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Abstract

A conjecture of Gibbs, that the relative weakness of bonds at crystal
edges and corners would cause rounding which is not predicted by his
thermodynamic expression for stable crystal shapes, is evaluated in two
ways., First, the vacancy disiiibutiqp necessary for dynamiq equilibrium
between adjacent crystal rows or laye;s of different bond energies is
derived. Then it is shown Ehat minimization of the total free energy of
two parts of a crystal wit; respect to their total vacancy concentration
leads to the same vacancy distribution. Generalization of these results

shows that the stabilities of particles which have a fixed number of

sites are greatest when vacancies are so distributed as to equalize

molecular fluxes between every pair of regions of different bonding
energies. Rounding will occur when the mole fractions of vacancies
required at corners and edges to maintain the molecular flux balance

approach unity.



The equilibrium shapes of particles or of cavities in particles
were shown independently by Gibbs1 and by Curie2 to be the shapes given

by the requirement that . _ ' "

%0 A, is a minimum, (1)
i®i

E

where Gi is defined by Gibbs in this context as the work of formation of

surface i and Ai is the corresponding surface area. But in a footnote
Gibbs pointed out that the predictions of Eq. (1) are probably inexact.

He wrote:

"Since the molecules at the corners and edges of a perfect

crystal would be less firmly held in their ﬁlaces than

those in the middle of a side, wé may suﬁpose that when

the condition of'theoretical eqﬁiiibfium (665) is

safisfied several of the oufermost layers of molecﬁles on

each side of the‘crystal are incomplete toward the

edges."1

, e

This probieﬁ of edge aﬁd corner rounding Qés discussed by
Stranske and his coworkers.3 .Herringa attacked it by evaluating the
rounding that would result if the specific surface free enérgiés near
edges over an assumed uniform fadius.of curvature at the edge is a
plausible function of the séecific surface free energies of the surfaces
that meet at the edge. From this model, Herring concluded that, when
the Wulff coﬁstructions--which is a direct consequence.of |

relation (1)--predicts faceted crystals, for metals rounding of "at most



a few tens of atom spacings" can occur, and that when the Wulff
construction predicts that all or part of the equilibrium shape will be
smoothly rounded, "for specimens of observable size, the amount of
rounding will correspond fairly closely to that demanded by the Wulff
construction without any further refinements."

In the present paper a thermodynamic relation is derived that
provides a quantitative description of the influence of molecular
motions on the stabilities of crystalline particles. The condition for
internal particle equilibrium is first derived from kinetic expressions
for the fluxes between adjacent regions of the crystal. The same
condition is again derived by minimizing the total particle free energy

with respect to the distribution of vacancies among subregions of the

crystal.

Theory

At constant temperature, pressure, and number of molecules of the
single component of the particle, relation (1) is equivalent to the
requirement that the total Gibbs free energy of formation of the surface

from a condensed phase of fixed free energy content per molecule Gb be a

6,7 When free energies of the particle are viewed as the sum of

minimum.

the free energies of its molecules, relation (1) can be replaced by

Zni(Gi - Gb) is a minimum, (2)

where n, is the number of molecules in any collection of the same

molecular free energy Gi and Zni is the total number of molecules in

the particle. The free energies of the molecules in corners, edges, and



the outermost molecular layer of each surface differ from each other,
and successive molecular layers near the surface may have free energies

enough greater than G, to require Separate terms in the summation.

b
Equation (2) has been evaluated at 0 K for face-centered cubic crystals
" of a variety of shapes using a 6 12 Leonard Jones potential 7

Above 0 K, each-collection of molecules in a crystal will have
vacant lattice sites: If the collections are each equillbrated

independently, the free energy of di molecules‘distributed with,nvi

vacancies on n.+n ., sites is
i vi

b - t . t : -
niGi Z(nic i ¥ nikTJLnxi + nvic vit nvikTQ,ani), (3)

[

where the superscript t's indicate the?mal free energies, Xi is the mole
fraction of the i sites occupied by molecules, and XVi is the mole
fraction of vacant i sites;8 -The sum of the last two terms ls zero when
the collections are separately equilibrasedvand Eq. (2) becomes‘a
summation over i of the first two terms of Eq. (3). But.we can show
that the vacencytconcentrations'iﬁplie& by Eq. (3) are ineonsistent with
‘the vacancy concentratioss required if, for example, at equiliﬂrium the

molecular flux from i to j must be equal to the flux from j to i.

Consider the fluxes that pass between the collection n'i and n'i,

where the primes identify subsets of molecules that form adjacent planes

parallel to a surface or adjacent rows parallel to an edge.We can adapt
standard expressions for molecular movement in solids9 to take into
account the influence of different bonding environments in the n'i and

n'j collections and derive the conditions for dynamic equilibrium.

