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REVISED REPORT

This report is a revised edition of "Solid Sap", Report UC
SESM 71-19 of September 1971. The revision includes clarification of
instructions for use of the program and correction of typographical

errors. Minor changes in the program code are reflected in the new

listing of Appendix D.






ABSTRACT

A general computer program is given for the linear elastic
static analysis of complex structural systems. New finite elements
are developed which are useful in the analysis of two and three
dimensional solids. These elements have special advantages for the
analysis of massive underground structures such as mine structures and
above ground structures such as arch dams. Examples are given which
illustrate the accuracy of the elements. A description on the use of

the program and a FORTRAN IV listing are given in the Appendices.






ACKNOWLEDGEMENT

In addition to the author, the following people participated in
the computer program development: Lindsay R. Jones p;ogrammed parts of
the main program and the beam element subroutines. Peter G. Smith
participated in the-initial organization of the program and in the
development of the two-dimensional plane element. Te-ming Hsueh
incorporated Dr. Carlos A. Felippa's quadrilateral shell element into
the program. H. H. Dovey modified the three-dimensional solid element
initially programmed by Kenneth T. Kavanagh. William P. Doherty
programmed parts of the equation solver, beam element, plane stress
element and axisymmetric solid element. J. Ghaboussi developed the 16
node thick shell element.

During the past several years many organizations have sponsored
various phases of the development of this computer program. The most
recent additions to the program which are described in this report have
been sponsored by the U. S. Department of the Interior, Bureau of Mines,
under Contract No. HO110231 with the University of California, Berkeley.
Mr. Fun-Den Wang of the Denver Mining Research Center served as the
Contracting Officer's representative. Work at the University of
California was conducted under the direction of Professors R. W. Clough

and E. L. Wilson.

- §i -






TABLE OF CONTENTS

ooooooooooooooooooooooooo

IT. EQUILIBRIUM EQUATIONS FOR STRUCTURAL SYSTEMS

ooooooo

2.1 The Direct Stiffness Method

ooooooooooooo

2.2 Boundary Conditions . . . . . . . ¢ ¢ v v v v v v ..

ITI. THREE DIMENSIONAL TRUSS ELEMENT

oooooooooooooo

IV. THREE DIMENSIONAL BEAM ELEMENT . . . . . . . . .. . . ..

4.1 Definition of Principal Axes . . . . . . . . « « « . .

4.2 Master and Slave Degrees of Freedom . . . . . . . ..

V. SOLID FINITE ELEMENTS . . & ¢ ¢ ¢ ¢ v v v ¢ v v e o o o o &
5.1 Introduction . . v ¢ ¢ ¢ ¢ 4 v v v 6 e e e e e e e e
5.2 Source of Errors & v v ¢ ¢ v v v v o o o 0 e v e e e

5.3 Addition of Incompatibile Modes For Two-Dimensional
Isoparametric Elements . . . . . . . . . ... .. ..

VI. PLATE AND THIN SHELL ELEMENT . . . . . . . . . ... ...
VII. BOUNDARY ELEMENT . . . . . . ¢ ¢ o o v v v v e e e
VIII. COMPUTER PROGRAM ORGANIZATION . . . . . . . .« .+ v v ¢ o o

6.1 Solution of Equations . . . . . . . . . ¢ ¢ ¢ . ¢ .«
6.2 Formation of Equilibrium Equations . . . . . e e e e .
6.3 Joint Input Data and Degrees of Freedom . . . . . ..
6.4 Calculation of Element Stiffness Matrices .

6.5 Evaluation of Element Stresses . . . v ¢ ¢« ¢« ¢ « « &



REFERENCES

APPENDICES
A

© s 5 o 5 s s s 8 s st e s e st seensaes e 51

THE STATIC CONDENSATION ALGORITHM . . . . . . . . . .. A-1
DESCRIPTION OF INPUT DATA FOR SOLID-SAP . . . . . . .. B-1
PROGRAM CAPACITY. . v v v v v v v v v e v v v e e o w s C-1
FORTRAN IV COMPUTER PROGRAM LISTING . . . . . . . . . . D-1



I. INTRODUCTION

The purpose of this computer program is to perform static,
linear, elastic analyses of three dimensional structural systems. The
structural systems to be analysed may be composed of combinations of a
number of structural element types. The present version contains the
following element types:

1) three dimensional truss

2) three dimensional beam

3) plane stress and plane strain

4) two dimensional axisymmetric solid

5) three dimensional solid

6) plate and shell

7) boundary

8) thick shell elements

Since several of these elements have not been published it
will be necessary to present their development in this report. Only
an outline and the unique characteristics of the program will be given;
no attempt is made to present internal documentation of the program .

Systems composed of large numbers of joints and members may
be analysed. The capacity of the program depends mainly on the total
number of joints in the system. There is practically no restriction on
the number of elements, number of load cases, or the "bandwidth" of the
equations to be solved. Note, that while the program has the capacity
to analyse very large systems, there is no loss of efficiency in the
solution of smaller problems as compared to several special purpose
programs presently available. The program is machine independent and

is coded in standard FORTRAN IV.
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The program presented in this report is an extensive
modification of a previous computer program [8]. New elements have been
introduced which have special advantages for the analysis of massive
underground structures such as mine structures and above ground structures
such as arch dams. Also, new coding techniques have been utilized which
improve the speed of the program and reduce low speed storage requirements.
In addition, the dynamic options have been removed in order that the
program can be used with a minimum of effort for static analyses.
Finally, this report contains a more complete discussion of the use of
incompatible displacement modes within solid elements and of the static

condensation algorithm.



IT. EQUILIBRIUM EQUATIONS FOR COMPLEX STRUCTURAL SYSTEMS

2.1 The Direct Stiffness Method

The governing joint equilibrium equations for a structural
system can be derived by several different approaches. A1l methods yield

a set of linear equations of the following form:
Ku-=R (2.1)

These equations set the sum of the internal element forces, K u,
expressed in terms of joint displacements, u, to the generalized loads,
R, acting at the joints. The matrix u contains all the joint
displacements (degrees of freedom) of the system. The stiffness matrix

K can be formed by the direct addition of element stiffness matrices; or

K = 3 (2.2)

[

For a typical element m the element stiffness matrix is

given by

- T
K, = J 3 Sm a4 4V : (2.3)

g = ¢ € + T (2.4)

where ¢~ are the element strains produced by the displacements u

and 1. are the initial stresses in the element before deformation.



Within each element the strains are expressed (approximately) by the

following equation:
= a_ u (2.5)

Note that a. appear to be a very large matrix since u contains all
degrees of freedom of the system. However, within the computer program
only the non-zero columns of a = are stored and their column numbers
are stored as a separate identification array. The advantage of this
notation is that the "direct" addition of element stiffness matrices as
implied by equation (2.2) is correct.

The generalized loads, R, are given by
R=P+1-F (2.6)

where P is a matrix ofconcentrated joint lToads and T is a matrix of
generalized loads due to distributed surface stresses and is given by a

summation of boundary element forces, or
T =1z T (2.7)

in which

- [ b t ds (2.8)
Area

The surface stresses are t ~ and the relationship between surface

disp]acements‘gm and joint displacements u is

(s) = b_ u (2.9)



F 1is a matrix of generalized loads due to the initial stresses I, and

is given by a summation of element forces, or

F=3xF (2.

in which

-m -m -m

Vol

The matrix gm is the basic displacement field approximation within

the element:

=m -m

2.2 Boundary Conditions

Equation (2.1) represents the relationship between all joint

forces and all joint displacements and can be rewritten in partitioned

form as:
Kaa Ya * Kb Y = Ry (2.
Kba Ya * Kb U = R (2.
where Ba = the specified joint loads
R, = the unknown joint reactions
u, = the unknown joint displacements
U, = the specified joint displacements

_ T
F—dede (2.

u o (x,y,2) = d u (2.

10)

1)

12)

13)

14)



The normal approach to the solution to this problem is to rewrite

Eq. (2.13) in the following form:

Kaa Y2 = B2 - Kap % Ra

(2.15)
*

Since Ba can be calculated directly, Eq. (2.15) can be solved for the

unknown displacement.

In this report another approach is used which has certain
programming advantages. If a displacement component, Up s is zero,
the stiffness coefficients K ., K.
total stiffness matrix and that particular degree of freedom is

and Kbb are not added to the

disregarded in the equilibrium equations. If, however, a non-zero
displacement is to be specified, Uy = X, Eq. (2.14) is modified by

the addition of an equation of the following form:

k u = kx (2.16)
where k 1is an arbitrary number. The resulting equation is:

K u. + (K

-ba -a k)

= R_ + kx

bp Up b (2.17)

If k 1is selected to be several orders of magnitude greater than the
stiffness coefficient Kbb the solution of this equation will be

Uy = X. This may also be interpreted physically as adding a spring of
large stiffness k to the structure; a large load kx is then applied;
therefore, the relatively flexible structure will move along with the

spring in order to produce the displacement x.



This technique of adding a stiff spring to the structure may also be used
to specify skew boundary conditions. It may also be used to obtain

support reactions by specifying zero displacement at the support node.



ITI. THREE DIMENSIONAL TRUSS ELEMENT

The three-dimensional truss element will be explained in detail
in order to illustrate the calculation of the stiffness matrix for a

typical element.

A typical truss element connected to joints i and j is
shown below. Al1 dimensions are assumed positive; however, the

development is correct for elements of different orientation.

Z
A
i _»-S
. l
'/
|
{ |
| |
| Zi I
| | Z;
: |
|
3 - )Y
7
_____ % | l /
Y, l //
| o0
/
_____________ 2z

FIGURE 3-1 TYPICAL TRUSS ELEMENT



The length of the element is given by

_ 2 2 2
L = /Lx + Ly + Lz (3.1)
where
LX = Xj - x]
L = ., - .
y T Y ¥; (3.2)
LZ = Zj - z]

The axial displacement in the s-direction is assumed to be linear

(constant strain).
u. = u_. + %— (u. - wu.) (3.3)

where s equals zero at joint 1. Therefore, the axial strain is

aug 1
€S = F = —L' (u . = u ) (34)

The axial displacement u_ 1is given in terms of the global displacements °

S

u u and u_, by

x> Ty’ z

L
u * Fou, v Fou (3.5)
The evaluation of equation (3.5) at joints i and j and the

substitution into equation (3.4) yields the following expression for

element strain:



1 ~ R
e. = —- [-L,-L -L L L L ] u,.
S L2 X y Z Xy z xi (3.6)
Uzi
uXj
Yy3
uzj_‘
Therefore, the strain-displacement matrix for the truss element is a
1 x 6 matrix and is given by
. L -
a = L2 [ - LX Ly Lz LX Ly LZ ] (3.7)
The axial stress is expressed in terms of axial strain by
o, = Ees (3.8)
Therefore, the stress-strain relationship is a 1 x 1 matrix, or
¢ = [E] (3.9)

where E is the modulus of elasticity of the truss material.

From equation (2.3) the element stiffness can be calculated
directly. Since the volume of the element is equal to the cross-
sectional area of the element, A, times the length of the element, L,

the element stiffness is of the form:



- L [ - LX - Ly - LZ Lx Ly LZ ]

- L (3.10)

- -

From equations (3.8) and (3.6) the axial stress in terms of global

displacements 1is

L L L] Cu ) (3.11)

S Xy z xi

- E L -
o = L2 [ LX Ly

u_ .
Z1

qu

u,.
yJ

u_.
L 4

Within the computer program the stress-displacement relationship is
always calculated at the same time as the element stiffness is evaluated;
it is then placed on tape storage and is used later in the determination

of element stresses after the joint displacements are determined.
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IV. THREE DIMENSIONAL BEAM ELEMENT

The beam element included in this program considers torsion,bending

about two axes, axial and shearing deformations. The element is prismatic
and the development of its stiffness properties is standard and is given
in many modern texts on structural analysis. Only the unique character-

istics will be discussed in this section.

4.1 Definition of Principal Axes

The geometric location of a typical element is defined by joint
numbers 1 and j. The place which locates the principal axis of the
beam is defined by a third joint number k as shown in Figure 4.1. The
relationship between the local coordinate system, S1s So and S3 is
most conveniently developed by the use of vector notation. The unit
vectors in the §] and a directions are given by

~

S;. x + S]y y + Slz z

(%)
—
1]

1x

A

G = gux *t gy *t g,z

A "

~
where x, y, and z are unit vectors in the x, y and z directions,

respectively. The direction cosines are

L, L L,
S = - 3 S = —l 3 S = —
1x L 1y L 1z L
— G—X— . - El = i
9y G > 9y G °9; G
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in which

-
]
x
1
x

v
-
n
!

