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Abstract

Optimal Online Learning with Matrix Parameters
by
Jiazhong Nie

This thesis considers two online matrix learning problems: the problem of online Princi-
ple Component Analysis (PCA) and the problem of learning rotations online. Previous
papers proposed two online algorithms for these problems, which are the Matrix Ex-
ponentiated Gradient (MEG) algorithm and the Gradient Descent (GD) algorithm,
respectively [WKO8, [HKWT10al]. This thesis evaluates these two algorithms by their re-
gret, which is the additional total loss of the online algorithm over the total loss of the
best offline comparator (chosen in hindsight).

In Chapter [2 we show that for online PCA, both algorithms achieve essen-
tially the same and optimal (within a constant factor) regret bound when the bound
is expressed as a function of the number of trials. However, when considering regret
bounds as functions of the loss of the best comparator, MEG remains optimal and
strictly outperforms GD. Chapter [3] considers a generalization of online PCA in which
we use the combination of the compression gain of PCA and the cosine similarity to
measure the closeness between two directions (i.e. unit length vectors). Such a combined
measurement involves both the first and second moments of the learner’s randomized
prediction, and therefore, we propose an online algorithm that maintains both a vector
and a matrix as its parameter simultaneously. In particular, in each trial of the game,

vil



this algorithm uses a novel iterative procedure to decompose its parameter pair into
a mixture of at most n pure directions. Chapter [4] considers the problem of learning
rotations online. We show that for this problem, the GD algorithm is optimal (up to a
constant) for both the regret bounds that are functions of the number of trials and the

regret bounds that are functions of the loss of best comparator.
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Chapter 1

Introduction

This thesis presents some significant new results in the online learning sub-
field of Machine Learning. Online learning distinguishes itself from the common batch
learning by its interactive learning protocol and its adversarial data assumption [Lit87,
LW94, Vov90, CBFHT97, [CBLO6|]. In this thesis, we consider online learning with ma-
trix parameters. In particular, we are interested in the online version of two classical
machine learning problems: Principle Component Analysis (PCA) and learning rota-
tion matrices [WKO8, HKWI10b]. Previous papers proposed two online algorithms for
these problems, which are the Matrix Exponentiated Gradient (MEG) algorithm and
the Gradient Descent (GD) algorithm, respectively [WKO8, HKW10a]. Each of these
algorithms aims at suffering small regret, that is the maximum extra loss the algorithm
could suffer against the best comparator chosen in hindsight. In this thesis, we evaluate
these two algorithms by upper and lower bounds on their regrets. For each problem

setting, an “optimal” algorithm is given, which is always a version of GD or MEG. Here



optimal means having regret no more than a constant factor times a regret lower bound
for the problem.

We start in this chapter with an introduction to online learning as well as an
overview of the problems discussed in the thesis. This chapter itself is organized as
follows: Section [I.1] explains basic concepts of online learning, such as, the interactive
learning protocol, the adversarial data setting and worst case regret bounds. These con-
cepts are further demonstrated in Section with a basic online learning problem,
which is the so called expert setting in the online learning literature. In Section we
introduce the two learning problems considered in this thesis, which are the problem
of online Principle Component Analysis (PCA) and the problem of learning rotations
online. Section[I.3]describes the mirror descent algorithm framework, which, when con-
figured with different Bregman divergences, specializes to the MEG and GD algorithms
discussed in the thesis. Finally, in Section [1.4] we give an overview of the main chapters

of the thesis (Chapter and [4)).

1.1 Basic Concepts of Online Learning

In a common batch learning problem, the learning algorithm receives a batch of
training examples (labeled instances) as input to find a single hypothesis that generalizes
well on the testing examples. An online learning problem, on the other hand, uses an
interactive protocol that only processes one example in each trial. In particular, in each

trial, the algorithm first commits to some hypothesis, usually by choosing a parameter



from a fixed parameter set, then it receives an instance and predicts the label of that
instance. After that, the true label is revealed and some loss is incurred, which measures
the discrepancy between the true and the predicted label. The performance of an
algorithm is measured by the difference between the total loss of the algorithm and
the total loss of the best offline comparator which knows the entire example sequence
in advance. This difference is called the algorithm’s regret and our goal is to design
efficient algorithms whose regret is guaranteed to be small.

The core assumption of the online learning is the adversarial data setting,
which means the algorithms are required to perform well against any example sequence,
possibly generated by an adversary. Therefore, we need an upper bound on the largest
regret any sequence can produce for the algorithm. We call such bounds worst case
regret upper bounds. These bounds are further categorized into two types: the time
dependent bounds, which are functions of the number of the trials (i.e. length of the
example sequence) [Zin03, [SST11], and the loss dependent bounds which are functions of
the loss of the best comparator on the example sequence [LW94, [CBLW96, (CBFH ™97,
KW97]. Although most previous work focused on time dependent bounds, in this thesis,
we prove both types of bounds for our learning algorithms, and show that in many cases,
they lead to significantly different conclusion about which algorithm is optimal.

The optimality of algorithms is defined in terms of their worst case regret
bound, that is, given any learning problem, we are interested in algorithms that have
the least worst case regret bound among all the algorithms following the problem’s

protocol. To this end, we lower bound the regret any algorithm will suffer from an



adversarial example sequence and call such a bound the regret lower bound of the
problem. If an algorithm suffers worst case regret no more than a constant factor times
the lower bound, then we say the algorithm is optimal for the problem. Notice that
both the discussion of optimal algorithms and the regret lower bounds depend on the
parameterization of the bounds, i.e. if they are time dependent bounds or the loss

dependent bounds.

1.1.1 A Basic Online Learning Problem: the Expert Setting

Now we describe in detail a basic online learning problem, the so called expert
setting. The problem is generalized in various ways later in this thesis. Assume that we
need to solve a problem in repeated trials with the help of n experts. At the beginning of
each trial, the experts propose their solutions to the problem, and a learning algorithm
chooses one of them to follow. After that, each expert incurs a loss, which depends
on the quality of his solution, and we suffer the loss of the chosen expert. Notice that
although we solve a problem repeatedly, the quality of each expert’s solution may vary
from trial to trial, e.g., the accuracy of TV weather predictions may change across
seasons. Also notice that the expert setting is decision-theoretic — a learning algorithm
chooses experts not by evaluating the proposed solutions directly but by its confidence in
the experts, which is derived from the losses revealed throughout trials. An algorithm’s
confidence in the experts at trial t is specified by an n dimensional probability vector
wy: expert ¢ is chosen with probability w; ;. We denote the losses of n experts at trial ¢

by another n-dimensional vector £; € [0,1]". Then, the expected loss of the algorithm is



wy - £;, the inner product between w; and Etlﬂ For a problem of T trials, the algorithm’s
total loss is Z::F:l £, - wy and when using the best expert in hindsight as the comparator,

the algorithm’s regret is defined as

T T
REG = (£ - wy) — 1%iéln2lt7,-. (1.1)
t=1 72:1

If all the experts receive losses between zero and one, then the well known Hedge algo-
rithm achieves a loss dependent regret bound of REG < v/2L.Inn + Inn, where L, is
the loss of comparator, i.e. the best expert in hindsight (see definition in (L.1])) [FS%H
In this thesis, we prove for the expert setting a regret lower bound of Q(y/21In(n)L. +
ln(n))ﬂ This shows that for the expert setting, the Hedge algorithm is optimal up to a

constant factor.

1.2 Learning Matrix Parameters

In most common machine learning problems, batch or online, an algorithm’s
decision/hypothesis is parameterized by a real parameter vector. For example, in the
expert setting, an algorithm’s confidence in the experts is parameterized by a probability
vector whereas in the linear classification, a separating plane is parameterized by its
normal vector. This thesis considers two learning problems in which hypotheses are

naturally parameterized by matrices. First, the online PCA problem concerns learning

Note that in the expert setting, the loss vectors can be viewed as non-negative instance vectors
with a fixed yet hidden label 0. For any weight vector w, the loss between the prediction w - £ and the
hidden label is |0 — w - £] = w - £.

2This requires the learning rate of the algorithm to be tuned as a function of L.

3 An asymptotic version of the lower bound, which only holds in the limit (T,n — 00), was previously
proved in [CBFH"97].



n X n projection matrices of rank £ < n and the corresponding parameter set is the
convex hull of these projection matrices, which is the set of symmetric matrices with
eigenvalues in [0, 1] and summing to k; Second, the rotation learning problem concerns
learning n X n rotation matrices and the corresponding parameter set is convex hull
of rotation matrices, which is the set of matrices with singular values not larger than
one. Note that these matrix learning problems cannot be simply reduced to learning
vectors of length n x n, since their eigenvalue/singular value structure is lost in such a
vectorized form, and more importantly, because learning these matrices is much easier
than learning a vector of length n x n. In fact, consider the special cases where all
the data matrices are diagonal. In these cases, since all the data matrices have a fixed
eigensystem /singular system, the algorithm only learns n eigenvalues. Nevertheless,
[WKO08] and [HKW10al] prove for the matrix learning problems the same regret upper
bounds as those proved for the diagonal cases. Moreover, we show in this thesis that
these regret upper bounds are also matched in a constant factor by the lower bounds
proved for the diagonal cases, which means that the diagonal cases are as hard as these

matrix learning problems up to a constant factor.

1.3 Learning Algorithms

Most of the learning algorithms discussed in this thesis are instances of the
Mirror Descent algorithm framework|[NY78, [KW97]. Under this framework, a learning

algorithm is motivated by a Bregman divergence and updates its parameters from trial



to trial as the following: the parameter used for next trial is obtained by minimizing a
trade-off between the motivating Bregman divergence to the old parameter and the loss
on the current example. The intuition is that we want to stay somewhat close to the
old parameter, since it summarizes our knowledge attained so far, but we also want to
learn something new by improving the performance on the current example[KW97].

Different motivating Bregman divergences lead to different families of learning
algorithms. We discuss in this thesis two families of algorithms, the Exponentiated
Gradient (EG) family and the Gradient Descent (GD) family. When learning vector
parameters, the GD family is motivated by squared Euclidean distance, which leads to
an additive update: the parameter is updated by subtracting from it a scaled version
of the loss function’s gradient. On the other hand, the EG family for the vector case
is motivated by relative entropy, which leads to a multiplicative update: the parameter
is updated by multiplying its i-th element w; with e ™ where [; is loss function’s
derivative w.r.t. w; and 7 is a learning rate that scales the derivatives.

When learning matrix parameters, the EG family is motivated by the quantum
relative entropy and the resulted algorithm is referred as the Matrix Exponentiated
Gradient (MEG) algorithm, while the GD family is motivated by squared Frobenius
norm and the resulted algorithm is still referred the GD algorithm, since the Frobenius
norm of a matrix equals to the Euclidean norm of the vectorized matrix. In both vector
and matrix versions of the GD algorithm, the parameters are updated by subtracting
from them the scaled gradients of the loss function, where the positive learning rate is

the scaling factor.



One central topic of this thesis is to compare the regret bound of MEG and
GD for the two matrix learning problems we considered, and to find for each problem
an algorithm whose regret bound is optimal (within a constant factor). We show in the
following chapters that such a comparison depends on three factors. First, the set of
concepts we are learning, second, whether the instance matricesﬁ are of rank one or of
full rank, and finally whether we are discussing the time dependent bounds or the loss
dependent bounds. Nevertheless, we are able to show that for the problem of online
PCA, MEG is the optimal algorithm in all cases and in some cases is strictly better

than the GD algorithm. For the problem of learning rotations online, the GD algorithm

is optima]lﬂ

1.4 Overview of the Chapters

We now sketch the contents of the main chapters of this dissertation. Chapter[2]
and Chapter 3| have been published at COLT and ALT conferences [NKW13|, KNW13],

respectively. Chapter [4]is based on the unpublished manuscript [Niel4].

1.4.1 Chapter [2; Online PCA with Optimal Regrets

In Principal Component Analysis (PCA), the data points ¢; € R™ are projected
/ compressed onto a k-dimensional subspace. Such a subspace can be represented by

its projection matrix P which is a symmetric matrix in R™*™ with k eigenvalues equal

4Note that in a matrix learning problem, both the parameters and the instances are matrices.
5Since quantum relative entropy is a function of positive semi-definite matrices, MEG is not directly
applicable to the rotation learning problem. For partial results, see [Aro09].



1 and n — k eigenvalues equal 0. The goal of PCA is to minimize the total compression
loss Y, || Pzt — x¢||?, which is solved by the eigenvectors of the k largest eigenvalues of
the covariance matrix C = Y, zx].

In this chapter, we consider the online version of PCA [WKO08], where in
each trial t = 1,...,T, the algorithm chooses (based on the previously observed points
x1,...,24—1) a randomized subspace of dimension k, which is described by a random-
ized projection matrix P; of rank k. Then a next point x; is revealed and the algorithm
incurs the expected compression loss: E[|lx; — Piax||3]. The regret of an algorithm is
the difference between the its cumulative loss and the loss of the off-line PCA solution
to data points @y ...xp.

