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On a Security vs Privacy Trade-off in Interconnected Dynamical Systems

Vaibhav Katewa, Rajasekhar Anguluri, and Fabio Pasqualetti

Department of Mechanical Engineering, Uniwversity of California, Riverside, CA, USA

Abstract

We study a security problem for interconnected systems, where each subsystem aims to detect local attacks using
local measurements and information exchanged with neighboring subsystems. The subsystems also wish to maintain
the privacy of their states and, therefore, use privacy mechanisms that share limited or noisy information with other
subsystems. We quantify the privacy level based on the estimation error of a subsystem’s state and propose a novel
framework to compare different mechanisms based on their privacy guarantees. We develop a local attack detection
scheme without assuming the knowledge of the global dynamics, which uses local and shared information to detect attacks
with provable guarantees. Additionally, we quantify a trade-off between security and privacy of the local subsystems.
Interestingly, we show that, for some instances of the attack, the subsystems can achieve a better detection performance
by being more private. We provide an explanation for this counter-intuitive behavior and illustrate our results through

numerical examples.

Keywords: Privacy, Attack-detection, Interconnected Systems, Chi-squared test

1. Introduction

Dynamical systems are becoming increasingly more dis-
tributed, diverse, complex, and integrated with cyber com-
ponents. Usually, these systems are composed of multiple
subsystems, which are interconnected among each other
via physical, cyber and other types of couplings [1]. An
example of such system is the smart city, which consists
of subsystems such as the power grid, the transportation
network, the water distribution network, and others. Al-
though these subsystems are interconnected, it is usually
difficult to directly measure the couplings and dependen-
cies between them [1]. As a result, they are often operated
independently without the knowledge of the other subsys-
tems’ models and dynamics.

Modern dynamical systems are also increasingly more
vulnerable to cyber/physical attacks that can degrade their
performance or may even render them inoperable [2]. There
have been many recent studies on analyzing the effect of
different types of attacks on dynamical systems and possi-
ble remedial strategies (see [3] and the references therein).
A key component of these strategies is detection of at-
tacks using the measurements generated by the system.
Due to the autonomous nature of the subsystems, each
subsystem is primarily concerned with detection of local
attacks which affect its operation directly. However, local
attack detection capability of each subsystem is limited
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due to the absence of knowledge of the dynamics and cou-
plings with external subsystems. One way to mutually
improve the detection performance is to share information
and measurements among the subsystems. However, these
measurements may contain some confidential information
about the subsystem and, typically, subsystem operators
may be willing to share only limited information due to pri-
vacy concerns. In this paper, we propose a privacy mech-
anism that limits the shared information and characterize
its privacy guarantees. Further, we develop a local at-
tack detection strategy using the local measurements and
the limited shared measurements from other subsystems.
We also characterize the trade-off between the detection
performance and the amount/quality of shared measure-
ments, which reveals a counter-intuitive behavior of the
involved chi-squared (x?) detection scheme.

Related Work: Centralized attack detection and estima-
tion schemes in dynamical systems have been studied in
both deterministic [4, 5, 6] and stochastic [7, 8] settings.
Recently, there has also been studies on distributed attack
detection including information exchange among the com-
ponents of a dynamical system. Distributed strategies for
attacks in power systems are presented in [9, 10, 11]. In
[5, 12], centralized and decentralized monitor design was
presented for deterministic attack detection and identifica-
tion. In [13, 14], distributed strategies for joint attacks de-
tection and state estimation are presented. Residual based
tests [15] and unknown-input observer-based approaches
[16] have also been proposed for attack detection. A com-
parison between centralized and decentralized attack de-
tection schemes was presented in [17].The local detectors
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in [17] use only local measurements, whereas we allow the
local detectors to use measurements from other subsystems
as well.

Distributed fault detection techniques requiring infor-
mation sharing among the subsystems have also been widely
studied. In [18, 19, 20, 21, 22|, fault detection for non-
linear interconnected systems is presented. These works
typically use observers to estimate the state/output, com-
pute the residuals and compare them with appropriate
thresholds to detect faults. For linear systems, distributed
fault detection is studied using consensus-based techniques
in [23, 24] and unknown-input observer-based techniques
in [25].

There have also been recent studies related to privacy
in dynamical systems. Differential privacy based mecha-
nisms in the context of consensus, filtering and distributed
optimization have been proposed (see [26] and the refer-
ences therein). These works develop additive noise-based
privacy mechanisms, and characterize the trade-offs be-
tween the privacy level and the control performance. Other
privacy measures based on information theoretic metrics
like conditional entropy [27], mutual information [28, 29]
and Fisher information [30] have also been proposed. In
[31], a privacy vs. cooperation trade-off for multi-agent
systems was presented. In [32], a privacy mechanism for
consensus was presented, where privacy is measured in
terms of estimation error covariance of the initial state.
The authors in [33] showed that the privacy mechanism
can be used by an attacker to execute stealthy attacks in
a centralized setting.

In contrast to these works, we identify a novel and
counter-intuitive trade-off between security and privacy in
interconnected dynamical systems. In a preliminary ver-
sion of this work [34], we compared the detection perfor-
mance between the cases when the subsystems share full
measurements (no privacy mechanism) and when they do
not share any measurements. In this paper, we introduce
a privacy framework and present an analytic characteriza-
tion of privacy-performance trade-offs.

Contributions: The main contributions of this paper are
as follows. First, we propose a privacy mechanism to keep
the states of a subsystem private from other subsystems in
an interconnected system. The mechanism limits both the
amount and quality of shared measurements by projecting
them onto an appropriate subspace and adding suitable
noise to the measurements. This is in contrast to prior
works which use only additive noise for privacy. We de-
fine a privacy ordering and use it to quantify and compare
the privacy of different mechanisms. Second, we propose
and characterize the performance of a chi-squared (y?) at-
tack detection scheme to detect local attacks in absence
of the knowledge of the global system model. The de-
tection scheme uses local and received measurements from
neighboring subsystems. Third, we characterize the trade-
off between the privacy level and the local detection per-
formance. Interestingly, our analysis shows that in some
cases both privacy and detection performance can be im-

proved by sharing less information. This reveals a counter-
intuitive behavior of the widely used x? test for attack
detection [7, 8, 35], which we illustrate and explain.
Mathematical notation: Tr(-), Im(-), Null(-) and Rank(-)
denote the trace, image, null space, and rank of a ma-
trix, respectively. (-)7 and (-)* denote the transpose and
Moore-Penrose pseudo-inverse of a matrix. A positive
(semi)definite matrix A is denoted by A > 0 (A > 0).
diag(Ay, Aa, - -+, A,) denotes a block diagonal matrix whose
block diagonal elements are Ay, As,--- , A,. The identity
matrix is denoted by I (or I, to denote its dimension ex-
plicitly). A scalar A € C is called a generalized eigenvalue
of (A, B) if (A— AB) is singular. ® denotes the Kronecker
product. A zero mean Gaussian random variable y is de-
noted by y ~ N(0,X,), where ¥, denotes the covariance
of y. The (central) chi-square distribution with ¢ degrees
of freedom is denoted by x§ and the noncentral chi-square
distribution with noncentrality parameter A is denoted by
Xa(A). For 2 >0, let Q4(x) and Qq(x; A) denote the right
tail probabilities of a chi-square and noncentral chi-square
distributions, respectively.

