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ABSTRACT OF THE DISSERTATION
On the Effects of Network Structure on the Achievable Rates for Multiple Unicasts
By
Chun Meng
Doctor of Philosophy in Computer Engineering
University of California, Irvine, 2014

Associate Professor Athina Markopoulou, Chair

In this dissertation, we consider the problem of multiple unicast sessions over directed acyclic
graphs. Although characterizing the rate region of inter-session network coding is a well-
known open problem, we consider three particular network models. We design schemes,
characterize the rates they achieve, and highlight the relation between achievable rates and

network structure.

First, we consider networks, where the core is simple and all intelligence lies at the edge. Each
intermediate node can only perform random linear network coding. We apply a precoding-
based inference alignment technique at the edge, and refer to it as precoding-based network
alignment (or PBNA). This approach combines the simplicity of RLNC in the core of the
network with the guarantees of alignment (rate 1/2 per session). We observe that network
structure may introduce dependencies, which we refer to as coupling relations, between ele-
ments of the transfer matrix, which might affect the achievable rate of PBNA. We identify
the minimal set of such coupling relations, and we interpret them in terms of network struc-
ture properties. We also present polynomial-time algorithms to check the existence of these

coupling relations on a given directed acyclic graph.

Second, we consider networks, where each node can perform linear network coding (not

necessarily random). We propose a constructive method: (i) the unicast sessions are first

x1



partitioned into multiple disjoint subsets of unicast sessions; (ii) each subset of unicast
sessions is then mapped to a multicast session, for which a linear network coding scheme is
constructed. Together, these serve as a linear network coding scheme for the original multiple
unicast sessions, which we refer to as the multicast-packing coding scheme (MPC). We show
that the rate region of MPC is characterized by a set of linear constraints. We also propose
a practical simulated annealing algorithm for approximating the optimal performance of
MPC. Using simulations, we demonstrate the benefits of MPC as well as the efficiency of

the simulated annealing algorithm.

Third, we consider networks, where each node can perform network coding (linear or non-
linear) or simple routing. There exist networks, for which network coding doesn’t provide
any benefit over routing, which we refer to as routing-optimal networks. We identify a class
of routing-optimal networks, which we refer to as information-distributive networks, defined
by three structural features. We show that information-distributive networks don’t subsume
all routing-optimal networks. We present examples of information-distributive networks,
including some examples from index coding and a single unicast session with hard deadline

constraints.
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Chapter 1

Introduction

1.1 Overview of Network Coding

Network coding was first proposed as an alternative transmission method to routing scheme
[1]. In a network coding scheme, in addition to simply replicating and forwarding received
data, each node in the network can perform coding operations on the data it receives. Com-
pared with routing, network coding provides more flexibility to utilize network resources, and
thus more opportunities to enhance the performance of the network. It was shown that for
a single multicast, network coding scheme can achieve better transmission rate than routing
scheme [1]. It was also shown that network coding scheme usually incurs lower cost than
routing scheme, when both transmission schemes achieve the same rate [2]. Some researchers

showed that network coding can increase the power-efficiency of wireless networks [3,4].

According to the types of coding operations performed by the nodes in a network, network
coding schemes can be classified into two classes, i.e., linear network coding schemes and
non-linear network coding schemes. In a linear network coding scheme [5,6], the symbols

transmitted along each edge are treated as elements from a finite field; at each node, the



Yiw = 1Yy + @Yy, + X Yuo = f Yaw You X)

14 v

(a) Linear network coding scheme (b) Nonlinear network coding
scheme

Figure 1.1: Illustration of linear and non-linear network coding schemes. In the above figures,
X is a symbol generated by u, and Y,,, Y., Y4 denote the symbols transmitted along the
edges (a,u), (b,u), (u,v) respectively. In a linear network coding scheme, as shown in (a),
X, You, You, Yy, belong to a finite field Iy, and Y, is a linear combination of Yy, Y3, and X,
Yie = a1Yy, + aoYy, + BX, where oy, a9, 8 € F,. In a nonlinear network coding scheme,
as shown in (b), X, Y,,, Ysu, Yuw belong to a finite alphabet > (not necessarily a finite field),
and Y, is an arbitrary function (not necessarily linear combination) of Yg,, Y;, and X,
Yuv = f(Yaua }/;)’UJ X)

symbols transmitted along an outgoing edge are linear combinations of the symbols received
and generated (in case the node is a sender) by the node. In contrast, in a non-linear network
coding scheme [1], the symbols transmitted along each edge are treated as elements from
a finite alphabet (not necessarily a finite field), and at each node, the symbols transmitted
along an outgoing edge can be any arbitrary functions (not necessarily linear combinations)

of the symbols received and generated by the node. An illustration of these two network

coding schemes is presented in Fig. 1.1.

The fundamental network coding problem is to characterize the rate region achieved by
network coding schemes (linear or non-linear) for various transmission scenarios, e.g., single
multicast and multiple unicasts, and design network coding schemes that achieve the rate
region. The research work on this problem can be roughly grouped into two categories,
1.e., intra-session network coding schemes and inter-session network coding schemes. In
the followings, we will introduce these two categories of network coding schemes, and briefly

review related work.



1.1.1 Intra-Session Network Coding

In an intra-session network coding scheme, only symbols from the same sender can be coded

together. We will present an example of intra-session network coding scheme.

Example 1.1.1. Consider the network as shown in Fig. 1.2, where each edge has capacity of
one, and represents a delay-free and error-free channel. There exist two multicast sessions:
s1 — {dy,dy} and sy — {ds,d4}, i.e., di and dy both require the symbols sent by s,
and d3 and d4 both require the symbols sent by s,. Assume s; (i = 1,2) transmits three
symbols Xi(l), XZ@), Xi(3), all of which belong to the binary field Fy. The transmission process
continues for two time slots. For an edge (p,q), let Y;)(qt) denote the symbol transmitted
along (p, q) during time slot ¢. The network coding scheme for the first time slot is: Ys(llg =
V) = v = X0, ¥ = ¥ = ¥ =¥ = X, v = v = v = X+ X,

Y(fz _ Yh(l) _ Y() _ Yh(dz —vh vy _ x@

ods s 5, and the other edges transmit zeros.

Apparently, ds, d; both receive X, (M Since d; receives X ) and X, (1) +X; (2) along (a,d;) and
(¢,dy) respectively, it can decode both Xl( ), Xl(Q). Similarly, dy can also decode Xl(l),Xl( ).
The network coding scheme for the second time slot is: 12(1262 = Y;l(bz ) = y® = Y;(CQ) =

adq

2 (2 2 2
= X0, ¥ = v = v = XD

vds

v =v9 =xP v8 =vP = vl = v
Y@ =vy® = Yg(i) XQ(Z) + XQ(?’), and the other edges transmit zeros. Thus, d;, ds both

receive Xf , and d3, dy both decode X2(2),X?£3). Clearly, the above network coding scheme

achieves a rate of % for each multicast session. [ |

Remark. In the above example, since the symbols from different senders cannot be coded
together, (u,v) can only transmit the symbols sent by either s; or se, but not linear combi-
nations of the symbols sent by them. Also note that both (s1,d3) and (sg,ds) are not used in
this network coding scheme. This is because the receivers only receive linear combinations
of the symbols sent by the same sender, and thus, the symbols transmitted along these two

edges cannot help the receivers decode their required symbols.



Figure 1.2: Intra-session network coding vs. inter-session network coding. In the figure,
each edge has capacity of one, and represents a delay-free and error-free channel. There are
two multicast sessions: s; — {di,ds} and sy — {d3,d;}. The maximal symmetrical rate

achieved by an intra-session network coding scheme is %, whereas an inter-session network

coding scheme achieves a symmetrical rate of two, which is 30% better than the optimal
intra-session network coding scheme.

The intra-session network coding problem is greatly simplified by the constraint that only
symbols from the same sender can be coded together. As shown in [1,6], the rate region
of intra-session network coding scheme (linear or nonlinear) can be characterized by the
minimum cut bounds. Using the duality between minimum cut and maximum flow, the rate
region can be easily calculated by simple linear programming technique [7,8]. Moreover, it
is known that linear network coding scheme is sufficient to achieve the whole rate region
of any (linear or nonlinear) intra-session network coding schemes [5]. Either a centralized
polynomial-time algorithm [9] or distributed approaches [10,11] can be used to find such a

network coding scheme in an efficient manner.

1.1.2 Inter-Session Network Coding

In contrast to intra-session network coding schemes, in an inter-session network coding

scheme, both symbols from the same sender and those from different senders can be coded



together. As we will show below, for some networks, intra-session network coding schemes
are unable to unleash the full potential of the network, and inter-session network coding

schemes can achieve better rates than intra-session network coding schemes.

Example 1.1.2. We reconsider the example as shown in Fig. 1.2. Using the linear pro-
gramming formulations presented in [7], it can be verified that the maximum symmetrical
rate achieved by intra-session network coding schemes for the two multicast sessions is %,
i.e., using intra-session network coding schemes, each sender can send at most three symbols
to their corresponding receivers in two time slots. We will show that inter-session network
coding can achieve a symmetrical rate of two for the two multicast sessions, i.e., each sender
can send four symbols to their corresponding receivers in two time slots, which is 33% better
than the optimal intra-session network coding scheme. Let Xi(l), X i(z) denote the two symbols
sent by s; (i = 1,2). The network coding scheme is as follows: Y, = Yo = Yag, = Xl(l),
Vi = Y = Yaay = X7, Yie = Yay, = Ve, = X1V + X[, Yo = Yiy = Yo, = X§Y,
Yo = Yur = Yo, = X32, Vig = You, = You, = X7+ X372, Yoo = Vi, = Vo, = X1+ X57.
Note that in this network coding scheme, (u,v) transmits Xl(z) + X2(2), which is a linear
combination of the symbols sent by s; and s, whereas in the intra-session network coding
scheme constructed in Example 1.1.1, (u,v) transmits uncombined symbols Xl(z) and X1(2).
Similar to Example 1.1.1, d; can decode both Xl(l) and X{Q). Upon reception of XI(Q) + Xéz)
and X2(2), dy decodes Xl(z). Together with Xl(l) + XF) that is received along (¢, ds), it then
decodes Xl(l). Likewise, both ds and d4 can decode Xél),XQ(Q). Clearly, the above network

coding scheme achieves a symmetrical rate of two. [

Remark. In the inter-session network coding scheme constructed in the above example, both
(s1,ds) and (sg,dy) are useful, because they help dy and dz decode their required symbols
from the combined symbol Y,,,. In contrast, as shown in Example 1.1.1, these two edges are
useless in any intra-session network coding schemes, because the symbols transmitted along

these two edges come from different senders, and cannot help the receivers to decode their



required symbols in any intra-session network coding scheme. This suggests that inter-session
network coding schemes are more efficient in utilizing network resources than intra-session

network coding schemes.

However, allowing symbols from different senders to be mixed together makes the problem
of characterizing the rate region of inter-session network coding schemes significantly dif-
ficult. For example, it is known that there are networks with multiple unicasts for which
linear network coding scheme! can achieve arbitrarily better rate than routing schemes [12].
However, the rate region of linear network coding schemes for the general multi-sender and
multi-receiver transmission scenarios is still unknown except for simple networks. Moreover,
there exist networks for which nonlinear network coding schemes achieve better rate than
linear network coding schemes [13,14]. Thus, in general, nonlinear network coding should
be considered in order to fully utilize network resources. The consideration of nonlinear net-
work coding makes the network coding problem even more challenging, because the coding
operations in a nonlinear network coding scheme are literally unlimited. Most of recent ap-
proaches to characterizing the rate region of nonlinear network coding schemes employ tools
from information theory. For example, in [15], the authors proposed to use Shannon-type
information inequalities to approximate the rate region of nonlinear network coding schemes.
However, it was later pointed out that there are networks for which non-Shannon-type infor-
mation inequalities provide tighter bounds than Shannon-type information inequalities [16].
Some researchers proposed to use entropy functions to calculate the rate region of nonlinear
network coding schemes [17,18]. Unfortunately, this approach is difficult to use because the
entropy functions are vectors of an exponential number of dimensions, which explode very

quickly with network size.

Finding an inter-session network coding scheme that achieves the optimal rate is also difficult.

It was shown that finding the optimal linear network coding scheme is NP-hard [19]. More-

'In the rest of this thesis, unless specified otherwise, all network coding schemes refer to inter-session
network coding schemes.



over, it was later found that even finding a linear / nonlinear network coding scheme that
achieves a rate close to the optimal rate is NP-hard [20]. Therefore, most researchers resort
to heuristic or constructive approaches that achieves only sub-optimal rates. For example,
in [21,22], the authors proposed to use linear optimization methods to find linear network
coding schemes over butterfly structures in the network. Based on the linear programming
formulations proposed in [21], a routing-scheduling-coding strategy was proposed to jointly
solve the network coding design problem and queue scheduling problem [23]. In [24], the
authors presented a tiling approach to finding linear network coding schemes by applying
dynamic programming technique. Some researchers applied game theory to find network cod-
ing schemes for multiple unicasts [25,26]. An evolutionary approach was proposed to find
linear network coding schemes for multiple unicasts [27]. Some researchers proposed simple
XOR-based network coding schemes for wireless networks by utilizing the broadcast nature
of wireless channel [28,29]. Most of these approaches focus on finding sub-optimal linear

network coding schemes, and the rate region of which is usually calculated via simulations.

1.2 Motivation

Network structure plays a central role in determining the rate region of network coding
schemes, and directly affects the ways the symbols transmitted in the network are combined
together. In the followings, we will use examples to illustrate how network structure affects

the rate region of network coding schemes.

One important effect of network structures is that they may introduce dependency relation-
ships among the symbols transmitted in the network, and the symbols transmitted through
the network may be correlated. These correlations are important in determining the achiev-

able rate of a random linear network coding scheme, as we will see in Chapter 2.

Example 1.2.1. Consider the network shown in Fig. 1.3a, where there are three unicast
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Figure 1.3: Effects of network structure on the rate region of network coding scheme. In
each of the above networks, the capacities of all the edges equal one, and there are multiple
unicast sessions in the network, with s; (1 < ¢ < 4) and d; being the sender and the
receiver of the ith unicast session respectively. In (a), the network structure introduces
dependency among the received symbols at d; and ds, which will affect the achievable rate
of a random network coding scheme, as shown in Chapter 2. In (b), due to the network
structure, combing X; and X3 brings no benefit since it takes two more time slots for dy, d3
to decode the combined symbols, but combining X; with X, or X3 with X, is beneficial
because the involved receivers can immediately decode their required symbols. In (c), the
network structure make it unnecessary to combine symbols throughout the network, and
routing can achieve the same rate vector as any network coding schemes.

sessions (s;,d;) (i = 1,2,3), and each edge has capacity of one. Suppose each sender s;
transmits a symbol X; to its corresponding receiver d;. Under linear network coding scheme,
the received symbol at d; is a linear combination of X, Xo, X3: Z; = my;(x) X1 +mo;(x) Xo+
ms;(x) X3, where m;;(x) (j = 1,2, 3) denotes the linear coefficient of X;. Each m;;(x) is called
a transfer function, and is a polynomial in terms of the coding coefficients in the network?.
Note that if we remove edge e from the network, d; and dy, will be both disconnected from
sy and s3. As we will show in Section 2.5, this implies that maog(x)ms;(x) = maa(X)ma; (X),

i.e., the symbols received at d; and dy are correlated. [ |

At a high level, there are two contradicting trends in an inter-session network coding scheme.
One trend is to mix symbols from different senders such that useful information can be
transmitted through bottlenecks in the network. For instance, in the network coding scheme
in Example 1.1.2, (u, v) is a bottleneck between the two multicast sessions, and it transmits a

linear combination X 1(2) + XQ(Q), which carries useful information for both multicast sessions.

2x denotes the vector of all the coding coefficients in the network.



The other trend is to decode the mixed symbols by using network capacities other than those
occupied by the mixed symbols. For example, in Example 1.1.2, (s1,d3) and (s, d3) transmit
symbols that are used to decode the mixed symbol along (u,v). While the first trend tends
to reduce consumption of network resources, the second trend usually increases consumption
of network resources. As we will illustrate below, network structure is a determining factor
on how to make the trade-off between these two trends. Specifically, it determines whether
the symbols from one sender can or cannot be combined with the symbols from another
sender such that the cost incurred by decoding symbols is paid off by the benefits gained

from combining symbols.

Example 1.2.2. Consider the network shown in Fig. 1.3b, in which each edge has capacity
of one. There are four unicast sessions in the network, with the ith (1 < i < 4) unicast
session being w; = (s;, d;), where s; and d; are the sender and the receiver of w; respectively.
Suppose each sender s; transmits a symbol X; to its corresponding receiver d;. It can be
easily seen that both X; and X, can be combined together along (u,v), because both dy
and dy can decode their required symbol from this combined symbol by using the symbol
transmitted along (so,d;) and (s1,ds) respectively. For instance, let Yy, = X7 + Xo, Yy, =
Xo, and Ys,4, = Xj. Clearly, d; and dy can decode X; and X, respectively from their
received symbols. Similarly, X3 can be combined with X, along (u,v). For either case,
the edge capacities used for decoding purpose are disjoint with the edge capacities used
for transmitting combined symbols, and hence the combined symbol and the symbol used
to decode the combined symbol can be transmitted simultaneously. However, it does no
good to combine X; with X3 along (u,v). For example, suppose (u,v) transmits a linear
combination Y,, = X; + Xj3. In order to decode Xy, d; must receive X3. Since (u,v) is the
only edge that connects s3 to dy, the only way for d; to receive X3 is to let s3 transmit X3
along (u,v). Similarly, in order to decode X3, s; must send X to d3 along (u,v). Since all
the three transmissions need to occupy the edge capacity of (u,v), it takes three time slots

for the two receivers dy, ds to decode their required symbols. This is even worse than purely



routing the two symbols X;, X3 along (u,v), which takes only two time slots. Hence, the
benefit of combining X; and X3 is surpassed by the cost incurred by decoding the combined

symbol. [ |

Furthermore, network structure determines whether it is necessary to mix symbols through-
out the network. As we've seen in the above example, combining symbols is usually ac-
companied with sending symbols for the purpose of decoding the combined symbols. In
some networks, the network capacities consumed by these two types of symbols can be used
to simply routing uncoded symbols such that the two corresponding transmission schemes
achieve the same transmission rate, i.e., mixing symbols is not necessary for such networks.

In the followings, we present such an example.

Example 1.2.3. Consider the network shown in Fig. 1.3c, in which each edge has capacity of
one, and there are three unicast sessions (s;, d;) (i = 1,2, 3). We'll show that mixing symbols
is not necessary for this network. Assume each sender s; sends a symbol X; to d;. We consider
two network coding schemes. In the first network coding scheme, (u,v) transmits a linear
combination X7 + X5. It can be easily seen that dy can immediately decode X, from the
combined symbol if (s1,ds) transmits X;. However, in order for d; to decode the combined
symbol, the only choice is to let sy transmit X5 along (u,v). Since both X; + X5 and X,
need to occupy the edge capacity of (u,v), it takes two time slot for dy,ds to decode their
required symbols. Apparently, a more straightforward way is to route X; and X, along the
paths P, = {(s1,u), (u,v), (v,dy)} and P = {(s2,u), (u,v), (v,d2)} respectively. Hence, it is
not necessary to mix X; and Xs. In the second network coding scheme, (u,v) transmits a
linear combination X7 + X5 + X3. Similar to above, d3 can immediately decode X3 from the
combined symbol, if (s, d3), and (sq, ds) transmit X; and X5 respectively. However, it takes
at least two additional time slots for dy and d; to decode their required symbols from the
combined the symbol. For instance, in one time slot, (u,v) transmits X; + X3, and thus d;

can decode X5 by adding X7 + Xy + X3 and X; + X3 together; in the next time slot, (u,v)
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transmits X+ X3, and thus d; can decode X; by adding X; 4+ X5+ X3 and X5+ X3 together.
However, a straightforward way is to simply route X, Xs, X3 along the paths P, P, and
Py = {(s3,u), (u,v), (v,ds)} respectively. Therefore, it is not necessary to mix X, X» and
X3. In fact, as we will show in Chapter 4, for this network, given a network coding scheme
(linear or nonlinear), there is always a routing scheme that achieves the same rate vector
as the network coding scheme, implying that it is not necessary to combine symbols in the

network. [ |

1.3 Contributions

In this thesis, we consider inter-session network coding for multiple unicasts on directed
acyclic graphs. In particular, we attempt to understand the effects of network structure
on the region of network coding schemes. We consider three network models: (i) dummy
networks in which except for the senders and the receivers, all the intermediate nodes can
only perform random linear network coding, i.e., there is no intelligence in the middle of
the network; (ii) linear networks where each node can perform linear network coding, i.e.,
coding at each node are limited to linear operations; (iii) nonlinear networks in which each
node can perform nonlinear network coding, i.e., the coding operations at each node are
unlimited. Clearly, the three network models describe three different levels of complexity
in terms of coding operations that each node in the network is able to perform. We will
study how network structure affects the rate region of network coding for the three network

models. We make the following contributions.
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1.3.1 Precoding-Based Network Alignment for Three Unicast Ses-

sions

We consider the network coding problem across three unicast sessions under the dummy
network model, where except for the senders and the receivers, all the intermediate nodes
in the network can only perform random linear network coding operations. We assume
the sender and the receiver of each unicast session are both connected to the network via
a single edge of unit capacity. We refer to this communication scenario as a Single-Input
Singe-Qutput scenario or SISO scenario for short. In particular, we consider precoding-based
linear schemes, in which each sender uses a precoding-matrix to encode symbols, and all the

intermediate nodes perform random linear network coding.

Our basic idea is that under the dummy network model, the network behaves like a wireless
interference channel, and hence we can borrow some of the techniques, such as precoding-
based interference alignment [30], which are originally developed for wireless interference
channel, to the network setting. We refer to this approach as precoding-based network
alignment approach, or PBNA for short. One advantage of PBNA is that it significantly
simplifies network code design since the nodes in the middle of the network perform random
network coding. Another advantage is that PBNA can achieve the optimal symmetrical rate

achieved by any precoding-based linear schemes.

However, unlike wireless interference channel, network structure may introduce dependency
between transfer functions, which we refer to coupling relations (see Example 1.2.1). These
coupling relations may affect the rate achieved by PBNA. Therefore, traditional interference
alignment techniques, which are developed for the wireless interference channel, cannot be
directly applied to DAGs with network coding but (i) they need to be properly adapted in
the new setting and (ii) their achievability conditions need to be characterized in terms of

the network topology.
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In this part of the thesis, we make the following contributions:

e Graph-related properties: We find that due to network topology, the transfer functions
usually possess special properties, called graph-related properties, which are absent in
general polynomials. These graph-related properties play important roles in identify-
ing all possible coupling relations that may affect the achievable rate of PBNA, and

characterizing the topological features of these coupling relations.

o Achievability Conditions: Using two graph-related properties, i.e., Linearization Prop-
erty and Square-Term Property, we identify the minimal set of coupling relations be-
tween network transfer functions, the presence of which will potentially affect the

achievable rate of PBNA.

o [Interpretation of Coupling Relations: We present interpretations of these coupling
relations in terms of network topology. Based on these interpretations, we present

polynomial-time algorithm to check the existence of these coupling relations.

1.3.2 Multicast-Packing Coding Scheme for Multiple Unicast Ses-

sions

We consider the network coding problem for multiple unicast sessions under the linear net-
work model, where all the nodes in the network can perform any linear network coding
operations, including random linear network coding operations. As it is NP-hard to find the
optimal linear network coding scheme for the network setting, we consider a constructive
approach to constructing liner network coding schemes. The ideas of this approach consists
of the following points: (i) we can partition the multiple unicast sessions into several disjoint
groups; (ii) we map each group of unicast sessions into multiple multicast sessions, such that

each receiver in the group can decode all the symbols sent by the senders in the group; (iii) we
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construct linear network coding schemes for these multicast sessions by using a deterministic
approach [9] or a random approach [10]. These linear network coding schemes collectively
serve as a linear network coding scheme for the original multiple unicast sessions. We refer
to such a linear network coding scheme as a multicast-packing coding scheme or MPC for

short.

Our proposed scheme, MPC, has the following strengths:

e The MPC approach, i.e., partitioning the unicast sessions to subsets of unicast sessions
and mapping each subset to a multicast network coding problem, is general enough to

be applied to any directed acyclic graph.

e Given a partition of the set of the unicast flows, the rate region of MPC can be
characterized by using the minimum cut bounds. Using the duality between minimum
cut and max flow, the rate region can be quickly calculated by using linear programming
technique. In contrast, previous constructive approaches are difficult to analyze due

to the lack of succinet mathematical formulations.

e In order to find the best MPC, we only need to search the space of all partitions of the
set of unicast flows, independently of the network size. This is clearly more efficient
and scalable than other constructive approaches, whose combinatorial optimization

involved the network graph in addition to the set of flows.

Although the search space is independent of the network size, its size is still exponential
in the number of unicast sessions. Thus, we utilize a suboptimal, yet efficient, simulated

annealing technique to find good partitions of the unicast flows.

We use simulations over appropriately chosen scenarios to evaluate the performance of MPC.

Simulation results show that MPC achieves up to 30% performance gain over routing, and
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the convergence speed of the simulated annealing algorithm is 5 times faster than the evolu-

tionary approach [27], which is, to our best knowledge, the fastest algorithm in the literature.

1.3.3 Routing-Optimal Networks for Multiple Unicast Sessions

We consider nonlinear networks, where each node in the network can perform nonlinear
coding operations, i.e., the coding operations allowed at each node are unlimited. In general,
for nonlinear networks, linear network coding is insufficient to utilize network capacities to
its full potential, and nonlinear network coding schemes can achieve better rates than linear
network coding schemes. Yet, there exist networks for which simple routing schemes can
achieve the whole rate region achieved by any linear and nonlinear network coding schemes,
i.e., it is not necessary to combine symbols in these networks. We refer to these networks
as routing-optimal networks. We attempt to answer the following questions: (i) what are
the distinct topological features of routing-optimal networks? (i) why do these features
make the network routing-optimal? The answers to these problems will not only explain
which kind of networks can or cannot benefit from network coding, but will also better our

understanding on how network topologies affect the rate region of network coding.

In this part of the thesis, we make the following contributions:

e We identify a class of networks, called information-distributive networks, which are
defined by three topological features. The first two features capture how the edges in
the cut-sets are connected to the sources and the sinks, and the third feature captures
how the paths in the path-sets overlap with each other. Due to these features, given
a network code, there is always a routing scheme such that it achieves the same rate
vector as the network code, and the traffic transmitted through the network is exactly

the source information distributed over the cut-sets between the sources and the sinks.
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e We prove that if a network is information-distributive, it is routing-optimal. We also
show that the converse is not true. This indicates that the three features might be too

restrictive in describing routing-optimal networks.

e We present examples of information-distributive networks taken from the index coding

problem [31] and single unicast with hard deadline constraint.

1.4 Thesis Outline

The structure of the rest of the thesis is as follows. In Chapter 2, we present a detailed
discussion about precoding-based network alignment scheme for three unicast sessions. In
Chapter 3, we present the multicast-packing coding scheme (MPC). In Chapter 4, we discuss
about routing-optimal networks, in particular information-distributive networks. Finally, in

Chapter 5, we conclude and summarize.
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Chapter 2

Precoding-Based Network Alignment

for Three Unicast Sessions

2.1 Introduction

In this chapter, we consider the problem of linear network coding across three unicast sessions
over a network represented by a directed acyclic graph (DAG), where the sender and the
receiver of each unicast session are both connected to the network via a single edge of unit
capacity. We refer to this communication scenario as a Single-Input Single-Output scenario
or SISO scenario for short. This is the smallest, yet highly non-trivial, instance of the
problem. Furthermore, we consider a network model, in which the middle of the network
only performs random linear network coding, and restrict our approaches to precoding-based
linear schemes, where the senders use precoding matrices to encode source symbolst. Apart
from being of interest on its own right, we hope that this can be used as a building block and

for better understanding of the general network coding problem across multiple unicasts.

!The precise definition of precoding-based linear scheme is presented in Section 2.3.
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Figure 2.1: Analogy between a SISO scenario employing linear network coding and a wireless
interference channel, each with three unicast sessions (s;, d;), i = 1,2, 3. Both these systems
can be treated as linear transform systems and are amenable to interference alignment tech-
niques.