I ]
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The probability that any particular molecule of the n'i

collection will have an adjacent j-site vacant is the product of the
mole fraction of i-sites that are occupied, Xi’ and the mole fraction of

j~sites that are vacant, Xv To be converted to a j-molecule and

j°
i-vacancy pair, the initial molecule-vacancy pair must acquire a thermal

*
free energy G —Gti--Gt

traversed in phase space by the pair, Gt

vy’ where G* is the maximum free energy on the path
i is the thermal free energy of
the i-molecule, and Gtvj is that of the j-vacancy. At equilibrium, the
detailed form of the free energy barrier and the magnitude of G* will
not influence the equilibriuﬁ; it is only necessary that some reaction
path, or paths, have a low enough barrier so that dynamic equilibrum is
established. Then the total flux from the n'i subset to the j

collection is

3=t exp[~(G -c* ) /KT]X (4)

t
' -
13 138 13 176 v i¥vy
where vij is the frequency with which a pair is excited to the free
energy G*, and g'ij is a geometrical factor to be evaluated below. The
molecular flux from n'j to n'i is given by a similar expression

' t .t
| ' A CKe®”
J g1 = '5Vy48" 54 exp[-(G*-G 3 G vi)/kT]XjXvi . (5)
. ' The geometrical factor g'ij is the probability that the molecule
of an i-molecule and j-vacancy pair will move in the direction in

physical space that transfers the molecule and vacancy across the free

energy barrier G*. To determine the relative values of the products



\J 1 .
vijg 1] and vjig j1 we consider collections for which n, # nj, but for
which the bonding in the sets i and j are equal so that Gti t

t .t
G vi G vi’

]
(]

|
(4

= i ! =
and Xvi ij. For dynamic equilibrium, J 1]
therefore

/

) 1 = 1 ]

And by the principle of microscopic reversibility,8 V., =V {» s°

13 3
g'ij/g'ji\= nfj/n'i. The frequencies remain equal when the thermal free
energies of the collections i and j are not equal, and the geometric

factor should not depend on the free energies. Therefore, Eq. (6)
should be valid for any adjacent rows or layers.
Now adopting the assumption of dynamic equilibrium for the more

general case, we can set Eq. (4) equal to Eq. (5) and introduce the

equality, Eq. (6), to obtain

d

t .t d
-(C%k = -
exp[~(G*-G ;1~C VJ.)/kT]x ;X vi

t t d .d .
= -Gk - )
.= exp[~-(G*-G i G Vi)/kT]X jX vi ? 7N

where the superscripts d have been introduced to identify the particular
values of the mole fractions that make the net flux.characteristic of

the dynamic equilibrium become zero. This equation reduces to



By the definitions chosen, the molecules and vacancies of the n'i

sites adjacent to the n', sites are indistinguishable in energy from

3

those on n, sites not adjacent to the j-collection. (If n'i and other

sites were distinguishable, n', could be treated as a separate

ny 1

collection and flux exchanges between n',6 sites and adjacent n, sites

i i

would obey Eq. (8).) Fluxes between two adjacent subsets of the

i-collection can only be equal if both have the same mole fractions of

molecules and vacancies. Consequently, at equilibrium dei and Xdi are

the mole fractions of vacancies and molecules characteristic of all the

n, sites, not just those adjacent to the j-collection.

i

d d '
T for example, is equal ton vi/n g yhere the

d d
Bgcause X vi/X
d's designate the numbers of vacancies and molecules in the i-collection
when dynamic equilibrium is established, Eq. (8) can be put in the
equivalent form :

d ; d d '
vi/n 1= G g - G vi~ kTin n vj/n j 8"

We will assume for the present that the total number of each kind

of sites, n, + no,=ng and nj + nvj = njt

is to be obeyed, when only two collections, i and j, are considered,

, 1s fixed. Then if Eq. (8)

some number of molecules Ani must be transferred from tﬁe j=collection
to the i-collection and an‘equal number bf vacancies must be transferred
from the i~ to the j-collectiop. The exchange between the two
collections changes their total f:ee energy from that given by Eq. (3)

to



t
(ni+Ani)G i * (ni+Ani)kT£n (ni+Ani)/git
t : ,
+ (nvi_Ani)G vi?t (nvi—Anvi)kTKn (nvi—Ani)/nit 9)
t
+ (nj-Ani)G j f (nj—Ani)kTQn (nj-Ani)/njt

t
+ (nvj+Ani)G vi + (nv +Ani)kT2n (nvj+Ani)/njt

]
When Eq. (9) is differentiated with respect to Ani, Eq. (8') is
recovered.

