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ABSTRACT
The new form of thé strip approximation devised by Chew is
applied to the calculation of the S-wave 7~-7 scattering amplitudes, with
forces produced by the exchange of p , P, and P' tra,jectéries9 and with
Regge asymptot;c behavior built in. Beéause of the sensitivity of the
S.wave to short-range forces not included in the sirip approximation, a

subtraction is made at the symmetry point, so that an extra free parameter A

is introduced, in addition to the strip width, Self-consistency is imposed

on the S waves in the direct and crossed channels} A is related to the

scattering lengths for isospin O and 2 (ao and ag), and it is

>l and a.~ 0,2

concluded that solutions with Ar=0.1 giving ag >

are in the best agreement with experiment. But some discussicn is also

given to the possibility that a is negative, there being s tound-state

0

t

pole of vanishing residue, which whould correspond to the P' trajectory's

crossing angular momentum zero.
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I, IRTRODUCTION

.In their original paper on thg 7= scattering amplitude Chew
and Maﬁdelstaml.proposed a method of imposing self-consistency cn the
lower partialawéve amplitudes of the direct and crossed channels and
absorbing the high-energy behavior into a single subtraction parameter
A, which was related to the values of the various isotopiénspin anplitudes
at the symmetrj point s =1t =u = %-mﬁe ¢« Their method had two disadvantagesa
the partial-wave sum in the crossed channels does not converge in the direct
channel outside the Lehman elipse, so that only singularities which are
"near-by" in both the variables, s and t , could be included: and when
it became known that there were resonances in the w-7m system, in particular.
the p resonance, then the /D equatioﬁs required a cut~off, This intro-
duced anothér parameter connected with the high-energy behavior, but whose
relation to A was not known,

In the intervening years much as been understodd about both tﬁese
problems, the first in terms of the strip aéproximation2 which includes
singularitiesg which are neardby in one variable but nof necessarily in both,
and the second, in terms of continuation in angular momentum,B’h and the
fact that Regge poles in the crossed channels control the asymptotic
behavior in the direct channel.

Recently Chew and Jones5 have put forward a new form of the strip
approximation which incorporates both these ideas in‘a set of bootstrap
equations for .7m-m scattering. The only free parameter of this scheme

is the width of the strip, s the boundary of which marks the point

1
at which the resonance region is joined to the region governed by

Regge asymptotic behavior,
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Some preliminary results of bootstrapping trajectories have been .

reportéd,6 and in principle, if one wishes to know about the 5 wave one .
has only to find a self-consistent sel of trajectories and then project
out the appropriate partial wave from the amplitude. However, the S vave,
involving as it does an unweighted average over all momentum transfers, is
very sensifive to the short-range forces, not all of which are included in
the strip-approximation. In éther words, one can expect the S wave to be
.much more sensitive to the inner regions of the double spectral functions
‘than the higher partial waves, ‘
In this paper we follow Chew and Mandelstaml in using a subtraction,
and imposing self-consistency on the S wa&es in the direct and crossed
channeis9 but we shall include the rescnances as Regge poles, and impose
Regge asymptotic tehavior. Thus, zpart from Sy s to which the solutions
are insensitive, and the Regge trajectory functions which we suppose to be
known,T our results depend only on one free parameter X ghich will
be related, dynamically, to the I = 0  Sawave scattering length ag o
If this one piece of information is given to us the solution is detefmined,
In practice, of course, there are considerable ambiguities in our input.
The Regge parameters are not well known, but it turns cut that the solution
is not gréatly affected by the choice made, providing that unitarity is
satisfied, However, the choice of X 1is crucial,
In the next section we discuss the experimental situation, and
various theoreﬁgcal suggestions as to how the S~wave emplitude should

behave, In Section III we review the I/D equations, and in the following

section, describe the calculation of the "potential and our choice of

i
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Regge parameters, Ve ccnclude with a discussion of the results as a
function of A .
Solutions with A around ~0.1, giving an I = 0 scattering
b
length of zbout 1,0 and an I = 2 scattering length of atout 0,2, seen
g ) & ey
to be in accord with the present experimental evidence, but soluticns wi
negative scattering lengths, which have z "bound-state" ghost pole’

N

s are expressed in

3

3 - L b
ne scattering lengt

zero, are also considered.
pion Compton wavelengths throughout.)

