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ABSTRACT 
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The Khuri series for the parti~l-wave amplitude has been modified 

in such a way as to explicitly single out the Born term. In deriving this 

modified series it is shown that one needs weaker asymptotic conditions on 

the partial-wave amplitude than those used by Khuri. The convergence of 

these series has been investigated for the case of a single Yukawa potential. 

It is found that the modified series ·converges considerably faster than the 

Khuri series. 
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·It has been shown by Regge1 that for a superposition of Yukawa poten-

tials of the form 

· V(r) · = 

.. 
-1-LI' e 
r 

(l) 

the partial-wave amplitude is meromorphic in the right-hal:f. A.-plane and has 

the asymptotic form 

-A.~l 
A (A., s ) "' C ( s ) e j-...,rr: , Re A. > 0 , I A. I -+ co ' 

(2) 

where A. .= t + ~ , s is the energy, and 

2 

-l( ~ ) ~l = cosh l + 2'8 , ~ being. 

the lower limit· of the integral in Eq. (l) • From this, using the 

Sommerfeld-Watson transformation, Regge obtained, for the scattering amplitude, 

the representation 

f(s, z) =-i j 
-ico 

A. dA. p'\ 1. ( -z) A(A., s.) + rr 
,-.- 2 · · · cos rrA. 

N 2~ (s)A. P'\ l.(~i) 

L n n ''" -2 . , n . 
' cos 1( A. 

n (3) n=l 

where .\~n ar
1
e the .residues ·of the poles · A(A., s) at A.=A. =a+~ n n 

Using the above results and considering the subclass of potentials (l) for 

which the amplitude is al.so meromorphic iri the left-half A. plane, with the 

additional assumption 
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-Ml 
A(r.., s) "'G~·(s) e /1,1}:: ' 

(4) 

~uri2 has found the.following expansion for the partial-wave amplitude: 

A(t, s) t3 (~) 
n .. = 

all poles 

-(t-.an)~l 
e . 

t - a: n 
. , with t an integer . '(5) 

In the remainder of this section we examine certain aspects of E~. (5) • In 

Section II we modify this formula, starting from weaker asymptotic conditions 

on A(r.., s) • Finally, in Sec. III, we examine the rate of convergence of 
' ' ' 

E~. (5) as well as the modified expansion of Sec. II for the case of a .single 

Yukawa potential. 

Now for the sake of simplicity let us. consider E~. (5) for a single 

Yukawa potential, 

V(r) = 

-m r 
" e .. 1 

- g 
r 

(6) 

The ideas can be easily generalized if the potential is of the form of E~. (1) 

and behaves as l - near the origin. 
r 

It is well known3 that as 

s ~ oo , a: ~-- n, n being a positive integer, which is the asymptotic 
n 

solution of the Coulomb potential case. Furthermore, as .s ~ ro one heeds 

to consider only. the :behavior, of the potential near the origin, so that the 

values of the residues as well as the poles for potential (6) approach that 

of the Coulomb case for sufficiently large ;:;s . The residues of the partial-

wave amplitude in the·· case of the Coulomb potential . V = - g/r 

1 (-l)n/(n 1) !·( -
t3 (s) = . , 

·n ·i-v;- r(-n 
~- s ~ 00 2 + l + "Vs) 

,.. '·· 

so that asymptotically the .residues for pqtential (6) are 

t3 (s) 
n 

_g_ 
2s 

.£.. 
2s 

4 are 

, . (7) 

(8) 

... 

Q 
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By Assuming that for s ~ co·· the series (5}' r~duces ·to the Born term 

2 

A( t, s) = .!; Qt (1 + ~ ) ., (9} 

Khuri
2 

was able to find the_correct asymptotic behavior of the residues 

[Eq_. _(8)]. Thus the series (5) does indeed converge to the Born term at 

high energies. For practical purposes, however, the series (5) is not 

suitable at high energies because in that case it reduces to 

co 

A( t s) · lL 
' s ~ co=;;. ·2s z . ' (10) 

n=l t + ii 

and the convergence is very slow. Khuri has suggested that; in contrast to 

the high-energy behavior .(8 ), at intermediate energies the residues f3 ( s) 
n 

may decrease for poles further to the left in the ~ plane, improving ·the 

rate of convergence. Our numerical solution of the residues, L1iti1:i:i.e'd··-in~ testing 

tne·'_c'on¥ergem:ce'Pdfc the~~'-se:rtes•;;:;: shows that this is not the case, and at any 

