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A NOTE ON LEAST-SQUARES FITTING
OF ATOMIC-BEAM RESONANCE CURVES

Henry B. Silsbee

-Radiation Laboratory
University of California
Berkeley, California

March 26, 1957

ABSTRACT

¢

A routine is described for f1tt1ng bell-shaped curves to data points by
use of the IBM 650 computer
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A NOTE ON LEAST-SQUARES FITTING
OF ATOMIC-BEAM RESONANCE CURVES

- Henry B. Silsbee

Radiation Laboratory
University of California
Berkeley, California

March 26, 1957

An objective criterion is desirable for assigning a f'best". resonance
frequency to the data for counting rate vs frequency obtained from radioac-
tive atomic-beam experiments.

Under idealized conditions — which are not met in practice - the line
shape theoretically has the form (1 + xz)':l, where x is the departure from
resonance suitably normalized. This suggests the fitting of a "best" curve
of this form by a procedure which, if possible, weights the points near the
- maximum of the curve more heavily than the tails and thus minimizes the
effect of departures from the theoretical shape. Reducing the weight as-
signed to the tails of the curve also minimizes the effect of uncertainties in
the background to be subtracted from the counting rates. C

A curve of this sort can be obtained by taking the reciprocals of the - —
counting rates, assigning uncertainties in the obvious way, @l/y)': O(y')/a_, v
and fitting a weighted least-squares parabola by the usual formulas. '
The coefficients of the parabola cx® + bx + a are the solution of
az y4/02 +b 3z '§y4/02 tcZ x2y4/02 =z y‘3/02,
az xy4/02 +b 2'x'2y4/dz +c¢c X x3y4/02 =z xy3/0'2, (1)
azz xz'y4/(72 + b Z vx33‘r4./02 +c X x4y4/02' =z Xzy3/02
(y £ 0 is the counting rate at frequency 'x),.

which yield a = A/A, etc., in the usual solution By determinants.
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Thenthe parameters of the bell-shaped curve are given by:
) pos'i’tior'l:““';x .= - Bjf2C, -

max

half width at half max: w.

1
)
. 1
"

‘height: vy = A/(:w2 . ’

max

We also wish to know the uncertainty of x,,,, in terms of the statisti-
cal uncertamtles of the mput data. In terms of the reciprocal data points

z:l:n_%:hyz, Egs. (1_) read
az l/n? + b z x/'q2 +ic z xz/'q2 =z z/n2 s
az )E/nz' +b Z) }'{?'»‘/lnzl‘fl-_c' b x3/1~|2 = = ‘zx/nz s
.a.Z: xz/n2+b = x?/:qz +,§: z x4/n2 = Z ZXZ"/T}Z
The sta-ndard Vdevia““tion.oi' X V‘ is

max

oz(x) = =7 E—z(—%]

By stra1ghtforward mampulatmn this.can be reduced to

(x) = — [(mnmr of bb element of A) - ZBC(mlnor of bc element of A) .
+ B (minor of cc element of A)
A routine has been. wrltten for the IBM 650 computer which computes

Xmax s wZ, Ymax’ and ¢~ (x) from su1tab1y normahzed input data. . Details
of its operation are attached. -

This work.was done under the ausp1ces of the U. S Atomlc Energy
-Commission. : : S

Information Division
4-25-57" db
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Routine for 1/(1 + xz) on IBM 650 Computer

1. Locations:
a. routine lies in range 000-0399;
b. routine starts at 0001;
c. 0400-0459 used for input data;
d.. 0700-0716 used for temporary storage and output data;
e. the locations in (d) could be moved into the 000-0399 range without
much trouble, if drum space gets short.