We evaluate the GD and MEG algorithms for online PCA in terms of their
worst-case regret bounds. We show that for the time dependent regret bounds, both
algorithms are essentially optimal. This is surprising because MEG is believed to per-
form sub-optimally when the instances are sparse. However, in the case of online PCA,
the loss function is linear with a non-negative gradient, because when viewed in the
right way, the compression loss is a dot product between the complementary projection
matrix I — P, and an instance matrix x;x] [WKO08]. Furthermore, we show that when
considering loss dependent regret bounds which are functions of the loss of comparator,
then MEG remains optimal and strictly outperforms GD.

Next, we study a generalization of the online PCA problem, in which Nature is
allowed to present the algorithm with dense instance matrices (i.e. positive semi-definite

matrices with bounded largest eigenvalue). Again we can show that MEG is optimal



and strictly better than GD in this setting.

1.4.2 Chapter [3; Learning a Set of Directions

The previous chapter discussed online PCA in which data instances are com-
pressed by a k-dimensional subspace minimizing the compression loss, that is, the sum
of the squared distances between the data instances and their projections. Alternatively,
this subspace can be identified by maximizing the compression gain, which is the sum of
the squared length of the projected data instances. In this chapter, we combine the com-
pression gain with the cosine similarity and use the combined measure to measure the
closeness between directions, i.e. vectors of length 1. We refer this combined measure
as the directional gain. Formally, this chapter considers the following online problem
of learning a set of directions: in each trial the learner predicts a set of k randomized
directions w1 ...uj which are orthogonal to each other and Nature responds with an
instance direction x, then the learner receives the expected directional gain, which is
the expectation of (Zle ulx + ¢)?. Since uj ... uy are orthogonal to each other, the

directional gain can be expanded as the following:

k k k
(Zu}x—i—c)Q = xTZuiu}x—l—QcZuiTx—i-cz. (1.2)
i=1 i=1 i=1

Hence, the gain is in fact a trade-off between @7 Zle w;u] x, which is the compression

gain of the projection matrix Zle w;u] w.r.t. instance @, and the cosine similarity
k T — Sk A
Do U T =) cos(u;, ).

Taking expectation of (1.2) w.r.t. learner’s randomized prediction w; ... ug,

10



one would see that the expected directional gain depends on both the first and the
second moments of the randomized prediction (E[Y.F_, ;] and E[>F_, w;u]]), whereas
in online PCA, only the second order moment is involved. This fact poses two challenges
to a learning algorithm: First, the algorithm needs to maintain uncertainty via both
the first and the second moments of its prediction simultaneously, and second, when the
algorithm predicts, such uncertainty needs to be efficiently decomposed into a convex
combination of direction sets.

The first challenge is addressed by maintaining a parameter pair (u, D), where
vector p and matrix D represent the first and the second moments of the algorithms
prediction, respectively. Moreover, we constraint (@, D) with the condition puT/k <
D =< I. We will show that such a condition is necessary and sufficient for (u, D) to
be the first and second moments of a single distribution on orthogonal direction sets of
size k. For the second challenge, we propose an efficient procedure which decomposes
the parameter pair (p, D) into a mixture of at most n sets of pure directions. This
procedure consists of at most n iterative steps: Each of these steps reduces the rank
of parameter matrix D by removing from the parameter pair (@, D) a set of pure
directions uq ...wu; with a mixing coefficient p. Unlike the decomposition procedure
of online PCA which always decomposes with parameter matrix’s eigendirections, our
procedure chooses u1...u; and p in a special way such that after the removal, the
new parameter pair g —p Zi-“:l u; and D —p Zle u;u] still satisfy the aforementioned

necessary and sufficient condition.

11



1.4.3 Chapter 4: Learning Rotations with Optimal Regret

In this chapter, we consider the problem of learning rotations online [HKW10b].
In each trial of this problem, the learning algorithm is first given a unit vector i,
then it predicts (deterministically or randomly) with a unit vector y;. Finally, Nature
reveals true rotated vector vy, which is also a unit vector. The loss to the algorithm
is half the expected squared norm of the difference between her predicted vector y;
and the true rotated vector yi: E [ 3[lyr — 9¢l|? ] =1 —y]E [ |. We define the offline
comparator of the problem as the rotation matrix R, that minimizes its loss on data

points (z1,y1) ... (xr,yr) in hindsight, i.e.,

T
. 2
R. = min E |l — Ry:ll5.
R is a rotation —1
matrix of dimension n

The regret of an algorithm is then the difference between its cumulative loss and the loss
of the comparator R.. [HKW10a] applied the GD algorithm to this problem and showed
that when considering the time dependent regret bounds, the algorithm is optimal up
to a constant factor. However, for the loss dependent bounds, there has not been any
result on upper bounding the regret. In this chapter, we prove a loss dependent upper
bound on the regret of the GD algorithm by introducing two new techniques to the its
analysis: First, a refined application of Pythagorean Theorem and second, a new linear
term is added to our algorithm’s measure of progress. Note that the loss dependent
regret bound obtained for GD is also optimal up to a constant factor in contrast to
the case of online PCA where GD is only optimal for time dependent bounds and is

sub-optimal for loss dependent bounds.

12



Chapter 2

Online PCA with Optimal Regrets

2.1 Introduction

In Principal Component Analysis (PCA), the data points &; € R™ are projected
/ compressed onto a k-dimensional subspace. Such a subspace can be represented by
its projection matrix P which is a symmetric matrix in R™*" with k eigenvalues equal
1 and n — k eigenvalues equal 0. The goal of uncentered PCA is to find the rank k
projection matrix that minimizes the total compression loss Y., ||[Px: — x4||?, i.e. the
sum of the squared Euclidean distances between the original and the projected data
pointsE] Surprisingly, this loss can be written as a linear loss [WKO0S]:

S IPe—z)? = S I(P-Daf? = Y al(I-PVa, = w(I-P)> wa]),

——
C

"In centered PCA the goal is to minimize Y, || P(z: — p) — (2 — p)||* where P is a projection matrix
of rank k and pu € R" is a second mean parameter. For the sake of simplicity we focus on the optimal
algorithms for uncentered PCA. However we believe that our results will essentially carry over to the
centered case (as was already partially done in [WKOS]).

13



where in the 3rd equality we used the fact that I — P is a projection matrix and therefore
(I—-P)? = I - P. The final expression of the compression loss is linear in the projection
matrix P — I as well as the covariance matrix C = Y, x;@] which is the sum of the
outer products. The crucial point to note here is that the compression loss is linear in
the outer products x;x] but not in the original points ;.

The batch version of uncentered PCA is equivalent to finding the eigenvectors
uy,...,u belonging to the k largest eigenvalues of the covariance matrix C: if P =
Zle u;u] is the k dimensional projection matrix formed from these k eigenvectors,
then I — P is the complimentary n — k dimensional projection matrix minimizing the
linear loss tr((I — P)C).

In this chapter we consider the online version of uncentered PCA [WKOS],
where in each trial t = 1, ..., T, the algorithm chooses (based on the previously observed
points @1, ...,x;—1) a subspace of dimension k described by its projection matrix P; of
rank k. Then a next point @; (or instance matrix x;x]) is revealed and the algorithm

suffers the compression loss:
|z: — Py||> = tr ((I — P,) z2]). (2.1)

The goal here is to obtain an online algorithm whose cumulative loss over trials ¢t =
1,...,T is close to the cumulative loss of the best rank k projection matrix chosen in
hindsight after seeing all T" instances. The maximum difference between the cumulative
loss of the algorithm and the best off-line comparator is called the (worst-case) regret.

This regret naturally scales with the maximum square 2-norm of the data points x;. For
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the sake of simplicity we assume that all points have 2-norm equal 1. In the chapter we
find the optimal algorithm for online PCA (and some generalizations), where optimal
here means that the upper bounds we prove for the regret of the algorithm is at most
a constant factor larger the lower bound we can prove for the learning problem.

There are two main families of algorithms in online learning, which differ in how
the parameter vector/matrix is updated: the Gradient Descent (GD) family [CBLW96),
Zin03] and the Exponentiated Gradient (EG) family [KW97]. Both are motivated by
trading off a divergence against the loss. The GD family is motivated by the squared
Euclidean distance divergence, and the Exponentiated Gradient (EG) family by the the
relative entropy divergence [KW97|]. The first family leads to additive updates of the
parameter vector/matrix. When there are no constraints on the parameter space, then
the parameter vector/matrix of the GD family is a linear combination of the instances.
However when there are constraints, then after the update the parameter is projected
onto the constraints (by a Bregman projection with respect to the squared Euclidean
distance). The second family leads to multiplicative update algorithms. For that family,
the components of the parameter are non-negative and if the parameter space consists of
probability vectors, then the non-negativity is already enforced by the relative entropy
divergence and less projections are needed.

What is the best parameter space for uncentered PCA? The compression loss
is linear in the projection matrix matrix I — P, which is of rank n — k. An online
algorithm has uncertainty over the best projection matrix. Therefore the parameter

matrix W; of the algorithm is a mixture of such matrices [WKO08] which must be a
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positive semi-definite matrix of trace n — k whose eigenvalues are capped at 1. The
algorithm chooses its projection matrix I — P, by sampling from this mixture W4, i.e.
E[I — P;] = W;. The loss of the algorithm is tr((I — P;) z;x]) and its expected loss
tr(W; xix]).

In [WKO0§]|, a matrix version of the multiplicative update was applied to PCA,
whose regret bound is logarithmic in the dimension n. This algorithm uses the quan-
tum relative entropy in its motivation and is called the Matriz Exzponentiated Gradient
(MEG) algorithm [TRWO05]. It does a matrix version of a multiplicative update and
then projects onto the “trace equal n — k” and the “capping” constraints (Here the
projections are with respect to the quantum relative entropy).

For the PCA problem the (expected) loss of the algorithm at trial ¢ is tr(W;xz,x]).
Consider the generalization to the loss tr(W;X;) where now X; is any positive semi-
definite symmetric instance matrix and the parameter W} is still a convex combination
of rank n — k density matrices. In PCA the instance matrices are the outer products,
ie. Xy = xyx]. Such instances (also called dyads) are sparse in the sense that their
trace norm is one, independent of the dimension n of the instance matrix. Beginning
with some of the early work on linear regression [KW97], it is known that multiplicative
updates are especially useful when the instances are allowed to be dense. In the matrix
context this means that the symmetric positive semi-definite instance matrices X; have
maximum eigenvalue (i.e. spectral norm) of say one. Thus for PCA, one may suspect
that MEG is not able to fully exploit the sparsity of the instance matrices. On the other

hand for linear regression, GD is known to have the advantage when the instances are
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sparse [KW97] and consistently with that, when GD is used for PCA, then its regret is
bounded by a term that is independent of the dimension of the instances. The advan-
tage of GD in the sparse case is also supported by a general survey of Mirror Descent
algorithms (to which GD and MEG belong) for the case when the gradients of the con-
vex loss functions (which may have negative components) lie in certain symmetric norm
balls [SSTTI]. Again when the gradient vectors of the losses are sparse then GD has
the advantage.

Surprisingly, the situation is quite different for PCA: We show that MEG
achieves the same regret bound as GD for online PCA (despite the sparseness of the
instance matrices) and the regret bounds for both algorithms are within a constant factor
of a new lower bound proved in this chapter that holds for any online PCA algorithm.
This surprising performance of MEG seems to come from the fact that gradients of
the losses in the PCA case are restricted to be non-negative. Therefore our results are
qualitatively different from the cases studied in [SST11] where the gradients of the loss
functions are within a p—norm ball, i.e. symmetric around zero.

Actually, there are two kinds of regret bounds in the literature: bounds ex-
pressed as a function of the time horizon 1" and bounds that depend on an upper bound
on the loss of the best comparator (which we call a loss budget following [AWYO0g]). In
typical applications for PCA, there exists a low dimensional subspace which captures
most of the variance in the data and the compression loss is small. Therefore, guarding
against the worst-case loss that grows with the number of trials 7" is overly pessimistic.

We can show that when considering regret bounds as a function of a loss budget, MEG
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is optimal and strictly better than GD by a factor of v/k. This suggests that the mul-
tiplicative updates algorithm is the best choice for prediction problems in which the
parameters are mixture of projection matrices and the gradients of the losses are non-
negative. Note that in this chapter we call an algorithm optimal for a particular problem
if we can prove an upper bound on its worst-case regret that is within a constant factor

of the lower bound for the problem (which must holds for any algorithm).

Related Work and Our Contribution:

The comparison of the GD and MEG algorithms has an extensively history
(see, e.g. [KWI7,[WVO05,[ST10,ISST11]). It is simplest to compare algorithms in the case
when the loss is linear. Linear losses are the least convex losses and in the regret bounds,
convex losses are often approximated by first-order Taylor approximations which are
linear, and the gradient of the loss functions as the “loss/gain vector” [KW97, [Zin03].
In this case it is often assumed that the gradient of the loss lies in an L, ball (which
is a symmetric constraint) and the results are as expected: EG is optimal when the
parameter space is 1-norm bounded and the gradient vectors are infinity norm bounded,
and GD is optimal when the both spaces are 2-norm bounded [ST10} [SSTTI].