We consider the following approach to finding a network coding scheme, originally proposed
by Das et al. [32]. The idea is that under the linear network coding framework, a SISO
scenario behaves roughly like a wireless interference channel. As shown in Fig. 2.1, the entire
network can be viewed as a channel with a linear transfer function, albeit this function is
no longer given by nature, as it is the case in wireless, but is determined by the network
topology, routing and coding coefficients. This analogy enables us to apply the technique
of precoding-based interference alignment, designed by Cadambe and Jafar [30] for wireless
interference channels. We adapt this technique to our problem and refer to it as precoding-
based network alignment, or PBNA for short: precoding occurs only at source nodes, and all
the intermediate nodes in the network perform random network coding. One advantage of
PBNA is complexity: it significantly simplifies network code design since the nodes in the
middle of the network perform random network coding. Another advantage is that PBNA
can achieve the optimal symmetrical rate achieved by any precoding-based linear schemes,

as shown in [33].

An important difference between the SISO scenario and the wireless interference channel is
that there may be algebraic dependencies, which we refer to as coupling relations, between
elements of the transfer matrix, which we refer to as transfer functions. These are introduced

by the network topology and may affect the achievable rate of PBNA [34]. Such algebraic
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dependencies are not present in the wireless interference channel, where channel gains are
independent from each other such that the precoding-based interference alignment scheme
of [30] can achieve 1/2 rate per session almost surely. Therefore, traditional interference
alignment techniques, developed for the wireless interference channel, cannot be directly
applied to networks with network coding but (i) they need to be properly adapted in the
new setting, and (ii) their achievability conditions need to be characterized in terms of the

network topology.

We make the following contributions:

o Graph-Related Properties: We identify some important graph-related properties of
transfer functions, including the Linearization Property and the Square-Term Prop-
erty, which play important roles in identifying the minimal set of coupling relations

that may potentially affect the achievable rate of PBNA.

o Achievability Conditions: We identify the minimal set of coupling relations between
transfer functions, the presence of which will potentially affect the achievable rate of

PBNA.

e Interpretation of Coupling Relations: We further interpret these coupling relations in

terms of network topology.

o Algorithm to Check Coupling Relations: We present polynomial-time algorithms for

checking the existence of these coupling relations.

The rest of this chapter is organized as follows. In Section 2.2, we review related work. In
Section 2.3, we present the problem setup and formulation. In Section 2.4, we present our
proposed precoding-based interference alignment (PBNA) scheme for the network setting.
In Section 2.5, we present an overview of our main results. In Section 2.6, we discuss in depth

the achievability conditions of PBNA. In Section 77, we provide polynomial-time algorithms
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to check the presence of the coupling relations that may affect the achievable rate of PBNA.
Section 2.7 summarizes this chapter. In Appendices A-D, we present detailed proofs for the

lemmas and the theorems presented in this paper.

2.2 Related Work

2.2.1 Network Coding for Two Unicast Sessions

Network coding across two unicasts is one case that has been best understood up to now.
Wang and Shroff provided a graph-theoretical characterization of sufficient and necessary
condition for the achievability of symmetrical rate of one for two multicast sessions, of which
two unicasts is a special case, over networks with integer edge capacities [35-37]. They
showed that linear network code is sufficient to achieve this symmetrical rate. Wang et
al. [38] further pointed out that there are only two possible capacity regions for the network
studied in [37]. They also showed that for layered linear deterministic networks, there are
exactly five possible capacity regions. Kamath et al. [39] provided a edge-cut outer bound

for the capacity region of two unicasts over networks with arbitrary edge capacities.

2.2.2 Network Coding for More Than Two Unicast Sessions

For network coding across more than two unicasts, there is only limited progress. It is known
that there exist networks in which network coding significantly outperforms routing schemes
in terms of transmission rate [12]. However, there exist only approximation methods to
characterize the rate region for this setting [15]. Moreover, it is known that finding linear
network codes for this setting is NP-hard [19]. Therefore, only sub-optimal and heuristic

methods exist to construct linear network code for this setting. For example, Ratnakar
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et al. [22] considered coding pairs of flows using poison-antidote butterfly structures and
packing a network using these butterflies to improve throughput; Traskov et al. [21] further
presented a linear programming-based method to find butterfly substructures in the network;
Ho et al. [40] developed online and offline back pressure algorithms for finding approximately
throughput-optimal network codes within the class of network codes restricted to XOR
coding between pairs of flows; Effros et al. [24] described a tiling approach for designing
network codes for wireless networks with multiple unicast sessions on a triangular lattice;
Kim et al. [27] presented an evolutionary approach to construct linear code. Unfortunately,
most of these approaches don’t provide any guarantee in terms of performance. Moreover,
most of these approaches are concerned about finding network codes by jointly considering
code assignment and network topology at the same time. In contrast, PBNA is oblivious
to network topology in the sense that the design of encoding/decoding schemes is separated
from network topology, and is predetermined regardless of network topology. The separation

of code design from network topology greatly simplifies the code design of PBNA.

The part of our work that identifies coupling relations is related to some recent work on net-
work coding. Ebrahimi and Fragouli [41] found that the structure of a network polynomial,
which is the product of the determinants of all transfer matrices, can be described in terms
of certain subgraph structures; Zeng et al. [42] proposed the Edge-Reduction Lemma which

makes connections between cut sets and the row and column spans of the transfer matrices.

2.2.3 Interference Alignment

The original concept of precoding-based interference alignment was first proposed by Cadambe
and Jafar [30] to achieve the optimal degree of freedom (DoF') for K-user wireless interference
channel. After that, various approaches to interference alignment have been proposed. For

example, Nazer et al. proposed ergodic interference alignment [43]; Bresler, Parekh and Tse
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proposed lattice alignment [44]; Jafar introduced blind alignment [45] for the scenarios where
the actual channel coefficient values are entirely unknown to the transmitters; Maddah-Ali
and Tse proposed retrospective interference alignment [46] which exploits only delayed CSIT.
Interference alignment has been applied to a wide variety of scenarios, including K-user wire-
less interference channel [30], compound broadcast channel [47], cellular networks [48], relay
networks [49], and wireless networks supported by a wired backbone [50]. Recently, it was
shown that interference alignment can be used to achieve exact repair in distributed storage

systems [51] [52].

2.2.4 Network Alignment

The idea of PBNA was first proposed by Das et al., who also proposed a sufficient condition
for PBNA to asymptotically achieve a symmetrical rate of 1/2 per session [32]. However,
the sufficient achievability condition proposed in [32] contains an exponential number of
constraints, and is very difficult to verify in practice. Later, Ramakrishnan et al. observed
that whether PBNA can achieve a symmetrical rate of 1/2 per session depends on network
topology [34], and conjectured that the condition proposed in [32] can be reduced to just six
constraints. Han et al. [53] proved that this conjecture is true for the special case of three
symbol extensions. They also identified some important properties of transfer functions,
which are used in this paper. In [54], Meng et al. showed that the conjecture in [34] is false
for more than three symbol extensions, and reduced the condition proposed in [32] to just
12 constraints by using two graph-related properties of transfer functions. Later, Meng et
al. reduced the 12 constraints to a set of 9 constraints [33] by using a result from [53], and
proved that they are also necessary conditions for PBNA to achieve 1/2 rate per session.
They also provided an interpretation of all the constraints in terms of graph structure. At
the same time and independently, a technical report by Han et al. [55] also provided a similar

characterization.
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2.3 Problem Formulation

2.3.1 Network Model

A network is represented by a directed acyclic graph G = (V| E), where V is the set of
nodes and E the set of edges. We consider the simplest non-trivial communication scenario
where there are three unicast sessions in the network. The ith (i = 1,2,3) unicast session
is represented by a tuple w; = (s;,d;, X;), where s; and d; are the sender and the receiver of
the ith unicast session, respectively; X; = (Xi(l), x?

i , o

- Xi(k"))T is a vector of independent
random variables, each of which represents a packet that s; sends to d;. Each sender s; is
connected to the network via a single edge o;, called a sender edge, and each receiver node
d; via a single edge 7;, called a receiver edge. Each edge has unit capacity, 7.e., can carry
one symbol of Fom in a time slot, and represents an error-free and delay-free channel. We
group these unicast sessions into a set 2 = {wy,ws,ws}. We refer to the tuple (G,Q) as a
single-input and single-output communication scenario, or a SISO scenario for short. An
example of SISO scenario is shown in Fig. 2.1a. Clearly, in a SISO scenario, each sender can

transmit at most one symbol to its corresponding receiver node in a time slot.

Given an edge ¢ = (u,v) € E, let v = head(e) and v = tail(e) denote the head and
the tail of e, respectively. Given a node v € V, let In(v) = {e € E : head(e) = v}
denote the set of incoming edges at v, and Out(v) = {e € E : tail(e) = v} the set of
outgoing edges at v. Given two distinct edges e, ¢’ € F, a directed path from e to €’ is a
subset of edges P = {ej,eq, - , e} such that e; = e, e, = €/, and head(e;) = tail(e;41)
for i € {1,2,--- ,k — 1}. The set of directed paths from e to ¢ is denoted by P... For

i,5 € {1,2,3}, we also use P;; to represent Py,

Each node in the network performs scalar linear network coding operations on the incoming

symbols [5] [6]. The symbols transmitted in the network are elements of a finite field Fom.
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Let X; be the symbol injected at the sender node s;. Thus, for an edge e = (u,v) € E, the
symbol transmitted along e, denoted by Y., is a linear combination of the incoming symbols
at u:

X; if e = o0y;
y, = (2.1)

Ze’EIn(u) TeeYe otherwise.

where x.. denotes the coding coefficient that is used to combine the incoming symbol Y., into
Y.. Following the algebraic framework of [6], we treat the coding coefficients as variables.
Let x denote the vector consisting of all the coding coefficients in the network, i.e., x =

(e : €,e € E head(e') = tail(e)).

Due to the linear operations at each node, the network functions like a linear system such

that the received symbol at 7; is a linear combination of the symbols injected at sender nodes:

~

K’i = mll'(X)Xl + mgi(X>X2 + mgi(X)Xg (22)

In the above formula, mj;(x) (j = 1,2, 3) is a multivariate polynomial in the ring Fo[x], and

is defined as follows [6]:

mji(x) = Y tp(x) (2.3)

PePj;

Each tp(x) denotes a monomial in m;;(x), and is the product of all the coding coefficients

along path P, i.e., for a given path P = {ey, ey, , €1},

k—1
tP(X) = eriewrl (24)
=1

Thus, tp(x) represents the signal gain along a path P, and mj;(x) is simply the summation

of the signal gains along all possible paths from o; to 7;. We refer to m;;(x) as the transfer
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function from o; to 7;.

We make the following assumptions:

1. The nodes in V' — {s;,d; : 1 <7 < 3} can only perform random linear network coding,
i.e., there is no intelligence in the middle of the network. The variables in x all take

values independently and uniformly at random from Fom.

2. Except for the senders and the receivers, all other nodes in the network have zero

memory, and therefore cannot store any received data.
3. The senders have no incoming edges, and the receivers have no outgoing edges.

4. The random variables in all X;’s are mutually independent. Each element of X; has

an entropy of m bits.

5. The transmissions within the network are all synchronized with respect to the symbol

timing.

2.3.2 Transmission Process

The transmission process in the network continues for N € Z.y time slots, where N >
max{ki, ko, k3}. Both N and k; are parameters of the transmission scheme. We will show
how to set these parameters in Section 2.4. Let x®) = (xg) : €/,e € E head(€') = tail(e))

()

denote the vector of coding coefficients for time slot ¢, where z,,

represents the coding
coefficient used to combine the incoming symbol along €’ into the symbol along e for time
slot t. For an edge e, let Y." denote the symbol transmitted along e during time slot t,

and Y, = (Ye(l), Ye@), e ,Ye(N))T the vector of all the symbols transmitted along e during

the N time slots. Define a vector of variables, £ = (x(, x® ... x™) 6, 60,,--- 6,), where
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0,,--- ,0, are variables, which take values from Fom, and are used in the encoding process

at the senders.

Each sender s; first encode X; into a vector X, of N symbols:

X, = VX, (2.5)

where V; is an N x k; matrix, each element of which is a rational function in Fom (£)?, and is
called the precoding matriz at s;. Define the following N x N diagonal matrix which includes

all the transfer functions m;(x®) for the N time slots:

mji(x(l)) 0 e 0
0 m Z(X(Q)) 0
M, = ’ (2.6)
0 0 e mji(X(N)>

Hence, the input-output equation of the network can be formulated in a matrix form as

follows:

Y, = Mlz‘Xl + M2iX2 + M3z‘X3
= M; Vi X + My VoXo + M3 VX3 (2.7)

= M;X

where M; = (M;;V, My Vy, M3 V;), and X = (XTI XTI XI)T. Since the elements
of Mj; (1 < j < 3) and V; are rational functions in Fom (&), the elements of M; are also

rational functions in terms of &.

2Given a field F, F(xq,- -+ ,x)) denotes the field consisting of all multivariate rational functions in terms
of (x1,---,xx) over F.

26



2.3.3 Precoding-Based Linear Scheme

In this paper, we consider the following transmission scheme, called precoding-based linear

scheme:

Definition 2.3.1. Given a SISO scenario (G, 2), a precoding-based linear scheme for (G, Q)
is a transmission scheme, where each sender s; (1 < i < 3) uses a precoding matrix V; to
encode source symbols, and the variables in ¢ all take values independently and uniformly
at random from Fom. We use a tuple A = (£, V,; : 1 < i < 3) to denote a precoding-based

linear scheme.

From the above definition, it can be seen that a precoding-based linear scheme is a random
linear network coding scheme. Given a precoding-based linear scheme, let P,,.. denote the
probability that the denominators of the precoding matrices are all evaluated to non-zero
values, and all receivers can successfully decode their required source symbols from received

symbols.

Definition 2.3.2. Given a precoding-based linear scheme A = (£, V; : 1 < i < 3), we say

ki ky ks
N’ N’ N

that it achieves the rate tuple ( ), if limy, 00 Psyee = 1.

Given a precoding-based linear scheme, if the conditions of the above definition is satisfied,
by choosing sufficiently large finite field Fom, a random assignment of values to £ will enable
each receiver to successfully decode its required source symbols with high probability. In this

sense, given sufficiently large Fom, a precoding-based linear scheme works for most random

realizations of &, but not all realizations.

Before proceeding, we introduce the following Schwartz-Zippel Theorem [56].

Theorem 2.3.1 (Schwartz-Zippel Theorem). Let Q(z1,xa, -+ ,x,) be a non-zero multivari-

ate polynomial of total degree d in the ring F|xy, zo, -+ ,z,], where F is a field. Fix a finite
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Figure 2.2: An illustrative example for precoding-based linear scheme.

set S C F. Let ri,rs,---,7, be chosen independently and uniformly at random from S.

Then,

Pr(Q(ri,re, -+ 1) =0) < %

Example 2.3.1. We use an example to illustrate the above concepts. Consider the network
in Fig. 2.2. Note that under the network model considered in the paper, interference is
almost unavoidable at the receivers. Consider a receiver d;. Without loss of generality,
assume that the (1,1) element of V; (i # j) is a non-zero rational function fi1(£). Thus,
the (1,1) element of M;;V; is a non-zero rational function m;;(x™) f11(¢). Due to Theorem
2.3.1, the probability that m;(x(V)) f11(€) is evaluated to zero under a random assignment
of values to ¢ approaches to zero as m — oo. Hence, the probability that M;;V; = 0

approaches zero as m — oo. This means that interference is almost unavoidable at d;.

Next, we present a precoding-based linear scheme that achieves a symmetric rate of % per

unicast session. Let N = 3, and k; = ky = k3 = 1. Consider the following precoding matrix
V; = (951) 0%2) 9%3)). According to Eq. (2.7), the output vector at d; is Y,, = M;X, where

M, is as follows:

mli(X(l))0§1) mgi(X(l))Hél) m3i(x(1))0§1)
M, = mli(x(2))0§2) in(X@))HéQ) mgi(x(z))Qi(f)

mli(x(3))9§3) in(x(?’))@é‘g) mgi(x(3))9§3)
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It can be verified that det(M;) is a non-zero polynomial in Fam (£)3. Let d be the total degree

of det(M;). Due to Theorem 2.3.1, we have:

Pyyee >Pr(det(M;) # 0)

d
=1 — Pr(det(M;) =0) > 1 - o

Since lim,, (1 — 2%) = 1, it follows that lim,, ,oo Psec = 1. Hence, the above precoding-

based linear scheme achieves a symmetric rate % per unicast session. As we will show in
Section 2.6, using precoding-based alignment scheme, which is a special case of precoding-
based linear scheme, each unicast session can achieve a symmetric rate % per unicast session,

which is the optimal symmetric rate achieved by any precoding-based linear schemes. [ |

Table 2.1 summarizes the notations used in this paper, in which ¢/,e € F and 1 < 1,5,k < 3.

2.4 Applying Precoding-Based Interference Alignment

to Networks

In this section, we first present how to utilize precoding-based interference alignment tech-
nique to find a precoding-based linear scheme for (G,{2). Then, we present achievability
conditions for PBNA. We then introduce the concept of “coupling relations,” which are

essential in determining the achievability of PBNA.

Throughout this section, we assume that all the senders are connected to all the receivers
via directed paths, i.e., m;;(x) is a non-zero polynomial for all 1 < ¢,57 < 3. This is the

most challenging case, since each receiver may suffer interference from the other two senders.

31t can be seen that each row of M; is of the form (my;(x)f; ma;(x)82 m3;(x)f3). Since my;(x)0,
ma;(x)02 and m3;(x)03 are linearly independent, according to Lemma 2.4.2 (see Subsection 2.4.2), det(M;)
is a non-zero polynomial.
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Table 2.1: Summary of Notations

Notations Meanings

w; = (84, d;) The ith unicast session, where s; and d; are the sender and receiver
of w; respectively.

iy Ti The sender edge and the receiver edge for w;.

i A vector that holds all the source symbols transmitted from s; to
i

Fom The finite field which forms the support for all the symbols trans-
mitted in the network.

Tere The coding coefficient used to combine the incoming symbol along
e’ to the symbol along e.

X The vector consisting of all the coding coefficients in the network.

Pere The set of directed paths from €’ to e.

Pii The set of directed paths from o; to 7.

tp(x) The product of coding coefficients along path P. It represents a
monomial in a transfer function.

m; (x) The transfer function from o; to 7.

x(®) The vector consisting of all the coding coefficients in the network
for time slot .

& A vector that holds all the coding coefficients in the network for
the whole transmission process, and the variables used in the en-
coding process at all the senders.

V,; The precoding matrix used to encode the symbols sent by s;.

M;; A diagonal matrix, in which the element at coordinate (I,1) is the
transfer function m;(x(1).

o, B; The alignment condition and the rank condition for w;.

\ The precoding matrix proposed in [30] (see Eq. (2.12)-(2.14)).

P, T The diagonal matrices used in the reformulated alignment condi-
tions Eq. (2.10) and the reformulated rank conditions %] ~ %%.

T, The n X n identity matrix.

pi(x), n(x) The rational functions that form the elements along the diagonals
of P; and T respectively

ik The last edge that forms a cut-set between o; and {7, 74} in a
topological ordering of the edges in the network.

Bijk The first edge that forms a cut-set between {0, ;i } and 74, in a
topological ordering of the edges in the network.

Cere The set of edges that forms a cut-set between ¢’ and e.

Cij The set of edges that forms a cut-set between o; and 7;.

ged(f(z),g(x)) | The greatest common divisor of two polynomials f(z) and g(x).

This case also models most practical communication scenarios, in which it is common that
all the senders are connected to all the receivers. The other setting, where some sender s;
is disconnected from some receiver d; (i # j), i.e., m;;(x) is a zero polynomial, is easier to

deal with, since there is less interference at receivers. We defer the later case to Section 2.6,

where we show that this case can be handled similarly as the first case.
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2.4.1 Precoding-Based Network Alignment Scheme

In this section, we present how to apply interference alignment to networks to construct a
precoding-based linear scheme for (G, €2). The basic idea is that under linear network coding,

the network behaves like a wireless interference channel*, which is shown below:
Ui == HHW1—|—H21»W2+H3¢W3+N¢ Z - 1,2,3 (28)

where W;, Hj;, U;, and N; (j = 1,2, 3) are all complex numbers, representing the transmitted
signal at sender j, the channel gain from sender j to receiver ¢, the received signal at receiver
Jj, and the noise term respectively. As we can see from Eq. (2.2), in a network equipped
with linear network coding, X ;’s (j # i) play the roles of interfering signals, and transfer
functions the roles of channel gains. This analogy enables us to borrow some techniques,
such as precoding-based interference alignment [30], which is originally developed for the

wireless interference channel, to the network setting.

A precoding-based network alignment scheme is defined as follows:

Definition 2.4.1. Given a SISO scenario (G,{2), n € Z-o, and s € {0,1}, a precoding-
based network alignment scheme with 2n + s symbol extensions, or a PBNA for short, is
a precoding-based linear scheme A = (£, V; : 1 < ¢ < 3), which satisfies the following

conditions:

1. Viis a (2n 4 s) X (n + s) matrix with rank n + s on Fom (), and Vg, V3 are both

(2n + s) x n matrices with rank n on Fam (§).

4The wireless interference channel that we consider here has only one sub-channel.
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2. The following equations are satisfied [30]:

a2/ . span(My; Vy) = span(Ms; V)
o : span(M32 V) C span(Mi, V)

% . span(Mgng) g Span(M13V1)

where for a matrix E, span(E) denotes the linear space spanned by the column vectors

contained in E.

3. The variables in £ all take values independently and uniformly at random from Fom.

Definition 2.4.2. Given a SISO scenario (G, (), and a rate tuple (Ry, Ra, R3) € Q2,, we
say that (Ry, Rs, R3) is asymptotically achievable through PBNA, if there exists a sequence
(An)22,, where each )\, is a PBNA for (G,(2), such that each )\, achieves a rate tuple

r, € Q%,, and lim,,_,oo v, = (R1, Ra, R3).

In the above definition, <7 (1 <1 < 3) is called the alignment condition for w;. It guarantees
that the undesired symbols or interferences at each receiver are mapped into a single linear

space, such that the dimension of received symbols or the number of unknowns is decreased.

2.4.2 Achievability Conditions of PBNA

The following lemma provides sufficient conditions for PBNA schemes to achieve the rate

n—+s n n )

tuple (2n+s’ 2n+s? 2n+s

Lemma 2.4.1. Assume that all the senders and all the receivers are connected via directed

paths. Consider a PBNA XA = (£, V,; : 1 <i < 3). It achieves the rate tuple (;jfs, s 3 )
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Network satisfying the achievability
conditions of PBNA

precoding matrix

V. X
x—{v 0

M3V,
My, V,
MV,

V,X \/M’}Vv
242 M, V.
Xz . O ’ M,V
V3X3 M3V,

X M33V;

3 My3V,
Precoding at Random linear network coding in Decoding at
senders the middle of the network receivers

Figure 2.3: Applying precoding-based interference alignment to a network which satisfies
the rank conditions of PBNA as per Lemma 2.4.1. At each sender edge o; (i = 1,2,3),
the input vector X; is first encoded into 2n + s symbols through the precoding matrix V;;
then the encoded symbols are transmitted through the network in 2n 4 s time slots via
random linear network coding in the middle of the network; at each receiver edge 7;, the
undesired symbols are aligned into a single linear space, which is linearly indepdent from the

linear space spanned by the desired signals, such that the receiver can decode all the desired
symbols.

if the following conditions are satisfied [30]:

e@l . rank(M11V1 M21V2) =2n + s
%2 . rank(M12V1 M22V2) =2n-+s

%3 : rank(M13V1 M33V3) =2n+s
Proof. Suppose %, ~ A5 are satisfied. Define the following matrices:

D, = (M, V, 1\/[21\/2)_1
D; = (M2 V, 1\/[22\72)_1

D; = (M3V, 1\/[33\73)_1

Let f;(§) denote the product of the denominators of all the elements in V;, and ¢;(£) the
product of the denominators of all the elements in D;. Thus, f;(£), g:(£) are both non-zero
polynomials in Fan[€]. Define ¢(€) = [[_; £i(€)gi(€). Let d denote the total degree of ¢(¢&).

Suppose & is an assignment of values to & such that ¢(&,) # 0. Hence, the denominators
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of the elements in V;’s and D,’s are evaluated to non-zeros. Moreover, X, is a sub-vector
of Dyl¢, Y+, where D;|¢, is a matrix acquired through evaluating each element of D, under
the assignment & = &;. Thus, all the receivers can decode their required source symbols.
Hence, the probability Pi,.. that all the receivers can decoded their required source symbols

satisfies the following inequalities:

d

Puce 2 Prlg(€) #0) = 1= Pr(g(€ =0) 2 1 - o
where the last inequality follows from Theorem 2.3.1. Since lim,, (1 — Qim) = 1, we have
lim,;, o0 Psuce = 1. Hence, )\ achieves (;LTS, s s )- [ |

In Lemma 2.4.1, %; (1 < ¢ < 3) are called the rank condition for w;. 9%,; guarantees that
d; can decode its required source symbol with high probability when the the size of Fom is
sufficiently large. In Fig. 2.3, we use a figure to illustrate how to apply PBNA to a network

which satisfies the rank conditions.

We can further simplify the alignment conditions as follows. First, we reformulate @ ~ 73

as follows:

,Qfll . M21V2 = M31V3A
,szl . M32V3 = M12V1B

,dg/ : M23V2 == M13V10

where A is an n X n invertible matrix, and B, C are both (n + s) x n matrices with rank
n. A direct consequence of @7 and <% is that the precoding matrices are not independent

from each other: Both V5 and V3 are determined by V; through the following equations:

V2 = M13M531V1C V3 == M12M§21V1B (29)
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Substituting the above equations into 7/, the three alignment conditions can be further

consolidated into a single equation:

where T = M;3Ma; M3, M, My M3 Eq. (2.10) suggests that alignment conditions intro-

duce constraint on V;. Thus, in general, we cannot choose V; freely.

Finally, using Eq. (2.9) and Eq. (2.10), the rank conditions are transformed into the following

equivalent equations:

%1 . rank(V1 P1V1C) =2n-+s
%é . rank(V1 Pngc) =2n-+s

By . rank(V; P3V,CA™')=2n+s

where P1 = M13M21M;11M531, PQ = M13M22M;21M531, and P3 = M21M33M531M511. Re-
calling each My; (1 <k, < 3) is a diagonal matrix (see Eq. (2.6)) with the elements along
the diagonal being of the form my(x), P; and T are both diagonal matrices. Define the

following functions:

m (X) _ mlg(X)mgl(X) p2<X) _ mlg(X)mgg(X)

mu(X)mgg (X) mlg(X)mgg (X) (211)
p(x) = Moy (X)m33(X) n(x) = mis(X)ma (X)msa(X)

M3 (X)ms;(X) Mg (X)maz(X)ms (X)

It can been seen that p;(x) and n(x) form the elements along the diagonals of P; and T

respectively.

Next, we reformulate the rank conditions in terms of p;(x) and n(x). To this end, we need

to know the internal structure of V;. We distinguish the following two cases:
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Case I: n(x) is non-constant, and thus T is not an identity matrix. For this case, Eq.
(2.10) becomes non-trivial, and we cannot choose V; freely. We use the following precoding

matrices proposed by Cadambe and Jafar [30]:

Vi=(w Tw --- T'w) (2.12)
Vi =MpMy' (w Tw - T"'w) (2.13)
Vi=MppM3,) (Tw T*w - T'w) (2.14)

where w is a column vector of 2n + 1 ones. The above precoding matrices correspond to the
configuration where s = 1, A =1,,, C consists of the left n columns of I,,,;, and B the right
n columns of I, 1. It is straightforward to verify that the above precoding matrices satisfy

the alignment conditions.

We consider the following matrix,

filyr) folyr) - fr(y1)
fi(y2) foly2) - fr(y2)

fl(YT‘) fQ(YT) fT(YT)

where f;(y) (i = 1,2,---,r) is a rational function in terms of a vector of variables y =
(y1,- -, yx) in Fom(y), and the jth row of H is simply a repetition of the vector (fi(y), -+, f-(y)),
with y being replaced by a vector of variables y; = (y;1,---,y;x). Due to the particular
structure of H, the problem of checking whether H is full rank can be simplified to checking
whether fi(y), -, f-(y) are linearly independent, as stated in the following lemma. Here,
fi(y), -, f-(y) are said to be linearly independent, if for any scalars ay, - - - , a, € F,, which

are not all zeros, a1 f1(y) + -+ + a,. f(y) # 0.