‘2. Card deck:
a. Memory clear;
b. Long load and punch routlne,
c. - This routine;
d. Data deck.
3. Data deck: . ' )
a. Location card: 00000 9 0400 (-) in the first field {minus in col. 10);
b. Data cards: 00000 n xxxx (-) in first field (n = no. of words; xxxx
arbitrary) then data in order xyy;01x 2Y20 2 = = = = Xp¥pOn (prob. no.)
-~ i.e. problem no. in place of x, + 1 on last card only.
c. Transfer card: 00000 0 0001 in first field;
d. Repeat (a), (b), (¢) for each problem.
4. Input data form:
a. xin form 000000x.xxx mc 0 < x 4. Origin should be chosen to
make peak come near x = 2; 1 < Xn’lax < 3 should be o. k. '
b. vy in form 000 000 00 yy. cprn30 Ymax < 100 (actual requirement is
not quite this strict). _
c. O in form 000 000 0000 .cpm 10 < 0 £ 100 (actual requirement is not
quite this strict). ’
d. y and 0 will usually need to be scaled to fit the ranges above. Note
the scale factors used. : _
e. Problem number is simply copied to output, but 3 rt. -hand digits
only are pertinent to another routine. ‘

5. Output card form:
a. lst word, 00000 7 0700.

b. 2nd word, x ax = X« XXX XXX XXX mc, _

c. 3rd word, w2 = w.www wwwwww mcZ. w = the half width at half
max. S :

d. 4th word, ymax = YyYV. YYYYYYY cpm.

e. 5th word, 0% =00.00000000 mc?; 0 = std. dev. of x5y« ~- to

get actual value it must be multiplied by the scale factor for y and
divided by the scale factor for o.
f. 6th word, problem number.

6. If trouble develops, transfer to 0356. This will punch partial results
and go on to next problem. ‘ :
| 4 8
7. Rigid requlrements on input data are ¢ < 100, vy /0 < 106 and y3 < 10".
Trouble may also occur if all the y3/o s are too small.

The actual program follows.
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IBM 650 PROGRAM SHEET

PROBLEM: Clex?)”!

INSTR|LOCATION OF OPERATION ADDRESS
NO. |INSTRUCTION| aBBRV. | CODE | DATA  |INSTRUCTION REMARKS
ool | RAL 65 | 0250 | goo2 | N
[¢ova | stV | 21 0714 lotez Il 1

ole7 S le gvos5 | on 1O

2010 AU | o goo2 | o0l caan 700 - 214
eso XA S J i olt72 ooa?7
o027 |BRN2U | 94 ool olg2
%l | RAL | 65 | svo2 | gvp2 | J

045 21 o4 | oclé/
Poaru=JC3 o0 azad | aaa corgZanlo
QL1 4 A1 c69Y olé7 J

o122 KAV o oigys | co26 | )

o066 | STU 2( | oe(3 | opée | | Aala
066 AU 70 0e6q | oozy , WA N ”
o4 | srv 2 o0l5” | e367

03¢9 AU 10 2069 | co74

oo 74 STU | 2) goil7 o3

SIRSE 0 | oYyor 00/d |1 comnilanio

cceq o0 o0voo | oot |}

} o033l RAU | 60| o4oo | colq
gcidl sSTD | 24| o067 | o0is
V oo RAU | 60 oqel | ovié
_golé sT 24 | 1€y | ety | 2017
[ 0017 RAU €0 | odel | oois ] '

oolw | BRV2U| 44 | 0123 | 0235~ |
0231 MuLr | 19 800 3 o3l /
co3| SLT 35 | oo 00 3%

oo STL 20 0053 0056
0056 RAQY 60 | ©169 0325 /
0325 MUeT 9 8003 0333
0333 R&Y | 60 goo2 | 0292
oa92 | muLt | 19 0(€9 00725
0075 SLT 35 ceed oY

0(%H4 RAU ?) goe2 | 0343
0343 DvRY| ¢9 ¢e53 | cos®
0052 | SRP 3l o 2 oil7
olt7 | srtre 20 o083 | 0l0€

