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Abstract

Information, Diversification, and Cost of Capital

We investigate the effects of information and diversification on cost of capital
in a noisy rational expectations model. Assuming a factor structure for risky
asset payoffs and two classes of investors, informed and uninformed, we show
that in large economies the APT (Ross, 1976) holds and i) information from
private signals about idiosyncratic shocks has no effect on cost of capital
and ii) information from private signals about systematic factors affects cost
of capital only through factor risk premiums; there is no effect on factor
loadings. These results imply that there are no cross-sectional effects of

information on cost of capital within large economies.



1 Introduction

This paper considers the cost of capital effects of information in a noisy rational
expectations model in which risky asset payoffs obey a factor structure. Informa-
tion takes the form of private signals with components related to systematic factors
as well as idiosyncratic shocks underlying those payoffs. At issue is the interplay
between information and diversification. We derive the following results in the
limiting case where the number of risky assets goes to infinity: the APT (Ross,
1976) holds and i) information about idiosyncratic shocks has no effect on cost of
capital and ii) information about systematic factors reduces cost of capital only
through factor risk premiums; it has no effect on factor loadings (betas). These
results imply that there are no cross-sectional effects of private information in large

economies.

The information structure allows for asymmetry between informed investors
who receive private signals and uninformed investors who can only draw inferences
from asset prices. Exploiting this structure in the limiting case, we further show
that greater information asymmetry on systematic factors as measured by a smaller
proportion of informed to uninformed investors implies higher factor risk premiums.
Interestingly, the APT holds in this case notwithstanding that the information

structure encompasses heterogeneous beliefs.

These results are intuitive. Information on idiosyncratic shocks changes expec-
tations of future risky asset payoffs, but in the presence of full diversification does
not affect expected returns on those assets. While information on idiosyncratic
shocks resolves uncertainty on such factors, thereby diminishing risk, this does not
matter given the risk is not priced. Information on systematic factors does affect

expected returns by resolving uncertainty about risks that are priced even with full



diversification. As the economy expands, the information about systematic factors
conveyed by a private signal pertaining to a particular risky asset becomes suffi-
ciently small such that it has no effect on betas in the limit, yet in the aggregate

the information reduces the factor risk premiums.

Allowing for asymmetry of information on systematic factors implies resolu-
tion of uncertainty through both private signals received by informed investors
and inferences drawn by uninformed investors through partially revealing equilib-
rium prices. More informed investors imply greater resolution of systematic factor

uncertainty and, therefore, a lower factor risk premium.

The absence of a cross-sectional prediction regarding information, including
asymmetric information, and cost of capital is important because it calls into
question the interpretation of recent empirical studies’ findings of cost of capital
effects of cross sectional variations in proxies thought to capture the informa-
tion environments of different firms (e.g., Botosan, 1997; Botosan and Plumlee,
2002; Botosan, Plumlee, and Xie, 2004; Healy, Hutton, and Palepu, 1999; Francis,
LaFond, Olsson, and Schipper, 2002; and Easley, Hvidkjaer, and O’Hara, 2002).
Although lacking theoretical underpinning, one possible explanation for these find-
ings is that investors are under-diversified. Another possible explanation is that
differences in information environments have direct effects on asset payoffs, not

just on inferences.’

While our principal results pertain to the case of imperfect information about
systematic factors in the sense of finite aggregate posterior precision, other cases
yield intuitively complementary results. At one extreme, if private signals are sim-

ply risky asset payoffs plus noise (e.g., Admati, 1985), then in the limit as the

!Aboody, Hughes, and Liu, 2004, consider these potential explanations in their empirical

study of the cost of capital effects of asymmetric information.



economy expands the factor becomes perfectly revealed through aggregation im-
plying factor risk premiums equal to zero. Thus, although factor loadings in asset
risk premiums (betas) are affected by information in this case, there is no cross-
sectional prediction with respect to cost of capital. At the other extreme, if private
signals are uninformative about systematic factors (e.g., Easley and O’Hara, 2004),
then there is no resolution of uncertainty about those factors and neither betas nor

factor risk premiums are affected, again, implying no cross-sectional prediction.

An aspect of the information structure that we impose is the presence of a com-
ponent related to systematic factors in private signals at the firm level. Consistent
with this information structure, Seyhun (1992) and Lakonishok and Lee (2001)
provide evidence that corporate insiders are able to time the market. This is not
surprising given that firm level financial data typically includes measures such as
revenues, earnings, and cash flows that are affected by systematic factors as well
as idiosyncratic shocks; evidence dates back to Ball and Brown (1968). These
data also include descriptions of business risk factors and management’s discus-
sion and analysis of prospective performance. While it is likely that firm-level
financial data are far more informative of idiosyncratic shocks, even an infinites-
imally small amount of information on systematic factors extracted from private
signals for each firm in large economies, when aggregated, can have a finite effect
on factor risk premiums. The further aspect that many investors become informed
by private signals of many firms captures the notion that professional traders and
financial analysts constitute a large body of sophisticated investors who access

similar financial data.

Our analysis provides a modeling contribution in that we solve for equilibrium
prices and risk premiums explicitly; something infeasible under Admati’s (1985)

diverse information structure. We begin by characterizing an equilibrium for a



finite number of risky assets and demonstrate the effects of information conveyed
by private signals on asset betas and factor risk premiums. In this case, idiosyn-
cratic information affects factor risk and asset betas. Accordingly, firms with the
same betas but different information environments have different costs of capital
implying the presence of cross-sectional effects. These cross-sectional effects dis-
appear when, next, we take the limit as the number of risky assets goes to infinity.
Moreover, having an explicit pricing solution for the limiting case allows us to
examine how changes in signal precision and the proportion of informed investors

affect factor risk premiums.

Another modeling contribution, supported by the empirical findings of Chordia,
Roll, and Subrahmanyam (2000) and Huberman and Hulka (2001) , is the intro-
duction of a systematic component to the random supply of risky asset shares that
commonly serves as the source of noise in rational expectations models. Without
this systematic component or some alternative structure, prices in large economies
will eliminate asymmetry in information by fully revealing private signals. In other
words, when the number of assets and related signals is large, only systematic noise
can prevent information, idiosyncratic or systematic, from being perfectly inferred

from prices by uninformed investors.

Like us, Admati (1985) considers the interplay between information and di-
versification in a noisy rational expectations framework.? Rather than a factor
structure, Admati’s principal analysis assumes asset payoffs are distributed nor-
mally and satisfy a general variance-covariance matrix. Admati (1982) recognizes
the advantages of a factor structure in characterizing a systematic component of
information, but, as previously noted, an explicit solution in the case of diverse

information is difficult to derive due to mathematical complexities.

2Brennan and Cao (1997) employ a similar structure.



Our study is an extension of Easley and O’Hara (2004). They also examine
the effects of asymmetric information on cost of capital in a noisy rational expec-
tations framework with multiple assets very similar to ours. The differences are
that they provide for public as well as private signals®, they assume all informa-
tion pertains to idiosyncratic risk, and they only consider the case in which the
number of assets is finite. Holding the role of public signals in their model aside,
we offer two perspectives on their characterization of risk premiums. First, our
characterization of asset risk premiums in the finite assets case reduces to their
characterization when factor loadings in our model are set equal to zero. Taking
the limit as the number of assets goes to infinity in this case results in no factor risk
premium. Alternatively, one might interpret the assets in Easley and O’Hara as
analogous to the systematic factors in our model. Removing all idiosyncratic risks
and assuming factor independence in our model would then result in equivalent

factor risk premiums.

The rest of the paper is organized as follows: Section 2 studies an economy
with a finite number of risky assets; Section 3 studies the limit of a large economy

as the number of risky assets goes to infinity; and Section 4 concludes the paper.

2 The Finite Economy

In this section, we present a noisy rational expectation model in which the asset

payoffs, signals, and the random supply of the assets all have factor structures. We

3Specifically, Easley and O’Hara (2004) assume that there are a fixed set of signals, some of
which are public and the rest private. Our model does not consider public signals; all signals are
private to informed investors. Accordingly, unlike Easley and O’Hara (2004), our comparative
statics do not encompass the case in finite economies where the proportions of signals that are

public or private are allowed to change.



solve the equilibrium in closed form. We then give some examples.

