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Abstract of the Dissertation
Topics in Scattering Amplitudes
by

Tristan Lucas Dennen
Doctor of Philosophy in Physics
University of California, Los Angeles, 2012

Professor Zvi Bern, Chair

In Part 1, we combine on-shell methods with the six-dimensional helicity formalism of Che-
ung and O’Connell to construct tree-level and multiloop scattering amplitudes. As a non-
trivial multiloop example, we confirm that the recently constructed four-loop four-point
amplitude of N=4 super-Yang-Mills theory, including nonplanar contributions, is valid for
dimensions less than or equal to six. We demonstrate that the tree-level amplitudes of max-
imal super-Yang-Mills theory in six dimensions, when stripped of their overall momentum
and supermomentum delta functions, are covariant with respect to the six-dimensional dual

conformal group. We demonstrate that this property is also present for loop amplitudes.

In Part 2, we explore consequences of the recently discovered duality between color
and kinematics, which states that kinematic numerators in a diagrammatic expansion of
gauge-theory amplitudes can be arranged to satisfy Jacobi-like identities in one-to-one cor-
respondence to the associated color factors. The related squaring relations express gravity
amplitudes in terms of gauge-theory ingredients. We then present a Yang-Mills Lagrangian
whose diagrams through five points manifestly satisfy the duality between color and kinemat-
ics. Finally, we compute the coefficient of the potential three-loop divergence in pure N=4

supergravity and show that it vanishes, contrary to expectations from symmetry arguments.
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Part I

On-Shell Techniques in
Six-Dimensional

Maximally-Supersymmetric

Yang-Mills Theory



CHAPTER 1

Superspace for 6D Maximal Super Yang-Mills

1.1 Introduction

In recent years many surprising results were discovered in the S-matrix of maximal su-
persymmetric theories in four dimensions. These include new symmetries and structures
[7, 8, 9, 10] , representations [11, 12, 13, 14, 15, 16, 17] of tree-level amplitudes, and un-
expected UV behaviour in loop perturbation theory [18, 19, 20, 21, 22, 23, 24, 25]. Many
of these advancements rely heavily on newly developed on-shell methods such as recursion
relations to construct tree amplitudes, and generalized unitarity to obtain loop corrections
by simply sewing tree amplitudes. More precisely, one can now use either the CSW method
[12, 13], which constructs general amplitudes from MHV vertices, or the BCFW [14] con-
struction, which expresses an n-point amplitude as direct products of lower point amplitudes,
to efficiently construct tree amplitudes for either gauge or gravity theory. Modern unitarity
methods [26, 27, 28] then allow one to construct loop amplitudes by expressing them in
terms of a set of integrals that reproduces the cuts of the amplitude. Tree amplitudes are

then used to construct the coefficients of these integrals.

While these current approaches rely on a four-dimensional spinor-helicity formalism [29,
30], many interesting questions are inherently D-dimensional. For example in the study of
divergences in maximal supersymmetric theories, one usually encounters various bounds (at
given loop level) on the dimension at which the first potential divergence should appear
[18, 19, 20, 31]. To study this bound, one is required to compute the divergences of the
D-dimensional theory. On the other hand even in QCD one loop amplitudes, D-dimensional

tree amplitudes are useful for obtaining rational terms when using unitarity methods [32].



Therefore a spinor helicity formalism similar to four dimensions will be helpful for these

purposes.

Here we restrict ourselves to six dimensions, where the spinor-helicity formalism is very
similar to four dimensions, as recently demonstrated by Cheung and O’Connell [33]. The
Lorentz group SO(5,1) has the covering group SU*(4). The vector forms an antisymmetric
representation of SU*(4), and the on-shell condition is naturally solved by introducing SU*(4)
spinors, pA8 = MN\B pp = ;\Aa:\aB. The indices a,a transform under the little group
SO(4)~SU(2)x SU(2).

In this chapter, we will introduce Grassmann variables along with the spinors to form an
on-shell superspace for N/ = (1,1) super Yang-Mills theory. The Yang-Mills field strength
is in the (3, 1) representation of the little group. Since for maximal A" = (1,1) theory the
full multiplet should be contained in a single superfield, the non-chiral nature of the field
strength then implies a non-chiral on-shell superspace. Being non-chiral has the advantage of
representing the amplitudes in a more symmetric fashion, instead of viewing the amplitudes

from the MHV (or MHV) point of view. We will also treat BCF'W on-shell recursion, giving

all the details necessary to generate tree-level superamplitudes with arbitrarily many legs.

1.2 Six-Dimensional Spinor Helicity

We begin by reviewing the six-dimensional spinor-helicity formalism recently developed by
Cheung and O’Connell [33]. In six-dimensional Minkowski space, the Lorentz group is
SO(5,1), whose covering group is SU*(4). The vector is in the anti-symmetric represen-

tation of SU*(4), and can be expressed as

PAB = PuOhip P =p,5r48 (1.1)

where {A, B ---} are the fundamental representation indices of SU*(4). Here the o5 and

7148 are antisymmetric 4x4 matrices which play a role analogous to the Pauli matrices in

four dimensions. Our Clifford algebra conventions may be found in Appendix A. The scalar



product of two vectors is defined as a contraction with the SU*(4) invariant tensor €spcp.

The Dirac equation for Weyl spinors in six dimensions can be written as,
pMJZB/\f“ =0, pM(T"AB 5\de =0, (1.2)

and gives rise to two independent solutions for each of the Weyl spinors, \?? and A Ba
Each solution is labeled by an index a or @, which are spinor indices of the little group

SU(2)xSU(2). We may lower and raise the little group indices with the matrices €4, and e,

Ao = €A’ N = @), (1.3)
and €15 = —1, €!2 = 1, for this case as well. Spinor inner products are defined by contractions
of the SU*(4) indices,

(i135) = ANy a5 = Liali) (1.4)

Other common quantities are spinors contracted with the SU*(4)-invariant Levi-Civita ten-

sor,

(i5°k1) = eapep A APPALAY,

(135K L) EABCDS‘iAaS‘jBi)S‘kC{:S‘ZDd - (1.5)

The on-shell massless condition can be solved using bosonic six-dimensional chiral spinors
in a way similar to the well-known four-dimensional case. The antisymmetry of p4p together

ABCD

with the on-shell condition p? ~ ¢ PABPCD = det(p) = 0 gives the bispinor representa-

tion,

pAB = )\Aa Eab)\Bb, PAB = S‘Ad édbj\Bb, )\AGS\A[I = O. (16)



One can also express the vector momenta directly in terms of the spinors via,
" 1 al _p|,.b 1 ~ [ ab
P = =30 B ews = —lpal*pile. (17)
Spinor strings also appear in amplitudes. These are given by

(ialjal = (M) (Aj)aa
<ia|p1p2 N .p2n+1’jb> - OV')AM (p1>A1A2 <p2)A2A3 T (p2n+1)A2n+lA2n+2 ()‘j)A%Hb )

@lppy Pyl = Q) () aran (p2)™4 - (p20) 2424 (Ng) gy i (18)

There are four polarization states for vector particles. Following Cheung and O’Connell,

the polarization vectors can be written as [33],

1

& (p.k) = — (palo® k) (ko) ™ = (0283~ v

o) = =5 k3/6"1p,). (1.9

where the a and a indices are labels for the four polarization states. As for the four-
dimensional case, a null reference momentum k is needed to define the states. For each
of the Weyl spinors [i%| and (j,| the indices a and @ label two helicity states respectively.
The object ((p®|k;])~ = —({pa|kP])/2p - k is the inverse matrix of the spinor product (p®|k;]
with respect to the helicity indices. As for the four-dimensional case, the polarization vectors
are transverse, and a redefinition of the reference spinor can be shown to correspond to a

gauge transformation.

In light of the proliferation of indices, we make a brief list:

SU*(4) fundamental labels: A B,C,...=1,2,3,4
SO(5,1) vector labels: v, p, ... =0,1,2,...5
SU(2)xSU(2) helicity labels: a,bc,...=1,2 and a,b¢,...=1,2. (1.10)



1.3 Six-Dimensional N’ = (1,1) Superspace

Recent constructions of the S-matrix for maximal gauge and gravity theories make use of
four-dimensional superspace. Here we construct the six-dimensional N/ = (1,1) on-shell
superspace in similar fashion, i.e. by introducing Grassmann variables n!, where I is the R
index and a is the little group index, one can arrive at the usual superspace by contracting
the little group indices with the spinors. In four dimensions, I = 1, 2, 3,4 and the little group
is U(1), under which the Grassmann variables transform as ! — e~¥nl 7, — €5;. The

relation to the usual superspace can be seen with the help of the spinors
4D : gla:Aa I, éjd:Adf}J.

One can do similar for six dimensions. Maximal super Yang-Mills in six dimensions has
N = (1,1) supersymmetry, with R-symmetry group USp(2)xUSp(2)=SU(2)xSU(2). We
introduce n* and 7, where the I, I’ are the SU(2) symmetry indices. Note that n and 7

are complex and independent. The full six-dimensional superspace variables are then
6D: ¢ =\ Gap = Aaaill.

In four-dimensional maximal super Yang-Mills theory, one can express the full amplitude
using either chiral or anti-chiral superspace, i.e. only half of the full superspace, since this
is enough to contain all physical degrees of freedom. This is due to the self-CPT conjugate
nature of the physical spectrum. A similar result holds in six dimensions. However since
the supertwistors are self-conjugate, only half of the degrees of freedom for n% and 7, are
independent. Therefore to construct our on-shell superspace we need to truncate the n, 7s.
Since we wish to use the little group index to label our states, we will truncate using the

R-indices.

Note that this situation is equivalent to the issue of trying to construct off-shell NV > 1

superspace, where chiral constraints usually lead to field equations. One of the well known



examples is the N' = 2 harmonic superspace [34] in four dimensions. Here one introduces
harmonic variables uF to parameterize the SU(2)/U(1) coset. These variables are then used
to separate the @ variables into two separate sets (67 = uf0L, 07 = u*10;4) and + — —.
Then the prepotential, which contains the physical gauge field, depends only on a subspace
(the “analytic superspace”) which only includes #%,8%. The harmonic variables can be

viewed as providing a linear combination of the R-symmetry index, and therefore separating

the supercharges into subsets.!

Therefore, in our on-shell superspace formalism, the on-shell superfield appears as a
polynomial in a pair of anticommuting coordinates 7,, 7% which carry SU(2)xSU(2) little

group indices,

O(1,7) = G+ X"Nat &' () + X" + 9" inai” + 0 (0)7°
+¢" (1) + ¥V na(m)? + 6" (1)* (), (1.11)
where (1)? = e nyn, and (77)% = 3e dbﬁbﬁa. Using these fields, we can obtain superamplitudes
in the usual way. The different component amplitudes can be read off from their 7 expansions.
For example, the four-gluon amplitude (g%, (1) ¢°;(2) ¢°,(3) g%;(4)) appears as the coefficient

of maﬁ?mbﬁgngcﬁgmdﬁf in the four-point superamplitude .44. These amplitudes are functions

of momenta p; and supermomenta g;, ¢; defined by,

%A = /\fmma, gip = )\iBbﬁf- (1-12)

For a general discussion of higher-dimensional on-shell superspaces, see ref. [36].

LOf course these new bosonic R-coordinates also provide the infinite auxiliary fields that are necessary
to close the susy algebra off-shell. Different choices (or a subset) of these coordinates represent different
off-shell formulations, for example there is also the N=2 projective superspace [35].



1.4 3-Point Kinematics

While amplitudes are generically written in terms of Lorentz invariants, the 3-point ampli-
tude has the problem of vanishing Lorentz invariants due to kinematic constraints: p;-p; = 0.
In four dimensions this is solved by using complex momenta or going to split signature with
real momenta, then A and A are no longer related and one can set either (ij) or [ij] to zero
without constraining the other. Since we intend to use on-shell recursion as a systematic way
of generating higher point amplitudes from three-point amplitudes, we must do something
similar in six dimensions. In this case, the Lorentz-invariant inner product of a fundamental
and an anti-fundamental spinor has vanishing determinant, i.e. the 2x2 matrix (i,|j,] has
rank one, which means we can factorize it into a bispinor as (i,|j,] = wia%;4. Consistently
defining the SU(2) spinors u; and @; for all of the spinor products (i,|j,], we have (for {7, 5}
cyclically ordered),

(ialda] = Ui Ujg (Jalia) = —UjaUig - (1.13)
Momentum conservation implies the following important and useful property:
ui(le] = uy (2] = uz(3e|, e[ 1°] = Tie[2°] = tse[3°] (1.14)

In Ref. [33], Cheung and O’Connell also introduce pseudoinverses w and @ of these
spinors, which are ultimately the key to writing down the three-point amplitude. These

pseudoinverses are defined by
UgWp — UpWq = €gp aa'l])b — 'ai)’UNJd = €4 - (115)

Being pseudoinverses, w and w are not uniquely specified by this definition. Specifically, w;,

is only defined up to a shift w;, — w;, + bjuj, (and likewise for w). This ambiguity can be



partially removed by requiring
ayA ayA a\A ~ Ya ~ Ya ~ Ya __
WA, + Wy Ay, +w3A3, =0, WigA] 4 + WaaAgy + W3aAz4 = 0. (1.16)

Then w{ are defined up to shifts with b; 4+ b + b3 = 0. Even though there is still ambiguity,

this will help us determine the full amplitude by requiring invariance under this shift.

The 3-pt Yang-Mills amplitude is given by

A3 = iFabCdeé = i(U1UQw3 + uiwollsy + U}1UQU3)abc(ﬂ1ﬂ2’U~J3 + 1111]]21]3 + 71)17121]3){1[')6. (117)

This was presented in Ref. [33], and can be derived for example from Feynman diagrams and

the spinor definitions presented in this chapter.

The supersymmetrization of this amplitude is given by

3 3
Agree(l, 2, 3) = — (l,l1U2 “+ ugug + Ll3111) < Wi> (ﬁlflz + ﬁ2ﬁ3 + ﬁ3ﬁ1) (Z V’{’l) ,(118)
i=1 i=1
where u; and w; are defined in terms of uf and w{ as,
U = Uia, U; = ﬁiéﬁié’ Wi = W{lia, Wj= vviéﬁié' (1.19)

One can confirm that this expression is correct by picking out particular component am-
plitudes. For example, the coefficient of n¢ninsné ﬁgﬁg reproduces eq. (1.17). Similarly, the

coefficient of 17312, mSHIT5TS gives
U1 (14 TgW3e + UiaWeoylae + WiToyjlse ),

which is the amplitude for two gauginos and one gauge boson (g, Ao, 5\3)



1.5 Recursive Construction of Tree-level Amplitudes

We now turn to BCFW on-shell recursion relations [37], which offer a means for constructing
tree amplitudes in a form where we can exploit the six-dimensional helicity techniques.
It also provides a convenient means for generating tree amplitudes needed in higher-loop

calculations.

1.5.1 BCFW recursion

The BCFW shift using six-dimensional spinor helicity was given in ref. [33], and the super-
symmetric version in [1]. Here we give a brief summary and the relevant bosonic shifts. We
begin by picking two external lines, say 1,2 as special, and deform them by a null vector

proportional to a complex parameter z,

pi(2) = p1 + zr, pa(2) = po — 27, (1.20)

where r is a null vector satisfying p;-r = po-r = 0. These conditions ensure that the deformed
momenta remain on-shell, p?(2) = p3(z) = 0, and the overall momentum conservation of the

amplitude is unaltered.

Since a tree amplitude is a rational function of momenta with no more than a single pole
in any given kinematic invariant, this deformation will result in a complex function with
only simple poles in z. Each pole in z will correspond to a propagator that is a sum of a

subset of external momenta that includes only one of the shifted momenta,
PQj(Z)Z = (p2(2)++p])2 :P22]+2ZT‘P2J (121)

The location of the pole is given by solving the on-shell condition Py;(2)?* = 0,

P3;
= — : 1.22
2r - ng ( )

ZQJ'

As in common usage, we denote the shifted momenta evaluated at the value of z locating a

10
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pole with a hatted symbol “ " ", e.g. po = pa(2z = 295).

If a shifted amplitude vanishes as z — 0o, then standard complex variable theory implies
that it is uniquely determined by its residues in z. For D > 4 dimensions, it is straightforward
to find choices of shifts where this property holds for Yang-Mills theories [38, 33]. The
poles correspond to configurations where propagators go on shell and where the amplitude
factorizes into a product of lower-point amplitudes. Each residue is then simply a sum
of products of two lower-point tree amplitudes on either side of the propagator, with the
shifted momenta evaluated at the location of the pole. If legs 1 and 2 are shifted, the BCFW

recursion relation gives us the unshifted amplitude as,

n—1 .
ree § :2 ~ H(—=h ? A(h A
A:l (O) = AL<p277p]7_P2(] )>P_22JAR<P2(j)7p]+1a7pl> ) (123)
j=3 h 7=22;

where A;, and AR are lower-point tree amplitudes on the left and right sides of the propagator
and are evaluated at shifted momenta with z = 25;. The first sum in the above equation is
over all diagrams that produce poles, while the second is over all helicity states that cross

the internal leg P.