0l06 LD 69 0359% 006 2
9062 STD 24 o3| 0l5e
Ol56 LD 69 | 0321 ol2y
o124 STOD a4 ool | o124
YKL [4) 69 o0lg3 | 0D3€
o036 sro 24 00 76 0079
0079 | STL | 20 oog4d | o050
0050 AU {C o003 g0 3
[ 8003 Al 15 | 0706 | 0039 ]
o037 AU 10 o042 g0 3

PAGE_ I _oF_ %




- UCRL-3723

IBM 650 PROGRAM SHEET

PROBLEM:
INSTR|LOCATION OF OPERATION ADDRESS
NO. |INSTRUCTION| ™ ABBRV. | CODE | DATA _ [INSTRUCTION REMARKS
L8003 | sSTL [ 20 [o706 | cextifsl] coy o™/
0040 SU i 0043 cod®
oo4d¥% STY 2l | goe3 ol g
oll¥y SU 1] co7l 076
0076 | BRNZ2V | 44 | 0330 |023% accumulaly,
330 RAU 60 | oorY | 0289 ' ,
0289 | MueT | 19 | ové7 | 0k72 SxXTFFE/TX
0272 SRD EY geo3 | o079 '
023% AU 60 ovs3 | 0j0¥®
0lo% puiT | 19 0lé9 olds5
oy SRD 3 ovel | sa34
023y (X5 9 | o87] Cdd o
oaYy sip 24 | o0 /1 0X7Y
0274 L0 €9 | 0233 | o036 o
0359 15 | 07206 | 0039 N
032] 15 07209 | 0039 A
o83 44 1 0330 | 0239 {
0042 04 | ovoo | o] 7 conlondo
ond3 04 1 9999 [ ove/ [
0371 15~ | 072/4 | 2039
0233 44 | 0320]| 213} V.
013] RAU. | 60 | ovi13 | 0cé¥ 7 seZaron Lo mgxl Aols |
006% AU 10 or2| | ocaé J ponil ’
ooz | oo | ooc 3 | seer | conolanl _
. 0275 | LD 67 | oe67 | oos/ | wlone pnobbm # jog
co5 | sTD 24 | c7204 | oo 3 ' "/ 4
000 7 KAV 60 | o720® | 03¢5 \
0365 LD e7 | svox | ooy
0204 | scrT 3e zaca s Cl&S”
0155 | STIA 23 | o3l 0<%
027¢ RAL 2 0/iv | oazw
0ALE Lp €9 AN ca93
0393 BULA| 2% PRl cpdr
0342 RAL | ¢5 | cdii | sesy 2 4 P conimandq. |
O 37% Sl {é caegl a9l amel g bl
02392 | B&MIN] 4& CAYE] ABF "
0295 AL i | s PEL
oAl RAL s worl SReEsT
CRéeS SLT 3k ooy | oryw
| ecozvw LD Iy CARY | ~puish | 03( ¢
03{4| =2 STDA | 22 | o324 pray
0227 LD 641 QR7/ 1 oidi
oi2] STRA | 22 CR77/ 1 _¢isd

PAGE_2 _ oF_%
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IBM 650 PROGRAM SHEET