2.1 The Setup

We assume that there is a risk-free asset, in perfectly elastic supply, with return
Ry. There are N risky assets that have payoff v which is generated by a factor

structure of the form
v =10+ [F +XY%. (1)

The mean of asset payoffs 7 is an N x 1 constant vector, the factor F'is a K x 1
vector of mean normal random variables with covariance matrix >, the factor
loading 3 is an N x K constant matrix, and the idiosyncratic risk € is a vector of

standard normal random variables.

The supply of risky assets, x, is a vector of N x 1 random variables with mean

vector T and covariance matrix ¥, and 7, is a standard normal random variable:
r =7+ B, F, + 3 n,. (2)

The noisiness of the supply is necessary in our setting to prevent prices from fully
revealing the informed investors’ private signal (defined below) and can be inter-
preted as caused by trading for liquidity reasons. The presence of a systematic
component is based on the reasonable view that liquidity trading is influenced by
market-wide forces that may or may not correspond to factors influencing risky
asset payoffs. If we interpret the random supply as due to a liquidity effect, then
our assumption of systematic components in random supply is supported by em-
pirical studies that find there are systematic components of liquidity; for example,
Chordia, Roll, and Subrahmanyam (2000) and Huberman and Hulka (2001). IPO
waves are also suggestive of systematic components. Without a systematic compo-

nent in the random supply, then in the limiting case, as the number of risky assets
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becomes large (implying an infinite number of independent asset specific signals),
prices would still be fully revealing of the informed investors’ private signals. In
other words, noisy supply is necessary but not sufficient to ensure that asymmet-
ric information is not a moot issue in large economies; there also needs to be a
systematic component. We further assume for simplicity that F) is independent
of the factors generating asset payoffs. We will comment on effects of relaxing this

assumption later.

We assume that there are two classes of investors, informed and uninformed,
with each class containing an infinite number of identical agents. The informed
investors all receive private signal s on asset payoffs and the uninformed can only
(imperfectly) infer the signal from market prices. This specification is used by
Grossman and Stiglitz (1980) and Easley and O’Hara (2004). In Admati (1985),
there are infinitely many agents each of whom receives independent signals. It can
be argued that our assumption and Admati’s are two special cases of a general
information structure where investors have both diverse and asymmetric informa-
tion: while we emphasize asymmetry, Admati emphasizes diversity. Technically
speaking, the correlation between the private signals across informed investors is
perfect in our model and zero in Admati’s model. While in our analysis price will
be a function of informed investors’ private information, price is a function of the
actual asset payoffs in Admati’s case when the number of assets is infinite due to

the elimination of signal noise through aggregation of signals across assets.

Noisy rational expectation equilibrium models with many assets having a factor
structure in asset payoffs, but not in the random supply of risky assets, have been
considered in Caballe and Krishnan (1994); Daniel, Hirshleifer,and Subrahmanyam
(2001); Kodres and Pritsker (2002); and Pasquariello (2004).



We assume all investors have mean-variance utility

A
U= m— 5027 (3)

where 11 is the mean portfolio payoff, o2 is the variance of the portfolio payoff, and
A is the investor’s absolute risk aversion coefficient. Each investor faces a budget

constraint:
W1 = WORf + D,(I/ — pr), (4)

where W, is the investor’s initial wealth, W is the investor’s terminal wealth, and
D is a vector containing the numbers of shares invested in risky assets. Given

mean-variance utility, the investors’ portfolio choice problem is

A
maxp E[W|J] — Evar[WﬂJ],
s.t. W1 = WoRf + D/(V - pr)v

where J represents the investor’s information set. The first-order condition implies
optimal demand takes the following form:

* 1 —
DY = Zzyﬁ,E[u — RyplJ). (5)

When asset payoffs do not depend on systematic factors, f = 0, it is easy to
show investors’ demands for securities are increasing in expected asset payoffs and
the precision of information about asset payoffs, and decreasing in relative risk
aversion. In the more general case where asset payoffs do depend on systematic
factors, # # 0, the demand for asset ¢ depends not only on investors’ posterior
precision of beliefs on payoffs for asset 7, but also on their posterior beliefs on
payoffs for other assets. The informed and the uninformed have differential demand

schedules because they condition on different information sets .J.



2.2 The Informed Investors
The informed investors receive private signal s which takes the form
s=v—0—(F+bF+ X2 (6)

The N x 1 constant vector b reflects the relative information content of the signal
with respect to the systematic factors and n is an N x 1 standard normal random
variable. To conform with the interpretation of factor models, we will assume that
F, e, n, and 7, are are jointly normal and independent and the matrices > and

Y. are diagonal.

Our specification of asset payoffs is distinct from an alternative specification
where asset payoffs do not follow a factor structure, but satisfy a general variance-
covariance matrix (e.g., Admati, (1985)). Though a factor structure such as (1)
implies a specific variance-covariance matrix, a general variance-covariance matrix
does not imply a corresponding factor structure. Admati (1985) entertains such
constructions and concludes that a factor structure is a natural way to capture
the idea that asset payoffs have both systematic and idiosyncratic components
upon which private signals may be obtained. However, mathematical complexities

prevented her from achieving an explicit solution.

The signal s for each risky asset specified in equation (6) is a linear combination
of information about the systematic components of the asset’s payoff, information
about the idiosyncratic component of that payoff, and noise. The signal s can
also be interpreted as a combination of two signals: a signal about the idiosyn-
cratic component of asset payoffs, s; = %'/2¢ + (bF + Zi/zn), where bF' + 1 as
a whole can be interpreted as noise; and a signal about the systematic compo-
nents, s, = bF + (32 + £Yp), where (S/2¢ + £2/?p) is interpreted as noise.

The assumption that informed investors receive information not only about the



idiosyncratic component, but also about the systematic components of risky asset
payoffs, although uncommon in the theoretical literature, is intuitive. Informed
investors such as corporate insiders are likely to know more than the general pub-
lic about the firm’s fundamentals such as earnings and cash flows. To the extent
that the fundamentals are generated by a factor structure, the private information
is likely to contain both components. Consistent with this assumption, Seyhun
(1992) and Lakonishok and Lee (2001) show that aggregated trading by corporate

insiders is predictive of future market returns.

Our specification of signals differs from Admati’s (1982). Besides signals in
our model being perfectly correlated across informed investors, the “two signals”
constructively received by informed investors in our model are correlated with co-
variance matrix >y conditional on v and F', whereas the two signals for a given
investor in Admati (1982) are uncorrelated. Assuming the two signals are uncor-
related, as in Admati’s signal specification, changes the expressions, but does not
affect either the structure of the explicit solution or the qualitative results that

follow from that solution?.

To calculate the conditional expectations and covariance matrixes, we need to

derive the joint density function of ¥ and F' conditional on information s.

Remark 1 The moments of the joint distribution of v and F' conditional on signal

S are

Elv|s,F| = 7+ (BF+ ZV‘S,FZgl(s — bF),
E[F|s] = Speb(2+ ) s,
Ser = D+

4For example, we could assume one signal about systematic factors is received by all informed

traders rather assume that signals for each asset include a systematic component.
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Sh, = Zp AV (E+D)7T

¥, = D A4b5pb + 5,
The proof is given in the Appendix. From these moments, it follows that, condi-

tional on signal s, the payoff is of the form
=T+ S pEs s + (B — S r S D) F + 502 pegep, (7)

where, conditional on s and F', €, r is an standard normal random variable. We
note that from the perspective of an informed investor the factor loading on the
systematic factors has become 3, = 3 — X, 25 b, The precision matrix of the

factors has increased from 2}1 to E;‘ls = 2}1 +0(35+ ;).

From equation (7), the expectation of v conditional on s is
Elv|s] = U4 Z,rS; s+ (B —SusrS; 0)Xpb (S + ) s (8)
and the variance of v conditional on s is
Sujs = Bujsr + (B = Bojs p 551 0)Sp1s(8 — Bojsr X '0) (9)

Equations (8) and (9) can be substituted into the demand function to calculate
the investors’ demand D7 for risky assets:

1
Di==%!

A V|S(D+(I)SS_pr)7 (10)

where

Dy =35 rS; + (B — Sy rS; 0)Spb (S + S)

2.3 The Uninformed Investors

The uninformed investors do not observe the signal s, but can imperfectly infer s

from the equilibrium price.