2. Problem Formulation

We consider an interconnected discrete-time LTT dy-
namical system composed of N subsystems. Let & £
{1,2,---, N} denote the set of all subsystems and let S_; £
S\ {i}, where \ denotes the exclusion operator. The dy-
namics of the subsystems are given by:

zi(k+1) = Ajzi(k) + A_jz—i(k) + wi(k), (1)
yl(k') = Clml(k:) + ’Ui(k’) 1€ S, (2)

where x; € R™ and y; € RP: are the state and out-
put/measurements of subsystem 4, respectively. Let n £
Eﬁil n;. Subsystem ¢ is coupled with other subsystems
through the interconnection term A_;x_;(k), where z_;
[xf,-- 2] _q,xl 4, ,2}]" € R"™™ denotes the states
of all other subsystems. We refer to z_; as the intercon-
nection signal. Further, w; € R™ and v; € RP¢ are the pro-
cess and measurement noise, respectively. We assume that
w;(k) ~ N(0,2,,) and v;(k) ~ N(0,%,,) for all £ > 0,
with ¥,,, > 0 and 3,, > 0. The process and measurement
noise are assumed to be white and independent for differ-
ent subsystems. Finally, we assume that the initial state
z;(0) ~ N(0,%,(0)) is independent of w; (k) and v;(k) for
all £ > 0. We make the following assumption regarding
the interconnected system:

Assumption 1: Subsystem i has perfect knowledge of its
dynamics, i.e., it knows (4;, A_;, C;), the statistical prop-
erties of w;, v; and z;(0). However, it does not have knowl-
edge of the dynamics, states, and the statistical properties
of the noise of the other subsystems. O

Remark 1. (Control input) The dynamics in (1) typ-
ically includes a control input. However, since each sub-
system has the knowledge of its control input, its effect
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Figure 1: An interconnected system consisting of N = 4 subsystems.
The solid lines represent state coupling among the subsystems. For
attack detection by Subsystem 1, its neighboring agents 2 and 3 com-
municate their output information to 1 (denoted by dashed lines).
The attack monitor associated with Subsystem 1 uses the received
information and the local measurements to detect attacks.

can be easily included in the attack detection procedure.
Therefore, for the ease of presentation, we omit the con-
trol input. O

We consider the scenario where each subsystem can be
under an attack. We model the attacks as external linear
additive inputs to the subsystems. The dynamics of the
subsystems under attack are given by

CL’Z(]C + 1) = Ale(k)+A71£E,1(k)+BfC~L1(k) +w1(/€), (3)
——

1 €S, (4)

[I>

yi(k) = Cixi(k) + vi (k)

where a; € R™ is the local attack input for Subsystem i,
which is assumed to be a deterministic but unknown signal
for all ¢ € §. The matrix Bj' dictates how the attack a;
affects the state of Subsystem 4, which we assume to be
unknown to Subsystem 3.

Each subsystem is equipped with an attack monitor
whose goal is to detect the local attack using the local mea-
surements. Since Subsystem i does not know B, it can
only detect a; = Bf'a;. The detection procedure requires
the knowledge of the statistical properties of y; which de-
pend on the interconnection signal x_;. Since the sub-
systems do not have knowledge of the interconnection sig-
nals (c.f. Assumption 1), they share their measurements
among each other to aid the local detection of attacks (see
Fig. 1). The details of how these shared measurements
are used for attack detection are presented in Section 4.

While the shared measurements help in detecting lo-
cal attacks, they can reveal sensitive information of the
subsystems. For instance, some of the states/outputs of a
subsystem may be confidential, which it may not be willing
to share with other subsystems. To protect the privacy of

such states/outputs, we propose a privacy mechanism M;
through which a subsystem limits the amount and quality
of its shared measurements. Thus, instead of sharing the
complete measurements in (4), Subsystem 4 shares limited
measurements (denoted as ¢;) given by:

M; 0i(k) = Siyi(k) + 7 (k)

where S; € R™i*Pi ig a selection matrix suitably chosen to
select a subspace of the outputs, and 7;(k) ~ N(0,27,) is
an artificial white noise (independent of w; and v;) added
to introduce additional inaccuracy in the shared measure-
ments. Without loss of generality, we assume S; to be
full row rank for all ¢ € S. Thus, a subsystem can limit
its shared measurement via a combination of the follow-
ing two mechanisms (i) by sharing fewer (or a subspace
of) measurements, and (ii) by sharing more noisy mea-
surements. Intuitively, when Subsystem ¢ limits its shared
measurements, the estimates of its states/outputs com-
puted by the other subsystems become more inaccurate.
This prevents other subsystems from accurately determin-
ing the confidential states/outputs of Subsystem 4, thereby
protecting its privacy. We will explain this phenomenon
in detail in the next section.

Let the parameters corresponding to the limited mea-
surements of subsystem i be denoted by Z; =
{C, 8i, 2y, X7, }. We make the following assumption:
Assumption 2: Each subsystem i € S shares its limited
measurements ; in (5) and the parameters Z; with all
subsystems j € S_;.! O

Under Assumptions 1 and 2, the goal of each subsys-
tem ¢ is to detect the local attack a; using its local measure-
ments y; and the limited measurements {g; };cs_, received
from the other subsystems (see Fig. 1).

3. Privacy Quantification

In this section, we quantify the privacy of the mecha-
nism M; in terms of the estimation error covariance of the
state z;. The estimation can be performed by any subsys-
tem j € S_; that receives the limited measurements from
Subsystem i. Then, we use this quantification to compare
and rank different privacy mechanisms.