In six dimensions, the conditions p; - 7 = ps - r = 0 can be solved by choosing r to
be proportional to the polarization of line 1, 7 ~ €144, and choosing the reference spinor
for the polarization vector to be Ay. This satisfies the needed constraints and leads to
sufficiently good behavior at large 2. Since €1,; has extra SU(2)xSU(2) little-group indices,

one introduces an auxiliary matrix X to contract the indices so that,

1 _ . )\[A)\B] A 1,]{1, B
TAB — _Xaa(ele>aa — —XQGM — XQGM, (124)
V2 [14]2) 512

and the condition 7> = 0 now becomes det X = 0. This can automatically be satisfied by

choosing X,, = w,,, where the z, and Z, are arbitrary. These arbitrary variables will

a’
cancel out once one sums over all contributions. When implementing the recursion relations
numerically, these variables are helpful since they can identify errors when one checks whether

the result is independent of the choice of x,, Z4. The above shift can be translated into a

11



redefinition of the spinors,

Ma(z) = e X192, AO(z) = Mg — = XA 19]20),
512 512
3 3 < a i 3 3 o a Ya
Maa(2) = A+ S1o X d<]‘a|2i)])\g/-l7 Agai(2) = Mgy + 519 X a 1allal2;] . (1.25)

In section 1.5.2, we will describe the supersymmetrized BCFW recursion relations to
generate the tree amplitudes needed in calculations of multiloop amplitudes of N' = 4 sYM

theory.

1.5.2 Supersymmetric BCFW recursion

In order to investigate high loop orders we need high-point tree amplitudes. To obtain
these, we use supersymmetric forms of the BCFW recursion relations. This also serves
as a warmup for the unitarity cuts, because the state sums generated by integration over
Grassmann parameters at loop level are similar to the state sums in supersymmetric forms of
the BCFW recursion relations. As discussed in ref. [1], the super-BCFW recursion relations

can be obtained by shifting the Grassmann variables,

Ma(2) = Ma — 2X,,[1%12" 10/ 512 , nas(2) = nop — 2X % [142) 110/ 512 ,

0(2) = 0+ 2 X 2175 /512 5(2) = i + 2X°, [2°[1a)7]} /512 , (1.26)

in addition to the shifts of the spinors in eq. (1.25). This is designed to maintain supermo-
mentum conservation, i.e. ¢ + g3 = qf‘ + qé“ and ¢14 + Gaa = Gj4 + G54- These shifts on
n can be rephrased as shifts directly on the supermomenta by combining with the spinorial

shifts in eq. (1.25) and using the trick,

5 =~ (1, 1) (127

512

12



After the necessary rearrangements, we have,

iz = qf +—X“ [1412°) A3 <1a\25];\33q13— AA“X MBS
12
() = ¢ - - SLX Nl — X [1“!2b>AAb<1 AP
515

Qia(z) = qua+ —Xa (1a]24 A A2 A2 Gy + /\lAaXmZ)\laQ2B7
12

(7214(2) - ‘bA + S_Xa :\1A)‘1aQ2B + Xa ~2Ab[2b|1 >[1a|2b>/\2bQ1B (1-28)
12

As we will see, these supermomentum shifts help us avoid dealing directly with the super-

coordinates 7 in the recursion.

The intermediate state sum in the recursion is realized as an integration over the Grass-
mann coordinates 7np, 7p of the intermediate leg (labeled as P), and the remainder of this

section is devoted to systematically carrying out these integrations.

To set up high-point recursion, it is useful to first organize the types of contributions. If
we track the factors containing Grassmann parameters, and drop other factors, the n-point

tree amplitudes have the schematic form,

A, ~ o (ZZ%A) 54 (ZicjiB)q"_‘l(j"_A‘ forn >4, (1.29)

where the fermionic delta function is defined as,

5t <Ziq5‘> = %EBCDE (Zﬂf > (Ziqf ) (Zﬂf’ ) (Ziqf ) , (1.30)

and likewise for the antichiral supermomentum §4. We have left an unbalanced index A as
a reminder that the delta function is over the four SU*(4) components. The supermomen-
tum delta functions for n > 4 impose algebraic constraints on np,np under the fermionic
integration. We can follow the same strategy as used in four dimensions to consider the

delta-function constraints as a set of algebraic equations to be systematically solved [39]. A
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Figure 1.1: Two categories of BCFW diagrams. (A) contains a three-point subamplitude,
which does not have the full supermomentum delta function §%(¢)d6*(g). (B) contains no
three-point subamplitude, thus all delta functions are of degree four.

key identity for carrying this out is

O(at +af + QY = 51267 (ma + 55 (Lalp,Q) 2 (m + s (2lp,Q) . (131)

A similar antichiral identity also holds. These identities are analogous to ones used in four
dimensions [9].

Before proceeding, though, we are obliged to address a glitch in the spinor-helicity for-
malism: the spinors do not properly distinguish between particles and antiparticles, caus-
ing phase inconsistencies in diagrams containing fermions. This glitch and prescriptions
for resolving it have already been discussed in the four-dimensional case, for example, in
ref. [40, 39]. Here we use the prescription that if p is incoming, so that this momentum is

—p in our all-outgoing convention, then we take,

Aa — :yAa —
)\(—p) = Z)\p s )\(—p)Ad = Z)\pAd . (132)
In this way, we maintain the relationship between momenta and spinors, i.e.,
AB __ \Aa B _ Aa\ B
(—p) = A(—p))\(—p)a = —)\p )\pa . (133)
Along the same lines, we demand that q({ p) = —q;;‘, which we achieve with the same pre-

14



scription for the supercoordinates 77: whenever —p is outgoing, we choose,
N—p)a = Mpas ﬁg[p) = it (1.34)

Beyond four points, we can split all BCFW diagrams into two categories, as shown in

Fig. 1.1. We consider these two cases in turn.
Case (A):

In cases where one has to sew a three-point superamplitude to a higher-point tree super-

amplitude, illustrated in Fig. 1.1(A), the Grassmann integration has the form,
/ d*npd*ijp Asp x &* <qu> & (Z@»c) ¢, (1.35)
i€R i€R
where the summations are over all external lines of the right tree amplitude including shifted
legs, and the integration measure is d*npd®ip = $dnpdnpadip,dis.

To perform this integral, we view the factors in the three-point amplitude (1.18) as

algebraic constraints on the supercoordinates 7np, 77p imposing,

N[ =

uj = uz, up = 5(uj + uz), Wp = —Wj — Wa,

N =

ﬁi = 1~12, up — (ﬁi + ﬁ2>, V~VP = —Wj — Wa. (136)

Since there are two components each in np, and 7%, the three-point amplitude is sufficient

to localize the np integrals. The solutions to the constraint equations are

NPa = 3Wpa(Uj + Uz) + Upa(Wy + Wa),

M = —Llib(fy + Gip) — U (W + W), (1.37)

with the understanding that we are free to replace u; <> uz and uj; <> Uz at any step, due

to the leftover factors of (u; — uz) and (03 — U2).



In practice, it is much easier to deal with supermomenta ¢; than the u and w variables.

It is straightforward to demonstrate that eq. (1.37) implies the substitutions,

am=—q -, qrpa = —qia — QoA - (1.38)

Thus one can substitute the result for ¢p in the tree amplitude on the right, avoiding the
more complicated eq. (1.37), and extract out the full supermomentum-conservation delta

function. At this stage, we are left with the task of integrating,

& (Z %A) ot (Z CZ‘B) " / dPnpd*iip A (1.39)

€€ e

where the two delta functions correspond to the overall supermomentum conservation, and

£ is the set of all external legs of the full amplitude. The remaining integral has the solution,
[ e Ay ity — )~ Gs). (1.40)

which can be re-written in terms of the ¢, g as,

({4 ¢ . - 2 .02
SiK S2K

where pg is an arbitrary null reference vector. The sewing of a three-point amplitude with

a general tree amplitude will thus result in the form,

~ N S qi 4 - - q2 -q2
5 (Z q{‘) 5 (Z qu) ¢ <—% — 12 + qadiy + M) c (142)
1K

s
icE icE 2K

where all ¢, ¢s are in terms of external lines and ¢; is the shifted ¢; with z taking on the

value at the pole.
Case (B):

For the case with no three-point subamplitudes, illustrated in Fig. 1.1(B), we can always
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eliminate ¢p and ¢p from the “R” amplitude, using the “L” delta functions. The Grassmann

integral will then be of the form,
& <Z QiA) &t (Z QNiB) fla,q) / d*npd*ijp 6 (Z qlc) &t (Z (jz'D) : (1.43)
i€ icg ieL ieL

Focusing on the chiral integral, we proceed by splitting the delta function using eq. (1.31)

on legs 7 and P, which gives,
/d277p54 <Z q,-C) = s;p0° (nja + 555 (Jal Plgi + .. + %—1))
i€l
o)
= —spplai +-+a)Pp,Plai + ...+ q5)

= (CJi + ...+ q]')A<pi + ... ‘l‘pj)AB(qi + ...+ qj)B , (1.44)

where P = p; + ps + - -+ + p;, and we used the identity (1.27) between the first and second

lines. Likewise, the antichiral integration contributes,

/d2ﬁp54(2(jm> = G+ -+ @) api+. - +p)" @+ + @) (1.45)

i€l
1.6 Analytic Low-point Amplitudes

In ref. [1], the three-, four- and five-particle tree-level superamplitudes were worked out
analytically using the BCFW recursion. The four-point superamplitude is the simplest case.

This is given by

512523

. 4 4
A;clree(172’3’4> = — ! (54 (Z q;4>54 (Z QZB) . (146)
=1 i=1
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The five-point tree-level superamplitude is

' o (Zz in) o (Zz q@'B)
/)
512523534545551

1 ~ ~ 5
—i—§ [qflAzA + q§,4A4A + (g3 + q4)AA5A + (chiral conjugate)} } , (1.47)

A = {Qfl (pop3paps) i G + cyclic

where Agq = (papspaps — Papspaps) Ldon, Dua = (Papspipa — Papopips) Ldup, ete. The five-
particle amplitude is given here in a particularly compact form which lacks explicit cyclic

symmetry, although the symmetry does hold on the support of the fermionic delta functions.

In the next chapter, we will use these expressions as input into the BCFW recursion
to generate higher-point amplitudes, which we use to calculate unitarity cuts of multi-loop

amplitudes.
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CHAPTER 2

Generalized Unitarity and Six-Dimensional Helicity

2.1 Introduction

The unitarity method [41, 42, 43, 44, 45, 46, 47, 48, 49, 50, 51, 52, 53, 54] gives a means
for constructing complete loop amplitudes directly from on-shell tree amplitudes. These
methods are efficient and display a relatively tame growth in complexity with increasing
number of external particles or loops, especially when compared to traditional Feynman-
diagrammatic approaches. With this approach, it is usually advantageous to simplify the
input tree amplitudes as much as possible prior to applying them in loop calculations. A
key tool for simplifying massless tree amplitudes strictly in four dimensions has been spinor
helicity [55, 56]. However, if we use dimensional regularization or any form of massive
regularization, massless four-dimensional spinor helicity techniques are no longer directly

applicable within the loops.

In this chapter we will describe a unitarity-based approach using the six-dimensional
spinor-helicity formalism of Cheung and O’Connell [33] to avoid these limitations. Here
we are concerned primarily with multiloop scattering amplitudes in N/ = 4 super-Yang-
Mills (sYM) theory. The supersymmetric theory needs an efficient formalism to organize its
spectrum of states, especially at high-loop orders, in much the same way as done in four
dimensions using an on-shell superspace [57, 9, 58, 39]. As we discuss, both aspects can be

addressed using the six-dimensional spinor helicity formalism described in Chapter 1.

In the past, the main bottleneck for carrying out next-to-leading-order QCD calculations
has been the difficulty of evaluating one-loop amplitudes [59]. The unitarity method offers

a universal solution to this difficulty that scales well with the number of external legs. Any
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contributions which can be captured by four-dimensional techniques — the so called “cut-
constructible pieces” — may be computed efficiently using four-dimensional helicity states in
the cuts [41, 45, 49, 60]. The remaining rational contributions tend to be the most complex
(and time consuming) parts of calculations, though there are a number of techniques for
dealing with such pieces. In the bootstrap approach, the rational pieces are constructed
by on-shell recursion in four dimensions [61, 60]. Another approach uses D-dimensional
generalized unitarity [43, 44, 62, 47, 50, 53]. A six-dimensional unitarity procedure for any
one-loop QCD amplitude has been given in ref. [53] using the on-shell procedure of reducing
integrals in ref. [48]. A related approach makes use of the relation between massive states in
four dimensions and those in extra dimensions to reduce the integrals obtained from unitarity
cuts [43, 54]. The six-dimensional helicity approach described here is well suited for either

of the latter two approaches for carrying out integral reductions.

We will consider multiloop N = 4 sYM amplitudes. To set this up, we make use of the
six-dimensional on-shell superspace presented in the previous chapter. General constructions
of on-shell superspaces have been discussed in ref. [36]. In strictly four dimensions, there is
a well-developed on-shell superspace [57, 9, 58, 39] for tracking contributions from different
states in the multiplet. However, as already noted above this leaves open the question of
whether contributions are missed by using four-dimensional momenta in the unitarity cuts
or in the recent BCFW constructions of planar loop integrands [63, 64]. This is especially
important when constructing amplitudes for use in D > 4 studies, but even in dimension-
ally regularized four-dimensional expressions, when divergences are present, there can be
nonvanishing contributions from terms that vanish naively in four dimensions. This be-
comes more important as the loop order or the number of external legs grows, allowing for a
greater number of potentially problematic terms. Besides terms with explicit dependence on
extra-dimensional momenta, such terms can be formed from antisymmetric combinations of
momenta which vanish in four dimensions. For example, we know that dimensionally regu-
larized two-loop six-point amplitudes in N' = 4 sYM theory have such terms [65]. In theories
with fewer supersymmetries, such terms occur with more frequency, and, for example, appear

in one-loop QCD amplitudes [43].
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To illustrate the supersymmetric formalism, we first describe a two-particle cut of the
one-loop four-point N/ = 4 amplitude, then move on to a three-particle cut of the planar
two-loop four-point amplitude [66]. Finally, we turn to the rather nontrivial case of four-loop
four-point amplitudes in this theory, including the nonplanar terms. The latter amplitude has
recently been computed [67], using mainly four-dimensional techniques. Direct calculations
of four-point gluon amplitudes in ' = 1 sYM in D = 10 dimensions, which upon dimensional
reduction gives N' = 4 sYM theory, confirm that all terms are captured by calculating directly
in four dimensions, through three loops.! At four loops, similar D = 10 checks have been
performed in the planar case, up to a mild assumption that no term has a worse power
count than the amplitude [68]. However, in the case of nonplanar contributions, there is no
complete check that the expressions built using four-dimensional momenta in the cuts are
complete, although a number of strong consistency checks have been performed [67]. In this
chapter we confirm that the expressions for the amplitudes of ref. [67] are valid for D < 6,

as expected.

At four points, the integrands of N' =4 sYM do not depend explicitly on the space-time
dimension, but only implicitly through Lorentz dot products, as already noted in refs. [66,
69, 70, 68, 71, 67] and explicitly confirmed here at four loops. This suggests that the dual
conformal properties, which impose strong constraints on the form of the integrands in four
dimensions, will impose similar constraints in higher dimensions. In addition, dual conformal
invariance can be extended to the massive Higgs-regulated case [72]. These facts suggest that
the dual conformal properties of planar N' = 4 sYM amplitudes should have extensions away
from four dimensions. Motivated by this, in Chapter 3 we will write down generators for
dual conformal transformations in six dimensions and prove transformation properties to all

loop orders.

! This property is special to maximal supersymmetry, and we have no expectation that it should hold for
other theories.
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2.2 The Unitarity Method

The modern unitarity method constructs loop amplitudes directly from on-shell tree ampli-
tudes [41], by combining unitarity cuts into complete expressions for amplitudes. The most
convenient cuts generally are those that reduce the loop amplitude integrands into a sum of
products of tree amplitudes,

Aifop| _ Z AtreeAtree . AtreeAtree ) (21)

states

cut

To construct the full amplitude, we can apply a merging procedure for combining cuts [62].
For more complicated cases, it is best to build an ansatz first in terms of some arbitrary
parameters. The arbitrary parameters are then determined by comparing the cuts of the
ansatz against the generalized unitarity cuts (2.1). If an inconsistency is found, the ansatz
is not general enough and must be enlarged. In four dimensions, a particularly simple
set of cuts to evaluate is those with the maximal numbers of cut propagators [45]. Often
it is convenient to build the ansatz for the amplitude by starting with generalizations of
these types of maximal cuts and then systematically relaxing the cut conditions one at a
time [51, 70, 67]. This approach, known as the method of maximal cuts, offers a systematic
procedure for obtaining complete amplitudes, including nonplanar contributions, at any
loop order in massless theories. One can carry out cut calculations either analytically or

numerically comparing to a target ansatz at high precision.?

An important concept is “spanning cuts”, or a complete set of cuts for determining an
amplitude. For the color-ordered one-loop four-point amplitude a spanning set is the usual s
and t channel two-particle cuts. More generally, spanning cuts are determined by requiring
that all potential terms that can contribute, including contact terms, can be detected by
the cuts. In section 2.3 we use such a spanning set of cuts to confirm the six-dimensional
validity of the complete four-loop four-point amplitude of N' = 4 sYM theory, calculated in

refs. [67, 71] using mostly four-dimensional methods.