N
1
N

‘yj-‘y'i ;LZ

G, = X o Xy G, = Yo ~ ¥y 5 6

2

_ 2 2
L = //Lx + Ly + LZ

ST T2
and G = /GX+Gy+Gz

The unit vector in the §3 direction is given by the vector product of

A

S4 and g divided by the length of the vector in that direction

]
Sq = = =1 = Sa, X + S + S3, 2
3 |S] Xgl 3x 3y Y 3z

LPX by bZ

The three unit vectors may be summarized by the following matrix

equations:
r-;n l Six o Sy iz INER
s Sox Sy Saz y
L_g3_J _ S3x S3y S3z B ;.; _J




Within the computer program local displacements, forces and moments are

transformed to the global system by this 3 x 3 matrix.

FIGURE 4-1 THREE DIMENSIONAL BEAM ELEMENT

4.2 Master and Slave Degrees of Freedom

The joints of three dimensional beam elements can be connected
to slave degrees of freedom. Slave degrees of freedom are eliminated
from the formulation and replaced by the degrees of freedom of the
master joint. This technique reduces the total number of joint
equilibrium equations, in the system and greatly reduces the possibility

of numerical sensitivities in many types of structures.
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The geometry of the master and slave joints is shown in
Figure 4.2. A beam node may be connected directly to either a master or
a slave joint. Any one of the six degrees of freedom of the slave joint
may be eliminated. If all six degrees of freedom at a given beam node
are made into slaves then the physical effect is that the master and
beam joint are connected with a rigid link.

If the x displacement of the slave joint is defined as a
slave of the master joint the displacements will be transformed as

follows:

<
"
[ =

Xs xm * (Zs - Zm) eym - (ys - ym) ®2m
For the y-displacement
- zm) Om * (xS - xm) 0,

m

Uzs = Uzm 7 (ys - ym) Oxm ~ (xs = Xp) eym

O%s = Oxm
eys = %
s = Om

- ]5—



For the beam elements those transformations automatically take place for
all elements connected to slave degrees of freedom. The computer program
allows a joint to be a slave to more than one master; however, this is

an incorrect use of the option.

6,

ul
)—'u,* 6,
.

Z
A Qx
DISPLACEMENTS
/el
a/Z/// |
ml |
| |
| |
' |
|zm | Zs
| l
| I
7 | > > Y
A _l//xm | //
Y /
m l / xs
| //
—— e _l/

FIGURE 4-2 MASTER AND SLAVE JOINTS
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V. SOLID FINITE ELEMENTS

The following type of solid finite elements are included in
SOLID SAP:
1. Two-dimensional membrane plane stress elements of speci-
fied thickness and located in an arbitrary plane.
2. Two-dimensional plane stress, plane strain and axi-
symmetric elements located in the Y-Z plane.
3. Eight node three-dimensional solid elements.
4. Sixteen node three-dimensional thick shell elements.
A1l of these elements are based on an isoparametric formula-
tion with the addition of incompatible displacement modes. Since this
type of element has not been explained previously it is necessary to

present the basic method in this report.

5.1 Introduction

One of the most significant developments in the numerical
solution of solid structures was the introduction of isonarametric
finite elements [1]. As a result, many elements with a high degree of
accuracy have been developed [2]. In addition, the technique has been
extended to curved shell elements [3]. The purpose of this paper is to
present a modification of this approach which results in a further im-
provement in accuracy.

Other attempts have been made to improve the basic accuracy of
these elements. In general they involve the use of approximate integra-
tion techniques which disregard part of the shear strain energy associ-
ated with pure bending modes [4], [5], [6]. However, these methods have
been 1imited to idealized geometries and isotropic materials. Also,

convergence may not be assured.
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The method presented in this paper formally introduces incom-
patible displacement modes at the element level in order to improve the
element accuracy. These unknowns are eliminated by requiring that the
total strain energy within the element is minimum. Convergence of the
solution is assured. Examples are presented for two and three dimen-

sional solids and for thick shells.

5.2 Source of Errors

One of the main causes of inaccuracies in lower order finite
elements is due to their inability to represent certain simple stress
gradients. This is clearly illustrated by subjecting a simple rec-
tangular element to a pure bending stress as shown in figure (la). The
exact displacements for this type of Toading are illustrated in

figure (1b) and are given by the following equations:

[
|

« = 01 XY (5.1)

Uy

172 oy (%) + a, (b2-y%) (5.2)
It is clear that these displacements satisfy the pure bending condition
of zero shear strain; or

3Ux

au
= — —l:
€xy 3y + X 0 (5.3)

The constant a, is a function of the material properties - for
Poisson's ratio equal to zero a, = 0.

For a finite element displacement model the only displacement
activated for this type of loading is shown in figure (1c) and is

given by
u, =By Xy (5.4)
Therefore, the form of the error in the solution is
_ 2 2 2 2
u, = 8, (a®-x%) + 85 (b-y°) (5.5)

-18 -
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B l:—\
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a. SIMPLE BENDING STRESS
R
w
~o _- d. SHEAR STRESSES

L+ ¢+ ¢ ¢ ¢ |

b. EXACT DISPLACEMENTS

L+ ¢ ¢ ¢ ¢ ]

/ \ €. Yy STRESSES

/ \

C. FINITE ELEMENT DISPLACEMENTS

FIGURE 5-1 ERRORS DUE TO PURE BENDING STRESSES
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The errors in stresses associated with equation (5) are shown in
figures (1d) and (le).

Previous attempts to reduce these errors have involved
selecting integration formulas which disregard the strain energy
associated with the stresses shown in figure (1d). One point integration
applied at the center of the element will accomplish this. However,
this technique can produce a stiffness matrix which has directional
properties. For shell type structures the normal stresses shown in
figure (1d) have been disregarded by making the assumption of plane
stress in the stress-strain equations. It is clear that these
approximate methods are difficult to apply in the general case of
curved anisotropic elements.

In this paper the approach adopted to minimize these errors is
to add extra displacement modes to the elements which have the same form
as the errors in the simple displacement approximation. In general
these extra displacement modes violate inter-element compatibility. The
magnitudes of the modes are selected by requiring that the total strain
energy of the element be a minimum. In the following sections of this
report, the method will be presented as an addition to the basic
isoparametric method. Specific examples to various types of elements

will be given.

- 20 -



5.3 Addition of Incompatible Modes for Two-Dimensional Isoparametric
Elements

A two dimensional isoparametric element will be used to illus-
trate the method in detail. For a general quadrilateral element, as

shown in figure (2), the local and global coordinate systems are

related by
4
X =i§1 hi X (5.6a)
4
y =12 h1 Y; (5.6b)
i=1
where the interpolation functions are given by
hy = 1/4 (1-s) (1-t) (5.7a)
h2 = 1/4 (1+s) (1-t) (5.7b)
h3 = 1/4 (1+s) (1+t) (5.7¢)
h4 = 1/4 (1-s) (1+t) (5.7d)

Strain-Displacement Equations

In order to ensure rigid body displacement modes the same inter-

polation functions are used in the displacement approximation.

u, (s,t) = ¢ hy ugs (5.8a)
uy (s,t) =1 h; Uy ; | (5.8b)
For two dimensional analysis the strain-displacement equations are
Bux
Exx ~ Tox % hi,x Ui (5.92)
au
:-X: . .
€y 5y X h],y Uy (5.9b)
ou au
Exy 5y et L hi,y Uy + I hi,x Uy (5.9¢)

- 21 -
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FIGURE 5-2 TWO-DIMENSIONAL ISOPARMETRIC ELEMENT

- 22 -



Or equation (9) can be written in matrix form as

H,x 0 Ux
e =als,t)U = 0 By ||y (5.10)
H,y  Hyxx

In this case the three strains are related to the eight nodal point
displacements by a 3 x 8 matrix. The submatrices in equation (10) are

given by
Hoy = Iy x 12.x N3y h4,x] (5.11a)

ﬂ’y ) [hl 8% hz,y h3,y h4,y] (5.11b)

Since the functions hi are in terms of s and t the chain rule is applied

in order to compute the derivatives with respect to the global x -y

system,
hi,x - hi,s Soy * hi,t oy (5.12a)
hiy = Pie Soy T hyt by (5.12b)
In general, the chain rule can be written as
— - _ - ._a -
)
3s Xsg Yos X
= (5.13)
9 9
5‘? Xat yat Ty'
or inverted as
o ] [s, t|[o
X 9s
= (5.14)
) )
o S t g_
3 > ? ot
L y_. [ y y__ L _

- 23 -



Therefore, the derivative required in equation (12) is given by

Six oy B Yot Yo

Ssy t,y i 3. Xy Xse (5.15)
where the Jacobian J is

J = Xog Yoy = Xop ¥ (5.16)
From equations (6a) and(6b)

Xog =2y 5%y

Xop = 205 ¢ X (5.17)

Yog = 2 h1,s Y

Yor =T N5 ¢ Y

For given numerical values of s and t the derivatives of the inter-
polating functions can be evaluated. Then from equations (17) and (15)
all required derivatives for the numerical evaluation of the strain
displacement matrix, equation (10) can be calculated.

Element Stiffness and Numerical Integration

For unit thickness the element stiffness matrix is given by

K= sa cadA (5.18)
Area

in which ¢ is the stress-strain matrix and the integration is carried
out over the area of the element.
For the purpose of numerical integration, equation (18) is written

in the s and t system as

K= /s [ a caddsdt (5.19)

- 24 -



The direct application of one-dimensional numerical integration formulas

[7] yields
_ T
K= ;z ﬁ Wy W da(sy, t) ca (sy, ) (5.20)

in which sj and tk are integration points and wj and wk are the

appropriate weight functions.

Addition of Incompatible Modes

The basic method is the same when internal degrees of freedom are
added at the element level. For the quadrilateral element the displace-

ment approximation may be of the following form:

Ux

Zhiux1.+h5a]+h6a2

The functions h5 and h6 must be zero at the four nodes. The displace-

. are additional degrees of freedom; therefore, the

ment amplitudes o

resulting element stiffness will be 12 x 12. However, if the strain
energy within the element is minimized with respect to o four
additional equations can be generated and the additional displacements
can be eliminated and a reduced 8 x 8 stiffness matrix developed.
This is identical to the standard static condensation procedure. An
alternate approach is to consider o Lagrange multipliers.

The functions h5 and h6 can be selected to be of the same form as
the errors in the bending deformation which is given by equation (5).

Or

>
1]

5 (]‘52)
= (1-t%)

=
|
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If the element is rectangular only the y displacements would need
to be modified. However, for the general quadrilateral these modes
must be added to both components of displacements.

These incompatible modes are plotted in figure (3). It is
apparent that the energy associated with these modes is large compared
to the constant strain modes. It is also clear that they will not
participate significantly in areas of low stress gradients since they
are added to the basic constant strain modes. The net result of the
addition of the incompatible modes is that microscopic equilibrium is

better satisfied within the element.

Two-Dimensional Examples

A. Cantilever Beam - A cantilever beam with the dimensions

shown in figure (4) will i]]ustraté the accuracy of the element for
plane stress structures. Results for two different loading conditions
and for two different meshes are shown in Table 1. They are compared
with exact solution and with a finite element solution without
incompatible modes. For this case the improvement is significant. The
Q6 is the element presented in this paper. The Q4 is the standard

isoparametric quadrilateral element.

B. Axisymmetric Cylindrical Shell - The same basic expansion

is used for the analysis of axisymmetric solids. An infinite cylindrical
shell is idealized by 17 axisymmetric elements as shown in figure (5).