I 

given energy_ the different residues are gl§}nerally_ of the same order of mag-

nitude. Aside from this difficulty, it seems plausible that, for large I ~ I , 
A(~, s) should approach the Born approximation, which for negative ~ will 

be dominated~:py the largest masses in the exponential. . So, for a superposition 

of Yukawa potentials the asymptotic condition (4), which emphasizes the longest-

rather than the shortest-range· component, seems to be toor:;strong an assumption. 

These arguments suggest _the need for a modification.of the Khuri series in 

such a way as to single out the Born term and also deemphasize the contributruon 

of the pole terms further out in the left half ~ plane. In the next section 

we give a derivati9n of such a modified for~a. 
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II= MODIFICATION OF THE KHURI SERIES 
·. 

In this section it is assumed that the reader is familiar with Khuri's 

paper. For the sake of simplicity we consider a potenti~l di5 the form . 

'k . -m.r-
-~ 

I gi e 
V(r) = ' 

for mi+l >.mi (11) 
r 

i=l 

Instead of assumptions (2) and (4), we make the weaker assumption that 

k 2• 
\ ~ m. 

A(A., s) L 2s ~-! (1 + 2~ ) C (s) e -A.S /1fT.. ., (12) 

i=l 

_where -ic m2) 
~ = cosh . 1 + 2s , m being arbitrary for the moment. Starting 

with Eq. (3) and adding and subtracting the Born term, we obtain 

f(s, z) = 

- i 

-i 
2s 

ioo 

J 
-ioo 

ioo 

J 
-ioo 

pr..-t(-z) 
A. dA. cos n:·A. 

N 

+ 1l L 
n=l 

k 

I: 
.i=l 

[ A(A., s) 

2 m. 
g. Q" l (1 + 2. ~ ) 
-~ /1.-2 s 

k 

[ 
g .. 
2 ~ '\ l (1 s -2 

i=l 

2~ (s) P 1(-z) A. 
. -· n :..: A. - 2 n , n 

cos ill A. ·n 

2 

+ 2..) m. ] 
2s 

(13) 

For the firstintegral in Eq. (13) we close the contour·to the right 

and imme~iately obtain 

k 00 2 k. 

~ ~ 
g. m. 

L 
g. 

~ + 2-) ~ 

. ~1 (s, _z) ,=. (2t + 1) Pt(z) Q.' (1 = 2 2s t 2s _,.,. .• m. i=l .e,;o i=l. ~ 

(14) 

where t 2s(l z) For the 
.. -... part of Eq.' (13), = - - . remaJ.nJ.ng 

' t 
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. p'\ 1.(-z) 
A. dA. . '"-2· 

cos 1r A. 

.1-: 

N 

+ 1r I 
n=l 

k 

[A(X, . I s) -
i=l 

. cos 1r A. 
n 

·UCRL-10929 

.2 
g . . m. ] ' J. -~ 1.:(1' + 2 J. ) 
2s -2 s 

J (15) 

. we . f5llow- the same procedure as Khuri. Equation (15) cart be. written as 

.. 
.·.•.' J.CO 
.. i' J [A(X, f;·(s, z) dA. = 

11:(2)3/2 
-ico 

ico 
i J .dA [A(~, 

-J.CO .. 

s) -

. . . . ... 
N 

+ 

k 
g, m.2 J] A.x 

I sin hx~~dx 
s) - 2~ ~-~(l + ~s) 

e 

.(cosh x - z()3/ 2 
i=l 

k 
\gi 
L2s ~-~(l 
i=l 

2f3 .·A. P'\ 1.( -z) 
n . n '" - 2 .n 

cos 1r A. n 

s 

e"Ax sin hx dx 

(g.Qsh x - z )3/ 2 

(16) 