2Since this procedure does not involve any integration, high precision is straightforward. One can also
choose rational numbers for the kinematic points.
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p2 p3

p1 D4

Figure 2.1: A sample cut of the four-loop four-point amplitude.

2.3 Multiloop applications with maximal supersymmetry

In this section we consider the construction of multiloop amplitudes in maximally supersym-
metric Yang-Mills in six dimensions. After some general comments, we turn to one-loop and

two-loop warmups before discussing four-point amplitudes at four and six loops.

2.3.1 General considerations

In unitarity cuts, one must sum over states for multiple particles. The supersum then
corresponds to integrating over the 7, 77 coordinates of these lines. For example, when sewing
the four-loop cut displayed in Fig. 2.1, the sum over states is implemented by the Grassmann

integration,

7
/ H(d%im)Aé”APAPAé“’, (2:2)
=1

where the superscript Aflj ) labels the four distinct tree amplitudes composing the cut.

The strategy for dealing with such supersums is similar to the strategy used at tree level,
we use eq. (1.31) to localize as many 7 integrals as possible. In cuts with no three-point
subamplitudes, such as the cut in Fig. 2.1, there is a supermomentum delta function on each
tree amplitude. Each delta function can be used to localize two pairs of n;, 7; via eq. (1.31);
in a cut with m tree amplitudes, a total of 2(m — 1) pair of n;,7; can be localized in this
manner, with one overall 6*(>", ¢)d*(}_. ) extracted outside of the integral. We note that

when solving the delta-function constraints, care must be taken to avoid circular solutions.
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In general, the fermionic delta functions will be insufficient to localize all of the 7 integrals;
the remaining integrals must be handled in a different manner. One approach is to expand
the left-over integrand as a polynomial in 7,7, and interpret the fermionic integral as
instructions to pick out the coefficient of [];(n;,)?(7,)?. We will apply this approach to a

two-loop example in the next Section 2.3.3.

Cuts that have three-point subamplitudes are generally more difficult, and may need to
be handled on an ad hoc basis. One can usually make progress by combining three-point

subamplitudes into higher-point amplitudes and perform the remaining 7 integrals as before.

We note that for four-point loop amplitudes, after extracting out the overall supermo-
mentum delta functions, the number of remaining 7, ns will always match the number of
Grassmann integrations. Therefore, the four-point loop amplitudes will depend on 7,7 only
through the supermomentum delta functions, i.e. they will be proportional to a four-point

tree superamplitude.

To illustrate these techniques we now work out a few examples. (The cut of Fig. 2.1 is

evaluated in some detail in appendix B.)

2.3.2 One-loop four-point example

Here we compute a two-particle cut of the one-loop 4-point amplitude for six-dimensional
maximal super Yang-Mills. It was shown in D-dimensional maximal super Yang-Mills that

the two-particle cut for the one-loop 4-point amplitude takes the following form [73]

. 1
Z Atree( ;27 17 2a _k‘zfl)Atree<_ ;27 37 47 kfl) = _ZStAtree(]-a 27 3a 4) (pl _ kl)Z(pg _ k2)2

51,82

where sq, so label the internal states and are summed over. We now reproduce this relation
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1 4

Figure 2.2: Two-particle cut for one-loop 4-point amplitude.

p2 p3

p1 P4

Figure 2.3: The three-particle cut of a two-loop four-point amplitude.

in six dimensions. Using superspace to sum the internal states:

Z Atree(k;27 17 2a _kil)Atree(_ké”? 37 47 kigl)

_ / P / P, / i, / Pi zRq ><§€ 1<)zRqA>5 <2L(q )0 ;fz)ZLQB)
= /d277k1/d277k2/d277k2/ qullq )]{}1()228]%” (jA)(s (Z;(g3)—6]§22);L (jB)
quHQ) (quuqfl) (ky - ko)? 1

= = —istApee(1,2,3,4)

(p1 — k1)?s s(p3 — k2)? (p1 — k1)2(p3 — k2)?

where we used ky — ko = p1 + po.
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2.3.3 Two-loop four-point example

Now we evaluate the three-particle cut illustrated in Fig. 2.3, which is more complicated

than the one-loop example because it contains two five-point subamplitudes:
3
CZlooP = /Hdznlid%?li 51 (P1, D2, I, Lo, 1) ASES (D3, pa, =1y, —la, —13) - (2.3)
i=1

We choose the following convenient representations for the five-point tree superamplitudes:

tree Z-54(ZLQ)54(ZL€7)

{qﬁ(lzllpmz)ABngB + cyclic

oL B Sl3l2512l18l1181232l3
17 4% < . . .
g (B8 + A0+ (0 + ) B + (i conjugate)] .
ree N 54 q 54 qv ~ .
fr,R =1 (29072 s ) Qﬁ(5213p3p4)AthB+CYC11C
S1115 515135133534 541,

1 ~ < ~ . .
t3 [_q;?Afilz)A — qiiAFy + (g3 — qu,)* Afy + (chiral conjugate)] } , (24)

where the L, R superscript of the A’s denote which side of the cut they are defined with

respect to. For example, we have,

AéA = (Lhpips — lapaprlh) LLais

Alya = —(llspsps — lopapsls) L - (2.5)
As discussed previously, one can extract an overall supermomentum delta function 54(2 c q)54(z c q)

outside of the integral, leaving behind a degree eight delta function, which can be used to lo-

calize two pairs of ns and 7s. Here we choose to localize 7;,, m;, and their antichiral partners.
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Thus the fermionic delta functions from the two tree amplitudes combine to give,

(e () () (50
- (i)

6% (e + i, (halla (@, + a1 + qz))52 (nlzb S G qQ)>

x4 (Uh + 3z1z2 (312G + a1+ %))52 (7752 + 3l112 [lz 171G, + @ + ‘h)) (2.6)

which is a direct application of eq. (1.31). From the above, one can immediately see that

the delta function localizes the d*n,d?7;, integral in eq. (2.3) for i = 1,2.

After factoring out the fermionic delta functions in AspAsg, the remaining function
is of Grassmann degree four, and only terms proportional to (n,)?(7;,)? can saturate the
remaining Grassmann integrals. Keeping in mind that n,, n,, 7, 7, are localized through

eq. (2.6), the contributing terms in the curly bracket in eq. (2.4) are,

. N . 1 < .
{qg(lzhplm)ABQZgB + qﬁ(llpmzls)AB%B + Qﬁ(P1p213l2)AthB + 5 [quiA + QZgAA[I;A:| }

air (lalspspa) s + ais (Ispspaly) a5 + 4t (p3palile) Gy — % [ql‘?A{ilQ)A + @AAEQ)] } :
(2.7)
Thus performing the final @2, d?f, integration gives for eq. (2.3),
(2-loop _ is23 AL (p1, p2, P3, pa)
s12(lz + lo)* (I + p1)2(p2 + 13)2 (I3 — p3)? (s — 1n)?
o {tn, R T
- % [ " (lzllplpél— ffiflll)bh = (L1, pé ﬁ%plmbh | 3>] } a
«{u ol Qéjp ek ;l ! (ll’f ;f;f L gl
% [ (i (blgpgp&l— flggfyg)bh = l(lglgpgp& fz;pglg)hll | 13>] } e8)
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This expression can be cleaned up further, but for our purposes it is simplest to evaluate
it numerically. We have numerically checked that after dividing by the tree amplitude, this
expression matches the analogous expression obtained using four-dimensional cuts [66, 69],
but extended into six dimensions. Since the four-dimensional expression depends only on
Lorentz dot products of momenta, this extension is carried out simply by treating the dot

products as six-dimensional ones.

2.3.4 Multiloop N = 4 super-Yang-Mills and N = 8 supergravity

Following the procedure described above, one can directly check the six-dimensional unitarity
cuts of more complicated multiloop N/ = 4 sYM amplitudes. Up to three loops, the four-
gluon amplitude is known to be valid in D dimensions (subject to mild power counting
assumptions) [70]. As a nontrivial application of the methods described above, here we
confirm that the complete four-loop four-particle amplitudes of N’ = 4 sYM theory computed
in ref. [67] are indeed valid for D < 6. In that paper, the amplitude was given as a linear

combination of 50 integrals of the form,

e f

7

- dPl; ) Nyi.(li, pi) (2.9)
L Gmn ) e e |
where the numerator Ny is a polynomial of degree six in the loop and external momenta. Of
these integrals, six are planar and the rest nonplanar. In ref. [67], many of the terms in the
numerators were explicitly determined using cuts with D = 4 momenta and helicity states.
Although a number of nontrivial checks were performed partially confirming their validity
in D > 4 dimensions, it is still useful to have a complete confirmation valid especially for

D = 11/2, which is the lowest dimension where an ultraviolet divergence can occur.

As explained in ref. [71], the validity of N' =4 sYM amplitudes in D dimensions implies
that the corresponding N/ = 8 supergravity amplitudes are valid as well. This follows
from the construction of N = 8 supergravity amplitudes from corresponding N’ = 4 sYM

amplitudes using the unitarity method in conjunction with the KLT relations [74], which are
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Figure 2.4: The eleven basic cuts decomposing a four-point four-loop amplitude into a
product of tree amplitudes. Together with ones involving two-particle cuts, these are the
basic ones for determining a massless four-point four-loop amplitude, including nonplanar

contributions [71, 67]. The complete spanning set is given by taking all possible distinct
permutations of cut and external legs.

known to be valid in D dimensions. We therefore need only confirm the D = 6 validity of
the N’ = 4 sYM amplitudes to confirm the result for NV = 8 supergravity for 4 < D < 6. A
key conclusion of ref. [71] is that the four-loop four-point amplitude of N' = 8 supergravity
then cannot diverge in dimensions lower than D = 11/2, matching the behavior of N' = 4

sYM theory.

As discussed in refs. [71, 67], any four-point four-loop amplitude of a massless theory
can be completely determined (up to scale-free integrals that integrate to zero in dimen-
sional regularization) via a set of eleven basic cuts shown in Fig. 2.4 along with simpler
ones containing two-particle cuts, not displayed. The complete spanning set is obtained
by considering all permutations of the legs of each constituent tree amplitude. This set is
constructed by demanding that all potential terms are detectable in at least one cut. To
carry out our six-dimensional evaluation, we compare the cuts formed from the products of
tree amplitudes against the corresponding cuts of the amplitudes as given in ref. [67]. In the
latter form, after dividing by the tree amplitude, only Lorentz inner products remain in the
amplitude, making numerical comparisons in six dimensions straightforward. In appendix B,

we give an explicit analytic evaluation of the sample nonplanar cut shown in Fig. 2.1.
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Figure 2.5: A nontrivial cut of the planar four-point six-loop N' = 4 sYM theory.

More generally, after extracting an overall supermomentum-conservation delta function
from the cuts, the remaining delta functions localize most of the nn integration, leaving
behind six, four, and two pairs of 17 respectively for diagrams (a), (b,c,d,e,g,j), and (f,h,i,k).
These extra pairs of nns then saturate the remaining integration, as was the case in the
two-loop example above. This then gives us a result for the state sum of these cuts, which

we evaluate with six-dimensional kinematics constrained to satisfy the on-shell conditions.

We find appropriate numerical solutions to the cut conditions by sequentially building
momenta that satisfy the on-shell conditions of each of the constituent tree amplitudes in a
cut. For a constituent n-point tree amplitude, we need to impose momentum conservation
and take the momenta on shell, p? = 0. For n — 2 of the legs, we can choose arbitrary
null vectors, imposing the momentum conservation constraints on the final two legs. We
n—2

label the sum of the arbitrary n — 2 momenta as P = ) !

p;. We then define p,_; =
(—P?%/2k - P) k, where k is an arbitrary null vector. With this choice then p, = p, 1 +
K automatically satisfies the on-shell condition p? = 0. (It can happen that momentum
conservation constraints can lead to inconsistencies in this simple procedure, if a tree does
not have at least two unspecified legs. Although this can always be avoided in our case, we
note that such inconsistencies can be resolved by solving the cut conditions for groups of

tree amplitudes instead of one by one.)

By systematically stepping through the spanning set of cuts described above, we confirm
that for D < 6 the full amplitude is correctly constructed by the mostly four-dimensional

evaluation of ref. [67], as expected.
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Another interesting case is the four-point six-loop amplitude of N' = 4 sYM theory.
At six loops, the planar amplitudes can be expressed as a linear combination of integrals
similar to the four-loop form (2.9), except that the numerator Ny is a polynomial in the
loop and external momenta of degree ten instead of degree six. In four dimensions, any
Gram determinant det(p; - p;) vanishes for p; and p; corresponding to any five independent
momenta, since there can be no more than four linearly independent momenta. For the six-
loop four-point amplitude we have a total of nine independent external and loop momenta.
Thus with four-dimensional momenta and spinors in the cuts, the constructed amplitude is

trivially invariant under the shifts,

Ny, = Ny + ap, det(p; - pj) (2.10)

although its form changes. The a,, are constants. If we impose dual conformal symmetry [75,
68, 51, 76|, the planar numerators are fixed with a,, = 0. What about higher dimensions?
Iterated two-particle cuts are simple to evaluate in D dimensions [66, 69], with the result that
all a,, detectable in such cuts vanish. As a more nontrivial check, we evaluated the cut shown
in Fig. 2.5 in six dimensions using the methods described above and numerically compared
it against the same cut obtained via four-dimensional methods [51, 39, 67] and extended
into six dimensions. Because this cut is composed of four- and five-point tree amplitudes,
its evaluation in six dimensions is similar to the four-loop cut described in appendix B. We
find that a,, = 0 in six dimensions to match the cut Fig. 2.5. Although we did not check a

spanning set of cuts, this result strongly suggests that all a,, vanish.
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CHAPTER 3

Dual Conformal Properties of Six-Dimensional

Maximal Super Yang-Mills Amplitudes

3.1 Introduction

Dual superconformal symmetry [75, 9] has played an important role in understanding the
structure of planar four-dimensional ' = 4 super-Yang-Mills (sYM) theory at both strong [8,
77, 78, 10] and weak coupling [79, 80]. In particular, the closure of the original and dual
superconformal symmetries forms an infinite-dimensional Yangian symmetry [81], which has
been extremely useful in determining the planar amplitudes of four-dimensional N = 4

sYM [82, 83, 84, 85].

Because the realization of this symmetry relies heavily on four-dimensional twistor vari-
ables [86, 87, 88], it is not immediately apparent how the symmetry behaves away from four
dimensions. This is an important question because the loop amplitudes are infrared diver-
gent and require regularization in four dimensions, and the dimensional regulator breaks the
symmetry [9, 80, 89]. Generically, any regularization scheme will result in either altering the
dimensionality or the massless condition of the external momenta, both of which are essential
to the definition of twistors. While one can modify the dual symmetry generators to account
for massive regulators [90], thus making the symmetry exact, it is a priori not apparent that
such a symmetry should exist without explicit calculation of the loop amplitudes, although

it is expected to exist.

To clarify these issues, six-dimensional four-point sYM multiloop amplitudes were re-

cently set up [2] using the six-dimensional spinor helicity formalism and on-shell superspace
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of refs. [33, 1]. If one restricts the external momenta to a four-dimensional subspace, these
should correspond to four-dimensional N' = 4 sYM amplitudes with loop momenta continued
to six dimensions. Interestingly, four-dimensional dual conformal symmetry can be used to
restrict the form of the multiloop planar integrand, and at four points, this integrand can
be straightforwardly extended to six dimensions. Furthermore, the four-dimensional dual
conformal boost generator can be extended to incorporate a massive regulator [82], which

can be interpreted as extra-dimensional momenta.

In ref. [2] it was conjectured that the six-dimensional maximal sYM n-point tree am-
plitude, when stripped of the momentum and supermomentum delta functions, transforms
covariantly under dual conformal inversion. More precisely, the delta-function-independent
part of the amplitude inverts with the same inversion weight on all external lines. The delta
functions then introduce extra inversion weight due to the mismatch of mass dimensions of
the momentum and supermomentum delta functions. This conjecture was checked explicitly

against the simple four-point tree amplitude.

In this chaper, we will show that the conjecture holds for all n > 4-point tree amplitudes.
We will establish the proof by induction; assuming that the (n — 1)—point amplitude inverts
covariantly, via BCFW recursion relations [37], the n—point amplitude will invert in the same
way. This proof follows a similar line given for the four-dimensional N’ = 4 sYM theory in

ref. [91].

At loop level, while it is expected that the six-dimensional loop integration measure
spoils any dual conformal properties present at tree level, we can recover good behavior by
restricting our attention to the integrand. Using the tree-level result, we will demonstrate
that the multiloop planar integrands invert in the same fashion as in four dimensions; they
are covariant with equal weight on all external lines, and with extra weight for the dual
loop variables. We proceed by combining the tree-level result with the generalized unitarity
method [41] to show that all planar cuts, after restoring the cut propagators, invert uniformly,

and thus the planar multiloop integrand inverts in the same way.