In Table 2 results are compared with a theoretical solution and to two
other types of finite elements. The Q4CST is composed of four constant
strain triangles and the QM5 is quadrilateral with a restricted

integration on the shear strains.
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Uy = Qy(1-5) U, = Q4(1-13)

FIGURE 5-3 INCOMPATIBLE DISPLACEMENT MODES FOR
GENERAL QUADRILATERAL ELEMENT

- 27 -



% |

5625 ¢
18750 ¢

LOAD B

DNNNNNNNN\N

MESH

MESH 2

- 28 -

FIGURE 5-4 CANTILEVER BEAM-PLANE STRESS
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Displacement at i Bending Stress at j
Load A Load B Load A Load B
Beam
Theory 10.00 103.0 300.0 4050
Q4 Mesh 1 6.81 70.1 218.2 2945
Q4 Mesh 2 7.06 72.3 218.8 2954
06 Mesh 1 10.00 101.5 300.0 4050
Q6 Mesh 2 10.00 101.3 300.0 4050

TABLE 5-1 RESULTS OF CANTILEVER BEAM ANALYSIS
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LATERAL DISPLACEMENTS u
z THEORY | 04CST QM5 04 06

0 100.00 | 39.97 | 98.56 | 46.47 | 100.00

3 18.88 | 26.04 | 47.87 | 29.17 | 48.98

6 14.31 | 14.98 | 13.49 | 15.69 | 14.19

9 -6.57 6.56 | -7.29 5.69 | -6.54

12 -17.16 | 0.47 |-17.77 -1.31 | -17.15

15 -20.68 | -3.65 |-21.17 -5.82 | -20.70

18 -19.85 | -6.16 |-20.21 -8.35 | -19.88

21 -16.75 | -7.40 |-16.97 -9.39 | -16.83

24 -12.82 | -7.68 [-12.92 -9.33 | -12.85

27 8.95 | -7.27 | -8.98 -8.55 | -9.00

30 -5.63 | -6.40 | -5.65 | -7.32 | -5.72

33 -3.06 | -5.27 | -3.12 -5.87 -3.23

HOOP STRESSES

z THEORY | 04CST | M5 4 Q6
1.5 4846 | 2210 | 4903 2536 | 4837
4.5 1991 1369 | 2050 1507 1986
7.5 159 716 201 718 154
10.5 -868 230 | -846 147 -873
13.5 | -1316 | -120 [-1311 -238  |-1320
16.5 | -1386 | -338 [-1392 -475  |-1390
19.5 | -1240 | -459 [-1250 -595 [-1243
22.5 -994 -510 | -1006 -627 -996
25,5 -727 -505 | -738 -599 | -729
28.5 -483 -462 -493 -532 -487
31.5 -285 | -395 | -297 442 | -293
34.5 -138 | -315 | -155 -344 153

TABLE 5-2 RESULTS OF CYLINDRICAL SHELL ANALYSIS
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THREE DIMENSIONAL ELEMENTS

The same basic method of introducing incompatible displacement
modes in order to improve the bending properties can be used in three
dimensions. For an arbitrary eight point brick element shown in

figure (6) the appropriate displacement approximations are

8
u, = I u_., +h

x T B ki PR o Fhygag Ty o
8

Uy T LB Uyi Pheayy Fhgag, t iy g,
8

Uz T LI Uz Y Mg agy g oz t iy ey

where

hy = 1/8 (1 +E) (14n) (1 +2)

hy = 1/8 (1-€) (1 +7) (1 +72)

hy = 1/8 (1-8) (1=n) (1+2)

hy =1/8 (1 +&) (1 -n) (1 +¢)

hg = 1/8 (1+2) (1+0) (1 - )

hg = 1/8 (1 -€) (1 +n) (1 - ¢)

hy = 1/8 (1 -5) (1-n) (1 -2)

ng=1/8 (1+£) (1-m) (1 - )

hg = (1 - £2)

hm=(1-n2)

hn=(1-c2)
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FIGURE 5-6 EIGHT POINT THREE DIMENSIONAL ELEMENT
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The first eight are the standard compatible interpolation functions.
The Tast three are incompatible and are associated with 1inear shear
and normal strains. The nine incompatible modes are eliminated at
the element stiffness level by static condensation.

Since the three-dimensional element degenerates to the same
approximation as in the two-dimensional element the same general improve-
ment in accuracy is obtained. Therefore, additional examples of its
behavior will not be given here.

This element has been found to be extremely effective in the
analysis of massive three-dimensional structures subjected to bending.
One element in the thickness direction of arch dams or thick pipe
joints have been found to be adequate. Hence, the three-dimensional
analysis of this class of structure involves a reasonable amount of

computer time.

Extension to 20 Node Elements

The modified eight node three-dimensional element has been found

to be comparable in accuracy with the standard 20 node element. This
is because the stresses associated with constant moment are included
in the normal 20 node approximation. It is apparent that the addition
of incompatible modes to the 20 node elements will improve its behavior.
Three interpolation functions which are associated with Tinearly varying
moments are

hyy = € (1 - £9)

h

op = (1 - n?)
hpg =z (1 - %)
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At this time the authordoes not have experience with this type of modifi-
cation. It is possible that the increase in computational effort to form

a 69 x 69 matrix and to reduce it to a 60 x 60 matrix will not be justified.
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THICK SHELL ELEMENT

It is possible to use standard three-dimensional elements for the
analysis of shell type structures. Practically, this has not been
possible because of the following three problems:

1. Most three-dimensional solid elements have not had the
ability to represent bending moments. (Elements with four
nodes along each edge have this property).

2. Errors in the shear and normal strains cause the element to
be very stiff.

3. Because of the relatively large stiffness coefficients in
thickness direction numerical problems are introduced for
thin shells.

The first two problems can be overcome by the introduction of
incompatible modes. The third problem can be minimized by the use of
a computer with high precision or by restricting the application of
the element to thick shells.

The shell element presented in this paper is a 16 node curved
solid element shown in figure (7). Each node has three unknown dis-
placements. Therefore, if the shell is considered as a two-dimensional
surface there are six unknowns per point. It is apparent that this type
of formulation avoids the problems associated with the sixth degree of
freedom - the normal rotation is set to zero when certain finite
elements are used in the idealization of shells.

The locations of the nodes are defined by the orthogonal, right-

handed coordinate system (x, y, z) which is referred to as a global
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FIGURE 5-7 THREE DIMENSIONAL THICK-SHELL ELEMENT
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system. Within the element a Tocal coordinate system (£, n, ) has
been chosen such that &, n, ¢ vary from -1 to +1; (0, 0, 0) is Tocated
at the centroid of the element.

The local and global coordinate systems are related through a set

of interpolating functions:

X =% h,x,
i=1 !
16
R
16
z =i§1 hi z,

where hy =1/8(1+&) (1+n) (1+2) (E+n-1)

hy =1/8 (1 -¢) (M +n) (1+)(-€+n-1)
hy =1/8(1-€) (1-n) (1+2)(-€-n-1)
hy =1/8(1+&)(1-n)(1+2g)(g-n-1)
hg =1/8 (01 +&g) (1+n) (1-2) (E+n-1)

hg =1/8 (1 =€) (1+n) (1-2)(-+n-1)
hy =1/8 (01 -¢€) (1-n) (1 -2)(-€-n-1)
hg =1/8 (1 +g) (1-n)(1-2)(6-n-1)
hg =1/4 (1-£%) (1+n) (1+¢)
hijg=140-¢2) (1 - né) (1 + z)
hyp =174 (- 2%) (-0 ) (14 0)
hp =174 (1+€) (1-0d) (1+¢)
3= 140 -6 (en) (1 -0
hig=1/40-¢2)( - n?) (1 - z)
hg =140 -€) (1-n) (-0
hig - 1/4 (1 +¢€) (1 - ) (1 - z)
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The displacements within the element are assumed to be of the

following form:
16

Uy =B N U Y My oy T g g F g axg * Mag og * ey

= h. .+
uy, = 2 ohg Ut hzag g, thygag thyyay, +hy e

u, = Z hyu,g+hyzo,0 *hga,s+thgas+hyga,+hyars

where;

h, =€ (1 -£9)

hig =n (1 - n?)

hyg= (1-2°

hyo = En (1 - £°)

hyy =g (1 - n?)

The motivation for addition of the interpolation functions
h]7 to h2] is to increase the capability of the element in producing

closer approximations to the exact displacements under simple loadings,
thereby increasing the convergence to the exact solution. The

incompatible interpolation functions h]7 to h2] have zero values at
the nodes and produce incompatibilities in the displacement field along

the inter-element boundaries.
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THICK SHELL EXAMPLES

The following examples are intended to demonstrate the range of
applicability of this element. Two parameters were recognized to have
significant effect on the behavior of the e]ement,.name1y: the ratio of
thickness to the length along the surface (t/a) and the ratio of the
length along the surface to the radius of curvature (¢ = a/R). The
effect of the first parameter is studied by the example of square simply
supported plate and the effect of the second parameter is studied by a
series of curved cantilever beam examples.

A. Square Simply Supported Plate -- The center deflection of a

square simply supported plate for three different meshes and two values
of thickness to Tength ratio is shown in figure (8). It is seen that
this element is more appropriate for moderately thick to thick shell
problems with thickness to Tength ratio of more than 1/20, although final
convergence is assured for thin shell problems also.

It is worthwhile to mention that the finite element result in
figure (8) exceeds that of Poisson-Kirchhoff which ignores the shear
deformation. This is due to the fact that the thick shell element is
capable of undergoing shear deformation.

B. Curved.Cantilever Beam -- The results of these examples are

shown in figure (9). It is seen from these examples that the accuracy
is only slightly affected by curvature for moderately thick to thick
shell problems whereas the high curvature affects the accuracy of the
thin shell problems rather drastically.

The effect of the curvature can be explained by the fact that

the number of terms of polynomial expansion of the displacement field
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FIGURE 5-9 CURVED CANTILEVER BEAM
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included in the displacement expnansion of the element is limited, whereas
the significance of the higher order terms in the polynomial expansion
of the exact displacement increases with curvature. This effect is also

reduced to zero at the 1imit as the mesh is refined, thereby assuring

the convergence.
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VI. PLATE AND THIN SHELL ELEMENT

The thin shell element included in this report is a quadri-
lateral of arbitrary geometry formed from four compatible triangles.
The bending properties of this element are completely described in
reference [9]. The element employs a partially restrained linear strain
triangle to represent the membrane behavior. As shown in Figure 6-1,
the central node is located at the average of the coordinates of the
four courner nodes. The element has 17 interior degrees of freedom
which are eliminated at the element level prior to assembling; there-
fore, the resulting quadrilateral element has 20 degrees of freedom,
five per node, in the local element coordinate system.

For flat plates the stiffness associated with the rotation
normal to the shell surface is not defined; therefore, the appropriate
boundary condition must be enforced. For curved shells, the normal
rotation can be included as an extra degree of freedom; or, it can be
restrained by the addition of a "Boundary Element" which would add

normal rotational stiffness to the node.
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FIGURE 6-1 THIN SHELL ELEMENT
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VII. BOUNDARY ELEMENT

The boundary element can be used for the following:

1. In the idealization of an external elastic support at a
joint.
2. In the idealization of an inclined roller support.

3. To specify a joint displacement

4. To eliminate the numerical difficulty associated with the

"sixth" degree of freedom in the analysis of shells.

The element is a one dimensional element with an axial and torsional
stiffness. These element stiffness coefficients are added directly to
the total stiffness matrix. If a displacement is to be specified a

load must be applied in the direction of the stiffness. If the boundary
element stiffness is large compared to the stiffness of the structures

it is possible to apply a load to produce the desired displacement.
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VIIT. COMPUTER PROGRAM ORGANIZATION

The computer brogram is coded in standard FORTRAN IV and is
practically machine independent. A1l storage is allocated at the time of
execution; therefore, the minimum storage required will depend on the
size of the structure. To increase the capacity of the program it is
necessary to change two cards as described in Appendix C.

For static analysis the program is divided into four phases. A
machine dependent overlay system is not used; instead, a COMMON storage
area is used in each phase. These four are executed in the following
sequence:

1. Data Input - Joint coordinates and loads are read or

generated. As element properties are read or generated
the element stiffness matrices are formed and placed on

tape (or other low speed storage).

2. Formation of total stiffness is accomplished by reading the
element stiffness tape and forming the joint equilibrium

equations in blocks.

3. Equilibrium equations are solved for joint displacements,

all load conditions are treated at the same time.

4. From the joint displacements, element stresses are

calculated for all load conditions.

In the following sections these are explained in greater detail.
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6.1 Solution of Equations

The computer program is built around a large capacity linear
equation solver, USOL. The procedure used to solve the equations is not
significantly different from the method developed by Gauss in 1827. The
banded characteristics of the equations are recognized. Operations with
zero coefficients are skipped. Data is transferred in and out of high
speed storage in targe blocks; therefore, a small amount of time is lost
in the transfer of data.

The equilibrium equations (the stiffness matrix and loads) are
stored in blocks on tape (or other low speed storage units). During the
solution phase two blocks must be in high speed storage at any time.
Therefore, the physical storage restriction is that there must be high
speed storage available for at least two equations. For example, if the
stiffness matrix has a band width of 250 and if there are 20,000 high
speed storage locations available, the number of equations in a block
will be 40. Hence, for this example all data transfer will be in blocks
of 10,000. The block size is automatically determined at the time of
solution. Therefore, storage is utilized in the most efficient manner

for a particular structure.

6.2 Formation of Equilibrium Equations

Before the total stiffness matrix is formed the element stiff-
ness matrices are calculated and stored in sequence on low speed storage.
The total stiffness matrix is formed two blocks at a time by making a
pass through the element stiffness matrices and adding in the appropriate
coefficients. In order to minimize the effort in searching through all
the element stiffnesses the element stiffness matrices for several blocks

are transferred to another storage unit; therefore, in the formation of
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the next several blocks the time to search for the contributions to

these blocks is reduced significantly.

6.3 Joint Input Data and Degrees of Freedom

The capacity of the program is controlled by the number of
joints (nodal points) of the structural system. A1l joint data is
retained in high speed storage during the formation of the element stiff-
ness matrices. For each joint three coordinates and six boundary
condition codes are required; therefore, the minimum required storage
for a given problem is nine times the number of joints in the system.