11



We conjecture that the equilibrium prices have the following form:
p=C+ B(s— Az — 1)),

where C' is an N x 1 vector and B and A are N x N matrices. We will assume
that B is invertible. Therefore, observing the price p is equivalent to observing 6

which is defined as
0=B'(p—C)=s— Nz —1).
Substituting equations (2) and (6), we can write
0 =v—0— BF+bF + X2 + A3, F, + A\XYn,. (11)

Therefore, we can interpret 6 as another signal which has sensitivity b to the factor

F and "idiosyncratic” shocks with covariance matrix Yy, where
S0 = s + ABeZraB + Sa) X

Note that signal 6 is less informative than signal s, i.e., its conditional variance-
covariance matrix is larger than that of s, i.e., Xy = X +AX, N > 3,. We should re-
mark that A is in general non-diagonal; the “idiosyncratic” shocks »Y 277+)\291/ 27]95,
although independent of F', are not independent of each other.

When systematic factors in the random supply are uncorrelated with systematic
factors in asset payoffs, as we assumed, the signal s is a sufficient statistic for (s, 6)
( 6 is a garbling of s). However, it is plausible that the two systematic factors
are correlated. In this case, the signal s is no longer a sufficient statistic for
(s,0). While the uninformed will continue to condition on only 6, the informed
will now condition on both s and #, a departure from the above analysis in which
the informed only conditioned on s. We assume independence for tractability.

Nonetheless, we are confident that our analysis can be extended to accommodate

12



the case of correlated factors and that our results are robust with respect to the
relaxation of the independence assumption. The crucial aspect for cost of capital to
be affected by asymmetric information is whether the informed investors learn more
about systematic factors that influence asset payoffs than uninformed investors in
equilibrium; this can be modeled with or without the correlation between the two

classes of systematic factors.

To calculate the conditional expectations and covariance matrixes, we need
to derive the moments of the joint density function of v and F conditional on

information 6.

Remark 2 The moments of the joint distribution of v and F conditional on the

signal 6 are

E|0,F] = U+ BF +3,r5, (0 —bF),
E[F|0] = Speb(Z+39) "0,
E;ﬁo,F = X+ Ze_l

Shp = SE V(S 437

S = L+ bXpb + Y.

The proof is given in the Appendix. From these moments, it follows that, condi-

tional on signal 6, the payoff is of the form
v =T+ S0 rSy 0+ (8= Suo.rSy B)F + B¢ peviop, (12)

where €,p,r is a standard normal random variable. We note that from the per-
spective of an uninformed investor the factor loading on the systematic factors has
become (3 + Z,,‘ngZe_lb. The precision matrix of the factors has increased from

SFto g = + V(2 + %) 7M.

13



From equation (12), the expectation of v conditional on 6 is
E[l/‘e] = v+ E,,w,pE;lQ -+ (ﬁ — Zl,w’FE;lb)EF‘gb/(E + 29)719 (13)
and the variance of v conditional on 6 is

o0 = Zuor + (8= Zj,rSg 0)Zr(8 — Sujp,rSy b) (14)

Equations (13) and (14) can be substituted into the demand function to calculate
the uninformed investors’ demand D for risky assets:

1
D} = Zz,jl})(v + ©p0 — Ryp), (15)

where

Dy = Zy‘(;’FE;l + (B — Zl,w,nglb)prb'(Z + %)t

2.4 The Equilibrium

Imposing the market clearing condition that the total demand from the informed
and the uninformed investors equals the supply, we obtain the following equation:

T = EZ_l

P vls ;MZ;'E(? + (13049 — pr),

1
— @ .
(V+ SS pr)+ A

_ -1
where p is the proportion of informed investors. Defining >, = </LZV\S +(1-— ,u)E;é) ,

we derive the following expression for the prices of risky assets:
1

P= R (D +3, (uE;ﬁS@ss + (1= p)S Pl — Ax))

Lo 5 4z L & -1 -1 -1 _
= R_f (v —5,Az) + R—fZV/LEV|s<I>S 5 — <H2V|S®s> Az — )

1 . .
+ R—fzu(l - M)Zy‘gq)ﬁ(s - )\(I o SC)) (16)

14



Comparing the above expression to the conjectured form of the price p, it must be

true that

A= (X o)A (17)

v|s

Note that A is solved in terms of the parameters of the model. The matrices X,
®y, and ¥, are expressed in terms of A\ as well as the parameters of the model;

they are solved once A is solved.

Theorem 1 Given that informed investors receive a private signal, s, that is in-
formative about both idiosyncratic and systematic components of asset payoffs, a
partially revealing noisy rational expectations equilibrium exists, and prices of risky

assets satisfy

1 1 - 1 -
p = R—fﬂ - R—fEl,A:f + R—fEl, (,uZ;éCI)S +(1— M)Z;‘é®9> (s — Mz —z))(18)

This equation confirms the conjectured form of the price
p=C+ B(s — ANz — 1)),
where C' = RLf (v —£,AZ) and B = RLfZ_]V (,uZ;‘iCI)S +(1- M)E;‘éfbo :

The ex ante price, p, is
p= L(ﬂ—AiJV:?:);
Ry
and the ex ante risk premium of assets satisfies
_ -1
v—Rpp=AY,z=A (@;@ + (1 — u)z;‘é) z. (19)

Proof: The price p and the expressions for B and C' are derived by combining
the equations (16) and (17). The ex ante price (i.e., the price before the signal

s is revealed) is obtained by taking the unconditional average of equation (18).

15



The equation for the ex ante risk premium immediately follows. Note that the
posterior precisions E;‘i and E;lé do not depend on realizations of signals s and 6,

respectively.

The first term in the price p is the expected payoff without signals discounted
by the risk-free return. This is the price if investors are risk-neutral (A = 0) and
there are no signals in the economy. The second term is the average discount in
price associated with risk when there are no signals in the economy. The sum of the
first two terms, Rifli — RifiVA:E, is the average price. The third term is associated
with signals and noisy supply. The price of an asset will be higher than its average

if either there is a positive signal (s > 0) or a below-average supply (z < 7).

The ex ante risk premium (referred to as the risk premium) is determined by
the geometric average of the covariance matrices of asset payoffs conditional on s
and 0, ¥, and ¥,j9. That is, the risk premium compensates the average of the
risks conditional on s and . Two properties of the risk premium follow. First, from
equation (9), Xy = Syjsp + (8 — Zpjs,p 285 10)Sps(8 — S5, '0)" and similarly
for 3,9, the average risk includes idiosyncratic risk ¥,; p and ¥,9 . Therefore,
idiosyncratic risks are priced. Second, the average covariance matrix, ¥, depends

on (3 nonlinearly, thus the risk premium depends on ( nonlinearly.

To present more concrete picture of the equilibrium properties, we next provide

some examples.
2.5 Special Cases

2.5.1 No Information: =0

There are only uninformed investors when p = 0. In this case, A — oo, the

inferred signal # is infinitely more noisy than s and thus is not informative at all.

16



It follows immediately that the covariance matrix conditional on 6, ¥4, is the
same as X and the factor covariance matrix conditional on 0, Xy, is the same as
Y. Furthermore, beta conditional on 6 does not change. From Theorem 1, the

risk premium is
D — Ry = S,AT = (2 + [EFﬁ’) AL (20)

The above is the risk premium in an economy with no signals, private or contained
in price, and thus no updating of beliefs, as expected. The first term in the
parentheses is the risk premium for idiosyncratic risk and the second term is the
risk premium for the systematic risk. In this case, the idiosyncratic risk is priced

but g appears linearly in the risk premium.

2.5.2 Symmetric Information: y =1

All investors are informed when © = 1. An application of Theorem 1 implies that

the risk premium in this case is
D — Ryp = 5, AT = (EZ,MF + (B = Dy ST 0) S8 — E,,|S7FE§1b)’> Af.

Similar to the previous case, the idiosyncratic risk is priced. However, the risk
premium depends on the beta conditional on s, 3—X,, Y7 1b. In such an economy;,
an econometrician who observes the return but not the signal will conclude that the
risk premium depends on 3 as well as some firm specific characteristics, ¥,,, g th.
Thus, firms with the same § but different 3,5 #X;'b may have different expected
returns. This economy seems potentially to provide a theory for the empirical

findings of Daniel and Titman (1998).