We use a batch estimation scheme in which the esti-
mate is computed based on the collective measurements
obtained for & = 1,2,--- T, with T > 0 . Let ¢; =
(g7 (1), , g7 (T)]T, and let x;, v;, ¥ be similar time-
aggregated vectors of x;(k), v;(k), 7;(k), respectively. Then,
using (5), we have

£ H; £ T

1To be precise, this information sharing is required only between
netghboring subsystems, i.e., between subsystems that are directly
coupled with each other in (1).
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where r; ~ N(0,3,..) with 2, = It ® (9;%,,5] + Z7,).
Note that any Subsystem j € S_; that receives measure-
ments (6) from Subsystem ¢ knows {H;,%,.} (cf. As-
sumption 2). However, it is oblivious to the statistics of
the confidential stochastic signal x;. Thus, Subsystem j
computes an estimate of x; assuming that it is a determin-
istic but unknown quantity.

The Maximum Likelihood (ML) estimate of z; based
on §; is given by (using Lemma A.1):

b, = H; HIS Yy, + (I — Hf Hy)d;,
H; 2 H'S 'H; >0,

where

and d; is any real vector of appropriate dimension. If H;
(or equivalently H;) is not full column rank, then the es-
timate can lie anywhere in Null(H;) = Null(H;) (shifted
by H;‘HZTE;I g;). Thus, the component of z; that lies in
Null(H;) cannot be estimated and only the component of
z; that lies in Im(H;) = Im(H;") can be estimated. Let
P & ﬁfﬁi denote the projection operator on Im(f{i).
The estimation error in this subspace is given by:

e; = Pix; — Pty = f{j'l:lzz, - I:IszTz;llgv
=-—H HS ', (8)
and the estimation error covariance is given by:
Se, = E[H H S o] S HH) = H (9)

Note that since the model in (6) is linear with Gaussian
noise, P;Z; is the minimum-variance unbiased (MVU) es-
timate of z; projected on Im(H, ). Thus, the covariance
3¢, captures the fundamental limit on how accurately P;z;
can be estimated and, therefore, it is a suitable metric to
quantify privacy.

The privacy level of mechanism M; in (5) is determined
by two quantities: (i) rank(S;), and (ii) X.,. Intuitively, if
rank(.S;) is small, then Subsystem ¢ shares fewer measure-
ments and, as a result, the component of x; that cannot
be estimated ((I — H; H;)x;) becomes large. Further, if
Y., is large (in a positive semi-definite sense), this implies
that the estimation accuracy of the component of x; that
can be estimated (H;" H;x;) is worse. Thus, a lower value
of rank(S;) and a larger value of ., implies a larger level
of privacy. Based on this discussion, we next define an
ordering between two privacy mechanisms.

Consider two privacy mechanisms /\/l(l) and ./\/l(2 and

let y(k) (k) , k = 1,2 denote the limited measurements and
estlmates correspondmg to the two mechanisms, respec-
tively. Further, let S’i(k),Hi(k), fIi(k),Pi(k), Zg]f), k=1,2de-
note the quantities defined above corresponding to /\/lz(-l)

and M,(;Q)

Definition 1. (Privacy ordering) Mechanism ME-Q) is
more private than Mgl), denoted by M§2) > Mgl), if

(¢) Im ((SZ-(Q))T) CIm ((SZ-(I))T) and,

(10)
(i) 5 = POEOPL. =

The first condition implies that 1171(2) is a limited version
of g ~( ) and is required for the ordering to be well defined.
Under this condition, it is easy to see that Im(H; (2))

Im(?i@)) - Im(Hi(l)) = (Pi(l)). Thus, the estimated
2 A(2) lies in a subspace that is contained in

the subspace of the estimated component 73 ( ). For a
fair comparison between the two mechamsms we consider

) on Im(’Pi(Z)), given by Pi(Z)Pfl)gAcgl) =
. Then, we compare its estimation error (given by
77(2)2 ’PZ(2 ) with the estimation error of P (2) (given

by Eg)) to obtain the second condition in (10). Next, we
present an example to illustrate Definition 1.

component 73(
the projection of Pi(l):i“(l

PG Z

Example 1. Let 2; € R%2, C; = I, T = 1, and consider
two privacy mechanisms given by:

M i = (@i o)+ 7Y,
M) ~<2) =[1 0] (z; +v;) +72,
with ¥,, = Eg) = Iy and Eg) = «a > 0. Mechanism

/\/ll(-l) shares both components of the measurement vector y;

(S; ® = = I5) whereas ./\/l(z) shares only the first component

(S; @ = = [1 0]), and both add some artificial noise. The
state estimates under the two mechanisms (using (7)) are
given by

L) _ (1) 2@ _ [ -2, 10 0]
2, =y and %, [0} U, +{O 1 d;.

Thus, under MEI) both components of x; can be estimated
while under ./\/l(-2), only the first component can be esti-
mated. Further, we have E( ) = 2]27223) = [“6"‘ 8] and
P = 148)-
the first component of x; under Mgl)

Thus, the estimation error covariance of
and Mz(?) are 2 and
1+ «, respectively, and MEQ) is more private than /\/lz(-l) if
a>1.

On the other hand, if a < 1, then an ordering between
the mechanisms cannot be established. In this case, under
Ml(.l), both the state components can be estimated but the
estimation error in first component is large. In contrast,
under M§2)7 only the first component can be estimated but
its estimation error is small. O

Next, we state a sufficient condition on the noise added
by two privacy mechanisms that guarantee the ordering of
the mechanisms. This condition implies that, if one pri-
vacy mechanism shares a subspace of the measurements
of the other mechanism and injects a sufficiently large
amount of noise, then it is more private.

Lemma 3.1. (Sufficient condition for privacy or-
dering) Consider two privacy mechanisms Ml(-l) and MZ(?)
in (5) with parameters (Si(k),ng)), k = 1,2 that satisfy
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condition (i) of (10). Let P be a full row rank matriz that
satisfies SZ»(Q) = PSfl). If

=2 > pe) pT
o)

(11)
then /\/l( ) is more private than M;
Proof: From (6) and (7), we have
S(k)Z (S(k))

~ —1
AY = e (sMe)T +3W] M.