In contrast for PCA, the gradient of the loss tr(W;X}) is the instance matrix
X; which is assumed to be positive semi-definite. None of the previous work exploits
this special property of the PCA setup, where the gradient of the loss satisfies some
non-negativity property. In this chapter we carefully study this case and show that

MEG is optimal.
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We also made significant technical progress on the lower bounds for online
PCA. The previous lower bounds ([WKO08] and [KWKI0]) were incomplete in the fol-
lowing three ways: First, the lower bounds require dense instance matrices, whereas
for standard PCA, the instance matrices (the outer products x;x]) are sparse. Second,
the previous lower bounds assume that the dimension k of target subspace is at least
5 and in common PCA problems k is much smaller than 5. Third, the proofs rely on
the Central Limit Theorem and therefore the resulting lower bounds only hold in the
limit as 7" and n go to infinity (See |[CBFH™97, [CBL06, [AABRO9] for details). In this
chapter, we circumvent all three weak aspects of the previous proofs: We give lower
bounds for all four combinations of sparse or dense instance matrices versus k < 5 or
k > %, respectively. All our lower bounds are non-asymptotic i.e. they hold for all
values of the variables T' and n. The new lower bounds use a novel probabilistic bound-
ing argument for the minimum of n random variables. Alternate methods for obtaining
non-asymptotic lower bound for label efficient learning problems in the expert setting
were given in [ABI0]. However those techniques are more complicated and it is not
clear how to adapt them to the online PCA problem.

In summary, our contribution consists of proving tight upper bounds on the
regret of the two main online PCA algorithms, as well as proving lower bounds on the
regret of any algorithm for solving online PCA. For the case when the regret is expressed
as a function of the number of trials T, we show that MEG’s and GD’s regret bounds

are independent of the dimension n of the problem and are within a constant factor

of the lower bound on the regret of any online PCA algorithm. This means the both
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algorithms are optimal in this case. For the case when the regret is a function of the
loss budget, we prove that MEG remains optimal, while we show that the regret of GD
is suboptimal by a vk factor.

Furthermore, for a generalization of the PCA setting to the dense instance
case, we improve the known regret bound significantly by switching from a loss version
to a gain version of MEG depending on the dimension k of the subspace. If & > & then
the gain version of MEG is optimal in the dense instance case and when k < 5 then the
loss version is optimal. On the other hand, GD is non-optimal for both ranges of k.

A much shorter preliminary version of this manuscript appeared in the 24th
International Conference on Algorithmic Learning Theory (2013) [NKW13]. In this
more detailed journal version we give more background and complete proofs of all of
our results (mostly omitted or only sketched in the conference version). this chapter
also has the following additional material: A proof of the budget bound for the
gain version of MEG; an extension of the lower bound on the regret of GD (Theorem
to the case of small budgets; the analysis of the Follow the Regularized Leader
variant of GD (Section and a discussion of its final parameter matrix (Appendix

2.E); lower bounds on the regret when the number of trials is small (Appendix [2.G)).

Outline of the Chapter:

In Section we start with describing the MEG and GD algorithms for online
PCA. In particular, we present two versions of the MEG algorithm: the Loss MEG

algorithm introduced in [WKO08|, and the Gain MEG algorithm, which is the same as
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Loss MEG except for a sign change in the exponential. Following the description of
each algorithm, we then derive in Section their regret bounds expressed as functions
of the number of trials 7. These bounds are compared in Section for all four
combinations of sparse or dense instance matrices versus k < § or k > 3, respectively
(see Table . Next we consider regret bounds expressed as functions of the loss
budget. In Section [2.4] we prove a lower bound on GD’s regret which shows that the
regret of GD is at least v/k times larger than the regret of Loss EG. A similar lower
bound is proved for the Follow the Regularized Leader variant of GD in Section [2.4.2
In Section [2.5] we prove lower bounds for online PCA and its dense generalization which
hold for any online algorithm, and in Section [2.6| we conclude with a summary of which

algorithms are optimal.

2.2 The Online Algorithms

Online uncentered PCA uses the following protocol in each trial t = 1,...,T"
the algorithm probabilistically chooses a projection matrix P, € R™*" of rank k. Then
a point &; € R" is received and the algorithm suffers the loss tr((I — P)xix]).

We also consider the generalization where the instance matrix is any positive

definite matrix X; instead of an outer product x;x]. In that case the loss of the
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algorithm is tr((I — Pt)Xt)E| The loss is “complementary” to the gain tr(P:X,), i.e.

tr((I — P)Xy) = tr(Xy) — tr(PXy),
e e — N — e

loss constant gain

and the n — k dimensional projection matrix I — P; is “complementary” to the k dimen-
sional projection matrix P,. These two complementations are inherent to our problem
and will be present throughout the chapter.

In the above protocol, the algorithm is allowed to chooses its k dimensional
subspace P, probabilistically. Therefore we use the expected compression loss E[tr((I —
P,)X,)] as the loss of the algorithm. The regret of the algorithm is then the difference

between its cumulative loss and the loss of the best k£ subspace:

T T
REG = ) E[tr((I - P)X,)] — min > tr((I - P)Xy).
—1 P projection =
matrix of rank k

The regret can also be rewritten in terms of gain, but this gives the same value of the
regret. Therefore, throughout the chapter we use (expected) losses and “loss” regrets
(as defined above) to evaluate the algorithms.

Now we rewrite the loss of the algorithm as tr(E[I — P;]X;) which shows that
for any random prediction P, of rank k&, this loss is fully determined by E[I—P,], a convex
combination of rank m = n — k projection matrices. Hence it is natural to choose the

set W,,, of convex combinations of rank m projection matrices as the parameter set of

2If the instance matrix X; has the eigendecomposition > xixzi’, then we can re-express the loss
as a weighted compression loss

tr(I - P)X:) =Y & || Py — i 3.
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the algorithm. By the definition of projection matrices, W, is the set of positive semi-
definite matrices of trace m and eigenvalues not larger than 1. The current parameter
W, € W,, of the online algorithm expresses its “uncertainty” about which subspace of
rank m is best for the online data stream seen so far and the (expected) loss in trial
t becomes tr(W;X;). Alternatively, the complementary set W}, of rank k projection
matrices can be used as the parameter set (In that case the loss is tr((I — W;)X,)). As
discussed, there is a one-to-one correspondence between the two parameter sets: Given
W € W, then I — W is the corresponding convex combination in W,,. However as
we shall see, we will motivate online algorithms with divergences between the new and
old parameters and for the multiplicative algorithms the choice of the parameter set
leads to different algorithms.

The second reason why convex combinations are natural parameter spaces is
that since the loss is linear, the convex combination with the minimum loss occurs at a

“pure” projection matrix, i.e.

T T
min tr(WX,) = min tr((I — P)X;) and
WeWnm tzl P projection tzl
matrix of rank k
T T
min tr(I —W)X,) = min tr((I — P)Xy). (2.2)
Wew, — P projection ;

matrix of rank k

Our protocol requires the algorithm to predict with a rank & projection matrix.
Therefore given a parameter matrix Wy in say W,,, the online algorithm still needs to
produce a random projection matrix P; of rank k£ at the beginning of trial ¢ such that
E[I — P,] = W,. A simple greedy algorithm for achieving this is given in [WKO§]

23



(Algorithm 2) which efficiently decomposes W; into a convex combination of up to n
projection matrices of rank m. Using the mixture coefficients it is now easy to sample
a projection matrix I — P, from parameter matrix W4.

We now motivate the main two online algorithms used in this chapter: the
GD and MEG algorithms. The GD algorithm is straight forward and the MEG algo-
rithm was introduced in [TRWO05]. Both are examples of the Mirror Descent family
of algorithms developed much earlier in the area of convex optimization [NY78]. The
Mirror Descent algorithms update their parameter by minimizing a trade-off between
a divergence of the new and old parameter and the loss of the new parameter on the
current instance, while constraining the new parameter to lie in the parameter set.

For the problem of online PCA, the update specializes into the following two

versions depending on the choice of the parameter set:

Loss update on parameter set W, (i.e. Wi, W, W, € W,,,):

Wiy = argmin (AW, W) + ntr(W Xy)). (2.3)
WewWwn,

Gain update on parameter set Wy, (i.e. Wi, W, W, € Wy):

Wi = argmin (AW, W) +n tr((I — W)Xy)),
Wew,

= argmin (AW, W;) —n tr(WXy)). (2.4)
WeWy

Here A(W,W;) is the motivating Bregman divergence that will be different for the
MEG and GD algorithms. The Loss update minimizes a trade-off with the expected
loss tr(W X;) which is a matrix version of the dot loss used for motivating the Hedge
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algorithm [F'S95]. Note that in the gain version, minimizing the loss — tr(W X}) is the
same as maximizing the gain tr(WX;). Recall that there is a one-to-one correspon-
dence between W,,, and Wy, i.e. I minus a parameter in W,, gives the corresponding
parameter in W, and vice versa. Therefore, one can for example rewrite the Gain

update (2.4) with the parameter set W,,, as well:

Wis1 = argmin (A(I W, I-W,) +q tr(WXt)> , (2.5)
WeWm

where the above solutions W/}H € W,, of the Gain update is related to the solutions
W1 € Wy, of by the same complimentary relationship, i.e. W/}H =1—-W,,
fort =1,...,T. Notice that the Loss update is motivated by the divergence A(W, W;)
on parameter space Wy, (2.3). On the other hand, when the Gain update is formulated
with parameter W,,, then it is motivated by the divergence A(I — W, I — Wt) (2.5)).

Now we define the GD and MEG algorithms for online PCA. For the GD
algorithm, the motivating Bregman divergence is the squared Frobenius norm between
the old and new parameters: A(W,W;) = $||W — W,||% [KW97, [Zin03]. With this

divergence, the Loss update is solved in the following two steps:

Descent step: Wt+1 =W, —nXy,
GD update: (2.6)
Projection step: W, y; = argmin |W — Wt—&-l”%-
WeWn,

Note, that the split into two steps happens whenever a Bregman divergence is traded off
against a linear loss and domain is convex (See [HW09], Section 5.2, for a discussion).
For the squared Frobenius norm, the Gain update is equivalent to the Loss update, since
when formulating both updates on parameter set W,,, then the divergence |[W — W;||%
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of the Loss update and the divergence ||(I — W) — (I — W;)||% of the Gain update
are the same.

The MEG algorithm uses the (un-normalized) quantum relative entropy A(W, W;) =
tr(W (log W —log W,;)+W,;—W) as its motivating Bregman divergence [TRW05] which
is based on the matrix logarithm log. With this divergence the solutions to the Loss
update and Gain update are the following updates which make use of the

matrix exponential exp (the inverse of log):

Descent step: WtH = exp(log W; — nX,),
Loss MEG update: (2.7)
Projection step:  Wiy1 = argmin A(W, Wy1).
WeWn
Descent step: I/)[\/'Hl = exp(log W; +nX,),
Gain MEG update: (2.8)
Projection step: Wiy = argmin A(W, Wiq).
Wew,

Note that the only difference between the gain and loss versions of MEG is a sign
flip in the exponential. The projection steps in the algorithms are with respect to the
quantum relative entropy. An efficient procedure for solving such projections is given
in Algorithm 4 of [WKOS]: it does a projection with respect to the standard relative

entropy on the vector of eigenvalues of the parameter matrix.

2.3 Upper Bounds on the Regret

In this section, we present regret upper bounds for the three online algorithms
introduced in the previous section, which are Loss MEG, Gain MEG and GD. All
three algorithms are examples from the Mirror Descent family of algorithms. Our proof
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techniques require us to use different restrictions on the worst-case sequences that the
adversary can produce. For the Loss MEG algorithm, we give the adversary a loss
budget, i.e. the adversary must produce a sequence of instances X7 ... X for which

the loss of the best subspace is upper bounded by the loss budget By:

T
min > tr((I - P)X;) < By. (2.9)
P projection 31—
matrix of rank &

We call a regret bound that depends on this parameter a loss budget dependent bound.
A bound of this type was first proved for Loss MEG in [WKO08]. The latter paper is the
precursor of this work in which the analysis of online algorithms for PCA was started.

For the algorithm of Gain MEG, we give the adversary a gain budget Bg, i.e.

an upper bound on the gain of the best subspace:

T
max > & (PX;) < Bg. (2.10)
P projection  i—|
matrix of rank k

Now the adversary can only produce sequences for which all subspaces have gain at most
Bg. We call this type of bound a gain budget dependent bound. Finally we prove regret
bounds of a third type for the GD algorithm. For this type the regret is a function of
the number of trials T, and we call such a regret bound a time dependent regret bound.

We present the three regret bounds in the next subsection and compare them
in the following subsection. As we shall see, upper bounds of the regret in terms of a

budget imply time dependent bounds, and for lower bounds the implication is reversed.
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2.3.1 Upper Bounds on the Regret of Loss MEG, Gain MEG, and GD

The Loss MEG algorithm is the original MEG algorithm developed in the
precursor paper [WKOS] for online PCA. this chapter proves a loss budget dependent
upper bound on the regret of Loss MEG by lifting a bound developed for learning well
compared to the best subset of m experts to the matrix case where subsets of size

m generalize to projection matrices of rank m (which are complementary to rank k
projection matrices ((2.2))).