Immediately after the joint data is supplied to the program a
relationship between each joint degree of freedom and the corresponding
equation number is established. Each of the six boundary condition codes
for a given joint is replaced by the equation number for that degree of
freedom. Restrained boundary conditions are identified by a zero
equation number. Slave degrees of freedom (for beam elements) are

identified by the negative joint number of the master node.

6.4 Calculation of Element Stiffness Matrices

After the coordinates of the joints are supplied and the
equation numbers of the degrees of freedom established the stiffness and
stress-displacement transformation matrices are calculated for each
structural element in the system. Very little additional high speed
storage is required for this phase since these matrices can be formed
and placed on tape storage as the element properties are read. In
addition to the element matrices the corresponding equation numbers are
written on tape. After all element matrices are formed the joint

coordinates and boundary condition information are not required; hence,
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this storage area can be used subsequently for storage for the two blocks
of the equilibrium equations. It is now possible to form and solve these

equations as previously described.

6.5 Evaluation of Element Stresses

After the joint displacements are evaluated a pass is made
through the element stress-displacement matrix tape and the element

stresses are calculated and printed.
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APPENDIX A - THE STATIC CONDENSATION ALGORITHM

The application of the static condensation method is discussed
in general. The technique is presented as an extension of the Gauss
elimination algorithm. An efficient Fortran subroutine is given which
simultaneously reduces both the stiffness matrix and the stress-

displacement transformation matrix.

A-1 Introduction

The static condensation method was initially used to eliminate
the internal degree of freedom in a quadrilateral finite element
constructed from four triangles [1]. The method is more general then
the application at the element stiffness level and can be used to reduce
the number of degrees of freedom of the complete structural system. In
many cases, it is similar to the substructure technique, frontal
solution method, or matrix partitioning. However, all of these methods
appear to be an application of the basic Gaussian elimination procedure.

| The elimination of internal degrees of freedom at the element
stiffness level reduces the overall size and band width of the resulting
set of equations. In the case of dynamic analysis the elimination of
the massless degrees of freedom reduces the size of the resulting
eigenvalue problem. The terminology "static" condensation was coined

in the application of the method to dynamic analysis [2].
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The purpose of this paper is to present the static condensation
procedure as an efficient numerical algorithm. In addition, the
procedure is extended to the condensation of the stress-displacement
transformation matrix; therefore, the calculation of the eliminated
degrees of freedom is not required in the subsequent evaluation of the

element stresses.

A-2 Matrix Formulation Of The Static Condensation Method

The basic static condensation procedure can be illustrated by
the use of matrix notation. The equilibrium equations can be written in

matrix partitional forms as

Eaa l-<ab L-‘a Ea
= (A.1)
Kba K Uy Py

-bb

where u. indicates the degrees of freedom to be eliminated and up

indicates the degrees of freedom which are associated with the reduced

stiffness matrix. The solution of the first submatrix equation for u

yields
uy = ¢ - Ty (A.2)
in which
¢ = Kloe (A.3)
-1
- - l.<aa Eab (A-4)
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Substitution of Equation (2) into the second submatrix equation results

in a set of equilibrium equations with respect to the "b" degrees of

freedom.
* *
Ky =P (A.5)
where
*
K= Ebb - Eb T (A.6)
* _ C A
E - Eb - Kba s ( ~7)

Physically, the term K, T indicates the stiffness modification due to
the release of the "a" degrees of freedom and K . C represents the
forces carried over from the "a" to the "b" degrees of freedom.

The stresses within the elements may be expressed by an

equation of the form

o = [, Ayl + 1 (A.8)

where 1 are the initial stresses before the system is subjected to the
displacements u. and u . The displacement u,  may be eliminated

from Equation (8) by the substitution of Equation (2). Or

* *
g = Awu +1 (A.9)
where
*
A= Ay - AT (.10)
o= 1+AC (A.11)
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As an example of the application of this procedure, consider a
quadrilateral element formed by the combination of four six-node triangles
as shown in Figure 1. In the case of two-dimensional stress problems
this element has 13 nodes or 26 degrees of freedom; however, the 10
degrees of freedom associated with the interior points may be eliminated
before the element stiffness is added to the total stiffness of the
structure. If the stress matrices A* and 1" are evaluated at the
same time the reduced stiffness matrix 5* is formed, the internal
displacements u. need not be calculated. Of course, this will require

*

*
that the matrices A and 1" be saved on a low speed storage unit

until after the displacements u, are evaluated.

A-3 The Static Condensation Algorithm

The matrix notation used in the previous section serves to
illustrate the basic concept of the technique; however, the matrix
operations of multiplication and inversion are not efficient within a

computer program. Equation (1) can be written as

[N

u = P (A.12)

If this set of equations is for the element shown in Figure 1 and if
the first tenunknowns are associated with the internal points, we can
apply the Gauss elimination procedure directly to the system to

eliminate these degrees of freedom. Also, if the stress-displacement

equation is written as

g = Au + 1 (A.13)
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FIGURE A-| QUADRILATERAL ELEMENT
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the appropriate unknowns can be eliminated at the same time. If we
consider three components of stress, the application of the Gauss

algorithm to these equations can be summarized as follows:
for n=1,10

1. Solve for u,

26
u = C - I T .u
where
* *
Cn - Pn/Knn
* K*
nj Knj/ nn

2. Substitute into remaining equations will result in the

modification of the coefficients

** * *

Ki; i in Tnj

1]
~
[}
<
R,
1]

n+l, 26
n+l, 26

*% * * J

P } in

]
O

*

1
~
(ep]

3. Substitute into the stress-disp]acementtequations

ALY = A AT

ij 1j in  'nj P21, 3

** _* * J = ntl, 26
L AL B Ain Cn

The » indicates the repeated modification of the coefficients for
each value of n. Within the computer program these coefficients

are modified and stored at the same storage location.
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The Fortran statements which apply to the elimination of these ten

degrees of freedom are

DO 500 N=1,10
NN=N+1
C=P(N)/S(N,N)
DO 300 J=NN,26
P(J)=P(J)-S(J,N)*C
T=S(N,J)/S(N,N)
DO 200 I=NN,26
200 S(I,J)=S(I,3)-S(I,N)*T

DO 300 1I=1,3
300 A(I,J)=A(I1,d)-A(I,N)*T
DO 400 1I=1,3

400 TAU(I)=TAU(I)-A(I,N)=C
500 CONTINUE

where the stiffness term Kij is indicated in Fortran as S(I,J). In
this case, it is apparent that the Fortran statements are a very
efficient summary of the algorithm. The results of the reduction are
stored in the same area as the original matrices, with the first ten
columns of the S and A array and the first ten rows of the S array
eliminated.

A more convenient form for computer programming is to store
the coefficients to be eliminated in sequence after the coefficients
which are to be modified; then, the subscripts for the reduced stiffness
start with one and rearrangement of the reduced coefficients is not

required.
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APPENDIX B - DESCRIPTION OF INPUT DATA

B-1 Introduction

The purpose of this computer program is to perform linear,

elastic analyses of three dimensional structural systems. The structural

systems to be analysed may be composed of combinations of a number of

structural

element types. The present version contains the following

element types:

(1)

(2)

(3)

(4)

Three-dimensional Truss Elements

A uniform temperature change and inertia loads in three
directions can be considered as the basic element loads. Axial
forces and stresses are computed.

Three-dimensional Beam Elements

Beam elements are straight, prismatic beam members. Inertia
loading (e.g. gravity) in three directions and specified fixed
end forces form the element load cases. Forces (axial and shear)
and moments (bending and torsion) are calculated in the beam
local co-ordinate system.

Plane Stress and Plane Strain Elements

An arbitrary quadrilateral (or triangular) element is used.
The plane of the element is arbitrary with respect to a three
dimensional coordinate system. Gravity, inertia, and temperature
loadings may be considered. Stresses may be computed at the
center of the element and at the center of each side.

Axisymmetric Quadrilateral Elements

An arbitrary quadrilateral (or triangular) element is used.
The element is axisymmetric about the global Z-axis and the Y
direction is considered radial. Temperature, surface pressure
and inertia (Z direction) loading are included. Stresses may
be computed at the center of the element and at the center of
each side.



(5) Three-dimensional Solid Elements

A general 8 nodal point "brick" element, with 3 translational
degrees of freedom per nodal point, is used. Isotropic material
properties are assumed, and element loading consists of tem-
perature, surface pressure and inertia loads in three directions.
Stresses (6 components) may be computed at the center of the
element and at the center of each face.

(6) Plate and Shell Elements

An arbitrary quadrilateral element is used. Gravity, inertia,
pressure and temperature loadings may be considered. Stresses
are computed at the center of the element.

(7) Boundary Elements

This element is used to impose displacement boundary con-
ditions and to compute support reactions.

(8) Thick Shell Elements

A 16 node curved solid element can be used for the analysis
of thick shells or plates.

Systems composed of large numbers of joints and members may be
analysed. The capacity of the program depends mainly on the total number
of joints in the system. There is practically no restriction on the
number of elements, number of load cases, or the "bandwidth" of the
equations to be solved. Note, that while the program has the capacity to
analyse very large systems, there is no loss of efficiency in the solution
of smaller problems as compared to several special purpose programs

presently available. For restrictions of program capacity see APPENDIX C.

B-2 Joints

Each joint in the system may have from 0 to 6 degrees of freedom
as required. The user must ensure that the degrees of freedom specified
for a given joint are compatible with the element-types which are adjacent

to it.
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Optimum solution efficiency is obtained by minimizing the
number of degrees of freedom of the system. Also, joints connected only
to Beam elements may use a special Slave-Master geometric constraint
option to eliminate unnecessary degrees of freedom. (see Beam section)

A right-handed orthogonal co-ordinate system, shown below, is
used to describe the geometry of the structure. Al1l joint loads and
displacements are defined with reference to this system. A local

co-ordinate system is used for each element type.

Z
)

Zz

Yy
X X

X

GLOBAL COORDINATE SYSTEM

B-3 Loading

Loads may be applied by means of both point loads acting at the
joints and by element loading (e.g. gravity, temperature). Each element
has four different load cases called A, B, C, D. Loading for one solution
consists of specified joint loads plus a linear combination of element
load cases A, B, C and D. The types of loading which make up the element
load cases A, B, C and D are defined in the description of each individual
element type. Imposed displacement loading is possible by means of a

special boundary element.
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B-4 Input Data

The geometry of the joints, the boundary conditions, and the
joint concentrated loads are numerically defined by a sequence of
punched cards. The properties of the different structural elements are
described separately.

I. Heading Card (12A6)

Colums 1 - 72 Contain information to be printed with output

II. Control Card (415)

Columns 1 - 5 Number of joints in system
6 - 10 Number of element groups
11 - 15 Number of load conditions
16 - 20 Number of frequencies (= 0 for static analysis)

III. Joint Data (715,3F10.0,15,F10.0)

The following information must be given for each joint in the system:

Columns 1 5 Joint Number Boundary Condition Codes:

6 - 10 X-direction N\ Zero or blank indicates
11 - 15 Y-direction that the joint is free to
_ A3 : move in that direction and
16 - 20 2 d1r?ct1on ) loads may be applied.
21 - 25 Rotation about X-axis ? One indicates that the

26 - 30 Rotation about Y-axis | joint is fixed in that
31 - 35 Rotation about Z-axis_) direction.

36 - 45 X-ordinate

46 - 55 Y-ordinate

56 - 65 Z-ordinate

66 - 70 KN

71 - 80 Joint Temperature

Joint cards need not be in joint-order sequence. If cards are
omitted, the joint data for a series of joints is generated. KN
is a mesh generation parameter on the last card of a mesh
generation sequence. KN is the increment to be added to the previous
nodal point number. The intermediate joints are located at equal
intervals along the straight line. The boundary condition codes for
the generated joint data are set equal to the boundary condition
codes on the first joint card in the series.
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Iv.

VI.

If a particular degree of freedom is fixed for a series of cards,
this may be indicated by a boundary condition code of -1 on the first
joint card in the series and +1 on the last joint card in the series.
See element descriptions for determination of temperature dependent
material properties and thermal loads from joint temperatures.

Element Data

A sequence of cards is required for each type of element in the
structure. The form of this data for each type is described in
section B-5.

Concentrated Load Data (215,6F10.0)

One card per load case for each joint which has nonzero concentrated
loads or moments applied. The cards must be in joint-number sequence.

Columns 1 5 Joint number

6 - 10 Load condition number
11 - 20 Load X-direction
21 - 30 Load Y-direction
31 - 40 Load Z-direction
41 - 50 Moment X-axis
51 - 60 Moment Y-axis
61 - 70 Moment Z-axis

This sequence of cards (if any) must be terminated with ONE BLANK CARD.
Element Load Multipliers (4F10.0)

Four different types of loads associated with the element are possible.
These element loads are referred to as load cases A, B, C and D. By
the use of "Element Load Multipliers," it is possible to add fractions
of the basic element loads to any of the concentrated load conditions.