Ly (k)

Since (Si(l), Si(Q)) satisfy (10) (i), there always exist a full

row rank matrix P satisfying Si@) = PSi(l). Next we have,

y@=(sV ) TPT[Psx, (SO TPT 8] Psle,

-1
=(sVC)PTP(SM %, (s +3 ) PTHE] PSVC;
(a) -1
<(5C) sV, ()] st =y (1)

where E £ 2(2) PZ(l)PT and (a) follows from E > 0
(using (11)) and Lemma A. 3. From (12), it follows that

A® <HM YA >

S @y a® i)t

g® (ﬁ[,(l))Jrf[@)
> (B EP E) T EP )
@ Gondition (47) in (10),
where (b) follows from [36, Lemma 1], and (¢), (d) follow
from facts that (H®)* is symmetric and (H™)*H®) =
f[fk)(ﬁfk))+ Thus, both conditions in (10) are satisfied
and MP > MW, |
We conclude this section by showing that the privacy
mechanism in (5) exhibits an intuitive post-processing prop-
erty. It implies that if we further limit the measurements
produced by a privacy mechanism, then this operation can-
not decrease the privacy of the measurements. This post-
processing property also holds in the differential privacy
framework [26].
Lemma 3.2. (Post-processing increases privacy) Con-
sider two privacy mechanisms M,El) and /\/lz(-z) , where MEQ)
further limits the measurements of Mgl) as

MY g = 5l + 70 (1)
M g ) = 5500+ i),

where S is full row rank and n;(k) ~ N(0,%,,).
./\/lz@) is more private than Mgl),

Then,

Proof: Tt is easy to observe that 5(2) SS ) and 7:1(2) (k) =

Sril)( k) 4+ n;(k). Thus,

2P = 52sT 1+ %, > 52T,

and the result follows from Lemma 3.1. [ |

4. Local Attack detection

In this section we present the local attack detection
procedure of the subsystems and characterize their detec-
tion performance. For the ease or presentation, we de-
scribe the analysis for Subsystem 1 and remark that the
procedure is analogous for the other subsystems.

4.1. Measurement collection

We employ a batch detection scheme in which each
subsystem collects the measurements for £ = 1,2,--- | T,
with 7" > 0, and performs detection based on the collective
measurements. In this subsection, we model the collected
local and shared measurements for Subsystem 1.

Local measurements: Let the time-aggregated local mea-
surements, interconnection signals, attacks, process noise
and measurement noise corresponding to Subsystem 1 be
respectively denoted by

yr = 1 (D91 (2) 51 (D]
w2 [21,(0), 25, (1), 2l (T - D)7,
a £ [aj(0),a1 (1), ,a{ (T -1,
w £ [w-lr(o)vw-lr(l)’ e aw-lr(T - 1)]1—7
v 2 (1),0](2), - 0] (T)]", and let
CZ 0 0
CiAZ CZ - 0
F(Z) : : :
CiAT'Z C1A] %z iz
=FI)(Ir ® Z).

By using (3) recursively and (4), the local measure-
ments can be written as

yr = Ox1(0) + Fpx + Fpa + Fyw + v, (13)
where F, = F(A_,), F; = F(BY), Fy = F(I), and
02 [(Cid)T (AT - (@ADT)

Note that w ~ N(0,%,,) and v ~ N(0,%,) with
Sw=Ir @Yy, >0 and X, =Ip @, > 0.

Let vy, = Oz1(0) + F,w+v denote the effective local noise
in the measurement equation (13). Using the fact that
(21(0),w,v) are independent, the overall local measure-
ments of the subsystem are given by

yr = Fpx + Fza + vy, where (14)

v, ~N(0,%,,), £y, = 0, (0)O0" + FuSuF + 2, > 0.
Shared measurements: Let §_1(k) =

(g3 (k), 73 (k), -, % (k)]T denote the limited measurements
received by Subsystem 1 from all the other subsystems
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at time k. Further, let v_q(k) and 7_1(k) denote simi-

lar aggregated vectors of {v;(k)}; s  and {7;(k)}

respectively. Then, from (5) we have

gfl(k/‘) = 5710,11},1(1{7) + 571’1},1(]6) + ffl(k), (15)
where S_; = diag(Ss,---,Sn),C_1 = diag(Csy,--- ,Cy),
v_1(k) ~N(0,%,_,), 3y_, =diag(Xy,, -, Zuy) >0,
ffl(k) NN(07Z7:71), 2571 = diag(E,:Q, e ,EFN) Z 0

jES 1’

Further, let the time-aggregated limited measurements
received by Subsystem 1 be denoted by yr £
[77,(0),57 (1), -+, 5T, (T—1)]7, and let vg denote similar

time-aggregated vector of {S_1v_1(k) +7_1(k)};—o ... 7_1-

Then, from (15), the overall limited measurements received
by Subsystem 1 read as

yr = Hx +vg, where (16)
H2Ir®8 1C_q, and wvg~N(0,%,,)
with 2, = I ® (S_1%,_, ST, +Z7_,) > 0.

The goal of Subsystem 1 is to detect the local attack using
the local and received measurements given by (14) and
(16), respectively.

4.2. Measurement processing

Since Subsystem 1 does not have access to the inter-
connection signal z, it uses the received measurements to
obtain an estimate of x. Similar to the previous section,
the estimate is computed assuming x to be a deterministic
but unknown quantity.

The maximum likelihood (ML) estimate of x using the

received measurements in (16) is (using Lemma A.1)
&=HYH'S,lyp+ (I — H"H)d, where an
H2H'S;'H >0,

and d is any real vector of appropriate dimension. The
component of x that lies in the null space of H cannot be
estimated. We decompose x as
t=(I—-H H)x+H'Hz
=(I-H'H)z+H"H'S,'Ha

VR
O (1 - BtE)e+ ATH™S; Myn —vr). (18)

VR
Substituting x from (18) in (14), we get
y = Fo(I— H* H)z + FHYHTS, H(yr — vR)
+ Fra +vg,. (19)

Next, we process the local measurements in two steps.
First, we subtract the known term FwH+HTZ;R1yR. Sec-

ond, we eliminate the component (I — H+H)z (which can-
not be estimated) by premultiplying (19) with a matrix
MT, where

M = Basis of Null ([FI(I — ﬁJrlff)]T) ;
= MTF,(I — H"H) =0. (20)

Since the columns of M are basis vectors, M is full
column rank. The processed measurements are given by

2=M"(y, — B, H H'S; lyg)

WO T Moy — L HTS o), (21)

£ up
where vp ~ N(0,3,,). The random variables vy, and vg
are independent because they depend exclusively on the
local and external subsystems’ noise, respectively. Using
this fact

Sy, = MT [EUL + R HTSS, S TH(EY) TR M

H= s M+ MTR AT FTM o, (22)
where (a) follows from the facts that M is full column
rank and ¥,, > 0. The processed measurements z in
(21) depend only on the local attack a, and the Gaussian
noise vp whose statistics is known to Subsystem 1 (c.f.
Assumptions 1 and 2), i.e. z ~ N(M"F;a,%,,). Thus,
Subsystem 1 uses z to perform attack detection. Note that
the attack vectors that belong to Null(M T F;) cannot be
detected.