17



2.5.3 Identically Distributed Risky Asset Payoffs

We now allow for the presence of both informed and uninformed investors and
assume the following: identically distributed risky asset payoffs and related signals:
i.e., the covariance matrices of the payoffs, signals, and the random supply are all
proportional to the identity matrix; the betas of all risky asset payoffs are equal;
and the sensitivities of the signals to the factor (we assume for convenience that
the number of factors is one) are equal. The case of identically distributed risky
asset payoffs allows explicit computations while preserving most of the intuition

applicable to more general cases.

Let 1y« denote the N x M matrix with all elements being 1 and Iy denote
the identity matrix of dimension N. We will abuse the notation and denote:
v = Vlnxi, B = Blyxi, b = \/LNleb B = Belnxi, X = %Iy, B, = 0lly,
Y, =02lN,Xp = O'J%. In this example, we expressed parameters with some scaling
by powers of N for use later in taking the large N limit. For example, in the large

1

N limit, we expect 3 to be independent of N, but that b will go to zero as i

does.

We require various formulae for the identical asset case. The derivation of these

formulae are given in the Appendix as part of the proof of Corollary 1 below.

2

The beta conditional on s is 3 = 3 — —3r5z0, which can be larger or smaller

than (3, depending on the sign of b. The covariance matrices conditional on s are

E1/|s,F = (0'72 +U;2>71[N;
Ypis = (024 NV (0*+02) ) = (02 + K (0*+ o)) =07,
The conditional covariance matrix Y,|, r is the same as the one in the standard

case of no correlation. The covariance matrix of the factor, ¥ p,, conditional on s,

is smaller than the factor covariance matrix without information, O'J%. Keeping b
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fixed, the larger the number of assets, the smaller the conditional factor covariance

matrix. The explicit N dependence is due to the assumption of identical assets.

The covariance matrix of the asset payoff conditional on s, 3, is given by

S = (07240 v+ (B— (07240, 0,20) " Srislvxa Lixw

= Soln + Silyxn,

where

So = (02+0.%)7",
(8- dyatimt)
~ VN o242
Sl = :‘7]205552-

0]72 + (0% 4 02)"1k?

So is the idiosyncratic variance conditional on s and (o072 + (0 + 03)_1152)_1 is
the factor variance conditional on s. Both are smaller than their counterparts
with no information. However, the total systematic risk which is the product of
the beta and factor risk conditional on s, given by S; = (7]%8 2 can be greater than
the total systematic risk without information, given by U?ﬁ% if the 2 > (% For
example, this happens if § = 0 but k£ # 0. In this case, there is no factor risk
in the payoffs and thus the systematic risk is zero without information; the signal
introduces factor risk into the payoffs conditional on the signal if the signal has a

factor component.
One can verify that the matrix ®, is given by

o? It 1
02—1—031\[ VN

(I)S = O'chsﬁsk(O'Q—FO'g)illeN.

The A matrix is given by

1 1
A= Auflq)gleS:N)\oIN-i-\/m/\JNxN,
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where

N = NAu‘'o? =~yuto?
155(0 +U) 1 2/’{:
A= s ” (,2
+ A m

We used the notation v = %. The signal 6 can be written as

0 = s—ANx—1=)

/\0 )\1 )\O )\1 ~
- - x]- F N Vzlx —F—0¢ IL'-[ )
S (N—i_\/—)ﬁ Nx1 <N0-77 +\/N0-77 NXI)

! . . . . .
where 7, = Y= is the sample average of 7,. The covariance matrix of # is given

N
by

1
E6' = UgOIN‘FNUglleNa
where
/\2
0'30 = +m0’§,

o )2 A2 2)\ A
031 = <)\1 + \/—ON) fa:62 ( Ng/;) 02

Note that o3, , the idiosyncratic variance conditional on (6, F), is larger than oy
because of the idiosyncratic random supply term in 6, — Oaznz, and that >y is not
diagonal due to the systematic component in the random supply. The covariance
matrix of the payoff conditional on (0, F') also has systematic terms, %ngl NxN,
due to the systematic component, F}, in the random supply which gives rise to
()\1 + \ﬁ>2 aj%xﬁg , as well as the idiosyncratic component, 7,. The idiosyncratic
component 7, creates a correlation between assets from the variance of 7, = %1’ N

2
(the ’\—A}ag term) and its correlation with 7, (the —2%M02 term).

The covariance matrix of payoffs conditional on (0, F') is

Suor = (07 +050) ([N + ! 3 7% 1N><N) :
N ajy(0? + gy + 05,)
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This covariance matrix is also non-diagonal due to the systematic component in

the random supply. The factor covariance conditional on 6 is

_ k2 -t
Srp = (S5 + V(2 + X9)7'd) - (0;2 + ) = aj%g.

o2+ o3y + o},
Because 02 < 03, the variance of the payoff factor conditional on 6 is larger than

that conditional on s, as expected. The beta conditional on @ is

k o?
=0 —S,prS b= (0— Lyxi.
69 ﬂ |0,F ~p <ﬁ \/N 0_2 + O_go + O_gl) Nx1

We point out that 3y can be smaller or greater than (3, depending on the sign of k.
Furthermore, the absolute magnitude of Gy — 3 is smaller than 5, — 3 because the
uninformed are less confident about the signal than the informed. The covariance

matrix of the asset payoffs conditional on 6 is given by
Yo = Ooln +O1lnn,
where
Oy = (0_2 + 09_02)71 ,

o 2 (3 k o? 2 n 1 olol,
= 0 — — .
T UNGP o o) T N (024 03) (02 + ogy + 7))

Note that the idiosyncratic covariance conditional on 6, ©, is greater than the

idiosyncratic covariance conditional on s, Sy, as expected. However, the systematic
covariance conditional on €, ©;, may be smaller or greater than the systematic
covariance conditional on s, even though the factor risk conditional on @, 0?9, is

always greater than the factor risk conditional on s.
Corollary 1 Given identically distributed risky asset payoffs, the risk premium is
_ _ _ _1y -1
v—Rip = A(uSy'+(1—p)65")
-1 -1
1Sy (Ns—gl + 1) + (1 - p)6y" <N@_(§1 + 1)

X 1+ N — -1
pS;y ! (Ns—gl + 1) + (1 —p)er! <N9(§1 + 1)

EINXL
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The proof is given in the Appendix. As in the two previous cases, idiosyncratic
risks are priced. Furthermore, the average risk premium depends on 3 in a highly

non-linear way.

Figures 1 and 2 plot the risk premium against the fraction of the informed
investors for various numbers of risky assets and variances of the systematic com-
ponent of the random supply, respectively. The risk premium decreases with N
due to the diversification effect. The risk premium is more sensitive to the fraction
of informed investors for a larger number of assets. When the fraction of informed
investors is increased, the risk premium is decreased, implying that more informa-
tion in the sense of more investors receiving the private signal always reduces the
cost of capital. This latter point is not completely obvious. Although the factor
covariance conditional on a signal that is informative about the factor is smaller
than the factor covariance without a signal, the beta conditional on a signal can
be larger than the beta without a signal. Accordingly, the systematic risk condi-
tional on a signal, which is the product of the factor covariance and the beta, can
be greater than its counterpart without a signal. Nevertheless, the risk premium
conditional an informative signal is always smaller than the risk premium without

a signal.

In an economy with a finite number of assets, we conclude that: idiosyncratic
as well as systematic risk is priced; information on idiosyncratic shocks reduces
idiosyncratic risk and hence the risk premium; information can increase or de-
crease beta; the risk premium depends on beta nonlinearly; and information on
the systematic factor reduces systematic risk and hence the risk premium. As we
will show next, in the limit, as the number of assets goes to infinity, only the last

property survives.
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3 The Diversification Limit

In this section we study the effects of asymmetric information on price and the
cost of capital when the economy is large in the sense that the number N of the
risky assets is large; i.e., in the limit as N — oo, which we call the diversification
limit. We consider various scenarios in which information does or does not affect
the cost of capital in the diversification limit. In particular, we will show that only
systematic risk is priced, only information associated with the systematic factor

reduces the risk premium, and beta is unaffected by information in this limit.

In order to address caveats concerning the implications of constant absolute
risk aversion for risk premiums in the diversification limit, we will consider the
case of identically distributed asset payoffs and no information, i.e., 4 = 0. From
equation (20), we get

v — Rpp = (0 + °0}N)Az.
There are two problems with the above risk premium. First, the risk premium
depends on the idiosyncratic volatility o?; in other words, the idiosyncratic risk
is priced. The more serious problem is that the risk premium goes to infinity as
N — oo. Given that investors are assumed to have constant absolute risk aversion,
investors in this case are so risk averse that even the “small” idiosyncratic risk is
priced with a non-zero risk premium and the “big” systematic risk is priced with

an infinite risk premium.

