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ABSTRACT

The Khuri series for the partigl-wave amplitude.has-been modified
in such a wa& as to explicitly single out the Born term. In dériviﬁg this
modified series it is shown fhat one needs weaker asymptotic conditions on
the-partial-wéve amplitude than those used by Khuri. The convergence of
- these series has been investigated for the case Qf a single Yukawa potential.

It is found that the modified series converges considerably faster than the

Khuri series.
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I. INTRODUCTION

It has been shown by Regge that for a superpos1t10n of Yukawa poten-

tials of the form

v(r) = dp o 1)

58
1

1

the partial-wave amplitude is meromorphic in the rightéhabf A-plane and has

the asymptotic form

-

o -NE : _
Ay, s)~C(s)e T //N, Bea>0, |[A]|->o , (2)
| A .

where A= +3%, s is the energy, and £, = cosh-l(l + g%—) , m Deing
the lower limit of the integral in Eq. (1) . From this, using the |

Sommerfeld-watéon transformation,.Regge obtained, for ‘the scattering amplitude,
the representation |

-. i ' 3 N 28 (s)\ B, %(.-z)
f(s, z) =-i f quP'l_(z)_ﬁ-L—+n Z : )

2 -5 cos TA = cos T xn
) . B (3)

where ﬁBn are the”residues‘bfvthé poles "A(N, s) at A = xn =a + % .
Using the above results and considering tﬁe subelass of potentials (l) for
which the amplitude is also meromorphic in the left-half A plane, with the

additional assumption
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N, | . |
A(n, s)~Cl(s)e T /YN , ReA<O,|x|— o, (4)

Khuri2 has found thé‘following expaﬁsion for the partial-wave amplitude:

: 4 _,_e-(.&-.an)gl. . |
AL, s) = . Bn(s) 4 -5 — ., Vith ¢ an integer . (5)
all poles o n '

In the remainder of this section we examine<cer£ain aspects of Eq. (5) . In
Section IT we modify this formula, starting from weaker asymptotic conditions
~on A(N, s) . Finally, in Sec. III, we examine the rate of convergence of

Eq. (5) és well as tﬁe modified expansion of Sec. II for the case of a .single

-~

Yukawa potential.
Now for the sake of simplicity let usuconsider'Eq. (5) for a single

Yukawa potential,
, 5 e'fnlr : ' .
v(r) = -¢g : (6)

r

The ideas can be easily generalized if the potential is of the form of Eq. (1)

and behaves as near the origin. It is well known5 that as

L
T
n n beéing a positive integer, which is the asymptotic

S = @ Q > .-
2 n 2

sélution of the Coulomb potential case. Furthermore, as s > @ one needs
‘to consider only the:.behavior of the potential near the origin, so that the
values of the residueslas well as the poles for pofential (6) approach that
of the Coulomb case for sufficiently large ss . The residues of the partial-

wave amplitude in the' case of the Coulomb potential..V = - g/r are

l n g . -
B (s) = (-1)/(n - 1) S o8 (7
o 21Vs I'(-n + 1 +_$:%) ' s> o 2s i )

so that asymptotically the residues for potential. (6) are

B.(s) —5 = . (8)
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..K. P

By Assuming that for s - co. the series (5)~réduces'to the Born term
2

AL, s)'.=.' = Q&(1+Z—%~) L _ | (9)

Khuri2 was able to find the correct asymptotic behavior -of the residues
[Eq. - (8)]. Thus the series (5) does indeed converge to the Born ‘term at

high energies. For practical purposes, however, the series (5) is not

suibable at high enérgies'because_ih that,case:it reduces to

Exp [- (¢ + n),mlﬁﬁs ]

L + 14

. .g— -
M s £ ) ’ (20)

n=1
and the convergen;e is very slow. _Khﬁri has sugéestéd that, in contrastbto
the high-enefgy behavior K8), at intermediate energies the residues Bn(s)
may decrease for poles further to the left in the A plane, improving -the
rate of convergence, Our numerical solution of the residues, futilizZed in testing

the convérgencendf cthéhseriegp shows that this is not the case, and at any

- givén energy. the different residues are génerally of the same. order of mag-

nitude. Aside from this difficulty, it seems plausible that, for large | A |,

A(N, s) should apﬁroach the Born approximation, which .for negative A will

be dominated:by the largeét masses in the exponential. -So, for a superposition

of Yukawa potentials the asymptotic condition (L), which emphasizes the longest-
rather than the shortest-range component, seems to be toosstrong an assumption.