The operation of elimination of the unknown compo-
nent (I — H* H)x from y;, also eliminates a component of
the attack a. As a result, this operation increases the space
of undetectable attack vectors from Null(F;) to Null(M T F;).
In some cases, this operation could also result in complete
elimination of attacks as shown in the next result.

Lemma 4.1. Consider equation (3) and the limited mea-
surements in (5), and let S_1,C_1, M be defined in (15)
and (20). If

Im(BY) CIm (A_; [I — (S_1C_1)T(S-1C-1)]), (23)

then MTF; = 0.

Proof:  Since Null(H) = Null(H), we have
HtH=H"H = It ® (571071)+(571071).

Let Z £ (5_10_1)+(S_1C_1).
from (13) in (20), we get

Then, substituting F,

MTE(N(Ir@A_ NI -Ir®Z] =0
SMTF(I)(Ir® A_y)[Ir @ (I - Z)] =0
SMTF(I)(Ir® A_1[I — Z]) = 0. (24)

If (23) holds, then there exists a matrix P such that Bf =
A_1[I — Z]P. Thus, from (13), we have

MVF; = MTF(I)(Ir ® A_4[I — Z]P)

(24)

=M"F()(Ir ® A [I - Z))(Ir ® P) "= 0.
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Subsystem 1

Subsystem 2

Figure 2: An interconnected system consisting of two subsystems.
The nodes denote the states of the subsystems and solid edges denote
the couplings and interconnections of Subsystem 1 (self edges are
omitted). The attacked node is shaded in red.

The above result has the following intuitive interpre-
tation: if the attacks lie in the subspace of the intercon-
nections that cannot be estimated, then eliminating these
interconnections also eliminates the attacks. In this case,
the processed measurements do not have any signature of
the attacks, which, therefore, cannot be detected. This
result highlights the limitation of our measurement pro-
cessing procedure. Next, we illustrate the result using an
example.

Example 2. Consider an interconnected subsystem con-
sisting of two subsystems with the following parameters

(see Fig. 2):
1 0 -1 1 0 1
Ay = 1 ,A_llo 1|, B¢ = |o],
1 1 1 0 0 0
C, =15,Co = I, and T = 1. We have F, = A_1 and

Fy = Bf. Consider the following two cases:

Case (i): Subsystem 2 shares its 2nd state, i.e., Sy =
S_1= [O 1} . In this case, Subsystem 1 does not get infor-
mation about the interconnection affecting its 1st state and
the elimination of this interconnection also eliminates the

attack. It can be verified that M = [} ?}T and MTB{ =
0.
Case (ii): Subsystem 2 shares its 1st stale, i.e., So =

S_1= [1 O]. In this case, Subsystem 1 gets information
about the interconnection affecting its 1st state. Thus, its
elimination is not required and this preserves the attack.
It can be verified that M = [399]" and MTB® #0.

4.3. Statistical hypothesis testing

The goal of Subsystem 1 is to determine whether it is
under attack or not using the processed measurements z
n (21). Recall that, since Subsystem 1 does not know B¢,
it can only detect a; = B{a;. Let a £
[(Bga (0T, .-+, (Bfa1 (T — 1))T]T. Then, from (13), we
have Fza = F,a, where F, = F(I). Thus, processed mea-

surements are distributed according to z ~ N (M T F,a,%,, ).

We cast the attack detection problem as a binary hypoth-
esis testing problem. Since Subsystem 1 does not know

the attack a, we consider the following composite (simple
vs. composite) testing problem

H()I a=0
Hli a;éO

(Attack absent) Vs
(Attack present)

We use the Generalized Likelihood Ratio Test (GLRT) cri-
terion [37] for the above testing problem, which is given
by

[(z|Hg) Ho
supf(z|Hy) 517 where, (25)
a
1 1Ty,
V4 H = - 2 vp a‘nd’
FEl) = ]
f(Z'Hl) = 1 e_%(z_MTFaa)TE;rl)(Z—]\/ITFaa),

V 2[5y |

are the probability density functions of the multivariate
Gaussian distribution of z under hypothesis Hy and Hj,
respectively, and 7’ is a suitable threshold. Using the result
in Lemma A.1 to compute the denominator in (25) and
taking the logarithm, the test (25) can be equivalently
written as

H
t(z) 2 TS MTE,MYF] MY 12 2 1, (26)
H

where M = FJ M 'MTF,,

and 7 > 0 is the threshold. The above test is a x? test
since the test statistics ¢(z) follows a chi-squared distribu-
tion (see Lemma 4.3). The next result simplifies the test
statistics ¢(z) and provides an interpretation of the test.

Lemma 4.2. (Simplification of test statistics) Let
E_Pl = R'R denote the Cholesky decomposition of E;Pl
Then,

SIMTE,MTEI MY} = RTUUTR, (27)

where U is a matriz whose columns are the orthonormal
basis vectors of Im(RMTF,).

Proof: Let My £ MTF,. Then

M* = (M]RTRM,)* = (RM)*(RM)*)T.
Thus, we have
SMTE,MTEI MY}
= (RTR)M;(RMy)* ((RMy)*)"M] (R R)
= R"(RM,)(RM;)"(RM;)(RM;)" R
= R"(RM,)(RM,)"R.
Since RM;(RM;)" is the orthogonal projection operator

on Im(RM;), RM;(RM;)* = UUT, and the proof is com-
plete. |
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Using Lemma 4.2, the test (26) can be written as

H,
t(z) =2"RTUURz = 7.
Hy

(28)

Thus, the test compares the energy of the signal UT Rz
with a given threshold to detect the attacks. Next, we
derive the distribution of the test statistics under both
hypothesis.

Lemma 4.3. (Distribution of test statistics) The dis-
tribution of test statistics t(z) in (28) is given by

t(z) ~ X?I under Hy,

t(z) ~xo(A & a"Aa) under Hy,
where ¢ = Rank(MTF,) and A = F] MY ' MTF,.