Loss budget dependent bound of Loss MEG:

REGLoss MEG < 1/ 2Br, mlog — +mlog —. (2.11)
m m

This bound holds for any sequence of instance matrices (dense as well as sparse) for
which the total compression loss of the best rank m subspace does not exceed the loss
budget By, (Condition (2.9)).

We begin by showing that the right-hand side of is bounded above by

an expression that does not depend on the dimension n of the data points:

REGross MEG < V2Bp k + k. (2.12)

This follows immediately from the following inequality and the relationship m =n — k

(n=m+k):
k k k
mlog2 = mlog <+m> = mlog (1+ ) <m— =k.
m m m m

As mentioned at the beginning of this subsection (and discussed in more detail
later in Section [2.4)), online PCA specializes to the problem of learning well compared
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to the best set of m = n — k experts. Regret bounds for the expert setting typically
depend logarithmically on the number of experts n. Therefore the above dimension free
regret bound might seem puzzling at first. However there is no contradiction. Using the
setup here, we have m = 1 and k = n —m = n — 1 for the vanilla single expert case and
the above dimension free bound becomes \/m . This bound is not close
to the optimum loss budget dependent regret bound for the single expert case which is
O(+v/Brlogn+logn). This latter bound is obtained by plugging m = 1 into the original
regret bound . Thus for m = 1, the above dimension free approximation of
the original bound is loose. However when k < 3, then as we shall see in Section
the dimension free approximation actually is tight. In the precursor paper [WKO§|, a
different but weaker approximation of the original bound was proved that still has an
additional logarithmic dependence when k < 3: O(\/BLk—log% + klog ).

We next develop a regret bound for Gain MEG ([2.8]). The proof technique
is a variation of the original regret bound for Loss MEG (and is given for the sake of

completeness in Appendix [2.A]).

Gain budget dependent bound of Gain MEG:

REGqaim MEc < 1/ 2Bg klog % (2.13)

This bound holds for any sequence of instance matrices (dense as well as sparse) for

which the total gain of the best rank k subspace does not exceed the gain budget Bg

(Condition ([2.10)).

Finally, we give a simple regret bound for the GD algorithm. This bound
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(also observed in [ACS13] and proved for the sake of completeness in Appendix [2.B]) is
based on two standard techniques: the use of the drop of divergence (squared Frobenius
norm) as a measure of progress and the use of the Pythagorean Theorem for handling

the projection step [HWOI].
Time dependent regret bound of GD:

T ’%” for sparse instances
REGgp < . (2.14)

VT km  for dense instances

Note that each regret bound is expressed as a function of a loss budget, a gain
budget or a time bound. They are obtained by setting the fixed learning rate of the
algorithm as a function of one of these three parameters. The resulting basic algorithms
can be used as sub-modules: For example the algorithm can be stopped as soon as the
loss budget is reached and restarted with twice the budget and the corresponding re-
tuned learning rate. This heuristic is known as the “doubling trick” [CBEH™97]. Much
fancier tuning schemes are explored in [vVEGKdRI11l [dRvVEGKI4] and are not the focus

of this chapter.

2.3.2 Comparison of the Regret Upper Bounds

Our goal is to find algorithms that achieve the optimal loss budget dependent
and time dependent regret bounds where optimal means that the bound is within a
constant factor of optimum. We are not interested in “gain dependent” regret bounds

per se, i.e. bounds in terms of a gain budget Bg, because gains are typically much larger
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than losses. However when the gain budget restricted regret bounds are converted to
time bounds, then for some setting (discussed below) the resulting algorithm becomes
the only optimal algorithm we are aware of.

The only known loss budget dependent regret bound is bound for Loss
MEG obtained in the original paper for online learning of PCA [WKO08|. We will show
later in Section that this upper bound on the regret is optimal. There are no known
loss budget dependent upper bounds on the regret of GD. However in Section we
prove a lower bound on GD’s regret in terms of the loss budget which shows that GD’s
regret is suboptimal by at least a factor of vk when the regret is expressed as a function
of the loss budget.

The discussion of the time dependent regret upper bounds is more involved.
We first convert the budget dependent regret bounds of the MEG algorithms into time
dependent bounds. We shall see later, for lower bounds on the regret, time dependent
bounds lead to budget dependent bounds (see Corollary . Before we do this, recall
that the instance matrices X; are sparse, if the trace of Xy is a most 1, and the instances
are allowed to be dense, if the maximum eigenvalues of the X; is at most 1. Note that
for any unit length vector x;, tr(xzsx]) = 1, and therefore PCA belongs to the sparse

instance matrix case.

Theorem 2.1. For the problem of online PCA with T trials, the following regret bounds
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hold for the Loss MEG and Gain MEG algorithms, respectively:

12T
REGT 0ss MEG < my/ — log ﬁ +m log 771 , REGGain MEC < 2T k log E
n m m \ k

(2.15)
Similarly, for the generalized problem where the instance matrices can be dense, the

following regret bounds hold:

REGuLoss MEG < my /2T log mim log Q, REGGain MEG < Fy/2T log %
m m

(2.16)

Proof. The theorem will be proved by developing simple upper bounds on the loss/gain

of the best rank k subspace that depend on the sequence length 7. These upper bounds
are then used as budgets in the previously obtained budget dependent bounds.

The best rank k subspace picks k eigenvectors of the covariance matrix C =

Ethl X; with the largest eigenvalues. Hence the total compression loss equals the sum

of the smallest m eigenvalues of C. If wq,...,w, denote all the eigenvalues of C, then:
n T T for sparse instances
sz- = tr(C) = Ztr (Xy) <
=1 =1 Tn for dense instances

where the inequality follows from our definition of sparse and dense instance matrices.
This implies that the sum of the m smallest eigenvalues is upper bounded by TTm and
T'm, respectively. By using these two bounds as the loss budget B in , we get
the time dependent bound for Loss MEG for sparse and dense instances, respectively.
For the regret bounds of Gain MEG, we use the fact that Bg is upper bounded
by T when instances are sparse and upper bounded by kT when the instances are dense,
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sparse instances dense instances
k>12 \ k<2 k>

Loss MEG VTk \/Tm (log %) /% VTkm \/Tm?log -
Gain MEG ~ /Tklog? VTm TkZIngy VTkm
GD VvVTEk vVIm Tkm Tkm

k <

|3
|3

Table 2.1: Comparison of the time dependent upper bounds on the regret of the Loss

MEG, Gain MEG, and GD algorithms. Each column corresponds to one of the four

n

5, respectively.

combinations of sparse or dense instance matrices versus k < § or k >
All bounds were given in Section and Section [2.3.2} constants are omitted, we
only show the leading term of each bound, and when we compare Loss and Gain MEG
bounds, we use mIn > = ©(k) when k < § and kIn = ©(m) when k > 7. Recall that
m is shorthand for n — k. The best (smallest) bound for each case (column) is shown

in bold. In Section all bold bounds will be show to be optimal (within constant

factors).

and plug these values for B¢ into (2.13)). O

Table compares time dependent upper bounds for each of the three algo-
rithms (Loss MEG, Gain MEG, GD) where we consider each of the 4 variants of the
problem: sparse or dense instance matrices versus k < % or k> %

As far as time dependent bounds are concerned, no single algorithm is optimal
in all cases. In Table the optimum bounds are shown in bold. The lower bounds

matching these bold bounds within a constant factor will be proved in Section Note
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that one version of MEG (either the loss or gain version) is optimal in each case, while
GD is optimal only in first case (This is the most important case in practice: online
PCA with k < n). For the remaining three cases, consider the ratio between the GD’s

bound and the better of the two MEG bounds, which is

o \/x/ (log %), when the instances are sparse and k > 5,
° % / (log %), when the instances are dense and k < g and

e /2 /(log 2), when the instances are dense and k > 2.

Since none of these three ratios can be upper bounded by a constant, GD is clearly

suboptimal in each of the remaining three cases.

2.4 Lower Bounds on the Regret of GD

Recall that for the case of online PCA, the instances are sparse and the
subspace dimension k is typically at most §. In this case Loss MEG has regret
O(VTk) and the regret of GD is O(v/Tk) as well. As for loss budget dependent re-
gret bounds, Loss MEG has regret O(v/Bpk + k) and we initially conjectured that GD
has the same bound. However, this is not true: we will now show in this section an
Q(max{min{ By, kv/Br},k}}) lower bound on the regret of GD for sparse instance se-
quences when k < Z. In contrast, Loss MEG’s regret bound of O(v/Brk + k) will be
shown to be optimal in Section for this case. It follows that GD is suboptimal by at
least a factor of vk when By = Q(k?). A detailed comparison of the lower bound for
GD and the optimum upper bound is given in Table
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It suffices to prove lower bounds on GD’s regret on a restricted class of instance
matrices: We assume that all instance matrices are in the same eigensystem, i.e. they
are diagonal matrices X = diag(£) with £ € RY,. We call the diagonals £ the loss
vectors. In the sparse instance case, the loss vectors are further restricted to be one of
n unit vectors e;, i.e. X = diag(e;) = e;e]. In the dense instance case, the loss vectors
£ are restricted to lie in [0, 1]™.

When all instance matrices are diagonal, the covariance matrix is always di-
agonal as well. The off-diagonal elements in a parameter matrix W are irrelevant and
therefore the algorithm’s loss and regret is determined by the diagonals of the parameter
matrices W of trace m. Therefore without loss of generality we can assume that the
parameter matrices are diagonal as well, i.e. W = diag(w) where w is a weight vector
in [0,1]™ with total weight m. Note that the loss becomes a dot product between the

weight vector and the loss vector:
tr(WX) = tr(diag(w) diag(€)) = w - £.

What is the prediction of the algorithm with a diagonal parameter matrix
W = diag(w)? It probabilistically predicts with an m dimensional projection matrix P
s.t. E[P] = diag(w). This means P is a subset of size m from {eje],esel. ... e,el}.
The diagonals of such projection matrices consists of exactly m ones and n — m = k
zeros. In other words the diagonals are indicator vectors of the chosen subsets of size
m and the expected indicator vector equals the weight vector w.

We just outlined one of the main insights of [WKO§|: The restriction of the
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PCA problem to diagonal matrices corresponds to learning a subset of size m. The n
components of the vectors are usually called experts. At trail ¢ the algorithm chooses a
subset of m experts. It then receives a loss vector £ € R, for the experts and incurs
the total loss of the chosen m experts. The algorithm maintains its uncertainty over the
m-sets by means of a parameter vector w € [0, 1]” with total weight m, and it chooses
the subset of size m probabilistically so that the expected indicator vector equal w. We
denote the set of such parameter vectors as S,,. In the sparse instance case, the loss
vector is a unit vector (only one expert incurs a unit of loss). In the dense instance case

£ € [0,1]", i.e. each expert has bounded loss in [0, 1].

2.4.1 Lower Bound on the Regret of GD Algorithm

The GD algorithm for online PCA ([2.6)) specializes to the following update of

the parameter vector for learning sets:

Descent step: Wiy = wy — Ny,
(2.17)
Projection step: w1 = argmingeg  ||w — e ||

We now give a lower bound on the regret of the GD algorithm for the m-set

problem. This lower bounds is expressed as a function of the loss budget.

Theorem 2.2. Consider the m = n —k set problem with k < n/2 and unit loss vectors.

Then for any fixed learning rate n > 0, the GD algorithm (2.17)) can be forced to have

regret Q(max{min{ By, kv/Br},k}).

We prove this theorem in Appendix From the fact that m-set problem is
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Regret bounds for sparse instances and k < % B, <k k<Bp<k? k2 < Bp

Upper bound on regret of Loss MEG (see (2.11))) O(k) O((Btrk) O(+/BLrk)
Lower bound on regret of GD (see Theorem } Q(k) Q(Br) Q(kv/Br)

Table 2.2: Comparison of the loss budget dependent regret bounds for online PCA with
k < 5. Given dimension k of the subspace, each column shows the values of the two
bounds for a specific range of the loss budget Byr. The first row gives the upper bound on
the regret of Loss MEG in bold, which will be shown to be optimal in Section The
second row gives the lower bound on the regret of GD, which is sub-optimal whenever

Br > k.

a special case of PCA problem, we get the following corollary, which shows that the GD

algorithm is suboptimal (see Table [2.2| for an overview):

Corollary 2.1. Consider the PCA problem with k < n/2 and sparse instance matrices.

Then for any fized learning rate n > 0, the GD algoirthm (2.6) can be forced to have

regret Q(max{min{ By, kv/Br},k}).

2.4.2 Lower Bound on the Regret of the Follow the Regularized Leader

GD Algorithm (FRL-GD)

In the previous section, we showed that for online PCA with sparse instance
matrices and k < 5, the GD algorithm is sub-optimal for loss budget dependent regret
bounds. However, our lower bounds are only for the Mirror Descent version of GD
given in . This algorithm is prone to “forgetting” lots of information about the
past losses when projections with respect to inequality constraints are involved. Recall
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that at the end of each trial ¢, the mirror descent algorithm uses the last parameter
W, as a summary of the knowledge attained so far, and minimizes a trade-off between
a divergence to the W, and the loss on the last data point a; to determine the next
parameter Wi,1. When the parameter resulting from the trade-off lies outside the
parameter set, then it is projected back into the parameter set (see update ) In the
case when the projection enforces inequality constraints on the parameters, information
about the past losses may be lost. This issue was first discussed in Section 5.5 of [HW09).
Curiously enough, Bregman projections with respect to only equality constraints do not
loose information.

