-shell dependence of the scattering amplitude.
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‘Qur‘sfarting ﬁoiﬁt will fevthe assumptibﬁwthat the fotal cross
segtioﬁAhaé.a‘ladder strucfure of the type shaniin'Fig. 1 and that it
can beiéﬁl&ulated from a Bethe-Salpetér-type equatiOﬁ in which the
inhomoéeﬁéous'termvahd the kernel are related ﬁo_the‘elastic-cross
section.. It is further assumed that this'equafibn is partially
diaggﬁai;Zed when one invokes either O(k) ofg O(3) symmetry.

_-:in'the'following section we will obtain a formal expression for the

N-par@icle?produétionvcross Sections in terms dfithe elastic and total cross.
.sectidﬁé}  In Sec. 3 we ih?estigate se#eral appiications»to simple
modelé; aﬁd we obtain‘the production cross sécﬁions as a function of

energy~and;thé number of pairs produced. -
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II. FORMULATION OF THE MULTIPERIPHERAL MODEL
_ The basic equation of the multiperipherél model can be written

as the following Bethe-Salpeter equation:
T = Ty + T GT, o | | (2.1)

which‘cqrfespdnds formally to the diagram in Fig. 2. The kernel T,
when evaluated on the mass shell, is related to the elastic cross

section by
‘.0‘ (s) = [s(s - L ]:é Im T (s,t = 0) 2.2)
~Yeyp - ) . . » o S, . . ( .

The solution T(s,t) bares the same relation to the total cross
sectidn, and G is the two-parﬁicle propagator.

vawe now expand both T and TO in'partiai waves appropriate
to whichever symmetry is assumed, i.e., O(4) at t =0 and 0(3) |
elsewhere, the Eq. (2.1) is diagonal with respect to this quantum
number ). The continuation of these qﬁantities into the complex i
plane is accomplished in the standard manner. For_simplicitybwe will
assume‘that T0 has only a branch cut for positive s and hence no

signature need be introduced. The resulting continuation is

[>+]

viTX(t) = as s Im T(s,t) , (2.3)

Ltp,g
wheré \ stands for either £ or n and we have used the asymptotic
form of QZ or fn to simplify the discussion. The inverse of this

relation is:
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In T(s,t) = == f ax s™ T(t), (2.4)
where "gj”is the usual contour to the right of - =

all singﬁlarities of TX' The solution of theﬁpartial-wave Bethe-~
Salpetér‘equation can be-expressed in terms ofvthe éigenfunctions and

‘eigenvalue of the homogeneous form of the equaﬁion:

womtnent.s )

Then ‘Tx and Tox have the following_expansionSi

v, 1()12 e
Co(8) = . SR o 2.6
PN o 2-6)

and

_— : . 5 o o
R [le(t)] . SR . '
CT® = )= oL e

Note here_that the off-mass shell dependence is confained in the

functions " ¥. It is clear from Eq. (2.6) that'x-plane poles of the
émplitude;-Tx(t): arise from the denominator vanishing and hence the

Regge trajectories ai(t) and residues Bi(t) _are determined by

the foilOwing equations:

Cp i)

ai = l,.
: 3E ()]
2 A :
8i(6) = ¥, (®) /[“'ax——]w ' | (2.8)
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In order to determine the cross section for production of

N-particlé pairs we define the amplitude T such that the imaginary

N
part of--TN,'when evaluated on the mass shell is proportional to ON'
It is clear that the TN’s satisfy the followingvrecursion relation:
Ty = T 6Ty - o (2.9)
We can hoﬁfdefihe a generating function for the TN?s as follows:
o . )
T-:ZhNT - (2.10)
h N2 , *

which will be the solution of the Bethe-Salpetef equation

T, = T +hI GT , , | (2.11)

and the,productidn cross section can be extraéted.from' Th by projecting

out the coefficient of hN. The projection Th a has the’same,ﬁype of

b4

continuation into the A plane as Tx and TO N and hence satisfy the
. ’ ’ b4

same partial-wave Bethe-Salpeter equation. The solution to Eq. (2.11)

~can again be expressed in terms of the eigenfunction solutions of the

homogeneous Bethe-Salpeter equation:

1
Ton T Z (——;‘— . (2.12)

Since this expression is readily expandable in powers of h we

obtain the following result for TN:
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which, when evaluated on the mass shell and substituted into Eq. (2.4),

yields the N-particle production cross section ‘

R 1 }x"};:, ' .
éN(s) - g A ‘[ o sty S (2.1b)