PROBLEM:
INSTRILOCATION OF OPERATION ADDRESS
NO. |INSTRUCTION|” ABBRV. | COOE DATA _ |INSTRUCTION REMARKS
o180 LD 69 | o0i19€ | o0 ¢/
009l STDA | 2t | 0l96: o0dd
ov4Y L 69 oxY® | 0143
0442 SIbA | ai | pay¥ plof
oloi RAU | 606 | 0259 | 0374
c22d | stu | 21 | 02’9 | a14¢
ol 6 Su 1 ocdd | ooz
v T8 0 4 e A O B R - T e A Y
fos2d | SLT | asT] — | 13997
' o2l ST | 2] 0i29 | oaa9g
[0429 Ra | ¢0 | 006 | 03%0
03%0 | BRN2V| 49| o324 ]| 0135~
LTosid st | 35| = 0129 ]
[¢1%9 stv | 2y 0006 | 02097
0209 RAU | g0 | €249 | ocoaz
003 AL | 1O po0s” | oo
ollo STe | 21 0429 0ie
oazd 35 | ovos | 0189 )
0277 a5~ | oo0® | 0252 | _
oll¢ 35 | cevev ol7] conalondo
o0A4 ¥ A5 | o090 o073
o154 60 | o706 0380 -
o0 29 39 oo o171
0l35 LD 69 o7l | eeoy’3
YT sTp 29 | ot 2249
2219 D x| 07il 0i27
2i27 sTD 24 20 80 033
33 LD X1 o280 Qi34
o134 sTD | 24 oowZ7 | o930 _ ]
2090 RAO | ¢0 | aeso| 5235 somgnler dodi s rard,
0225 | - mueTl iy atod] aied -
o(c3 st | 2) pves | 016% C e
0lew STL 20 ool3 Otl76 i
0176 RSV 6 072{2 | 0373
0373 Muetr |19 0787 | o064
feacd iV § AU [Kei 008 QR0
2020 | AL 15 O0Add | 2i42
5142 | STUL ¥ oves | Caly
o02% _RAU 6o §oel - XPY 4 \
g1ag et | i3 Q709 piY
YFS | ST 21 and | a’lé
0226 N | 62 MET| 2230
ALY MLULT (7 0723 o329
2329 &L 15" 023 | 242
219 4. STu 2 MOAE Al
otqds STé | RO Qi R4
0200 RAL | 60 a7< QA5
0325 | MueT | 1% 07056 000G J
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IBM 650 PROGRAM SHEET

UCRL-3723

PROBLEM:
INSTR|LOCATION OF OPERATION ADDRESS :
NO. [INSTRUCTION|™ ABBRV. | CODE | DATA __|INSTRUCTION REMARKS
1 el STV 21 2065 | 0¥
06X 5T ¢ 20 04D | 0dle
a6 RoU é! olee | ¢ 3724
0222 MUY | 19 | erlo | oo
0003 AU {0 ey | 00/0
o0 70 AL 15 20AD| 0LYL
0ad2, STU | 21 Mel | oslw
O3l RAQ | 60 WOl | 0477 |
a(?e nuetr | 14 a0 | 0179
0(79 sTU | 2 X LS | DaLe
0le RAUV | &C oceLy | 270
802/ Myl | 19 07/0 | 0279
2379 AL 15 EEEIEECT R
20 qL AU Lo seds | ¢¢o0
gtloe AL (95 cled> | ctel
2leC STV | 2 045" | 019%
cl1% STL 40 olo > | or56
QA6 FAV | 60 0166 etz
01723 | MULT | 19 07207 | otl2
o1l or¢ | al | o065 | c36%
clexR ST | 20 ] 20ad | 0376
s 376 Rod | 6l 00 ¥0 | s aws”
o035 | MucT | 19 020¢ | coil
oo {1 AU o) 2065 | 0140
YR AL 15 0S| 0ld3
2143 A EEY dos| 0369
€Y TAU 60 s | Caxy
Q242 ML | U ozl | 2130
2139 oTJ | | _oeld) Q1727
o127 RAV | 50 opes | 03l
0320 MOCT | i1 o721l 223}
2231/ AL 15 2023 w43
»w 13 AU (0 ML | D15 D
A135J AL | 15 DIDA] oewy
o8P | SeT 3 2oos” | 0457
ol4d5 scr | se 0O 0ido”
01290 Lt | &9 ocozy | ovdy
ot STIA 135 2Wa7 | 0ig D
0190 SKT 30 00 | ALY
Y X [ sTU Py S04LT | 2aq¥
0292 | * RAL 6.5 MM37 ] 2413
0275 Ser | 35 vy | 04dy
0407 D | 69| 2/8i | 04ve
0AYe | STLA| ai | 5d | ooy
0.5 e w9 oU2qd | ey y
Rie R A STDA!|l 22 D34 2T
ror ] LD P A7) Jide
D%de | STHA | Ad | Dty | dzi+
QRUIY) LD ey s 7 cazy
24271 5TOA| 22 |\ oy d | i
PAGE "/ oF_ %
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IBM 650 PROGRAM SHEET ' )
PROBLEM: _
INSTRILOCATION OF OPERATION -ADDRESS i
NO. |INSTRUCTION| "ABBRV. | CODE | DATA _ [INSTRUCTION REMARKS
0280 35 | oo0s | olds ) .
0037 | 00 | ooeo 0000 / :
0151 35| ove0 | 0300 \e oo lands
olo Yy 35 | ooeo ov S A 1 -
oall 35" | ool o157 |-
o004y '35 | oven 0137
2097 Lp XA ITAREYZ Y ' - _
ood7 sTD 249 | o087 | 0153 : ' : :
Y D 69 0706 | vosd _ :
op 59 sTD | ay 070 o4/3 T
3213 LD | 69 o207 | oul - - ' -
oul STD | 24 | 00§D | 0o¥3 \__compale oledrmmamond B
2ok AV LD | 69 ol0% &8/6/ _ )
glel stD 24 Q707 LEYL]
0al2 tpD | 69 | 072/ | covw
oo g% srp Y o206 | 0124
o109 L €9 o713 o YKEY \
013% STD | a4y 820%| oo
[ co87 s.T ag | ovo4q | 0151
[oisl SeT 35 — 0300 ]
030v STU | al | oros | ooy _
034y | & 35 | ovod | 2/5] conglant
oot | LD | 69 | 0294 | ot4d/
o147 sTD 1 ay oow? | o0ag2
0290 c0 | 69 0209 | oo xq
I0eY sTD 24 o3| axle
c2le LD 64 07/0 | 0134
0129 sTD | 24 | 0729 [ ciex
o6 2 JA5) &9 OTT0 | Ol 7%
2143 SsTD | A4 o072/ | vae3
26> 2 34 007 | o577
7399 sTD | 24 [ 071 | oted
ole LD &9 ale RYEY
oux9q srp | 24 Jovo | 0133
0133 D 69 | 07/ | 2115
oll s Sro | 24| 07207 | ovqc %
| XX ScT 35 | ovod | c1049 ]
["olod ST 35| — | oeg2- ;
o052 | STV | 2| | 0107 | 25¢2 V)
0294 35 | oved | cied | conedand