We now demonstrate in more detail the “forgetting” issue for the Mirror De-
scent GD algorithm when applied to online PCA. First recall that the batch PCA
solution consists of the subspace spanned by the k eigenvectors belonging to the k
largest values of the covariance matrix C = Z;‘le xix]. The complementary space
is the m = n — k dimensional subspace formed by the m eigenvectors of m largest
eigenvalues of —C'. Hence, the final parameter W, of the on-line algorithm should
have the same eigenvectors as —C, as well as the order of their corresponding eigen-
values. The descent step of accumulates the scaled negated instance matrices
X; = xzx], le. ﬁ\/t+1 = W; — nX;. In the projection step of , the parameter
matrix ﬁ\/t+1 is projected back to the parameter set YWW,, by enforcing an equality con-
straint tr(Wpy1) = m and inequality constraints that keep all the eigenvalues of Wi
are in the range [0,1]. The equality constraint on Wt+1 results in adding to I//I\/’Hl a

scaled version of the identity matrix I (See Appendix [2.C|). These iterated shifts do not
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affect either the eigenvectors or the order of their corresponding eigenvalues. However,
when the inequality constraints are enforced, then at trial ¢ the eigenvalues of ﬁ\/tH
that are larger than 1 or less than 0 are capped at 1 and 0, respectively. Performing
such a non-uniform capping of ﬁ\/t_i,_l’S eigenvalues in each trial will results in a final
parameter W, with an eigensystem that is typically different from —C'. Therefore
the PCA solution extracted from Wr,, and the covariance matrix C' will not be the
same.

There is another version of the GD algorithm that does not “forget”: The
Follow the Regularized Leader GD (FRL-GD) algorithm (see, e.g., [SSO?JE[) trades off

the total loss on all data points against the Frobenius norm of the parameter matrix:

Follow the regularized leader:

t t
Wir = argmin [ [WE 4+ 0(WX,) | =) X,
q=1 q=1

Projection step:

Wi = argmin |W — Wi |% = argmin W — W%
WeWn,

Eigenvalues of W in
[0,1] and tr(W) =m
(2.18)
Note that in each trial, the update projects a parameter ﬁ\/}H that accumulates
all the past scaled negated instance matrices (—nX;) back to trial one. In contrast, the
Mirror Descent update in (2.6 performs projection iteratively, i.e. it projects parame-

ter matrices of previous trails that are projections themselves. Therefore, the FRL-GD

3This algorithm is also called as the Incremental Off-line Algorithm in [AWOI].
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algorithm circumvents the forgetting issue introduced by iterative projections with re-
spect to inequality constraints. In fact the final parameter Wy, of the FRL-GD is
the projection of the scaled negated covariance matrix WTH = -7 Zthl xix] = —nC.
We will show essentially in Appendix that a single projection operation does not
change the set of eigenvectors belonging to the m largest eigenvalues. This means that
the eigenvectors belonging to the k smallest eigenvalues of W agree with the eigen-
vectors of C belonging to the k largest eigenvalues of C.

Encouraged by this observation, we initially conjectured that the FRL-GD is
strictly better than the commonly studied Mirror Descent version. More concretely,
we conjectured that the FRL-GD has the optimal loss budget dependent regret bound
for online PCA (as Mirror Descent MEG does which enforces the non-negativity con-
straints with its divergence). Unfortunately, we are able to show the opposite: The
Q(max{min{ By, kv/B},k}) lower bound we showed for (Mirror Descent) GD in The-
orem also holds for FRL-GD. To be precise, we have the following theorem and

corollary:

Theorem 2.3. Consider the m = n—k set problem with k < n/2 and unit loss vectors.

Then for any fized learning rate n > 0, the vector version of the FRL-GD algorithm

(2.18)) can be forced to have regret Q(max{min{Byr, kv B}, k}).

The proof is given in Appendix [2.D] Theorem [2.3] immediately gives the lower

bound on the regret of FRL-GD algorithm for the online PCA:

Corollary 2.2. Consider the PCA problem with k < n/2 and sparse instance matrices.
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Then for any fixed learning rate n > 0, the FRL-GD algorithm (2.18]) can be forced to

have regret Q(max{min{ By, kv/Br},k}).

This shows that the worst case regret of the FRL-GD algorithm is the same

as that of (Mirror Descent) GD, and hence suboptimal.

2.5 General Lower Bounds and Optimal Algorithms

In the previous section, we presented lower bounds on the regret of the GD
algorithms. In this section we present lower bounds on the regret of any algorithm that
solves the online PCA problem and its generalization to the dense instance matrix case.
More importantly, these lower bounds match all our upper bounds on the regret of the
MEG algorithms within a constant factor (See bold entries in Table and Table
To be precise, we will prove in this section a series of regret lower bounds that match
our loss budget dependent upper bound on the regret of Loss MEG, and our time
dependent upper bounds (Theorem on the regret of Loss MEG and Gain MEG,
respectively. For the time dependent bounds, our lower bounds will match the lower of
the two MEG bounds in each of the four sub-cases of the problem, i.e. sparse or dense
instance matrices versus k < § or k > § (See Table for a summary). Note in one
case the GD algorithm is also optimal: time dependent regret bounds for PCA when
k<3

We begin with an overview of our proof techniques for the regret lower bounds

that hold for any algorithm solving online PCA and its dense generalization. When

41



proving upper bounds on the regret (in Section , we first proved upper bounds as
a function of the loss budget By, and then converted them into time dependent upper
bounds. For lower bounds on the regret, the order is reversed: we first will show
time dependent lower bounds and then convert them into loss budget dependent lower
bounds. As discussed in Section [2.4] it suffices to prove lower bounds for the m-set
problem, which is the hard special case when all instances are diagonal.

Let A be the set of all online algorithms for the m-set problem. Such al-
gorithms maintain a weight vector in &), (consisting of all vectors in [0,1]" of total
weight m). For an algorithm A € A, we denote its regret by REG(A, £1, ..., £€r) where
£1,...,Lp is a sequence of T loss vectors. The loss vectors £; lie in a constraint set L.
The constraint set £ either consists of all n dimensional unit vectors (the sparse case),
or L = [0,1]" (the dense case). We use the standard method of lower bounding the
regret for worst case loss sequences from £ by the expected regret when the loss vectors

are generated i.i.d. with respect to a distribution P on L:

min { max REG(A, EL.“,T)}

over any | over loss vectors

alg.AEA b1,....0r e L

Z min {E£1,...,£T~PT [ REG(A,fl, cee ,ET) } }

over any

alg. Ae A

Fach lower bound is proved as follows: Choose a distribution P on £, and then show a
lower bound on the expected regret of any algorithm A € \A. Note that this expectation
becomes the expected loss of A minus the expected loss of the best comparator (i.e. the

best m-set). We first prove time dependent regret lower bounds with sparse and dense
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instance matrices in sections[2.5.1]and [2.5.2] respectively. Finally we convert these lower

bounds into loss budget dependent lower bounds (in Section [2.5.3)).

2.5.1 Time Dependent Lower Bounds for Online PCA

Recall that m = n — k. First, we give a lower bound on the regret of any

algorithm for the m-set problem, when k < 3:

Theorem 2.4. Consider the m-set problem with unit loss vectors. Then for k < § and

T > k, any online algorithm suffers worst case regret at least Q(vVTk).

The proof is given in Appendix We lower bound the expected loss w.r.t.
the distribution P which is uniform on the first 2k unit vectors. Note that Theorem [2.4]
requires the condition 7" > k. For the case T' < k, there is a lower bounds of Q(T)
(See Theorem in Appendix . For unit loss vectors, any algorithm has loss (and
regret) O(T'). Therefore when T' < k, any algorithm achieves the minimax regret up to
a constant factor.

We now consider the uncommon case when k > %:

Theorem 2.5. Consider the m-set problem with unit loss vectors. Then for k >

and T > nlogy(n/m), any online algorithm suffers worst case regret of at least
T
Qmy/ - 1In ).

We now set P to the uniform distribution on all n unit vectors (See Appendix

I3

2.F). The small T" case (here T' < nlogy(n/m)) is slightly more involved. There is a
lower bound of Q(*T') regret for any algorithm (see Theorem in Appendix [2.G|).
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Also the algorithm which predicts with the uniform weight ** on all experts achieves
the matching regret of O(“*T).

Recall that the m-set problem with unit loss vectors is a special case of the
online PCA problem. Combining the above two lower bounds for different ranges of k
with our upper bound (Inequality ([2.17]) on the regret of Loss MEG for online PCA

gives the following corollary:

Corollary 2.3. Consider the problem of online PCA. Then for T > nlogy(n/m), the

O(my/ 5 In 1) regret of Loss MEG is within a constant factor of the minimazx regret.

Note that we do not use the condition T° > k of Theorem [2.4] since when

k< 2, k= O(nlogy(n/m)).
2.5.2 Time Dependent Lower Bound for the Generalization with Dense
Instance Matrices

We first give the time dependent lower bound for the m-set problem with dense

loss vectors.

Theorem 2.6. Consider the m-set problem with dense loss vectors. Then for T >

log, m, any online algorithm suffers worst case regret of at least

/ n n n n
i < = — > —.
Q(k Tlnk) when k < 5 O Q(m Tlnm) when k > 5

The proof is given in Appendix The distribution P is such that each

expert incurs a unit of loss with probability 1/2 independently from the other experts.
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For the small T" case (T' < log, m), there is a lower bound of Q(min{7T'm,Tk})
(See Theorem and Theorem in Appendix . A matching upper bound of
O(min{Tm,Tk}) on the regret of any algorithm can be reasoned as follows: Recall that
at each trial, the algorithm suffers loss £; - w;, where ¢; is a dense loss vectors in [0, 1]"
and w; is a weight vector that always sums to m. Hence, any algorithm suffers loss at
most m per trial and for T trials and the cumulative loss (and regret) is at most 7'm.
The Tk upper bound can be showed similarly by considering the “gain” of the best m
set w*, which is Zthl Yo li(l—wf) < Tk.

Combining the lower bounds of Theorem with the upper bounds on the re-
gret of Loss MEG and Gain MEG when the instance matrices can be dense (inequalities
(2.16))), results in the following corollary, which states that the Gain MEG is optimal

for k < 5 while the Loss MEG is optimal for k > 3.

Corollary 2.4. Consider the generalization of online PCA where the instance matrices

can be dense.

o When k < § and T > logy %, then the regret ©(k\/T'log %) of Gain MEG is

within a constant factor of the minimazx regret,

o When k > 5 and T > logy -, then the regret ©(m./Tlog I-) of Loss MEG is

within a constant factor of the minimax regret.
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2.5.3 Loss Budget Dependent Lower Bounds

In this subsection, we give regret lower bounds that are functions of the loss
budget By, (defined in (2.9))). Similar to our loss budget dependent upper bound (2.11])
on the regret of Loss MEG, the loss dependent lower bounds are the same for both unit

and dense loss vectors:

Theorem 2.7. For the m-set problem with either unit or dense loss vectors, any online

algorithm suffers worst case regret at least Q(/BrmIn =) +mln =),

The proof of the theorem is given in Appendix We convert the time depen-
dent lower bounds given in Theorem and Theorem into loss budget dependent
ones. Note that unlike our time dependent lower bounds, Theorem is stated for
the full range of the loss budget parameter By. The proof also distinguishes between
a small and a large budget case depending on whether By, < mln >. The lower bound
of ©(mIn %) follows from a conversion. However the upper bound of O(mln ) for
the small budget case is non-trivial. Incidentally, this upper bound is achieved by Loss
MEG.

Finally, combining this lower bound with the upper bounds on the regret
of Loss MEG, gives the following corollary, which establishes the optimality of Loss MEG

no matter if the instance matrices are dense or sparse.

Corollary 2.5. Consider both the problem of online PCA and its generalization to the
dense instance matrices case. Then the regret ©(\/BrmlIn > +mlIn*) of Loss MEG

1s within a constant factor of the minimazx regret.
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2.6 Conclusion

In this chapter, we carefully studied two popular online algorithms for PCA:
the Gradient Descent (GD) and Matrix Exponentiated Gradient (MEG) algorithms.
Contrary to the popular belief that the Exponentiated Gradient family is suboptimal
when the instances are sparse (see, e.g., [KW97]), we showed that both algorithms are
optimal within a constant factor on worst-case sequences of sparse instances, when the
regret is expressed as a function of the number of trials. Furthermore, when considering
regret bounds as a function of a loss budget, then MEG remains optimal and strictly
outperforms GD for sparse instances.

We also studied a generalization of the online PCA problem, in which the
adversary is allowed to present the algorithm with dense instance matrices. Again we
showed that MEG is optimal and strictly better than GD in this setting. It follows that
MEG is the algorithm of choice for online PCA as well as for its generalization to dense
matrices.