Alternatively, one could assume constant relative risk aversion. However, as
pointed out by Dybvig (1983) and Grinblatt and Titman (1983), investors with
constant relative risk aversion price idiosyncratic risk demanding a finite risk pre-
mium. For idiosyncratic risk not to be priced, the absolute risk aversion coefficient

of the investors should approach zero when the wealth is high. Ross (1976) deals
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with this issue by assuming that relative risk aversion is bounded. We achieve a
simliar result in our formulation by assuming the absolute risk aversion coefficient

A to be inversely proportional to N,
A(N) =7/N,
where the constant ~ is proportional to the relative risk aversion coefficient. Under
this assumption, the risk premium for the case of no information is given by
v — Rip =07z
The above risk premium does not price the idiosyncratic risk and produces a finite

premium in the diversification limit.

3.1 Information on Only Idiosyncratic Components of As-

set Payoffs

We now study the case when the informed investors receive imperfect private in-
formation about just the idiosyncratic components of risky asset payoffs. In this

case, b = 0 and the signal can be written as
s=v—0v—[F+X, (21)

Note that when [ # 0, the asset payoffs are correlated. In the special case where
all asset payoffs are uncorrelated, i.e., 3 = 0, this structure reduces to the setting
considered by Easley and O’Hara (2004). It is easy to see that, for finite N, the
information asymmetry about idiosyncratic factors matters because of the terms
¥,)r. This result, similar to that of Easley and O’Hara (2004), is not surprising

because all idiosyncratic risk matters if we do not take the diversification limit.
We have the following proposition summarizing the limiting behavior of the

risk premium:
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Proposition 1 Given that the informed investors receive a private signal only
about the idiosyncratic components of asset payoffs, in the limit as N — oo, the

risk premium satisfies
v — Rip=~0Epf'T/N. (22)

The proof is given in the Appendix. Note that 'z is of order N and hence §'z/N
is of order 1 when N — oo. Thus, we have a finite risk premium. Note that the
proposition holds notwithstanding systematic components in the random supply,
B0 # 0. This result is quite intuitive: Even if all the agents are informed,
i = 1, there is no resolution of uncertainty about the factor that affects asset
payoffs, implying that the random supply of assets is irrelevant for asset pricing.
The risk premium in this case is the same as the risk premium without information,
w=0,v0LpF'Z/N, implying that this is the risk premium for all p.

The above proposition shows that when the private signal is only informative
about the idiosyncratic component of a risky asset’s payoff, the asset’s risk pre-
mium is unaffected by the information asymmetry. In other words, the risk posed
by asymmetric information on purely idiosyncratic shocks is fully diversifiable. It
is easy to verify that the risk premium in (22) is no different from the risk pre-
mium obtained in the standard setting where investors have homogeneous beliefs.
Furthermore, in the setting studied by Easley and O’Hara (2004), 8 = 0, and the

average risk premium is reduced to zero, i.e., v — Ryp = 0.

More generally, we expect that the same results will hold as long as ¥/(X +
¥) 7' — 0 and V(X + Xp)"'0 — 0 when N — oo. Intuitively, diversification
works at the power of 1/N, implying that if the systematic component of the

signal has a power less than 1/N, then it will be eliminated by diversification.

We observe that although ex ante the information in this case does not change
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the risk premium, ex post information does affect the price of an asset as the price
is linear in signal s. Similarly, the information also affects the portfolio holdings

and expected utility of both informed and uninformed investors.

3.2 Information on Total Risky Asset Payofts

We now consider the case when the informed investors receive a private signal

about total asset payoffs. In this case, b = —( and the signal can be written as
s=v—u+ 3% (23)

This is the special case of Admati (1985), when the covariance matrix of the assets
has the form of a factor structure and the signals between different assets are
uncorrelated.

In this case, E;lls = Y5+ B/(X + B,)713, which goes to infinity as N — oo.
Therefore, we have

Spis = 0.

Similarly, E;‘lg =Y+ (B4 B) (S + 29)(B + B,), which also goes to infinity as

long as (4 3, goes to a constant as N — oo; thus we also have
Xpjp = 0.

It is easy to show that the above two equations imply that the average risk premium

1S zero.

The intuition here is also clear. Infinitely many signals about asset payoffs
reveal the systematic factor F' completely and thus eliminate the risk associated
with that factor. Therefore, conditional on s or #, all the risks are idiosyncratic

and the cost of capital in this case is the risk-free rate. More generally, as long as
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V(X4 X5)b — oo and U'(X + 3g)b — oo, the cost of capital will be the risk-free

rate.

3.3 Information on Systematic and Idiosyncratic Compo-

nents of Risky Asset Payoffs

We have considered the cases where (b'(X+3,) 710, 0/ (X+34) " 'b) — 0 and (V' (X +
¥,) 70, 0 (2 +X9)71h) — oo. We now consider the cases where the limit of (&'(X +
)70, (3 + ) 710) is a non-zero finite constant; what we call finite aggregate
precision. This happens, for instance, if the elements of v/ Nb go to a non-zero

constant when N — oo.

In this case, in addition to information about the idiosyncratic component of
a firm’s asset payoffs, informed investors also receive firm-level information about
the systematic factor. We will show that the risk premium will be affected by
the latter information. Intuitively, the private signal is informative about both
the systematic and the idiosyncratic components of asset payoffs. While any risk
associated with the private information about the idiosyncratic component is fully
diversified, the private information about the systematic factor has an impact on
the risk premium in equilibrium. Since the effect on the equilibrium risk premium
attributable to the informed investors is different from the effect attributable to
the uninformed investors, the fraction of the informed investors in the economy

plays an important role in the determination of that risk premium.

3.3.1 Special(ID)Case: Identically Distributed Risky Asset Payoffs

For concreteness, we will first revisit the (ID) case of identically distributed risky

asset payoffs. Recall that in this case, all risky asset payoffs have the same (3, same
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sensitivities b and 3., and same idiosyncratic variance. Therefore, all risky asset
payoffs have the same distribution; however, these distributions are not indepen-
dent if either 5 # 0, or b # 0, or 3, # 0.We can take the N — oo limit using the

results of subsection 2.5.3. In this case,

ZV‘&F = (0'72 + 0';2)71[]\7;

Ypls = (0;2 +E*(0? + 0B,

Therefore,

_ _on— 3
Yoo = (62402 Uy + 1 )
| ( ) 077+ (02 +o2) g2

It follows that

o = -0 g bk 1
* T 242V VN (072 + (0% + 02)"1k2) (02 + 02) Y
Therefore,
1 1 B(0* + 02)
A= — o2 AL VY .
N’Y/JJ OsinN + \/m/ylu’ L NxN

The signal 6 can be written as

1 ple*+02)
YR
VN k

where terms involving 7, become negligible. The covariance matrix conditional on

0 is

ﬁszlela

1 B2+ 02\
Yo = U§IN+N<’YM 1%) O-J%xﬁ;%[NXN-

Therefore, the uncertainty of # due to idiosyncratic components is the same as

that of s. The covariance matrix of payoffs conditional on (6, F') is given by

ZV\G,F = (0'72 + 0';2)_1 Iy.
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This covariance matrix is diagonal since the non-diagonal elements due to the

systematic component disappear.

The factor covariance conditional on 8 is
1

/{52

2
0%+ 07+ (W‘l—ﬁ("?"g’ﬁz%)

2F|0 = 0']724—

Note that the variance of the payoff factor conditional on 6 is larger than that
conditional on s, as expected. The beta conditional on 6 is 3; that is, it is un-
changed in the diversification limit. The covariance matrix of risky asset payoffs

conditional on 6 is
-1

_ k?
Z,,w = (U_2+US_2) 1IN+ 0';2—’— S aN\2 521N><N-
0%+ 02 + (W‘l—ﬁ ot ”s)) 07,02
The risk premium in the large N limit is
-1
o2 k> 1—
70;625 1+ 2:_ 5 |+ F 5 Inxa
PO 1 (02 4 02) ()
O’?-kQ -1
o2k? - (02402)+(02402)2 200y
= 70?'/82‘f (1+ 2f 2> M"’(l_/,l/) 02k2 ( e ) 1N><1‘
0%+ 05 14+ ==
02402

The first factor, 7073°%, is the risk premium without information. It depends on
the risk aversion, the beta, and the factor variance.