One card must be supplied for each load condition which contains the
following information:
Columns 1 - 10 Multiplier for element load A

11 - 20 Multiplier for element load B

21 - 30 Multiplier for element load C

31 - 40 Multiplier for element load D
These cards must be in load-order sequence. The definitions of the
element loads associated with a particular element type are discussed
in detail under the section "Element Data".
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B-5 Element Data

Type 1 - Three-Dimensional Truss Members

Truss elements are identified by the number 1. Axial forces and
stresses are calculated for each member. A uniform temperature
change and inertia loads in three directions can be considered as the
basic member Toad conditions. The truss members are described by the
following sequence of cards:

A. Control Card (3I5)

Columns 1 - 5 The number 1
6 - 10 Number of truss members
11 - 15 Number of members with different properties

B. Member Property Cards (I5,5F10.0)

One card is required for each member which has a different cross-
section or different material properties.

5 Material identification number
6 - 15 Modulus of elasticity

16 - 25 Coefficient of thermal expansion

26 - 35 Blank

36 - 45 Cross-sectional area

Columns 1

46 - 55 Weigh§ per unit length (used to calculate gravity
loads

C. Element Load Factors (4F10.0) Four cards

Three cards specifying the fraction of gravity (in each of the
three global coordinate directions) to be added to each element
load case.

Card 1: Multiplier of gravity load in the +X direction
Columns 1 - 10 Element load case A

11 - 20 Element load case B
21 - 30 Element load case C
31 - 40 Element load case D

Card 2: As above for gravity in the +Y direction
Card 3: As above for gravity in the +Z direction

Card 4: This indicates the fraction of the thermal load to be
added to each of the element load cases.
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Member Data Cards (415,F10,0,I5)

One card per member in increasing numerical order starting with
one.
Columns 1 5 Member number (n)

6 - 10 Joint number I

11 - 15 Joint number J

16 - 20 Member identification number

21 - 30 Reference temperature for zero stress
31 - 35 Optional parameter K causing automatic
generation of number data.

If a series of elements exist such that the member number, Ni’ is

one greater than the previous member number (i.e. Ni = N, +1)

i-1
and the joint number can be given by

Ii = Lig * K

Ji = diq * K
Then only the first element in the series need be provided. The
member identification number and the temperature for the generated
elements are set equal to the values on the first card. If K is
input as zero it is set to 1 by the program.

The member temperature increase AT used to calculate thermal loads
is given by

AT = (Ti + Tj)/2.0 - Tr

where (Ti + Tj)/Z.O is the average of the nodal temperatures
specified on the joint data cards for nodes i and j; and Tr is the
zero stress reference temperature specified on the element card.

For truss elements it is generally more convenient to set

T, = Tj = 0.0 such that AT = - T (note the minus sign). Other
types of member loadings can be specified using an equivalent AT.

If a truss member has an initial lack of fit by an amount d (positive
if too long) then AT = d/(oL) If an initial prestress force P
(positive if tensile) is applied to the member ends that is released
after the member is connected to the rest of the structure then

AT = - P/(a A E). In the above formulas A = cross section area, L =
member length and o = coefficient of thermal expansion.
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Type 2 - Three-Dimensional Beam Elements

Beam elements are identified by the number 2. Forces (axial and
shear) and moments (bending and torsion) are calculated (in the beam
Tocal coordinate system) for each beam. Gravity loadings in each
coordinate direction and specified fixed end forces form the basic
member load conditions.

The beam members are described by the following sequence of cards:

A. Control Card (5I5)

Colums 1 - 5
6 -10
11 - 15
16 - 20
21 - 25

B. Material Property

The number 2

Number of beam elements

Number of geometric property cards
Number of fixed end force sets
Number of different materials

Cards (I5,3F10.0)

Colums 1 - 5
6 - 15
16 - 25
26 - 35

Material identification number
Young's modulus
Poisson's ratio

Weight per unit length (to be used in
gravity load calculations)

C. Geometric Property Cards (I5,6F10.0)

Colums 1- 5
6 - 15

16 - 25

26 - 35

36 - 45

46 - 55

56 - 65

Geometric property number

Axial area

Shear area associated with shear forces in
local 2-direction

Shear area associated with shear forces in
local 3-direction

Torsional inertia

Flexural inertia about local 2-axis
Flexural inertia about local 3-axis

One card is required for each unique set of properties. Shear
area is included only if shear deformations are to be included

in the analysis.
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D. Element Load Factors (4F10.0)

Three cards specifying the fraction
three global coordinate directions)

load case.

Card 1:

Columns

Card 2:
Card 3:

Multiplier of gravity load

1
11
21

31

As
As

10
20
30
40

of gravity (in each of the
to be added to each element

in the +X direction

Element load case A

Element load case

B
Element load case C
D

Element load case

above for gravity in the +Y direction

above for gravity in the +Z direction

Fixed-End Forces are not computed within the program for graviiy loads

Fixed-End Forces (I5,6F10.0/15,6F10.0)

Two cards are required for each unique set of fixed-end forces

occurring in the analysis.

input using fixed end forces.

Card 1:

Columns

Card 2:

Columns

1

6
16
26
36
46
56

16
26
36
46
56

15
25
35
45
55
65

15
25
35
45
55
65

Fixed-end
Fixed-end
Fixed-end
Fixed-end
Fixed-end
Fixed-end
Fixed-end

Blank

Fixed-end
Fixed-end
Fixed-end
Fixed-end
Fixed-end
Fixed-end

Distributed Toads and thermal loads are

force nunber

force in local T-direction at Node I
force in local 2-direction at Node I
force in local 3-direction at Node I
moment about Tocal 1-direction at Node I
moment about local 2-direction at Node I
moment about local 3-direction at Node I

force in Tocal 1-direction at Node J
force in local 2-direction at Node J
force in local 3-direction at Node J
moment about local 1-direction at Node J
moment about local 2-direction at Node J
moment about local 3-direction at Node J



Note that values input are literally fixed-end values.
Corrections due to hinges and rollers are performed within the
program. Directions 1, 2 and 3 indicate principal directions in
the local beam coordinates

F. Beam Data Cards (1015,216,18)

Columns 1 5 Identification - beam number
6 - 10 Node I number
11 - 15 Node J number
16 - 20 Node K number - see Figure 4-1.

21 - 25 Material number
26 - 30 Geometric property number

31 - 35 A Fixed-end force identification for
36 - 40 B element load cases A, B, C, and

41 - 45 ¢ D respectively

46 - 50 D

51 - 56 End release code - Node I
57 - 62 End release code - Node J

63 - 70 Optional parameter k used for automatic
generation of element data. This option is
described below under a separate heading. If
the option is not used, the field is left blank.

The end release code at each node is a six digit number of ones

and/or zeros. The 1st, 2nd, . . . . 6th digits respectively
correspond to the force components R1, R2, R3, M1, M2, M3 at
each node.

If any one of the above member end forces is known to be zero
(hinge or roller), the digit corresponding to that component is
a one.

Automatic Element Data Generation

If a series of elements occurs in which each element number NEi is one
greater than the previous number NEi-]

i.e., NEi = NE. + 1

i-1



only the element data card for the first element in the series need be
given as input.

NI.

i-1 tk

IF The end nodal point numbers NIi

NI; = NI+ k

AND THE a) material identification number
geometric property identification number

c) fixed-end force identification numbers for each
element load case

d) element code
e) orientation of local 2-axis

are the same for each element in the series.

The generator option is the value of k and if left blank is taken to be
one. The element data card for the last element in the structure must
always be given.

*Where successive beam elements have the same stiffness, orientation and
element Toading, the program automatically skips recomputation of the
stiffness. Note this when numbering the beams to obtain maximum
efficiency.



Type 3 - Plane Stress Membrane Elements

Quadrilateral and triangular elements can be used for plane
stress membrane elements of specified thickness which are oriented in
an arbitrary plane. A1l elements have temperature dependent orthotropic
material properties. Incompatible displacement modes can be included at
the element level in order to improve the bending properties of the

elements.

A general quadrilateral element is shown below:

u K
L
—_—V
— J
I

A local element coordinate system is defined by a U-V system. The v-axis

‘a

coincides with IJ side of the element. The u axis is normal to the v-axis
and is in the plane defined by nodal points I, J and L. Node K must be in
the same plane if the element stiffness calculations are to be correct. The
following sequence of cards define the input data for a set of TYPE 3 elements.

A. Control Card (615)
Columns 1 - 5 Number 3
6 - 10 Number of elements
11 - 15 Nunber of different materials

16 - 20 Maximum nunber of temperature cards for any
one material see Section B below.

30 Non-zero numerical punch will suppress the
introduction of incompatible displacement
modes .
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B.

Material Property Information

Orthotropic, temperature dependent material properties are

possible. For each different material the following group of

cards must be supplied.

1. Material Identification Card (215,3F10.0)

Columns 1

6 -

11

21 -

5

10

20

30
40

Material identification number

Number of different temperatures for which
properties are given. If this field is
left blank the number is taken as one.

Weight density of material (for gravity
loads only)

Blank

Angle B in degrees measured counter-clockwise
from the v-axis to the n-axis.

The n-s axes are the principal axes for the orthotropic material.

Weight and mass densities are 1isted only if gravity and inertia

loads are to be considered.
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2. Material Property Cards - Two cards for each temperature.

Card 1: (8F10.0)

Columns 1 - 10 Temperature
11 - 20 Modulus of Elasticity - En
21 - 30 Modulus of Elasticity - Es
31 - 40 Modulus of Elasticity - Et
41 - 50 Strain Ratio = Vs
51 - 60 Strain Ratio -Vt
61 - 70 Strain Ratio - Vet
71 - 80  Shear Modulus - Gns

Card 2: (3F10.0)
Columns 1 - 10 Coefficient of Thermal expansion - a

11 - 20 Coefficient of Thermal expansion - a

For plane stress analysis the constitutive relation is modified by
the program for normal stress (rtt) = 0.0 .

C. Element Load Factors

Four cards are used to define the element load cases A, B, C and
D as fraction of the basic thermal, pressure and acceleration loads.
First card, load case A: Second card, load case B, etc.

Columns 1 10 Fraction of thermal load

11 - 20 Fraction of pressure load
21 - 30 Fraction of gravity in X-direction
31 - 40 Fraction of gravity in Y-direction

41 - 50 Fraction of gravity in Z-direction

D. Element Cards (615,2F10.0,215,F10.0)

One card per element must be supplied (or generated) with the
following information:

Columns 1 -5 Element number
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6 - 10 Node I

11 - 15 Node J

16 - 20 Node K

21 - 25 Node L (Node L must equal Node K for triangular elements)
26 - 30 Material identification number

31 - 40 Reference temperature for zero stresses within element

41 - 50 Normal pressure on I-J side of element

51 - 55 Stress evaluation option "n."

56 - 60 Element data generator "k."

61 - 70 Element thickness

Element Data Generation - Element cards must be in element number

sequence. If cards are omitted data for the omitted element data
will be generated. The nodal numbers will be generated with respect

to the first card in the series as follows:

I =1 + k
n n-1

Jn = Jn-] *k
K =K + k
n n-1

Ly = Lnoy * K

A1l other element information will be set equal to the information on
the last card. The mesh generation parameter "k" is specified on the

last card.

Stress Print Option - See element type 4

Thermal Data - See element type 4




Type 4 - Two Dimensional Finite Elements

Quadrilateral and triangular elements can be used for the

following purposes:

(i) Axisymmetric solid elements symmetrical about the Z-axis.
The radial direction is specified as the Y-axis. Care must
be exercised in combining this element with other types of

elements.
(ii) Plane strain elements of unit thickness in the Y-Z plane.
(iii) Plane stress elements of specified thickness in the Y-Z plane.

A1l elements have temperature dependent orthotropic material
prdperties. Incompatible displacement modes can be included at the
‘element level in order to improve the bending properties of the element.
However, for axisymmetric analysis incompatible modes should only be used

for shell type structures where the radius to thickness ratio is Tlarge.

A general quadrilateral element is shown below:

Z,u

» Y,V



A. Control Card (615)

5 Number 4
6 - 10 Number of elements
11 - 15 Number of different materials

16 - 20 Maximum number of temperature cards for any one
material - see Section B below.

0 axisymmetric analysis

Columns 1

25 1 plane strain analysis
2 plane stress analysis

30 Non-zero numerical punch will suppress the
introduction of incompatible displacement modes.
Incompatible modes cannot be used for triangular
elements and are automatically suppressed.

B. Material Property Information

Orthotropic, temperature dependent material properties are
possible. For each different material the following group of
cards must be supplied.