Lemma 2.4.2. det(H) # 0 if and only if fi(y), -, f.(y) are linearly independent.
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Proof. See Theorem 1 of [53]. |

An important observation is that using the precoding matrices defined in Eq. (2.12)-(2.14),
all of the matrices involved in %], %), A, have the same form as H. Specifically, each row

of the matrix in %, is of the form:

L ) e 0% pix) e (" (%) (2.15)

where for 1 < j < n + 1, the jth element is 7/ ~1(x), and for n +2 < j < 2n + 1, the jth

element is p;(x)n " 2(x). Hence, using Lemma 2.4.2, we can quickly derive:

Lemma 2.4.3. Assume that all the senders are connected to all the receivers via directed
paths, and n(x) is non-constant. Consider a PBNA A\, = ({,V; : 1 < ¢ < 3), where V;

is defined in Eq. (2.12)-(2.14). A, achieves the rate tuple (2’::1, 51 3 )s if for each

1 < i < 3, the following condition is satisfied:®

f(n(x))
9(n(x))

pi(x) ¢ Sn = 1 f(2),9(2) € Fylz], f(2)g(2) # 0,

(2.16)

ged(f(2),9(2)) =1,df <n,d; <n-—1

Proof. 1f Eq. (2.16) is satisfied, the rational functions in Eq. (2.15) are linearly independent.
Therefore, due to Lemma 2.4.2, condition %, is satisfied. Hence, due to Lemma 2.4.1,

n+1 n n : :
(30575 3ngs 3 ) 1s achieved by A,,. [

Note that each rational function % € S, represents a constraint on p;(x), i.e., p;(x) #

nx
%, the violation of which invalidates the use of the PBNA for achieving the rate tuple

(27;*;11, snri 3ng) through the precoding matrices defined in Eq. (2.12)-(2.14). Also note

®Notation: For two polynomials f(z) and g(z), let ged(f(z), g(z)) denote their greatest common divisor,
and dy the degree of f(x).
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that Eq. (2.16) only guarantees that PBNA achieves a symmetrical rate close to one half.
In order for each unicast session to asymptotically achieve a transmission rate of one half,
we simply combine the conditions of Lemma 2.4.3 for all possible values of n, and get the

following result:

Theorem 2.4.1. Assume that all the senders are connected to all the receivers via directed
paths, and 7(x) is non-constant. The symmetrical rate % is asymptotically achievable through

PBNA, if for each 1 <1 < 3,

f(n(x))
9(n(x))

pi(x) ¢ 8 = : f(2),9(2) € Fylz], f(2)9(2) # 0,

(2.17)

ged(f(2), 9(2)) = 1

Proof. Consider the PBNA scheme )\, defined in Lemma 2.4.3. If Eq. (2.17) is satis-

fied, Eq. (2.16) is satisfied, and thus )\, achieves the rate tuple (2’;111, ST agT) Since

limnﬁoo(;;a, ST ) = (3,3, 3). This implies that the symmetrical rate § is asymptoti-
cally achievable through PBNA. |

Case II: n(x) is constant, and thus T is an identity matrix. For this case, Eq. (2.10) becomes
trivial. In fact, we set n =1, s = 0, and BA = C, and hence Eq. (2.10) can be satisfied by

any arbitrary V1. Specifically, we use the following precoding matrices:

Vl = ((91 92)T (218)
V2 = M13M531 (61 92)T (219)
V3 = M12M§21 (61 92)T (220)

where 6;,60, are variables. The above precoding matrices correspond to the configuration

where A = B = C = I,. Using the above precoding matrices, .«; ~ @7 all become equalities,
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i.€., the interfering signals are perfectly aligned into a single linear space. Meanwhile, using

these precoding matrices, each row of the matrix in 4, is of the following form:

(6 pi(x)0) (2.21)

Hence, using Lemma 2.4.2, we can quickly derive:

Theorem 2.4.2. Assume that all the senders are connected to all the receivers via directed
paths, and n(x) is constant. Consider the PBNA scheme A = (£, V; : 1 <i < 3), where the
precoding matrices are defined in Eq. (2.18)-(2.20). Then A achieves the symmetrical rate

%, if for each 1 < < 3, p;(x) is non-constant.

Proof. 1f p;(x) is not constant, the functions in Eq. (2.21) are linearly independent, and
therefore Z; is satisfied due to Lemma 2.4.2. Thus, (%, %, %) is achieved by A according to
Lemma 2.4.1. [ |

As shown in the above theorem, if 77(x) is constant, each unicast session can achieve one half

rate in exactly two time slots by using PBNA.

2.4.3 Coupling Relations and Achievability of PBNA

In the previous section, we reformulated the achievability conditions of PBNA in terms of
the functions p;(x) and 7(x). One critical question is: What is the connection between
the reformulated conditions and network topology? We start by illustrating that through
examples of networks whose structure violates these conditions. Let’s first consider the
network shown in Fig. 2.4a. Due to the bottleneck e, it can be easily verified that p;(x) =
p2(x) = p3(x) = n(x) = 1, and thus the conditions of Theorem 2.4.2 are violated. Moreover,

consider the network shown in Fig. 2.4b. It can be easily verified that for this network,
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Figure 2.4: Examples of realizable coupling relations: The left network realizes the coupling
relations p;(x) = n(x) = 1 such that the conditions of Theorem 2.4.2 are violated; in the

right network, n(x) # 1, but p;(x) = 1157’2( 7, which violates the conditions of Theorem 2.4.1.

n(x) # 1, and p;(x) = 11(;2() Thus the conditions of Theorem 2.4.1 are violated. Moreover,

by exchanging oy <+ 09 and 77 <> T», we obtain another example, where py(x) = 1 + n(x),
and thus the conditions of Theorem 2.4.1 are again violated. While the key feature of the
first example can be easily identified, it is not obvious what are the defining features of the
second example. Nevertheless, both examples demonstrate an important difference between
networks and wireless interference channel: In networks, due to the internal structure of
transfer functions, network topology might introduce dependence between different transfer

1’7(") ; in contrast, in wireless channel, channel gains
(%) ’ ’

functions, e.g., p1(x) = 1 or pi(x) =

are algebraically independent almost surely.

The above dependence relations can be seen as special cases of coupling relations, as defined

below.

Definition 2.4.3. A coupling relation is an equation in the following form:

f(milh (x), Miyja (x), - » MMy i, (x)) =0 (2.22)
where f(z1, 22, -, 2) is a polynomial in Fom[zy, -+ 2], 1 < dj, 5 < 3for 1 <1 < k. If
there exists a network G such that the transfer functions my, j, (x), My, (%), -+, M4, j, (X)

satisfy the above equation, we say that the coupling relation Eq. (2.22) is realizable, or G
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realizes the coupling relation Eq. (2.22).

As shown in Theorem 2.4.1, each rational function L) o g1 represents a coupling relation

g(n(x))
oy fn(x)
Pi(%) = gty

The existence of coupling relations greatly complicates the achievability problem of PBNA.
As shown previously, most of the coupling relations, such as p;(x) = 1 and p;(x) = %,
are harmful to PBNA, because their presence violates the conditions of Theorems 2.4.1 and
2.4.2. The only exception is n(x) = 1, which does help simplify the construction of precoding
matrices, and thus is beneficial to PBNA. Indeed, as shown in Theorem 2.4.2; this coupling
relation allows interferences to be perfectly aligned at each receiver, and each unicast session
can achieve one half rate in exactly two time slots. Unfortunately, as we will see in Section
?7?, this coupling relation requires that the network possesses particular structures, which

are absent in most networks. For this reason, we will mainly focus on the case n(x) # 1,

which is applicable for most networks.

One interesting observation is that not all coupling relations are realizable. For example,

consider the coupling relation p;(x) = 7?(x), where both p;(x) and n(x) are non-constants.

Let pi(x) = “X p(x) = % denote the unique forms © of p;(x) and n(x) respectively.

v(x)?

Consider a coding variable z.. that appears in both % and Ok Because the maximum
degree of each coding variable in a transfer function is at most one, according to Eq. (2.11),
the maximum of the degrees of z. in u(x) and v(x) is at most two. However, it can be
easily seen that the maximum of the degrees of x.» in s*(x) and #3(x) is at least three.
Therefore, it is impossible that p;(x) = n*(x). This example suggests that there exists

significant redundancy in the conditions of Theorem 2.4.1. More formally, it raises the

following important question:

6For a non-zero rational function h(y) € F,(y), its unique form is defined as h(y) = %, where
f(y),9(y) € Fyly] and ged(f(y), 9(y)) = 1.
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Q1: Which coupling relations p;(x) = % € &’ are realizable?

The answer to this question allows us to reduce the set S’ defined in Theorem 2.4.1 to its
minimal size. For ¢ = 1,2, 3, we define the following set, which represents the minimal set

of coupling relations we need to consider:

f(n(x))
9(n(x))

ey
521 gl €5 P

is realizable (2.23)

Then the next important question is:

Q2: Given p;(x) = i: ((2833 € S, what are the defining features of the networks for which this

coupling relation holds?

As we will see in the rest of this paper, the answers to Q1 and Q2 both lie in a deeper
understanding of the properties of transfer functions. Intuitively, because each transfer
function is defined on a graph, it usually possesses special properties. The graph-related
properties not only allow us to reduce &’ to the minimal set S!, but also enable us to identify

the defining features of the networks which realize the coupling relations represented by ;.

In the derivation of Theorem 2.4.1, we only consider the precoding matrices defined in Eq.
(2.12)-(2.14). However, the choices of precoding matrices are not limited to these matrices.
In fact, as we will see in Section 2.6, given different A, B, and C, we can derive different
precoding matrix V; such that Eq. (2.10) is satisfied. This raises the following interesting

question:

Q3: Assume some coupling relation p;(x) = % € S is present in the network. Is it

still possible to utilize PBNA via other precoding matrices instead of those defined in Eq.
(2.12)-(2.14)7?

As we will see in Section 2.6, the answer to this question is negative. The basic idea is that
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each precoding matrix V; that satisfies Eq. (2.10) can be transformed into the precoding
matrix in Eq. (2.12) through a transform equation Vi = G7'V,F~! where G is a diagonal
matrix and F a full-rank matrix (See Lemma 2.6.3). Using this transform equation, we
can prove that if the precoding matrices cannot be used due to the presence of a coupling

relation, then any precoding matrices cannot be used.

2.5 Overview of Results

In this section, we state our main results. Proofs are deferred to Appendices.

2.5.1 Sufficient and Necessary Conditions for PBNA to Achieve

. 1
Symmetrical Rate 5

Since the construction of V; depends on whether 7(x) is constant, we distinguish two cases.

Case 1: 7(x) Is Not Constant

Theorem 2.5.1 (The Main Theorem). Assume that all the senders are connected to all
the receivers via directed paths, and n(x) is not constant. The three unicast sessions can
asymptotically achieve the rate tuple (%, %, %) through PBNA if and only if the following

conditions are satisfied:

maz(X)ma1(X) maa(x)maz(x)

mi(x) #

mo3(x) T mg(x)
mag(X)ma1(x) | maa(x)ma (x) (2.24)
Maz(X) M32(X)
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Mmia(X)maz(X) maza(X)ma; (X)

Mmas(X) # ; ;
mis(X) ma1 (X)
mlg(X)mgg(X> m32(x)m21(x) (225>
mlg(X> mgl(X)
Mgy (x) % m23(X)m31(X)’ Mz (X)maa(x)
man (x) Mz (x) (2.26)
mos (X)m31 (X) mlg(X)mgg(X>
mgl(X> mlz(X)
Proof. See Appendix B. |
Eq. (2.24)-(2.26) can be reformulated into the following equivalent conditions:
, n(x)
pi(x) € S = L), = () (2.27)
p2(x) ¢ Sy = {1,n(x), 1 +n(x)} (2.28)
p3(x) & Sy = {1,n(x),1+n(x)} (2.29)

Note that in Theorem 2.5.1, we reduce the conditions of Theorem 2.4.1 to its minimal size,
such that each S/ as defined in Eq. (2.27)-(2.29) represents the minimal set of coupling
relations that are realizable. Moreover, as we will see later, each of these coupling relations
has a unique interpretation in terms of the network topology. The interpretations further

provide polynomial-time algorithms to check the existence of these coupling relations.

The conditions of the Main Theorem can be understood from the perspective of the in-
terference channel. As shown in Section 2.4.1, under linear network coding, the network
behaves as a 3-user wireless interference channel, where the channel coefficients m;;(x) are
all non-zeros. Let H denote the matrix with the (4, j)-element being m;;(x). It is easy to see

that the first two inequalities in Eq. (2.24)-(2.26) can be rewritten as M, (H) # 0 for some
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k # 1, where My (H) denotes the (k,{)-Minor of H. For example, mq;(x) # msm2i6

ma3(x)
equivalent to M3z(H) # 0, and mq1(x) # %@g(x) is equivalent to My3(H) # 0. Suppose
that there exists My, (H) = 0 for some k& # [. For such a channel, it is known that the
sum-rate achieved by the three unicast sessions cannot be more than 1 in the information
theoretical sense (see Lemma 1 of [57]), i.e., no precoding-based linear scheme can achieve
a rate beyond 1/3 per user. Therefore, given that all senders are connected to all receivers,
the condition My (H) # 0 is information theoretically necessary for achievable rate 1/2 per

session. Hence, the first two inequalities of Eq. (2.24)-(2.26) are simply the information

theoretic necessary conditions, so they must hold for any precoding-based linear schemes.
Case II: 7(x) Is Constant

In this case, we can choose V7 freely by setting BA = C. As stated in the following theorem,

each unicast session can achieve one half rate in exactly two time slots.

Theorem 2.5.2. Assume that all the senders are connected to all the receivers via directed
paths, and 7(x) is constant. The three unicast sessions can achieve the rate tuple (3,3,1)

in exactly two time slots through PBNA if and only if the following conditions are satisfied:

mi(x) # %@{?(X) (2.30)
Mg (X) 7 Mz (X)mas(x) (2.31)
mi3(X)
m X mgg(X)mgl(X)
33(X) # Y e— (2.32)
Proof. See Section 2.6.3. u
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Figure 2.5: A graphical illustration of the four edges, as13, B213, @312, and 312, which are
important in defining the networks that realize n(x) = 1.

Eq. (2.30)-(2.32) can be reformulated into the following equivalent conditions:

pi(x) #1 V1<i<3

2.5.2 Topological Interpretations of the Feasibility Conditions

As we have seen, the following coupling relations are important for the achievability of

PBNA: 1) n(x) = 1; 2) pi(x) = 1 and p;(x) = n(x) where i = 1,2,3; 3) p1(x) = %,
pi(x) = 1+ n(x), where i = 2,3. As we will see, the networks that realize these coupling

relations have special topological properties. We defer all the proofs to Appendix C.

We assume that all the edges in E are arranged in a topological ordering such that if

head(e) = tail(e’), e must precede €’ in this ordering.

Definition 2.5.1. Given two subsets of edges S and D, we define an edge e as a bottleneck

between S and D if the removal of e will disconnect every directed path from S to D.

Given 1 < 4,5,k < 3, let oyj; denote the last bottleneck between o; and {7, 7} in this

topological ordering, and f;j the first bottleneck between {o;, a;j} and 7.
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As shown below, the four edges, as13, (213, @312, and [312, are important in defining the
networks that realize n(x) = 1. A graphical illustration of the four edges is shown in Fig.

2.5.

Theorem 2.5.3. T](X) =1 if and only if 913 = (X312 and B213 = 6312.

In [53], the authors independently discovered a similar result. Consider the example shown
in Fig. 2.4a. It is easy to see that in this example, a3 = ag10 = (o135 = (312 = €, and thus
n(x) = 1. In Fig. 2.6a, we show another example, where ag13 = az1s = €1, B213 = P312 = €2,

and thus n(x) = 1.

Given two subsets of edges, S and D, a cut-set C' between S and D is a subset of edges, the
removal of which will disconnect every directed path from S to D. The capacity of cut-set
(' is defined as the summation of the capacities of the edges contained in C'. The minimum

cut between S and D is the minimum capacity of all cut-sets between S and D.

Theorem 2.5.4. The following statements hold:

1. p1(x) = 1 if and only if the minimum cut between {0,052} and {7, 73} equals one;

p1(x) = n(x) if and only if the minimum cut between {0y, 03} and {71, 72} equals one.

2. po(x) = 1 if and only if the minimum cut between {oy, 02} and {7, 73} equals one;

p2(x) = n(x) if and only if the minimum cut between {09, 03} and {71, 72} equals one.

3. p3(x) = 1 if and only if the minimum cut between {0y, 03} and {7, 73} equals one;

p3(x) = n(x) if and only if the minimum cut between {oy, 03} and {7, 73} equals one.

For instance, in Fig. 2.4a, the cut-set with minimum capacity between {03, 03} and {7, 72}

contains only one edge e, and thus ps(x) = n(x).

Given two edges e; and ey, we say that they are parallel with each other if there is no directed

paths from e; to ey, or from e; to e;. As shown below, two edges are important in defining
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Figure 2.6: Additional examples of coupling relations

the networks that realizes the third coupling relation in Eq. (2.27)-(2.29), e.g., agi3 and a0

are used to define the networks that realize p;(x) = 1157’2(), and so on.
Theorem 2.5.5. The following statements hold:
1. p(x) = 1157’2() if and only if the following conditions are satisfied: a) az12 is a bottleneck

between oy and 7y; b) as3 is a bottleneck between oy and 73; ¢) as;o is parallel with

ag13; d) {asia, 13} forms a cut-set between oy from 7.

2. pa(x) = 1+ n(x) if and only if the following conditions are satisfied: a) aja3 is a
bottleneck between oo and 73; b) aga; is a bottleneck between oo and 71; ¢) aja3 is

parallel with asgy; d) {aq23, g1} forms a cut-set between oo from 7.

3. p3(x) = 1+ n(x) if and only if the following conditions are satisfied: a) a3 is a
bottleneck between o3 and 71; b) ay32 is a bottleneck between o3 and 73; ¢) ggp is

parallel with aqsg; d) {ags1, 32} forms a cut-set between o3 from 73.

Consider the network as shown in Fig. 2.4b. It is easy to see that es = a1 and e; = w3,

and all the conditions in 1) of Theorem 2.5.5 are satisfied. Therefore, this network realizes

n(x)
1+n(x)

the coupling relation p;(x) = . Note that these three coupling relations are mutually
exclusive when 7(x) is not constant. If any two of these coupling relation were to occur in the

same network, then it would induce a graph structure that forces n(x) to be a constant [53].
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2.6 Achievability Conditions of PBNA

In this section, we first present two graph-related properties, namely Linearization Property
and Square-Term Property, which play important roles in the proof of the sufficiency of the
conditions of Theorem 2.5.1. Then, we explain the main ideas behind Theorem 2.5.1, and
the proof of 2.5.2. Consistent with Section 2.5, we distinguish two cases based on whether

n(x) is constant. The full proof is provided in Appendix B.

2.6.1 Graph-Related Properties

Since the transfer functions are defined on graphs, they exhibit special graph-related proper-
ties introduced by the graph structure. In the following discussion, we consider the general

form of p;(x) as below
(2.33)

where a,b,p,q = 1,2,3 and a # p,b # q. Moreover, by the definition of transfer function,

the numerator and denominator of h(x) can be expanded respectively as follows:

Map (X)mpq (X> = tp (X)tpz (X)

Z(Pl ,PQ)GPab ><'qu
Mg (X) (%) = > tp,(x)tp,(x)

(P3 ,P4)€'Paq X Ppb

Hence, each path pair in Py, x P, contributes a term in mg,(x)m,,(x), and each path pair

in P,, X Py, contributes a term in m,q(x)m,(x).

The first graph-related property, namely Linearization Property, is stated in the following
lemma. According to this property, if p;(x) is not constant, it can be transformed into its

simplest non-trivial form, i.e., a linear function or the inverse of a linear function, through a
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partial assignment of values to x.

Lemma 2.6.1 (Linearization Property). Assume h(x) is not constant. Let h(x) = —°=
such that ged(u(x),v(x)) = 1. Then, we can assign values to x other than a variable x.
such that u(x) and v(x) are transformed into either wu(zee) = C1Zeer + Co, V(Teer) = co OF

U(Teer) = Co, V(Teer) = C1Teer + Co, Where ¢, €1, ¢y are constants in Fom, and cycp # 0.

Proof. See Appendix A. [ |

The second property, namely Square-Term Property, is presented in the following lemma.
According to this property, the coefficient of 22, in the numerator of h(x) equals its counter-
part in the denominator of h(x). Thus, if 22, appears in the numerator of h(x) under some

assignment to x, it must also appear in the denominator of h(x), and vice versa.

Lemma 2.6.2 (Square-Term Property). Given a coding variable z.., let fi(x) and fa(x) be

the coefficients of 22, in M, (X)Mpe(x) and mg,(x)m,,(x) respectively. Then fi(x) = fo(x).

Proof. See Appendix A. [ |

2.6.2 n(x) Is Not Constant

In this subsection, we first present a simple method to quickly identify a class of networks,
for which PBNA can asymptotically achieve symmetric rate % Then, we sketch the outline
of the proof for the sufficiency of Theorem 2.5.1. Next, we explain the main idea behind the

proof for the necessity of Theorem 2.5.1.
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A Simple Method Based on Theorem 2.4.1

As shown in Theorem 2.4.1, the set S’ contains an exponential number of rational functions,
and thus it is very difficult to check the conditions of Theorem 2.4.1 in practice. Interestingly,
the theorem directly yields a simple method to quickly identify a class of networks for which
PBNA is feasible. The major idea of the method is to exploit the asymmetry between p;(x)
and 7(x) in terms of effective variables. Here, given a rational function f(y), we define a
variable as an effective variable of f(y) if it appears in the unique form of f(y). Let V(f(y))
denote the set of effective variables of f(y). Intuitively, this asymmetry allows us more
freedom to control the values of p;(x) and 7(x) such that they can change independently,
which makes the network behave more like a wireless channel. The formal description of the

method is presented below:

Corollary 2.6.1. Assume all m;;(x)’s (¢, 7 = 1,2, 3) are non-zeros, and 7(x) is not constant.

Each unicast session can asymptotically achieve one half rate through PBNA if for ¢ = 1,2, 3,

pi(x) # 1 and V(n(x)) # V(pi(x)).

Proof. 1f the above conditions are satisfied, we must have p;(x) # ; 87783; € S§’. Thus, the

theorem holds. [ |

Consider the networks shown in Fig. 2.7a and Fig. 2.2, which we replicate in Fig. 2.7b for
easy review. As shown in these examples, due to edge e, n(x) contains effective variables
Tgges Tery, Which are absent in the unique form of p;(x) (i = 1,2,3). Thus, by Corollary
2.6.1, each unicast session can asymptotically achieve one half rate through PBNA. However,
Corollary 2.6.1 doesn’t subsume all possible networks for which PBNA can achieve one half
rate. For instance, in Fig. 2.7c, we show a counter example, where V(n(x)) = V(p1(x)), and
thus Corollary 2.6.1 is not applicable. Nevertheless, it is easy to verify the network satisfies

the conditions of Theorem 2.5.1, and thus PBNA can still achieve one half rate.
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Figure 2.7: Illustration of type III networks. (i) It can be seen that for all the three examples,
PBNA can achieve one half rate. (ii) The three examples can be verified by using different
methods: for (a) and (b), due to edge e, n(x) contains coding variables z,.., Tcr,, which are

absent in the unique forms of p; (x), p2(x) and p3(x), and thus Corollary 2.6.1 applies to both

cases; Corollary 2.6.1 doesn’t apply to (c), but PBNA can still achieve a symmetric rate %
for this network according to Theorem 2.5.1. (iii) For both (a) and (b), routing can only
achieve a symmetrical rate %; for (c), PBNA and routing can both achieve a symmetrical

37
1
rate 3

Sufficiency of Theorem 2.5.1

As shown in Section 2.4, not all coupling relations p;(x) = L2350 ¢ & are realizable due to

— 9(n())
the special properties of transfer functions. Indeed, since the transfer functions are defined
on graphs, they exhibit special properties due to the graph structure. As we will see, these
properties are essential in identifying the minimal sub-set of realizable coupling relations.

In fact, we only need two such properties, namely Linearization Property and Square-Term

Property, which are presented below.

Now, we sketch the outline for the proof of the sufficiency of Theorem 2.5.1. The proof

consists of three steps:

First, we use the Linearization Property and a simple degree-counting technique to reduce

92



S’ to the following set Sy

ap + a1n(x)

Sll —
! bo + b11(x)

€ S, : Qp, ay, bo, bl c Fq (234)

Next, we iterate through all possible configurations of ag, ai, by, b1, and utilize the Lineariza-
tion Property and the Square-Term Property to further reduce S to just four rational

functions:

Sy = Lnx),1+n(x), ——— (2.35)

Finally, we use a recent result from [53] to rule out the fourth redundant rational function in
SY, resulting in the minimal set S, defined in Theorem 2.5.1. The detailed proof is deferred

to Appendix B.

Necessity of the Theorem 2.5.1

We first show how to get a precoding matrix V; that satisfies Eq. (2.12). The construction

of V; involves solving a system of linear equations defined on Fam (£)(2):

r(z)(2C—-BA) =0 (2.36)

In the above equation, r(z) = (r1(2), -+ ,r1s(2)), where r;(2) € Fom (§)(2) for 1 <i < n-+s.
Assume ry(z) is a non-zero solution to Eq. (2.36). Substitute z with n(x), and we have

n(x)ro(n(x))C = ro(n(x))BA. Finally, construct the following precoding matrix

Vi = (g (=) g (=) - xg (=) (2.37)
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Apparently, V; satisfies Eq. (2.10). Hence, each non-zero solution to Eq. (2.36) corresponds
to a row of Vy satisfying Eq. (2.10). Conversely, it is straightforward to see that each row

of V; satisfying Eq. (2.10) corresponds to a solution to Eq. (2.36).

As we will prove in Appendix B, rank(zC — BA) = n. If s = 0, zC — BA becomes an
invertible square matrix, and Eq. (2.36) only has zero solution. Thus, in order for Eq.

(2.12) to have a non-zero solution, s must equal 1.

As an example, consider the case where s = 1, n = 2, and 2™ = 4. Let a be the primitive

element of Fy such that o® =1 and o? + a + 1 = 0. Moreover, let A = I, and

It’s easy to verify that r(z) = (a?2® + o, 2 + «, 22 + az + o?) satisfies Eq. (2.36). Thus, we
substitute z with n(x’/) and construct VI = (v (n(x!)) rT(n(x?)) --- rT(n(x°))). Appar-
ently, Eq. (2.10) is satisfied. From this example, we can see that given different A, B, C,
we can construct different precoding matrix Vi, and thus the choices of precoding matrices
are not limited to those defined in Eq. (2.12)-(2.14). An interesting observation is that the
above precoding matrix V; is closely related to Eq. (2.12) through a transform equation:

V; = VIiF, where

Actually, this observation can be generalized to the following Lemma.
Lemma 2.6.3. Assume s = 1. Any V; satisfying Eq. (2.10) is related to V7§ through the
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following transform equation
V, =GVJF (2.38)

where V7 is defined in Eq. (2.12), Fis an (n+1) x (n+1) matrix, and G is a (2n+1) x (2n+1)
diagonal matrix, with the (i,) element being f;(n(x?)), where f;(z) is an arbitrary non-zero
rational function in Fam (£)(2). Moreover, the (n + 1)th row of FC and the 1st row of FBA

are both zero vectors.

Proof. See Appendix B. [ |

Using Lemma 2.6.3, we can prove that if a coupling relation p;(x) = % € &' is present
in the network, any PBNA cannot achieve one half rate per unicast session. This implies
that the conditions of Theorem 2.5.1 are also necessary for PBNA to achieve one half rate

per unicast session. We defer the detailed proof to Appendix B.

2.6.3 7n(x) Is Constant

Proof of Theorem 2.5.2. In the proof of Theorem 2.4.2; we’ve proved the sufficiency of The-
orem 2.5.2. If p;(x) = 1, P; becomes an identity matrix. We will show that it is impossible
for PBNA to achieve one half rate for each unicast session. We only prove the case for
1t = 1. The other cases © = 2,3 can be proved similarly, and are omitted. The matrix in
the reformulated rank condition B; becomes (V; V;C). Since rank(V;C) = n, there are
n columns in V; that are linearly dependent of the columns in V;C. Thus, it is impossible

for PBNA to achieve one half rate for w;. [ |

In Fig. 2.8, we show an example of this case. Note that the network in Fig. 2.8 has rich

connectivity such that each sender is connected to its corresponding receiver via a disjoint
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Figure 2.8: An example where 1(x) = 1 and p;(x) # 1 for i € {1,2,3}, and thus each unicast
session can achieve one half rate in exactly two time slots due to Theorem 2.5.2. For this
example, routing achieves symmetric rate of one.
directed path. Thus, there is no coding opportunity that can be exploited, and routing
is sufficient to achieve rate 1 per unicast session, which is the maximum symmetric rate

achieved by any network coding schemes. Hence, this class of networks is of less significance

than the class of networks considered in Theorem 2.5.1.