The risk premium when all investors are informed is given by 707 4°% (1 + %) - :
it decreases with the systematic sensitivity k of the signal to the factor and in-
creases with the variance of the payoff 0? and variance of the signal o2. In the
non-ID case, the term % corresponds to k'(X + X,) "'k, which is the aggregate

information on the factor F'.
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The factor p+ 1_(’j Go e determines the effect of asymmetric informa-
1+(o’2+0§) 7‘“3 i

tion, and p and (3,0, only affect this term. Therefore, when either p or 3,0,

changes while keeping other parameters fixed, only the asymmetries of the informa-

tion structure are affected while the risk premiums for the cases where no investors

are informed (x = 0) and all investors are informed (x4 = 1) do not change.

If 8,04, = 0, the risk premium reduces to that of the case with = 1. This is
due to the fact that the price fully reveals the signal, s, in the large N limit if there
are no systematic components in the random supply. Note also that o, does not
appear in the formula, because the idiosyncratic component of the random supply

is diversified away.

When k = 0, the information is only idiosyncratic and the risk premium reduces

to that of the case with no information, 7073°7, even if B0, # 0.

As expected, the risk premium decreases with the fraction of the informed pu,
the accuracy of the information, 1/02, and the strength of the signal k?; it increases
with 3, the volatility o, risk aversion v, 3;, and oy,. Again, we find the results to
be intuitive. Although parameters that characterize the idiosyncratic properties

2

of risky asset payoffs or information, such as o2 or o2, enter into the factor risk

premium, neither is idiosyncratic risk priced, nor does the resolution of uncertainty

regarding idiosyncratic shocks per se affect the risk premium.

3.3.2 General Case

For the general case with finite aggregate precision, the risk premium is given by

the following proposition.

Proposition 2 Given that informed investors receive private signals informative

about both idiosyncratic and systematic components of asset payoffs and finite ag-
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gregate precision, in the limit as N — oo, the (ex ante) risk premium is

VB (MEEﬂS + (1 M)ZE|19> h %

and the factor risk premium is

'z

-1
gl (uzﬁs +(1- M)Eﬁl@) N

The proof is given in the Appendix.

We can arrange the risk premium as follows

B (M +(1— M)ZFlsEEfe) B (Ix + 3k (5 +5,) k)™ (VEF%) :

Similarly to the ID case, the term E;lv% determines the risk premium without
information; it does not contain parameters that characterize information struc-
ture. The term (Ix 4+ Spk/(X + 2,)"1k) " determines the effects of information in
reducing the factor risk premium; it does not contain parameters that characterize

the asymmetric structure of the information. The term (u +(1- H)EF\SE}|19>

determines the effects of information asymmetry in increasing the risk premium.

As in the ID case, in the limit as the number of risky assets goes to infinity,
neither is idiosyncratic risk priced, nor does information on idiosyncratic shocks
affect the risk premium. Rather, the risk premium is entirely determined by beta.
In fact, it is proportional to beta, as is the risk premium in the case without
information; i.e., the APT (Ross, 1976) holds. Information about the systematic
factors in asset payoffs and the systematic component in the random supply affect
the covariances of the factors. The risk premium is proportional to the geometric
average of the factor covariance matrices conditional on s and 6, ¥p, and Xpj.
Since Yp|; < X, the cost of capital decreases with the fraction of the informed;

in particular, the cost of capital with information is always smaller than the cost
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of capital without information. As made evident within the proof of Proposition
2 contained in the Appendix, without a systematic component in the random
supply, the conditional factor covariance matrices would be equal, consistent with
our earlier claim that prices would then fully reveal the informed investors’ private
signal. Hence, the systematic component in the random supply plays a crucial
role in our extension of the APT to a case with heterogeneous beliefs. We further
observe that beta is not affected by information (asymmetric or symmetric) in the

large N limit.

3.4 Cross-sectional Predictions

The analysis in foregoing subsections 3.1-3.3 leads to the following proposition
on the cross-sectional relationship between information and cost of capital in the

diversification limit:

Proposition 3 In the limit as N — oo, there are no cross-sectional effects of

information on cost of capital.

The intuition for each of the special cases encompassed by the above result is
straightforward. When as in 3.1, information on only idiosyncratic components
of risky asset payoffs is conveyed by private signals and no information about
the systematic factor, then neither beliefs about the systematic factor variance
nor about betas are affected by the information. Accordingly, there are no cross-

sectional effects of information on cost of capital.

When, as in 3.2, information about the systematic factors conveyed by private
signals is such that aggregate precision is infinite, beliefs about both the systematic
factor variance and betas by each class of investors are affected by the information.

However, because of infinite aggregate precision, the factor is fully revealed to both
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informed and uninformed investors. Thus, despite different beliefs about betas, the
factor risk premium is zero, implying that the cost of capital is zero. Again there

are no cross-sectional effects of information on cost of capital.

When, as in 3.3, information about the systematic factor conveyed by the pri-
vate signals is such that aggregate precision is finite, i.e.,the systematic component
of each risky asset’s signal is infinitesimally small, the beliefs of both informed and
uninformed investors about betas are not affected by the information. Because the
aggregate precision of information about the systematic factor is finite, the factor
risk premium is reduced, though not to zero. Thus there is an effect on cost of
capital, but only through the factor risk premium, not beta; once more implying

there are still no cross-sectional effects of information on cost of capital.

Proposition 3 suggests that in order to detect cross-sectional effects of infor-
mation in large economies, one needs to examine markets that are effectively seg-
mented, such as the financial markets of developing countries. However, a number
of recent studies that employ only U.S. data claim to have found cross-sectional
effects of information asymmetry. Some studies, e.g., Botosan (1997) and Botosan,
Plumlee, and Xie (2004), find cost of capital is correlated with a firm’s information
characteristics such as AMIR disclosure score or analysts’ coverage. Barring the
possibility that these studies omitted risk factors correlated with the firm’s infor-
mation characteristics, these findings are consistent with our model only when the
number of assets is small. Alternatively, given the large number of assets in the
U.S. economy, these findings may suggest that investors may not fully diversify

due to frictions or behavioral reasons.

Other studies, such as Easley, Hvidkjaer, and O’Hara (2002) and Aboody,
Hughes and Liu (2004), construct an information risk factor and find that it is

priced. However, the specifications in these studies are not consistent with our
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model prediction because in our model information affects pricing through fac-
tor risk premiums; information asymmetry does not create a new risk factor. A
plausible way to accommodate these findings might be to extend our model to
incorporate real investment and production so that information not only affects
investors’ beliefs but also risky asset payoffs. Thus, it is conceivable that infor-
mation risk could enter the factor structure of risky asset payoffs in a systematic
way.

One study that indirectly relates cost of capital to information environments
across distinct markets is Bhattacharya and Daouk (2002). Using international
data, their evidence indicates that cost of capital is lower in countries in which

insider trading laws exist and are enforced.

These empirical findings notwithstanding, at the minimum, our study suggests
that empirical studies that purport to detect cross-sectional effects of information
should carefully consider their theoretical underpinnings; the cross-sectional pre-
dictions in settings with a single risky asset or a small number of risky assets do

not carry over to the case when the number of risky assets is large.

4 Conclusion

In this paper we provide an explicit solution to a noisy rational expectations model
that characterizes the interplay between information and diversification effects on
expected returns. Risky asset payoffs in this model obey a factor structure. Infor-
mation takes the form of private signals that are informative of systematic factors
as well as idiosyncratic shocks. Our principal result is that, in large economies
where the number of risky assets goes to infinity, the APT (Ross, 1976) holds

and information (symmetric or asymmetric) affects cost of capital only through
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reducing factor risk premiums. There are no cross-sectional effects of information
because information does not affect asset betas. The absence of a cross-sectional
information effect implies that one must look beyond the phenomena captured
by our model to explain cross-sectional associations between a firm’s information

environment and its cost of capital in the diversification limit.

On the effects of information asymmetry per se, we show that a higher propor-
tion of informed to uninformed investors leads to a greater resolution of uncertainty
as manifested by a smaller aggregate posterior factor covariance matrix and, hence,
a lower cost of capital. This result depends on the presence of a systematic compo-
nent in the random supply of risky assets. Eliminating the systematic component
of the random supply would remove the asymmetry of information between in-
formed and uninformed investors by causing prices to become fully revealing of

private signals, but would not affect our results for symmetric information.