For·the first term on the right-hand.side, we close-the conibour to the left in 

the A. plane:; i:i:nd iii addition to the pole 'terms of A(A., s) we pick up the poles 

of the. Q · .. functions·~ . For the second. term we close the contour ·to the right in 

the X·plari.e, andw~ pick up only-the poles of A(A., s) The result is 

f2{f:?, 

X 

I 1 
.z) P3: = -.-

i2 .n 
left poles 

' 

f
co .! ·• (n-~ )x ·_ .. 

e sin hx dx 

s (cosh x .- z)3/
2 

N 

.. 
ClO) ')... X . k co 

J 
n sin .hx dx 1 ~ gi e· I: p -]~·(1 

(cosh X·- z )3/ 2 --{2 ·. ·.2s n-
J.=l n=l s 

1 --
\{2 

s 'L, ~n f 
right poles -co 

f:...x 
e .n sin hx dx 

. (cosh x .~ z)3/ 2 

p . !( -z) . 

2 
m. 

+ 2._) 
2s 

+ 1r . .. L . 213n A.n 

A. -2 ' n· (17) 

n=l 

The partial-wave amplitude is given by 

cos •1( A. 
.n 
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1 

s ) ~ ~ Jr ( s, z ) P t ( z ) dz 
. -1 
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' 
. with .. t an integer, 

where f~(s, z) = :t:
1 

(-s, z) + f
2

,(s,_ z·:). From (18):, (17), and (14) we .obtain 

A(t, s) = 

. all poles .. 

k 

.I: 
gi 

2s 
·i=l· 

· ·.- (.t - a )~ · . . . n 
P. e , 
~-'n .. 

00 

t - a :n 

k 

+ I 
i=:l 

2 m. 

.. I p 
n-1 

(1 + .2:.....) 
· · 2s 

n=l. 

2 
gi m. 

2s 
Q (1 + ..2...) 

t 2s 

- (t+n)~ e- (19) 
t + n 

Now. let .us consider Eq_. (19) for·the case.of a single Yukawa potential 
. -l!llr 

V(r.) =.-g. e~. :. /r :. 

L 
. :(t-a J~ . 

(X) 2 
13n 

.n . -(t +nH e 
[ ~ A(t, s) ~ e 

= pn-1 (l + . 2s) t. - a ·2s t + n 
all poles n 

n~l 

m 2 
g ( ·1· ) 

+ . 2s Qt 1 + 2s (20) 

. . } .. _ ... · .. 

For ,. ~ = ~l.'·_the la~t,two termsexac~ly_can~el, so that, mathematicall~, 

-1 ml 
(20) is ident;i_cal. with .Khuri 's series if ~ = ~l = cosh . (1 + 2s ) . series 

In deriving Eq_. (20), however, we hav~ used .a weaker a·ssumption than the one 
. ·. ,. - - . : . : . . .. ·. 

; used in Khuri 1 s · pap~r. Two immedia4e :advantages. of Eq_ •. (20), over the Khuri 

-·s_eries are immediately_ apparent: At .high -energies :the first .two terms. ot1 the 

right-hand . side : can~~l, and we simply obtain ·the BOrn term. · AlSO: at large 

values of t the· two summations are small,_ and the Born term:.:stands out as 
l 

·it should. '· 

There .is a one-to-one correspondence .between. ·the terms in .the two 

s~tions, and in:. •practice the first N .terms· of each summation are used. 

By considering the first N .terms• we obtain the:approximate expression 

il 



N 

A(t, s) ~ E 
n=l. 

-(t-a )s 
e n. 

t3n t - a; 
.n 

+ 

-7-

~ 
2s 

N 

I: 
n=l· 

2 m .. . 1 , .. 
p l(l + -2 ) n- s 

UCRL-10929 

-(t+n)S e . . .. 
. t + n 

(21) 

,., Here we make the conjecture that5 in EXt. (12), 
2 2 

m = 4m . . 1 
For 

Re ~ > 0 , this seems to be correct, because once the Born term is taken out 

of f(s, t) , the dispersion integral
6 

in. t 
2 

starts at t = 4m1 . . The 

asymptotic behavior of A(~, s) for Re ~ < 0 , I ~· I ~ ro is not knovii, and 

Eq. (12) with m
2
= ~1

2 
is the weakest asymptotic behavior that we can afford 

and still be correct in the right-half ~plane. It is seen from the numerical 

calculat~ons giv~n at the end of this paper that for a single Yukawa potential 

we obtain a :napidly convergent series, which supports the above conjecture. 