Proof: By the definition of U in (27), and recalling X! =
RTR with R being non-singular, we have

Rank(UTU) = Rank(U) = Rank(RM " F,) = Rank(M"F,).
Let 2/ = UTRz. Under Hy, z ~ N(0,3,,). Thus,

2~ N(0,UTRS,,. RTU) ¥ N(0, 1),
where (a) follows from RY,,RT =

Therefore, t(z) = (2/) 2" ~ x2.
Let My = MTF,. Under Hy, z ~ N'(Mja,%,,). Thus,

I and UTU = I,

2~ N({UTRMa,1,)
= t(2) = (z)72' ~ x2(a" M{ R"UUT RMa).
Using UUT = RM;(RM;)" from the proof of Lemma 4.2,
we have
a"MRTUUTRMa = o™ (RM;) " (RM;)(RM;)* (RM,)a
=a' (RM;)"(RM;)a = a" M] S, Mia = A,

and the proof is complete. |

Remark 2. (Interpretation of detection parameters
(g, \)) The parameter q denotes the number of independent
observations of the attack vector a in the processed mea-
surements (21). The parameter X can be interpreted as the
signal to noise ratio (SNR) of the processed measurements
in (21), where the signal of interest is the attack. a

Next, we characterize the performance of the test (26).
Let the probability of false alarm and probability of detec-
tion for the test be respectively denoted by

Pr = Prob(t(z) > 7|Hp) @ Qq(7) and,
Pp = Prob(t(z) > 7|Hy) 2 Q,(7: \),

where (a) and (b) follow from (29) and (30), respectively.
Recall that Q4(x) and Q4(x; A) denote the right tail prob-
abilities of chi-square and noncentral chi-square distribu-
tions, respectively. Inspired by the Neyman-Pearson test
framework, we select the size (Pg) of the test and de-
termine the threshold 7 which provides the desired size.
Then, we use the threshold to perform the test and com-
pute the detection probability. Thus, we have

7(q, Pr) = Qq_1<PF)7
PD((L)‘aPF) = Qq(T(Q7PF)7>‘)

The arguments in 7(q, Pr) and Pp(q, A, Pr) explicitly de-
note the dependence of these quantities on the detection
parameters (g, A) and the probability of false alarm (Pp).
Note that the detection performance of Subsystem 1 is
characterized by the pair (Pg, Pp), where a lower value of
Pr and a higher value of Pp is desirable. Later, in order to
compare the performance of two different tests, we select a
common value of Pgr for both of them, and then compare
the detection probability Pp.

The next result states the dependence of the detection
probability on the detection parameters (g, A).

Lemma 4.4. (Dependence of detection performance
on detection parameters (q,)\)) For any given false
alarm probability Pr, the detection probability Pp(q, A, Pr)
is decreasing in q and increasing in \.

Proof: Since Pr is fixed, we omit it in the notation. It is
a standard result that for a fixed ¢ (and 7(gq)), the CDF (=
1—94(7(q); A) =1— Pp(g,N)) of a noncentral chi-square
random variable is decreasing in A [38]. Thus, Pp(q, \) is
increasing in A.

Next, we have [38]

a2 (V2
Pp(g,\) =e A/2 Z TQquzj(T(Q))-
§=0
From [39, Corollary 3.1], it follows that Qg42;(7(q)) =
Qq+2j(Q;1(PF)) is decreasing in ¢ for all j > 0. Thus,
Pp(g, \) is decreasing in q. |

Figure 3 illustrates the dependence of the detection
probability on the parameters (¢, A). Lemma 4.4 implies
that for a fixed ¢, a higher SNR () leads to a better detec-
tion performance, which is intuitive. However, for a fixed
A, an increase in the number of independent observations
(q) results in degradation of the detection performance.
This counter-intuitive behavior is due to the fact that the
GLRT in (25) is not an uniformly most powerful (UMP)
test for all values of the attack a. In fact, a UMP test
does not exist in this case [40]. Thus, the test can perform
better for some particular attack values while it may not
perform as good for other attack values. This suboptimal-
ity is an inherent property of the GLRT in (25). It arises
due to the composite nature of the test and the fact that
the value of the attack vector a is not known to the attack
monitor.
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Figure 3: Dependence of the detection probability Pp on the detec-
tion parameters (g, A) for a fixed Pr = 0.05. Pp decreases mono-
tonically with ¢ (subfigure (a)), whereas it increases monotonically
with A (subfigure (b)).

Remark 3. (Composite vs. simple test) If the value
of the attack vector (say ay) is known, we can cast a sim-
ple (simple vs. simple) binary hypothesis testing problem
as Hy : a = 0 vs. Hy : a = a1 and use the standard
Likelihood Ratio Test criterion for detection. In this case
the detection probability depends only on Pr and SNR (\),
and for any given Pr, the detection performance improves
as the SNR increases. O

5. Detection performance vs privacy trade-off

In this section, we present a trade-off between the at-
tack detection performance and privacy of the subsystems.
As before, we focus on detection for Subsystem 1 and con-
sider two measurement sharing privacy mechanisms Mgl)
and M§2) for all other subsystems j € S_;. The trade-
off is between the detection performance of Subsystem 1
and the privacy level of all other subsystems. The next re-
sult states the relation between the detection parameters
corresponding to these two sets of privacy mechanisms.

Theorem 5.1. (Relation among the detection pa-
rameters of privacy mechanisms) Let /\/lg?) be more
private than /\/lg.l) for all j € S_1. Given any attack vec-
tor a, let ¢%) and \*) = oTA®)q denote the detection

parameters under the privacy mechanisms {M§k)} ,
JES1

for k=1,2. Then, we have
)V > and

33
(ZZ) A(2),umcr,;c > >\(1) > A(Z)ﬂmzn > )\(2)’ ( )

where [maz and [min are the largest and smallest gener-
alized eigenvalues of (A, A)), respectively.

Proof: From (5), (15) and (16), for k = 1,2, we have
H® = I ® diag (55‘“)02, . ,S](\’,“)CN> =s®p,

21()];) = S(—kl) Yo (S(—kf)T + Z;}i)l >0 where,
S(_kl) = I ® diag (Sék)’ . 7S](\’;)> ’
s, = Ir @ diag (21, 5 > 0.

Since ./\/l§-2) > ./\/l;-l) for all j € S_q, the first condition in
(10) results in

Im((S(_ll))T)QIm((S(_Ql))T> =Im ((H<1>)T);1m((H<2>)T) .

From (17), we have H®) = (H)T(sUN-1H®  Since
Null(H®)) = Null(H®)), from (20), it follows that
Im(M®) D ITm(M®). Recalling from (30) that ¢*) =
Rank((M¥N)TE,), it follows that ¢(!) > ¢().