By restricting the loop integration to a four-dimensional subspace, the six-dimensional
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maximal sYM amplitudes can be interpreted as four-dimensional massively regulated N =
4 sYM amplitudes. Furthermore, the four-dimensional loop integration measure inverts
with the precise weight to cancel the extra weight of dual loop variables in the integrand.
Because ultraviolet divergences are absent in four dimensions, and the massive regulator does
not break the six-dimensional dual conformal symmetry, one concludes that the regulated
N = 4 amplitude will obey the exact symmetry. Assuming cut constructability of the loop
amplitudes, which is expected for maximally supersymmetric Yang-Mills, this demonstrates
that the dual conformal symmetry is an exact symmetry of the planar amplitude of massively

regulated N = 4 theory.

3.2 Dual conformal symmetry

Dual conformal symmetry is a symmetry of the superamplitude that is made manifest by

introducing dual (or region) variables subject to the following constraints [9]:

(21 — 1) = MiH A (e (@i = ;) aB = Aijyaa\iijy e
(0 = 0,)" = Ay gita (0; = 05)a = Mgpaalllyy (3.1)

where each leg is labeled by the indices {ij} of the two adjacent regions, the order of which
indicates the direction of momentum flow along the leg (for example, p’{‘ij} = —p’fji}). For
tree amplitudes, this notation is redundant since j can always be chosen as i + 1. However
this prescription does not generalize to loop level, and thus we use a more general notation
in anticipation of the multiloop discussion in section 3.4. We will go back and forth between
using indices (i, 7, ...) to label regions and to label legs; the meaning of the indices should
be clear from the context. The superamplitude is viewed as a distribution on the full space
(x,0, 5, A, :\, n,m), with delta function support on the constraint equations (3.1). The cyclic
nature of the region variables then automatically enforces momentum and supermomentum

conservation.

To obtain the four-dimensional massive amplitudes, we break the six-dimensional spinors
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up into four-dimensional representations. Explicit details can be found in refs. [2, 36]. Here
we just note that the dual variables should also be broken into four-dimensional pieces and

the fifth and sixth dimensional components. With pgi;y = (D3, Myijy, Myijy), we have:
Ti =T = Prigy, T — NG = Mgy, N — NG = Mgy (3.2)

where we use a check mark over a variable to indicate the components in the four-dimensional

subspace. The physical mass squared is then m%i at fn%i ne

The dual conformal boost generator can be expressed as a composition of dual conformal

inversions and translations,

Kt=1P,I, (3.3)

so we begin our discussion with the dual conformal inversion operator I. The inversion is

defined on the Clifford algebra as
I[(0")a5] = (5,74, I[(6")*"] = (0,)Ba, (3.4)

and on the region variables as

164 = (a7 ap07,  I[ia] = (27 P6;s. (3.5)

2 K3

_ Lip

2
Ly
From the inversion of x*, we also see that

I(zi = 2)"P] = (27 Yac(zi —2) P (x; o
= (27 Yac(z —z;)P(x;7 o5, (3.6)
and integration measures invert as

I[d°z;) = (22)~dCx; I[d*0;] = (22)%d*6; I[d*0;) = (22)%d*6; . (3.7)

With these definitions in hand, we can deduce the inversion properties of all of the other
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variables by requiring the invariance of the constraint equations (3.1) and the definitions of
the u and w variables in eqs. (1.13) and (1.15). We leave the proofs of these properties to

appendix C and collect the results here:

TiABALYy  TjaBA{] at, . 0
I[Aﬁj}a] = 2{2]} = 2{;} ) ][n{ij}a] == E(n{ij} + (% 1)AB 0;‘4)‘{Bij}> )
zAB)G pAB)G 2

3 i “Mij}B i "Mij}B ~q 7 Li [~ —~1\AB j 1}

TG00 = . j2 = 5 ]2 il = - P(n{ij}d + (z;7") 01'14)‘{1‘]’}3@) ,
o BU;I _ 1 2 a

Tuia) = ﬁ7 Hwia| = _E Li_1Wj

5 al - ~a
Iu,) = 7 Iw] = =B/ 0} (3.8)

By @iy

where [ is an unfixed parameter that is irrelevant in our calculations.

Given these inversion rules, one can immediately deduce via eq. (3.3) how each variable
transforms under the dual conformal boost generator K*. Alternatively, one can deduce the
same information by requiring that the dual conformal boost generator respects all of the
constraints in eq. (3.1). If we were to use the usual dual conformal boost generator in x

space,

0
K+ = 2alxt — af ) — 3.9
; ( w’L wZ xl 77 ) a ;/, ) ( )
the LHS of the definition of the z; in eq. (3.1) would be nonzero under boosts, while the
RHS would vanish. To correct this, we must add derivatives with respect to A and A to K+,
These new derivatives in turn would not be compatible with the definition of 6;, so we must

also add 0 and 7 derivatives. Requiring that all of the constraints in eq. (3.1) are consistent
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with K* then yields

0 9, 0
Kt = Z {(2 alal — xi ) E + 02 (o) P Cagc +0ia(e )ABiCch—aelc}

i 7

1 Aa e 0 A B 0
3 Z A (0")ap (25 + @)™ 5y — (0 + k) <0M)AB/\{jk}am
{ik} {3k} {ak}
+ Agiyaal @) (25 + 2o o — (0;+ 0r) a(6") {Jk}Ba~ ;
{jk}Ca MKy

(3.10)

where 7 runs over all regions, and {jk} runs over all legs. The bosonic part of this generator
was given in ref. [2]. One can explicitly check that the infinitesimal transformations generated

by this dual conformal boost generator match with those generated by eq. (3.3).

3.3 Dual conformal properties of tree-level amplitudes

In this section, we show that the tree-level amplitudes of six-dimensional maximal sYM
exhibit dual conformal covariance. In ref. [2], the four-point tree-level amplitude was shown

to be covariant under dual conformal inversion,
I[AF*) = (21)(afz5a50]) AT (3.11)

Note that the extra factor (z2)? relative to the four-dimensional result comes from the mis-
match of the degrees of the momentum and supermomentum delta functions in six dimen-
sions. In six dimensions, the momentum conservation delta function is of degree six instead
of degree four as in four dimensions. Since the fermionic delta function is still of degree
eight, there will be a mismatch in inversion weights of degree two in (z%). After separating

out the delta functions from the rest of the amplitude,

Atree = 46 (Z pi> 5! (Z qi) ! (Z q) fu, (3.12)

€€ €€ €€
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it was conjectured that the function f,, for n > 4, transforms as

I[fa] = (sz2> Jn (3.13)
€€

under dual conformal inversion. We prove this by induction, utilizing the BCFW recursion
relations [37]; assuming that all f,, transform as in eq. (3.13) for 4 < m < n, each term in
the BCFW recursive construction of f,, will respect eq. (3.13), and hence so will f,. For
the three-point amplitude, due to special kinematics, it is possible to consider the external
momenta in a four-dimensional subspace. It is then conceivable that the four-dimensional
dual conformal properties carry over to higher dimensions via covariance. However, closer
inspection is warranted, because the polarization vectors of the gluons could point outside
of the subspace. Furthermore, the six-dimensional three-point amplitude is not proportional

to the supermomentum delta function, and hence f3 cannot be defined.

Given that the function f, inverts as eq. (3.13), acting with the dual conformal boost

generator then gives

Kﬂﬁ}z(}jzﬁ>ﬁ% (3.14)

ic€

The above results can be rewritten for the massive amplitudes. In four-dimensional
notation, the conformal inversion acts as

T, n n

[ = In]=-2, 1[7) = = (3.15)

x2’

2 2 2

where 22 = 2 — n? — 2. The massive amplitude then transforms under the dual conformal

boost generators as

K*([fa] = (Z 2:6?) fur K"l = <Z 2ni> fos  K'[fa] = (Z 2n> fuo (3.16)

€€ (1<) €€

The generator K* is closely related to the dual generator for the massively regulated ampli-
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tude [90]. The bosonic dual variable part is

Kt =% {2:&5 (z;a‘; +nia% +fzi£ ) —x?ag } : (3.17)
i i i m

%

while the bosonic part of the fifth and sixth components of K* is

. 0 o 9 , 0

i

i ) ) o 0 , 0
no_ i yv — . N . 1
K > {Q”Z (x o7 " "om: +”Zam) T aﬁll (3.18)

%

Since the massive formulation is obtained straightforwardly from the six-dimensional formal-

ism, from now on we will work with manifest six-dimensional covariance.

3.3.1 The BCFW shift in dual coordinates.
Taking the BCFW shift to be on legs 1 and n, we have

pi(z) =p1 +2r, ¢i(z) = q + zs, G(2) =q + =8,

pn(z) = Pn — 2T, %L(Z) =(4n — %S, Qn(z) = (jn — Z5. (319)

The precise forms of r, s and § are given in eqs. (1.24) and (1.28). For our purposes, it is

sufficient to note that this implies a shift in only the dual coordinates z;, #; and él,

pi(z) = 11(2) — 22, qi(z) = 01(2) — 02, Gi1(z) = 01(2) — s,
pn(2) = — 21(2), qn(2) = 0, — 61(2), 0,(2) =0, — 0:(2), (3.20)
where
r1(2) = 1 + 27, 01(z) =01 + zs, él(z) =0, + 25. (3.21)
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D

Figure 3.1: A BCFW diagram without three-point subamplitudes.

Thus each BCFW term can be defined in a dual graph with just one shifted dual coordinate.
We will denote the legs with shifted momentum by placing hats over the leg labels, while a

hat over z and @ is used for shifted regions.

There are two types of BCFW diagrams, characterized by the presence or absence of a
three-point subamplitude. We must consider each case separately, due to the fact that we
cannot pull out an overall supermomentum conservation delta function from the three-point
amplitude, and thus the three-point amplitude does not have the straightforward inversion

of eq. (3.13).

3.3.2 BCFW diagrams without three-point subamplitudes

We first consider the case where there is no three-point subamplitude, as in Fig. 3.1. The

amplitudes on the left and right can be written as

A, = §° (Z]%) 5t (Z%) &t (Z@) fL(i,"' ,]}}3)7

icL il ieL
Ap = o (Zm) ! (Z%) ! (Z%) fr(=Pj+1--a). (322
i€ER i€R i€ER

Each term in the BCFW recursion can then be written as

5 (m) 5 (z qi) 5 (z q) ), .22

1€€ €€ 1€€
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where fr(bj ) is the contribution to fn from the BCFW diagram labeled by 7,

) = % d*npd*fp &* (Z %’) & (Z Qi) fofr. (3.24)

€L 1€L

From the induction step, the functions f; and fg invert as

Ifi] = /ff:pg---x?H)fL,

Ifa] = (mgﬂ . .xfﬁ) fr. (3.25)
The propagator in fr(zj ) has a simple inversion, given by

I [i} — I[ ! ] _ % (3.26)

2 2 2
P L1j+1 L1 j+1

so the only remaining piece of fT(LJ ) is the fermionic integral. Since the fermionic delta function
is of degree eight, the fermionic integral can be completely localized by the delta functions,
and the np,nps in fr, fr will be replaced by the solution of the delta functions. The replace-
ment does not affect the inversion properties of f;, fr because it simply amounts to the use

of supermomentum conservation. The integral was shown in eq. (1.44) to give
2, g2 ¢4 4 ~ ) A5 X ) B
/d npd-1p o Zqz' o Zqi = (91 - j+1) ABaaBp <91 - 9j+1)
i€L i€L
X <9~1 — Nj+1) )\%(L)\ga <9~1 — éj+1) . (327)
c D

Note that we do not write f;, and fr in the integral because they are independent of np, np

after the replacement. To see how this expression inverts, we use egs. (3.5) and (3.8) on each
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Figure 3.2: A BCFW diagram with a three-point subamplitude.

factor, such as

—~ AL 1 a - a
I {(91_6’%1) )‘ﬁAa} - _—W (93( Ty )BA%C)‘ 0]B+1( ]-i}l)BAI}Aﬁ)\ )
‘Tl j+1
1 ~ A~
S S (91 —ejﬂ) M (3.28)

[52..2
T1Tj 1

Doing the same for the other factors, we find

Jowr () ()

€L €L

- (£%x12 BE / dnpdijp 8! (Z qz> & (Z qz) (3.29)

€L i€L

Combining equations (3.25), (3.26) and (3.29), we arrive at the desired result

= <H x?> F9 (3.30)

ic€
3.3.3 BCFW diagrams with a three-point subamplitude

To make a statement about the inversion weight of the entire n-point amplitude, we must also
consider the BCFW terms which contain a three-point subamplitude, as shown in Fig. 3.2.

It was shown in section 1.5.2 that the contribution of such a diagram is given as,
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. 1
/d2npd27’]p A3ﬁAn—1 (331)

(Zm) 5 (z qz) 5 (z q@) iz = ug) iz — 84) 2o

€€ €€ €€

where f,,_1 has been rewritten completely in terms of external leg variables by using the

substitutions gp = —q; — ¢ etc. Hence,
(2) SN
fo) == (a2 —uy) (U2 — 03) ﬁfnfl . (3.32)

The inversion of P? and f,_; here are straightforward, and we are left with the remaining
factors involving u and @. We consider the inversion of (uz — uj) in detail. After applying
eq. (3.8), we get

2
2

1 [u2 - ui] = A= 2 BuQa (77; + (1’2_1)143054)‘23@)
223

8

&

e 7 P (nl +(551‘1)A35f‘k?“) : (3.33)

323
We can combine the 6-dependent terms in the above equation as

B
Vs

A\ Ba -~ NA\ Ba
<_u2a T2AB 92 /\2 + Ui, T1AB 91 /\i )

= % Uiy (B1 + 22) ap(05 — GNP
24/ 217575
B a
= mula(fpl ‘I’I'Q)AB)\ b)\iB U
2%3

= (:L‘l - :1:2)AB (Z1 + x2)ap Uy
1’1552333

<\/x 2x2 \/x x2> ’ (3:34)

43



. . ~ B . B B . B .
where in the second line we have used xi4p5 )‘i % = XouB )‘i % and uia)\i = ug, Ay . Putting

this back into eq. (3.33), we arrive at

I(uz —ug)] =p W(uz —uj). (3.35)

The inversion of the antichiral factor (Giz — 03) behaves in the same way, except that (3

appears in the denominator. Thus, putting everything together, we have
2
I[12] = (A—) (x3a5) (225 27) 12 = (Hw?) 1. (3.36)
ic€

This completes the proof of eq. (3.13). In the next section, we turn our attention to planar

multiloop amplitudes.

3.4 Loop amplitudes through unitarity cuts

In this section, we will demonstrate that the L-loop planar integrand is covariant under

inversion in the following way:
L
I[Z] = (H x?) (H(ﬂfi)“) Iy, (3.37)
icE i=1
where the integrand is defined with respect to the amplitude as
L
AL = 66 (Z pi> & <Z qi) 5 (Z q> / (H d%li)I,f. (3.38)
ic€ ic€ icE i=1

Because we are focusing on the integrand itself, there are extra loop region weights (xi)A‘.
This is the same result as in four dimensions, although in six dimensions the loop integration
measure inverts with weight (xi)*ﬁ, which does not exactly cancel the weight of the inte-
grand. Therefore, the amplitude after integration will not be covariant unless the integral is

restricted to four dimensions, which, as we have discussed, is the case when interpreting the
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extra two dimensions as a massive regulator [90].

Our approach to eq. (3.37) is to study the inversion properties of unitarity cuts of the
amplitude. In the unitarity method, we are required to perform state sums across the cut
propagators, which is achieved by integrating the Grassmann variables 7, 77;, of the cut lines.
Since the tree amplitudes contributing to the cuts have definite inversion properties, we only

need to understand how the 7, 7;, integration modifies the inversion weight.

To make statements about inversion properties, it is more natural to express everything
in terms of dual variables than in terms of n and A\. We therefore trade the supersum n
integrals for 6 integrals. Suppose a cut not containing any three-point subamplitudes has
an internal line between regions ¢ and j. The supersum across this line is expressed as an
integral with measure d®ng;;3d*7;;3. The transformation to dual coordinates is achieved by

inserting 1 into the cut in a particular way, given by

Al =TT mani < Al Ay A
{ij}
- [Tt < T8 (S ) o' (T 1
{ij} @ kea kea
- /HdQU{ia‘}dQﬁ{m « T @*0ndd < [] fo
(i) ; :
{rs}

where the product over {ij} runs over all internal cut lines, the product over k runs over
all regions, the product over {rs} runs over all lines, and the product over « runs over the
tree subamplitudes. The first two lines of this equality are the definition of the cut, where
we have ignored the momentum conservation delta functions on the subamplitudes, because
they combine straightforwardly into an overall momentum conservation when cut conditions
are relaxed and loop integrals are replaced. Because the integrand in the third and fourth
lines has a shift symmetry in the 6 variables, the measure []d*@ is understood to include

only (F' — 1) of the regions, where F' = n + L is the total number of regions in the graph.
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d40d4~ 4 10 ' é ((:()nstrajntg)
(constraints)f;:: """" >y W
(a) (b)

Figure 3.3: A cut of the two-loop four-point amplitude. (a) In the usual expression of the
cut, this diagram is dressed with a tree-level amplitude for each blob and a state sum over
each internal line. (b) As discussed in the text, for planar cuts this is equivalent to dressing
the diagram with an f function for each blob, introducing the dual variable constraints for
every line, and integrating over the dual 8 variables of every region. Finally, a state sum over
each internal line is performed. One can check that the dressing of (b) contains 8 x 8 = 64
fermionic delta functions and 5 x 8 = 40 integrations over 6 (because one of the six regions
is fixed by the shift symmetry), leaving 24 unintegrated fermionic delta functions, which are
exactly the supermomentum conservation of the subamplitudes in dressing (a).