(¢}

The average mult1p11c1ty £or the productlon process can easily be

expressed dlrectly in terms of Th

(N) = Z (N +1) g N/GT = 1+ F Im Th l(s O)/Im T, l(s 0).
» : (2.15)

Flnally, we note that if the sum in Eq (2 12) is well
represented by the first term, i.e., the elgenvalues are w1deLy

separated o] can be expressed directly in terms of 1ntegrals over

N
cez .andp:oT. as_follows:
. AN | -
MGN(S) = a1 [dXS 'Tox ‘L—QLT s | (2.16)
N YN . -
. (e} .
where
. ©
S N
T, = ds s cT(s)
: s..
o
and
. [oo] .
T - as s™ o (s) . | (2.17)
oA , el ¢
s
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III. SPECIFICvMODELS o

:‘T6 il1ustrafe the method présenfed in tﬁe‘pievious sections, we
will cpﬁ;ider several specific examples. Our géhefal procedure will
be to aséﬁme - certain types of A-plane singularities and determine the
resulting relation between the élastic, fotal,va#d production cross
séctioné together with the multiplicity implied‘by_these singularities.
Since these relations are determined by the imaginé;y part of the
: amplitude_at t =0 we will simply parameterize fhe amplitude at this
point, but the reader should keep in mind that in general all of the
‘parameteré introduced in the following diséuséidn'are functions of t.
We study examples where a single term in the expansion given in
Eq. (2.12) dominates the amplitude. |

| - A, Single Pole
‘] The simplest case we can consider is that  Tx has on}y a

simplé‘pole at A\ =0_. Then E  is a linear function of At

A

E, = 1+ (h-a))/f - (3.1)
and the asymptotic form of OT is
: ab-l

—GT(S) = B s 5 (3.2)

where B 1is the residue of the pole. The GN'S have the following

Poisson distribution:

N N

| N o,-f-1
o = pifins) o : (3.3)
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The average multiplicity for pairsvis then tﬁe following:
(N) = L+fms . i (3.4)
B. Two Poles
The simplest generalization of the single-poie model is to
consider an eigenvalue which is a quadratic fungtidn of ) with the
resulting amplitude containing two poleé at a;lvand Q_ with residues

r, and ‘r_, respectively. If we assume

E. = (n -v'oz+_)(>\ - )/f+1 , a | (3.5)

the amplitude T is'

(3.6)

r -0+ (n-a,)
B P (T AR cea

Here -f ‘is a parameter which will be related to the average multlpllclty.

The Mellln transform of Eq. (3 6) is:

' Im‘fﬁ(s) = fsaR {}r+ + r_) cosh(R 4n s) +;aD(f+ %,ré)_Sinh(g n s{},,

(3.7)

i
2

where o = a +a_)/e, o = (@, - )/2, and R = [aD + f£(h - 1)]2.
By differentiation with respect to h we obtain the cross

section for producing N pairs of particles Oyt
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R -1 ’ _ .
UN(S).E= .f saR {%(r+ +r) iN_l(R In s) f aD(r+ -r_) iN(R In s)

X é%TE (:gﬁ 4n sj)N P (3.8)
- . s
where 'iN(z) = (%2)2'1N+%(z) and R is evaluatgd gt h = 0. Note that
this is ho£ a Poisson distribution except for'largé' R fn s where the

asymptbtic»béhavior of 1 is independent of N. The average multipli-

N

city of pairs in this limit is

(N) = 1+ RE = T) ns . : : (3.9)
N Beséel functions go

into jN's which are oscillating functions and CN ig not positive

definite. Therefore the complex poles must either be the nonleading sin-

If the poles are a complex conjugate pair the 1

gularities"or must be an'approximation to a cut of the type suggested
by Ball,'Marchesini, and Zachariasenu which iS'valid‘ohly ovef a
limitéd eﬁergy region.

C. Approximate Solutions to the Multiperipheral Bootstrap

In our previous work onh a realistic tréétment of the multiperiph-
eral model the Béthe-Salpeter»eqﬁation was solVednumerically. From
these -calculations we_dbtain a reasonable Pomeranchuk and o Regge
pole;;' What this calculation predicts for ON is directly relevant to
experiﬁent, however, the fact that the eigenvalues were obtained
numericglly makes the fequired ihtegration in Eq. (2.1k4) difficult.