These arguments suggest the need for a modificationgofithe Khuri series in

- such a way as to single out the Born term and also deemphasize the contributihon

of the pole terms further out in the left half A plane. In the next section

we give a derivation of such a modified formuta.
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IT= MODIFICATION OF THE KHURI SERIES
In this section it is assumed that the reader is familiar with Khuri's

paper. TFor the sake of simplicity we consider a potential of the form
~m,Tr

ok g o b
V‘(_r) = - Z ——— , for m ,>m . (11)
i=1 : .
Instead of assumptions (2) and (4), we make the weaker assumption that
k N . 2'. o o
A, s) - 2 4 1+ o) s o(s) e ™ R, (12)
» S, 5s WL 5s T | s
i=1 :
U | | |
where ¢ = cosh. (1 + 5;) , m being arbitrary for the moment. Starting
with Eq. (5) and adding and subtracting the Born term, we .obtain
i K 2
- i f P-1(-2) g g
f(S) Z) = 2_8_ A AN cos 7 N Z gi Q?\.-% (]_ + 2--—S )
~-ioo i=1 -
k , 2
5]

ioo ' l(“Z) i
- _2_ - —_
* f MaAM s w Iy [AO\" s) Z QSIQ’)\.-% (1 + 2
1=1

-100 ) :
N 26 B le)

R n
+ Ir * ’ = '.-.
E: cos 7t A
. ‘n

n=1

(13)

For the first. integral in Eq,‘(lB) we close the contour to the right

‘and immediately obtain . | o
k.

f(s,‘z)— Z Z (2£+1)P(z)% Q (1+—)
' i=1, i

1—1 =0
S | (1) -

where t = - 2s(1 - z) For‘the'fémaiﬁing part of Eq,'(l5),

&
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i 'k ' 2
N . )\ (-Z) i g . - gi T mi
« fpls; 2) = - I A ) - ) a4 a0t 5
‘ -ioo . i=l

v B W28 A, P (-z)'

o Z ) 2 (15)

. 2 CO8 TN

we fBllow. the same procedure as Khuri. Equation (l5)‘jcari'~b'e,written as

00

S ;_“"ioo ' . 8; | .- i J( M hxidx
_ =1 AL s) - N iy L i e sin hxid
s - [ o os ) Fege ) Ceme

=100 . i=1
2 .k

W— f ° [A()\’ S> ) ZQS 1( " 2s ] _‘[ ?;Oshx - Z)3/2

N 2(3_n" xn B _%(-z) j

. , \, '
+ @ - v (16)
Z cos 7. )\‘n

' n=1

For the first term on the right-hand side, we .close the conddur to the left in
the A\ plané, &nd. in addition to the pole terms of A(N, s) we pick up the poles
of the. Q’-funcﬁi'oﬁs'.' .For the second term we.close the contour to the right in

the N plane, and Wéjlpick up only -the poles of A(\, s) . The fesult’ is

o oo %.nx' ko, o S
- 1 " sin hx dx 1 Ci .
s 3o Jiems afa b
oSy 3/2 : 2s /[ n =1 2s
] Ve left poles (COSh x= z) o 2 n=1
v . soemlneB)x L e AX
X f e sin hx dx 1 Z B j e sin hx dx
' \3/2 L/ n. . \3/2
. E (cosh.x - 'z) V2 rlgh‘c poles Yo (cosh x < z)
. N . Px (-z) ' o . -
PR Z 28, M - . (17)
e T 0 T cos RN : : :
n=1 n

The partial-wave amplitude is given by
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A, s) = _[}(s, z) P, (z) dz ," ,  with -4 w%n integer,  (18)
. . - -l . C ‘ ) '
where (s, z) = £ (s, z) + f (s, z) From (18), (17), and (14) we obtain -

a(l - o )E:,

: - " ) k 2
MBn.e‘ g8 m
AL, s) = ' + Z 55 QL-(]' + ;2—8)
. . all poles to- cod=l . ) ,
& e 2 m;2 -(L+n)t .
- z: = E: Po(1 =) & . . (19)
A s . n-1 - 2s /. 4L +n . .
oci=l o p=l ' ,

Now. let us consider Eq. (19) for the case.of a single Yukawa potential

V(r) = -g- é-ml /r .

e L
' B e n @ m, -(¢ + n)t
‘n ] e
o 9 - Z__ o B Y a0
all poles -, n '_ _ n=1 :
A .Nwl. mf2 ; o |
- R :
+ 2s QL(l + 25) : ‘ (20)

. For £ = gl I’ the last two terms- exactly cancel, so that, mathematlcallg
.. series (20) is identical with Khuri's series if £ = ¢, = cosh” (l + ———)
In:deriving Eq.‘(go), hgwever, WeAhave uged.a.Weaker-ggsumption.than the one
g used in Khuri’s'papgr. Two immediate:advantages of Eq.,(QO),over the Khuri
‘1§eries_are'immediatélygapparent;_‘At,High*gnergiesifhe-first.twc terms . ofi-the
right-hand.side:canéél,Néhd we simpiy»sﬁtéinrﬁhe Born -term, Also.at large
values of L the two summatlons are small, and the Born term: stands out as
it should. | ” | a |
There .is a oﬁe-to-oné corresééhdenceAbetween:the-terms in the: two

summations, and in;@ractice the first N ;terms-éf each .summation are used.