Our intuition suggests that as long as the precision of aggregate posterior beliefs
about systematic factors is finite (ensuring only partial revelation of systematic
factors when information is aggregated over individual assets), the information
supplied by the private signal for an individual risky asset about systematic factors
must be small. In turn, the effect of such information on beliefs with respect to
any aspect of an individual risky asset’s payoff including its beta must be small,
approaching zero in the limit as the number of assets goes to infinity®. We have
confirmed this intuition when distributions are normal, utility functions are CARA
with absolute risk aversion decreasing in the number of assets, and there are two

classes of investors that can be ordered by statistical sufficiency of their information

5We point out that a similar though less interesting result would be obtained if, in place of a
systematic component to the signal for each asset that became less informative as the economy
expands, we assumed one signal about the systematic factors with finite precision was received

by all informed investors.
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with respect to systematic factors. We conjecture that the absence of an effect of
information on beta in large economies would hold up in more general cases where

distributions and utility functions depart from these assumptions.

We note that our results in the case of asymmetric information establishes
the validity of the APT in a setting that has heterogeneous expectations. If, as
conjectured above, the effects of information supplied by private signals in large
economies can be reduced to heterogeneous posterior beliefs on systematic factors,
while preserving homogeneous beliefs on betas for those factors, then we further
conjecture as does Ross (1976) that the APT holds in such economies with private
signals, provided that the conditions for the APT to hold in the absence of private
signals are met. These conjectures, if true, imply that the diversification limit in
large economies eliminates cross-sectional effects of information in a far broader

context than the setting for our model.
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Figure 1. The Risk Premium. This graph plots the average risk premium in

the ID case against the fraction of informed investors, for various numbers of risky

assets, N. The parameters are: v = 3, 0 = 30%, § = 1, oy = 20%, o5 = 25%,
ofe = 30%, B, =1, 0, = 30%, and k = —1.
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Effect of Asymmetry Information on Risk Premium
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Figure 2. The Risk Premium. This graph plots the average risk premium
in the ID case against the fraction of informed investors for different values of
30%, 6 =1,

0fz0z. The other parameter values are: N = oo, v = 3, 0 =

op = 20%,0, = 25%, and k = —1.
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Appendix

In the Appendix, we will use the following identity extensively:

(D+808) =S — B + BT IB)FT
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The Proof of Remark 1.

We solve for the filtering rule, given signal s. Our assumptions have specified the

distribution functions f(v|F,s), f(v|F), and f(F). Therefore,
f(o,F,s) = f(s|lv, F)f(v|F) f(F).

We can rewrite the above as
f(o,Fos) = f(v]s, F)f(F|s)f(s).

Focusing on the exponential terms of the joint normal distribution densities,

we obtain

~Inf(v,F,s) = —In f(s|v, F) — In f(v|F) — In f(F)
1
(

»

—(v—7—BF) = bF)S; (s — (v—7 — BF) — bF)

2
1
+-(v—7—-BF)YYS (v -7 - BF) + §F’Z;1F

N

= 5(y — U —BF) (' + ) (v—v—BF) — (v—v— BF)'S; (s — bF)
+%(s —bF)'S; (s — bF) + %F’E;JF

_ %(V — Elufs, F))S;! (v — Elv]s, F))

(s = bFY(S 4 5) 7 (s~ bF) + S F'SEF

= %(1/ — E[vls, F])E;ﬁF(V — Evs, F]) + %s'(E + %) ts

5 OFY(S 4 2)70F — (24 5,)7bF + JFS;F

_ %(V — Elv]s, F))S, (v — E[v]s, F])

+%(F — B[F|s])25,(F — E[F|s]) + %s/f)s_ls

= —In f(v|s, F) —In f(Fls) — In f(s),
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The distribution functions f(v|s, F'), f(F|s), and f(s) can then identified from the

above equation, with

Elv|s,F| = 7+ (8F+ ZV‘S,FZs_l(s — bF),
E[F|s] = Speb(2+ ) s,
Soer = ZOHE

Sp = SR (e

Yy = Y+ USpb+ X,

The Proof of Remark 2.

The structure of the filtering rule, given signal 6, is the same as that for s. The

proof proceeds in exactly the same fashion.

The Proof of Corollary 1.

The beta conditional on s is 6, = 3 — #Qggb. We have
Sysr = (072 +0,%) s
Ypls = (0;2 + K (0® + o) )N
Therefore,
Sus = (07040 Uy = (B4 (07 +07) 0 0) Spislvalicy
= Soln + Silyxn, (24)

where

1 2 2
(8- Fn#iat)
UJTQ + (02 + 02)~1k2
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It follows that

Dy = (02 +0,%) oy

s

+(B— (072 + 052)’10;217)(0;2 + b (0% + 02) ' N)'b(o® + o)1

= %IN—F%leN,
where
2
o ) -1 _-2_ 0 .
o = (o) e = S

<ﬁ = \/—%(0'_2 + 05_2)_108_2]{) k
(072 + (02 4 02)71k?) (0% + 02)

o1 =
One can readily verify that
o7t =gy (IN — (VNgos; " + N)flleN> :

Therefore,

A= Aoy,

B i 1+ S;'S.N
0%1

1+ 5,'51N
= Apt¢gtS (I +<S_IS— 9 >IX>
1 dg So | In 0 P1 \/N¢o¢fl+N NxN
VNSy ' Si0di " — L,
1 NxN
N 4V Nog,

= Auil(ﬁalSO ([N -+
1

1
= N)\OIN + W)\lleN7

where

N = NAuol =y tol
VN(B=(0"40: )" 0i%b) (0% 4+02)

—0
N o= VN3AuT VNb °
' N ++V/Ngopr*

- P e
+ VN (ﬂ—ﬁ(o’—2+0;2)—1a;2k)
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We used the notation v =

2[>

. The signal 6 can be written as

_ Ao A
— g— —T)=s5— I —1 InvxiFy +
0 s—AMz—1T)=s (N N T NG NXN) (Belnxi o + 02m2)

)\0 )\1 /\O )\1 ~
s — (N )B Nx1 (NJ Nz + TVU ) N><1) (26)

where 7, = 1/]:7,1 is the sample average of 7,. So we have

1 2 A2 A2 AoA
Y, = afIN+—</\1+)\0/\/N> 0%, B2 nxn + 2oy +< +22 1>a§INxN

N N2 * N2 N5/2
)\2 1 )\() 2 )\2 2AO)\1 2
( + max> Iy + N (()\1 + \/N) f:cﬁz <N N3/2 Oy ]NX]\(27)
1
= opln + o0 nxn, (28)
where
/\2
g = o+ 35
X\ A2 220
op = <)\1 + \/_N) f:cﬁi (]\} N?”/;) o2, (29)
The covariance matrix of payoffs conditional on (0, F') is
1 -\
EV\&F = 0'—2]N + (0'30]]\/ + NO'glleN) )
-1
1 o, -
= o IN+0'90 IN+__1N><N
N oj,

. -1
= o [N+090 (IN_N (UGO +1> 1N><N>>
01

-1
ol !
= (62 +o0,0)Iy— N~ <0—g0 + 030) Inxn
o1

1 o202
2 9 o1
(o F o) < NN N ogy(0? + 0y + 03,) NXN)
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The matrix E,,|9’FE(;1 can be written as

o rlyt = (ETN ) TIE = (v + 52T

g
o2\ 1 1 (o2 + 03 -1
= (14+ % Iyn——=(—24+1) 1
(1+2) (- () e

_ 1 T 0-20 - T 1 O-gl 1
n o2 No?+ o0}, + 0 NN ) -

The factor covariance, conditional on 6, is

-1

N N

-1

_ k? o2 !
ZF|9 = (2;1 + b’(E + Eg)_lb) ! = (O';2 + _11><N <(0’2 + UgO)IN + ﬂl]\pg\[) 1N><1>

2 k? ‘731 -
= o, 4+ —————1 Iy 4+ ———"—1 1
ey (0 G agte) e

k? (0% +02,)N !
2 00
— o + EE—— [~ — ~ 77 4 N 1 1
f N( B 20) 1xXN ( N ( gg ) NxN Nx1