ITI, PRESENT EVIDERCE CONCERNING THE S WAVE

As yet there is no clear evidence as to the nature of the I =.0

‘S~wave scattering amplitude, but several indications tend to a similar

-~

conclusion, namely, that the scattering length is large and positive.

[EX

8 . .
Abashian et al. cbserved an anomalous preak in reactions such

as
- . 3 -
p+d->He” + 1 + 1 ,
which they explained as being due tc a large I = 0 scattering length, and

o]
Booth and Abashian” find its value to be a. = 2 + 1 ., Hamilton et al. 10

have determined the contribution of the 7-m interaction to the partial

wave dispersion relations for
T+ N> 21 + I,

and require a, = l.3 * 0.4 , A discussion of this evidence is given in

o)

an
P4 . .
reference 11, lMore recently Kacser et al, have obttaine ay = 1.0 + 0.3

. . : k3 3 - EN
in trying to fit the Re, decay spectrum.
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13 has considered the forward

Contrary to this, however,H. J. Rothe
dispersion relations for w-r scattering itself, dividing the amplitude
into a Regge asymptotic region whose behavior is controlled by the P

and P' +trajectories, and a resonance region fitted with Breit-Wigner
2

formulae, the two regions being matched at' s =200 m -~ . He Tinds
L+
ay = ~1.7 é'g . Also Kreps et al., l% have found -~1.T72 in a dynamical

calculation, It i1s hoped that a more definite value will be available soon
using the method of Cabibbo and Maksymowicz.l

There is some evidence for at least two Swwave resonances., Brown
and Singérl6 have prdposed a L00~MeV particle , @ , of width T5=-100 HMeV,
to explain the 37 decay modes of the n and K mesons, and this may
have been observed by Samios et al.,l7 The asymetry of the neutral o

decay in

-

+ - .
T 4+ p*tU + 7 +n -

has been discussed by Islam and PiﬁonlB in terms of interference with a

o ,
60" I = 0 S-wave phase shift at 750 MeV, and by Durand and Chiul9 in

terms of an I = 0 S-wave resonance with a mass and width similiar to
. , . 20 .
those of the p ., Recently Feldman et al, have reported evidence
for such a particle at 700 MeV,

- However, S-wave resonances are rather difficult to understand,
requiring a combination of a long-range repulsion, and a short-range
attraction, and a calculation of the sort which we are proposing is -

certainly not dble to produce them, because of the way in which we treat .

the short-range forces by means of a subtraction.

..

-
[

I
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An alternative hypothesis has been put forward by‘Chew,21 that

the S-wave phase shift is in fact falling, and that the peaks observet;

or postulated are not resonances but occur when the phase.shi t is falling
through an odd half-integer multiple of w7 . The reason for believing
that this may be so is that the Pomeranchuk (P) and secondary

Pomeranchuk (P') trajeptories might well vass through angular ﬁomentum

o = 0 (Fig. 1). Indeed the parameters for these trajectories found by

7

Phillips and Rarita' do cut a = 0, and they say the trajectories might

well have been represented by straight lines. |

So if the P trajectory passes through s = 80 mﬁ2 at

a = 2 corresponding to the fo , and through the Froissart limit of

X ' 2
a 1 at s =0, we may expect it to cut o = 0 near s = =80 m o

and similarly if the P' passes through the newly discovered particle
at 120 m;f with o =2 and has an intercept7 of o =5 at s = 0, then
it may cut o =0 at s?® uhOmﬂ?,lthough if the trajectories have much
curvature these points could be further to the left., Of course, at the
point where the trajectory cuts o = O its residue must vanish, or there
would be bound states in the physical region of the crossed channels, and
at present we have no understanding of mecheanism which causes this vanishing.
" Levinson's theorem22 implies that for each trajectory that cuts
o = 0 the phase~shift, §(s), at threshold is increased by a factor =
over iti value at « , Thus if we normalize §&(») = 0 , then we expect
§(4) = 2n if»Sbth P and P' cut @« =0, The D functionZs would

have two zeros Below threshold at the points through which the trajectories

pass, and two further zeros above threshold as the phase shift comes down

"

i/

AN
=T\
hoa /e
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through %'w and %- . See Figs, 2 and 3. The fact that the N function

~would also have to vanish at the two zeros below threshold, so that real

w<

bound states do not occur, does not affect this argument., ©Such a
_ , ' -Nb(h) \
gituation would reguire a negative scattering length | =

Re DO _ f °

In fact, as we shall see,it has only proved possible to produce a D

function with one zero below threshold.