In this chapter we focused on obtaining online algorithms with optimal regret
and we ignored efficiency concerns. Straight forward implementations of both the GD
and MEG online PCA updates required O(n3) computation per trial (because they
require an eigendecomposition of the parameter matrices). This leads to a major open
problem for online PCA [HKW10c]: Is there any algorithm that can achieve optimal
regret with O(n?) computation per trial. To this end, [ACSI3] considers the Gain

version of GD (Equation (2.4]), with the squared Euclidean distance as the divergence)
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where the projection enforces the additional constraint that the parameter matrix W;
has rank k. Encouraging experimental results are provided for the choice k=k+1.
However, as we shall see immediately, when the unit length data points are chosen by an
adversary, then any algorithm that uses parameter matrices of rank % less than n suffers
worst case regret linear in 7. Recall that the parameter matrix W; at trial ¢ is simply the
expected projection matrix of rank k chosen by the algorithm and this matrix is defined
for any (deterministic or randomized) algorithm. We give an adversary argument for
any algorithm for which the rank of the parameter matrix W; at any trial ¢ is at most k.
The parameter matrices are known to the adversary. Also the initial parameter matrix
W1 must have rank % and be known to the adversary. For any algorithm following this
setup the adversary argument proceeds as follows: At the beginning of the game the
adversary fixes any subspace Q of dimension k+ 1. In each trial, the adversary picks a
unit length vector ; € Q, which is in the null space of the parameter matrix W; of the
algorithm (This is always possible, because the dimension of Q is larger than the rank of
W,). After T trials, the algorithm has zero gain, while the total gain T" is accumulated
within subspace Q. This means that there are k orthogonal directions within Q with
the total gain at least ELHT and therefore, the algorithm suffers regret at least ELHT'
Besides restricting the rank of the parameter matrix, a second approach is to
add perturbations to the current covariance matrix and then find the eigenvectors of the
k-largest eigenvalues [HKW10c|. So far this approach has not led to algorithms with
optimal regret bounds and O(n?) update time. Some partial results recently appeared

in [GHMIH] and [KWI5].
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Appendix

2.A  Proof of Upper Bound (2.13) on the Regret of Gain

MEG

Proof. The proof is based on the by now standard proof techniques of [TRWO05]. Let
W; € W, be the parameter of the Gain MEG algorithm at trial ¢ and X; be the instance
matrix at this trial. Now plugging the (un-normalized) relative entropy A(W, W;) =

tr(W(log W — log W;) + W, — W) into the descent step of the Gain MEG algorithm

E3) gives:

I/)[\/'Hl = exp(log W; + nX;) where n > 0 is the learning rate.

Take any projection matrix W € Wy, as a comparator and use A(W, W;) —
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A(W,W;41) as a measure of progress towards W:

AW, W,) — AW, W) > AW, W,) — AW, W,1)
= tr(W (log ﬁ\/’tﬂ —logW;) + W, — ﬁ\/’tﬂ)
= tr(nW X;) + tr(W; — exp(log W; + nX:)) (2.19)
> tr(nWXy) + tr(W; — Wyexp(nXy))
= tr(nW Xy) + tr(Wi(I — exp(nXy)),
where the first inequality follows from the Pythagorean Theorem and the second from

the Golden-Thompson inequality: tr(exp(log W; + nX;) < tr(W,exp(nX;)). By

Lemma 2.1 of [TRWO05],
tr(Wi(I — exp(nXy))) > (1 — ) tr(W Xy),
and therefore

AW, W) — AW, W) >n tt(WX,) + (1—e") tr(W:Xy)

~— —
gain of the gain of the
comparator algorithm
Summing over trials gives:
total gain Gw of total gain G4
the comparator W of Gain MEG
T T
oY w(WXy) + (1-eh) > r(WXy)
t=1 t=1
< AW, W) — AW, Wrpry).
—_—— | S ——
<klogk =0
with initialization
Wy ==E1
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We now rearrange the terms to bound the regret of Gain MEG:

1 k n
— < — — . .
Gw -Gy < e"—lklOgn+<1 en—1> Gw (2.20)

Since e > 1+ 7, the coefficient ﬁ of the first term on the RHS is upper bounded by

%. Next we upper bound the coefficient of the second term by 7:

-n -n
- 1- 16 g 0

= =1—-e"7<n.
e —1 1—em ™ i =0

The inequality (2.13)) on the regret of Gain MEG now follows from these two upper

bounds, the budget inequality Gw < B and from tuning the learning rate as a function

logﬁ
klog £ =\ Bg k
®un By ="9  \/2Bc klog ~.
n n

of Bg:

REGGain EG

IN

2.B  Proof of Upper Bound (2.14) on the Regret of GD

Proof. This proof is also standard [HWO01]. Minor alterations are needed because we
have matrix parameters. Let W; € W,,, be the parameter of the GD algorithm at trial
t and X; be the instance matrix at this trial. Then for the best comparator W € W,,

and any learning rate > 0, the following holds
[Werr = WG < [[Wer = WG = Wi = W5 — 2nte(W, = W)X]) + 0% || Xel[,

where the inequality follows from the Pythagorean Theorem [HWO1] and the equality

follows from the descent step of the GD algorithm (see (2.6)). By rearranging terms,
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we have

Wy = WT — Wi — W N 0| X |7

tr(W X)) —tr(WX]) < o 5

Note that the LHS is the regret in trial ¢ w.r.t. W. By summing all trials, we have that

the (total) regret REGgp = S.i_, tr(W;:X]) is upper bounded by

Wi = W = WeereWTE 0L 1K k=) 0 IX )
2 2 o2 2 o

where we used |[W; — W% < @ since W € W,,, and Wi = =*T. In the sparse

instance matrix case (when || X% < 1), (2.21) can be further simplified as

k(n —k T
REGy, < Fn—k)  nT
2nn 2
By setting n = k(z;k), we obtain the WT regret bound for the sparse instance

case. In the dense instance matrix case, || X;[|% < n and hence, REGgp < /k(n — k)T

k(n—k) L]

with n = ==

2.C Proof of Theorem [2.2]

Theorem gives a lower bound on the regret of the GD algorithm for the
m-set problem with unit loss vectors. At each trial of the m-set problem, the online
algorithm first predicts with a weight vector w; € [0, 1]", the coordinates of which sum
to m. Then the algorithm receives a unit loss vector £; and suffers loss w; - €;. The GD

algorithm for online PCA ({2.6)) specializes to the following updates of the parameter
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vector for learning m-sets:

Descent step: Wi = wy — Nl
(2.22)
Projection step: w1 = argmingegs  [|lw — w2,

where 7 > 0 is the learning rate and S, = {w € [0,1]" : > | w; = m}.
Since our lower bound for GD must hold no matter what the fized learning rate
7 is, we construct two adversarial loss sequences: The first causes the GD algorithm to
suffer large regret when 7 is small and the second causes large regret when 7 is large.
Specifically, we will show that the GD algorithm suffers regret at least £2(k/n) on the
first sequence, and at least Q(min{B,kBrn}) on the second sequence. We will then
show that the lower bound of the theorem follows by taking the maximum of these
two bounds and by solving for the learning rate that minimizes this maximum. The
first sequence consists of unit losses assigned to the first k& experts. At each trial, the
adversary gives a unit of loss to the expert (out of the first k) with the largest current
weight. If the learning rate n is small, then the weights assigned to the first k£ experts
decrease too slowly (Lemma . This causes the algorithm to suffer a substantial
amount of loss on the first sequence, while the loss of the remaining m experts remains
zero. The second sequence consists of unit losses assigned to the first k 4+ 1 experts. As
before, the adversary always gives the expert with the largest weight (now out of the
first £ + 1) a unit of loss. Intuitively, the GD algorithm will give high weight to the
m—1=n—(k+1) loss free experts and the best out of the first k£ + 1 experts. As the
7 gets larger, the algorithm puts more and more weight on the current best out of the
k+1 experts instead of hedging its bets over all k+1 experts. So the algorithm becomes
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more and more deterministic and the adversary strategy of hitting the expert with the
largest weight (out of the first k + 1) causes the algorithm to suffer a substantial loss
(Lemma. Formalizing these findings is not simple as the projection step of the GD
algorithm does not have a closed form. Hence, we need to resort to the Karush-Kuhn-
Tucker optimality conditions and prove a sequence of lemmas before assembling all the
pieces for proving Theorem

Let a; be a dual variable for the constraint w41, > 0 (i = 1,...,n), f; be a
dual variable for the constraint wyy1; <1 (i =1,...,n), and v be a dual variable for
the constraint y ;* ; wey1; = m. Then the KKT conditions on the projection step of

(2.22) have the following form: For ¢ =1,...,n,

Stationarity: Wit = —We; — Nl + 7+ o — By,
Complementary slackness: w41, a; = 0, (wir1i —1)B; =0,

(2.23)
Primal feasibility: Yo Wi, =m, 0 <wpr,; <1,
Dual feasibility: a; > 0, BGi > 0.

Note that since the projection step of is a convex optimization problem, these
conditions are necessary and sufficient for the optimality of a solution. Hence, for
any intermediate weight vector w1 = w; — by, if a set of primal and dual variables
w0 = (g, ...,a0),8 = (61,...,0n),7 satisfy all the conditions , then they
are the unique primal and dual solutions of the projection step.

We start with a special case where where the GD update actually has a

closed form solution:

Lemma 2.1. Consider a trial of the m-set problem with n experts, when only one expert
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wncurs a unit of loss. If this expert has weight w and all remaining experts have weight

at most 1 — min{ 2, 2=} then the GD algorithm with learning rate n > 0 will decrease
n’n—1

n w

w by min{@,w} and increase all the other weights by min{, 3},

Proof. W.l.o.g., the first expert incurs a unit of loss in trial ¢, i.e. w1 = w and £; = ey,
where e; is the unit vector with first coordinate equal to 1 and all other coordinates
equal to 0. To solve the projection step of the GD update , we distinguish two
cases based on the value of w; ;1. In each case we propose a solution to the projection
step and show that it is a valid solution by verifying the KKT conditions .

Case wy1 = w > "T_ln: The proposed solution is v = % and for 1 < ¢ < n,

a; =3 =0,
w1 — ”T_ln fori=1
W4-1,4 =
we; + L for ¢ > 2

n

All KKT conditions are easy to check, except for the primal feasibility condition:

n Wi

w1 < 1, for ¢ > 2. By the assumption of the lemma, w;; < 1 — min{n,m .

Since we are in the case w1 > %n, we have wy; <1 — % and therefore

wt+1,i:wt,i+ﬂgl_ﬁ+ﬁ:1-
n non

We conclude that in this case, the first weight decreases by ”7717) and all the other

weights increase by L.

Case wi1 =w < "T_ln: The proposed solution is v = Z”_i and for 1 <i < n,
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— wey fori=1 0 fori=1
Q; = ) Wyt =

0 for i > 2 wt,i—i—%

for i > 2
Again, all KKT conditions are easy to check, except for the primal feasibility condition

w1, < 1 for i > 2. By the assumption of the lemma w;; < 1—min{Z, 2L}, Since we

are in the case wy 1 < —77, we have wy; <1 — wL_l and therefore
W1 Wt,1 W1
Wiyl = Wi + <1- =1
n—1 n—1 mn-—1

We conclude that in this case, the first weight decreases by w; 1 and all the other weights

increase by . Combining the above two cases proves the lemma. O

Our next lemma considers the general case when the weight vector before
update does not necessarily satisfy the assumption in Lemma i.e. the weights of the

experts not incurring loss may be larger than 1 — min{ (where w is the weight

n’nl

of the only expert incurring loss).

Lemma 2.2. Consider a trial of the m-set problem with n experts, when only one
expert incurs a unit of loss. If this expert has weight w, then the GD algorithm with
learning rate n > 0 will decrease w by at most n and will not decrease the weights of
any other experts. Furthermore, if any expert not incurring loss has weight at least

1 —min{l, 2=}, then its weight will be set to 1 by the capping constraint.

Proof. Let w; be the weight vector at the beginning of the trial and assume w.l.o.g.

that the first expert incurs one unit of loss, i.e. £, = e;. Let w41, o, 3 and v denote
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the variables satisfying the KKT conditions . The lemma now states that:
Wiyl > W1 — 1) and Wiy, > Wweg, for 2 <i<n, (2.24)
and furthermore
w1, = 1, for any 2 <14 <n such that wy; > 1 — min{g, %} (2.25)
We first prove (2.24)). By the stationarity condition of and the assump-
tion £; = ey, we have that
W11 — Wl = Wl —N+or =ity —wer = —n+ar— P+,
and for 2 <i<n: wppr —wri = wert o — Bty —wer = o — i+ 7.

Therefore, to prove (2.24), it suffices to show a; — 8;+7v > 0 for 1 < i < n. By
the dual feasibility condition of (2.23)), c; > 0 but —3; < 0. However, when —3; < 0, we
have w41, = 1 by the complementary slackness condition, and therefore (2.24) holds

trivially in this case (noting that w;; < 1). Now we only need to show v > 0. We do

this by summing w;; — nf;; + v over indices 4 such that w;y1; > 0:

o; = 0 since

Wit1,5 >0
Y (wi =l +7) = > (Wi =l + v + o)
:1<i<n,w¢41,,>0 i:1<i<n,we41,;>0
2 > (whi— b+ + i — )

1:1<i<n, wy41,;>0

> Y (we) = m (2.26)

1:1<i<n,wy41,4>0

Furthermore, since both the learning rate n and the loss vector £; are non-negative, we

have that for all 1 <+¢ < n,

Z (Wi —nlyi) < Z (we;) < m.