1. Material Identification Card (215,3F10.0)

Columns 1 - 5 Material identification number

6 - 10 Number of different temperatures for which
properties are given. If this field is left
blank the number is taken as one.

20 Weight density of material (for gravity
Toads only)

11

21 - 30 Mass density of material (for rotational loads)

31 - 40 Angle B in degrees measured counter-
clockwise from the v-axis to the n-axis.

K

‘ J

—P ¥,V

1

PRINCIPAL MATERIAL AXES
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The n-s axes are the principal axes for the orthotropic
material. Weight density is listed only if gravity and
inertia loads are to be considered.

2. Material Property Cards - Two cards for each temperature.

Card 1: (8F10.0)
Columns 1 - 10 Temperature

11 - 20 Modulus of elasticity - En
21 - 30 Modulus of elasticity - Es
31 - 40 Modulus of elasticity - Et
41 - 50 Strain ratio = Vs
51 - 60 Strain ratio - Vot
61 - 70 Strain ratio - Vet
71 - 80 Shear modulus - Gns

Card 2: (3F10.0)

Columns 1 - 10 Coefficient of thermal expansion - a
11 - 20 Coefficient of thermal expansion - a
21 - 30 Coefficient of thermal expansion - oy

For plane stress analysis the constitutive relation is
modified by the program for normal stress (rtt) = 0.0 .

C. Element Load Factors

Four cards are used to define the element load cases A, B, C and
D as fraction of the basic thermal, pressure and acceleration loads.

First card, load case A: Second card, load case B; etc.

Columns 1 10 Fraction of thermal load

11 - 20 Fraction of pressure load

21 - 30 Angu]ér velocity in radians/second (used to
compute rotational loads only)

31 - 40 Fraction of gravity in Y-direction (used for
plane stress or plane strain only)

41 - 50 Fraction of gravity in Z-direction

D. Element Cards (6I15,2F10.0,215,F10.0)

One card per element must be supplied (or generated) with the
following information:



]
($)]

Columns 1 ETement number
6 - 10 Node I
11 - 15 Node J
16 - 20 Node K

21 - 25 Node L (Node L must equal Node K for triangular
elements)

26 - 30 Material identification number

31 - 40 Reference temperature for zero stresses withing
element

41 - 50 Normal pressure on I-J side of element
51 - 55 Stress evaluation option "n"

56 - 60 Element data generétion k"

61 - 70 Element thickness (For plain strain set equal
to 1.0 by program - For axisymmetric solids
one radian is used)

Element Data Generation - Element cards must be in element number

sequence. If cards are omitted the omitted element data will be
generated. The nodal numbers will be generated with respect to the

first card in the series as follows:

In - In-] tok
J, = Jn-] + k
Kn - Kn-] t ok
Ln - Ln-] t ok

A11 other element information will be set equal to the information
on the last card. The data generation k 1is given on the last

card in the sequence.
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Stress Print Option - The following description of the stress print

option applies to both element types 3 and 4. The value of the stress

print option "n" can be given as 1, 0, 8, 16 or 20.

0 = origin of natural s-t coordinates (Figure 5-2), Points 1, 2,
3 and 4 are midpoints of sides. The points at which stresses are
output depend on the value of n as described in the following

table.

n Stresses output at
1 None

0 0

8 0, 1

16 0,1,2,3

20 0, 1,2, 3,4
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The stresses at 0 are printed in a local Y-Z coordinate system.
For element type 3, side I-J defines the local Y-Z axes in the
plane of the element. For element type 4 the local Y-Z axes are

parallel to the global Y-Z axes.

STRESSES AT
O FOR ELEMENT

TYPE 3
I
LOCAL Y-Z
COORDINATES
GLOBAL
COORDINATES
L K
TS 22
—n SI2

STRESSES AT
O FOR ELEMENT
TYPE 4

LOCAL AND GLOBAL
Y-2
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For both element types 3 and 4 the stresses at each midpoint are
output in a rectangular n-p coordinate system defined by the
outward normal to the edge (n axis) and the edge (p axis). The
positive p axis for points 1, 2, 3 and 4 is from L to I, J to K,
I toJ and K to L respectively (counterclockwise positive about

element).

— —
—
— —

COORDINATE SYSTEMS
J FOROUTPUT OF
p EDGE STRESSES

xn

POSITIVE STATE
OF STRESS AT

THE MIDPOINT
OF A SIDE
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The stresses for an element are output under the following headings:
S11, S22, S12, S33, S-MAX, S-MIN, ANGLE. The normal stresses S11
and 522 and the shear stress S12 are as described above. S-MAX and
S-MIN are the principal stresses in the plane of the element and $33
is the third principal stress acting on the plane of the element.
ANGLE is the angle in degrees from (1) the local Y axis at point
0, or (2) the n axis at the midpoints, to the axis of the
algebraically 1argest principal stress.

For triangular elements the stress print option is as described
above except that n=20 is not valid. If n=20 is input, n will

be set to 16 by the program.

Thermal Data - Nodal temperatures as specified on the joint data

cards are used by element types 3 and 4 in the following two ways:

(1) Temperature dependent material properties are approximated by
interpolating (or extrapolating) the input material properties
at the temperature T0 corresponding to the origin of the local
s-t coordinate system (see Figure 5.2 for description of local
element coordinates). The material properties throughout the

element are assumed constant corresponding to this temperature.

TI+TJ+TK +TL K=L

ta
)
4.0
S
S
/ ]
. ORIGIN
I
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For computation of nodal Toads due to thermal strains in the
element a bilinear interpolation expansion for the temperature

change AT (s,t) is used.

AT (s,t) =

i hi (s,t) Ti - T

r

nmo™p
)

where Ti are the nodal temperatures specified on the joint

data cards, Tr is the reference stress free temperature and

j
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Type 5 - Three Dimensional Solid Elements: 8 Nodal Brick

General three-dimensional, 8 node, isoparametric elements with
three translational degrees of freedom per node are identified by the
number 5. Isotropic material properties are assumed. The element 1load
cases (A, B, C and D) are defined as a combination of surface pressure,
hydrostatic loads, inertia loads in three directions and thermal loads.
The six components of stress and three principal stresses are computed
at the center of each element. Also, surface stresses are evaluated.
Nine incompatible displacement modes are assumed in the formation of

element stiffness matrices.

A. Control Card (4I5) --

Columns 1 - 5 The number 5

6

10 Number of 8-node solid elements

11 - 15 Number of different materials

16

20 Number of element distributed load sets

B. Material Property Cards (I5,4F10) -- One card for each
different material

Columns 1 - 5 Material identification number

6 - 15 Modulus of elasticity (only elastic,
isotropic materials are considered)

16 - 25 Poisson's ratio
26 - 35 Weight density of material
36 - 45 Coefficient of thermal expansion
C. Distributed Surface Loads (215,2F10,2I5) -- One card is
required for each unique set of uniformly distributed

surface loads and for each reference fluid level for

hydrostatically varying pressure loads. See notes IV and
V for sign convention.
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Columns 1

D. One Blank Card

6

1

21

31

20

30

35

Load set identification number
LT (load type)

LT = 1 if this card specifies a uniformly
distributed load.

LT = 2 if this card specifies a
hydrostatically varying pressure.

P

If LT = 1, P is the magnitude of the
uniformly distributed load

If LT = 2, P is the weight density of the
fluid causing the hydrostatic pressure

Y
If LT = 1, leave blank
If LT = 2, Y is the global Y coordinate

of the surface of fluid causing hydrostatic
pressure loading

Element face number on which surface load
acts. Face numbers are from 1 to 6 as
described in note IV for uniformly
distributed loads and can be only faces
2, 4 or 6 for hydrostatically varying

pressures.

E. Element Load Case Multipliers (5 cards of 4F10) --

Multipliers on the element load cases are scaling factors

in order to provide flexibility in modifying applied loads.

Card 1:

Columns

1
1
21
31

- 10 PA )

- 20 PB Pressure load
_ 30 PC multipliers

- 40 PD _
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PA is a factor used to scale the complete set of distributed
surface loads. This scaled set of loads is assigned to
element Toad case A. Note that zero is a valid multiplier.
PB, PC and PD are similar to PA except that scaled loads

are assigned to element load cases B, C and D respectively.
For the majority of applications these factors should be

1.0

Card 2: Columns 1 -10 TA )
1-20 T8 ) Thermal Toad
21 - 30 TC multipliers
31 -40 T

TA is a factor used to scale the complete set of thermal
loads. The scaled set of loads are then assigned to element
load case A. TB, TC and TD are similar and refer to element
load cases B, C and D respectively.

Card 3: Columns 1 - 10 GXA )
Gravity load
11 - 20 GXB multipliers for + X

global direction

21 - 30 GXC
3} - 40 GXD.)
~
Card 4: Columns 1 - 10 GYA
Gravity Tload
1 -20 GYB multipliers for + Y
21 - 30 GYC global direction
31 - 40 GYD J
~
Card 5: Columns 1 - 10 GZA
11 - 20 GZB Gravity load
multipliers for + Z
21 - 30 GZC global direction
31 - 40 GZD )
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Gravity loads are computed from the weight density of the
material and from the geometry of the element. GXA is a
multiplier which reflects the location of the gravity axis
and any load factors used. The program computes the weight
of the element, multiplies it by GXA and assigns the
resulting loads to the + X direction of element load case A.
Consequently GXA is the product of the component of gravity
along the + X global axis (from - 1.0 to 1.0) and any desired
load factor. GXB, GXC and GXD are similar to GXA and refer
to element load cases B, C and D respectively. GYA and GZA
refer to the global Y and Z directions respectively.

Element Cards (1215,412,211,F10)

Columns 1 - 5 Element number
6 - 10 o]
n-15 Global node point 2
16 - 20 numbers corresponding 3
21 - 25 g to element nodes 4
26 - 30 5
31 - 35 (See note III) 6
36 - 40 7
41 - 45 J k— 8
46 - 50 Integration Order
51 - 55 Material Number
56 - 60 Generation Parameter (INC)
61 - 62 LSA LSA is the distributed surface
63 - 64 LSB Toad set identification number
of the distributed load acting
65 - 66 LSC on this element to be assigned
67 - 68 LSD to element load case A. LSB,

LSC and LSD refer to element
load cases B, C and D
respectively

69 - 70 Face numbers for stress output
71 - 80 Stress free element temperature

B-29



G. Notes

I. Element Generation

1. Element cards must be in ascending order
2. Generation is possible as follows:
If a series of element cards are omitted
a. Nodal point numbers are generated by adding INC to
those of preceding element. (If omitted, INC is set
equal to 1.)

b. Same material properties are used as for the preceding
element.

c. Same temperature is used for succeeding elements.
d. If on first card for the series the integration order is:
© >0 Same value is used for succeeding elements
= 0 A new element stiffness is not formed. Element
stiffness is assumed to be identical to that
of the preceding element.
< 0 Absolute value is used for the first element of
the series, and the same element stiffness is
used for succeeding elements.

e. If on first card for the series, the distributed
load number (for any load case) is:

>0 Same Toad is applied to succeeding elements

< 0 The load case is applied to this element but
not to succeeding elements in the series.

3. Element card for the last element must be supplied.

IT. Integration Order

Computation time (for element stiffness) increases with the
cube of the integration order. Therefore, the smallest
satisfactory order should be used. This is found to be:

2 for rectangular element

3 for skewed element

4 may be used if element is extremely distorted in shape,
but not recommended.

Mesh should be selected to give "regular" elements as far as
possible.
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III. Element Coordinate System

Local element coordinate system is a natural system for this

element in which the element maps onto a cube. Local element

numbering is shown in Figure 1.

IV. Identification of Element Faces

Element faces are numbered as follows:

Face 1 corresponds
corresponds
corresponds
corresponds
corresponds
corresponds

O O O A~ w N

corresponds

to
to
to
to
to
to
to

+ a direction | Faces 1,3,5 are positive faces
- a direction | b oo 2,4,6 are negative faces
+ b direction
- b direction
+ ¢ direction
- ¢ direction

the center of the element
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Distributed Surface Loads

Two types of surface loadings may be specified; load type 1
(LT = 1), uniformly distributed surface load and load type 2 (LT = 2),
hydrostatically varying surface pressure (but not surface tension).
Both Toading types are for loads normal to the surface and do not
include surface shears. Surface loadings that do not fall into these
categories must be input as consistent nodal loads on the concentrated
Toad data cards (see Section B4).

(1) LT = 1: A positive surface load acts in the direction of
the outward normal of a positive element face and along the inward
normal of a negative element face as shown in the following diagram.

> >
> >
——P» aO0RbORC
> ) AXIS
AN T
NEGATIVE ) ( POSITIVE
FACES 2,4,6 FACES 1,3,5

POSITIVE SURFACE LOADING P

I[f the uniformly distributed surface Toading P is input as a positive
quantity then it describes pressure loading on faces 2, 4 or 6 and
tensile loading on faces 1, 3 or 5. If P is input as a negative
quantity then it describes tensile loading on faces 2, 4 or 6 and
pressure on faces 1, 3 or 5.