III. THE SUBTRACTED N/D EQUATIONS

2k

We set the S- partial-wave amplitude

No(s) '

vhere No(s) has the left-hand cut of Ao(s)', and its right-hand cut

for s >s, , and ~D0(s) has the right-hend unitary cut for 4 < s « Sy s

sy being the boundary of the strip, We can write the usual dispersion

relationsé
sl v :
v 1 J[ Im [B, (s’)DO(S')l
» T H .
No(s) - BQ (s)DO(s) = ds = (111%2)
L
and
i Sl ' u“"
3 1 '
Ddﬂs) = 1+% ast {Do(S )] : (I11:3) .
IS , s J/ ] s W
’ h S - 3 )

«

X

7N
a
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where',Bov(s)_ is the "potential" function to be discussed in the next

section. With elastic unitarity

In D(s?) = -p (s)i (s), ~ (TII3h)
. - ’ N th\l/e
where po(s) is the phase-space factor and is equal to - } e
Setting
Jo(so)- = A
and
Dylsy) = 1 (1I1:5)

and combining (III:2), (III:3), and (III:k), we obtain the subtracted

equations

S
(s -s.) /.ls"<s'>-s"(s>

v v 0 0 0 ' '

No(s? = A+ By(s) - By(sy) + —= i (s = s)(s' = 5, opls"Ng(s")
(II16)
and
( he!
_ S - so) dgfpo(s')No(s') (II137)
Do(s) = 1 - : h TS =5

Thus, given a potential function BOv(s), we can solve the integral

equation (III:SQ for No(s) and then use (III:7) for Do(s) .

.
As in reference 1 we take s

0 to be the symmetry point

= = , The isotopic~spin amplitudes at the éymmetry point are

sv =t, = 0%3

0 0

u
1
related by

2N

it
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AT = =52, AY = 0 2% = o2, (111:8)

the superscripts referring to isotopic spin, X Ybeing some constant, We.'
shall make"the approximation cf setting the amplitude at the symmetry point
equal to its lowest partial wave, In particular,

2(

0 0, . 2 _ R ]
Ar (SO’tO’uO) = A.O (SO) and A (uogtogho) - AO So). . (III09)

Chew, Mandelstam,and Noyes25

found that adding higher partial waves
(principally the D wave in these cases) made very little difference.”
The subtraction constent A° = No(so)/DO(so) is dynamically

related to the scattering length a, = No(h)/Re Do(h) , and could thus be

¢
fixed if we had a reliable estimate of the I = 0 scattering length,
Hote, however, that because of the cuép in the D function at threéhold,

there may well be a considerable discrepancy between &4 and’ A0 » In

practice we shall express our results as functions of X , and the relation

(I1I:8) will be needed to relate the solutions for I = 0 +to those for

The integral equation (III36) is solved by matrix inversion.

Since the potential function B V(s) has a logarthmic singularity at

27

the equation is not Fredholm., Chew ' has shown how to transform

0

s = sy

the unsubtracted integral eguation into a Fredholm form, and this trans-

formation has %een.programmed.ze’gg

iy

However,this transformation can not

“be used &s if‘

requires a large amount of computer time, Jones and Tiktopoulos3o have

M

-



exchange of Regge trajectories, i.e., p ,

shown thatwif the norm of the kernel (in this case the coefficient of the
logarithmic singularity) is less than one then matrix inversion can still

be used despite the non-Fredholm nature of the equation, This point is

diséussed further in the next section.