2.6.4 Some s; Is Disconnected from Some d; (i # j)

In this case, since the number of interfering signals is reduced, at least one alignment con-
dition can be removed, and thus the restriction on V; imposed by Eq. (2.10) vanishes.
Therefore, we can choose V; freely, and the feasibility conditions of PBNA can be greatly
simplified. For example, assume mg; (x) = 0 and all other transfer functions are non-zeros.
Hence, the alignment condition for the first unicast session vanishes. Using a scheme similar
to above, we set Vi = (0, 05)7, Vo = MisMyo, (6, 65)7 and Vs = MuMg, (61 6:)7, and
thus the interferences at 7 and 73 are all perfectly aligned. It is easy to see that (%, %, %) is
feasible through PBNA if and only if p;(x) is not constant for every i = 1,2, 3. Using similar

arguments, we can discuss other cases.
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2.7 Summary

In this chapter, we consider the problem of network coding for the SISO scenarios with three
unicast sessions. We consider a network model, in which the middle of the network performs
random linear network coding. We apply precoding-based interference alignment [30] to
this network setting. We show that network topology may introduce algebraic dependence
(“coupling relations”) between different transfer functions, which can potentially affect the
rate achieved by PBNA. Using two graph-related properties and a recent result from [53], we
identify the minimal set of coupling relations that are realizable in networks. Moreover, we
show that each of these coupling relations has a unique interpretation in terms of network
topology. Based on these interpretations, we present a polynomial-time algorithm to check

the existence of these coupling relations.

This work is limited to three unicast sessions in the SISO scenario (i.e., with min-cut one
per session) and following a precoding-based approach (all precoding is performed at the end
nodes, while intermediate nodes perform random network coding). This is the simplest, yet
highly non-trivial instance of the general problem of network coding across multiple unicasts.
Apart from being of interest on its own right, we hope that it can be used as a building block

and provide insight into the general problem.

There are still many problems that remain to be solved regarding applying interference
alignment techniques to the network setting. For example, one important problem is the
complexity of PBNA, which arises in two aspects, i.e., precoding matrix and field size, and is
inherent in the framework of PBNA. One direction for future work is to apply other alignment
techniques (with lower complexity) to the network setting. The extensions to other network
scenarios beyond SISO with more than three unicast sessions are highly non-trivial. Finally,
the current paper applies precoding at the sources only, while intermediate nodes performed

simply random network coding; an open direction for future work is alignment by network
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code design in the middle of the network as well.
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Chapter 3

Multicast-Packing Coding Scheme for

Multiple Unicast Sessions

3.1 Introduction

In this chapter, we focus on network coding across multiple unicast sessions over linear
networks, where the nodes in the network can perform linear network coding operations.
It has been shown that determining whether there exists a linear network coding scheme
for multiple unicasts is NP-hard [19]. Thus, constructive and sub-optimal approaches, such

as [21-24,27], have been proposed and shown to improve over routing.

In this chapter, we introduce a constructive inter-session network coding scheme for multiple

unicast sessions, illustrated in the following example.

Example 3.1.1. Let us consider the network A/ shown in Fig. 3.1a. In this network, five
unicast sessions coexist in the network, where each edge has unit capacity. The ¢th unicast
session (1 < ¢ < 5) is denoted by w; = (s;,d;), where s; and d; are the sender and the receiver

of w;, respectively. The set of unicast sessions are represented by 2 = {w; : 1 <1i < 5}.

59



(b)

Figure 3.1: A motivating example. In the network A shown in (a), five unicast sessions coex-
ist. In (b), these unicast sessions are partitioned into two disjoint subsets, 2 = {w,ws, w3}
and Qy = {wy,ws}, and the network N is partitioned into two sub-graphs N; and N,. Note
that the unicast sessions in €; use only N;, while the unicast sessions in 2y use only N.
Then, we construct linear network coding schemes for €2y and €2, separately, as shown in
(b), where X; (1 < i < 5) denotes the source symbol transmitted by s;. Note that the
constructed network coding schemes are network coding schemes for two multicast scenarios

over N} and Ns.

Let us partition € into two disjoint sets, Q1 = {wy,ws, w3} and Qy = {wy, ws}. Also, N is
partitioned into two sub-graphs A; and N5. The unicast sessions €; and €2, use only their
respective subgraphs to transmit symbols, i.e., the unicast sessions in Q1 (€25) uses only N}
(NV32). Then, we construct our codes to be the network codes for two multicast scenarios: In
Ni, di,ds and ds can decode all the source symbols transmitted by s;, s, and s3; in N, dy
and ds can decode all the source symbols transmitted by s, and s;. These network codes

also serve as network codes for the original multiple unicast sessions.

Note that several partitions of €2, other than {2; and €2, discussed in this example, are also

possible. Part of the contribution of this paper is how to find good partitions. [ |

The example demonstrates the approach we follow in this paper. First, we partition the
set of unicast flows into disjoint subsets of unicast flows. Second, we map each subset of
unicast flows to a multicast session with the same set of receivers, and linear network codes

are constructed for these multicast sessions by a deterministic [9] or a random approach [10].
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These linear network codes collectively serve as a linear network coding scheme for the
original unicast sessions, which we refer to as Multicast-Packing Coding Scheme or MPC for

short.

MPC has the following strengths. First, the MPC approach, i.e., partitioning the unicast
sessions to subsets of unicast sessions and mapping each subset to a multicast network
coding problem, is general enough to be applied to any directed acyclic graph. Second, given
a partition of the set of the unicast sessions, we use a linear program to quickly analyze
the performance, e.g., maximum common rate and minimum cost, achieved by MPC. In
contrast, previous constructive approaches are difficult to analyze due to the lack of succinct
mathematical formulations. For example, the integer linear programming (ILP) approach
[21] is difficult to analyze since it needs to consider all possible butterfly structures in the
network. On the other hand, the evolutionary approach [27], does not have a mathematical
formulation. Third, in order to find the best MPC, we only need to search the space of all
partitions of the set of unicast sessions, independently of the network size. This is clearly more
efficient and scalable than other constructive approaches, whose combinatorial optimization
involved the network graph in addition to the set of sessions. For example, the approach
in [21] uses integer linear programming to select the best set of butterflies considering all
pairs of unicast sessions, but also all possible coding points on the network topology. The
evolutionary approach [27] involves a random walk in the space of local coding vectors, which
does not scales well with the network size. Although independent of the network size, our
search problem is still exponential in the number of unicast sessions. This is why we utilize
a suboptimal, yet efficient, simulating annealing technique to find good partitions of the
unicast sessions. Simulation results over appropriately chosen scenarios demonstrate the

above points.

The rest of this chapter is organized as follows. In Section 3.2, we present problem setup. In

Section 3.3, we present the formal definition of MPC, and the rate region achieved by MPC.
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In Section 3.4, we present a simulated annealing algorithm to find good partitions for MPC.

In Section 3.5, we present the evaluation of MPC. Section 3.6 concludes this chapter.

3.2 Problem Setup

3.2.1 Network Model

A network is represented by a weighted directed acyclic graph N = (V, E, h), where V and F
denote the node set and the edge set, respectively, and h : E — R is a function such that
for e € E, h(e) equals the capacity of e. We allow multiple edges between two nodes, and
hence £ C V x V x Z,, where the last integer enumerates edges between two nodes. The
edges are denoted by (u,v,4). If no confusion arises, we simply use (u, v) to represent edges.
We denote the tail and the head of an edge e by head(e) and tail(e), respectively. The sets
of incoming and outgoing edges at a node v are denoted by In(v) and Out(v) respectively,
i.e., In(v) = {e € E : head(e) = v} and Out(v) = {e € E : tail(e) = v}. There are multiple
unicast sessions in the network. We use a set Q = {w; = (s;,d;) : 1 <@ < ||} to represent
the multiple unicast sessions, where w; denotes the ¢th unicast session, and s;,d; are the
sender and the receiver of w; respectively. Given Q' C Q, S(Q') and D(€') denote the set
of senders and the set of receivers involved in €', respectively. For 1 <i < ||, X; denotes
the vector of source symbols that s; transmits to d;. Given a vector A, |A| denotes the

dimension of A.

We make the following assumptions to simplify our analysis.

e The symbols transmitted in the network all belong to a finite field F,.

e The source symbols transmitted by all the senders in S(£2) are mutually independent

random variables uniformly distributed over F,.
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e FEach edge in the network represents an error-free and delay-free channel.

e The senders are all different nodes, and so are the receivers.

e In(s;) = Out(d;) =0, for 1 <i < Q.

3.2.2 Linear Network Coding Scheme

We define a linear network coding scheme as follows.

Definition 3.2.1. Let ¢ be a positive integer such that [t x h(e)] > 1 for each edge ¢ € F
with positive capacity. Denote k(e) = [t x h(e)]. A linear network coding scheme of length

t for the multiple unicast sessions {2 consists of the following components:
1. For each sender s; € S(€2) and each e € Out(s;) with positive capacity, a k(e) x |X;]
encoding matrix E. over F,.

2. For each v € V — (S(Q) U D(2)) and each e € Out(v) with positive capacity, a

k(e) X (Xerct(w) k(€)) encoding matrix E. over F,.

3. For each 1 <1 < [Qf, an [X;] X (3 ,cpn(y) k(€')) decoding matrix D;.

We use a tuple A = (E. : e € E,h(e) > 0; D; : 1 < i < Q)]) to represent the above linear

network coding scheme.

In a linear network coding scheme, for an edge e with positive capacity, the vector of the
symbols transmitted along e, denoted by Y., is a function of (X; : 1 < i < [Q]) defined

recursively as follows:

E.X; if e € Out(s;);

E. (Y. : € €In(v),h(e) >0) ifee Out(v),v eV —(S(2) UD(Q)).
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Definition 3.2.2. Given a rate vector R = (R; : 1 < i < |Q]) € R';O‘, we say that R is
achievable by linear network coding schemes if for any € € R, there exists a linear network
coding scheme A = (E, : e € E,h(e) > 0; D; : 1 < i < |Q]) of length ¢ such that the

following conditions are satisfied:

1. For each 1 <i < |Q|, X; =D;(Y. : e € In(d;), h(e) > 0).

2. Foreach1§i§|ﬂ|,p§—i|>Ri—e.

The rate region achieved by linear network coding schemes, denoted by Ry, is the set of

the rate vectors R’s achievable by linear network coding schemes.

3.3 Packing Multicast for Multiple Unicast Sessions

3.3.1 Multicast-Packing Coding Scheme (MPC)

In this chapter, we present the detailed description of MPC, i.e., mapping multiple unicast
sessions to multicast sessions, when the partition of the original multiple unicast sessions
is given. The problem of how to finding such a partition is considered in Section 3.4. We
use a tuple (s, D), where s € V and D C V — {s}, to represent a multicast session such
that the nodes in D all require the source symbols transmitted by s. A multicast scenario is
represented by a set of multicast sessions, i.e., I' = {(s;, D) : 1 <i < |I'|}, where the nodes

in D require all the source symbols transmitted by all s;’s.

Definition 3.3.1. A partition of the multiple-unicast scenario €2 is a set of non-empty

disjoint subsets of 2, G = {Q; : 1 <i < |G|}, such that Q = U‘Z(ill Q.

Definition 3.3.2. Given a partition G, an allocation of network capacities with respect to

G is represented by a set of functions H = {h; : E — R : 1 < i < |G|}, which satisfies the
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following condition:

S hie) < hie) VeeE. (3.1)

=1

Given H, we define N; = (V, E, h;) as a sub-capacitated network, the edge capacities of
which are defined by h;. Given G and H, we can view each (2; as a multiple-unicast scenario

of smaller scale that works “separately” in the sub-capacitated network M.

Example 3.3.1. For example, in Fig. 3.1, the allocation of network capacities are as follows.
If e is an outgoing edge of sy, s2, s3, an incoming edge of dy,ds, ds, or e = ey, hi(e) = 1;
otherwise, hy(e) = 0. If e is an outgoing edge of sy, S5, an incoming edge of d4, ds, or e = ey,

ha(e) = 1; otherwise, hy(e) = 0. |

Suppose G and H are already given. We construct a linear network coding scheme for 2 as
follows. For each €; € G, we construct a multicast scenario, I'; = {(s;, D(€%;)) : s; € S(€%)},
over the network N; = (V, E, h;), such that the receivers in D(£2;) can decode the source
symbols transmitted by all the senders in S(€2;). A linear network coding scheme can then
be constructed for this multicast scenario. These linear network coding schemes collectively
serve as a linear network coding scheme, namely a multicast-packing coding scheme, for the
original multiple unicast sessions 2. More formally, we define a multicast-packing coding

scheme as follows:

Definition 3.3.3. Suppose G is a partition of €2, and H an allocation of network capacities
with respect to G. Let ¢ be a positive integer such that for 1 < i < |Q| and e € {¢' € E :
hi(e') > 0}, [t x hi(e)] > 1. Denote k;(e) =t x h;(e). A multicast-packing coding scheme

(or a MPC for short) of length ¢ with respect to (G, H) consists of the following components:

1. For each 1 <i < |G|, s; € S(€), and e € Out(s;) such that h;(e) > 0, a k;(e) x | X

encoding matrix E; .;
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2. Foreach 1 <i < |G|, v eV —(S(Q) — D(2)) and e € Out(v) such that h;(e) > 0, a
ki(e) X (Xurcmqw) ki(€')) encoding matrix E;;

3. For each 1 <4 < [G] and w; € Qy, an [X;] X (3, cpyq, Ki(€)) decoding matrix D;.
We use a tuple v = (E; ., D; : 1 <i < |G|,e € E,h;(e) > 0) to denote the above MPC.

In the MPC defined above, for 1 < i < |G|, and an edge e € {¢’ € E : hi(¢’) > 0}, the
vector of the symbols transmitted along e for the unicast sessions in €2;, denoted by Y, is

a function of (X, : w; € ;) defined recursively as follows:

Ei,er ifee Out(sj), Sj S S(QZ),

E, (Y, : € €In(v),hi(e') >0) ifee Out(v),v eV —(S(2) UD(Q)).
Definition 3.3.4. Given a rate vector R = (R; : 1 <1 < |Q]) € ]Rlzﬂ(‘), we say that R is
achievable by MPC if for any € € R, there exists a partition G of €2, an allocation H of

network capacities with respect to G, and an MPC v = (E; ., D, : 1 <i < |G|, e € E, h;(e) >

0) of length ¢ with respect to (G, H) such that the following conditions are satisfied:
1. For1 <i <G|, (X, :w; € Q) Cspan(Y,. : e € In(d;), hi(e) > 0), and X; = D;(Y,. :
e € In(d;), hi(e) > 0) for each w; € G.
2. For 1 <j <19, @>Ri—e.

The region achieved by MPC, denoted by R, is the set of all the rate vectors achieved by
MPC.

Remark. We can use the following method to construct an MPC. We add a super sender

s and connect it to each s; € S(€;) via |X;| parallel edges, each of which has unit capacity
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Figure 3.2: An example of MPC. The network is shown in (a), where each edge has unit
capacity, and 4 unicast sessions coexist in the network. In (b), we show the two sub-
capacitated networks N; and Ny for a partition G = {Q; = {wy,wa}, Qo = {ws, w4 }}, where
the numbers beside the edges marks an allocation of network capacities. In (b), we also show
an MPC of length 2, which achieves one half rate for each unicast session.

and carries a distinct source symbol in X;. Thus, we transform the multicast scenario with
multiple multicast sessions into a multicast scenario with a single multicast session. Hence,

we can employ the random approach of [10] or the deterministic approach of [9] to construct

linear network coding scheme for this multicast scenario.

Example 3.3.2. Consider the example network as shown in Fig. 3.2a. In this example,
each edge has unit capacity, and four unicast sessions coexist in the network, i.e., Q = {w; =
(siyd;) + 1 <1 < 4}. FEach sender s; sends only one source symbol X; to d;, i.e., X; is
a scalar. We consider a partition G = {Q; = {wi,wa}, Q2 = {ws,ws}}. The allocation of
network capacities is as follows. If e is an outgoing edge of s1,s9 or an incoming edge of
di,da, hi(e) = 1; if e = (u,v), hi(e) = 3; otherwise, hy(e) = 0. If e is an outgoing edge of
$3, 54 or an incoming edge of ds, dy, ho(e) = 1; if e = (u,v), ho(e) = 3; otherwise, hy(e) = 0.
In Fig. 3.2b, we depict the sub-capacitated networks N; and A5, where we overlook all the

edges with zero capacities. We also show an MPC of length 2 in Fig. 3.2b. For example,
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the encoding-matrices and the decoding matrices for 2; are as follows:

Ei (514 = E1 510 = (1 0)7 Ei (550 = Ei (s = (1 0)"
Ei =01 01 0 Ejwa =Eiws=(01 07

D,=D,=(1 0 1 0

Note that both d; and dy can decode the two source symbols X; and X,. Similarly, we
can write down the encoding matrices and the decoding matrices for {25. Hence, the linear
network coding scheme is an MPC. Clearly, this MPC achieves one half rate for each unicast

session. |

Proposition 3.3.1. The MPC as shown in Fig. 3.1b and Fig. 3.2b achieve the maximal

symmetrical rate achieved by any linear/nonlinear network coding schemes.

Proof. See Appendix E.1. [ |

The choice of G and H is subject to various practical goals, which we explain in detail in

Section 3.3.3.

3.3.2 Achievability of Multicast-Packing Code

In this section, we characterize the rate region of MPC for a given partition of the unicast
sessions. We first introduce the following concept. Given S C Vandd € V — S, an S —d

flow over AV is a function f : E — Rsq which satisfies the following conditions:

1. For each edge e € E, 0 < f(e) < h(e).
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2. For each node v € V — (SU{d}), the following flow conservation law must be satisfied:

Zeeln(v) f(e) - ZeéOut(v) f(e)

The value of flow f at v € S is defined as val(f,v) = >~ couw) f(€) = Dcem) f(€)- A S—d
cut is a partition (W,U) of V such that S C W, d € U, and W UU = V. The cut-set of
cut (W,U) is defined as C(W,U) = {e € E : tail(e) € W,head(e) € U}. The capacity of cut
(W,U) is defined as the capacity of its cut-set. Let mincut(S,d, N') denote the minimum

capacity of all S — d cuts over N

The following theorem fully characterizes the rate region achieved by MPCs with respect to
(G, H).

Theorem 3.3.1. Assume the size of finite field F, is greater than |Q2|. Let R = (Ry,--- , Rjq|) €

RIZQOl. Then the following statements are equivalent:

1. R is achievable through MPC with respect to (G, H).

2. For each Q; € G and each d; € D(;), there exists a S(Q;) — d; flow f;; over N; =
(V, E, h;) such that val(f;;,s;) = R, for each s; € S(€).

3. For each Q; € G and each d; € D(Q;), the following condition is satisfied:

> R < minewt(U, d;, N;) VU C S(),U # 0 (3.2)
s;eU
Proof. See Appendix E.3. |

Example 2 - continued. Let us consider again the example provided in Fig. 3.2a to
explain Theorem 3.3.1. For Q; = Q; and d; = d;, we construct a {s, so} — dy flow fi; over

N1 = (V,E, hy) as follows: For e € {(s1,u), (u,v), (v,dy), (s2,d1)}, fii(e) = 0.5; otherwise,
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fir(e) = 0. For Q; = Q; and d; = do, we construct a {sy,s2} — dy flow fio as follows: For
e € {(s2,u), (u,v), (v,ds), (s1,ds2)}, fi2(e) = 0.5; otherwise, fi2(e) = 0. It is easy to see that
val(fi;,s;) = 0.5 for i = 1,2 and j = 1,2. Similarly, we can verify the case for Q; = (2, and

sj = ds, d4. This indicates that the MPC can achieve a symmetrical rate % |

3.3.3 Linear Program for MPC

In this section, we formulate a linear program to calculate the performance achieved by MPCs
for a given partition of the unicast sessions. Theorem 3.3.1 yields a set of linear constraints
to describe the rate region achieved by multicast-packing code for a given partition G. In

addition to Eq. (3.1), we add the following linear constraints:

e For each Q; € G, d; € D(Q;) and s; € S(€;), the value of the S(€;) — d; flow f;; at s

equals R;:

Rl - ZeEOut(sl) fij (6) - Zeeln(sl) fij (6) (33)

e For each Q; € G and d; € D(€;), fi; must satisfy the flow conservation law at each

veV —(S() U {d;}):
Zeeout(v) fiale) = Zeeln(v) figle). (3.4)

e For cach ©; € G, d; € D(€) and ¢ € E,
0< fi;(e) < hile). (3.5)

Remark. It can be easily seen that if each {2; only contains one unicast session, the above

linear constraints are reduced to those of a routing scheme, in which each node only forwards
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the symbols it receives. Hence, routing can be viewed as a special case of MPC.

In practice, the above constraints can be combined with additional constraints and various

objectives to form a linear program. In this paper, we consider the following two objectives:

o Maximum common rate: We require that the transmission rate of each unicast session
must be at least a rate R(G). In addition to Eq. (3.1) and Eq. (3.3)-(3.5), we add the

following linear constraint for each s; € S(£2),
R, > R(G). (3.6)
The objective is simply:

Maximize R(G). (3.7)

e Minimum cost: We require that the transmission rate of each unicast flow w; must
be at least a fixed value ¢;. In addition to Eq. (3.1) and Eq. (3.3)-(3.5), we add the

following constraint for each s; € S(9),

R > q. (3.8)
Let a : E — Ry be a function such that a(e) denotes the cost of occupying unit
capacity along e. The objective is simply:

1€

Minimize ZeeE Zizl a(e)hi(e). (3.9)

Remark. As it is seen, the allocation of network capacities H are decision variables in the
above linear programs (see Eq. (3.1)). Thus, the solution to these linear programs not only

allows us to evaluate the performance achieved by MPC for a given partition G, but also

71



includes H as part of the LP solution. From practical perspective, we only need to find
the best partition G such that the MPC constructed from the LP solution achieves the best
performance among all MPCs for . Yet, when |Q2] becomes large, finding such partition as
an LP solution is computationally expensive. Therefore, we present a practical partitioning

algorithm based on simulated annealing techniques in the next section.

3.4 Simulated Annealing Algorithm to Find Good Par-

titions

In this section, we present a practical partitioning algorithm to approximate the best par-
tition of 2 by employing simulated annealing technique [58]. The running process of the
algorithm is divided into stages, each of which is associated with a positive value T' (also
called temperature [58]). During each stage, it performs a random walk in the space of par-

titions of €2. The probability that it moves from the current partition G to another partition

gl 18

1 if r1 is better than r;
Pr(r,r,T) =

exp(— w) otherwise.

where r, r; denote the values of the objective function corresponding to G and Gy, respectively.
At the end of each stage, we reduce T by a constant factor. Note that in case G; is worse than
G, there is still probability that the algorithm will move to G;. This strategy prevents the

algorithm from being stuck at a sub-optimal partition, which is typical of a greedy strategy.
The algorithm consists of the following parts:

Initialization (lines 1-4): The algorithm starts with a trivial partition G, in which each
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Algorithm 1: Algorithm to find good partition

1 G+ {{wi}:1<i<|Q]}; // Initialize partition
2 (r,H) + solve(G) ; // Solve LP
3 (Topts Hopt) < (1, H); Gopt < G ; // Store the result
a T+ Ty // Setting initial temperature
5 fori+ 1 to ado

6 j— 1k« 1

7 while j <8 and k <(do

8 G1 < get(9) ; // Get a new partition from G
9 (r1,H1)  solve(G) ; // Solve LP
10 if r; is better than 7,y then

11 (ropta Hopt) — (Th H1)7

12 gopt — G1;

13 end

14 if oracle(r,r1,T) = true then

15 r711,G 4 G1; // Move to the new partition
16 k+—k+1; // Record successful moves
17 end

18 j<J+1

19 end

20 T+ Txn; // Decrease temperature by a factor
21 end

22 return (7opt, Hopts Gopt);

23 function get(G)

24 Select ; randomly from G; select w; randomly from €;;
25 Select Q; randomly from G U {0} such that Q; # Q;;

26 Q; + Q; — {wl}, Qj — Qj @] {wl};

27 if Q; is empty then G «+ G — {Q;};

28 return G;

20 function oracle(r,r,T)

so if rq is better than r then return true;

31 Randomly select a number ¢ in the range [0, 1];
32 if 0 < exp(—w) then return true;

33 else return false;

contains only one unicast flow w; (line 1). An LP solver is invoked to compute the solution
(r,H) to the linear program constructed from G (line 2), where r denotes the value of the
objective function, and H the allocation of network capacities included in the solution. Then,

T is initialized to Tj (line 4).

The for-loop (lines 5-22): The major body of the algorithm is the for-loop. Each iteration
of the for-loop corresponds to a stage. The major body of the for-loop is a while-loop (lines

7-19). At the beginning of the while-loop, the algorithm calls a function get to generate a
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Common rate

—> Stage 1
—> Stage 2
—— Stage 3

{wr,wa, wak {ws, ws}

23}

2/5 |

fr} |

Y.
f} {ws} {wi} {ws) {ws, ws} {;-1} {wa) {ws)

Figure 3.3: An example of the running process of the simulated-annealing algorithm for the
network shown in Fig. 3.1. The vertical axis marks the maximal common rates achieved by
MPCs with respect to different partitions. The dashed lines denote the operations performed
by the get function, and the solid arrows represent transitions between partitions. For
example, for the initial partition, the get function moves w; from {w;} to {ws}, resulting
in the partition {{wy,ws}, {ws}, {ws}, {ws}}. The algorithm runs for three stages, with the
transitions in each stage being marked in a different color. The algorithm finds the optimal
partition {{wy,wq, w3}, {wy,ws}} after three stages.

new partition G; from G (line 8). The LP solver is invoked to compute the solution of the
linear program constructed from G (line 9). If ry is better than the best objective found
previously, the algorithm records this better solution (lines 10-13). A function oracle is then
called to decide if the algorithm moves to the new partition G; (lines 14-17). At the end
of each stage, T' is reduced by a factor n (line 20). The function get is used to generate a
random partition from the given partition G. It first randomly picks up two distinct subsets
€2;,€);, and a unicast session w; € €2;. Then, it moves w; from €; to €2;, and returns the final

partition.

Fig. 3.3 shows an example of the running process of the algorithm for the example of Fig.

3.1. The algorithm starts from {{w;}, {wa}, {ws}, {ws}, {ws}}, and the corresponding MPC

achieves a maximal common rate of 2. It then moves to the partition {{w,ws}, {ws}, {ws}, {ws}},
1

with the maximal common rate increased to 5 Due to the random nature of the anneal-
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ing algorithm, at the next step, it moves to {{wz, w4}, {w1}, {ws}, {ws}}, with the maximal
common rate decreased to % The whole process consists of three stages, marked in different
colors. Stage 1 (marked in blue) has a higher temperature than stage 2 (marked in purple).
Thus, the algorithm moves more violently in stage 1 than it does in stage 2. At the end of

stage 3, the algorithm reaches the optimal partition.

To deal with large scenarios, we divide the space of partitions of €2 into disjoint sub-spaces,
and assign each of them to a dedicated processor. Then, these processors run the algorithm
in parallel by randomly moving in the assigned sub-spaces. At last, we choose the best

partition returned by these processors.

3.5 Evaluation

3.5.1 Simulation Setup

We evaluate the performance of our approach via simulations. We used a network (see Fig.
3.4), which has been used by other researchers [21,27], for our simulations. It has been shown
by previous work [21,27] that network coding exhibits better performance than routing only
when shared bottlenecks are present. Thus, in our simulations, we focus on communication
scenarios, where senders are separated from receivers by bottleneck links, e.g., e5, eg and e,
that have lower bandwidths and higher costs than other links. By changing the positions
of senders and receivers, this network allows us to investigate the influence of the positions
of bottlenecks on the performance of MPCs. The outgoing edges of a;’s (1 < i < 9) and
the incoming edges of b;’s all have infinite capacities and zero costs. Each multiple-unicast
scenario € is a subset of {(a;,b;) : 1 <,j <9} such that the senders and the receivers are
all distinct. We considered the cases where 3 < |Q2] < 7. For each setting of |€2|, we randomly

constructed 50 multiple-unicast scenarios. We considered two objectives, maximum common
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Figure 3.4: The network used for simulation.
rate and minimum cost. For the first objective, we considered two capacity settings for the

edges other than the outgoing edges of a;’s and the incoming edges of b;’s:
Scenario 1: The edges all have unit capacities.

Scenario 2: h(ez) = h(es) = h(er) = 0.5, h(eg) = 0.1. The other edges have unit capacities.
In this network, for the second objective, each edge has infinite capacity. We required that
each unicast session must achieve at least unit rate. We considered two cost settings for the

edges other than the outgoing edges of a;’s and the incoming edges of b;’s:

Scenario 3: a(e1) = a(ez) = ales) = aley) = 10,a(eg) = 100. The other edges have unit

costs.
Scenario 4: a(es) = a(es) = a(er) = 10, a(eg) = 100. The other edges have unit costs.