PAGE_ 5 __oF_8&
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IBM 650 PROGRAM SHEET

PROBLEM:
INSTR [LOCATION OF OPERATION ADDRESS
NO. |INSTRUCTION| ABBRV. | CODE | DATA _ [INSTRUCTION REMARKS
oYY Jo) Ll 61 2457 84e 2 '
2L6L oTh Ly XA EERIN :
MY N 07 TN R i
LTy Tk | 49 SNEFIEEYER WA I )
Al [N v e Jlee R J
5 i STD | Y a2 | 232132
23S Ll &9 e 2le
Sle T sSTR Z2y il Bl 224
Loew ) ST | 357 2oeef | ot J
Lozt T 25 — Cly 2 )
2157 sty | < 232 | o5 -~
o5} 35 oy | ol L
o115 RSU 6l 0205 0360 A\
0360 SRT doo= | ovel 0267 [
S Eost Aty 7 compule, Xomop
e o i, I Y e > I e
o267 | DIVRV | 64 095 0350
0350 | DIVRU 64 ool c36d
0363 STL 20 o joe o0 3
oA o oo oPr R coraZanit
_g20> ]RAU 0 o107 O3y
0315 SRT 30 T | covl 0322
q32*| DIVRY | 64 0095” oal? :
o217 STL 20 | o025 | wed0 pp2¥ > compull oy
0029 RsSv €0 0 700 6304 [
0305 MmuLT | t9 | sopy o2}
o022} -SLT” 35 | oovl 0072
o072 AV 10 ooLy 2030
o030 sty 21 o720l o5y
Qs RAV | 60 | 0312 | oizs” 3
o175 SKT 30 | ovo2 ol Y |
o284 pivRy | é4 0095 | 0347 { -
oa3d7 STL 20 oo ¥ oo¥s’ M_gw
_ov%5 | RAU 60 soefR, | cudsy”
oaWs | DIVRU | €5 070/ 0279
0279 STL 20 c 702 Q255"
0255 | KAV A7) o709 03i€
_03le MeeT |19 Q72 O0¢3Z
0132, | STV 2] cod/ ooty
v 9y sTL | a0 014y | xR olio2
olo2 RSU e { 0240 0366
0366 MULY" | 9 goo/ o3y
PaGE_€_ oF__ %
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IBM 650 PROGRAM SHEET