An explicit example for the two-loop four-point amplitude is given schematically in Fig. 3.3.
It does not matter how we fix the symmetry in the measure; our choice will only affect
the overall supermomentum delta function, which does not contribute to the conjectured

transformation eq. (3.37). We therefore leave this detail implicit.

To see the equality of eq. (3.39), note that we can pull the subamplitude supermomentum
delta functions out of the # delta functions in the fourth line, leaving behind (P — V') delta
functions to be used for localizing the 6 integrals, where P is the number of lines in the
graph, and V is the number of subamplitudes. Because there are (F' — 1) of the 6 integrals,
the leftover delta functions saturate the integral when F' —1 = P — V| which is indeed the

case for planar graphs.

We can now use the 6 delta functions to eliminate all explicit n dependence from each

fa, so that the entire 17 dependence of the cut appears in the form

/ gyt (07 = 05 — My ngga) - (3.40)
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This performs the chiral half of the supersum across the line between regions ¢ and j. The
antichiral half of the supersum is completely analogous, so we leave it out. The integration

over 7;;1 thus contributes

Oy - ij - 15 = (05 — 0;)" (i — ) a(6: — 0;)7 . (3.41)

We demonstrated in section 3.3.2 that this factor inverts with weight (z7z3)~".

Returning to the cut in eq. (3.39), the result of doing the 7 integrals is

/Hd49kd49 XHfOXH ij * Lij zg 92] Lij 91)

a {ij}

X H 54 QA 0-’4 )\{rs}n{TS}tl) 5 (érA — ésA — S\{TS}Adﬁ({irs}> s (342)
{rs}

" eut

where now {rs} only runs over the external lines. An overall supermomentum delta function
pulls out, leaving (n — 1) delta functions of each chirality, which completely saturate the 6
integrations over the external regions (this also takes care of the shift symmetry detail). We

are finally left with

() (D) (x0)

X / <H d49kd46~k) H(GZ] *Tij e HZ])(H *Tij - zg H fa s (343)

{ij}

AL

where the product over £ now runs only over the internal regions, and we have replaced the

overall momentum conservation.

We are now in a position to formulate a set of diagrammatic rules for inverting the cut,
after restoring the cut propagators. Because each piece of the second line of eq. (3.43) inverts
covariantly, the cut inverts to itself multiplied by an overall prefactor (not considering the
inversion of the overall delta functions). To calculate the prefactor for a given cut, we have

the following rules:
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e For every loop region k, the 6, 6, measure contributes a factor (z3)*.

e Bach internal leg {ij} contributes (2723)~", where a factor of 2723 comes from the cut

propagator, and a factor of (2222)72 comes from (0;; - z;; - 0;7) (0 - wi; - 0;)

e Each tree-level subamplitude contributes [[, 7, where ¢ runs over all regions adjacent

to the tree.

Given a region i, it is straightforward to invert these rules to figure out what power of z?

appears in the prefactor. If ¢ is an external region, z? must appear to the power (p; — 0;),
where p; and o; are the number of tree-level subamplitudes and the number of internal
propagators, respectively, adjacent to region i. Each external region necessarily borders

one fewer of the internal propagators than the subamplitudes, so the external regions each

give 22. If, on the other hand, ¢ is an internal region, then z? appears to the power (p; —
o; +4). All internal regions necessarily border the same number of internal propagators as
subamplitudes, so the internal regions each give (z7)?. Therefore, we have reached the result

that each planar cut with no three-point subamplitudes inverts with the prefactor

(H xf) (H(xi)4> , (3.44)

after the cut propagators have been restored, and not including the overall momentum and
supermomentum conservation. It is not difficult to extend this result to cuts involving
three-point subamplitudes. The supersum between a three-point subamplitude and another
subamplitude in a cut proceeds in the same way as sewing a three-point tree in BCFW. The

resulting merged subamplitudes then invert as in eq. (3.36).

Because all cuts invert in exactly the same way, and the correct amplitude must satisfy

all generalized unitarity cuts, we conclude that the L-loop integrand inverts as
L
I[Z;] = (H x?) (H(ﬂfi)‘*) Iy . (3.45)
i€ i=1

For a recent discussion of the transition from cuts to the amplitude, see ref. [92]. Note
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that bubbles on external lines are not cut detectable, so they potentially violate eq. (3.45).
However, because this is the maximally supersymmetric theory, we do not expect these

contributions to appear [92].

If we restrict the loop integration measure in eq. (3.38) to a four-dimensional subspace,
as when interpreting the two extra dimensions as a massive regulator, the measure will
provide an extra inversion weight of Hi(xi)*‘l, which exactly cancels the extra weight of the
integrand. The inversion then commutes with the integration, since the infrared singularities
have been regulated, and the amplitude obeys an exact dual conformal symmetry to all loops,

which we may write as

Jie)e

L
— <H xf) / (H d4$li>I,f , (massively regulated N =4).
i=1

€€
(3.46)

3.5 Comments

In this chapter we demonstrated that the six-dimensional maximal sYM tree-level amplitudes
and multiloop integrands exhibit dual conformal covariance. While dual conformal symmetry
has been shown to exist for theories in D # 4 [93], it is noteworthy that such a symmetry
can be defined for theories which are not invariant under ordinary conformal symmetry [2,
94]. Also, because a massless on-shell particle in six dimensions is equivalent to a massive
particle in four dimensions, our six-dimensional result then naturally gives the dual conformal

properties of the massively regulated four-dimensional N = 4 theory [90].
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CHAPTER 4

Gravity as the Square of Gauge Theory

4.1 Introduction

A key lesson from studies of scattering amplitudes is that weakly coupled gauge and gravity
theories have a far simpler and richer structure than is evident from their usual Lagrangians.
A striking example of this is Witten’s remarkable conjecture that scattering amplitudes
in twistor space are supported on curves of a degree controlled by their helicity and loop
order [11, 95, 96]. At weak coupling another remarkable structure visible in on-shell tree
amplitudes are the Kawai-Lewellen-Tye (KLT) relations, which express gravity tree-level
amplitudes as sums of products of gauge-theory amplitudes [74, 97]. These relations were
originally formulated in string theory, but hold just as well in field theory. In fact, in many

cases, they hold even when no string theory lives above the field theory [98].

The KLT relations have recently been recast into a much simpler form in terms of numera-
tors of diagrams with only three-point vertices. In the new representation the diagrammatic
numerators in gravity are simply a product of two corresponding gauge-theory numera-
tors [15]. Underlying these numerator “squaring relations” is a newly discovered duality
between kinematic numerators of gauge theory and their associated color factors, by Bern,
Carrasco and Johansson (BCJ). The BCJ duality states that gauge-theory amplitudes can be
arranged into a form where diagrammatic numerators satisfy a set of identities in one-to-one
correspondence to the Jacobi identities obeyed by color factors. The duality appears to hold
in large classes of theories including pure Yang-Mills theory and N = 4 super-Yang-Mills.
BCJ conjectured that the numerators of gravity diagrams are simply the product of two

corresponding gauge-theory numerators that satisfy the duality. These squaring relations
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were verified in ref. [15] at tree level up to eight points. Interestingly, the duality also leads
to a set of non-trivial relations between gauge-theory amplitudes [15], which are now well
understood in string theory [99]. The numerator duality relations have also been understood
from the vantage point of string theory [100, 101, 102]. In particular, the heterotic string
offers important insight into these relations, because of the parallel treatment of color and

kinematics [101].

The unitarity method [41] immediately implies that gravity loop amplitudes must have
the double-copy property, if the corresponding gauge-theory loop amplitudes can be put in a
form that satisfies the BCJ duality, as does indeed appear to be the case [103]. The squaring
relations then apply to gravity numerators for any value of loop momenta, ¢.e. with no cut
conditions applied. This is to be contrasted with the KLT relations, which are valid only
at tree level, and can be applied at loop level only on unitarity cuts that decompose loop
amplitudes into tree amplitudes [69]. The KLT relations take a different functional form for
every cut of a given amplitude, depending on the precise tree-amplitude factors involved in
the cut. The squaring relations, on the other hand, take a simple universal form for any

choice of loop momenta.

In our approach to understand the color-kinematics duality, we use a more traditional
Lagrangian viewpoint. A natural question is: what Lagrangian generates diagrams that
automatically satisfy the BCJ duality? We shall describe such a Lagrangian here, and
present its explicit form up to five points. We have also worked out the six-point Lagrangian
and outline its structure, and make comments about the all-orders form of the Lagrangian.
We find that a covariant Lagrangian whose diagrams satisfy the duality is necessarily non-
local. We can make this Lagrangian local by introducing auxiliary fields. Remarkably we
find that, at least through six points, the Lagrangian differs from ordinary Feynman gauge
simply by the addition of an appropriate zero, namely terms that vanish by the color Jacobi
identity. Although the additional terms vanish when summed, they appear in diagrams in
just the right way so that the BCJ duality is satisfied. Based on the structures we find,
it seems likely that any covariant Lagrangian where diagrams with an arbitrary number of
external legs satisfy the duality must have an infinite number of interactions.
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In ref. [104], the problem was posed of how to construct a Lagrangian that reflects the
double-copy property of gravity. That reference carried out some initial steps, showing that
one can factorize the graviton indices into “left” and “right” classes consistent with the
factorization observed in the KLT relations. (See also ref. [105].) Unfortunately, beyond
three points the relationship of the constructed gravity Lagrangian to gauge theory was
rather obscure. As it turns out, a key ingredient was missing: the duality between color and
kinematics, which was discovered much later [15]. Using the modified local version of the
gauge-theory Lagrangian whose Feynman diagrams respect the BCJ duality, we construct a
Lagrangian for gravity valid through five points, as a double copy of the gauge-theory one.
The likely appearance of an infinite number of interactions in the modified gauge-theory
Lagrangian is perhaps natural, because we expect any covariant gravity Lagrangian to also

have an infinite number of terms.

We present a simple application of the BCJ duality. Since the BCJ duality states that
diagrammatic numerators have the same algebraic structure as color factors, we can immedi-
ately make use of different known color representations of amplitudes to write dual formulas
where color and kinematic numerators are swapped. In particular, Del Duca, Dixon and Mal-
toni [106] have given a color decomposition of tree amplitudes using adjoint-representation
color matrices. They derived this color decomposition using the color Jacobi identity and
Kleiss-Kuijf relations [107]. By swapping color and numerator factors in their derivation, we

immediately obtain novel forms of both gauge-theory and gravity tree amplitudes.

4.2 Review of BCJ duality

4.2.1 General Considerations

Consider a gauge-theory amplitude, which we write in a diagrammatic form,

1 ree n;c;
FA; (1,2,3,...,n) = > T s (4.1)

diags. ¢
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Figure 4.1: A Jacobi relation between color factors of diagrams. According to the BCJ duality
the diagrammatic numerators of amplitudes can be arranged in a way that they satisfy relations
in one-to-one correspondence to the color Jacobi identities.

where the sum runs over all diagrams ¢ with only three-point vertices, the ¢; are color factors,
the n; are kinematic numerators, and the s,, are the inverse propagators associated with
the channels «; of the diagram i. Any gauge-theory amplitude can be put into this form
by replacing contact terms with numerator factors canceling propagators, i.e., S,/s, and
assigning the contribution to the proper diagram according to the color factor. The value
of the color coefficient ¢; of each term is obtained from the diagram 7 by dressing each

three-point vertex with a structure constant f abe where

foe =iVt = T ([T°, T T°), (4.2)

and dressing each internal line with §9°.

A key property of the f¢ is that they satisfy the Jacobi identity. Consider, for example,
the color factors of the three diagrams illustrated in Fig. 4.1. They take the schematic form,

Cs = ... fala?bfb%a“ . = fa1a4bf~'ba2a3 N

raiasb rbasas
| fuasb foases

. Ct . Cy = -y

(4.3)

4 Y

where the signify factors common to all three diagrams. The color factors then, of

course, satisfy the Jacobi identity

cs+c+c,=0. (4.4)
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Here we have chosen a sign convention' that differs from ref. [15].

The BCJ conjecture states that numerators n; can always be found that satisfy Jacobi

relations in one-to-one correspondence with the color Jacobi identities,

cit+cj+e=0 = n; +n; +n, =0, (4.5)

where 7,7 and k label diagrams whose color factors are related by a Jacobi identity. (In
general the relative signs between the color factors in all Jacobi identities cannot be taken
to be globally positive, but according to the BCJ conjecture the relative signs always match
between the color and kinematic identities.) In addition, BCJ duality also requires that
the n; satisfy the same self-anti-symmetry relations as the ¢;. That is, if a color factor is
anti-symmetric under an interchange of two legs, the corresponding numerator satisfies the

same antisymmetry relations,

We note that when the color-ordered partial amplitudes are expressed in terms of numera-
tors satisfying these self-anti-symmetry relations, they automatically satisfy the Kleiss-Kuijf

relations [107, 106] between color-ordered partial amplitudes [15].

4.2.2 Five-point example and generalized Jacobi-like structures

Consider the five-point case as a simple example, discussed already in some detail from
various viewpoints in refs. [15, 100, 101, 102]. At five points there are 15 numerators and 9
independent duality relations, leaving 6 numerators. Of these remaining numerators, 4 can
be chosen arbitrarily due to a “generalized gauge invariance”. By choosing the remaining
two n; to correctly give two of the partial amplitudes, non-trivial relations between color-

ordered amplitudes can be derived from the condition that the remaining partial amplitudes

In any given Jacobi relation the relative signs are arbitrary since they always can be moved between
color factors and kinematic numerators.
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are also reproduced correctly. For example,

83514;1“66(1’ 2, 4, 3, 5) - (813 -+ 823)14?66(17 2, 3, 4, 5) - SlgAgree(l, 3, 2, 4, 5) =0. (47)

This relation has generalizations for an arbitrary number of external legs [15], which have

been derived using string theory [99].

As discussed in refs. [101, 102], eq. (4.7) is equivalent to a relation that exhibits a Jacobi-

like structure,

Ng—Mnip+Mnis Ny — N1+ N3 Ng — Ny + N2 n5—n2+n11_0 (4.8)
=0, _

545 524 512 551

where only the sum over terms is required to vanish. In this equation, the Jacobi-like
structure involves additional minus signs because we follow the sign conventions given in

ref. [15] for the expansion of the five-point amplitude,

ny no ns U2 N5

tree _

ABee(1,2,3,4,5) = + ;
512545 523551 534512 545523 551534
N2 ni ns nis Ny

t _

A5ree(1,2,4,3, 5) = + — —+ — ,
512535 524551 543512 535524 551543
nis no N0 U2 ni1

tree _

A5 (1,3,2,4, 5) = — — — — . (4.9)

513545 523551 524513 545523 551524

As explained in ref. [101, 102], relations of the form (4.8) are the natural gauge-invariant
numerator identities that emerge from string theory. Because of the generalized gauge in-
variance, these relations are less stringent than the BCJ duality. Indeed, the individual
terms in eq. (4.8) are not required to vanish, but only their sum. We note that the heterotic
string offers some important insight into the BCJ duality (4.5): in the heterotic string both
color and kinematics arise from world-sheet fields, making the duality more natural [101].
Identities of the form (4.8), though interesting, will not play a role in the analysis below. In
the remainder of this paper we will only be concerned with numerators n; that satisfy the

more stringent BCJ-duality requirements of eq. (4.5).
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4.2.3 Gravity squaring relations

Another conjecture in ref. [15] is that gravity tree amplitudes can be constructed directly

from the n; through “squaring relations”. Consider two gauge-theory amplitudes,

1 n;C;
—— AT(1,2,3,...,n) = L
gn*2 d%l Hai Sai
1~ niC;
—— AT(1,2,3,...,n) = = (4.10)
gn—2 d%l Hai Sai

These two amplitudes do not have to be from the same theory, and can have differing gauge
groups and particle contents. In ref. [15] the requirement that both the n; and the n; satisfy
the BCJ duality was imposed, i.e. they satisfy all duality conditions n; +n; +n; = 0 and
n; +n; +mn, = 0. The conjectured squaring relations state that gravity amplitudes are given

simply by

nin;

Hj Sa;

—1 tree _
S MIe(1,2,3,...,m) = >

T (4.11)

diags. ¢
where the sum runs over the same set of diagrams as in eq. (4.10). The states appearing
in the gravity theory are just direct products of gauge-theory states, and their interactions
are dictated by the product of the gauge-theory momentum-space three-point vertices. The
squaring relations (4.11) were explicitly checked through eight points and have recently been

understood from the KLT relations in heterotic string theory [101].