Scenarios 2-4 model many practical transmission scenarios, where the end users are commu-
nicating with each other through long-distance links, which usually have limited bandwidths
and higher costs than local links. The parameters for the simulated annealing algorithm
were: T =05, a=7, =92 (=46, n= 0.9, k = 7. We used GLPK 4.47 as the LP
solver. All the simulations were run on a desktop computer with Intel core i3 CPU and 2GB

memory.
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Table 3.1: Simulation results.

Q 6 (%) | A (%) | 7 (sec) (9 0 (%) | A (%)| T (sec)

3 36 27.78 | 5.07 3 18 94.44 | 3.23
4 20 100 4.74 4 20 100 4.74
) 10 28.75 | 11.23 | 5 30 96.67 | 6.71
6 46 89.13 | 9.75 6 46 89.13 | 9.75
7 34 18.37 | 13.08 | |7 50 84 15.32

(a) Max. common rate, Scenario 1 (b) Max. common rate, Scenario 2

Q| 5 (%) | A (%)| T (sec)

Q| 5 (%) | A (%) | T (sec)

3 26 27.94 | 3.47 3 18 30.59 | 3.91
4 38 21.46 | 6.64 4 20 29.51 | 7.11
5 44 26.04 | 10.20 | B 30 27.22 | 10.8
6 60 26.73 | 14.01 | 6 46 24.69 | 12.16
7 66 25.36 | 17.78 | |7 50 23.5 17.76
(¢) Min. cost, Scenario 3 (d) Min. cost, Scenario 4

3.5.2 Simulation Results

Let ¢,, denote the objective obtained by the partitioning algorithm, ¢, the optimal objective
achieved by routing, and A,.. the number of scenarios in which g, is better than ¢,. We
define the following metrics to evaluate the results: i) Performance gain, A = W x 100%;
i) ratio of scenarios with gains, § = 2se x 100%; iii) the average running time 7 of the
partitioning algorithm. We averaged the performance gains over all scenarios with gains.

The simulation results are shown in Table 3.1. We make the following observations:

Except for Scenario 1, the ratio of scenarios for which MPC achieves gains over routing all
increases with |Q2|. Moreover, under Scenarios 2-4, MPC outperforms routing in almost half
of the scenarios when |Q2] = 6,7. Under Scenario 3, MPC outperforms routing for more
than 60% of the scenarios when |Q2] = 6,7. For these scenarios, MPC is more scalable than
routing in the sense that the chance of obtaining performance gains through MPC increases

with [€].

Under Scenarios 1-2, we observed that MPC achieves considerably better performance than

routing for some scenarios. Under Scenario 2, MPC nearly doubles the performance of
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routing for the scenarios with gains. Under Scenarios 3-4, MPC still achieves a performance
gain over routing ranging from 23% to 30% for the scenarios with gains. Since the ILP-based
approach [21] converges very slow even for four unicast flows, we compare MPC with the
evolutionary approach [27]. We consider the particular scenario presented in [27], where
Q = {(ay,b7), (az, b1), (a7,bs), (as, bs)} and the cost setting is the same as Scenario 3. For
this scenario, MPC achieves a cost of 148, whereas the best cost achieved by the evolutionary

approach over 30 runs of simulations is 156 [27].

The simulated annealing algorithm is efficient in finding good partitions. For most scenarios,
the running time of the algorithm never exceeds 17 seconds. This is mainly because the
algorithm only needs to search in the space of the partitions of 2. Note that, even for
|©2] = 5, the integer linear program in [21] contains around 68700 and 1400 variables, and
around 67500 and 1700 constraints. This makes the converging speed of the integer linear
program very slow, and may fail to converge in a reasonable time. In contrast, for |Q2] = 7 and
|G| = 6, our linear program contains only 750 variables and 791 constraints, and each stage of
the algorithm takes no more than 2 seconds for most scenarios. The evolutionary approach
in [27] performs a random walk in the space of the coding vectors in the network. With each
generation taking around one second, the total running time is around 100 seconds for 100
generations. In contrast, the simulated annealing algorithm preforms a random walk in the
space of the partitions of €2, which is much smaller than the space of the coding vectors.
This greatly reduces the random steps the algorithm takes. The simulation results fully

demonstrate the efficiency of the simulated annealing algorithm in finding good partitions.

3.6 Summary

In this chapter, we propose a novel approach, MPC, to construct linear network coding

schemes for multiple unicast sessions. We propose a set of linear constraints to describe the
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rate region achieved by MPC for a given partition of the multiple unicast sessions. These
linear constraints can be combined with various objectives and additional constraints to form
linear programs to calculate the performance achieved by MPC. The succinct formulation
of these linear programs allow us to quickly analyze the performance of MPC. We further
present a practical partitioning algorithm to find good partitions such that the resulting
MPC approximates the best performance among all MPCs. Simulation results demonstrate

the performance of MPC and the efficiency of the partitioning algorithm.
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Chapter 4

Routing-Optimal Networks for

Multiple Unicast Sessions

4.1 Introduction

In this chapter, we consider the nonlinear network model, in which each node can perform
non-linear network coding operations. In general, non-linear network coding schemes can
achieve better rate than linear network coding schemes [13]. Yet, there exist networks,
for which routing is sufficient to achieve any rate vector achieved by any linear/nonlinear
network coding schemes. We refer to these networks as routing-optimal networks. We
attempt to answer the following questions: 1) What are the distinct topological features of
these networks? 2) Why do these features make a network routing-optimal? The answers
to these questions will not only explain which kind of networks can or cannot benefit from
network coding, but will also deepen our understanding on how network topologies affect

the rate region of network coding.

A major challenge is that there is currently no effective method to calculate the rate region of
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network coding. Some researchers proposed to use information inequalities to approximate
the rate region [13,14]. However, except for very simple networks, it is very difficult to use
this approach since there is potentially an exponential number of inequalities that need to
be considered. [17,18] provides a formula to calculate the rate region by finding all possible
entropy functions, which are vectors of an exponential number of dimensions, thus very

difficult to solve even for simple networks.

In this chapter, we employ a graph theoretical approach in conjunction with information
inequalities to identify topological features of routing-optimal networks. Our high-level idea
is as follows. Consider a network code. For each unicast session, we choose a cut-set C'
between source and sink, and a set P of paths from source to sink such that each path in P
passes through an edge in C'. Since the information transmitted from the source is totally
contained in the information transmitted along the edges in C, we can think of distributing
the source information along the edges in C' (details will be explained later). Moreover, we
consider a routing scheme in which the traffic transmitted along each path P € P is exactly
the source information distributed over the edge in C' that is traversed by P. Such a routing
scheme achieves the same rate vector as the network code. However, since the edges might
be shared among multiple unicast sessions, such a routing scheme might not satisfy the edge
capacity constraints. This suggests that the cut-sets and path-sets we choose for the unicast
sessions should have special features. These are essentially the features we are looking for to

describe routing-optimal networks.

We make the following contributions:

e We identify a class of networks, called information-distributive networks, which are
defined by three topological features. The first two features capture how the edges in
the cut-sets are connected to the sources and the sinks, and the third feature captures

how the paths in the path-sets overlap with each other. Due to these features, given
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a network code, there is always a routing scheme such that it achieves the same rate
vector as the network code, and the traffic transmitted through the network is exactly

the source information distributed over the cut-sets between the sources and the sinks.

e We prove that if a network is information-distributive, it is routing-optimal. We also
show that the converse is not true. This indicates that the three features might be too

restrictive in describing routing-optimal networks.

e We present examples of information-distributive networks taken from the index coding

problem [31,59] and single unicast with hard deadline constraint.

The rest of this chapter is organized as follows. In Section 4.2, we present related work.
In Section 4.3, we present preliminaries. In Section 4.4, we present the detailed description
of information-distributive networks. In Section 4.5, we present examples of information-
distributive networks related to index coding problem, and single-unicast with hard deadline
constraint. In Section 4.6, we show that information-distributive networks don’t include all

routing-optimal networks.

4.2 Related Work

Network coding was first proposed as an alternative technique to routing, with the expec-
tation that it will achieve better rate than routing. However, it was shown that for certain
networks, the benefits gained from network coding compared with routing are very limited.
For example, Yin et al. considered bidirected networks with a multicast session, where for
each edge (u,v), there exists an edge (v, u) with opposite direction [60]. They showed that
the coding advantage, defined as the ratio between the maximal rate achieved by network
coding and that achieved by routing, is upper-bounded by a link capacity parameter. In

particular, if the two edges with opposite directions have the same capacity, the coding
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advantage equals one, i.e., network coding provides no advantage over routing. Some re-
searchers consider network coding for multiple unicast sessions over undirected networks,
where the capacity of an undirectional edge is shared by the two opposite channels between
the two end nodes of the edge. It was conjectured that network coding provides no benefit
over routing for undirected networks [61]. Jain et al. proved that the conjecture is true for a
undirected bipartite network [62]. They further proved that for directed bipartite networks,
the maximum rate achieved by network coding is upper bounded by a rational number. Xi-
ahou et al. utilized a space information flow approach to prove that the conjecture holds for
certain networks, and they further proved the coding gain is upper bounded for certain undi-
rected networks [63]. Langberg and Médard proved that the coding gain is upper bounded
by 3 for certain networks with strong connectivity [64]. Sengupta et al. showed that network
coding doesn’t provide any benefit over routing for a P2P network model, where the uplink

capacity of each node is much lower than the downlink capacity [65].

4.3 Preliminaries

4.3.1 Network Model

The network is represented by an acyclic directed multi-graph G = (V, E), where V and E
are the set of nodes and the set of edges in the network respectively. Edges are denoted by
e = (u,v,i) € VXV X Zsg, or simply by (u,v), where v = head(e) and u = tail(e). Each
edge represents an error-free and delay-free channel with capacity rate of one. Let In(v) and

Out(v) denote the set of incoming edges and the set of outgoing edges at node wv.

There are K > 1 unicast sessions in the network. The ith unicast session is denoted by
a tuple w; = (s;,d;), where s; and d; are the source and the sink of w; respectively. The

message sent from s; to d; is assumed to be a uniformly distributed random variable Y; with
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finite alphabet Y; = {1,--- ,[2"%]}, where R; is the source information rate at s;. All Y;’s
are mutually independent. Given 1 < i < j < K, denote Y;;; = {Y,, : ¢ < m < j}. We

assume In(s;) = Out(d;) =0 for all 1 <i < K.

Let mincut(u, v, G) denote the minimum capacity of all cut-sets between two nodes u and
v. Given two nodes u, v, let P,, denote the set of directed paths from u to v. The routing

domain of w;, denoted by G, is the sub-graph induced by the edges of the paths in Ps,4,.

4.3.2 Routing Scheme

A routing scheme is a transmission scheme where each node only replicates and forwards the

received messages onto its outgoing edges. Define the following linear constraints:

where f;(P) € R represents the amount of traffic routed through path P for w;. A rate
vector R = (R : 1 <1 < K) € R, is achievable by routing scheme if there exist f;(P)’s
such that (4.1) and (4.2) are satisfied. The rate region of routing scheme, denoted by R, is

the set of all rate vectors achievable by routing scheme.

4.3.3 Network Coding Scheme

A network coding scheme is defined as follows: [17]

Definition 4.3.1. An (n,(n.:e € E),(R; : 1 <i < K),(0; : 1 <i < K)) network code with
block length n is defined by:

84



. for each 1 <i < K and e € Out(s;), a local encoding function: ¢, : Vi — {1, -+ ,ne};

. for each v € V —{s;,d; : 1 < i < K} and e € Out(v), a local encoding function:

Pe - He’eln(v){L U 7778'} - {17 T 7776};
. for each 1 <7 < K, a decoding function: ); : He,eln(di){L ey = Vi

. for each 1 <7 < K, the decoding error for w; is §; = Pr(z/:i(}/l:K) #Y;), where @/NJZ(YlK)

is the value of v; as a function of Y7.x.

Given e € FE, let U, = gf;e(XG;K), where gzge(Yl;K) is the value of ¢, as a function of Y7.g,

denote the random variable transmitted along e in a network code. For a subset C' C F,

denote Ug = {U, : e € C}.

Definition 4.3.2. A rate vector R = (R, : 1 < i < K) € Rgo is achievable by network

coding if for any € > 0, there exists for sufficiently large n, an (n, (n.:e € E),(R; : 1 <i <

K),(0; : 1 <1 < K)) network code such that the following conditions are satisfied:

1
—logn. <1+e€ Vee E (4.3)
n
R >R —e¢ V1<i<K (4.4)
5 < e Vi<i<K (4.5)

The capacity region achieved by network coding, denoted by R,,., is the set of all rate vectors

R achievable by network coding.

Given a network code that satisfies (4.3)-(4.5), the following inequalities must hold:

1
EH<U€) < Elog(ne) <l+e Vee &/ (4.6)
1 1
EH(Yi) = Elog((anﬂ) >Ri>R,—¢ V1<i<K (4.7)
1 1
EI(YZ»; Un)) > (1 —€)(R; —¢€) — - ViI<i< K (4.8)
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where (4.8) is due to Fano’s Inequality:

I(Y;; Una,)) = —(H(Y;) — d;log |Vi| —

S|

(1 =0)H(Yi) — == (1 —€)(R; —€) —

SI—3|+~

)
1

S|

4.3.4 Routing-Optimal Networks

Since routing scheme is a special case of network coding, R, C R,..

Definition 4.3.3. A network is said to be routing-optimal, if R,. = R,, i.e., for such

network, routing is sufficient to achieve the whole rate region of network coding.

4.4 A Class of Routing-Optimal Networks

In this section, we present a class of routing-optimal networks, called information-distributive
networks. We first use examples to illustrate the topological features of these networks, and
show why they make the networks routing-optimal. Then, we define these networks more

rigorously.

4.4.1 Illustrative Examples

Example 4.4.1. We start with the simplest case of single unicast. It is well known that
for this case, a network is always routing-optimal [1]. In this example, we re-investigate this
case from a new perspective in order to highlight some of the important features that make
it routing optimal. Let m = mincut(sy,d;, G), and C' = {ey, - , e, } is a cut-set between s;

and d;. Assume R{ € R,.. Therefore, for ¢ = £ > 0 (k € Zy), there exists a network code
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11
;I(yl; Uez |Uel)

1
EI(YI; Ue3|Uelv Uez)

1
~ 1053 Ue, 1)

g P e A —— Hd,
1 Py € 1
- 1 (Y13 Ue, |Uey, Ue,) 2123 Ue, |11, Ue,)
(a) Single unicast session (b) Two unicast sessions

Figure 4.1: Examples of information-distributive networks, where s;,d; (1 < i < 2) are the
source and the sink of the 7th unicast session respectively. For each network, we also show
a routing scheme that achieves the same rate vector as network coding scheme, where the
dashed lines represent the paths that carry non-zero traffic. Beside each such path, we also
mark the amount of traffic carried by the path.

such that (4.3)-(4.5) are satisfied. In the followings, all the random variables are defined in

this network code.

One important feature of this network is that each path from s; to d; must pass through at

least an edge in C'. Thus, Uyq,) is a function of Ug. The following inequality holds:

I(Y1; Unay)) < 1(Y1;Uc) (4.9)

The following equation holds:

m

I(Y1;Uc) = Z[(YHUEJ-’U{Q,---,QA}) (4.10)

Jj=1

Intuitively, we can interpret (4.10) as follows: I(Y;;U,,) is the amount of information about
Y that can be obtained from U, I(Y3; U, |U., ) the amount of information about Y; that can
be obtained from U,,, excluding those already obtained from U,,, and so on. Hence, (4.10)

can be seen as a “distribution” of the source information over the edges in C'. Moreover, for
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each 1 < 7 < m, we have:

I(Yi7 Uej |U{€1,-~~ ,6]',1}) S H(Uej) (411)

Another important feature is that due to Menger’s Theorem, there exist m edge-disjoint
paths, Pi,---, Py, from s; to d; such that e; € P; for 1 < j < m. Due to this feature, we
can construct a routing scheme by simply letting each P; transmit the information distributed

on e;:

LIV Ue)|Utey ey 0y) P =P;,1<j<m
fn,k(p) — (4.12)

0 otherwise.

In Fig. 4.1a, we depict such a routing scheme. Clearly, due to (4.6) and (4.11), the above

routing scheme satisfies the following inequalities:

[P < =HU,) <1+ - (4.13)

- k

S|

Moreover, due to (4.8)-(4.10), we have:

m

> P =3P = (Y Ue)
PEPsyay 7=l (4.14)

1 1 1 1
>_ . > I N
>~ 1(Vi; Unay) (1 k) <RZ k) -

Since f™*(P;) have an upper bound (see (4.13)), there exists a sub-sequence (n;, k)72, such

that each sequence (f™*(P;))i2, approaches a finite limit. Define the following routing
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scheme:

limy o froR(P) if P = Pi(1 < j < m);
fl(P> =

0 otherwise.

Due to (4.13) and (4.14), the above routing scheme satisfies (4.1) and (4.2). Hence, R} € R,,

which implies R,.. € R,. Therefore, the network is routing-optimal. [ |

As shown above, two features are essential in making a network with single-unicast routing-
optimal. The first feature is the existence of a cut-set such that each path from the source to
the sink must pass through an edge in the cut-set. Due to this feature, the source information
contained in Up,q,) can be completely obtained from the messages transmitted through the
cut-set C' (see (4.9)). The second feature is the existence of edge-disjoint paths Py,--- , P,
each of which passes through exactly one edge in C'. Due to this feature, a routing scheme
can be constructed such that the traffic transmitted along the paths Py, --- , P,, is exactly
the information distributed on the edges in C' (see (4.12)). These two features together
guarantee that the routing scheme achieves the same rate as network coding (see (4.13),

(4.14)).

However, extending these features to multiple unicast sessions is not straightforward. One
difference from single unicast is that Up,4,) may not be a function of U, where C'is a cut-set
between s; and d;, and thus (4.9) might not hold. Another difference is that the information
from multiple unicast sessions might be distributed on an edge, and thus (4.11) might not
hold. Moreover, the paths for multiple unicast sesssions might overlap with each other, and
thus (4.13) might not hold. These differences suggest that the cut-sets and the paths, over
which a routing scheme is to be constructed, should have additional features in order for
the resulting routing scheme to achieve the same rate vector as network coding. We use an

example to illustrate some of these features.
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Example 4.4.2. Consider the network shown in Fig. 4.1b. Consider an arbitrary rate
vector R = (R}, R}) € Ry.. Therefore, for € = + (k € Zs), there exists a network code that

satisfies (4.3)-(4.5). In the sequel, all the random variables are defined in this network code.

For wy, we choose a cut-set C = {ey,eq,e3} between s; and dp, and a set of paths P; =
{P11, P12, P13} that pass through ey, ey, €3 respectively; for we, we choose a cut-set Cy =
{ea,e3} between s, and dy, and a set of paths Py = { Py, Py} that pass through ey, e3

respectively.

We first investigate C',C3. One important feature is that each path from s, to d; passes
through at least an edge in C;. Thus, C is also a cut-set between {s1, s5} and d;, and Utn(dy)

is a function of U¢,. Hence, we have:
I(Y1; Unay)) < 1(Y1;Ucy) (4.15)

Moreover, Out(s;) U Cy is a cut-set between {s1,s2} and da, and Uouys,) is a function of Y;.

Hence Umyg,) is a function of Y7, Ug,, which implies:
1(Yy; Unan V1) < 1(Ya: Uy [Y2) (4.16)

We distribute the source information over C7, Cy as follows:

I(Y1;Uc,) = I(Y1;Uey) 4+ 1(Y1; Uey | Ue, )
+ I(Y1; Ue3|U{61,ez}) (4.17)

I(Ya; Uc, [Y1) = 1(Ya2; Ue, [Y1) + 1(Y2; Uey | Y1, Ue, )

Another feature about C7, Cy is that edge e; is connected to only one source sq, and thus U,,

is a function of Y;. As shown below, this feature guarantees that the information distributed
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on an edge e € C7;UCY is completely contained in U,. First, for ey, it can be easily seen that:
I(Y1;Ue,) < H(U.,) (4.18)

For ey, we have:

](Yl; Uez|U61) + ](YQ; U62|Yl)
O (Ve U |Usy) + T(Ya; Uny | V2, Usy) (4.19)

:[(}/17}/2a UCQ‘UGI) S H(UeZ)

where (b) is due to the fact that U,, is a function of Y7, and thus, I(Ys; U,,|Y1) = 1(Ys; U,,|Y1, Ue,).

Similarly, for es, we have:

I(Yi, U63|U{€1,62}) + 1(5/27 Ues‘YL Uez)
DIY1: Uey|Uger eap) + 1Yo Uy |1, Uy ) (4.20)

:I(YL )/2; Ueg ’U{el,ez}) S H(Ueg)
where (c) is again due to the fact that U,, is a function of Y].

Next, we investigate P;, Po. One important feature is that if P € P; overlaps with P’ € P,
PﬂCl = PlﬂCg. For example, P12 overlaps with P21, and P12 ﬂCl = P21 ﬂCQ = {62}. This

feature ensures that the information distributed over C4, Cs can be further distributed over
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the paths in Py, Ps. To see this, we construct the following routing scheme:

(
. %](Yl; Ue;\Uger o e;_1y) I P =P, 1<5<3
1(P) =4

0 otherwise.
\

(

S1(Ya; U, V1) if P = Py;

2" (P) = LI(Yy; U, |V, Uy) if P = Py

0 otherwise.
\

Due to (4.18)-(4.20), we can derive that for each e € Cy U Cy,

HU:) <1+ % (4.21)

S|

YooY P <

i=1 PEP,, 4, ,c€P

For e4, we have:

DD S A 02

=1 PE'PSidi ,e4€EP

n n 1 1
=R () + fiF(Py) < EH(U”) <1+ -

Likewise, we can prove that (4.21) holds for all the other edges of the paths in P; UP,. Due

to (4.15)-(4.17), the following inequalities hold for : = 1,2

> Py = (1 - %) (R; - %) +% (4.22)

PePs,a,

By (4.21), there exists a sub-sequence (ny, k;);2; such that for all P € Py UP, and i = 1,2,
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the sub-sequence (f;" Lk (P))2, approaches a finite limit. Define a routing scheme:

limy_e fIM(P) if PePyi=1,2;
fi(P) = (4.23)

0 otherwise.

Due to (4.21) and (4.22), f;(P) satisfies (4.1) and (4.2). Hence, R € R,, and R, C R,.

The network is routing-optimal. |

4.4.2 Information Distributive Networks

In this section, we present the definition of information-distributive networks. Similarly to
single unicast, for each unicast session w; (1 < i < K), we choose a cut-set C; between s;
and d; such that |C;| = mincut(s;, d;, G;), and a set of paths P; from s; to d;. The collection
of these cut-sets, denoted by W = (C;)X |, is called a cut-set sequence, and the collection
of these path-sets, denoted by K = (P;)X,, is called a path-set sequence. For instance, in
Example 4.4.2, we choose a cut-set sequence W = (C;)%,, where C} = {e1, eq, €3} is a cut-
set between s; and dy, and Cy = {ey,e3} is a cut-set between sy and dy, and a path-set
sequence K = (P;)2_,, where P; is a path-set from s; to di, and P, a path-set from s, to
ds. Moreover, we arrange the edges in each cut-set in YV in some ordering. For instance, in
Example 4.4.2, we arrange the edges in C in the ordering Ty = (eq, eg, €3), and the edges
in Cy in the ordering Ty = (e, e3). Each such ordering is called a permutation of the edges
in the corresponding cut-set. The collection of these permutations, denoted 7 = (T3)X,, is
called a permutation sequence. For e € C;, let T;(e) denote the subset of edges before e in
T;. For e € E, define W(e) = {C; € W : e € (;}, and a(e) the largest index of the source to

which tail(e) is connected. The first feature is described below.

Next, we formalize the three features we have shown in Example 4.4.2. The first feature is

described below.
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Definition 4.4.1. Given a cut-set sequence W, if for all 1 <14 < j < K, each path from s;

to d; must pass through an edge in C;, we say that W is cumulative.

This feature guarantees that the source information contained in the incoming messages at

each sink d; can be completely obtained from Y;.,_q, Ug,.

Lemma 4.4.1. Consider a network code as defined in Definition 4.3.1. If W is a cumulative
cut-set sequence, then for each 1 < i < K, Y] is a function of Yy,,_;, Ug,, and the following

inequality holds:

I(Y;; Unnay)

}/’l:ifl) S [(}/:LJ UCZ'

Yii-1) (4.24)

Proof. See Appendix F.2. [ |

Given a cumulative cut-set sequence W and a permutation sequence T for W, we can

distribute the source information Y; over the edges in C; as follows:

I(Y;; Ue,

Yiio1) = Z I(Y:; UelYiiio1, Urye)) (4.25)

ecCy
The second feature is presented below. Without loss of generality, let W(e) = {C,,,, -+ ,Cy, },
where 1 <n; <---<n,p < K.

Definition 4.4.2. Given a cut-set sequence VW, we say that it is distributive if there exists
a permutation sequence T for W such that for each e € Ufil C;, the following conditions

are satisfied: for all 1 < j < k,

ae) < ny Ve' € T, (e) — T, (e) (4.26)

a(e) <njq—1 Ve' € T, (e) = Ty, (€) (4.27)
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As shown in Example 4.4.2, let T = (ey, e, e3), and Ty = (es, €3). For ez, W(es) = {C1, Co},
Ty(e3) — Ti(e3) = 0, and thus, (4.26) is trivially satisfied; Ty (e3) — Ta(es) = {e1}, aler) =1,

and (4.27) is satisfied. Similarly, we can verify other edges. Hence, W is distributive.

The above two features ensure that the information from multiple unicast sessions that is

distributed on an edge e € Ufil C; can be completely obtained from U,.

Lemma 4.4.2. Consider a network code as defined in Definition 4.3.1. Given a cumulative

cut-set sequence W, if W is distributive, for each e € Ufil C;, the following inequality holds:

> 1Y UelYaior, Unge) < H(UL) (4.28)
1<i<K,eeC;
Proof. See Appendix F.2. [ |

The third feature is presented below.

Definition 4.4.3. Given a path-set sequence K for W, we say that K is extendable, if for

all 1 <1< j< K, P, €P; and P» € P; such that P, overlaps with P, P, N C; = P, N Cj.

As shown in Example 4.4.2, let K = {Py,Pe}. Clearly, we have Py N Py = {es,e4},
Plgﬂcl :PglmCQ = {62}, and Plgmpgg = {63}, P13m01 :ngﬂC'g = {63}. ThUS, IC is

extendable.

Definition 4.4.4. A network with multiple unicast sessions is said to be information-
distributive, if there exist a cumulative and distributive cut-set sequence W, and an ex-

tendable path-set sequence IC for WV in the network.

As shown in the next theorem, the three features together guarantee that the network is

routing-optimal.
Theorem 4.4.1. If a network is information-distributive, it is routing-optimal.
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V1

Sq dy
2] V3
Vs
Sy d,
Ve vy
S3 d3

Figure 4.2: An example of information-distributive network with three unicast sessions.

Proof. See Appendix F.2. [ |
Example 4.4.3. Consider the network shown in Fig. 4.2. Define the following cut-sets:
Ch = {(5,U1)7 ('U27U3)7 (U4,Us)} Cy = {(02,03), (1)4,175)} Cs = {(U67'U7)7 (537653)}

Define W = (C;)2_,. Define the following paths:

Py = {<317U1)> (Ubdl)} Py = {(51’1}2>7 (U27U3)> (U?ndl)}
Pz = {(s1,04), (va,05), (vs5,d1)}  Par = {(82,v2), (v2,v3), (v3,d2)}

Py = {(s3,06), (v6,v7), (v7,d3)}  Psz = {(s3,d3)}

Define K = {{P117 P12, PlS}:{PZD PQQ},{Pgl, ng}}. It can be verified that W is cumulative

and distributive, and K is extendable. The network is information-distributive. [ |

4.5 More Examples

4.5.1 Index Coding

We consider a multiple-unicast version of index coding problem [66]. In this problem, there

are K terminals t1,--- ,tx, a broadcast station s, and K source messages Xi,--- , Xk, all
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available at s. All X;’s are mutually independent random variables uniformly distributed over
alphabet X; = {1,---,2™}. Each terminal requires X;, and has acquired a subset of source
messages H; such that X; ¢ H,;. s uses an encoding function ¢ : [[, & — {1,---,2'} to
encode the source messages, and broadcasts the encoded message to the terminals through
an error-free broadcast channel. Each ¢; uses a decoding function ; to decode X; by using
the received message and the messages in H;. The encoding function ¢ and the decoding
functions ;s are collectively called an index code, and [ is the length of this index code.