~1
L2 o2 + o2 -1 L2 -1
= |0t o 1_<—00+1> :(U;2+ 3y 2 2) = 0.
o°+ 0y 001 0%+ 05y + 0y

The beta, conditional on 6, is

-1

B =S th = 51 i (1 v 03())1 (I ! T ) 1
V‘Q,F 6 - Nx1 \/N 0_2 N 0_2 + 0_30 + 0_31 NxN Nx1
k o2\ ! o2 k o?
= Blyx1 — —— 1+—9°) (1— o >1 z( - )1 :
TN ( o? raron) T\ VN e )
The covariance matrix of the asset payoffs, conditional on 6, is

_ 1 oo k o? 2
S = “2 4 52 1 In + — 01 1 e . 1
|0 (U 090 ) N B 2 0_2 NxN Uf9 ﬁ \/N 0_2 + O_go + O_gl N>

= Ooly+ O1Inxn,

where
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k o’ | olol
@1::a%(ﬁ— )-+— o1 .
d VN 0 + 0j + 0 N (02 4 05y)(0? + 03y + 07;)

The average of inverse covariance matrix of the asset payoffs is

pE L+ (1= )%,

v|s

S ! ) !
= uSy! (IN — (S—O +N) ]NxN) + (1 — p)6,* <1N — (@—O+N> INXN)
1 1

S ! G -
:(NSO_I+(1_H)@61)]N—<HSO_I <S_O+N) +(1 - ey’ (@—O+N> )INXN'
1 1

The geometric average of the covariance matrices is

_ -1
£, = () + (1= sy

— ((usal + (1= )0y ") In — (uso-l (g_? + N) T et (@_1 N N) _1> [NXN> -

= (83" + (1 - wey") ™

-1

—1 1 _ —1
- | - Sy~ + (1 — )6y N Inan

usyt (% + N) - eyt (& +n) -

The average risk premium is

U—Rip= AL, TN
_ _1\—1
=A (HSO "+ (1 - 1)6g 1)

S+ (1—p)6y! _
T H29 (1 — )6 -+ N N | Zlny

—1 _
Sy (§—§+N> + (1 —p)6y* (g—gﬂv)
= A(uSgt + (1= p)egh)

St + (1 —p)ey!
«l1-1= 1Sy~ + ( 11)9g 41 Fl Nt

1Sy (Ns—gl + 1) - pe;! <N@—<§1 + 1>_
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Note that
pSy '+ (1 - ey’
-1 —1
1Sy (Ns—gl + 1) +(1— )6y (s + 1)

—1
8! <i + 1) +(1—p)ey! (13901 +1) - Syt - (1 - pegt
1

1 —

NSt
psyt (s + 1)_1 +(
L ST (Ns—gl + 1) - ey <]$901 + 1>_1
1 - )

N o = _
pSot (R +1) 1 -meg" (% +1

The risk premium can be written as

ApSy ' + (1 —wey) 1+ N
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Proof of Proposition 1.

Because b = 0, we have

Yris = XF;
2V|s = 2l/|s,F + 6ZF/6/7
YXre = Xr;

Yoo = Zyer+ OXrf.

Intuitively, the matrices 3, and ¥,¢ differ only in the idiosyncratic matrices ¥,; p
and ¥, r which do not matter for the risk premium and thus should produce the

risk premium v5X 3 Z. The formal proof is as follows. From
Yo =Yg + MBeZraB + T2)N > X,
we know that
E>ET+ ) =S s> (ETT )T =S
It follows that

S+ 8868 = (S + BErB) + (1 — p) (2 + BEF))

> (W(Super + BEFB) + (1= 1) (Supor + BErB)) " =5,
> (M(Ews,F +0p0) + (1 — 1) (Sgj0,r + 52F5/))_1 =Y, r + 0Er0.
Hence,
li 12 BYpf) = li 152ﬁ’>1’ 12_]>1' 12 Byl =
Nlinooﬁ( + E )_NEHOON F _Nllnooﬁ V_NlinOON vis.F + e

Therefore, the average risk premium is

1_ 1 1
v—Ryp= ’Yﬁzui’ Ty (Sujsr + BEp0) T — nyﬂZFﬁ’f.
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Proof of Proposition 2.

For the case of non-identically distributed risky asset payoffs, the leading order

terms in the large N limit are

E1/|s,F = (E_l + Es_l)il )

1 -1
I <E;1 + Nk:’(z + Zs)‘lk) :

The variance of v conditional on s

Zu\s = EIJ\S,F + ﬁEF\sﬂ/ + O(N_1/2)7
1
—— B K (S 4+ 2) T O(NT.
\/Nﬁ Flsk'( ) ( )

Both first terms in the above equations are diagonal matrices. The second terms

P, = S8+

are due to factors. We use O(N?%) to denote matrices with all of their elements
generally non-zero and of order N®. In the case of identical assets, O(N?%)
N1l nxn. These terms will be negligible, in the large N limit, as far as the risk

premium is concerned. The &' matrix is

1 -1
o7l = 3, <1N + \/—Nz;lgFﬂzﬂsk’(z;lz + IN)‘1> E;QF

-1
= 3 (]N — %50 (x/ﬁz;lls +K(E]'E+ IN)—lz,j‘;F@ K]S+ IN)—1>

and

-1
ZIJ\S,F

—1
oIY,, = %, (IN = 2k B8, (VNI + R (S]'S + 1) 'S o 65,) K55+ IN)l)

x (v + 2,0 %m0 )

—1
) <1N — 5, (Wz;lls + (S + JN)—lzainﬁ) (SIS + Iy) !

-1
- IR (\/NE;;S +E(EIS + ]N)‘lEglin@ Wﬁ')

-1
— X, (IN + \/Lﬁz;}wﬁ (%k’2—1ﬁ> ﬁ/> :
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Therefore,

—1
] 1 -1 -1 L, -1 /
A= —0 Y |, = — Y2 — k'Y .

N e e = R e e (N 6) ’

The signal 0 is now

1 1 133 1
=5— —yu 18,2} (—k’El ) °F, = s— ——=AF,,
\/Nﬁ)/:u y|57pﬁ N 6 N \/N

with A = ’yu‘lZsZ;ﬁ, ) (%k’E_lﬁ)_l % The idiosyncratic component of the
random supply disappears; it is diversified away. The covariance matrix of the

payoffs, conditional on @, is
1 S

Note that ¥, is a diagonal matrix while A3, FIB;A/ is a matrix with all of its
matrix elements being of order 1. Therefore, when 3, is multiplied by a vector of
1’s from the right, the second term has the same order of magnitude as the first

term. We can show that
Suor = Sysr+O (N7

As will be shown later, the contribution of such terms to the risk premium goes to

zero in the limit as NV — oo. The factor covariance matrix, conditional on 0, is

1 1 A
Spe = X Nk/ (E + 3, + NA@CZF;EB;A ) k.

Note that, when multiplied by vectors of 1’s from left and from right, the term
%AﬂxEFxﬁ;A' produces a K x K matrix with elements of order NV, the same as

matrix X + X;.
The variance of v, conditional on 6,
Yoo = Busr + BErppl.

o1



The matrix X,  is diagonal, while all the elements of the matrix ¥y are of
order 1. The terms neglected earlier produce matrices with all elements of order
N1

From the identity,

V\s

-1

we can write
1
(sz\s + (1 - M)EVW) = EV\S,F + ﬁM_lﬁ/7

where

-1

M = ( (zFl + 0%, Fﬁ) +(1—p) (2F|0 + 0%, Fﬁ)_1> o B'Su)s,r B
-1

1 -1
- (u (Z;I{S + B’E;QF@ + (1 —p) <ZF|9 + 3 EV|5 Fﬂ) )
X (M <2F|S +06 Ey|s Fﬁ>_1 Zl_wls + (1 —p) <2F|9 +5 Zu|s F6> B EF@) :

In the large N limit, ﬁ'Z;‘LFﬁ is of order N, therefore, E;‘IS—FQ’EQLFB — ﬁz;ﬁe,Fﬁ-
Similarly, E;‘lg + ﬁ’E;IiFﬁ - ﬁ/Z;‘i,F@ SO

M= o5t (o (9500 08) S+ =) (950h,0) SR )
= MEE\S+(1 )EF|19

The risk premium is given by

78 (MEEﬂS + (1~ M)ZE|19> N

and the factor risk premium is given by

-1
¥ (,m;'ls +(1- M)ZE|19> N
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