1:1<i<n, wi41,;>0 1:1<i<n,wi41,,>0
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Combining the above inequality with (2.26) implies that v > 0, which completes our

proof of (2.24)).

Next we prove (2.25)). By the stationarity condition of (2.23]) and the assump-

tion £; = ey, we have that for 2 < i <n,
Wi = Wi — N+ — B+ = w o — Bi +. (2.27)

Now if we further assume that wy; > 1 —min{Z, ~“1} then (2.27) is lower bounded by

n’n—1

Wt 1
n—1

Wil = Wei+ o — Bi+y > 1—min{%, b+ ai = Bi+.

Thus to prove (2.25)), it suffices to show that —min{Z, *“:} + a; — 8; + v > 0. By

n?

the dual feasibility condition of (2.23), a; > 0 but —f3; < 0. However, when —f; < 0,

then wyy1; = 1 follows directly from the complementary slackness condition. Therefore

w.l.o.g., we assume 3; = 0. Now all that remains is to show v > min{Z, 21}, for which

we distinguish the following 2 cases.

Case w111 > 0: We will show v > I for this case. First note that

n
(2.26)) ~>0
m < Z (e —nlei+v) < Z (wei —nlei) +ny.  (2.28)
1:1<i<n,wi41,,>0 1:1<i<n,wi41,;>0

Now since we assume w¢41,1 > 0 and £; = ey, the first term on RHS of (2.28) is upper

bounded by:

Z (wei —nle;) = Z (wei) —m < m—n.

1:1<i<n,wi41,;>0 1:1<i<n, wi41,;>0

Together, we get m < ny — 1+ m, and this gives y > .
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Case wi41,1 = 0: We will show v > % for this case. Since wi41,1 = 0, the

summation E (wi s — nly; + ) does not include the case i = 1, i.e.
i:lSiSn,wt+1,i>0

Z (W —nlyi+v) = Z (Wr; —nlei+ ).

1:1<e<n, w1, >0 1:2<i<n,wi41,;>0
Therefore, (2.28)) can be tightened as follows:

220 ¥>0
m < > (wei —nlei+v) < > (wei—nleg) + (n = 1)y

1:2<i<n,wi41,4>0 1:1<i<n, wi41,4>0

Again, by the assumption £; = e1, we have

Z (Wi —nlei) = Z (wei) < m—wy.

1:2<i<n,wi41,;>0 1:2<i<n,wi41,;>0

Together, we get m < (n — 1)y + m — w1, which gives v > % and completes the

proof. O

Our third lemma lower bounds the loss of the GD algorithm with respect to
a particular adversarial loss sequence of n trials (instead of the above lower bounds for
single trials). We argue this lower bound for the special case of the m-set problem when
m = 1, i.e. the vanilla expert setting. As we shall see shortly in the main proof of
Theorem the lower bound the general m-set problem degenerates into this special
case for a certain loss sequence. Note that the assumptions of Lemma [2.1] are always
met when m = 1, because in this case any expert not incurring loss has weight at most

1 — w, where w is the weight of the expert incurring loss.

Lemma 2.3. Consider the m-set problem with n experts, and m = 1. If at each trial,
only the expert with the largest weight incurs a unit of loss, then after n consecutive such
trials, the GD algorithm with learning rate n > 0 suffers loss at least 1+ 3—12 min{nn, 1}.
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Proof. First notice that when m = 1, the largest of the n expert weights at each trial

is at least % Therefore, any algorithm suffers total loss at least 1 in n trials. To show

the extra loss of 3% min{nn, 1}, we claim that in at least % of these n trials, the largest

1

expert weight assigned by the GD algorithm is at least - + %min{n, %} This claim is

proved as follows.
Let ' = min{n, %} and tg be the first trial that the largest expert weight of

the trial is less than % + %77’ . If tog > %, the claim holds trivially. Hence, we assume

to < %. Now call any expert with weight at least % — %77’ at trial tg a candidate. We will

show that the number of candidates s is at least 5. To show this we first upper bound

the expert weights at trial ¢y as follows:

1 1,
U R

1 1
sum of candidates’ weights < s ( + 8n'> .
n

sum of non-candidates’ weights < (n —s) (

The first inequality follows from the fact that non-candidates have weight at most %— %n’

and the second inequality follows from the definition of tp, i.e. the maximum weight at
that trial is less than % + %17’ . Now, since all the expert weights at a trial sum to 1, we
have
oo () v (b b) e -
which gives s > § since ' > 71 > 0.
Next, we show that at trial to+7%, there will be a subset of at least 7 candidates
whose weight will be at least the larger value of % + %77’ . First recall that at each trial,

only one expert incurs a unit of loss. Therefore, in the % trials from ¢ to to+7% —1, there
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will be at least & — % = % candidates that do not incur any loss. By Lemma the

n w

weight of an expert not incurring loss is increased at each trial by min{:1, =%~} where
n’n—1

w is the weight of the expert incurring loss at that trial. Note that w > % always hold
since the expert incurring loss has the largest weight among the n experts. Therefore,
at trial to + %, each of the 7 candidates that do incur any loss from trial ¢y to trial

4

to + % — 1 has weight at least:

lower bound on the lower bound on the increase
weight at trial ¢o from trial ¢9 to trial to + 7 — 1
1 1
Tt no o W
n 8" + 4mm{n’n—1}
Wi > 1 /
n—1=n2 1 1 n . n 1 1 n
> SR S S W
= n 877+4m1n{ " n? n+8

Finally, consider the next % trials from to + % to o + § — 1. (The game must
have more than to + 5 trials, since we assume ¢y < %) The maximum weights at these
trials are always at least % + %77’ , because only one expert incurs loss at a time, and the
weights of the remaining experts are never decreased. This completes the proof of the

claim and the lemma. O

Now we are ready to give the lower bound on the regret of the GD algorithm

for the m-set problem. For the sake of readability, we repeat the statement of Theorem

2.2l below:

Theorem Consider the m-set problem with k < n/2 and unit loss vectors. Then

for any fized learning rate n, the GD algorithm (2.22) can be forced to have regret at
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least Q(max{min{ By, kvBr},k}).

Proof. Theorem gives a lower bound of Q(\/W +mlog -+) that holds for any
algorithm. This lower bound is at least (k) since mlog [ = mlog(% +1) > k. Hence
to prove this theorem, we only need to show a lower bound of Q({min{Br,kv/Br}),
where By, is the loss budget (defined in (2.9)). Also, w.lLo.g., assume B, > 4k since
when By, < 4k, the claimed bound is in fact £2(k), which always holds as we just argued.

The hard part (deferred to later) in proving the Q({min{By,k/Br}) lower
bound for GD is to show that the algorithm suffers regret at least Q(k/n) and
Q(min{ By, kBrn}) on two different loss sequences, respectively. Clearly, it follows that
the regret of GD is then at least the maximum of these two bounds. By a case anal-
ysis, one can show that max{a, min{b,c}} > min{b, max{a,c}} for any a,b,c € R.
(We prove this as Lemma in Appendix [2.]]) Therefore we get the lower bound of
Q(min{ By, max{k/n,kBrn}}). The lower bound for GD with any fixed learning rate
now follows from fact that max{k/n, kBrn} is minimized at n = ©(1/v/By). The value
of the lower bound with this choice of 7 is the target lower bound of Q(kv/Br).

We still need to describe the two loss sequences and prove the claimed lower
bounds on the regret. The first loss sequence forces GD to suffer regret Q(k/n). It
consists of L’;—’;‘J + 1 trials in which only the first k experts incur losses. More precisely,
at each trial, the expert with the largest weight (within the first k£ experts) incurs one
unit of loss (In the case of tied weights, only the expert with the smallest index incurs

loss). The last m experts have loss 0. Therefore the regret is simply the total loss of
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the GD algorithm. The loss of the algorithm at each trial is equal to the largest weight
of the first k£ experts. Therefore the loss is lower bounded by the average of the first k
weights. With a uniform initial weight vector, this average is 7 at the beginning of the
first trail, and by Lemma it is decreased by at most i after each of the following
HL—T;J +1 trials. Therefore, at the beginning of trial ¢, the average is at least ™ — (t—1).
Summing up the arithmetic series from trial 1 to trial [%J + 1 gives the following lower

bound on the total loss of GD:

() Cen- (o)D) = S0

Now we describe the second loss sequence which forces the GD algorithm to

13

IV v

suffer regret Q(min{By,kBrn}). The sequence consists of (k + 1)By, trials, where the
expert with the largest weight among first k41 incurs a unit of loss. The best comparator
of this sequence consists of the last m — 1 experts that have 0 total loss and the best of
the first k£ 4+ 1 experts which has total loss at most By,.

Next we lower bound the loss of GD with respect to this loss sequence. First
observe, that the last m — 1 experts do not incur any loss in the (k + 1)By trials.
Therefore their weight may increase (from their initial value of ), but at any trial the
weight of these experts always have the same value. The value of this block of equal
weights is always the maximum weight of any expert, since the weight value of the block
is never decreased by the algorithm. More precisely, at each trial the block’s value is
increased as given in Lemma until the values becomes 1 at trial ¢.,, and stay at 1
till the end of the game. If no such trial ., exists (i.e. the value of the block remains
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less than 1 at the end of the game), then let ¢.q, = co. In the degenerate case when
m =1 (i.e. the block has size m — 1 = 0), we simply set t.,, = 1 from the beginning.

Depending on the value of ¢4, we distinguish two cases in which GD suffers
loss at least By, + Q(Bp) and By, + Q(min{ By, kBrn}), respectively.

Case t.qp > (k+1)Br/2: We will show that GD suffers loss at least By, +$(Bp,)
in this case. First recall that at the beginning of the proof we assumed By > 4k.
Therefore in the case t.qp > (k + 1)Br,/2 we have t.qp > 4. From our definition of .4,
this means that m > 2. Next we argue that since t.qp > (k+1)Br/2, we have n < k%rl
Let W; denote the sum of the first k£ + 1 weights at trial ¢ and w; be their maximum.
By Lemma we know in each trial prior to t.., the weight w; of the expert incurring
loss is decreased by min{@7 w;} and all other weights are increased by min{:, 24}

Since the expert incurring loss is always one of the first k + 1 experts, we have that in

each trial prior to t.., the total weight W; is decreased by at least

_f(n—1)n L we m—1 m—1 . 1
—k — > — > — .
mln{ , Wy min § —, > — min{n, w;} > ——min |7, - 1

n nn—1

The second inequality follows from the fact that since w; is the largest of the first £+ 1

expert weights, it must be at least lerl Together with the fact that Wy = w, we

have

(2.29)

(k+1)m (k+1)Bpm—-1 . { 1 }
min .
n 2 n

Wik+1)B, /2 < - T EE1

Now if n > k%rl, the upper bound ([2.29)) becomes (kti)m — (m;L)BL , which can be further
upper bounded by “* using the fact m > 2 and the assumption By, > 4k. However, the

upper bound of Wy 1)p, /2 < 7 is less than 1 and all W} are at least 1 since m — W,
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is the total weight of the last m — 1 experts which is at most m — 1. Therefore we have
n < k%q in this case.

Now we lower bound the loss of GD by lower bounding the average weight
Wi/(k +1). We have n < k%rl and teqp > (kK + 1)Br/2. Also by Lemma Wi

decreases by exactly @ at each trial for 1 <t < (k + 1)Br/2. Therefore the total

average weight in trials 1 through (k + 1)Br/2 is at least

1 1 (k+1)m (k+1)BL (k+1)m By,

= 1 = 1] —. 2.

2k+1 < n + ) 2 n + 4 (2:30)
Now with m > 2, k > 1 and n = m + k, it is easy to verify that ()m 5o at

n

least 1+ (1), which along with (2.30]) results in a % + Q(Br) lower bound on the loss

of GD for 1 <t < (k+1)Br/2. In trials (k+ 1)Br/2 < t < (k+ 1)Br, GD suffers

(kJr;)BL %H = % since the weight of the expert incurring loss is at least

loss at least
%‘H' Thus in trial 1 through (k + 1)By, the loss of GD is at least By, + (By) which
concludes the proof of the case t.qp > (kK +1)Br/2.