By'considering the first N .terms: we obtain the approximate. expression

L]
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- N -( -a )g N 2 (£+n)
. . =(4+n)¢E
- ~ e l e L
AL, 5) = Z N /L-Of ZPn-l 25) 4 +n
n=1. .. n . : n=l- . T
m 2
£ L
+ 2s Qz(l:+ 2s ) ' (21)

2o .o Here we make the conjecture that5 in m. (12), m? =~Mm12 .. For
Re k > 0, this seems to be corréct, because once the Born term is taken out

of f( 4) , the dispersion intégra16 in t stérts at t = hmle..l The

asymptotic behavior of A(N, 8) for Re A< O ,.l Av| = 0o 1is not knowj and

-Eq. (12)‘Withn m%=hm12 is the weakést asymptotic behavior that we can afford

and still be correct in the right-half A plane. Tt is seen from the numerical
calculations given at the end of this paper that for a single Yukawa potential

we obtain a prapidly convergent series, which supports the above conjecture.

v 2
_Here‘we would also like to remark that M = Ly 2_ correctly implies that the

1.

- left-hand cut in s for A(L, s) in the region .7m12‘< s < ‘mfiu is

entirely due to the Born term.

Finally, in the case of potential (1), Eq. (19) shofild be generalized

to . -('&-a el - }
‘ B e ' 2
: 1
AL, 8) = Z — _,a' - - 3s f du Q, (1 + gg )
all poles | : l .
e o) »
1. 2 -(t4n)e
i 23 € o
+ G(H . > (l + ) ——
2s 2s
v nel £_+'n
!
: 1 hmlg :
where & = cosh (1 + s ) . (22)

IIT. NUMERICAL CALCULATIONS

In this section we shall present the results of our numerical calcu-

lations applied to series (5) as well as to series (21). For our purposes it
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is mor'e‘.conv:enien"t‘: ‘_dp work Wiﬁh the S matrix rather than with ‘the-amplitude.

Series (5) for the S matrix, taking the first N terms, is

N (2 )e)
Sty 8) =1+ ) B Efpe— (5%)
n=1 ' -1

and instead of (21) we have

: . STy ‘-(3?}'-05 )§ N . N R

B e n’> . m -(Z+m)e
o1 .. ! . . 1g . : .1y e ]
.S(t,ng) =1+ % Bt L E ‘R (1 +'23 ) =

n=1 n - n=1

.2 v .
+{;—;5 QL('I'%"‘% Y, éince 8(¢, ) =1+214s A s).”
s, .. - 4 .

“In Eg. (5%)"and (21') Bn(s) j.are now the residues of the partial-wave
S matrix rather than the partial-wave amplitude.

“In Figs. 11-36,.a piot of the real aridf'imaginary parts ‘of the.‘ S matrlx '
vs the numbéf of terms in the expansion for the Khuri series as well as fof‘dur
series (21) for both m = m, and = @12 . .is given. .Thé horizontal lines
correspond to the ‘actual values bf‘thé S matrix. The Regge pa'r‘arﬁétefs used
-in the series as well as the ac:\ft:ual S-matrix 'vaiue_s have been calculated by
; numerical integration of the Schrédinger equation.

The fact that for g=5 the‘a;greement is not quite a--shgo-c;d‘, as for
g=1.8 may be due to sma.."ll" e;ro:s in the re_§i<'iue's.: For strongAer potenfials
our numérical caléulatio'n of 'g}-le résidue,;s: 1s les;s. ~;accurate. And for g=5 it
turns out that, in some cases, only asfew pe.rcent_ error in the residues 1intro-

duces a considerable error in the values of the real or imaginary parts of the

S-matrix calculated frorr_l the series.
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FIGURE CAPTION

Figs. 1 through 36.. ‘Reali-and imaginary parts of

S vs the number of terms in the expansion.-
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o Eq. (21') with m =1,
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This report was prepared as an account of Government
sponsored work. Neither the United States, nor the Com-

mission, nor any person acting on behalf of the Commission:

A.

Makes any warranty or representation, expressed or
implied, with respect to the accuracy, completeness,
or usefulness of the information contained in this
report, or that the use of any information, appa-
ratus, method, or process disclosed in this report
may not infringe privately owned rights; or

Assumes any liabilities with respect to the use of,
or for damages resulting from the use of any infor-
mation, apparatus, method, or process disclosed in

this report.

As used in the above, "person acting on behalf of the
Commission" includes any employee or contractor of the Com-
mission, or employee of such contractor, to the extent that
such employee or contractor of the Commission, or employee
of such contractor prepares, disseminates, or provides access
to, any information pursuant to his employment or contract
with the Commission, or his employment with such contractor.
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