IV. THE POTENTIAL

The potential which we use has two parts: contributions from the

P, and P' ; and the force from
i

the cross-channel S wave,which we include in a self-consistent way. Simply
to add these two parts would be to include some contributions twice'in
the S-wave amplitude, but this double counting can be avoided by means

of the '"normalization" procedure of Chew and Tepli’cz.31

The isotopic-spin crossing matrix for n-n scattering is
/3 1 5/3
L .
s =| 1/3 12 -5/6 (1vi1)

1/3 =1/2 1/6

50 we have

vO, y _ L PN 1 _P'N o 1 .80 .y, 5 .s2 v
By (s) = 5 By (s) + 2By "(s) + Byls) + T % (s) +£38,"°(s) (1Vi2)

N
A
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and

v2, y _ 1 _PN 1PN,y 1 oo
B, (s) = 5 By (s) + =B, (s) = 5 Bo(s) +

L5005y 4 L 52

3 %o * % B (s

(Iv:3)

where Bgi(s) is the contribution from the cross-channel S wave of -

isotopic~spin I , and the remaining contributions are from the exchange

of the trajectories, The superscript N

contribution has been normalized,

5

Chew and Jones

means that the trajectory

butions of the trajectories, and we.have;frqm reference 6 Eq. (10),

0 1
v 1 du! u'
BO(S) Ly 2 J[ r(t) J[ u' - s Pa(t) -l - 2
s 2 2 2qy
-hq -nh
s e
51
' *
+ Titde  J[ u'du u Pa(t) -1 - -AL??
2,
-hq‘tz
+£ f r(+')p 1 - du'
, o
s (e") 2 2, u' - u
1
u' - \ du'

Sy
) |
** Sin Ta(t) ggpa(t)
L

have given formulae for calculatipgithe contri=-
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w)le

This is simpler than reference 6 Eq., (10) because of the restriction to
even signature (in the s channel) and angular momentum O . E(= +1) is
the signature of the exchanged trajectory (in the + channel), and

aft

r(¢) = [2a(t) + J,-'](e-qtg) )Y(fc‘)» (Iv:5)

a(t) being the trajectory function and y(t) the reduced residue,

For the p trajectory, which being of negative signature has
no S-wave component (in the t channel), we can use (IV:lL) as it stands.
For the P and P' , however, it is necessary to "normelize,” The effect
of this‘procedure will be described in greater detail in a forthcoming
paper,32 but inlbrief what we do is subtract from the potential its.

contribution'at s = 0

Thus

Zé(s) 9 s 24

U

0o . |

i . f :

gy = .....1..5[ at B, {14+ > vi(t,s) - vi(t,0)), (1v26)
o \ .

s hqs“

where Vi(t,s) is the expression in brackets { } in (IV.L4) for trajectory i .

V(t,0) can be represented by an expansion of the t channel

discontinuity in a partial-wave series, ThusBl
N |
V(t,s) = ;—[ T Dt(t"s) (Iv:T)
b
s _

Ly 1

_ i dt’! ' s

== f . R (22, +1) ImA, (£)P, [, , ——
4 2 ® ¢ 2¢°

t G

(Iv:8)

!

=

Ky

,.A;;:“T
§
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and

dt!

v(t,0) = ':;Lg/ T X (z\z,t +vl) Im Agt(t') . (1v:i9)
+ ,

If the S wave dominates this sum, as one may establish by comparing it

with the D wave represented by the ¢

o Tesonance with the experiﬁental

mass and width, then

3
1 : »,
Vv(¢,0) %;Tl-f -g;—d%-ﬁ- Im A (") (1v:i1o)
’4 .

Thus by using BéN instead of Boi s When { refers to the P or P!
trajectories, we have removed the contridution of these trajectories to
the S-wave discontinuity, and are free to add to the potential the full

contribution of this partial wave determined self-consistently,i.e., by

setting
Im Az (s) = Im A, (s) - .
% 3
Then
. sl
sI _ 2 dt t 1 P
Bo (s) = "j = Q 1+’ 5| Im A (t) (1v:il) .
k 2qs aqs

is the contri%ution to the potential from the isospin I(=0 or 2) S wave,

The factor 2 comes from adding the contributions of the t and u channels,

~

1

4
/})’ .