The minimum length of an index code is denoted by [,,,.

This index coding problem can be cast to a multiple-unicast network coding problem over a
network Gy, = (V4, Ey), where V] = {s;,d; : 1 <i < K} U{u,v}, By = {(si,u), (v,d;) : 1 <
i < K} U{(u,v)} U{(sj,d;) : X; € H;}. The K unicast sessions are (s1,dy),- -, (sk,dk).
It can be verified that there exists an index code of length [, if and only if R = (%, cee %)

is achievable by network coding in G.

Let C; = {(u,v)}, By = {(ss,u), (u,v), (v,d;)}. Define W = (C;)E, and K = (P;)E,, where
P; = {P;}. Since each C; contains only one edge, W is distributive. Meanwhile, since all

P;’s overlap at (u,v), K is extendable.

The following theorem states that if the optimal solution to the index coding problem is to let
the broadcast station transmit raw packet, 7.e., no coding is needed, then the corresponding

multiple-unicast network is information-distributive, and the converse is also true.

Theorem 4.5.1. [,,;, = mK if and only if W is cumulative, 7.e., G is information-
distributive.
Proof. See Appendix F.3. |

Example 4.5.1. In Fig. 4.3, we show an example of (G;, which corresponds to an index

coding problem defined by: Hy = 0, Ho = {X1}, Hsz = {X1, Xo}, and Hy = {Xs, X3}
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51 S, S3 S4

d d; ds d,

Figure 4.3: The equivalent network coding problem for an index coding problem. The net-
work is information-distributive, and thus no coding is needed in the index coding problem.

Clearly, W is cumulative, and thus [,,;, = mK. |

4.5.2 Single Unicast with Hard Deadline Constraint

In this example, we consider the network coding problem for a single-unicast session (s, d)
over a network G = (V| E), where each edge e is associated with a delay d. € Z~, and each
node has a memory to hold received data. Given a directed path P, let d(P) = ) . pd.
denote its delay. For e € E, let §(e) denote the minimum delay of directed paths from s to
tail(e). The data transmission in the network proceeds in time slots. The messages trans-
mitted from s is represented by a sequence (Y[t])K,, where Y[t] is a uniformly distributed
random variable, and represents the message transmitted from s at time slot ¢. All Y[t]’s
are mutually independent. We require that each Y'[t| must be received by d within 7 time
slots. Otherwise, it is regarded as useless, and is discarded. This problem was first proposed

by [67] [68]. Recently, it has been shown that network coding can improve throughput by

utilizing over-delayed information [69].

This problem can be cast to an equivalent network coding problem for multiple unicast
sessions. We construct a time-extended graph G' = (V,E) as follows: the node set is
V= {syd : 0<t < KyU{u[t] : 0 <t < K+r}; for each e = (u,v) € E and
0

<t < K+7—d,, we add an edge e[t] = (u[t], v[t+d.]) to E; foru € V,and 0 <t < K471,
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we add M edges from u[t] to u[t 4+ 1], where M is the amount of memory available at u; for
each 0 <t < K, we add J edges from s, to s[t] and J edges from d[t + 7] to d;, where J is
a sufficiently large integer. Thus, the original single unicast session (s, d) is cast to K + 1

unicast sessions (so,do), - , (sx, dx) over G.

Let G[t] denote the routing domain for (s, d;), and m = mincut(so, do, G[0]). It can be seen
that each G[t] is simply a time-shifted version of G[0]. Given a subset of edges U C E, define
Ult] = {(ulk + t],v[l +t]) : (u[k],v[l]) € U}. Let C = {e;[t;] : 1 < j < m} be a cut-set
between sy and dy such that e; € E for 1 < j < m, and P = {P},---, Py} a set of edge
disjoint paths from sy to dy such that e;[t;] € P; for 1 < j < m. Let P[t] = {P[t] : P € P}.

We consider the cut-set sequence W = (C[t])K,, and the path-set sequence K = (P[t])E,.

Lemma 4.5.1. VW is cumulative.

Proof. See Appendix F.3. [ |

Given U C E, a recurrent sequence of U is a sequence consisting of all the edges in U that are
time-shifted versions of the same edge. C[0] is said to be distributive if there is a re-indexing
of the edges in C[0] such that for each recurrent sequence (ey[t,,])¥_; of C[0], the following

conditions are satisfied:

L. for each 1 < j < Kk, if eyfty] € C[0] lies before e[ty |, and e4[t, — tn, +tn,_,] ¢ C[0],

then t, — d(eq) < tn, — 1t —1;

nj_1 3

2. for each 1 < j < k, if e,[ty] € C[0] lies before e,t,,], and ey[ty +t,,,, —tn,] & C[0],

then t, — d(eq) <ty — tn,.

P is said to be extendable if for all P, P; € P and e[k],e[l] € E such that e[k] € P; and

€[Z]E.Pj,6i:€j andtz—t]:k—l
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(a) Original network (b) Routing domain for (sg, do)

Figure 4.4: An example of single unicast with deadline constraint 7 = 7. (a) shows an net-
work with a single unicast (s, d), where ey, ¢ denotes the alias of an edge and its corresponding
delay respectively. (b) shows the routing-domain between sy and dy over the corresponding
time-extended graph G, where the node at coordinate (v,t) is v[t]. In this routing-domain,
C0] = {es[5], eq[2], es[6]} is distributive, and P = {P;, P,, Ps} is extendable. Hence, G is
information-distributive, and therefore, routing-optimal.

Theorem 4.5.2. If C[0] is distributive, and P is extendable, G is information-distributive,

and thus is routing-optimal.

Proof. See Appendix F.3. |

Example 4.5.2. In Fig. 4.4a, we show an example of single unicast with delay constraint 7 =
7. In Fig. 4.4b, we show the routing domain G[0] for (so, do). Let C[0] = {es[5], es[2], es[6]},
and P = { Py, P, Ps}, where Py, P,, P; are marked as black dashed lines in Fig. 4.4b. It can
be verified that C[0] is distributive, and P is extendable. Thus, according to Theorem 4.5.2,

G is information-distributive. [ |

4.6 The Converse is Not True

Note that information-distributive networks don’t subsume all possible routing-optimal net-

works. In the following, we show an example of such a network.
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Figure 4.5: A routing-optimal network that is not information-distributive.

Example 4.6.1. Consider the network as shown in Fig. 4.5. We first show that it is not

information-distributive. Define the following paths:

Py = {ay,e1,bi}, Pio = {as,e3,b2}
P21 - {a37 €3, b3}7P22 - {a47 €5, b4}

Py = {as, €5, b5}>P32 = {GG, €6, bﬁ}

For 1 <i <3, let P; = {Pi, P}, and K = (P;)}_;. Since each source has only two outgoing
edges, K is the only-possible path-set sequence. It can be verified that for all cumulative
and distributive cut-set sequences, K is not extendable. For instance, let C} = {aj,e3},
Cy = {es,bs}, and Cs = {e5, bg}. Clearly, the cut-set sequence W = (C;)3_; is cumulative
and distributive. However, it can be seen that Py, overlaps with Py, but Py N Cy = {bs},
and P3; N C3 = {e5}. Hence, K doesn’t satisfy the condition of Definition 4.4.3. Similarly,

we can verify other cases. Thus, the network is not information-distributive.

Nevertheless, we can show that the network is routing-optimal. Consider an arbitrary rate
vector R = (R}, Ry, R}) € Ry.. For e = ¢ (k > 2), there exists a network code of length n

such that (4.6)-(4.8) are satisfied.
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Define the following cut-sets, and permutations of edges:

C = {61762, 63} Cy = {63764765} Cs = {65, €6, 67}

T = (61762763) 15 = (63,64,65) 15 = (€5>€67€7)

Define the following permutations:

T] = (b1, by) Ty = (b3, bs) T3 = (bs, bg)

Let W = (C;)2_,, and T = (T;)3_,. Clearly, W satisfies the condition of Definition 4.4.1.

Thus, according to Lemma 4.4.1, for © = 1, 2, 3, the following inequality holds:

I(Y5; Umn(ay)

Yii1) < I(Ug;; YilYiio1) (4.29)

Moreover, since T satisfies the conditions of Definition 4.4.2. By Lemma 4.4.2, for e €

U2, C;, the following inequality holds:

3
DO (Vi UelYiior, Unyey) < H(U.) (4.30)

=1 6ECi
Define the following paths:

Py = {ah €1, b1}7P12 = {ala €2, bz},Pls = {a2,€3, bz}
Py = {as, e3,b3}, Pyo = {as, eq,b4}, Pog = {a4, €5, b4}

P3y = {as, e5,b5}, P2 = {as, €6, b6}, P33 = {ag, €7, b6}
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Let P; = {P;1, Pj2, Pi3}. Define a routing scheme as follows:

i

UTi(e)) it Pep;

fp =t

0 otherwise.

Note the following inequalities hold for : = 1,2, 3:

Ly = Y )

PeP;

1 (@) 1

=—I(Y;; U, |Y1im1) > —1(Y3; Urnqay)| Y1i-1)
:; Z I(K? Ue‘}/lzifl7 UTZ(G))

e€ln(d;)

01 1 1 1 1
>—(1—)H(Y,) - = > 4 - =
(1= PHI) = L= (= D= P~

where (a) holds because Uy, is a function of Ug,,Y1,-1; (b) is due to Fano’s Inequality.

Fori=1,2,3,¢ € U . C;, and e € In(d;), define the following notations:

1 1
gt = S HY) it = —H(U)

n 1
gi,ék = HI(YU UelY1:i-1, Ury(e))

Thus, (4.31) can be rewritten in a concise form as:

D DF G Dt
PeP; e€lIn(d;) (4'32)
1 1 1
>(1— =)™ -2 >(1 /
>(1- g~ > (1 (R~

k k:)_n
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Due to (4.31), it can be seen that:

1 1 1

1 n,k n,k
5%” —1<(1- E)yz T < EI(E; Umn(a;) Yii-1)
1 1
<- fﬂu)§2u+g)§3
" e€In(d;)

This means that y”* < 8. Clearly, all y/"*'s, u/v"s, g;f’ek’s and f/"*(P)’s have upper bounds.

Thus, there exists a sub-sequence (ny, k)72, such that ;" vkt uZ}’k’, 95 le’k’ and ff“kl(P) ap-

proach finite limits when [ — oco. Define the following notations:

y; = lim y

i
l—00

Uy = lim ™™ g, = lim g™
e — e/ Gie = gi7e
l—00 =00

Clearly, the following inequalities holds:
ue’§1 gi,eguegl
Define the following routing scheme:

limy_,s fIM(P) if P e P,
fi(P) =

0 otherwise.

We will prove that this routing scheme satisfies (4.1) and (4.2). According to (4.31), we see
that Y pcp, fi(P) > Ry, and thus, (4.1) is satisfied. Moreover, due to (4.30), (4.2) is satisfied

for e € U?:l C;. For asz, we have:

—

[

n n 1
3 (Pa) + 15 (P) = (Vi Upeg e |V1) <

S|

1(Y2; Ugg| V1)
1
gHQ@)§1+E

where (c) is due to the fact that Uy, ., is a function of U,,, Y. Thus, fo(Par)+ fo(Pa) <1,
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and (4.2) is satisfied for as. Using similar arguments, we can prove that (4.2) is satisfied for

ai,as. Now consider by. Due to (4.32), the following equations hold:

Yo = Gobs + Gob, = fo(Po1) + fo(Pa2) + fo(Po3) (4.33)

Meanwhile, since U, is a function of U,,, Y7, the following equations hold:

n 1 1
2’k(P21) = —1(Ys; U,y |Y1) >

n n

1(Y2; Uy Y1) = g3,
Hence, fo(Pa1) > gop,. Combining with (4.33), we have:

Jo(Pa2) + fo(Pag) < gapy, <1

Hence, (4.2) holds for b3. Similarly, we can prove that (4.2) holds for by, bs. It can be easily
seen that for all the other edges, (4.2) also holds. Therefore, we have proved that R € R,.

This means that R,. C R,, and the network is routing-optimal. [ |

4.7 Summary

In this chapter, we present a class of routing-optimal networks, called information-distributive
networks, defined by three topological features. Due to these features, there is always a
routing scheme that achieves the same rate vector as network coding such that the traffic
transmitted through the network is the information distributed over the cut-sets between the
sources and the sinks in the corresponding network coding scheme. We then present some
examples of information-distributive networks related to index coding and single unicast

with hard deadline constraint.
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Chapter 5

Conclusion

In this thesis, we consider the inter-session network coding problem for multiple unicast
sessions over directed acyclic graphs. In particular, we investigate the problem of the effects
of network structure on the rate region achieved by network coding. Based on the types
of coding operations allowed at each node, we consider three network models: (i) dummy
networks, in which each node can only perform random linear network coding; (ii) linear
networks, in which each node can perform linear network coding (not necessarily random);
(iii) nonlinear networks, in which each node can perform nonlinear network coding, i.e., the

coding operations at each node are unlimited.

For the dummy network model, we apply a precoding-based interference alignment approach,
which we refer to as precoding-based network alignment (or PBNA for short), to the network
setting. We show that network structures might introduce dependency relations between
transfer functions, also called coupling relations, which might affect the achievable rate
of PBNA. We observe that since these transfer functions are defined on networks, they
usually possess special properties, called graph-related properties. Using these graph-related

properties, we identify the minimal set of coupling relations, the presence of which will affect
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the achievable rate of PBNA. We present characterizations of these coupling relations in
terms of network topology. Based on these characterizations, we present polynomial-time

algorithms to check the existence of these coupling relations.

For the linear network model, since finding the optimal linear network coding scheme is NP-
hard, we consider a constructive approach to constructing linear network coding schemes,
i.€., partitioning the multiple unicast sessions into disjoint subsets of unicast sessions, and
mapping each subset of unicast session to a multicast scenario. We refer to this approach
as a multicast-packing coding scheme (or MPC for short). We show that the rate region
achieved by MPC for a given partition of the multiple unicast sessions can be described by
a set of linear constraints. These linear constraints can be combined with various objectives
and additional constraints to form linear programs to calculate the performance achieved by
MPC. We further present a practical simulated annealing algorithm to find good partitions
such that the resulting MPC approximates the best performance among all MPCs. Simu-
lation results demonstrate the performance of MPC and the efficiency of the partitioning

algorithm.

For the nonlinear network model, we focus on characterizing the topological features of
routing-optimal networks, i.e., for these networks, linear/nonlinear network coding can-
not provide any benefit over routing. We identify a class networks, namely information-
distributive networks, which are defined by three topological features. We prove that the
information-distributive networks are routing-optimal, and show that information-distributive
networks don’t subsume all possible routing-optimal networks. We further present examples
of information-distributive networks related to the index coding problem, and single-unicast

with hard deadline constraint.
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Appendices

A Proof of Graph-Related Properties of Transfer Func-

tions

A.1 Linearization Property

We first present the following lemma, which plays an important role in the proof of Lineariza-
tion Property and the interpretation of the coupled relations, p;(x) = 1 and p;(x) = n(x).
The basic idea of this lemma is that we can multicast two symbols from two senders to two
receivers via network coding if and only if the minimum cut separating the senders from the

receivers is greater than one.

Lemma A.1. mg(x)mpg(Xx) # mag(x)my(x) if and only if there is disjoint path pair

(Pl,Pg) € Pab X qu or (Pg,P4) € Paq X Ppb.

Proof. We add a super sender s and connect it to s;, and s, via two edges of unit capacity,

and a super receiver d, to which we connect dj, and d;, via two edges of unit capacity. Thus,

114



(c) o(ez2) < ofes)

Figure A.1: The construction of H (in the proof of the Linearization Property) enabled by Lemma
A.1 (P is disjoint with P»)

the transfer matrix at d is

Mab(X)  Mag(X)

M =

Mph(X)  Mpg(X)

It is easy to see det(M) = mgp(X)Mpy(X) — Maq(x)myp(x). Hence, we can multicast two
symbols from s to d, i.e., det(M) # 0, if and only if the minimum cut separating s from d is
at least two, or equivalently there is a disjoint path pair (P, %) € Pap X Py or (Ps, Py) €
Pag X Phpo. [ |

The key to the proof of Lemma 2.6.1 is to find a subgraph H and consider h(x) restricted to
H,ie., h(xg)= %m, where xp consists of the coding variables in H. In fact, due
to graph structure, we can always find H such that some variable x.. appears exclusively
in the numerator or the denominator of h(xy). Thus, by assigning values to xy other than
Teer, We can transform h(xp) into a linear function or the inverse of a linear function in terms

of Zee. Since h(xy) can be acquired through a partial assignment to x, this transformation

also holds for the whole graph GG. The detailed proof is presented below.
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Proof of Lemma 2.6.1. In this proof, given a path P, let Ple : ¢/] denote the path segment
of P between two edges e and €, including e, ¢/. We arrange the edges of GG in topological

order, and for e € E’, let o(e) denote €’s position in this ordering. Moreover, denote h(x) =

Mgy (X) Mg (X), Ba(X) = Mgg(X)mp(x) and d(x) = ged(hy(x), ha(x)). Let sy(x) = &)

d(x)
and s9(x) = }22((:)). Hence ged(sy(x), s2(x)) = 1. It follows u(x) = cs1(x),v(x) = ¢s2(x),

where ¢ is a non-zero constant in Fom. By Lemma A.1, there exists disjoint path pair

(P, Py) € Pap X Ppq or (Ps, Py) € Poy X Ppp. Now we consider the first case.

We arbitrarily select another path pair (P}, P;) € Puq X Ppp. Since Py, P both originate at o,
and P, P; both terminate at 7, there exist e; € P, N P; and e; € P, N Py such that the path
segment along P; between e; and e, is disjoint with P U P,. Similarly, there exist e3 € PoN P
and e; € P; N Pj such that the path segment between ez and ey along P is disjoint with
P, U P,. Construct the following two paths: P{ = P[0, : e1] U Pley : 2] U Pafes @ 7,] and
P! = Pylo, : e3] U Pyles : e4] U Pileg : 1) (see Fig. A.1). Let H denote the subgraph of G’

induced by P, U P, U Py U Py.

We then prove that the theorem holds for H. If o(es) > o(e3) (Fig. A.la and A.1b), the
variables along Psles : e9] are absent in ho(xpg). We then arbitrarily select a variable e
from Pyles : ey, and write hy (xp) as f(X)y)Teer +9(X) ), where x/; includes all the variables in
xp other than x... Meanwhile, hy(xp) can be written as hy(x)y). Clearly, z. will not show
up in d(xg) and thus it can also be written as d(x;). We then find values for x/;, denoted
by r, such that f(r)hs(r)d(r) # 0. Finally, denote ¢y = cg(r)d—*(r), ¢; = ¢f(r)d~*(r) and
ca = chy(r)d '(r) and the theorem holds. On the other hand, if o(e;) < o(e3) (see Fig.
A.lc), the variables along Pj[e; : e4] are absent in ho(xy). We then select a variable z.
from Pyle; : e4]. Similar to above, it’s easy to see that u(x) and v(x) can be transformed

into c1x.er + ¢ and ¢y respectively.

For the case where (Ps, Py) € Py, X Py is a disjoint path pair, we can show that u(x) and

v(x) can be transformed into ¢ and ¢z, + ¢ respectively. [ |

116



Figure A.2: Tllustration of Square-Term Property. A term with 22, introduced by (P, P,)
in the numerator of h(x) equals another term introduced by (P3, P;) in the denominator of
h(x).

A.2 Square-Term Property

The key to the proof of Lemma 2.6.2 is that due to graph structure, each path pair which
contributes an z2, term in the numerator of h(x) corresponds to another path pair which
contributes an equivalent 2, term in the denominator of h(x). This correspondence relation
automatically yields a one-to-one mapping from the z?, terms in the numerator of h(x) to
those in the denominator of h(x). Thus, the summation of the z?, terms in the numerator
of h(x) equals the summation of the 22, terms in the denominator of h(x), and hence

fi1(x) = fa(x). The detailed proof is presented below.

Proof of Lemma 2.6.2. First, we define two sets Q1 = {(P1, P2) € PupxPpq : 22, | tp, (X)tp,(x)}
and Qy = {(Ps, Py) € Pug X Py : 22, | tp,(X)tp,(x)}. Consider a path pair (P, P») € Q.
Since the degree of z. in tp (x) and tp,(x) is at most one, we must have . | tp (X)
and Zee | tp,(x). Thus e,e’ € P, N P, Let P!, P} be the parts of P, before e and af-
ter ¢ respectively. Similarly, define Py and P7. Then construct two new paths: P3; =
Pl U{e, '} UP} and P, = P} U {e, e} UP? (see Fig. A.2). Clearly, tp (x)tp,(x) =
tp,(X)tp,(x), and thus (Ps, P;) € Qs. The above method establishes a one-to-one map-
ping ¢ : Q1 — Qs, such that for ¢((P1, P,)) = (Ps, Py), tp, (X)tp,(x) = tp,(x)tp,(x). Hence,

109 = 2 S mean (R 00 = 2 5 o, ()10, () = fo(x). .

ee
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A.3 Other Graph-Related Properties

In this section, we present other graph-related properties, which reveal more microscopic
structures of transfer functions, and are to be used in the proofs of Theorems 2.5.3 and
2.5.5. Before proceeding, we first extend the concept of transfer function to any two edges

e, € € F' ie., M (x) = ZPGP%/ tp(x), where P, is the set of paths from e to €'

The following lemma states that any transfer function m.. (x) is fully determined by the two

edges e, €.

Lemma A.2. Consider two transfer functions me,.,(x) and me,e,(x). Then me,c,(x) =

Mege, (X) if and only if e; = e3 and ey = ey.

Proof. Apparently, the “if” part holds trivially. Now assume e; # e3 or es # e4. Then, there
must be some edge which appears exclusively in P, e, 01 Pege,, implying me e, (X) 7# Mege, (X)-

Thus, the lemma holds. |

The following result was first proved by Han et al. [53]. It states that each transfer function

Mee (X) can be uniquely factorized into a product of irreducible polynomials according to

the bottlenecks between e and ¢’

Lemma A.3. We arrange the bottlenecks in C.. in topological order: eq,es,--- e, such
k—1

that e = e;, ¢ = . Then, m.(x) can be factorized as mee(x) = [[;Z] Mese,,, (X), where

Me,e,,, (X) is an irreducible polynomial.

As shown below, any transfer function mee(x) can be partitioned into a summation of

products of transfer functions according to a cut between e and €.

Lemma A.4. Assume U = {ej, e, - ,¢e;} is a cut which separates e from ¢'. If ¢;]|e; for
e; # ¢; € U, we have My (X) = SF | Mee, (X)Me,er(X). Otherwise, the above equality doesn’t

hold.
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Proof. For e; € U, let P!, denote the set of paths in P.. which pass through e;. Because
eille; for e; # e; € U, P, is disjoint with P’,. Hence, mee (x) = S5, > pepi , tr(x). Note
that Mmee, (X)Me,er (X) = Z(PLPQ)ePe%Xp%e, tp (x)tp,(x). Moreover, each monomial tp(x) in
Meer (X) corresponds to a monomial ¢ p, (X)tp, (X) N Mee, (X) M, (X). Hence, mee, (X)Me, e (X) =
> pepi  tp(x), and the lemma holds. On the other hand, if some e; is upstream of e;,
P, NP, #0, and thus mes(x) # S5, ZPEP;/ tp(x), indicating that the lemma doesn’t
hold. |

B Proofs of Feasibility Conditions of PBNA

B.1 Reducing S’ to ]

In order to utilize the degree-counting technique, we use the following lemma. Basically, it

allows us to reformulate each £ "gxi) € &' to its unique form ;Ex; such that we can compare

the degrees of a coding variable in a(x) and §(x) with its degrees in the numerator and

denominator of p;(x) respectively.

Lemma B.1. Let F be a field. z is a variable and y = (y1, 42, - ,yx) is a vector of vari-
ables. Consider four non-zero polynomials f(z),g(z) € F[z] and s(y),t(y) € F[y], such that
ged(f(2),9(2)) =1 and ged(s(y),t(y)) = 1. Denote d = max{dy, d,}. Define two polynomi-

b in Bly) a(y) = 7 (52 )t and 509) = (32 ) 409). Then ged(a(y). ) = 1.

Proof. See Appendix D. [ |

We use the following three steps to reduce &’ to S;.

Step 1: §' = S = {Zgizllg : ag,ay,bg, b1 € Fom}. Assume p;(x) = % e . We

denote the unique

will prove that d = max{d;,d,} = 1. Let p;(x) = wx) p(x) = SX))
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forms of p;(x) and n(x) respectively. Without loss of generality, let f(z) = Z?:o a;z,
g(z) = Zé’:o bjz? where ayb, # 0. We first consider the case where [ < k and thus d = k.

Define the following two polynomials:

a;t" I (x)s (x)

a(x) = Fx)EE) =Y
Bx) = g ) = 37 bt I(x)57(x)

Due to Lemma B.1, we have a(x) = cu(x), f(x) = cv(x), where ¢ in a non-zero constant in
[F,. Moreover, according to Lemma 2.6.1, we assign values to x other than a coding variable

Zeer such that u(x) and v(x) are transformed into:

u(mee’) = C1Zeer + Co U(mee’) =

OF U(Teer) = Co V(Teer) = C1Teer + Co

where ¢y, c1,ca € Fy and cicp # 0. We only consider the first case. The proof for the other
case is similar. In this case, a(x) and B(x) are transformed into a(xee) = cc1xeer + cco and

B(Zeer) = cco respectively.

By contradiction, assume d > 2. We first consider the case where [ < k and thus d = k. In

this case, we have

k . .
a(Teer) = ijo ajtk_J (Teer )8 (Teer) = CC1Teer + CCo

l

B(xee’> - ij(] bjtkij(aiee/)sj(.]}ee/) = cCy

Assume 5(Te) =D 5 s;zl, and t(Tee) = 2;/:0 t;x), where st # 0. Thus max{r,r'} >

ee’?

1. Note that the degree of e in t¥77 (2eer )87 (e ) is k1’ +j(r—71"). We consider the following

two cases:

Case I. r £ /. If r > 1/, d, = kr > 2, contradicting that d, = 1. Now assume r < r’.
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Let l; and Il be the minimum exponents of z in f(z) and g(z) respectively. It follows that
do = kr' —li(r' —r) =1 and dg = kr' — lo(r" —r) = 0. Clearly, [, > 0 due to dg = 0. If
r >0, kr' —ly(r" —r) > kr' — lor' > 0, contradicting dg = 0. Hence, r = 0, and [y = k due
to dg = 0. Meanwhile, d, = (k — {1)r" = 1, which implies that [; = k — 1 and 7" = 1. Thus,

2#~1is a common divisor of f(z) and g(z), contradicting ged(f(2), g(2)) = 1.

Case IT: 7 =7/, Since d, = 1 and dg = 0, all the terms in a(x.) and B(z.) containing z*7,

must be cancelled out, implying that

k k j
.. S S
E a;th =gl =k E ai | Z) =t*f[Z) =0
' J%r T T ' J (t ) rf (tr)
j=0 j=0

! l s\ 5
hith—dgl — ¢ b 22) =¢hg (22 ) =
Z jlr 7Sy T Z J (tr) r9 tr 0
j=0 j=0
Hence z — $* is a common divisor of f(z) and g(z), contradicting ged(f(2),g(z)) = 1.

Therefore, we have proved d = 1 when [ < k. Using similar technique, we can prove that

d = 1 when [ > k. This implies that g 8;((:;)) can only be of the form ‘Zgig—fg&) Hence, we

have reduced &’ to SY.

Step 2: 8! = S} = {1,n(x),1+ n(x), =22} We consider the coupling relation p;(x) =

? 14n(x)
J; Ezg)’gg The coupling relations py(x) = g g;’g:gg and p3(x) = % can be dealt with similarly.

Define ¢;(x) = ;71((’:3) = Ziigzzi’gg Assume the characteristic of F, is p. Given an integer

m, let m, denote the remainder of m divided by p. Since Sf only consists of a finite number

of rational functions, we iterate all possible configurations of ag, a1, by, b1 as follows:

Case I: J;Eg = %, where ajapbi1by # 0, and agb; # a1by. For this case, we have p;(zeer) =

ap+taipi ($eel)q1 (xee/)
bo+b1p1 (xee/ )ql (‘ree’)

. It immediately follows

apc? — bpCoCy — boC1CoTew
0¢3 — boco 0

q1 (xee’) =
bic2a?, + (2,b1¢001 — a10102)Teer + b1C3 — a1¢oC2
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Let w1 (Zeer), v1(xeer) denote the numerator and denominator of the above equation respec-

tively. Assume u;(Zeer) | v1(Zeer) and thus e = ﬂ%_ci’m is a solution to vy (Zee) = 0.