(2) LT = 2: A hydrostatically varying surface pressure on
element faces 2, 4 or 6 can be specified by a reference fluid surface
and a fluid weight density y as input. Only one hydrostatic surface
pressure card need be input in order to specify a hydrostatic loading
on the complete structure. The consistent nodal loads are calculated
by the program as follows. At each numerical integration point "i"
on an element surface the pressure Pi is calculated from

Py = v (Yi - Yref

)
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where Yi is the global Y coordinate of the point in question
and Yref specifies the fluid surface assuming gravity acts along

the -Y axis

f\Y

Yi

If Pi > 0, corresponding to surface tension the contribution is
ignored. If an element face is such that Yi > Yref for all i
(16 integration points are used by program) then no nodal loads
will be applied to the element. If some Pi > 0 and some

Pi < 0 for a particular face then approximate nodal loads are

obtained for the partially loaded surface.
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VI. Thermal Loads

Thermal loads are computed assuming a constant temperature
increase AT throughout the element.

AT = Tavg - T0

Tavg = the average of the 8 nodal point
temperatures specified on joint data
cards

T = stress free element temperature

specified on the element card.

VII. Element Load Cases

Element load case A consists of all the contributions from
distributed loadings, thermal loadings and gravity loading for
all the elements taken collectively.

1]
™

Load case A PA° x pressure loading

+ TA x thermal loading

+ GXA x gravity X Toading
+ GYA x gravity Y loading
+

GZA x gravity Z loading

Element Toad case A for the set of three dimensional solid
elements is added to element load case A for the other element
types in the analysis. Element Toad cases B, C and D are
analogous to element load case A. The loading cases for the
structure are obtained by adding linear combinations of
element load cases A, B, C and D to the nodal loads specified
on the joint data cards.
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VIII. Element Stresses are Qutput as Follows

1. At the centroid of the element stresses are referred to the
global axes. Three principal stresses are also presented.

2. At the center of an element face stresses are referred to a
set of local axes (x, y, z). These local axes are individually
defined for each face as follows: Let nodal points I, J,

K and L be the four corners of the element face. Then

x Specified by LI - JK, where LI and JK are midpoints
of sides L-I and J-K

z Normal to x and to the line joining midpoints IJ and
KL.

y Normal to x and z to complete the right handed system.

KL

The corresponding nodal points I, J, K and L in each face are
given in the table.
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NODAL POINTS

FACE
I J K L
1 1 2 6 5
2 4 3 7 8
3 3 7 6 2
4 4 8 5 1
5 8 5 6 7
6 4 1 2 3

Two surface principal stresses and the angle between the
algebraically largest principal stress and the local X axis
are printed with the output. It is optional to choose one
or two locations of an element where stresses are to be
computed. In the output, face zero designates the centroid

of the element.
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Type 6 - Plate and Shell Elements (Quadrilateral)

A. Control Card (3I5)

Columns 1 - 5 The number 6
6 - 10 Number of shell elements
11 - 15 Number of different materials

B. Material Property Information

Anisotropic material properties are possible. For each different
material, two cards must be supplied.

Card 1: (I10,20X,4F10.0)

Columns 1 - 10 Material identification number
31 - 40 Mass density
41 - 50 Thermal expansion coefficient ay
51 - 60 Thermal expansion coefficient a
61 - 70 Thermal expansion coefficient oy

Card 2: (6F10.0)

Columns 1 - 10 Elasticity element Cx;\ Elements in plane stress
11 - 20 Elasticity element C | material matrix [C]

o y — =
21 - 30 E]astTcTty element CXS> Tyx Cxx ny CXS €yx
31 - 40 Elasticity element ny - - Cx C | e
41 - 50 Elasticity element Cys Yy y oYy Yy

51 - 60 Elasticity element ny Txy fos Cys GXXJ Yxy
,J

C. Element Load Multiplers (5 cards)

Card 1: (4F10.0)

Columns 1 - 10 Distributed Tateral load multiplier for load case A
11 - 20 Distributed lateral load multiplier for load case B
21 - 30 Distributed lateral Toad multiplier for load case C
31 - 40 Distributed lateral load multiplier for load case D

Card 2: (4F10.0)
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Columns 1
11
21
31

Card 3: (4F10.0)

Columns 1
11
21
31

- 10
- 20
- 30
- 40

- 10
- 20
- 30
- 40

Temperature multiplier for load case A
Temperature multiplier for load case B
Temperature multiplier for load case C
Temperature multiplier for load case D

X-direction acceleration for load case A
X-direction acceleration for load case B
X-direction acceleration for load case C
X-direction acceleration for load case D

Card 4: (4F10.0) Same as Card 3 for Y-direction

Card 5: (4F10.0) Same as Card 3 for Z-direction

D. Element Cards (8I5,F10.0)

One card for each element

Columns 1
6
11
16
21
26
31

36
41
51
61

71

5
- 10
- 15
- 20
- 25
- 30
- 35

- 40
- 50
- 60
- 70

- 80

Element number
Node I

Node J

Node K

Node L

Node 0%

Material identification (If left blank, taken
as one)

Element data generator Kn**
Element thickness
Distributed lateral load (pressure)

Mean temperature variation T from the reference
Tevel in undeformed position

Mean temperature gradient 3T/3z across the shell
thickness (a positive temperature gradient
produces a negative curvature).

* When columns 26 - 30 are left blank, mid-node properties are computed
by averaging the four nodes.

** Element cards must be in element number sequence. If element cards
are omitted, the program automatically generates the omitted

information as follows:

B-38



The increment for element number is one

i.e. NE.,; = NE; + 1

The corresponding increment for nodal number is Kn

e NI, = NI, + K
Ny = NG+ K
Ko = MK+ Ko
NLoyqp = NLo o+ K

Material identification, element thickness, distributed lateral
load, temperature and temperature gradient for generated elements
are the same as the first element in the series. The last
element card is always needed.

NOTE

The nodal point numbers I, J, K and L are in sequence in a counter-
clockwise direction around the element. The local element coordinate
system (x, y, z) is defined as follows:

x Specified by LI - JK, where LI and JK are midpoints of sides
L-I and J-K.

z Normal to x and to the line joining midpoints IJ and KL.
y Normal to x and z to complete the right-handed system.
This system is used to express all physical and kinematic shell

properties (stresses, strains, material law, etc.), except that the
body force density is referred to the global coordinate system (x, Y, Z).
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KL

JK

For the analyses of smooth shells, rotational constraints
normal to the surface may be imposed by the addition of Boundary elements
at the nodes (element type #7).
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Type 7 - Boundary Element

This element is used to constrain nodal displacements to
specified values, to compute support reactions and to provide linear
elastic supports to nodes. If the boundary condition code for a
particular degree of freedom is specified as 1 on the joint data cards
(section B-4) the displacement corresponding to that degree of freedom
is zero and no support reactions are obtained with the print out.
Alternatively, a boundary element can be used to accomplish the same
effect except that support reactions are obtained since they are equal
to the member end forces of the boundary elements which are printed.

In addition the boundary element can be used to specify non-zero nodal
displacements in any direction which is not possible using the joint
data cards.

The boundary element is defined by a single directed axis
through a specified nodal point, by a linear extensional stiffness along
the axis and by a Tinear rotational stiffness about the axis. The
boundary element is essentially a spring which can have axial displace-
ment stiffness and axial rotational stiffness. There is no 1imit to the
number of boundary elements which can be applied to any joint to produce
the desired effects. Boundary elements have no effect on the size of

the stiffness matrix.

INPUT DATA
A. Control Card (215)

Columns 1 - 5 The number 7.

6 - 10 Total number of boundary elements.
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B. Element Load Multipliers (4F10.0)

Columns 1 - 10 Multiplier for load case A

11 - 20 Multiplier for load case B
21 - 30 Multiplier for load case C
31 - 40 Multiplier for load case D

C. Element Cards (8I15,3F10.0)

One card per element (in ascending nodal point order) except
where automatic element generation is used.

Columns 1 - 5 Node N, at which the element is placed
6 - 10 Node I
11 - 15 Node J Leave columns 11 - 25 blank

if only node I is needed.
16 - 20 Node K

21 - 25 Node L

26 - 30 Code for displacement

31 - 35 Code for rotation

36 - 40 Data generator Kn.

41 - 50 Specified displacement along element axis

51 - 60 Specified rotation about element axis

61 - 70 Spring stiffness (set to 10'0 if left blank)

for both extension and rotation.

EXPLANATION OF INPUT DATA

(1) Direction of boundary element

The direction of the boundary element at node N is specified

in one of two ways.

(i) A second nodal point I defines the positive direction of the

element from node I to node N.
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(ii) Four nodal points I, J, K and L specify the positive direction
of the element as the normal to the plane defined by two
intersecting straight Tines (vectors a and b)

=]
1]

IQ
X

o

ROTATIONAL CONSTRAINT
IN THIN SHELL ANALYSIS

The four points I, J, K and L need not be unique. A useful
application for the analysis of shallow thin shells employs
the boundary element to approximate rotational constraint
about the surface normal as shown above.

n is given by the vector cross product n=a xb

The positive direction of the boundary element corresponds
to the direction of n. The point of application is

independent of n

Note that node I in case (i) and nodes I, J, K and L in case (ii) are
used only to define the direction of the element and if convenient may
be any nodes used to define other elements. However ‘'artificial nodes'
may be created to define directions of boundary elements. These
'artificial nodes' are input on the joint data cards (section B-4) with
their coordinates and with all the boundary condition codes specified as

1 (one).
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The positive direction of boundary elements is needed to

interpret the direction of forces in the element and hence of reactions.

Positive force P and

n
/ /: torque T acting on

boundary element

T
. P is +ve in direction of n
T is +ve by right hand rule
about n
Positive reactions at
T p node N

(2) Displacement and rotation codes

These codes are either a 0 (zero) or a 1 (one) punched in

columns 30 and 35.

If displacement code = 0: The boundary element is not

applied to the displacement degrees of freedom at node N.

If displacement code = 1: When this code is used the

displacement § specified in columns 41 - 50 and the spring stiffness k
specified in columns 61 - 70 are used by the program in the following
way. The load P evaluated from P = k § is applied to node N in the
positive direction of the element if 6 is positive. If k is much

greater then the stiffness of the structure at node N without the
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boundary element then the net affect is to produce a displacement very
nearly equal to § at node N. If &6 =0 then P =0 and the stiff
spring approximates a rigid support. Note that the load P will
contribute to the support reaction for nonzero . The boundary
condition codes specified on the joint data cards (section B-4) must be
consistent with the fact that a load P 1is being applied to node N to

effect the desired displacement (even when this displacement is zero)

If rotation code = 0: The boundary element is not applied
to the rotational degrees of freedom at node N.
NOTE: if both displacement and rotational codes are set equal to O the
boundary element is ignored.

If rotation code = 1: This case is completely analogous to

the situation described above where the displacement code is 1. A torque
T evaluated from T = k 6 1is applied to node N about the axis of the

element. The rotation 6 is specified in columns 51 - 60.

(3) Data generator Kn

When a series of nodes are such that:
(i) A1l have identical boundary elements attached
(ii) A11 boundary elements have same direction
(iii) A1l specified displacements and rotations are identical

(iv) The nodal sequence forms an arithmetic sequence, i.e. N,
N + Kn’ N+ 2 Kn etc. then only the first and last node in
the sequence need be input. The increment Kn is input in

columns 36 - 40 of the first card.
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(4) Element load multipliers

Each of the four possible element load cases A, B, C and D
associated with the boundary elements consists of the complete set of
displacements as specified on the boundary element cards factored by the
element Toad multiplier for the corresponding load case. As an example
suppose that displacement of node N is specified as 1.0, spring stiffness

as 1010

and no other boundary element displacements are specified. Let

case A multiplier be 0.0 and case B multiplier be 2.0. For element load
case A the specified displacement is 0.0 x 1.0 = 0.0 while that for B is
2.0 x 1.0 = 2.0. Linear combinations of element load cases A, B, C and D

for all types of elements collectively for a particular problem are

specified on the joint data input cards (section B-4). As far as the
boundary element is concerned this device is useful when a particular

node has a support displacement in one load case but is fixed in others.
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Type 8 - Three-Dimensional Thick Shell Element (16 Nodes)

Three-dimensional 16 node, curved isoparametric elements with
three translational degrees of freedom per node are identified by the
number 8. Isotropic material properties are assumed. The element Toad
cases (A, B, C and D) are defined as a combination of surface pressure,
hydrostatic loads, inertia loads in three directions and thermal loads.
The six components of stress and three principal stresses are computed
at the center of each element. Also, surface stresses are evaluated.
Five incompatible displacement modes are assumed in the formation of
element stiffness matrices in addition to the sixteen isoparametric

interpolation functions.