Since Im(M ™) D Im(M®), we have M(?) = M P
for some full column rank matrix P. Let Z £ FT MM P,
From (22), we have

£C) = (M®)Ts5,, M® + (MEO)TF,(HO) FTM®,

=P's(VP+ ZT[(H®)T — (HW)")Z. (34)

LR

Next, we show that £ > 0. . Using M® = MOP, and
using (20) for both {M®) HFY k= 1,2, we have

ZTVEYYAY = 2T HD)FH®), (35)
Thus, we get
E= ZT[(ﬁ(Q))-i- _ (ﬁ(l))-i-ﬁ(l)(ﬁ(l))ﬁ-g(l)(ﬁ(l))ﬁ-]z
= ZT((H®) — (O AO A ED) )7 (36)

where the last inequality follows from (35) and the fact
that ) (HE)*T = (H®)*H®) Next, we have,

H® = @diag [(s§k>02)T(5§k)Zv2 (S8 T4E®) 15 0y,
—1

o (SN (SV S (ST +3R) T sPen]

T dingrr o (517Ca) (S5, (544 5) 54

X —1
L I (SYon)T (S§§>2UN(S§V’“’)T+E§’2) S%“)CN}H

= 11" diag {flg(k), e ,flj(f)} II and, (37a)
()" = Wding [(P)*, - (Y| (37)
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where II is a permutation matrix with II=* = II". Substi-
tuting (37a) and (37b) in (36), we have

E = Z T diag {(g£2))+ _ 792(2)(IZI§1))+772(2)7 .
i _ @
HPY - PR EYY P |1z = 0,

where (a) follows from the second condition in (10) for all
j € S_1. Next, from (30), we have,

A2 — FTM(Q)(Z(2))_1(,7\1(2))TF
a vp a
(34)

= FIMD p(PTsM P+ )1 PT(MW)TF,

vp

A

=Y

(b)
T (1 1)y—1 IN\T 1
< F] M€ )(E(vp)) (M( )) F, =AW,
= A0 = ¢TAWg > ¢TAP g = \?)

where (b) follows from Lemma A.3, and the facts that
FE > 0 and P is full column rank. Finally, the second
condition in (33) follows from Lemma A.4 and the proof
is complete. |

Theorem 5.1 shows that when the subsystems j € S_
share measurements with Subsystem 1 using more pri-
vate mechanisms, both the number of processed measure-
ments and the SNR reduce. This has implications on
the detection performance of Subsystem 1, as explained
next. To compare the performance corresponding to the
two sets of privacy mechanisms, we select the same false
alarm probability Pg for both the cases and compare the
detection probability. Theorem 5.1 and Lemma 4.4 im-
ply that Pp(q¢®, A3, Pr) can be greater or smaller than
Pp (¢, XV, Pr) depending on the actual values of the
detection parameters. In fact, ignoring the dependency on
Pr since it is same for both cases, we have

Pp(¢@ X3 — Pp(¢M, AM) =
PD((](Q), )\(2))_131)((](2)7 )\(1)) _|_pD(q(2)7 )\(1))_131)((](1)7 )\(1)).

<0 >0

Intuitively, if the decrease in Pp due to the decrease in the
SNR? (A — X)) is larger than the increase in Pp due to
the decrease in the number of measurements (¢(*) — ¢(?)),
then the the detection performance decreases, and vice-
versa.

This is an interesting and counter-intuitive trade-off
between the detection performance and privacy/information
sharing, and it implies that, in certain cases, sharing less
information can lead to a better detection performance.
This phenomenon occurs because the GLRT for the con-
sidered hypothesis testing problem is a sub-optimal test,
as discussed before.

2Note that the SNR depends upon the attack vector a (via (30)),
which we do not know a-priori. Thus, depending on the actual attack
value, the SNR can take any positive value.

10

Next, we compare the detection performance corre-
sponding to two privacy mechanisms that share the same
subspace of measurements.

Corollary 5.2. (Strict security-privacy trade-off )
Consider two privacy mechanisms ./\/l§-2) > ./\/15-1) such that
Im ((S](.2))T> =Im ((S;l))T) forj € S_1. Let (¢, \*))
denote the detection parameters of Subsystem 1 under the

, for k = 1,2, Then,

privacy mechanisms {M§.k)} s
JES-1

for any given Pr, we have

PD(q(2)7)‘(2)vPF) < PD(q(l)aA(l),PF)'

Proof: Since the mechanisms share the same subspace of
measurements, from the proof of Theorem 5.1, we have

Im ((S(_IE)T)zlm ((S(_ZB)T) —Tm ((H(l))T):Im ((H<2>)T)

=T (MO)=Tm (M®) = 0 = 2.

The fact that AV > A?) follows from Theorem 5.1, and
the result then follows from Lemma 4.4. [ |

The above result implies that there is strict trade-off
between privacy and detection performance when the sub-
space of the shared measurements is fixed and the privacy
level is varied by changing the noise level. In this case,
more private mechanisms result in a poorer detection per-
formance, and vice-versa.

6. Simulation Example

Consider an interconnected system with N = 3 subsys-
tems with the following parameters:

-1 —-16 2 -4 00 0
110 -6 1 -1 00 0
A1_§ 0 2 1 1 ’A12_012’
1 28 -3 6 1 0 0]
B ey
Ajg = B, = .Ch=10 1 0 of,
0 2 0 0 00 1 0

0 0 0 0 .

A—l = [A12 Alg], Exl(o) = 0.214, Ewl = 0.114, Cy = I3
CS = 12, Zvl = sz = 13, Zv3 = 12, T =2.

We focus on the attack detection for Subsystem 1, where
Subsystems 2 and 3 use privacy mechanisms to share their
measurements with Subsystem 1. We consider the follow-
ing three cases of privacy mechanisms for Subsystems 2
and 3:

e MO = {M§°>,M§O)}: Subsystems 2 and 3 do not
use any privacy mechanisms and share actual mea-
surements, ie., Sy = I3,83 = I2,35 = 0, and
Yr, =0.
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Figure 4: Comparison between detection performance of case 0 with:
(a) case 1, and (b) case 2. In the blue region, case 0 performs better
than case0/case 1, and vice versa in red square region. Since A0 >
AE) for k= 1,2 (c.f. Lemma 5.1), the white region is inadmissible.

e MW: Sy =[490] 83 =I,,%:, =0, and %z, = L.
e M@ Sy =[190],83 =[01],%, =0, and X, =
1.8.