Using standard factorization arguments it is simple to see why one would expect the BCJ
duality to imply that gravity numerators are a double copy of gauge-theory numerators.
Let us assume that the numerators of all n-point gauge-theory amplitudes (4.1) satisfy
the BCJ duality (4.5). Let us also assume that we have already proven that the squaring
relations (4.11) hold for amplitudes with fewer legs. Consider an ansatz for the n-point
graviton amplitude given in terms of diagrams by the double-copy formula (4.11). We now
step through all possible factorization channels using real momenta. By general field-theory

considerations we know that in each channel the diagrams break up into products of lower-
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point diagrams. The sum over diagrams on each side of the factorization pole forms a lower-
point amplitude. Since each numerator factor of the n-point expression satisfies the duality
condition, we expect the lower-point tree diagrams on each side of the factorized propagator
to inherit this property when we choose special kinematics to factorize a diagram. Thus on
each side of the pole we have a correct set of double-copy numerators for the lower-point
gravity amplitudes. Stepping through all factorization channels we see that we have correct
diagram-by-diagram factorizations in all channels. This provides a strong indication that

the double-copy property follows from BCJ duality.

4.3 A Lagrangian generating diagrams with BCJ duality

We now turn to the question of finding a Lagrangian which generates amplitudes with nu-
merators that manifestly satisfy the BCJ duality. If a local Lagrangian of this type could be
found, it would enable us to construct a corresponding gravity Lagrangian whose squaring
relations with Yang-Mills theory are manifest. We show that such a construction is in-
deed possible, and we present the explicit form of a Yang-Mills Lagrangian which generates
diagrams that respect the BCJ duality up to five points. We use it to construct the corre-
sponding Lagrangian for gravity. We also outline the structure of Lagrangians that preserve

the duality in higher-point diagrams.

4.3.1 General strategy of the construction

A Yang-Mills Lagrangian with manifest BCJ duality can only differ from the conventional
Yang-Mills Lagrangian by terms that do not affect the amplitudes. The amplitudes are
unaffected, for example, by adding total derivative terms or by carrying out field redefinitions.
In fact, the MHV Lagrangian [108] for the CSW [12] expansion is an example where identities
or structures of tree-level amplitudes can be derived through a field redefinition of the original
Lagrangian. Such a construction has the additional complication that a Jacobian can appear
at loop level. Surprisingly, we find that not only does a Lagrangian with manifest BCJ duality
exist, it differs from the conventional Lagrangian by terms whose sum is identically zero by
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the color Jacobi identity! Although the sum over added terms vanishes, they cause the
necessary rearrangements so that the BCJ duality holds. Another curious property is that
the additional terms are necessarily non-local, at least if we want a covariant Lagrangian

without auxiliary fields.

For example, consider five-gluon tree amplitudes. To obtain diagrams that satisfy the

BCJ duality one is required to add terms to the Lagrangian of the form
1
£~ Te (A, A 2 ([0 A Al A%+ (A, A, 0,4, + (A 0,40, ), (412)

along with other contractions. If we expand the commutators, the added terms immediately
vanish by the color Jacobi identity. If, however, the commutators are re-expressed in terms
of group-theory structure constants, they generate terms that get distributed across different
diagrams and color factors. We find similar results up to six points, suggesting that it is a

general feature for any number of points.

Since the BCJ duality relates the structure of kinematic numerators and color factors of
diagrams with only three-point vertices, the desired Lagrangian should contain only three-
point interactions. To achieve this we introduce auxiliary fields. The auxiliary fields not only
reduce the interactions down to only three points, they also convert the newly introduced
non-local terms into local interactions. This procedure introduces a large set of auxiliary
fields into the Lagrangian. This is not surprising since we want a double copy of this La-
grangian to describe gravity. The ordinary gravity Lagrangian contains an infinite set of
contact terms; if we were to write it in terms of three-point interactions we would need to
introduce a new set of auxiliary fields for each new contact term in the expansion. Since in
our approach the gravity Lagrangian is simply the square of the Yang-Mills Lagrangian, it
is natural to expect that the desired Lagrangian contains a large (perhaps infinite) number
of auxiliary fields. We now begin our construction of a Yang-Mills Lagrangian with manifest

BCJ duality.
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4.3.2 The Yang-Mills Lagrangian through five points

We write the Yang-Mills Lagrangian as
Lyy =LA+ L+ Lo+ .. (4.13)

where £ is the conventional Yang-Mills Lagrangian and £/, n > 4 are the additional terms
required to satisfy the BCJ duality. At four points, the BCJ duality is trivially satisfied
in any gauge [15], so £ by itself will generate diagrams whose numerators satisfy eq. (4.5).
For simplicity we choose Feynman gauge for £,2 though similar conclusions hold for other
gauges. All contact terms are uniquely assigned to the three-vertex diagram carrying the
corresponding color factor. The £! are required to leave scattering amplitudes invariant, and
they must rearrange the numerators of diagrams in a way so that the BCJ duality is satisfied.
It turns out that the set of terms with the desired properties is not unique. Indeed, “self-
BCJ” terms that satisfy the BCJ duality by themselves can also be added. This ambiguity
is related to the residual “gauge invariance” that remains after solving the duality identities
[15, 101].

By imposing the constraint that the generated five-point diagrams satisfy the BCJ dual-
ity (4.5), we find the following Lagrangian:

L= %AZDACL}L . gfalagagauAglAaguAagu . lengalagbfbaga4AleAZ(JJQACL?“LLACMV
! 1 3 paiazb rbasc pcaqa
Ly = —5g° [ fresefeasss

x (% ABAB A 9 AR ATBATE 45 A Ag%@#) (AwvAoPY . (4.14)

Ol ~

The numerators n; are derived from this action by first computing the contribution from
the three-point vertices, which gives a set of three-vertex diagrams with unique numerators.
Then the contributions from the four- and five-point interaction terms are assigned to the
various diagrams with only three-point vertices according to their color factors. Since these

terms will contain fewer propagators than those obtained by using only three-point vertices,

2We are considering only tree level at this point. Therefore we ignore ghost terms.
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their contributions to the numerators contain inverse propagators. Finally, we combine all
diagrams with the same color factor, however they arose in the procedure above, into a single
diagram. Its kinematic coefficient is the desired numerator that satisfies the BCJ duality. In
this light, the purpose of LL is to restore the BCJ duality (4.5) violated by the interaction

terms of L.

Although Lf is not explicitly local, as we mentioned, we can make it local by the in-
troduction of auxiliary fields. It turns out that without auxiliary fields there is no solution
for a local Lagrangian in any covariant gauge that generates numerators satisfying the BCJ
duality. The non-locality explains the difficulty of stumbling onto this Lagrangian without

knowing its desired property ahead of time.

As previously mentioned, £} is identically zero by the color Jacobi identity. To see this

we can relabel color indices to obtain

£/5 — _%g3<fa1a2bfbagc + fa2a3bfbalc + fa3a1bfbazc)fca4a5
1

X 8[u Al‘f]lAZ?A“?’“E(Aa‘“’A“W) . (4.15)
As apparent in (4.15), the canceling terms have different color factors and thus appear in
different channels. For the individual diagrams these terms are non-vanishing. Furthermore,

they alter the numerators of the individual diagrams such that the BCJ duality (4.5) is
satisfied.

It is interesting to note that there is one other term that can be added to Yang-Mills at

five points which preserves the relation (4.5):

Ds = _Tﬁg?’f“l@bfba?scjtcaws

x (8(#143142214“3” 0, A% A A 8(#A‘;§AZIA“2“) é(A“‘*”A%P) . (4.16)

where (8 is an arbitrary parameter. Ds also vanishes identically by the color Jacobi identity.
Since Dy does not serve to correct lower-point contributions to make the BCJ duality relations

hold through five points, we do not need to include it. It does however show that there are
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families of Lagrangians with the desired properties.

4.3.3 Towards gravity

Now that we have a Lagrangian that gives the desired numerators n; for gauge theory (4.10),
we use it to construct the tree-level gravity Lagrangian by demanding that it gives diagrams
whose numerators are a double copy of the gauge-theory numerators, as in eq. (4.11). How-
ever, as explained above, we need to first bring the Yang-Mills Lagrangian into a cubic form

to achieve this. We can do so by introducing an auxiliary field By,
Lyy = 3A™OAL + B* BS, — gf (9, A% + B, ) A A . (4.17)

This is equivalent to the ordinary Yang-Mills Lagrangian as we can immediately verify by

a
pv?

a

i.e. by substituting the equation of motion of By,

integrating out B
a g aoc C
By, =51 (AL A) . (4.18)

Since the BCJ duality is trivially satisfied through four points, naively one would take the
square of this action to obtain a tree-level action for gravity valid through four points.
However, since the squaring is with respect to the numerators n; and not numerator over
propagator, n;/s,, we need the auxiliary fields to generate the numerators with the inverse
propagators directly, instead of multiplying and dividing by inverse propagators afterwards.
This implies that the auxiliary fields must become dynamical (to generate the required
propagator) and that their interactions must contain additional derivatives to produce the
inverse propagator necessary to cancel the propagator. At four points this leads to the
Lagrangian:

Lyy = 3A™0AL — B*OBY, — gf**(0,A; + 0B

wvp puv

YA A (4.19)
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where the equation of motion for the auxiliary field By, , becomes

0B, = & paeq, (A0 Ac). (4.20)

pep 9

We are now ready to construct a gravity action that gives the correct four-point ampli-

tude. We begin in momentum space, where the identification
A (R)A, (k) = () (4.21)

can be trivially implemented. We first demonstrate how the gravity action can be derived
from the four-point Yang-Mills Lagrangian. We write the Yang-Mills Lagrangian in momen-
tum space. Since gravity does not have any color indices, we encode the information of the
structure constants in the anti-symmetrization and cyclicity of the interaction terms. We
drop the coupling constant for now; it can easily be restored in the final gravity action. We

also neglect factors of 27 in the measure for convenience. We arrive at

1
Sym ~ 5 / dPkidky 67 (k1 + ko) K3 [A“(kl)Au(kz) — 2B"P (k1) By (k2) | ,
- / dPkydP kydP ks 67 (ky + ky + k3) (4.22)

x Pﬁ{ [y Ay (ky) + kaW(kl)]Awkg)A"(kg)} ,

where Py indicates a sum over all permutations of {k1, ks, k3} with the anti-symmetrization

signs included. From here, we can read off a gravity action valid through four points:

’Sgrav = ’Skin + Sint ) (423>
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with

1
&mwl/fhf@ﬁ@rwmg

X A () Ay (o) = 2B (k1) By (ko)

x [A7 () Ag (o) = 2B77 (1) Bora (k)]
&MN/WMWMW@W%+@+@)

x Pod [l Ay () + B B ()] 4% (k) A" 15)}

X PG{ [kun Ay (k) + kIBT,\U(kl)}AA(kQ)A"(kg)} . (4.24)

In extracting the Feynman rules from this action the “left” and “right” fields each contract

independently. For example, for the propagators we have,
1 1 N Npo
(A ) A1) A, (k) Ay () = 0 54y 1y,
i

D, D, i v ok!lT
<Au<k1)BpaT(kl)Au(k2)Bnn)\(kQ» = 77“ 775717;; d A54(k1 + kQ) . (425)
1

By construction, this action will give the correct three- and four-graviton tree-level ampli-
tudes.

We note that one can construct the coordinate-space action by combining the left-right

fields as

AFAY = B

AFBVPT adad

BHPT AV el
BrPOBUTY  — frpovTh (4.26)

where h*” is the physical field, which includes the graviton, anti-symmetric tensor, and

64



dilaton. The kinetic terms in x space take the form
1 - .
Skin = _5 / dPx [hWDhm/ - ngpamguupa - ngpamguupa + 4fWPUT)\Dfuupar>\ . (427)

The interaction terms can similarly be constructed, but we do not display them here as there

are 144 of them.

To move on to five points, we need to introduce a new set of auxiliary fields to rewrite

the non-local terms in a local and cubic form. We simply give the result:

Ll — Yeroxg, + D??SprC(ag) qvp + D?SVMDC&) wwpo
abc apr Ab pc apy b pc apvpo b Ac
g (Y ALAS 4 0, Dl AL AL — 10, D0, Al AL )

o X (10,015 0,45 + 0 ). (129

o]

Note that these new auxiliary fields do not couple to B*”. It is now straight-forward to
transform (4.28) to momentum space and, through the squaring process, obtain a gravity

Lagrangian that is valid through five points.

4.3.4 Beyond five points

As we increase the number of legs we find new violations of manifest BCJ duality, so we
need to add further terms. We have constructed a six-point correction to the interactions so

that the Lagrangian generates numerators with manifest BCJ duality.

The general structure of £f is similar to that of Lf; after relabeling color indices, we can

arrange Ly to vanish by two Jacobi identities:

0 = (fa1a2bfba30 + fagagbfbalc + fagaﬂszagc) fcdagfda4a57

0 — falagb (fbagcfcdag + fbdcfcaeag + fbagcfcagd) fda4a5‘ (429)

The first of these two color factors is contracted with 59 different terms having a schematic
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form?
1
O

1

(A" A A%)

(A% A%) A% (4.30)

where the parenthesis indicate which fields the é acts on. The second color factor contracts
with 49 terms of the form

1 1

E(AalA“2)A”3E(A“4A“5)A“6 . (4.31)
In each term, there are an additional two partial derivatives in the numerator acting on the
gauge fields. The large number of terms arises from the many different ways to contract
the 8 Lorentz indices. We have found that the coefficients of these 108 terms depend on 30
distinct free parameters, in addition to the  that showed up at five points (4.16). Thus,

there is a 30-parameter family of self-BCJ six-point interactions.

We anticipate that this structure continues to higher orders, with the addition of new
vanishing combinations of terms. We have seen no indication that the Lagrangian will
terminate; for each extra leg that we add to an amplitude, we will likely need to add more
terms to the action to ensure that the diagrams satisfy the BCJ duality. A key outstanding
problem is to find a pattern or symmetry that would enable us to write down the all-order

BCJ-corrected action without having to analyze each n-point level at a time.

If the construction of a Lagrangian to all orders succeeds, it would be a fully off-shell
realization of the BCJ duality at the classical level. It would be interesting to then study
non-perturbative phenomena such as instantons using this Lagrangian to see whether BCJ
duality and the squaring relations can elucidate physics beyond the regime of scattering
amplitudes. Our off-shell construction suggests that BCJ duality may also work at loop
level. Of course, one would need to account for the ghost structure and, more importantly,
demonstrate that the loop amplitudes so constructed do indeed have the desired duality

properties manifest.

3Momentum conservation can alter these counts but we give them as an indication of the number of terms
involved.
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Figure 4.2: A graphical representation of the color basis ¢1 4,... o, n introduced in ref. [106]. Each
vertex represents a structure constant ¢, while each bond indicates contracted indices between
the f“bc. This is also precisely the diagram associated with the kinematic numerator ni g, 5, ;.n-

4.4 A few simple implications

In this short section, we point out that the BCJ duality immediately leads to some novel
forms of gauge and gravity amplitudes. Del Duca, Dixon and Maltoni [106] presented an

alternative color decomposition from the usual one,

AT1,2,0.0) =¢" > CloyonnALC(L 02, 001, m), (4.32)

O'eSn72
where A" is the full color-dressed n-gluon amplitude, and the A are the usual color-
ordered partial gauge-theory amplitudes. The sum runs over all permutations of n — 2 legs.

The color factors are

. G100 T] £T105,T2 Tpn_ 30y, G
Cl,09,....0n—1,n = f 72 f 73T . f R (4.33)

Diagrammatically, this color factor is associated with Fig. 4.2. This form is derived starting
from eq. (4.1) and using color Jacobi identities along with the Kleiss-Kuijf relations, which

are equivalent to the self-anti-symmetry of the diagrammatic numerator factors.

A simple observation is that when diagram numerators are chosen to satisfy the BCJ
duality, they have precisely the same algebraic structure as color factors. Thus, we can
immediately write a dual formula decomposing the full amplitude into numerators instead

of color factors:

A:Lree(la 27 e 7n) = gn_2 Z n1,02,...,an—1,n Afmcalar(L 02,...,0n-1, n) ’ (434)

oES,—2
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where A5®ler is a dual partial scalar amplitude with ordered legs obtained by replacing
the gauge-theory numerator factors with group-theory color factors. The numerator factors
N0y, 0n_1n are the numerators of the diagrams displayed in Fig. 4.2. Note that all other
numerators can be expressed as linear combinations of the ny 4, ., ,» through the duality
relations, and the form (4.34) for the gauge-theory amplitude makes this property manifest.
This form is related to an unusual color decomposition of gauge-theory amplitudes which

follows from applying KLT relations to the low-energy limit of heterotic strings [98].

Similarly, this immediately gives us a new representation for graviton amplitudes in terms

of gauge-theory amplitudes,

M;C,Lree(l, 2, e ,n) = Z./€n72 Z N1,09,...00-1,n A;Czree(17 02,...,0pn-1, n) ) (435)

0ESH_2

where A is the usual gauge-theory color-ordered amplitude.
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CHAPTER 5

A Color Dual Form for Gauge-Theory Amplitudes

How far does the analogy between color and kinematics extend? We know that in SU(V,)
gauge theory, useful trace representations of the color factors exist. In this chapter, we show
that the analogy between color and kinematics is sufficiently robust that a representation of
the kinematic numerators exists which shares the same algebraic properties as color traces.
Moreover we will show that additional interesting constraints can be imposed which uniquely
determine the kinematic trace-like representation in terms of kinematic numerators satisfying

the duality.