RN
(=)
hap
]
=}
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We note that

oo(t)

Re Do(t) 2

°02(€)'*{“§3T€T"'

Im Ao(t) (Iv:12)

and Do(t) and No(t) are obtained as solutions to the N/D equations,

We have to choose forms for the Regge functions ai(t) and Yi(t) . The
functions are real analytic in t cut from threshold to = b s but we only
need to know them for t < 0 . VWe take a pole epproximation which-has. been
found.adequafe in the past for a,.6 and should also serve!for Y .h It

. turns out that the solutions are not very dependent on the precise choice

of parameters, The results quoted in the following seetion use these

functions &

o = -1,5 + 2,0/(1 - t/1k0), Y, = 0.,01/(1 = t/lOO)(zh)l'a(t);
ap = =1.0 + 2,0/(1 = t/2L0), Yp = 0.007/(1 - t/lOO)(eh)l"é(t)a(t),
‘°‘P' = 21,752 + 2,251/(1 = tflOO)’ YP'= o.ihg/(l - t/lOO)(éh)l/2-a(t‘)2a(t).

These have been chosen so that

ay = 1 for t=28 and =05 for t =0,
op = 1 for t= 0 -and 2 for t = 80,
Opy = 0.5 for t =20 send 2 for t = 120,
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corresponding to the known particle masses and the intercepts of reference 7.
The remaining parameter, the pole position, was chosen to make the
trajectories fall rapidly.
'Yp(28) ) .

yp was chosen so that ETTEgT corresponds to a2 p width of
100 MeV, P

YP(O)' is chosen sc ‘that the total cross section Uﬂn(”) = 11 mb
and YPE(O) is roughly the velue implied by the findings of reference T
and the factorization theorem. Again the pole positions were chosen so
that the functions fell sufficiently repidly with negative t . Multiplication
by a(t) ensures that residues of P and P' vanish if' o(t) = O';
By sufficiently rapidly we mean such as to give a logarithmic derivétive
of the potential corresponding to a Ter diffraction peak of inverse
width =~k GeV—2 . 33 Apart from the desirability of satisfying this
criterion so that the‘function; will correspond to the true physical Values_
as closely as possible, it turns out also to be necessary if unitarity
is not to be violated b& the potential, making solution of the N/D
equations impossible. |

4,27

As has been discussed previously, the potential calculated from

(IV:k) has a logarithmic singularity at s, , such that

1
v 1 .
By (5,) —) = Im Bov(sl) log (s = s) ‘ (1Iv:13)
S*s
1
énd
» v, sin2 éo(sl)
Im B, (sl) = IR . (Iv:1l)



violated at - s

=15

where Go(s) is the S-wave‘phase shift. Thus if unitarity is not to be

we require that

1

, vl g1l o, (IV:1s)

pglsy) Im By (sy
or, since s, S>> b

v

In BO~(sl) L1 . (1v:16)

Now
|
Im B (s,) = Eiii : at w . (t) P 1 A (Iv-lf)
B B 18y }:; b2 1 e (t) |72 ’
1 S1 -l :
e,

the sum running over the P, P', and p trajectories, and the expression is

smaller, the larger are a'(t) and y'(t) . With the parameters quoted

from (IV:2) and (IV:3) we find, for s, = 200 ,

1

vO(

Im BO ) 0.9531

sl. » B
and

v2
In BO (sl)

0.ko02

which is close to the limit, If unitarity 1s vioclated at 8) the norm of

the kernel is greater than 1 and the N/D equations can not be solved by

4

matrix inversiéﬁ.3o Thus even though the behavior of the amplitude at s

near s, 1is of no interest to us in these subtracted N/D eguations,

1

wvhose solutions do not.depend on distant singuwlarities, it 1is still necessary

to ensure that the potential does not violate unitarity at Sy e




., .