Using Lemma 3.1, it can be easily verified that the follow-
ing privacy ordering holds: M® > M® > M) Recall
that the detection performance is completely characterized
by Pr and the detection parameters (¢, A). We choose
Pr = 0.05 for all the cases. Let (¢, A*) k& = 0,1,2
denote the detection parameters for the above three cases.
Recall that the parameter g depends only the system pa-
rameters, whereas the parameter A\ depends on the system
parameters as well as the attack values. For the above
cases, we have ¢(© = 6,¢(") = 4 and ¢® = 2. Recalling
(30), the value of A(®) = aTA®g can lie anywhere be-
tween [0, 00) depending on the attack value a. Thus, for
simplicity, we present the results in this section in terms
of Xk,

We aim to compare the detection performance of case 0
with cases 1 and 2, respectively. We are interested in iden-
tifying the ranges of the detection parameters for which
one case performs better than the other. As mentioned
previously, the parameters ¢(®) are fixed for the three cases,
so we compare the performance for different values of the
parameter A(*). Fig. 4 presents the performance compari-
son of case 0 with case 1 (Fig. 4(a)) and case 2 (Fig. 4(a)).
Any point (z,y) in the colored regions are achievable by an
attack, i.e., there exists an attack a such that aTA® g =
and a"A®q = y, whereas the white region is inadmissi-
ble (see (33)). The blue region corresponds to the pairs
(A®) X)) for which case 0 performs better than case k,
i.e., Pp(q X\ Pr) > Pp(¢™),\*) Pp) for k=1,2. In
the red region, case k performs better that case 0, k = 1, 2.

We observe that case 0 performs better than case k
if
attack vector a is such that % is small, then the detec-
tion performance corresponding to a more private mech-
anism (M®) > M©) is better. This implies that there
is non-strict trade-off between privacy and detection per-
formance. This counter-intuitive result is due to the sub-

% is large, and vice versa. This shows that if the

11

optimality of the GLRT used to perform detection, as ex-
plained before (c.f. discussion above Remark 3). Further,
we observe that the red region of Fig. 4(b) is larger than
(and contains) the red region of Fig. 4(b). This is because
M@ is more private than M.

Finally, we consider the case where Subsystems 2 and 3
implement their privacy mechanisms by only adding artifi-
cial noise in (5). Thus, Sy = I3, S3 = I, and the artificial
noise covariances are given by 7, = 02I3 and X7, = o2 I5.
The attack value is a(k) = [1,1]T for k = 1,2. Clearly, as
the noise level o increases, the privacy level also increases.
Fig. 5 shows the detection performance of Subsystem 1
for varying noise level . We observe that the detection
performance is a decreasing function of the noise level (c.f.
Corollary 5.2), implying a strict trade-off between detec-
tion performance and privacy in this case.

1

PD 05’ b

0 1 1
5 10
o (noise level)

15

Figure 5: Detection performance for varying level of noise parameter
o.

7. Conclusion

We study an attack detection problem in interconnected
dynamical systems where each subsystem is tasked with
detection of local attacks without any knowledge of the
dynamics of other subsystems and their interconnection
signals. The subsystems share measurements among them-
selves to aid attack detection, but they also limit the amount
and quality of the shared measurements due to privacy
concerns. We show that there exists a non-strict trade-off
between privacy and detection performance, and in some
cases, sharing less measurements can improve the detec-
tion performance. We reason that this counter-intuitive
result is due the suboptimality of the considered x? test.

Future work includes exploring if this counter-intuitive
trade-off exist for alternative detection schemes (for in-
stance, unknown-input observers) and for other types of
statistical tests. Also, recursive schemes to compute the
state estimates, eliminate interconnections and compute
the detection probability should also be explored.

APPENDIX

Lemma A.1. The optimal solutions of the following weighted

least squares problem:

min J(x) = (y — Hx)"S"'(y — Hz), (38)
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with ¥ > 0 are given by

e =HYH"S Yy + (I - H H)d, (39)

where H = H'S"YH, and d is any real vector of appro-
priate dimension. Further, the optimal value of the cost

18
Ja) =y (=S tHATH S Yy, (40)

Lemma A.2. Let [E‘T g] be a positive definite matrix with

A>0,D>0. Further, let M > 0. Then,
I ]
Proof: Using the Schur complement, we have

=il Jostat],

where the Schur complement D — BTA~'B > 0. Further,

J=[s7]1 J[otant]

Since A+ M > A, A=' > (A+ M)~!. Thus,

}20,

=

(A+M)~t o
0 0

At 0
0 (D-BTA'B)~!

I -A"'B

[AB ! .

BT D

I -A"'B
0o I

(A+M)~to

[(A+M)*1 0
0 0

0 0

AT —(A+M)T? 0
0 (D-BTA7'B)~!

and the result follows.

Lemma A.3. Let ¥ > 0 € R™*" and X, > 0 € R™*™
with m < n, and let S € R™™™ be full (column) rank.
Then,

2> 9(STES +%,) ST (41)

Proof: Since S is full column rank, STXS > 0, STES+X%,
is invertible and S*S = I,, = ST(ST)*. Thus, I,, =
[ST(gT)+ 7 0 ] Let N € R**(n=m) denote a matrix whose

columns are the basis of Null(ST). Then, [sT(sT)* 0] =

ST(sm+ N] £ STR. Since, Im((ST)*) = Im(S) L Null(ST),

R is non-singular. Let T' £ [0 I,_ ] R™!. Then, we have
I, =[$"]R=R[%]. Thus,

» =112,

—[s7]R"(R[$]S[s17|RT) R[]

=[s1([§]Bls77)) " [5']

(s [z gen ] ], and
S(STES + 2) 18T = [s 77] (TS 8}71 (5]

The result follows from Lemma A.2.

Lemma A.4. Let My > My > 0, A\ > 0 and let J(z) =
x"Myz. Then, the mazimum and minimum values of J(z)
subject to T Moz = X are given by AMbmaz 0Nd AMdmin T€-
spectively, where pimar and fimin are the largest and small-
est generalized eigenvalues of (M, Ms), respectively.
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Proof: Consider the following optimization problem
min /max J(z) ="' Mz, subject to z' Mz = .
X

The Lagrangian of this problem is given by | = "M,z —
p(x" Moz — )), where € R is the Lagrange multiplier.
By differentiating [, the first order optimality condition
is given by (M; — pMs)x = 0. Thus, p is a generalized
eigenvalue of (Mj, Ms). Further, using Myx = pMsx, the
cost at the optimum is given by Ay and the maximum and
minimum values of the cost given in the lemma follow. B
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