At tree level, the well-known trace-based color decomposition of gluon amplitudes is [56],
Al = gm 2N T[T T AR(1,2,. . m), (5.1)

where ¢ is the gauge coupling, A" is a partial amplitude stripped of color factors, and
the 7% are fundamental-representation matrices of an SU(N,) Lie group. The sum runs
over all non-cyclic permutations of external legs. The labels on momenta, polarizations or
spinors, implicit in eq. (5.1), are also to be permuted in the sum. The color-stripped partial
amplitudes can be expressed as a subset of diagrams following the same ordering of legs as

in the partial amplitudes, but with no color factors. (For example, see eq. (4.5) of ref. [15].)

We propose that a dual description exists where we can swap the role of color and
kinematics in the trace-based color decomposition, in particular by rewriting eq. (5.1) in a

dual form,

A:;ee = gm—2 Z T(12.._m)AS;lal(1, 27 e ,m) y (52)
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Figure 5.1: An antisymmetric vertex in a cubic graph is replaced by a difference of two
double-line vertices.

where the 712 ,,) are kinematic prefactors satisfying the same cyclic properties as color
traces. Ad"l is a dual amplitude defined by replacing all kinematic numerators with color
factors. That is, they can be generated by the same color-ordered graphs that generate
Atree " except instead of a kinematic factor at every vertex, we simply have an fabe. The dual
amplitudes are not gauge-theory amplitudes, but amplitudes in a ¢* theory dressed with

group-theory factors.

If we assume that the duality (4.5) holds, then gravity amplitudes can be obtained directly
from Yang-Mills numerators by replacing the color factors with another copy of the kinematic
numerators [15], as proven at tree level [4] and conjectured to hold to all loop orders [103].
Since the kinematic numerators share the same algebraic properties as color factors, it is then
straightforward to rearrange gravity amplitudes into a form analogous to the gauge-theory

dual form (5.2),

K

m—2
M::Lee = Z(E) Z 7_(12.“m)A::Lee(1’ 2, e ,m) ;

Here k is the gravitational coupling, A% are partial amplitudes of Yang-Mills theory and 7

is exactly the same kinematic prefactor as in eq. (5.2).

The 7’s are generated by expressing each numerator in terms of a set of objects which

satisfy the cyclic symmetry of color traces. For example, at the three-point level we demand
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Figure 5.2: Sewing of two vertices in a double-line graph (a). The ordering of the external
legs follows the arrow around the graph. This graph corresponds with the kinematic quantity
T(1342)- The same double-line graph is displayed in (b) in a form emphasizing that it is the
same quantity whether we sew the two three-point 7’s in the 12 channel or 13 channel.

that,

N123 = T(123) — 7(132) »

where nj93 is just the three vertex, as illustrated in Fig. 5.1. In general, we will use paren-
theses around the subscript labels on the 7’s to indicate which color trace the quantity is

analogous to. In particular, 7(123) is analogous to Tr[T*17T2T].

For any number of legs, we can associate diagrams to the 7’s in a manner completely
parallel to the standard 't Hooft double-line formalism for color. Just as the color traces
“trivialize” the color Jacobi identities, the 7’s will do the same for the kinematic numer-
ator factors, emphasizing the parallelism between color and kinematics. For example, in
Fig. 5.2(a) we display the double-line diagram for 71324y obtained by sewing together two
double-line three-point graphs. For the duality (4.5) to hold, the kinematic expression as-
sociated with each double-line graph should depend on only the topological structure of the
graph, rather than on the detailed structure of vertices and internal lines in the underlying
cubic graph. That is, a more appropriate way to draw the graph in Fig. 5.2(a) is shown in
Fig. 5.2(b). In much the same way as single traces used in the tree-level color decomposition
depend on only the cyclic ordering of legs, we demand that the 7’s also depend on only

the ordering. The property that one should obtain the same object when sewing in either
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channel is of course reminiscent of a key feature of string theory. However, at present we take
the diagrams only as guides, since we do not have rules for directly combining lower-point

7’s into higher-point ones.

To be more explicit, consider some examples. At four points there are three graphs

contributing to eq. (4.1). These numerators are expressed in terms of 7 via

N12(34) = T(1[2,[3,4])) » (5.3)

where the parenthesis on the indices of n indicates the associated propagators, i.e. in this
case we have one, i/(ks + k4)?. For 7 the brackets signify an antisymmetric combination,
i.€.  T(12[34]) = T(1234) — T(1243)- Lhe two other channels at four points are just relabelings
of this channel. We note that by expressing the n; in terms of 7, the Jacobi-like equation

n12(34) — n23(41) — TL42(31) = O hOldS automatically.

Can we find an explicit form of 7 with the desired cyclicity? It is not difficult to check

at four points that

1
T(1234) = 6(”12(34)4‘7’&23(41))

indeed satisfies cyclicity and after using the duality relations (4.5) returns the numerators
when combined as in eq. (5.3). The other 7’s are given by relabelings. Interestingly, this
solution satisfies some additional properties, namely invariance under a reversal of arguments

and also an identity reminiscent of the U(1) decoupling identity for amplitudes,
T(1234) + T(1342) + T(1423) = 0.

More generally, our ability to express the 7’s directly in terms of the graph numerators

n; is precisely dependent on having 7 satisfying identities of the same form as Kleiss-Kuijf
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identities,

Taaimien = (DD Tagoim), (5.4)
{o}

where the sum is over the “ordered permutations” {c} € OP({a}, {57}), that is, all per-
mutations of {a}|J{A7} that maintain the order of the individual elements belonging to
each set within the joint set. The notation {87} represents the set {3} with the ordering
reversed, and || is the number of elements in {8}. For gauge-theory partial amplitudes,
these relations were conjectured in ref. [109] and proven in ref. [110]. They are a consequence
of the antisymmetric nature of the vertices describing the n;, as noted in ref. [15]. Indeed,
any cyclic object, such as 7, that can be expressed as a linear combination of the n; with
prefactors that respect the symmetry and relabeling properties of the n; automatically will

satisfy the Kleiss-Kuijf relations.

At five points we have

N12(3(45)) =  T(1[2,[3,[4,5]]]) »

1
T(12345) — 2—0 Z 112(3(45)) »

where the sum runs over cyclic permutations. The numerator n;s(3(45)) is the graph with
Feynman propagators i/(k; + ko)? and i/(ky + ks5)®. One can straightforwardly verify that
this 7 satisfies the relations (5.4).

At six points we can express the numerators of the two contributing diagrams in terms

of the 7 via

n12(3(4(56))) = 7(1[21[37[47[576]]”) )

N(12)(34)(56) = T12(3(4(56))) — M2(4(3(56))) -

The decomposition of 7 in terms of the numerators is more complicated, in part because
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non-trivial rearrangements are possible using the duality (4.5). One such solution is

0.6 = o) (32”12<3<4<56>>> — 3M12(4(3(56)))
-3y — 3 +2
2 Th12(3(6(45))) — "2 T112(6(3(45))) 136(1(2(45)))
+ 2n36(2(1(45))) T 2M36(4(1(25))) — T26(1(4(35)))
— N26(4(1(35))) — T35(1(2(46))) — "35(2(1(46)))
+ N24(1(3(56))) T M24(3(1(56))) — T026(1(3(45)))

- n26(3(1(45)))> , (5.5)

where here the sum runs over the cyclic permutations of labels. The reader may also verify
that 7(;_¢) satisfies the Kleiss-Kuijf relations (5.4), given the algebraic properties of the

kinematic numerators.

We have explicitly verified through nine points that an expression for 7 in terms of
kinematic numerators (as in eq. (5.5)) exists and that it automatically satisfies the Kleiss-
Kuijf-like relations (5.4). The explicit expression for 7 at m = 7 contains more than 600
numerators and grows rapidly as the number of legs increases. Generally, it is better to think

of the n; numerators as functions of the 7. A general solution is

N12(3(..m))-+) = T(L[2,[3,[..m]]-]) -

The remaining numerators can be obtained by solving the duality relations (4.5), which must

automatically hold for numerators expressed in terms of the 7’s.

An interesting consequence of the above is that we can define an alternative color de-
composition in place of eq. (5.1), where instead of color traces we use objects that satisfy
Kleiss-Kuijf relations as well. These objects are given by taking the above equations for the
7 in terms of the numerators n; and replacing them with color factors ¢;. This gives a valid
set of objects to use in place of color traces in eq. (5.1). Using the explicit formulas given

above, it is straightforward to confirm though six points that the amplitude in eq. (5.1) is
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Figure 5.3: Cubic diagrams appearing in one-loop four-point amplitudes.

unchanged under this substitution.

Can this construction be extended to loop level? As an initial peek at this question, we
turn to the simple case of a one-loop four-point N/ = 4 super-Yang-Mills amplitude, first
obtained in ref. [111]. We follow the same diagrammatic double-line formalism as at tree

level.

The four types of cubic diagrams contributing to the four-point one-loop amplitude are
shown in Fig. 5.3. The numerators associated with these diagrams in the BCJ representation

are
N(a) = StAtree, Ny = Ne) = N(d) = 0,

where s and t are standard four-point Mandelstam invariants. Although this seems like a
trivial state of affairs, expanding each numerator in terms of the double-line graphs reveals
unexpected structure. In this expansion, there are multiple lines flowing around the double-
line graphs, and we indicate the external legs attached to each line with a (12...) in the
subscript of 7. Since each one-loop graph carries two independent lines, each 7 will have two
sets of parentheses in the subscripts. The graphs that appear in the expansion of the present
example are 7(1)(234), T(12)(34) and T(1234)(), along with relabelings of these. The decomposition
of the four numerators in terms of the 7’s is straightforward and closely parallels a U(N.)

color decomposition.

One immediate solution to the decomposition can be obtained by setting 7(1234)() propor-

tional to the box numerator, and the other two 7 functions to zero. A similar construction
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also works for the five-point amplitude [41] of N' = 4 super-Yang-Mills theory. In this case

T(12345)() are set proportional to the pentagon numerator given in ref. [112].*

A more interesting solution to the four-point decomposition is

1 3
T(1234)() = _62 StAtree, T(12)(34) = —31 StAtree,
3
T(l)(234) = __62 StAtree .

With this solution the 7 functions satisfy the same identities as the color-ordered partial

amplitudes, namely,

Thapsy = (DY 7m0,
{o}
where the sum is over the “cyclically ordered permutations” COP({a},{57}), that is, all
permutations of {a}J{A7} that maintain the cyclic orderings of {a} and {7} separately,
and with one leg fixed (see ref. [41]).

To go beyond these simple examples, one needs a self-consistent assignment of loop mo-
mentum labels, with an understanding of the proper way to associate kinematic information
with the double-line graphs. At tree and one-loop level, each double-line graph can be inter-
preted as defining an embedding of the underlying cubic graph in a plane, while at higher
loops, non-planar embeddings also appear, introducing a topological hierarchy to the graphs
analogous to the 1/N, expansion of Yang-Mills. We leave the study of loop level to future

work.

There are also a number of other interesting open questions. For example, it would be
very useful to find a direct recursive procedure for building the 7’s. Such a construction would
automatically produce numerators that satisfy the color-kinematics duality. We also note
that the double-line graphs describing the kinematic trace representation are reminiscent

of open string diagrams. This brings up the interesting question of whether the properties

"'We thank J. J. M. Carrasco and H. Johansson for pointing out that the color-kinematics duality holds
with this form.
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we have described here can be unraveled in string theory. More generally, the trace-like
representation described here emphasizes a group-theoretic origin for the duality. Because
the same kinematic numerators appear in gravity theories, the same underlying group theory
should carry over to gravity. It remains an important challenge to understand the origin of

this duality and to fully map out its implications.
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CHAPTER 6

Absence of Three-Loop Four-Point Ultraviolet

Divergences in N = 4 Supergravity

Recent years have seen a resurgence of interest in the possibility that certain supergravity
theories may be ultraviolet finite. This question had been carefully studied in the late 70’s
and early 80’s in the hope of using supergravity to construct fundamental theories of gravity.
The conclusion of these early studies was that nonrenormalizable ultraviolet divergences
would almost certainly appear at a sufficiently large number of quantum loops, though this
remains unproven. Although supersymmetry tends to tame the ultraviolet divergences, it
does not appear to be sufficient to overcome the increasingly poor ultraviolet behavior of
gravity theories stemming from the two-derivative coupling. The consensus opinion from
that era was that all pure supergravity theories would likely diverge at three loops (see e.g.
ref. [113]), though with assumptions, certain divergences are perhaps delayed a few extra

loop orders [114].

More recently, direct calculations of divergences in supergravity theories have been car-
ried out [69, 70, 71, 115], shedding new light on this issue. From these studies we now
know that through four loops maximally supersymmetric N' = 8 supergravity is finite in
space-time dimensions, D < 6/L + 4 for L = 2,3,4 loops. These calculations also tell us
that the bound is saturated. In D = 4, Er () duality symmetry [116] has recently been used
to imply ultraviolet finiteness below seven loops [117], also explaining the observed lack of
divergences. In a parallel development, string theory and a first quantized formalism use
supersymmetry considerations to arrive at similar conclusions [118]. The latter approach

leads to D-dimensional results consistent with the explicit calculations through four loops,
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y:

Figure 6.1: A sample cut at three loops displaying cancellations in N/ = 4 supergravity
special to four dimensions.

but predicts a worse behavior starting at L = 5. At seven loops, the potential four-graviton
counterterm of N/ = 8 supergravity [119] appears to be consistent with all known symme-
tries [117, 120]. (See ref. [121] for a more optimistic opinion.) More generally, 1/N-BPS
operators serve as potential counterterms for NV = 4,5, 6,8 supergravity at L = 3,4,5,7
loops, respectively, suggesting that in D = 4 ultraviolet divergences will occur at these
loop orders in these theories [120]. It therefore might seem safe to conclude that N' = 4

supergravity [122] in particular will diverge at three loops.

On the other hand, studies of scattering amplitudes suggest that additional ultraviolet
cancellations will be found beyond these. We know that even pure Einstein gravity at
one loop exhibits remarkable cancellations as the number of external legs increases [123].
Through unitarity, such cancellations feed into nontrivial ultraviolet cancellations at all loop
orders [124]. In addition, the proposed double-copy structure of gravity loop amplitudes [103]
suggests that gravity amplitudes are more constrained than symmetry considerations suggest.
In this chapter we show that the ultraviolet properties of N' = 4 supergravity are indeed

better than had been anticipated.

To motivate the possibility of hidden cancellations in N/ = 4 supergravity, consider the
unitarity cut displayed in Fig. 6.1 isolating a one-loop subamplitude in a three-loop ampli-
tude. As noted in refs. [123, 125], at one loop a five-point diagram in an N' = 4 supergravity
amplitude effectively can have up to five powers of loop momenta in the numerator, similar
to the power counting of pure Yang-Mills theory. There are also three additional powers
of numerator loop momentum coming from the tree amplitude on the right-hand side of

the cut, giving a total of at least eight powers of numerator loop momentum. Taking into
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Figure 6.2: The twelve graphs appearing in the three-loop N' = 4 sYM amplitude [103] and
in gravity amplitudes obtained from these using the double-copy formula.

account three loop integrals and ten propagators suggests that this amplitude should diverge
at least logarithmically in D = 4. (The power counting analysis of this cut performed in
ref. [125] assumed that additional powers of numerator loop momenta coming from the tree

amplitude in the cut can be ignored, contrary to our analysis.)

However, this type of power counting is too naive and does not account for the special
property that no one- and two-loop ultraviolet divergences are present in D = 4 [126]. Thus
in D = 4 there are additional cancellations of the loop momenta in one-loop subdiagrams,
effectively removing powers of loop momenta from the numerators of the loop integrands
once all pieces have been combined and integrated. These additional cancellations can affect
the higher-loop effective overall power counting. We show this occurs by computing the

coefficient of the potential three-loop four-point divergences in N' = 4 supergravity.

To make the calculation of the potential three-loop divergence feasible, we use the duality
between color and kinematics uncovered by Bern, Carrasco and Johansson (BCJ) [15, 103].
According to this conjecture, we can reorganize a (super) Yang-Mills amplitude into graphs
where the numerators satisfy identities in one-to-one correspondence with color Jacobi iden-
tities. Whenever this is accomplished, we obtain corresponding gravity amplitudes simply

by replacing color factors with kinematic numerators of a corresponding second gauge-theory
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amplitude. That is, gravity loop amplitudes are given by [103],

(_) loop __ dPp; 1 n;n;
(k/2)" 2+2LM Z/H o) DS 11, p% (6.1)

where n; and 7n; are kinematic numerator factors from gauge-theory amplitudes and « is the
gravitational coupling. The factors S; are the usual combinatoric factors associated with the
symmetries of the graphs. The sum runs over all distinct graphs with cubic vertices, such
as the ones appearing in Fig. 6.2. The propagators appearing in eq. (6.1) are the ordinary
propagators corresponding to the internal lines of the graphs. Depending on the particular

theory under consideration, we use different component gauge-theory numerators in eq. (6.1).