The contribution of the p to the potential is much greater than
that of the P and P' , and very similar results are obtained if the
latter are neglected., It is also interesting to compare the effect of ' ¢
exchanging a p Regge trajectory with that of exchanging an. elementary
(fixed spin) p . It is well: knowth’35 that there are ambiguous
zero=-range components in the fixed-spin potential which affect only the

S wave., However,the approximation is often made of neglecting these

zero-range parts and taking

2 .
el _ -5 "o 21 - {IV:18)
Bo o = My el —=% ) 81— 4 4
2qp 2qs

where g is the width of the p (in m, ) . This potential is rather
different in its energy dependence from the Regge form, whose principal

term is an average in t over F(t)Pa(t) (-l - ——23 )//;in ma(t) from
2q

and which goes almost to zero at the symmetry voint,

whereas (IV:18) has these factors evaluated at t)= mp2 . This difference

t=0 to -bg°,

is not very important in our calculation because the iow s part of
Bov(s) comes mainly from Bgs(s) . Also the subtraction will remove
any dependence of the solution 6n the short-rangé compqﬁents included
in the Regge form.
It is possible to use (IV:1l) as it stands to obtain the potential
S(s

1
at the subtraction point, B ) , but (IVsk) can not be used for s < L .

070 ' -

Instead we obtained Bol(so) by extrepolation from the values for s >l .

AN
2)
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V. DISCUSSION OF THE RESULTS

Our method of solution is to begin with ng(s) as given by the
trajectory contributions to (IV:2) only. The N/D equations are then
solved with a chosen Qalue of. A , and Bgo(?) calculated from (IV:1l)
and (IV:12)., Adding this to BJ(s) a new solution wes obtained, and
after four or five such cycles the solution was steble. Bgz(s) was neglected
as small. . The resulting form of Bgo(s) was used‘in (Iv:3) to obtain
solutions for I =2 ,

| For comparison we repeated the calculation with tﬁe S=wave

i .
potential alone, and also with the elementary p potential instead of

the Regge potentials.

Re D(s)

In Figs. 4=6 we plot the function -Sxoo(s) cot 600(3) = <5\ = =

against s for a range of values of A for the three diffefent types

of input potential. For the S-wave alone results very similar to those

of reference 1 were obtained except for A = =0.5 and -0.3, where the
P-wave gave an important céntribution. The Regge input gives curves

similar to forﬁ to those for elementary o except for A = 0.1, where

the zero of the N function {and hence of the vhase shift) occurs at a much
lover energy for the letter input,

The phase shifts for the Regge case are plotted in figure 7.

They are constrained in each case to 5(51) = 0,437 by the imposition of %

Regge asymptotic behavior, and in fact closely approach this value for °

8 = 100 except for A = O;l « This value of A Is close to that for wnich§ ;
& bound state Appears at s = «* and 60 (0) jumps from O to = ., It id
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| difficult to estimate closely the value'of A for which the bound stéte

appears becaﬁse we can not calculate the D function with the requisite

accuraéy- for very large negative s , but it certainly exists when A

has reéched 0.14 ., This pole becomeé less bound as A increases,and

reaches a position where it'might be identified with the P' (say) for

A =0.2k to 0,30 , i.e., s = =109 to bk , | | |
Table I shows the bound-state positions and scattering lengths

for giveﬁ values of A , To gi?e an indication of the ambiguity resulting

from our lack of knowledge of the input parameters we also give results

for an elementary p with a cut off at s, = 400 , and with a width of

1l
1 m rather than the experimental value of 0.T m; . Changes of the Regge
parameters of a similar magnitude produce similar variations,

For X = =0.5 a bound state is produced in all cases, a result

already noted in reference 1 . As A 1s increased, the bound state moves

“up to threshold and disappears, the scattering length then becoming positive, .

Howevery,as A is increased farther, the XN function at threshold passes
through zero, turning negative, and the scattering length becomes negative

egain. Finally for large X (A >®0,1L) a zero of D developes at

0
s = -» and moves to the right.. Sincé Do(so) is constrained to 1 it is
vclear that the zero can not move to the right of s, @s A+ , Figure §
shows sketcﬁes of the N and D functions for various X .,

In Figs, 9 and 10 we‘give corresponding éolutions.for I=2.

If it ﬁs true experimentally that the I = 0 S=wave scattering .
length is appr;gimately 1, then the correct solution should be that for
A = «0,1 , The corresponding I = 2 scattering length of 0,2 ié

in roderate agreement with reference 36, who estimate it to be 0.09.