However, v, (%2=bn) — a0cj (agby — arbg) # 0. Hence, u(wee) 1 v1(2eer). Thus, by the

boc1 b2

definition of ¢;(x) and Lemma 2.6.2, 22, must appear in u;(x.), which contradicts the

formulation of u; (zeer).

Case II: g(g = % where aga by # 0. Similar to Case I, we can derive
2
aoc
q1 (xee ) 0

2
blcl ce! (2pb10001 — alclcg)xeel + blco — A1CyCa

which contradicts Lemma 2.6.2.

Case I1I: 58 = bo‘%ﬂ, where a1bgb; # 0. Thus pl%x) = Z—?ﬁ + Z—i Since the coefficient of

each monomial in the denominators and numerators of p;(x) and 7(x) equals one, it follows

ag __ b o . . . . (x)
32 = 2+ = 1. This indicates that p;(x) = H?X)H.

Case IV:

]gc(z 5 +b -, where agboby # 0. It follows that

CL()C% — boC[)CQ — boClcgilfee/

q1 (wee’) =
b1c3 + 2,b1¢C0C1 Teer + b1C322,

Similar to Case I, this also contradicts Lemma 2.6.2.

LB a _ aoch
Case V: o =2 where ag # 0. Hence, ¢1(Zeer) = o g R ——" contradicting Lemma

2.6.2.

Case VI: ggg = ag + a1z, where aga; # 0. Thus, it follows p;(x) = ap + a1n(x). Similar to

Case 111, a; = ap = 1, implying that p;(x) = 1 4+ n(x).

Case VII: g(z = a1z, where a; # 0. Similar to Case III, a; = 1 and hence p;(x) = n(x).

Therefore, we have proved that ! E"Exg)) can only take the form of the four rational functions
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in §). Thus, we have reduced S7 to S5.

Step 3: S = S!. We note that in Proposition 3 of [53], it was proved that p;(x) # 14 n(x),

pa(x) # 1157’2() and p3(x) 11(77’2() Combined with the above results, we have reduced Sj to
S

In summary, according to Theorem 2.4.1, if the conditions of Theorem 2.5.1 are satisfied,

the three unicast sessions can asymptotically achieve the rate tuple (%, %, %) through PBNA.

B.2 Necessity of the Conditions in Theorem 2.5.1

As shown in Subsection 2.6.2, each row of V; satisfying the alignment conditions corresponds

to a non-zero solution to Eq. (2.36).

Lemma B.2. rank(zC — BA) =

Proof. Denote D = BA. Let c¢; and d; denote the ith column of C and D respectively.
Hence, cq,---,c, are linearly independent and so are di,---,d,. Assume there exist

fi(2), -+, fa(z) € Fam(&)(2) such that >, fi(2)(zc; — d;) = 0. Without loss of gen-

erality, assume f;(z) = %"((j)) for i € {1,2,--- ,n}, where g;(2),h(z) € Fom(&)[z]. Thus,

Sorgi(z)(zc; —d;) = 0. Let k = MaX;c(1,2,.. n}1dg, } and assume g;(z) = Zf:o au(é)zl,
where a;;(€) € Fom(§). Then, it follows

n

n k
Z gi(2)(z€i — Z Z e al,z’(f)zldi)
i=1 1=0 i=1

n

kﬂzam £)e: + Z ZHZ ari(§)c; — ar1,4(§)ds)
=0 i=1
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Therefore, the following equations must hold:

Zak,i(f)ci =0 Z ap;(§)d; =0
=1 i=1

D (wilé)ei — api(€)di) =0 Ve {0, k—1}

=1

Thus a;;(§) = 0forany i € {1,--- ,n},l € {0,--- ,k}, implying fi(z) = 0. Hence, rank(zC—
D) =n. [

The following lemma reveals that any non-zero solution to Eq. (2.36) is linearly dependent

on the particular vector (1, z, 22, - -+ , 2™), which forms each row of the precoding matrix V7.

Corollary B.1. Eq. (2.36) has a non-zero solution if and only if s = 1. Moreover, when
s =1, Eq. (2.36) has a non-zero solution in the form of r(z) = (1, z2,2% - ,2")F, where F
is an (n+ 1) x (n + 1) matrix over Fom (£). Moreover, any solution to Eq. (2.36) is linearly

dependent on (1, z,---,2")F.

Proof. We first prove the “only if” part. If s =0, 2C — BA is an invertible square matrix.
Thus, Eq. (2.36) has only zero solution. Hence, if Eq. (2.36) has only non-zero solution, it

must be that s = 1.

We then prove the “if” part. Assume s = 1. We will construct a non-zero solution to
Eq. (2.36) as follows. There must be an n x n invertible submatrix in zC — D. Without
loss of generality, assume this submatrix consists of the top n rows of zC — D and denote
this submatrix by E, ;. Let b denote the (n + 1)th row of zC — D. In order to get a
non-zero solution to equation (2.36), we first fix r,.1(2) = —1. Therefore, equation (2.36)
is transformed into (r1(z), -+ ,7.(2))E,1 = b. Let E; denote the submatrix acquired
by replacing the ith row of E,,; with b. Hence, we get a non-zero solution to (2.36),

r(z) = (;ftB ... _detBs 1) Moreover, (z) = (detEq,--- ,detE,, —detE, ) is also

detEpq1? ’ 7 detEp41?

124



a solution. Note that the degree of z in each det E; is at most n. Thus, (z) can be formulated
as (1,z,---,2")F, where F is an (n + 1) X (n 4 1) matrix. Since rank(zC — D) = n, all the
solutions to equation (2.36) form a one-dimensional linear space. Thus, all solutions must

be linearly dependent on r(z). |

Based on Corollary B.1, we can easily derive that each V; satisfying Eq. (2.10) is related to

V7 through a transform equation, as defined in Lemma 2.6.3.

Proof of Lemma 2.6.3. Let r; be the ith row of Vi, which satisfies Eq. (2.10). According
to Corollary B.1, r; must have the form f;(n(x%))(1,n(x"), -+ ,n"(x"))F, where fi(z) is a
non-zero rational function in Fom (£)(2). Hence, V; can be written as GV]F. Moreover, Eq.

(2.36) can be rewritten as follows:

(2,2%,--- ,2"™HFC = (1,2,--- ,2")FBA

The right side of the above equation contains no 2", and thus the (n + 1)th row of FC
must be zero. Similarly, there is no constant term on the left side of the above equation,

implying that the 1st row of FBA is zero. |

In the followings, we will prove the necessity of the conditions in Theorem 2.5.1. Assume a

_ f(n(x))
9(n())

assume f(z) = > 1_,arz" and g(z) = Y 1_, bxz*, where a,, # 0 and b, # 0. We'll prove that

coupling relation p;(x) € &/ is present in the network. Without loss of generality,

it is impossible for w; to asymptotically achieve one half rate by using any PBNA. We only

consider the case ¢ = 1. The other cases 7 = 2,3 can be proved similarly, and are omitted.

Consider a PBNA A = (£,V; : 1 < ¢ < 3) with 2n + s symbol extensions, where n >
max{p, q}+1. According to Corollary B.1, s must equal 1, and thus Vyisa (2n+1) x (n+1)

matrix. By Lemma 2.6.3, V; = GV/{F, where F is an (n+ 1) x (n 4 1) invertible matrix.
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The jth row of Vy is r; = f;(n(x9))(1 n(xW) --- p(xD))F. Since the (n + 1)th row of

FC is zero, we have
1,C = (D)) o ) H (B.1)

where H consists of the top n rows of FC and rank(H) = n. For 0 <[ <n — p — 1, define

the following vector:

Fin(x)n' (x9) = (1 n(xD) - " (x"))ay (B.2)

9= (xV) = (1 p(xD) - (xD))by (B.3)
Define a) = F~'a; and bj = H™'b;. We can derive:

rja) = f(n(x9)) (1 nx) - " (x9))Fa
= (=D)L ) - (xD))ay
< 1 (n(xD)) £ (n(x9)) ()
2 £ n(x9))pr () g ((x))' (xP)
9 p(xD) £ ((x D)1 xD) - (xD)by
= pi(xD) f5(xD) (1 p(xD) - L (x 1)) Hb;

@ Di (x(j))rj Cb;
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where (a) follows from Eq. (B.2); (b) follows because of the following equation:

fx9)) _ fn(x)n' (x9)
gn(xD))  g(n(xW)))nt(xH)

p1(X(j)) —

(c) is due to Eq. (B.3); (d) follows from Eq. (B.1). Let H; = (V; P;V;C) denote the
matrix in the reformulated rank condition %;. Since ag, - - - ,a,_,_; are linearly independent,
the above equation means that there are at most n+1— (n—p) = p+1 columns in V; that
are linearly independent of the columns in P;V;C. Therefore, d; can decode at most p + 1

source symbols. This means that it is impossible for w; to achieve one half rate by using any

PBNA. |

C Proofs of Interpretation of Coupling Relations

Cl nkx) =1

_ fas(x)
T fz2(x)

First, note that 7(x) can be rewritten as a ratio of two rational functions 7(x) , where

fiin(x) = mi CImis ) ence, in order to interpret n(x) = 1, we first study the properties of

Mk (X)
fijr(x).

The following lemma is to be used to derive the general structure of f;;x(x). Basically, it
provides an easy method to calculate the greatest common divisor of two transfer functions

with one common starting edge or ending edge.

Lemma C.1. The following statements hold:
1. For ey, e9,e3 € E' such that es, e3 are both downstream of e;. Let e be the last edge of
the topological ordering of the edges in C,,e,NCe, 5. Then me,.(x) = ged(Mme, ey (X), Meyes (X)).

2. For ey, e9,e3 € E' such that eq, e are both upstream of e3. Let e be the first edge of the
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topological ordering of the edges in Ce,e,MCeyes. Then mee, (x) = ged(Me,es(X), Meyes (X))-

Proof. First, consider the first statement. By Lemma A.3, the following equations hold:
Merer (X) = Meye(X)Meey (X) a0 M) 04 (X) = Mgy e(X)Mges (X). Thus me e (X) | ged (M e, (X), Meyes (X)).
Assume ged(Mee, (X), Mees (X)) # 1. By Lemma A.3, there exists bottlenecks ey, e5 such
that mee, (X) | ged(Mee, (X), Mees (X)).  Clearly, e5 € Ceje, N Cejey and e; is downstream
of e, which contradicts that e is the last edge of the topological ordering of C. ¢, N Cees-
Hence, we have proved that ged(mie, (X), Mees (X)) = 1, which in turn implies that m.,.(x) =

ged(Mey ey (X), Meyes (X)). Similarly, we can prove the other statement. [

Using the above lemma, f;;,(x) can be reformulated as a fraction of two coprime polynomials,

as shown below.

Corollary C.1. f;;;(x) can be formulated as

fz’jkz(x) _ Mo Bk (X)maijkﬂ'j (X) (04)

Maj1.,8i5k (X)

where ng(mo'ngijk (X)maijw’j (X)’ Mo j1,,Bi 5k (X)) =L

Proof. fi1(x) can be calculated as

Mo,k (X)maijkﬂ'j (X)mjk(x)
fiji(x) =
Mo; 01 (X)maijk,m (x)
_ Mayjp,m (X)mjk (X)
maijkﬂ'k <X>
. May .7 (X)mUj,ﬁijk (X)mﬁijka'rk (X)
Moy ik.Bijk (X)mﬁijkﬂ'k (X>
o mUjvﬁijk (X)maijkﬂ—j (X)

Ma;1.,8i5k (X>

By Lemma |, gcd(maijk,m (X),maijkﬁj (x)) = 1 and thus gcd(maijkﬁijk(x),maijk,fj (x)) = 1.

Meanwhile, gcd(ma, ;. 8,5, (X), Mo, ,,, (X)) = 1. Hence, we must have ged(my,; g, , (X) Mayp . (X)) Mayp, 8550 (X)
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@iji= Biji

(a) aujr # Bijk (b) iji = Bijk

Figure C.3: The structure of f;;,(x) can be classified into two types: 1) cujx # Bijrx such
that fi;x(x) is a rational function with non-constant denominator; 2) a;;, = B, such that
fije(x) is a polynomial.

According to Corollary C.1, the structure of fi;;(x) must fall into one of the two types,
as shown in Fig. C.3. In Fig. C.3a, ayjr # Bijr and f;jx(x) is a rational function, the
denominator of which is a non-constant polynomial m,, g,.,(x). On the other hand, when
a;jr € Cjip and thus a;jp = Bk, as shown in Fig. C.3b, f;;x(x) becomes a polynomial

mﬂjﬂijk (X)maz‘jkﬂ'j (X) .

Moreover, using Corollary C.1, we can easily check whether two f;;,(x)’s are equivalent, as
shown in the next corollary. It is easy to see that Theorem 2.5.3 is just a special case of this

corollary:.

Corollary C.2. Assume i, j,k,¢, k" € {1,2,3} such that i # j,j # k and ¢/ # j,j # k'

fijk(x) = fi’jk’ (X) if and only if Qi = Qs and Bijk = ﬁi’jkz"
Proof. By Corollary C.1, if o, = ayjp and By, = Birjir, we must have fin(x) = fijw(x).
Conversely, if fijn(x) = fijir(X), Maypp50(X) = May 80,0 (%) Thus agp = qije and

Bijk = Bijiy by Lemma A.2. n
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C.2 pi(x)=1 and p;(x) = n(x)
Using Lemma A.1, we can easily prove Theorem 2.5.4, as shown below.

Proof of Theorem 2.5.4. Apparently, by Lemma A.1 and the definition of p;(x), p1(x) = 1 if

and only if the minimum cut separating o, 02 from 7, and 73 is one, i.e., Ci213 = 1. In order

n(x) _ mii(x)msa(x)
p1(x) mi2(x)ma1(x)

Hence pi(x) = n(x) is

to interpret p;(x) = n(x), we consider ¢;(x) =
equivalent to ¢;(x) = 1. Similarly, using Lemma A.1, it is easy to see that p;(x) = n(x) if

and only if the minimum cut separating o1, 03 from 71, 72 is one, i.e., Ci312 = 1. |

C.3 pi(x) = IZS&) and py(x),p3(x) = 1+ n(x)

Note that the three coupling relations can be respectively reformulated in terms of f;;x(x)

as follows:

mi1(x) = f312(x) + for3(x)
Moo (x) = fra3(Xx) + f321(x)

ms3(x) = fog1(x) + fiz2(x)

Thus, as shown below, the three coupling relations can also be interpreted by using the

properties of fi;x(x).

Proof of Theorem 2.5.5. We only prove statement 1). The other statements can be proved
similarly. First, we prove the “if” part. Due to agi2 € Cip and 913 € Ci3, fa2(x) =
Moy as1s (X)Magom (X) and f213(X) = Moy s (X)Manisn (X). Hence, fi12(x) + for3(x) =
Moy s (X)Magiam (X) F Moy ass (X) Mg (X). On the other hand, because asia||ags and
{as12, 013} forms a cut which separates oy from 71, m11(X) = Moy 0510 (X) Mgy (X) +

Moy am1s (X)Magism (X) by Lemma A.4. Therefore, my1(x) = f312(x) + fa13(x).
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Next we prove the “only if” part. Assume myi(x) = f312(x) + fo13(x). If az;s ¢ Ci2 but
ag13 € Ci3, f312(X) is a rational function whose denominator is a non-constant polynomial,
while fy13(x) is a polynomial. Hence f312(x) + fo13(x) must be a rational function with
non-constant denominator, and thus mq1(x) # f312(X) + fo13(x). Similarly, if ag12 € Ci2 but

ag13 ¢ Cy3, we can also prove that mqq(xX) # f312(X) + fa13(x).

Moy 8315 (X)Magis,m (X)

and
Magz12.8312 (X)

Now assume Q312 ¢ Clg and 213 ¢ C13. It follows that f312(X) =

Moy 813 () Mag5,7 (X)
x) =
f213< ) Magy3.6213 (%)

. Because n(x) # 1, we have f312(x) # f213(x), which indicates
that ag12 # Qo13 or 312 # Pa1g by Corollary C.2, and M., 8415 (X) 7 Mayys s (X). Therefore,
by Lemma A.3, one of the following cases must hold: 1) There exists an irreducible polyno-
mial M. (x) such that Mmee (X) | Magyy,Be15 (X) DUL Meer (X) 1 Mgy p15(X); 2) there exists an

irreducible polynomial m..(x) such that mee (X) 1 Magy. 8515 (X) DU Meer (X) | Magys 8015 (X)-

Consider case 1). We use lem(a(x), f(x)) to denote the least common multiple of two

polynomials «(x) and §(x). Define the following polynomials:

f(X) - lcm<ma31275312 (X)w Mas3,B213 (X))

bil (X) = f(x)/mamzﬁ:nz (X) fQ(X) = f(x)/mam:sﬁms (X)

Hence, we have mee (x) 1 f1(X), Meer (X) | f2(x), and the following equation holds:

f312(x) + f213(x)

_ Moy ,B312 (X)ma:nz,ﬁ (X) f1 (X) + Moy B (X>moc213,7'1 (X) /2 (X)

f(x)

Moreover, due to ged(Mas,y f310(X)s Moy fars (X)Mags.n (X)) = 1, it follows that mee (x) 1

Moy Bara (X)Mags.r (X). This implies that:

Mee! (X) Jf Moy ,B312 (X)masm,ﬁ (X) fl (X) + Moy B3 (X)mo@ls,‘rl (X>f2 (X)

131



However, m.e(x) | f(x). This indicates that fs312(x) + fo13(x) is a rational function with
non-constant denominator. Thus mq1(x) # f312(X) + f213(x). Similarly, for case 2), we can

also prove that mq1(x) # f312(x) + fo13(x).

Thus, we have proved that asis € Cio and ag3 € Ci3. It immediately follows that mq;(x) =
Moy as1s (X)Magiam (X) + Moy s (X)Mags.rn (X).  Hence each path P in P,,, either pass
through asyz or ag;3, implying that {as12, ani3} forms a cut separating oy from 1. Moreover,

according to Lemma A.4, agia||aa1s. [ |

D Proofs of Lemmas on Multivariate Polynomials

In this section, we present the proof of Lemma B.1. We first prove that Lemma B.1 holds for
the case where s(x) and ¢(x) are both univariate polynomials. In order to extend this result to
multivariate polynomials, we employ a simple idea that each multivariate polynomial can be
viewed as an equivalent univariate polynomial on a field of rational functions. Specifically, we
prove that the problem of checking if two multivariate polynomials are co-prime is equivalent
to checking if their equivalent univariate polynomials are co-prime. Finally, based on this

result, we prove that Lemma B.1 also holds for the multivariate case.

D.1 The Univariate Case

In the following lemma, we show that Lemma B.1 holds for the univariate case.

Lemma D.1. Let F be a field, and z, y are two variables. Consider four non-zero polynomi-

als f(z),g(z) € F[z] and s(y), t(y) € Fly|, such that ged(f(z), g(z)) = 1 and ged(s(y), t(y)) =

1. Denote d = max{dy,d,}. Define two polynomials a(y) = f(%)td(y) and ((y) =

g(32)t4(y). Then ged(a(y), B(y)) = 1.
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Proof. Assume w(z) = ged(a(x), B(x)) is non-trivial. Thus we can find an extension field F
of F such that there exists zo € F which satisfies w(x¢) = 0 and hence a(z¢) = B(xg) = 0.
In the rest of this proof, we restrict our discussion in F. Note that ged(f(z),g(z2)) = 1
and ged(s(x),t(x)) = 1 also hold for F. Assume t(xg) = 0 and thus @ — zo | t(x). Since
ged(s(z),t(z)) = 1, it follows that x — x¢ 1 s(x) and thus s(xg) # 0. Hence, either a(xq) # 0
or B(xg) # 0, contradicting that a(zy), S(x¢) are both zeros. Hence, we have proved that
t(zg) # 0. Then we have f(s(x°)> = o) — ( and g(s(x0)> = Bl — (0 which implies

t(zo) t(zo) td(zo)

that z — % is a common divisor of f(z) and g(z), contradicting ged(f(z),g(z)) = 1. Thus,

we have proved that ged(a(y), B(y)) = 1. |

D.2 Viewing Multivariate as Univariate

In order to extend Lemma D.1 to the multivariate case, we first show that each multivariate
polynomial can be viewed as an equivalent univariate polynomial on a field of rational func-
tions. Let y = (y1, %2, - , yx) be a vector of variables. For any i € {1,2,---  k}, definey; =
(Y1, Yi-1,Yis1, "+ » Yk), 1.€., the vector consisting of all variables in y other than y;. Note
that any polynomial f(y) € F[y] can be formulated as f(y) = fo(y:)+f1(yi)vi+- -+ fo(yi)y?,
where each f;(y;) is a polynomial in F[y;]. Because Fy;] is a subset of F(y;), f(y) can also
be viewed as a univariate polynomial in F(y;)[y;]. We use f(y;) to denote f(y)’s equivalent
counterpart in F(y;)[y;]. To differentiate these two concepts, we reserve the notations, such as
“”, “ged” and “lem” for field F, and append “1” as a subscript to these notations to suggest
they are specific to field F(y;). For example, for f(y), ¢(y) € Fly] and u(y;), v(vi) € F(y;)[v:],
g(y) | f(y) means that there exists h(y) € F[y] such that f(y) = h(y)g(y), and u(y;) |1 v(y;)

means that there exists w(y;) € Fly;|(y;) such that v(y;) = w(y;)u(y;).

Lemma D.2. Assume ¢(y;) € Fly;] and f(y) € Fly] is of the form f(y) = >27_, £yl

where f;(y:) € Fly:]. Then g(y;) | f(y) if and only if g(y;) | f;(y:) for each j € {0,1,--- ,p}.
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Proof. Apparently, if ¢g(y;) | f;(y;) for any j € {0,1,--- ,p}, g(y:) | f(y). Now assume
g9(yi) | f(y). Thus there exists h(y) € Fly] such that f(y) = g¢(y:)h(y). Let h(y) =

PR h;(y:)y.. Hence, it follows that f;(y;) = h;(y:)g(y:) and thus g(y:) | f;(y:). [

The following result follows immediately from Lemma D.2.

Corollary D.1. Let g(y;) and f(y) be defined as Lemma D.2. Then ged(g(y;), f(y)) =

ged(g(yi), fo(yi), - s fp(yi))-

Proof. Note that any divisor of g(y;) must be a polynomial in F|y;]. Let d(y;) = ged(g(y:), f(¥))

and d'(y;) = ged(g(yi), fo(yi):--+, fp(yi)). By Lemma D.2, d(y;) | f;(y:) for any j €
{0,1,--- ,p}, implying that d(y;) | d'(y;). On the other hand, d'(y;) | f(y), and thus

d'(y:) | d(y:). Hence, d(y:) = d'(y)- u

Corollary D.2. For t € {1,2,--- s}, let f,(y) € Fy] be defined as f,(y) = >_7., Fi(yi)yl,

where fi;(y:) € Fly:]. Let g(y;) € Fly;]. It follows

ged(g(yi), f1(y), -+, fi(y))

=ged(9(yi), fio(yi), - - s Jipy (yi), - foo(yi), - - s fsps (yi))

Proof. We have the following equations

ged(g(yi), f1(y), -+, fily)) = ged(9(yi), f1(y), -+, 9(yi), fi(¥))
:ng(ng(g(Yz)7 fl(y))’ U 7ng(g(Yi)> fs(Y)))
=ged(g(yi), fro(yi), -+ fip (V)5 5 9(¥i)s fso(Yi)s -+ fope (Vi)

=ged(g(yi), fro(yi), - >f1p1(Yi)a o feo(ya)s o »fsps(}’i))
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Lemma D.3. Fort € {1,2,--- s}, let a;(y), b:(y) € Fly] such that b;(y) # 0 and ged(a:(y), b:(y)) =
1. Fort € {1,2,--- s}, let v,(y) = lem(by(y), -+ ,b:(y)). Then we have

ged (amy)”*”,m ,as<y>”8(y>,vs<y>> -

Proof. We use induction on s to prove this lemma. Apparently, the lemma holds for s = 1

due to ged(aq(y), b1(y)) = 1. Assume it holds for s — 1. Thus it follows

ged (al(y) 218 i as(y) Zg; ’ US(Y))
ot (2022 )
—ged <a1(}’)ng;> ged(@ (), bs‘"”igi
@oed <a1(y)ng§v s-1(y) bv_f)(;) Z gi)
Baed () o5 (a0 7))
s () g a0 v ) )
et () g ()5 )2 20
S o)

In the above equations, (a) is due to ged(as(y),bs(y)) = 1; (b) follows from the fact that

d

b g | v5_1(y) and thus ”s(yg = ged(vs_1(y), Z:g ;), (¢) follows from the inductive assumption;

Vg bs
(d) is due to vy(y) = lem(vs1(y), bs(y) = g2 ¥l |

ao(yi) a1(y:)
Torn T Y T

228) y;» where for each j € {0, 1,---,p}, a;(yi), b;(y:) € Flyi], b;(yi) # 0, ged(a;(yi), b;(yi)) =

1, and a,(y;) # 0. Note that for each y/ which is absent in h(y;), we let a;(y;) = 0 and

In general, each polynomial h(y;) € F(y;)[yi] is of the form h(y;) =
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b;(y:) = 1. Moreover, define the following polynomial 115, (y;) = lem(bo(y;), b1(yi), - -, bp(¥i))-

Corollary D.3. For j € {1,2,---,s}, let fi(y;) € F(yi)[yi]. Define v(y;) = lem(py, (y:),

s (yi) and fi(y) = v(yi) fi(yi). Thus ged(v(y:), fi(y), -+, fily)) =1

Proof. Assume f;(y;) has the following form:

ajo(y:) | a(y:) Wjp; (Vi) p,
’ bjo(yi) — bj(yi) bjp; (¥:)
where for any j € {1,2,---,s} and ¢t € {0,1,--- ,p;}, a;t(y:),bj¢(y:) € Flyi], bjs(yi) # 0
and ged(a;i(y:), bje(y:)) = 1. Apparently, v(y;) is the least common multiple of all b;;(y;)’s.
Define w;,(y;) = % € Fly:;]. Hence, we have f;(y) = Y120 aje(yi)u;(y:)yt. Then it

follows

ng(”(yi% fl(Y))7 Ty fs(Y))
@ng(U(yZ‘); aio(yi)uio(yi), - » A1py (Yi)ulpl (yi), -,

aso(Yi)uso(¥i), -+ Qsp, (¥i) Usp, (i)

—~
>
=

where (a) is due to Corollary D.2 and (b) follows from Lemma D.3. |

Generally, the definitions of division in F[y| and F(y;)[y;] are different. However, the following

theorem reveals the two definitions are closely related.

Theorem D.1. Consider two polynomials f(y), g(y) € Fly], where g(y) # 0. Then ¢(y) |

f(y) if and only if g(v;) |1 f(y;) for every ¢ € {1,2,---  k}.

Proof. The division equation between f(y;) and g(y;) is as follows

f(wi) = hi(yi)g(vi) + 7i(y:) (D.5)
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where h;(y;), 7:(yi) € F(y:)[y:], and either r;(y;) = 0 or d,, < d,. Due to the uniqueness of
Equation (D.5), f(y) | g(y) immediately implies that for any i € {1,2,--- ,k}, r;(y;) = 0

and thus g(y:) |1 f(vi)-

Conversely, assume for every ¢ € {1,--- ,k}, g(v;) |1 f(y;) and hence r;(y;) = 0. Denote

hi(y) = pn, (yi)hi(y;). Clearly, h;(y) € Fly]. Then, the following equation holds

1, (y2) f(y) = hi(¥)g(y)

By Corollary D.3, ged (i, (y:), hi(y)) = 1. Thus, pu, (yi) | g(y). Define g(y) = 2% By

by (i)

Lemma D.2, g(y) € F[y]. Define u(y) = m € Fly]. It follows that

() = 9(y) _ pn, (¥:)9(y)
ged(f(v), 9(y))  ged(hi(y)a(y), un, (y:)3(y))
_ P, (Y1)3(y) _ mn(yi)9(y) — o (y)
g(y)ged(hi(y), pn, (yi)) 9(y) '

Note that variable y; is absent in u(y). Because y; can be any arbitrary variable in y, it
immediately follows that all the variables in y must be absent in u(y), implying that u(y)

is a constant in F. Hence g(y) | f(y)- [ |

Moreover, in the next theorem, we will prove that checking if two multivariate polynomials

are co-prime is equivalent to checking if their equivalent univariate polynomials are co-prime.

Theorem D.2. Let f(y), g(y) be two non-zero polynomials in F[y|. Then ged(f(y), 9(y)) =
1 if and only if ged, (f(v:),9(y;)) =1 for any ¢ € {1,2,--- , k}.