A. Control Card (4I5) --

Columns 1 - 5 The number 8

6 - 10 Number of thick shell elements

11 - 15 Number of different materials

16 - 20 Number of element distributed load sets

B. Material Property Cards (I5,4F10) -- One card for each
different material

Columns 1 - 5 Material identification number

6 - 15 Modulus of elasticity (only elastic,
isotropic materials are considered)

16 - 25 Poisson's ratio
26 - 35 Weight density of material

36 - 45 Coefficient of thermal expansion

C. Distributed Surface Loads (215,2F10,215) -- One card is
) required for each unique set of uniformly distributed
surface loads and for each reference fluid level for
hydrostatically varying pressure loads. See notes III and
V for sign convention.
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Columns 1 - 5
6 - 10
11 - 20
21 - 30
31 - 35

Load set identification number
LT (load type)

LT = 1 if this card specifies a uniformly
distributed load.

LT = 2 if this card specifies a
hydrostatically varying pressure.

P

If LT = 1, P is the magnitude of the
uniformly distributed load

If LT = 2, P is the weight density of the
fluid causing the hydrostatic pressure

Y
If LT

1, Teave blank

If LT = 2, Y is the global Y coordinate
of the surface of fluid causing hydrostatic

pressure loading

Element face number of which surface load
acts. Face numbers are from 1 to 6 as
described in note IV for uniformly
distributed loads and can be only faces
2, 4 or 6 for hydrostatically varying

pressures.

Reference Temperature (1F10) --

Columns 1 -10

Stress free temperature

Element Load Case Multipliers (5 cards of 4F10) --

Multipliers on the element load case are scaling factors

in order to provide flexibility in modifying applied loads.

Card 1: Columns

1-10 PA )
1 -20 P8 Pressure load
21 - 30 PC > multipliers
31 - 40 PD y
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PA is a factor used to scale the complete set of distributed
surface loads. This scaled set of loads is assigned to
element load case A. Note that zero is a valid multiplier.
PB, PC and PD are similar to PA except that scaled loads

are assigned to element load cases B, C and D respectively.
For the majority of applications these factors should be

1.0

Card 2: Columns 1 10 TA

1 -20 1B 5 Thermal load
21 - 30 TC multipliers

31-40 TD

TA is a factor used to scale the complete set of thermal
Joads. The scaled set of loads are then assigned to element
Joad case A. TB, TC and TD are similar and refer to element
load cases B, C and D respectively.

Card 3: Columns 1 - 10 GXA A
_ Gravity load
11 -20 Gx8 multipliers for + X
21 - 30 GXC global direction

31 - 40 GXD

Card 4: Columns 1 - 10 GYA

Gravity load
11 -20 GYB > multipliers for + Y

21 - 30 GYC global direction

< 31 -40 GYD

Card 5: Columns 1 - 10 GZA )

Gravity load
11 - 20 GZB 5 multipliers for + Z

21 - 30 GZC global direction

31 -40 GID
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Gravity lToads are computed from the weight density of the
material and from the geometry of the element. GXA is a
multiplier which reflects the Tocation of the gravity axis
and any load factors used. The program computes the weight
of the element, multiplies it by GXA and assigns the
resulting loads to the + X direction of element load case A.
Consequently GXA is the product of the component of gravity
along the +X global axis (from - 1.0 to 1.0) and any desired

load factor.

GXB, GXC and GXD are similar to GXA and refer

to element load cases B, C and D respectively. GYA and GZA
refer to the global Y and Z directions respectively.

F. Element Cards (415,412,2X,F10/16I5) Two Cards for each element

are needed.
Card 1: Columns
Card 2: Columns

1

6
11
16
21
23
25
27

5 Element number

10 Integration order

15 Material number

20 Generation parameter (INC)

22 LSA LSA is the distributed surface

24 LSB Toad set identification number
of the distributed load acting
26 LSC on this element to be assigned

28 LSD to element load case A. LSB,
LSC and LSD refer to element
Tcad cases B, C and D
respectively

40 Element temperature

5 1
10 2
15 3
20 4
25 5
30 6
35 | Global nodal point 7
40 \ numbers corresponding 8
45 ( to element nodes 9
50 10
55 11
60 12
65 (See note II) 13
70 14
75 15
80 16
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G.

Notes

I. Element Generation

3.

Element cards must be in ascending order.

Generation is possible as follows:

If a series of element cards are omitted

Nodal point numbers are generated by adding INC to
those of preceding element. (If omitted, INC is set
equal to 1).

Same material properties are used as for the
preceding element.

Same temperature is used for succeeding elements.

If on first card for the series the integration
order is:

" >0 Same value is used for succeeding elements

= 0 A new element stiffness is not formed. Element
stiffness 1$ assumed to be identical to that of
the preceding element.

< 0 Absolute value is used for the first element of
the series, and the same element stiffness is
used for succeeding elements.

If on first card for the series, the distributed
load number (for any load case) is:

> 0 Same load is applied to succeeding elements

< 0 The load case is applied to this element but
not to succeeding elements in the series.

Element Card for the last element must be supplied.



II. Local element coordinate system is a natural system for this element
in which the element maps onto a cube. Local element numbering
is shown below. 1

10 2

13

16

r

ITI. Element Face are Numbered as Follows:

Face 1 corresponds to + r direction )
Face

Face

corresponds to - r direction
corresponds to + s direction ? 1, 3, 5 are positive faces

1
2
3
Face 4 corresponds to - s direction 2, 4, 6 are negative faces
5
6

Face

S
corresponds to + t direction
t

Face 6 corresponds to - t direction y

IV. Integration Order

Computation time (for element stiffness) increases with the cube of
the integration order. Therefore, the smallest satisfactory order
should be used. This is found to be:

3 for regular shape

4 for irregular shape
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Distributed Surface Loads

Two types of surface loadings may be specified; load type 1
(LT = 1), uniformly distributed surface load and load type 2 (LT = 2),
hydrostatically varying surface pressure (but not surface tension).
Both loading types are for loads normal to the surface and do not
include surface shears. Surface loadings that do not fall into these
categories must be input as consistent nodal loads on the concentrated
load data cards (see Section B4).

(1) LT = 1: A positive surface load acts in the direction of
the outward normal of a positive element face and along the inward
normal of a negative element face as shown in the following diagram.

—> —>
> —>
—®» rORs OR t
—> —>4
AXIS
_9N\\\ T
NEGATIVE) (POSITIVE
FACES 2,4,6 FACES 1,3,5

POSITIVE SURFACE LOADING P

If the uniformly distributed surface loading P is input as a positive
quantity then it describes pressure loading on faces 2, 4 or 6 and
tensile loading on faces 1, 3 or 5. If P is input as a negative
quantity then it describes tensile loading on faces 2, 4 or 6 and
pressure on faces 1, 3 or 5.

(2) LT = 2: A hydrostatically varying surface pressure on
element faces 2, 4 or 6 can be specified by a reference fluid surface

and a fluid weight density y as input. Only one hydrostatic surface
pressure card need be input in order to specify a hydrostatic loading
on the complete structure. The consistent nodal loads are calculated
by the program as follows. At each numerical integration point "i"
on an element surface the pressure Pi is calculated from

Py = v (Y5 = Viep)
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where Yi is the global Y coordinate of the point in question
and Yref specifies the fluid surface assuming gravity acts along

the -Y axis

i<

Yref
Yi

If Pi > 0, corresponding to surface tension the contribution is

ignored. If an element face is such that Yi > Y for all i

ref
(16 integration points are used by program) then no nodal loads
will be applied to the element. If some Pi > 0 and some

Pi < 0 for a particular face then approximate nodal loads are

obtained for the partially loaded surface.
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VI. Thermal Loads

Thermal loads are computed assuming a constant temperature
increase AT throughout the element.

AT = Te - Tr

Te = element temperature specified on element data card
(see F above)
Tr = reference stress free temperature (see D above)

VII. Element Load Cases

Element Toad case A consists of all the contributions from
distributed loadings, thermal loadings and gravity loading for
all the elements taken collectively.

Load case A = £ PA x pressure loading

+ TA x thermal loading

+ GXA x gravity X Tloading

+ GYA x gravity Y 1loading

+ GZA x gravity Z loading
Element load case A for the set of-three dimensional solid
elements is added to element load case A for the other element
types in the analysis. Element load cases B, C and D are
analogous to element load case A. The loading cases for the
structure are obtained by adding lTinear combinations of
element load cases A, B, C and D to the nodal loads specified
on the joint data cards.

VIII. Stresses

The stresses are computed at 7 points, the center of each
face and the center of the element. The stresses computed and
output are with respect to the global coordinate system.
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APPENDIX C - PROGRAM CAPACITY

C-1 High Speed Storage Requirements

The high speed storage requirements of the program can be
changed depending on the size of the problem to be solved. This is done

by changing the two Fortran statements at the start of SAPZ, i.e.

COMMON A(n)
MTOT = n

The minimum value of n needed is computed as follows:
n = 10* (number of joints) + M

where

M = the maximum value of each of the following:

(1) Truss elements

M = 5% NMAT NMAT = number of material types

(2) Beam elements
M = 3*NMAT+12*NFIX+6*NPROP
NFIX = number of fixed end force sets

NPROP = number of different beam
properties

(3) Plane stress and plane strain elements.
M = 4*NMAT+11*NMAT*NTC

NTC = number of material temperatures

(4) Axisymmetric quadrilateral

M = 4*NMAT

(5) Three-dimensional solid elements

M = 4*NMAT+4*NLD+2475 NLD = number of element load sets
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(6) Plate and shell elements
M = T12*NMAT

(7) Boundary elements
M=20
(8) Solid thick shell element

M = 4*NMAT+4NLD+6615

Note: (1) A convenient general rule for computing a minimum value of
n (except for solid elements) is:

n = 11* (number of joints)

(2) For optimum efficiency, however, a value of n, considerably

greater than the minimum, should be used.

(3) If the value of n is set too small an error message is

printed and program execution is terminated.

C-2 Low Speed Storage Requirements

For very large problems, the amount of low speed backup storage
on the computer will govern the maximum size of structure which can be
solved. Six temporary storage files are used with the following maximum

storage requirements:

Tape 1

For element stress-displacement transformation matrices

Number of locations on Tape 1 =

N
[(NS +2) * Nd + NS * 4 + 2]1

([N ()]
—

i
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Where Ne = total number of elements
NS = number of output stresses associated with an
element
Nd = number of displacement degrees of freedom

associated with an element

Tape 2

For element stiffness matrices
Number of locations on Tape 2 =

N

n oo

I Dy e

or for temporary storage during solution of equations

Number of locations on Tape 2 =

N
band
(N *N..)
l Neb | band eb

Where Nband = half band width of equations
Neb = number of equations in a block
(MTOT - 4 * NQ)
(Nband ¥ Nl rhre
NQ = number of load conditions

or, for storage of displacements

1 = *
Number of locations on Tape 2 Neq Nl

Where Ne = total number of equations

q
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Tape 3

Tape 4

Tape 7

Tape 8

For temporary storage during solution of equations

Number of locations on Tape 3 =

*
Neq (Nband * NQ)

For storage of total stiffness and load matrices.

Number of locations on Tape 4 =

N, * (N

eq band * NR)

For temporary storage in the formation of the total stiffness
matrix

Number of locations on Tape 2 =
* *
Mg * (Ng * (Ny +6) +1)

or, for temporary storage during solution of equations; same as
second option for Tape 2.

For storage of boundary condition array and load multipliers

Number of locations on Tape 8 =

6 * Nj + 4 * NQ

where Nj = total number of joints in the system

C-4



C-3 Solid-SAP Common Storage Allocation

COMMON A (MTOT)

COMMON/ELPAR/NPAR (14), NUMNP, MBAND, N1, N2, N3, N4, N5, NEQ
COMMON/EM/2594 locations max.

COMMON/JUNK/222 locations max.
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APPENDIX D

FORTRAN IV COMPUTER PROGRAM LISTING
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APPENDIX E - ANALYSIS OF MINE STRUCTURE

A three-dimensional analysis of a typical section of a mine
structure was conducted in order to illustrate the degree of difficulty
of such an investigation. A quarter of a typical room and pillar mine
was identified by a system of finite elements as shown in Figure E.1.
The model is composed of 282 nodal points, 36 eight node elements and
32 sixteen node elements. This resulted in 613 equilibrium equations
with a maximum bandwidth of 199. The total computer time required on
the CDC 6400 was 218 seconds. This represents less than $50 cost at
commerical rates. The preparation of data for this example involved
approximately 2 man-days. Selective results are plotted in Figures

E.2, E.3 and E.4.
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FIGURE E.4 STRESSES IN THE MINE PILAR
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