T

&



+ =10-

If alternativgl& one'bei¥eves that thé scattering length is
negative, the best solution seems to be for A Q>0.3,‘where,the bound
state at s ~50 might well be identified ﬁith the P' trajectory.
' The residue of this pole is iarge in that for the case of Fig. T, we

have, e.g., for

A = 0,3 ’

,No(—hh) = 1,36

and
[EE' Do(s)] = 0,0075 ,
. , s=all _

-and the pole may be written

-181
s + Lk ¢

But if the potential function were to have a suitable behaviof to’ﬁake
N(~4k) = 0 , the solution of the N/D equations in the strip region,

L ; s <8y , would be very little Ehangéd because of the éubtraction.

Or, inverting this argument, our solution does ﬁot determine N for

points a long way outside the stfip with any accuracy. However, for this
value of A the I =2 amplitude also has é bound-state pole, as Fig, 10
shows, though again it is not possible to determine its position except
that is is at s < =300 . Since no I = 2 +trajectories are known,it seems
that such solu?ions must be wrong., If the scattering length is to be -l}T.
we require a éé?y large A(zL0O); and the I =0 bound-étate position

at s = 0,56 ié too close to the symmetry point to be identified with

any known trajectory.
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According to our present informetion the best solution is that

with A = «0,1,
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Table 1. Bound-state positions and scattering lengths.

A =0.5 -0.3 ~0:1 -0,002 0.1 0.3 © 0.5

Case _ .‘ _ Bound-state positions

a - 3.96 - - - - -4k ,3 -13.2
b 3.85 ee - -— . ~33.1 - =8.76
c 8.85 - _— | - - -33,1 -8.76
d - 3,68 | - - - - w26, b «6.5
e 3.86 - - '_-- —— ~44,0 «11.7
£ 3.86 - - wer - =42,1 | - =12,2

Scattering Lengths

a 12.1 5.3 0.66 | 0.10 -0.396 -0.82 -1.05
b | -5.7 12,6 lo.95 10.23 | -0.37 -0.82 |  -1.,0b
e .81 3.3 087 | o1 -0;35 1 -0.82 -1.05
g 1.1 | 0.67 o.19v 0.002 | -0.18 ~0.46 0,65

—— mr—— - 2 ke R 043 N8 ik ¢ srh A EYs il i ot b Lagas 370, AN M S 47 04 I I A Do L i B

2

.. The units are - bound state positions s(mTr ), and scattering lengths (pion

Compton wavelengths). The isotopic spins and forces for the various cases are:

a, I =0 + S wave 177 alone

b, I=0 ’ 43 wave m-t with elementary p of width 0.7 Mmooy S < 200
e¢. I=0 , Swave mem with elementary p of width 0.7 m_, 5y = MOO‘
d, I=0 , “ﬁ wave Ten.with elementary p of width l.Omﬂ » 8y % 200
e. I =0, S wave mer with Reggeized p , P and P', s, = 200

f. I=0 , §;wave T-m with Reggeized ¢ , P and P!, s, = 400 _

g« -1 =2 , S wave 7-m with Reggéized o ", P and P', s) = 200
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The I = 0 +trajectories.
Possible form for I = 0 S-wave phase shift vs energy.

Hypothetical N and D functions corresvonding to Fig. 2.

-Slpo(s) cot Goo(s) vs. s for the I = 0 Swwave exchange alone,

oo(s) vs. s for exchange of elementary p of

width 0,.Tm and I =0 S wave; s, = 200,

-Sxpo(s) cot Goo(s) vs. s for exchange of Reggeized.p, P

and P' with I =0 S wavey = 200,

sy |
The I = 0 S-wave phase shift 600(3) vs 8 for the

Reggeized p , P , P! input;> sy = 200,

‘Sketches of the N and D functions for the same case &3
Fig. T. -Not to scale,
-2Apo(s) cot 602(5) vs. s for exchange of Reggeized 0 5 P

and P' the I =0 Swave and I =2 S wave, S, = 200,

1
The phase shifts corresponding to Fig. 9.
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