In our study of pure N' = 4 supergravity with no matter multiplets [122], we take
one component gauge theory to be N' = 4 super-Yang-Mills (sYM) theory and the second
component to be nonsupersymmetric pure Yang-Mills theory. This construction was used
in earlier one- and two-loop studies of N' > 4 supergravity amplitudes [127]. The main
differences in our case are that integrated gauge-theory expressions are not known and that

the N = 4 sYM numerators are not all independent of loop momenta.

As explained in refs. [103, 4], only one of the two component gauge-theory amplitudes
needs to be in a form manifestly satisfying the duality for the double-copy property (6.1)
to hold. The other gauge-theory amplitude can be any convenient representation arranged
into diagrams with only cubic vertices. We note that our construction applies immediately
to all four-point amplitudes of pure N/ = 4 supergravity, since these are constructed simply
by considering all possible external states on the NV = 4 sYM side of the double copy; at
four-points this information is entirely encoded in an overall prefactor of the tree amplitude.
At three loops, we take the N' = 4 sYM copy from ref. [103], since it has BCJ duality
manifest. This representation of the N' = 4 sYM amplitude is described by the 12 graphs
in Fig. 6.2. For the pure Yang-Mills copy, we use ordinary Feynman diagrams in Feynman
gauge, including ghost contributions. The contact contributions are assigned to diagrams
with only cubic vertices according to their color factor. In this construction, most Feynman

diagrams are irrelevant because in the double-copy formula they get multiplied by vanishing
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N = 4 sYM diagram numerators. This construction gives the complete three-loop four-point
integrand of N = 4 supergravity. We have also applied these ideas to reproduce the absence
of one- and two-loop divergences in pure N = 4 supergravity, starting from the one- and

two-loop four-point sYM amplitudes [111, 66].

To prove the correctness of our construction, we use the unitarity method [41, 69]. The
generalized unitarity cuts decompose the constructed integrand into sums of products of
tree amplitudes, which match against the values obtained using the double-copy property at
tree level [103, 4]. Since all cuts automatically have the proper values in D dimensions, the

amplitude so constructed is correct.

Inserting the numerators of pure Yang-Mills amplitudes generated by the Feynman rules
into the double-copy formula (6.1) leads to tens of thousands of high-rank tensor integrals,
from which we must extract the ultraviolet divergences. We do so by expanding in small
external momenta. This gives vacuum diagrams containing both infrared and ultraviolet
divergences. To deal with ultraviolet divergences, we use the four-dimensional-helicity reg-
ularization scheme [128], since it preserves supersymmetry and has been used successfully
in analogous multiloop pure gluon and supersymmetric amplitudes. In this scheme, the
number of states remain at their four-dimensional values. Then at the level of the vac-
uum integrals, we introduce a uniform mass m to separate the infrared divergences from
the ultraviolet ones. Although ultimately there are no one- and two-loop ultraviolet diver-
gences in N = 4 supergravity, individual integrals generally do contain subdivergences due
to their poor power counting. To deal with this, we make extensive use of the observations
of Marcus and Sagnotti [129] to subtract subdivergences integral by integral. Extractions of
ultraviolet divergences in higher-dimensional N' = 8 supergravity were discussed recently in

refs. [130, 115].

At two or higher loops, the introduced mass regulator induces unphysical regulator de-
pendence in individual integrals. However, at least for logarithmically divergent integrals,
the regulator dependence comes entirely from subdivergences, which we systematically sub-

tract [129]. We therefore introduce the mass regulator before subtracting subdivergences,
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() (b) (c) (d) (e)

Figure 6.3: The basis of vacuum integrals for one through three loops.

but after reducing all integrals to logarithmic by series expansion in small external momenta.

To implement the subtractions, we recursively define the subtracted divergence S|...] of an
integral,
L L L—1 L l
S /Hdpi[ = Div /HdpiI] -Y_ > Div / II ;s /Hdp;I” , (6.2)
i=1 i=1 =1 l-loop j=I+1 i=1
subloops
where Div][...] is the complete divergence of an integral, I is the integrand, and dp; is

shorthand for d”p;/(27)P. The sum over subloops must include all subloops of the diagram
where a subdivergence could occur — not just the loops that are manifestly parametrized
by p; — and here we have indicated this by changing variables to p} in each subtraction,
such that the [—loop subintegral under consideration is parametrized by pi,...,p;. For
example, graph (e) in Fig. 6.2 has seven one-loop subintegrals and six two-loop subintegrals

to consider, and each two-loop subintegral has three one-loop subintegrals of its own.

By the time we apply eq. (6.2), each integral has a single scale given by the mass regulator
m. We are left with the task of calculating the divergences Div]...] of single-scale vacuum
integrals. To evaluate these integrals, we first eliminate tensors composed of loop momenta
from the numerators by noticing that the integrals must be linear combinations of products
of metric tensors n*”. (See ref. [115] for a recent discussion of evaluating tensor vacuum in-
tegrals.) Then we reduce the resulting scalar integrals to a basis using integration by parts,
as implemented in FIRE [131]. The resulting basis is given by the scalar vacuum integrals
shown in Fig. 6.3 (along with products of lower-loop integrals), with a single massive propa-

gator corresponding to each line. As cross checks we also used MB [132] and FIESTA [133].
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Table 6.1: The graph-by-graph divergences for the four-graviton amplitude with helicities
(17273%47) (up to an overall normalization). Each expression includes a permutation sum
over external legs, with the symmetry factor appropriate to the graph. These quantities are
not individually gauge-invariant, and here we use spinor helicity with the choice of reference
momenta q; = ¢ = k3 and g3 = q4 = k1. The sum over the diagram contributions vanishes.
We evaluated all but the last of these integrals to the required order in e by Mellin-Barnes
integration with resummation of residues using the methods presented in ref. [134]. The last
integral can be evaluated by making a two-loop subintegral massless and integrating it first.
This does not affect the ultraviolet divergence because there are no subdivergences in this

case. (The value of the two-loop subintegral can be found in ref. [135].) The results are

rational linear combinations of the transcendental numbers (5, (5, and v/3 Im (Lig (e”/ 3))

At two loops only the first two integrals shown in Fig. 6.3 are needed. Adding together the
contributions reproduces the fact that there are no two-loop divergences in pure supergravity
theories. At three loops all vacuum integrals in Fig. 6.3 contribute. In Table 6.1, we have
collected the derived divergences of the three-loop four-graviton amplitude for each graph
in Fig. 6.2. The results shown in the table are summed over the independent permutations
including symmetry factors. The individual graphs are not gauge invariant and are valid
only for the indicated choice of spinor-helicity reference momenta (see e.g. ref. [56]). We
have divided out a prefactor depending on the four-point color-ordered super-Yang-Mills tree
amplitude, spinor inner products and the usual Mandelstam invariants s and ¢. We note

that the transcendental numbers except (3 cancel within each graph.

In the sum over all contributions (obtained by adding the rows in the table 6.1), not only
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do the 1/€3 and 1/¢? divergences cancel, as required because there are no divergent subam-
plitudes, but the 1/e singularity also cancels. This proves that the three-loop amplitude is
ultraviolet finite. As a rather nontrivial check, we confirmed that the sum over all contri-
butions is independent of reference momentum choices. As another nontrivial confirmation,
we found that by introducing a uniform mass in the amplitude at the start of the calcula-
tion, all ultraviolet divergences cancel without the need for subdivergence subtraction. This
matches expectations that all ultraviolet subdivergences should cancel out from the total am-
plitude (although there may be potential regulator dependence issues with this approach).
Since all nonvanishing four-point amplitudes in the theory are proportional to four-graviton
ones, our calculation demonstrates that there are no divergences in any three-loop four-point

amplitude of the theory.

In summary, we used the recently uncovered duality between color and kinematics to
streamline the calculation of the coefficient of the potential three-loop ultraviolet divergence
of N' = 4 supergravity, proving that it vanishes. Might cancellations persist beyond this? It
is interesting to note that the D = 4 cancellations found in one- and two-loop subamplitudes
and used to motivate our three-loop computation can be used just as well to argue for
higher-loop cancellations. Moreover, the double-copy property of gravity amplitudes shows
there is more structure than captured by the known symmetries. Our three-loop calculation
provides a concrete example showing that power counting based on known symmetries can be
misleading. The results of this calculation strongly motivate further high-loop explorations
of the ultraviolet divergence structure of supergravity theories. In particular, they emphasize
the importance of explicitly computing the ultraviolet properties of N' = 8 supergravity at

five loops.
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Clifford algebra conventions

Here we follow the conventions of [33]. The Clifford algebra is given as,

I

APPENDIX A

~vBC v ~uBC __ uv sC
oygo’"" +olhgo = 2065 .

(A.1)

The explicit forms of the matrices o, & are given in [33]. They satisfy the following identities:

From the above, one can deduce,

p _
O4pOuCD = —2€4BCD
GHAB 5517 — _eABCD
~AB _ [A ¢B]
" Po,cp = —2 (50 oy ),

tr(o”a,) = o 56784 = 4.

1

. 1
ot == ( u)BA“B — Z(Ju)BAmAB’

T

X

2

ap _ 1 (ABCD

AB 1 (ABCD

W~

Xcp,

TBE =

2
1 AB,_.CD

vt =a"x, = —geABCDx T
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2cA
TcpIXBE = X 5E;



Some useful formulee:

Gach o X[ab] — _€achC
(686568 + 658258 + 5258 6C

—0p050G — 0p0R0G — dpEoG)
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APPENDIX B

An Analytic Four-Loop Cut

In this appendix, we present a nontrivial cut of the four-loop four-point amplitude of N' = 4
sYM. In particular, we analytically evaluate the cut shown in Fig. 2.1, which is a nonplanar
permutation of the cut (k) in Fig. 2.4. Since this cut consists of only four- and five-point
subamplitudes, the calculation is not significantly more difficult than the two-loop example

in section 2.3.3. The cut is evaluated by carrying out the Grassmann integration,

7
04-10013 = /(H d2nlid2ﬁli> Agree(p17p27 lla l2a l3> Aflree(_llﬂ _l27 l4’ l5)

=1

X Airee(_l% _l57 l67 l7) Agree(p37p47 _l3a _l67 _17) . (Bl)

Here we have seven on-shell internal momenta labeled /;, and four component tree amplitudes.
In this cut, we can use the supermomentum delta functions to localize six of the seven internal
supercoordinates 7;,, 7;,. The remaining supercoordinate integration is handled in the same

way as in the example of section 2.3.3.

A solution to the supercoordinate delta-function constraints is

@ = —sphbas, @ — =8
Q, — —sylhas @i, = =55, 001 s
q, — —5&11514156113 ; Qs — —51_41151415@3 :
@, = =S tslads Qs = — S0 0504ds
@ — =S tolras Qs — =i lolrGs
a, — s Lot @iy — =i ilsdis (B.2)
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where we have ignored all dependence on {q, g2, g3, g4}, since these will drop out after the
final 7, integration. As usual, we take the Mandelstam invariants to be s, = (I; + [;)*.
Because of extra factors of these invariants coming from the Grassmann integrations — seen
in eq. (2.6) — we must also multiply the final cut by s, s7,,.s7,,.. The rest of the calculation

is similar to the derivation of eq. (2.8), giving,

C«4-100p _ 823(l4 + l5)2(l6 + 17)2Airee(p17p27p37p4)
s12(p1 +13)2(p2 + )2 (ps — 17)%(pa — 13)2 (L + 13)2 (1o — 14)%(ls — 16)?(l5 + 1)?
u 1213]731?2]112 + 111213,?1?211
X <l3| (ppo/lllQ + (ll + l2)2
Ila(spp )y — Ishp,p,) — app Js — pop Jils)ahy
- 2([1 + l2)2 )|l3d]

I7 A 4131617 + ol 3 41316
X <l3a| (lﬁl7p3p4 + p p (lﬁ + l7>2p p

(17%3%13 — l7lg,¢4,¢3)l7lﬁ _1617(13¢4P317 B ]7)3,¢4l3l7>) |Za] .

2(16 -+ l7)2

+

(B.3)

This expression is just a gamma trace, and although it appears to be chiral, the ~; term
in the trace actually drops out. In fact, the five-point tree amplitude itself is non-chiral,

although this property is not manifest in the present form.

One can compare this to the cut of the amplitude derived in ref. [67] using (mostly)

four-dimensional methods,

Cloop  _ $12523 A5 (P1, P2, P3, Pa)
(p2 + 11)%(ps — 17)2(lh — 15)(1y — [7)?
3%2(52 - l6)2 So3(ly + 15)4
(lo +13)2(Is+16)2  (p1+13)%(pa — 15)?

sio(la +15)%(p1 + I3 +16)>  s12(la 4 15)*(pa — I — 13)? (B.4)
(p1 +13)%(l3 + Is)? (pa —13)2(l2 + [3)? .

We have evaluated these two expressions numerically using six-dimensional momenta to

verify their equality.
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APPENDIX C

Proof of variable inversion formulse

In this appendix, we derive the inversion properties in eq. (3.8).

. Ba . Ba
o IA ] = T _ i
{ij}a \/x?x? \/xfx?

Our starting point is the constraint equation (z; — x;)ap = X{ij}AdS\%mB. Contract-

ing both sides with )\5‘;} provides an equation linear in A, but loses normalization

information. We then proceed with the inversion

0 = I[(ZL‘l - xj)AB/\{B;?}]

= (271" (@i — 2)en(z HPPIDG]-

This implies that (:Ei_l)DBI[)\ﬁ?}] is in the null space of (z; — z;)cp, so

(i )PINGR] = MaAg)
= DG = masMadg,

Bb
= xjABMab)\{ij} )

(C.1)

(C.2)

where My, is a normalization matrix, which we partially fix by inverting the original
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constraint equation

I[(x; — %)AB] [[)\{U}]IP\{m}a]

= (27 ac(@i — ;)P (@7 )pB = TiacMaA(y £0 M AT,

4

(2 — ;)" = =2 Moy MO NTA ATy
0y

2
)

= MapM*™=— (C.3)

€T=

.
L

This is the only constraint on M. Without loss of generality, we choose M,, =

eab(xfx?)_l/Q.

2(
* I[ngijp] = —\/x—;z<7l{ij} + (27 )ABQA/\{U}>

To invert 1, we begin with the constraint equation (6; — 6;)* = A’{“i‘;}n{ij}a. Inverting,

we have

I[(0; — ‘9) | = [A{w}]f[n{ij}a]

_ _ TiA
= (z; 1)AB QiB - (xj )AB 9}3 = —B)‘{zg}a][n{ij}a]

1/x2x

TjAB

= =il [Mgisya] - (C.4)

1/1‘21’

Multiplying the above equations by x; and x;, respectively, we get

2
_ x;
924 - (fﬂil’j 1)AB 9;3 = \/ E)‘f{qij}a[[n{ij}a] )
J
(zja; ) 508 — 08 = x—?x“ Inginal (C.5)
j = 22 {ijyad THij}al - :

Adding these two equations gives

_ _ x +x
(82 — 9j>A _ (I‘ZI‘J 1>AB QJB —|— (x]xz I)AB QZB 5 )\{”}al[’r]{”}a] . (06)

r7a
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We rewrite the LHS as

(zia;)* 5 07

(za:) 5 OF

)\ a J
{ij}a"lij} — x? + xZQ
IV (wiz))p 07 — 2}(0; — 0,)" | (wj2:)" 507
{igra'i{ig} = %Q 5512
7 + 3
7 A B
- S (Migyailiy + 05— (2527) 5 07)
]
:17 +x 3
- (A{lj}an{w} + (2 — )" (27 o ezc)
I’ + LU Ba -1 C
= == Mue iy = M5 (27 ) 07) - (C.7)

J

where in the second line we used (z; — ;) ap(0; — 0;)%

used (z; — x;)4B(
o Iu) = 2=, 1] =
Tita

B

~a

U
2

Tito

= 0, and in the third line we

x; —x;)pc = 0. We can now read off the solution.

Here, we begin with the definition (iq|i 4+ 1;] = w;at,, ;. Contracting both sides with

uf and inverting, we have

T [ [Gali + 1)) =

—Iuf

]

(ifi 4 1]

2.2
VT T

=0.

(C.8)

Since w;, is the only vector annihilated by the matrix (i|i + 1], we conclude that

for some «;.

constraints on q;,

by = —(2323) 7/
by = —(z327)7/?
asdy = —(z323) "/

Iuf]

)

Y
9

Y
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= OUjq

o = —

ONéQO{3

Qg0 = —

(C.9)

Returning to the original equation defining u and u, we get a set of

(af3) 2,
— (a32)72,
-1/2

(w373) (C.10)



The solution to these equations is

B N 1

a; = x2 s o; = 5 xz .
i+2 42

(C.11)

_ 1 2 . a ~ 1 7 ra
o Twi,] = BV Tip2Wi Iie] = = B/27, 210
Because w is defined as the pseudoinverse of u via u;qw;, — UpWiq = €qp, its inversion

is straightforward. The definition inverts as

e = TuaI[wip) — Iup|I[wid] ,

_ fg (e TTwa) — w T wia]) - (C.12)

This is again the definition of w as the psuedoinverse of u,

= Jwie] = —w?, (C.13)

whence the result follows.
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