That Eq. (8) corresponds to a minimum in free energy rather than
a maximum can be demonstrated by taking the second derivative of Eq. (9)

with respect to Ani; all terms in the second derivative afe'positive:

2 2
d°G/dAn {1 = kt[l/(ni+Ani) + 1/(nvi—Ani)

+ 1/(nj~Ani) + 1/(nvj+Ani)] ‘ (10)

The free energy is lowered by tﬁe redistribution deséyibe& by Eq. (8)
because vacancies have been exchanged.from the collection of felatively
low molecular free energy and high vacanéy free eﬁéfgy for molécﬁles
from the collection of higher molecular free eneréy and lower vaéancy
free energy. |

| In a particle-with'moré than two different molécular
environments, dynamic equilibrium"fequirés thaé Eq._(8) characterize the
vacancy distribution between each separate pair. Thenbany change of

vacancy distribution between any of the pairs must, as shbwn'by Eq. 10,



increase the particle free energy. Consequently, when the particle is

at overall equilibrium,

gret. - ¢t | -~ kTY
[G 1 G vi kT n(Xvi/Xi)] is a minimum (11)

for the particle as long as the number of sites in each collection is

 fixed.

Discussion

In the analysis that led to Eq. (11), the number of each kind of
site was always held constant. Above 0 K, a given particle may develop
many different site and vacancy distributions which satisfy Eq. (11).

Of these, the site and vacancy distribution that has the lowest minimum
gives the stable shape in the sense considered by Gibbs and Curie.
Other shapes that satisfy Eq. (l1) are metastable, but may persist for
very long times.

For example, a crystal can be metastable if its surfaces are the
same ones present when Eq. (11) takes its absolute minimum value and if
those surfaces have relative areas different from those required for the
absolute minimum. To transform a ledge-free metastable crystal into the
most stable shape would require passing through intermediate shapes in
which ledges are present. Because the ledges raise the total surface
free energy, it can be expected that for a 1 Hm metal crystal more than
103 atoms would have to move from one face to another before continued
growth of the new shape would be thermodynamically favored over
rebuilding the initial metastable shape. Experimental observations

suggest that metastable shapes are common.6’10
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Eq. (11) confirms Gibbs' prediction that Eq. (1) is an inexact
description of particle intérnal equilibrium, and therefore of
equiiibrium particle shapes at finitg temperatures. At finite
temperatures, because the difference between the free energy of vacant
and filled sites can. be expected to increase in the order
corner < edge < surface < bulk, vacancy concentrations will be higher in
edges than in surfaces. When the mole fraction of vacancies required in
edges by Eq. (11) approaches 1, the edges must become rounded.

Quantitative application of Eq. (11) will be the subject of a
-paper by Y. Wu, L.M. Falicov, and the author. Implications of dynamic
equilibrium to solute distributions between crystalline particles and

their surfaces and to particle-vapor equilibrium are under study.

Acknowledgments

I thank David Meschi and Yan Wu for checking my derivations; and
I especially thank Leo Falicov, who pointed out that my initial analysis
Yas model-dependent. This work was supported by the Director, Office of
Fnergy Research, Office of Basic Energy Sciences, Materials Sciences
Division of the U.S. Department of Energy under Contract

No. DE-AC03-76SF00098.



N

10.

11

References

J.W. Gibbs, The Scientific Papers. Vol.l. Thermodynamics, Dover

Publications, New York, 1961. Chap. 3.

P. Curie, Bull. Soc. Min. de France 81, 145 (1885).

I. Stranske, Disc. Faraday Soc. 5, 13 (1949).

C. Herring, Phys. Rev. 82, 87 (1951).

G. Wulff, Z. Krist. 34, 449 (1901).

A.W. Searcy, J. Solid State Chem. 48, 93 (1983).

S-W. Wang, L.M. Falicov, and A.W. Searcy, Unpublished work.

R.C. Tolman, The Principles of Statistical Mechanics, Oxford

University Press, Oxford, 1938.

P.G. Shewmon, Diffusion in Solids, McGraw-Hill, New York, 1963.

Chap.2,

P.J. Goodhew and D.A. Smith, Scr. Metall. 16, 69 (1982).



®.-

This report was done with support from the
Department of Energy. Any conclusions or opinions
expressed in this report represent solely those of the
author(s) and not necessarily those of The Regents of
the University of California, the Lawrence Berkeley
Laboratory or the Department of Energy.

Reference to a company or product name does
not imply approval or recommendation of the
product by the University of California or the U.S.
Department of Energy to the exclusion of others that
may be suitable.




TECHNICAL INFORMATION DEPARTMENT
LAWRENCE BERKELEY LABORATORY
UNIVERSITY OF CALIFORNIA
BERKELEY, CALIFORNIA 94720