~ 2 
Here we would also. like to remark that m:. · = 4m correctly implies that the 

1 

left-band cut in s for A(t, s) in the region is 

entirely due to the Born term. 

Finally, in tbe case of potential (1), Eq. (19) sho~d be generalized 

to -(t-o: )s (X) 

L t3n 
. n 

J 2 e 
1 

A(t, s) = a (1-l) dl-l Qt (1 +!::.... 
t -·a 2s 2s 

all poles n 
ml 

(X) 

J 
(X) 

2 -(t+n)S 1 I +- cr:( 1-l) ·ti-l p 1 (l + ~ ) 
e 

J 2s n- s t + n 
ml n=l 

2 
-1 4ml 

(22) where ~ = cosh (1 + 28") 

III. NUMERICAL CALCULATIONS 

In this section we shall present the results of our numerical calcu-

lations applied to series (5) as well as to ser-ies (21). For our purposes it 
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is more convenient to work with the S matrix rather than with the-~mplitude. 

Series (5) for the S matrix, 

N 

s(t, s) = 1 + L 
n=l 

and instead of (21) we have 

taking the.first 

.-(t-a~)s1 
t' e 
.n t -·a 

.. n 

N 

:S(t, q) =.l +· E 
-(t:..a )s 

P. e n . r::n i g 

n=l 
:t -a 

n 

. 2 m 

rs 

N .terms, is 

'· (5 I) 

N 

I 
.n=l 

+ .!.....g; Q ·(·l '+ ·-~ )'. v;: .t 2s 
... :: 

; . since s(t, s) = l + 2 i "{S A{t; s).· · 

. (21'') 

t' (s) 
n 

are now the residues of the partial-wave 

s matrix rather tOO:n the· partial-wave amplitude. 

In ·Figs~ i.::.:. 36,.·. ~~ plot of the reai and· imaginary parts ·of the S nia:ttix 

vs the number of terms in the expansion for the Khuri series as well as for our 

series (21) for both m = m1 and m
2 

= 4m1
2 

is given. The horizontal lines 

correspond to:· the 'actual values ·of the s· matrix •. The Regge parameters used 

I . . 
. in the series as well as the actual S-matrix values ~ve been calculated by 

numerical integration· ·of the Schrodinger eq~tion. 

The fact that for g=S the agreement is not quite as good as for 

g= 1. 8 may 'be due to. sma11 errors in t~e re?idues .. For stronger potentials 
' ; 

our numerical calculation of !he residues: is les.s ·-accurate. And for g=5 it 

turns out that, in some cases, only a.few percent error in the residues intra-
... 

duces a considerable error in the values of the real or imaginary parts of the 

S-matrix calculated from the series. 

: . ~ ..... 

; .: 

.. 

'• 
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FIGURE CAPTION 
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This report was prepared as an account of Government 
sponsored work. Neither the United States, nor the Co~~ 
m1ss1on, nor any person acting on behalf of the Commission: 

A. Makes any warranty or representation, expressed or 
implied, with respect to the accuracy, completeness, 
or usefulness of the information contained in this 
report, or that the use of any information, appa­
ratus, method, or process disclosed in this report 
may not infringe privately owned rights; or 

B. Assumes any liabilities with respect to the use of, 
or for damages resulting from the use of any infor­
mation, apparatus, method, or process disclosed in 
this report. 

As used in the above, "person acting on behalf of the 
Commission" includes any employee or contractor of the Com­
mission, or employee of such contractor, to the extent that 
such employee or contractor of the Commission, or employee 

of such contractor prepares, disseminates, or provides access 
to, any information pursuant to his employment or contract 
with the Commission, or his employment with such contractor. 
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