Proof. First, assume for any ¢ € {1,2,---  k}, ged, (f(v:),9(y;)) = 1. We use contradiction
to prove that ged(f(y),g(y)) = 1. Assume u(y) = ged(f(y), g(y)) is not constant. Let y;
be a variable which is present in u(y). By Theorem D.1, u(y;) |1 f(v:) and u(y;) |1 9(v:),

which contradicts that ged, (f(y;), g(y;)) = 1.
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Then, assume ged(f(y),g(y)) = 1. We also use contradiction to prove that for any i €
{1,2,--- ,k}, gedy (f(vi), g(y:)) = 1. Assume there exists ¢ € {1,---,k} such that v(y;) =

gedy (f(yi), 9(vi)) is non-trivial. Define w(y) = u,(y:)v(y:) € Fly]. Clearly, w(y:) |1 f(vi)

and w(y;) |1 g(y;). Thus, there exists p(y;), ¢(v:) € F(y:)[y;] such that

fly) =wlyplys)  9(y:) = w(yi)q(ys:)

Let s(y;) = lem(py(yi), 14(yi)). Define p(y) = s(y:)p(v:) and q(y) = s(yi)q(y;). Apparently,
p(y),q(y) € Fly]. It follows that

s(y)f(y) =wy)ply)  s(y)g(y) =w(y)a(y)

Then the following equation holds

s(yi)eed(f(y), 9(y)) = w(y)ged(p(y), a(y))

Due to Corollary D.3, ged(s(y;), ged(p(y), q(y))) = ged(s(y:), p(y),d(y)) = 1. Hence s(y;) |

w(y). Let w(y) = ;”(g,y; According to Lemma D.2; w(y) is a non-trivial polynomial in Fly].

Thus, w(y) | ged(f(y), 9(y)), contradicting ged(f(y), 9(y)) = 1. u

D.3 The Multivariate Case

Now, we are in the place of extending Lemma D.1 to the multivariate case.

Proof of Lemma B.1. Note that if we substitute F with F(y;) and ged with ged; in Lemma

D.1, the lemma also holds. Apparently, f(z), g(z) € F(y;)[z]. We will prove that ged, (f(2),9(z)) =

— =

1. By contradiction, assume 7(z) = ged, (f(2), 9(2)) € F(y:)[z] is non-trivial. Let f(z) = ng)

and g(z) = ;‘féz; Clearly, f(z) and g(z) are both non-zero polynomials in F(y;)[z]. Then we
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can find an assignment to y;, denoted by y7, such that the coefficients of the maximum pow-
ers of z in 7(2), f(2) and g(z) are all non-zeros. Let 7(z) denote the univariate polynomial
acquired by assigning y; =y to r(z). Clearly, 7(z) is a common divisor of f(z) and g(z) in
F[z], contradicting ged(f(z), g(z)) = 1. Moreover, due to ged(s(y),t(y)) = 1 and Theorem
D.2, ged, (s(y;),t(y;)) = 1. Thus, by Lemma D.1, ged, (a(y;), 5(y;)) = 1. Since ¢ can be any
integer in {1,2,--- ,k}, it follows that ged(a(y), 5(y)) = 1 by Theorem D.2. |

E Proofs for Multicast-Packing Coding Scheme

E.1 Proof of Proposition 3.3.1

To prove Proposition 3.3.1, we use the general framework of network coding scheme as
defined in [17]. Under a network coding scheme defined in [17], each sender s; transmits a
random variable X;. Xi,---, X|q are mutually independent random variables. Each edge
e € F transmits a random variable U,, which is a function of the random variables injected

at tail(e), i.e., , the following equations hold:
H(U.|X;)=0 if tail(e) = s;;
H(U.|Ug,€ € E head(e') = tail(e)) =0 otherwise.

Given a subset of edges E' C E, denote Ugr = (U, : e € E’). Let ¢§; denote the decoding

error for w;.

Assume a rate vector R = (R; : 1 < i < |Q]) is achievable by network coding schemes.

Then, for any € > 0, there exists a network coding scheme of length n such that the following

139



conditions are satisfied:

1
gH(Ue) < h(e)+e Vee &/ (E.6)
Yuix)y>ri—e V1 <i<|Q (E.8)
n

By Fano’s inequality, we have:

H(Xi|Unay) < 1+ 6GH(X;) < 1+ eH(X;) (E.9)

Proof of Proposition 3.3.1. In the following proof, for simplicity, we use X;.; to denote the
vector (X;, X;41,---,Xj). For these two examples, we assume that each unicast session can
achieve a symmetrical rate R. Thus, there is a network coding scheme of length n such that
(E.6)-(E.9) are satisfied. In the rest of this proof, all the random variables are defined in

this network coding scheme.

We first consider the example shown in Fig. 3.1a. Clearly, U, q,) is a function of Xy, U, a,)
is a function of X3, and Uy, 4,) is a function of U, .,. Thus, U4, is a function of Ue, ¢,, X2.:3.

Due to (E.9), we have:

H(Xl‘Ue Xz;g) S H(leUIn(dl)) S 1 + GH(Xl) (ElO)

1,629

Similarly, we can derive

H(X5|Ue, ep, X1:4) < 1+ €H(X5) (E.11)
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Thus, the following equations hold:

H(X1:57 Uel,eg) = H(Ue1,eg) + H(X2:3|U81762) + H(X1|U61,627 X2:3)

+ H(X4|U61,627X1:3) + H(X5|U617627 X1:4)

" (E.12)

SI{(U61162) + H(X2:3|U61762> + 1+ EH(XI) + H(X4|U€1,627X1:3) +1+ GH(X5)

:H(U€17e2) + H(X2:3|U61762) + H(X4|U€1,€2v X113) +2+ G(H(Xl) + H(X5))

where (a) is due to (E.10) and (E.11). Meanwhile, due to H(U,, .,|X15) = 0, we have
H(X1:5,Ue, e,) = H(X1.5). Hence, we can derive:

(b)
n(2+e) ZH(Uehez)

gH(X1:5) — H(X23|Uey e,) — H(Xu|Uey ery X1:3) — 2 — e(H(X1) + H(X5))
> H(X15) — H(Xos) — H(Xs) — 2 — e(H(X,) + H(X5))
SHXG) + H(X5) =2 = e(H(X2) + H(X5))

=(1—e)(H(Xy) + H(X5)) - 2

(§2n(1 —€)(R—¢)—2

where (b) holds because of (E.6); (c) is due to (E.12); (d) is due to the assumption that
X1, Xs, -+, X5 are mutually independent random variables; (e) follows from (E.8). Thus,
we immediately get: 1+ £ > (1—€)(R—¢€) — +. Let € — 0 and n — oo, we then get R < 1.

Since the MPC shown in Fig. 3.1b achieves a symmetrical rate of 1, this establishes the

optimality of MPC for this example.

Next, we consider the example shown in Fig. 3.2a. Similar to above, we can derive

H(X1|U(uvv),X2) S 1 + EH(Xl), H(X4|U(u7v),X3) S 1 + 6H(X4), and H(X1:4,U(uyv)) =
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H(X1.4). Meanwhile, the following equations hold:

H(X1:4a U(u,v))
=H (Utu)) + H(Xo|Upuwy) + H(X1|Upy, X2)
+ H(X3|U(uw), X1:2) + H(Xa|Uguv), X1:3)

SH(U(%U)) + H(X2|U(uyv)) + H(X3|U(u’v), X1:2) + 2+ E(H(Xl) + H(X4))

Hence, it follows that

n(l+€) 2HUy)
>H (X1.4) = H(Xo|Ugu))

— H(X3|Uuw), X1:2) — 2 — e(H(X1) + H(X4))
>H(X14) — H(X2) — H(X3) =2 — e(H(Xy) + H(Xy))
=H(Xy) + H(Xy) — 2 — e(H(X1) + H(X4))
=(1 = e)(H(Xy) + H(Xy)) — 2

>2n(l —€)(R—¢€)—2

Hence, we get: 24+ 5> (1 —¢€)(R—¢) — 2. Let € — 0 and n — co. We then get R < 1.
Since the MPC in Fig. 3.2b achieves a symmetrical rate %, this establishes the optimality of
MPC for this example. [

E.2 Proofs of Results on Flow Theory

Given a node u € V, let N*(u) denote the set of downstream neighbours of u. The set
of edges from u to U C NT(u) is denoted by E*(u,U). The following theorem provides

an iterative approach to calculate mincut(u,v, N). Given a set of edges F; C E, define
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c(Ey) = ZeeEl h(e). It U = (), we define mincut(U, v, N') = 0.

Lemma E.1. Given two distinct nodes u,v € V, let Ny = N*(u) — {v}. The following

equation holds:

mincut(u, v, N') = Z h(e) + Ul(réan1 Z h(e) + mincut(N; — U, v, N)
e€Et (u,v) ecEt(u,U)

Proof. Define the following subset of Nj:

U; =argmin Z h(e) + mincut(N; — U, v, N)

vem e€E*(u,U)

Denote Uy = N; —U;. Because the outgoing edges of u are not traversed by any path from U,
to v, there exists a Uy —v cut-set £y such that EyNNT(u) = () and ¢(E;) = mincut(Us, v, ).

Clearly, Ey = E*(u,v) U Et(u,U;) U E; forms a u — v cut-set, the capacity of which is

c(Eq) = c(E* (u,v)) + c¢(E* (u,Uh)) + c(Ey)

Z h(e) + Z h(e) + mincut(Us, v, N)

e€ET (u,v) e€ET (u,Uy)

Consider an arbitrary U — v cut-set E3. Apparently, E*(u,v) C E3. Denote Uz = (E3 —
Et(u,v)) N Out(u) and W3 = E5 — (E*(u,v) U Us). Since the removal of W3 will break up

every path from N; — U; to v, Ws is also a (N7 — Us) — v cut-set. Hence, it follows that
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¢(W3) > mincut(N; — Uz, v, N'). This indicates that:

c(F3) = c(E* (u,v)) + c(Us) + c¢(W3)

= Y h(e)+ Y h(e) + c(Ws)

e€Et (u,v) ecUs
> Z h(e) + Z h(e) + mincut(N; — Us, d)
e€E*(u,v) ecUs
> Z h(e) + Z h(e) + mincut(N; — Uy, d)
e€ET (u,v) ecU;
= ¢(Ey)
Thus, we have proved that ¢(E;) = mincut(u, v, N'). This completes the proof. [

The following theorem can be seen as a generalized version of the Max-Flow and Min-cut

Theorem.

Theorem E.1. Given a function g : S — R, there exists a S — d flow f over N such that

val(f,v) = g(v) for v € S if and only if the following conditions are satisfied:

Zg(v) < mincut(U,d,N) YU C S,U # ()

velU

Proof. First, we prove the “if” part. Assume ¢ satisfies the following condition:

Zg(v) < mincut(U,d,N') YU C S,U # ()

velU

We add a node s’ and connect it to each node v in U via an directed edge (s',v) with

capacity g(v). Let N denote this network. Clearly, Out(s’) forms a s’ — d cut-set and
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c(Out(s")) = >, cg9(v). According to Lemma E.1, the following equation holds:

mincut(s’, = min {Zg + mincut(S — U, d, /\_/)}

ves | &
= min {Zg(v) + mincut(S — U, d,N)}

UCSs
velU

For U C S, we have

Zg(v) + mincut(S — U, d, N)

velU
>3 g0+ 3 o) = 3 glw) = c(Out(s)
velU veS-U veS

This indicates that ¢(Out(s’)) = mincut(s’,d, N'). According to the Max-flow and Min-cut
Theorem, there is a s’ — d flow fi over N such that val(fi,s') = ¢(Out(s')) = Y, 9(v).
Clearly, fi(s',v) = g(v) for each v € S. We then construct a S — d flow f over N/ simply by

setting f(e) = fi(e) for each e € E. Apparently, val(f,v) = g(v) for each v € S.

We next prove the “only if” part. Assume there is a S — d flow f such that val(f,v) = g(v)
for v € S. Thus there exists a U — d flow f; such that val(fi,v) = val(f,v) = g(v) forv € U
and val(f1,v) =0 for v € S — U. We then introduce a new node s” and connect it to each
node of U via a directed edge with infinite capacity. Let N' = (V' E', 1) denote this new

network. We then define a s” — d flow f, over N as follows:

val(f1,head(e)) if head(e) € U;
fale) =

fi(e) otherwise.
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Due to the Max-flow and Min-cut Theorem, this suggests that

ZQ(U) = ZVal(fh v) = val(fz, s")

velU velU

<mincut(s”, d, N') = mincut(U, d, N)

This completes the proof. [ |

E.3 Proof of Theorem 3.3.1

Proof of Theorem 8.3.1. 1 = 2: Assume R = (R;,---, Rjg) can be achieved by an MPC
with respect to (G, H). Hence, for any € > 0, there exists an MPC of length ¢ with respect to
(G,H) such that pi—” > Ry —efor 1 <1< |Q|. Consider a subset of unicast sessions ; € G
over the sub-capacitated network N;. Let U be an arbitrary non-empty subset of S(£2;). We
add a super-sender s and link it to each s; € U via an edge e; of infinite capacity, which
transmits a vector Y., = X;. Let N denote this newly constructed network. Clearly, the
encoding matrices and decoding matrices in the MPC for €2; also serve as a linear network
coding scheme for the single unicast session (s,d;) (s; € U) over the network A;. This
X4

unicast session achieves a rate ) ;5. Thus, we have:

Z<Rl —€) < Z |£tl| < mincut(s, d;, N;) = mincut(U, d;, \;)

s;eU s1€U

Let ¢ — 0, we then get ZsjeU R; < mincut(U,d;, N;). According to Theorem E.1, this

implies that there exists a S(€2;) —d; flow f;; over N; such that val(f;;, s;) = R, for s; € S(€;).
2 = 3: This directly follows from Theorem E.1.

3 = 1: Consider a subset of unicast sessions €); € G over the sub-capacitated network M.

Assume that for any non-empty subset U € S($;), >_, oy i < mincut(U, d;, ;). According

146



to Theorem 8 of [6], there is a linear network coding scheme for the multicast-scenario

I'; = {(s;, D(§%)) : s; € S(€;)}. Combining these linear network coding schemes, we then

get an MPC for Q with respect to (G, H). Hence R is achievable by the MPC.

F Proofs for Routing-Optimal Networks

F.1 Useful Tools

In this section, we present some useful tools to be used in the sequel.

Proposition F.1. The following equations hold:

1. H(X|Y) = H(X[Y, f(Y)).
2. I(X:Y|Z) = I(X;Y|Z, f(2)).
3. H(X[f(Y)) = H(X]Y).

1 I(XY1Z,W) > 1(X £(Y, )| 2, W),
Proof. 1) The following equation holds:

H(X,Y, f(Y))=H(Y)+ H(X[Y)+ H(f(Y)|X,Y) = HY) + H(X]Y)
Meanwhile, we have:

H(X,Y, f(Y)) =H(Y) + H(f(Y)]Y) + HX]Y, f(Y))

=H(Y)+ H(X[Y, f(Y))
Combining Eq. (F.13) and Eq. (F.14), we have H(X|Y) = H(X|Y, f(Y)).
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2) Due to 1), we can derive:

I(X;Y2, f(2)) =H(X|Z, [(2)) = H(X|Y, Z, [(Z))

—H(X|Z) - HX|Y, Z) = [(X:Y|2)

3) First, the following equalities hold:
HXY, f(Y)) = H(f(YV)) + HX|f(Y)) + HY[X, f(Y)) (F.15)
Combining Eq. (F.13) and Eq. (F.15), we then have:

H(X|f(Y)) =H(X|Y) + H(Y) — H(f(Y)) — H(Y|X, f(Y))
WHX|Y)+ HY|f(Y)) = HY|X, f(Y))
—H(X|Y)+ I(X;Y|f(Y)) > H(X|Y)

where (a) follows from the equation: H(Y) = H(Y, f(Y))=H(f(Y))+ HY|f(Y)).

4) We have the following equations:

I(X;Y|Z,W) = I(X; f(Y, 2)|Z,W)
—H(X|2,W) ~ H(X|Y, Z,W) - [H(X|Z,W) — H(X|f(Y, Z), 2. W)

where the last inequality is due to 3) and the fact that (f(Y,Z),Z,W) is a function of
(Y, Z,W). n

Proposition F.2. If Y — (X, W) — Z, then I(X;Y|W) > I(X;Y|W, Z) and I(X;Y|W) >
I(Z;Y|W). As a special case, we have I(X;Y|W) > I(X;Y|W, f(X,W)) and I(X;Y|W) >
I(f(X, W) Y[W).
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Proof. We have the following equations:

(X, Z:Y|W) = I(Z:Y|W) + I(X;Y|W, Z)

=I(X:YW)+ I(Z:Y|X, W) = [(X;Y|W)

Thus, it must be that I(X;Y|W) > I[(X;Y|W, Z) and I(X;Y|W) > I(Z;Y|W). Since the
following chain: Y — (X, W) — f(X, W) holds, we must have I(X;Y|W) > I(X;Y|W, f(X,W))
and I(X;Y|W) > I(f(X,W); Y|W). m

F.2 Proofs for Information-Distributive Networks

Proof of Lemma 4.4.1. Let S! denote the set consisting of the outgoing edges of s1,- -+, s;_1.
Since each path from s; (i < j < K) to d; must pass through an edge in C;, S} U C; forms a
cut-set between {s,-- -, sx} and d;. Thus Uy q,) is a function of Us:, Ug,. Meanwhile, Y is
a function of Yj,;_;. Thus, U, is a function of Y3,;_1, Ug,. According to Proposition F.2,

(4.24) holds. |

Proof of Lemma 4.4.2. Let T be the permutation sequence as defined in Definition 4.4.2.
Consider an arbitrary edge e € Ufil C;. Without loss of generality, let W(e) = {C,,,, -+, Cp, },
where 1 <n; < --- <n, < K. Then we have:

k

Z I(}/za Ue‘ﬂ:i—h UT,-(e)) - Z I(K: Ue|}/1:ni—17 UTni(e)>

1<i<K,e€C; i=1

For k = 1, the following equation holds Zle I(Y5; Ue|Yiin, -1, Ur, (0) = 1(Yi : Ue| Yiiny -1, Uz, (o) <
H(U,). Hence, (4.28) holds for £ = 1. We now consider the case k > 1. We will prove the
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following inequality holds for 1 < p < k:

k
Z [(Ka Ue’Y‘l:mfla UTni(e)> < I<an:nk; Ue|Y71:np71> UTnp(e)) (F16)

i=p

Clearly, (F.16) holds trivially for p = k. Assume it holds for p > 1. We will prove it also
holds for p — 1.

k
Z I(Y;, UeD/l:ni—la UTni(e))

i=p—1
(a)
SI(an:nk; Ue|}/1:np—17 UTnp(e)) + I(anfl; Ue|}/1:np,1—17 UTnp_l(e))

(b
:I(an:nk; Ue|}/1:np—17 UTnp (e)ﬁTnp_1 (e)» UTnp (6)—Tnp_1 (6))

+ I(anfl; U€|}/117’Lp71—17 UTnp(e)ﬁTnp_l(e)a UTnp_l(e)anp (e))

(©)
SI(an:nk; Ue|}/1:np—17 UTnp(e)ﬁTnp_l(e))+

I(Yo, 3 UelYiin, 11, Unyy (0T, (00 UTn, (=T (0))
@](an:nk; UelYiin, -1, UTnp(e)anp_1 (e)s UTnp_1 (6)*Tnp(e))

(Yo, 13 UelYiin, 11, Ury @0,y 00 Uni, (0T )
1V Ul Vi1, Uy, 0) + 1Yoy 35 UelYi, 11, Un0)

SI(YnP:nk; Ue’}/i:np—ly UTnpil(e)) + [(an_lsnp—l; Ue‘}/l:np_1—17 UTnp,1(€)>

f

(:)I(an_lznk; Ue‘le:np_lfla UTnpil(e))

where (a) is due to our assumption that (F.16) holds for p; (b) is due to the equalities,
Tn, () = (Tn,(e)NTy,_, (€))U(Th, () =T, (€)) and T, (€) = (T, (€)NT,_, (€))U(Tn, ., (€)=
T,,(€)); (c) is due to our premise that W is distributive: for each ¢’ € T, (e) — T, _,(e),

a(e’) < ny, and thus Uy is a function of Yi.,,; therefore, according to Proposition F.2, we
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have:

I(annkv U |}/i:np—17 UTnp (e)NTn,_, (e)> UTnp (e)=Tn,_, (6))

< ](an:nk; Ue|Y1:np—1a UTnp (e)anp_l(e))

(d) is also due to our premise that W is distributive: for each ¢ € T, _ (e) — T, (e),
a(e’) < n, — 1, and thus Uy is a function of Yi.,,—1; therefore, the following equality holds

according to Proposition F.1:

I(an_l ; Ue’le:np_1fl ) UTnp (e)anp71 (e)» UTnp,l (€)—Tny (e))

= [(anfl; Ue‘}/l:np,1717 UTnp (e)ﬂTnpil(e)>

(e) is again due to T, _,(e) = (Ty,(e) NT5,_,(e)) U (Ty,_,(e) — Ty, (€)); (f) is due to chain
rule of mutual information. Thus, (F.16) holds for p — 1. This means that (F.16) must hold

for all 1 < p < k. Letting p =1 in (F.16), we have:

k
Z I(Y;, Ue|Yi:ni—1a UTni(e)) S I(Ynlnka Ue|}/1:n1—1a []Tn1 (e)) S H(Ue)

=1

Thus, the lemma holds. |

Let e be an edge that is passed through by at least one path in an extendable path-set
sequence K. According to the above definition, all the paths in I that pass through e must
pass through a single edge in WW. We use p. to denote this edge, and refer to it as the

representative of e in W.

Proof of Theorem 4.4.1. Let W = {C; : 1 <1i < K} be a cumulative and distributive cut-set
sequence, T a permutation sequence for W that satisfies the conditions of Definition 4.4.2,

and IC = {P; : 1 <i < K} an extendable path-set sequence for W. Let R = (R, : 1 <i < K)
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be an arbitrary rate vector in R,,.. Therefore, for ¢ = % > 0 (k € Z~y), there exists a network
code which satisfies (4.3)-(4.5). In the rest of this proof, all the random variables are defined

in this network code.

We then define the following routing scheme: for 1 <i < K,
%[(}/z'; UelYiic1,Upyey) if P €Pyec PNC;;
0 otherwise.

Since W is cumulative, the following equation holds:

Y. Py =) ] P

PE,Psidi PeP;
1

= Z I(Y;a Ue|Y1:i—17 UTi(e)) (Fl?)
n eeC;

a)l ® 1

(Z)EI(Y;S UCi Yl:z'fl) > EI(Y;; UIn(di) qu)

where (a) is due to (4.25), and (b) is due to (4.24). Define 6, = Pr(Y; cannot be decoded

from Upy(a,), Y1:i—1). Clearly, 0; < 0; < % Then, we can derive the following equation:

1
le:ifl) = E(H<sz’}/1171) - H(Y;’Uln(di% Y'lzifl))

ol @ 1
C2(H(Y) = H(YilUna, Yiamr)) =~ (H(Y) = 1= 8 log [W,])

1 1@ 1 A
=(1 =)= - = > S ) - =
U=a)-HY) =~ > (1-7) (Ri-1) -~

where (c) is due to the fact that Y; is independent from Y7,;_1; (d) is due to Fano Inequality;

1
(Y Uia
" (Ye; Urn(ay)

(e) is due to (4.7). Combining the above equation with (F.17), the following inequality holds:

> ez (1-3) (m-1) - (F18)

PePs,a;
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Let e be an edge that is passed through by at least one path in K. Since K is extendable,
the paths in I that pass through e must pass through e’s representative u. in VW. Hence,

the following equation holds:

o> M=) fH(P)

i=1 PEP, 4, P i=1 PeP;ecP
= 1 (F.19)
< Z Z fzn’k(P) = E ](Yi; Uue Yii-1, UTz‘(Me)) '
i=1 PEP;,uc.cP 1<i<K 1 €C;
N1 (9) 1
<-HU,) <1+ -
—n ( Ne) — + kf

where (f) is due to (4.28); (g) is due to (4.6).

Since each f" k(P) has an upper bound, there exists a sequence (ny, k;);°; such that for
1 <i < K, the sequence (f;" Lok (P))2, approaches a finite limit. Define the following routing

scheme:

limy_,s fi"M(P) if P e P,
fi(P) =

0 otherwise.

Due to (F.18) and (F.19), f;(P) satisfies (4.1) and (4.2). Hence, R € R,. This implies that

Rne € R,, and the network is routing-optimal. [ |

F.3 Proofs for Examples

Proof of Theorem 4.5.1. Assume W is cumulative. Hence, G is information-distributive

According to Theorem 4.4.1, GG is routing-optimal. Since routing can achieve a common

1

rate of at most 7, lnin = mK.

Now assume l,,;, = mK. We consider a side-information graph G’ = (V’, E’) [66], where
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Vi ={1,--- K}, and E' = {(j,7) : X; € H;,1 < i,j < K}. It has been shown that
if lin = mK, then G’ is acyclic [66]. We will show that W is information-distributive.
Since G’ is acyclic, we can re-index the nodes in G’, such that if (j,i) € E’, j < i. Let
1 <i< j < K. Consider a path P from s; to d;. Since (j,7) ¢ E’, X; ¢ H;. Thus, there
is no directed edge from s; to d; in Gy, and P must pass through (u,v) € C;. Hence, W is

cumulative, and G is information-distributive. [ |

Proof of Lemma 4.5.1. Let 0 <7 < j < K. Assume there is a directed path P from s; to d;.
Let P, be the part of P after s[j]. Clearly, P = {(s;, s[i]), (s]¢], s[i+1]),--- , (s[5 —1], s[j])}U
P, is a directed path from s; to d;. Since C[i] is a cut-set between s[i] and d[i], P’ must pass

through an edge e[k] € C[i]. Thus, e[k] € P. This means that W is cumulative. |

Since the duration between e[t] and s[a(e[t])] is d(e), we have:

alelt])) =t —d(e) (F.20)

Lemma F.1. If C|0] is distributive, W is distributive.

Proof. Let T[t] = (e;[t; +t])%_,, and define a permutation sequence T = (T'[t]), for W. We

will prove that if C[0] is distributive, T satisfies (4.26) and (4.27).

Consider an edge ¢,[t,] € C[0]. Let(e,[t,,])%; be the recurrent sequence in C[0], in which

all the edges are time-shifted versions of e,. Without loss of generality, let n; = p. Next,
consider e,[t, + k] € C[k]. Let W(e,[t, + k]) = {C[t] : e,[t, + k] € C[t],0 <t < K} denote
the subset of cut-sets which contain e, [t, +k]. Clearly, Clk—t,, ., +1t,,] and Clk+t,, —t,,_|]
are the cut-sets in W(e,[t, + k]) that lies immediately before and after C'[k] respectively, and

Clk 4 t,, — t5,] is the last cut-set in W(e,[t, + k).
Consider an edge e,[t, + k] € C[k] be an edge that lies before e,[t, + k] in T'[k], but doesn’t
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appear before ep[t, + k] in T'[k — t,,, +t,,]. This means that e,[t, + t,, ., — tn,] & C[0].

Thus, the following equation holds:
(a)
a(eqlty + k]) =k +1tg —0(eq) <k +tn; — tn,.

where (a) is due to the premise that C[0] is distributive. Hence, (4.26) is satisfied.

Now assume that e,[t, + k| € C[k] lies before e,[t, + k| in T'[k], but doesn’t appear before
eplty k] in Tk —t,, +t,,_,]. This implies that e,[t, —t,, +t,,_,] ¢ C[0]. Thus, the following

equation holds:
(b)
afeglty +k]) =k +t,—0(eq) < k4t —tn,_, —1

where (b) is again due to the premise that C[0] is distributive. Hence, (4.27) is satisfied. W

is distributive. [ |

Lemma F.2. If P is extendable, K is extendable.

Proof. Consider two paths P, P; € P. Assume P,[k;] overlaps with P;[ks] at e[t]. Thus,

e[t — k1] € P, and e[t — ko] € P;. Since P is extendable, this means that e; = e; and
t—ty=t—ky— (t— k) = ks — ky

Note that e;[t; + k1] is the edge in W that is passed through by P;[k;]. We have:
ei[ti + k1] = e;[t; + ko] € Pjlks] N Clks).

Thus, P;[k;] and P;[ks] pass through the same edge e;[t; + k1] in W. Hence, K is extendable.
[
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Proof of Theorem 4.5.2. Due to Lemmas F.2, 4.5.1 and F.1, the theorem holds.
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