Recently, Chew and Snidef,5 investigating the same type of model, have

employed a factorable kernel and have obtained results quite similar to
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our eariier’reenit; Beeause of their epproximation'they have.only one
eigenvalﬁejwith the-enpiicit A dependence known} It is of interest
to obtain‘the ON predicted by their.model, and“one would expect these
resultsfto be similar to those nredicteo by‘a realistic model. In their

1

model the'eigenvalue and eigenfnnction are the following:

(- 8)0n - 8)
E, = —fp—p—%— (3.10)

g, *+eg (n- Bp)

and W‘E'; (x - B ), where in the 1nterest of 51mp11c1ty we have set
the 1nternal and external coupllngs of the CS model equal. Here Bp
is the p031t10n of the effectlve slngularlty due to the high- energy
component of the kernel and B ~1s the p051tlon of the s1ngular1ty

assoc1ated Wlth the pion propagator. The parameters and gR

gP
control the strength of the high- energy and resonance components of
the kernel, respectlvely.

:-;Using eq (é.lh), we obtain

- 1 1,/ 1 N/ e * N |

. AT NLyg L B

) -GN(_S) ST 2qi f dx s ) Q - B) gR + N - B . (_3'11)

kit Y .
. cC B . X

The evaluation of these integrals is straightforward butvlengthy.
In Fig. 3 are shown the total cross section and some typioal production
cross sections, for the value of the parameters determined by Chew and .
Snlder5 which are the following: th = 1.0, gpu_= 0.03, . Bn = ~0.3,

and B, = 0.9. In Fig. 4 we compare the N dependence of production
P .

cross sections with the Poisson distribution for several values of the
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energy. >The’averagé multiplicity prediéted by-fhis.model is shown in
vFig. 5 fogétﬁer with'two Straight lines which agrée'with this curve in
the accelé;ator energy region and in the asymptotic region. Note that
the effective coefficient of 4n s changes from 2 to 0.65 at ultrahigh
energy;n_fhis effect is similar to that we suggésted in our previous
paper,eiiﬁ Which the low-energy multiplicity ié éontrolled'by an
"effecti&éa‘Regge-pole.that.is actually the contribution of & cut,

~ while ét Sdfficiently high energy the "true" Pomeranchuk pole dominates

and prodﬁces a much smaller average multiplicity.
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3lCONCLUSION

B The_mﬁltiperiphéral model‘proyidésva méthematical frameﬂork in
which fo.Sfudy dynamicél Regge trajeétériés andﬁtheir.éésbciated cuts.“
.In appiiééﬁioﬂvof‘ﬁhis'model,'pfeviéﬁs work hds gghérally‘concentxated
on thé.eiaéfic.croséjsection which is direétiy related to the kernel
éfithe ihtegral equation and the total créss.seétion which allows one
to idéﬁtiﬁy &arious Regge poles. These caléulations'alsb contain
implicitly éll the prédﬁction cross sections which are ;lsq experi-
mentaliy measured quantifieg. We héve computed thé produétion cross
sectibp8‘fbr a few simple'ﬁoaéig inclﬁding'the approximate multi;

peripheral model of Chew and Snide'r,5

where the assumption of factor-
izability of the kernel leads to.very simple predictions. ~While the
production cross sections in this model deviate from a Poisson

distribution, this deviation is not in disagreement with current

expefimenﬁal data.
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FIGURE CAPTIONS

Diagram representing the muitiperipheral contribution to the

total cross section.

Diagram representing the multiperipheral Bethe-Salpeter

equation.

.Prbduction'crqss séction‘as function of'energy from CS model.

2

Production cross section from CS modél as function 6f number

of pair (solid curves) and corresponding Poisson distribution
:,(dashgd curveé) for séverél energies}

Mqltiplicity of particles as function»gf energy from CS model.



 XBL705-3006

Figt |



~ XBL705-3014



-17-

10

S ‘Aw:c:xbo:_{_ovm Amvzb

Ins

XBL705-3009

Fig. 3



(arbitrary units)

._O-N (s)

-18-

Fig. 4

XBL705-3007




-19-

R L

20

25

5

10

ns

-XBL705-3008

- Fig. 5

© w o w
M N N -

o}
5

s3jo14dod yo Aydydyny



+

LEGAL NOTICE

@

This report was prepared as an account of Government sponsored work.
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A. Makes any warranty or representation, expressed or implied, with
respect to the accuracy, completeness, or usefulness of the informa-
tion contained in this report, or that the use of any information,
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resulting from the use of any information, apparatus, method, or
process disclosed in this report. ‘
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includes any employee or contractor of the Commission, or employee of
such contractor, to the extent that such employee or contractor of the
Commission, or employee of such contractor prepares, disseminates, or pro-
vides access to, any information pursuant to his employment or contract
with the Commission, or his employment with such contractor.
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