PROBLEM:
INSTR|LOCATION OF | -~ OPERATION ADDRESS :
NO. |INSTRUCTION| aBBRV. | CODE_| DATA _ [INSTRUCTION REMARKS
' 0p3 % AU 1o ood| o0Yé
ap 46 AL 15 1 prv9 | 0222
[02727 | ser | 355 — |op2s2])
o252, scer | a5 | oov) 0309
0309 AU 60 003 | 0370
0570 | mucrT | 19 oz0p | ol4Y \
LT STV 21 ove 9 | 0362 \ -
0362 RaY | 60 | o020 | o367 2 comands Tf
0367 | mMuLY | 19 072tl 034y /-
034% sSTY 24 ood] | 2194 |
o194 | sTL | 20 0149 | o152
0i152 RS ef 0709 | 0223
PP E) MULT 19 | 6212 ol ]
00D L AU | 10 o0 4l e 96
sv9e Al ICx 0149 0l96
Eol‘?@ s.T as | — WYETIN |
e p—— g '
X d| RAU [7¥e) 0073 aze-X
oo 6 AU 10 ovo 9 coéy
0v6Y ST | 35| gvol o27]
62121 Mmuey 19 0700 0259
0259 STL 21 | oov9 ca64
0264 RAL Ye) 0209 o273
02723 nuLT 19 o /08 C3/4
calYy. STU | a2l ] co4l o4y
o244 | o1t | 20 | 0199 | o202
0402, RSU | el 072 0313
0322 MOLT | )9 gop| 0jlé
0li6 AU 10 ool olqé
o046 AL 15" oid4 0248
Joaug SLT 35 — 0075 ||
9072 RAU | €60 | BoD3 0282 K
0282 | MmMueT | 19 02¢4] 0132
ot22 AU {o for=1 2l A 21y
o)l DIvRY | 64 | go95 | o2d|
1 020l RAV 60 | soo 0377
| 0377 RaU 60 §00 3 0136
0130k muer | 19 op¥d ooHYy
[ oo4Y ST | 25| — | 0137]
0137 STU | 21 | 0703 | o3sé /
o024 | 25 | 0000 | 00900 | comiTant
0356 | RAL | ¢5 | ovoy | wvo2 B
| sov2 STU | 2] | od59 | 02627 ] _
0262 St 16 ooos | o006l \ clian dala cmacs
0060 AU {0 So0.L oy B
ona sSU il 0222 | ev72/
_ 0077 |ORNZU | 44 ol% | 039]
018! RAL_| ¢5 | svoz | sora
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IBM 650 PROGRAM SHEET

PROBLEM:
INSTR|LOCATION OF OPERATION , ADORESS _ : REMARKS
NO. |[INSTRUCTION| aABBRV. CODE DATA INsTRUCTION
ovo H _ 2] 04/5‘? 0262 |\ . omatamls
0222, 2| 0399 | o262

029] | RAL |65 | op7eq | 0372 | N
034Y% STU- | 2l I70€ 0232 ’
0232 AL eSS | 0035 | 0340
0340 LD i 202 LS
gos5 | STIA 3 i9e2 Q105
0/0F | GRAL s | ousy | 197]

oAy v 06T 1996 | ) comaZanio
0LSY 07 | o700 | 0726 |} i

pace_8  oF _%