Case teqp < (k+ 1)Br/2: We will show that GD suffers total loss at least
Br,+Q(min{ By, kBrn}) in this case. Since GD suffers loss at least By, /2 in the first (k+
1)Bp,/2 trials, it suffices to show that GD suffers loss at least By, /2+Q(min{ By, kBrn})
in trials (k + 1)Br/2 + 1 through (k + 1)By. First note that since t.qp < (k +1)B/2,
in each of these trials, the weights of the m — 1 loss free experts have reached the cap
1. This means that GD updates the weights of the first k + 1 experts as in the vanilla

expert setting (i.e. m = 1). Therefore by Lemma the loss of GD in the second

(k+ 1)Bpr/2 trials is at least %(1 + g min{(k + 1)n,1}) = % + Q(min{Br, kBrn}).
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We conclude that for the second loss sequence, the loss of the best comparator
is at most By, and the loss of GD is at least By + Q(min{By,kBrn}). Therefore,
the regret of GD is at least Q(min{By,kBrn}) for the second loss sequence and this

completes our proof of the theorem. O

2.D Proof of Theorem 2.3

Theorem [2.3] gives a lower bound on the regret of the FRL-GD algorithm for
the m-set problem with unit loss vectors. In this case, the FRL-GD algorithm ([2.18))

specializes to the following:

t
Follow the regularized leader: w11 = —n Zﬁq,
=1 (2.31)

Projection step: w; ; = argmin |[w — ;1.
wESm
The proof has the same structure as the lower bound for the GD algorithm (Appendix
. Again we use two adversarial loss sequences (one for low and high learning rates)
and give three technical lemmas that reason with the KKT conditions. The details

are different because the intermediate weight vector w41 has a different form than for

vanilla GD. The KKT conditions are the same as the KKT condition for GD ([2.22))

except for a slight change in the stationarity condition. For i =1,...,n,
Stationarity: Wit1,; = —Nl<pi +7 + o — Bi,
Complementary slackness: w106 =0, (wip1; —1)8; =0,
(2.32)
Primal feasibility: Yo W1 =m, 0 <wp,; <1,
Dual feasibility: a; > 0, Bi >0,



where (<;; = 22:1 £y is the cumulative loss of expert ¢ up to trail ¢. Again we prove

three technical lemmas before assembling them into the main proof.

Lemma 2.4. Consider the m-set problem with n experts, where at the beginning of trial
t+1, each of the first k+1 experts (where k = n—m) has incurred the same cumulative

loss £, and all the remaining experts are loss free, i.e.

{ fori<k+1
by =

0 fori>k+1

Now the FRL-GD algorithm predicts at trail t + 1 with the weight vector w1 given by:

m=nt(m=-1) fori<k+1

n

if ml < 37 then
moAnlktl) fori>k+1

n

W15 =

. k

1 fori>k+1

Proof. We prove this lemma by verifying the KKT conditions l) If nt < kiﬂ, we

have:

—nl(m—1
1> TS nt(m )>0, and 0 <
n

m~+nl(k+1) -

Therefore 0 < wy1; < 1, for all i. By taking « = 3 = 0, and v = %(kﬂ), the

KKT conditions can easily be verified to hold. If n¢ > k—il, the KKT conditions are

satisﬁedbytakingai:Oforigk—i—landai:k—il—nﬁfori>k+l,5:0and

'yzk%l—i—nﬁ. O
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Lemma 2.5. Consider a trial of the m-set problem with n experts, when only one expert
incurs a unit of loss. Then the FRL-GD algorithm with learning rate n > 0 decreases
the weight of this expert by at most n and none of the other weights are decreased in

this trial.

Proof. Let £<;—1 be the cumulative loss vector at the beginning of the trial, and let
wy, o, B¢ and ~y; be the corresponding primal and dual variables satisfying KKT condi-
tions with respect to £<;—;. W.l.o.g., we assume the first expert incurs a unit of
loss, i.e. €<t = £<;_1+e1. Let w1, 41,811 and ;41 denote the variables satisfying
the KKT conditions with respect to the updated loss vector £<;. The lemma now states
that wiy11 —we1 > —n.

The lemma holds trivially when w1 = w;. When w1 # wy, we first show
that 441 > 7¢. Since both w; and w;y; sum to m, there must be an expert j, such

that wy ; < wyq,;. By the stationarity condition of (2.32)), we have:

0 < wpj—wr; = (—nl<pitonsj—Berty41) — (nl<i—1j+a;—Brj+tm),

or, equivalently,

Yerr — Y > <ty —l<i—15) + (0w —ouq1) + (Big1j — Brj)- (2.33)

Since wyy1,; > wy,j, and the weights must be nonnegative, we have wy11; > 0, and thus
aty1,; = 0 due to the complementary slackness condition of . Since ay; must
be nonnegative due to the dual feasibility condition of , we have a;; > apq1j.
A similar argument gives ;11 > (i ;. Moreover, since l<;; — f<;—1; > 0 (due to

L<; =£<i_1 + e1), the RHS of (2.33) is nonnegative, and thus vi41 > .
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By the stationary condition of (2.32)), we have:

wip11 — w1 = (—nl<i +app1n — Berr 1) — (nl<i11 +ann — Bt + )

= -+ (V41— + (ar11— o) + (Bea — Brv11)s (2.34)

where we used f<;1 = l<;—11 + 1. If a1 # 0, then w1 = 0 due to complementary
slackness, and the lemma trivially holds. Similarly if 8,411 # 0, then w;411 = 1, and

again the lemma holds trivially. Thus, we may assume that o1 = 41,1 = 0. However

then (2.34) becomes
W11 — W1 = —N + (Ver1 — ) + g1 + Bii = —.

We now show the second statement of the lemma, that w11, > wy; for all ¢ > 1. First
note that if oy ; > 0, then by the complementary slackness condition of , wi; =0,
and the statement trivially holds. Similarly, if 8;41; > 0, then by the complementary
slackness condition, w;y1; = 1, and, again the statement trivially holds. Therefore we
prove the stamement assuming that a;; = 0 and Bi41,; = 0. Since f<;; = f<;—_1, the

complementary slackness condition of ([2.32]) implies:

W1 — Wi = (=9b=ii + g — Bri +ver1) — (b1 + i — Bri + )

= (w1, — i) + (Bri — Biv1s) + (i1 — ")
=0 =0 >0

V

> ayq1,+ B > 0,

where the last inequality is by the dual feasibility condition of (2.32]). This finishes the

proof. O
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Lemma 2.6. Consider the m-set problem with n experts, and m = 1. Assume at the
end of trial t, the cumulative losses of all experts are the same. Assume further that the
loss sequence in trialst+1,...,n is by1 = €1, b0 = €3,..., b1 = €y, t.e. each expert
subsequently incurs a unit of loss. Then the cumulative loss incurred by the FRL-GD

algorithm in iterations t +1,...,n is at least 1 + + min{nn, 1}.

Proof. The proof goes by providing primal and dual variables satisfying the KKT condi-
tions . Since the solution w1 to does not change if we shift all cumulative
losses ¢<;; by a constant we can assume w.l.o.g. that the cumulative loss of all experts
at the end of trial ¢ is 0.

Take trial t4+j+1 (j > 0), at the beginning of which each of the first j experts
have already incurred a unit of loss and the remaining n — j experts are loss free. If

n < % then the KKT conditions l} are satisfied by taking o; = ; = 0 for all

_j’

izl,...,n,’y:%n—i—l, and

n

n—j

3|

Wigj41,i =

S|
S~

+ <n for i > j

In this trial, expert j7 4+ 1 incurs a unit of loss, and hence the algorithm’s loss is % + %17.

Ifn > n%j, then the KKT conditions 1) are satisfied by taking v = —1-

n=j

and for 1 <:<n, 5; =0,

0 fori <j n—n%j fori <j
Wttj+1,i = ) Qy =
L. fori>j 0 for i > j

n-=j

The loss of the algorithm in such a case is %ﬁ
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Thus depending on 7, the algorithm’s loss at trial £ 4+ j 4+ 1 is equal to

+ 20 if n < 24

_Loif g >

n—j

1

which can be concisely written as: % + %min {77, ﬁ} . Summing the above over j =

0,...,n gives the cumulative loss of the algorithm incurred at trials t +1,...,t 4+ n:
n—1 . n—1 .
1 1 1 1
Z—i—]min{n,,} > Z—l—]min{n,}
onon n—j onon n

n—1 . { 1}
= 14+ ——minqn, —
2 n

1
1+ Zmin{nn, 1},

v

where the last inequality is due to n —1 > § for n > 2. O

We are now ready to give the proof of Theorem

Theorem Consider the m-set problem with k < n/2 and unit loss vectors. Then
for any fized learning rate n, the FRL-GD algorithm (2.31)) can be forced to have regret

at least Q(max{min{ By, kv/BLr}, k}).

Proof. Theorem gives a lower bound of Q(,/Brmlog Z +mlog ) that holds for any
algorithm. This lower bound is at least Q(k) since mlog 2 = mlog(£ + 1) > k. Hence
to prove this theorem, we only need to show a lower bound of Q({min{By,kv/Br}).
Similarly as in the proof of Theorem[2.2] we show this in two steps: First, we give two loss

sequences that result in the regret of FRL-GD at least Q(k/n) and Q(min{ B, kBrn}),

71



respectively. Then, the lower bound follows by taking the maximum between the two
lower bounds.

The first loss sequence is exactly the same as in the proof of Theorem i.e.
the sequence consists of [%J + 1 trials and in each trial, the expert with the largest
weight (within the first k& experts) incurs one unit of loss. With Lemma in place of
Lemma one can easily show an Q(k/n) regret lower bound for FRL-GD by repeating
the argument from the proof of Theorem

Now we describe the second loss sequence which forces the FRL-GD algorithm
to suffer regret Q(min{(Byr),kBrn}). The sequence consists of By, “rounds”, and each
round consist of k 4 1 trials (so that there are (k+ 1)By, trials in total). In each round,
one unit of loss is given alternately to each of the first k 4+ 1 experts, one at a time. In
other words, in trial ¢, the loss vector £; equals to e, where r =t mod (k + 1). The
best comparator of this sequence consists of the last m — 1 loss free experts and any of
the first £ 4+ 1 experts, which incurs cumulative loss Bry,.

To lower bound the loss of the algorithm, first notice that in each round, each
of the first £ + 1 experts incurs exactly one unit of loss. The sum of weights of these
experts at the beginning of a round lower bounds the algorithm’s loss in this round.
This is because the weight of a given expert cannot decrease if the expert does not
incur any loss (Lemma ; hence, the weight of a given expert at a trial, in which
that expert receives a unit of loss, will be at least as large as the weight of that expert
at the beginning of a round. Since the weights are initialized uniformly, this sum is

m(k + 1)/n before round 1, and by Lemma each of the following rounds decreases
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it by (m —1)(k+ 1)n/n until it is lower capped at 1 (Since the total sum of the weights
is m, and none of the remaining m — 1 weights can exceed 1, the sum of weights of the
first k + 1 experts must be at least 1).

We first assume that after By, /2 rounds, this sum is strictly larger than 1 which
means the sum decreases as an arithmetic series for all the first By, /2 rounds and the

algorithm’s loss can be lower bounded by

Use the same

B; argument as in (2.30))

5 Br/2+Q(Br).

%(m(k +1)/n+1)

Since the sum of the first £ 4+ 1 weights at the beginning of any trial is at least 1, the
algorithm incurs loss at least By /2 in the remaining By /2 rounds. Summing up the
algorithm’s loss on both halves of the sequence, we get a regret lower bound of Q(By).

Now consider the case, when after the first Bz, /2 rounds, the sum of the first
k+1 weights is 1. This implies that the weights of m — 1 remaining experts are all equal
to 1, and will stay at this value, since only the first k£ + 1 experts incur any loss (and,
by Lemma the weight of an expert cannot decrease if that expert does not incur
any loss). Thus, we can disregard the loss free m — 1 experts, and in the remaining
B, /2 rounds, the first k + 1 expert weights are updated as in the m-set problem with
m = 1. Notice that the algorithm suffers loss at least By /2 in the first By /2 rounds
and by Lemma suffers loss at least Br/2 + By min{(k + 1)n,1}/8 in the second
Br,/2 rounds. Summing up the algorithm’s loss on both halves of the sequence, we get

a regret lower bound of Q(min{ By, kBin}). O
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2.E A Discussion on the Final Parameter of FRL-GD

In this appendix, we show that the final parameter matrix of the FRL-GD
algorithm essentially contains the solution to the batch PCA problem. First recall that
given n dimensional data points @1, ...,x7, the batch version of the k-PCA problem
is solved by the eigenvectors of the k largest eigenvalues of the covariance matrix C =
Ethl wtwg . Let Wr41 be the final parameter matrix of the FRL-GD algorithm when the
instance matrices are X1 = &2, ..., X7 = xra). We will show that the eigenvectors
of the m = n — k largest eigenvalues of W, are the same as the eigenvectors of the
m largest eigenvalues of the negated covariance matrix —C'. Thus, by computing the
complementary subspace of rank k, one finds the solution of the batch PCA problem
with respect to data points x1,...,x7.

Recall that the final parameter Wrp; of FRL-GD is the projection of the —C

into the parameter set W,,:
Wryy = argmin || — C — W ||%.
WeWn,

Let —C have eigendecomposition —C = Udiag(A)UT, where A is the vector of the
eigenvalues of —C'. (author?) [ACS13, Lemma 3.2] shows that the projection of —C'is

solved by projecting the eigenvalues A into &), while keeping its eigensystem unchanged:

Wry = UdiagN)UT  and X = argmin | A — v]|3.
vES,

W.l.o.g., assume the elements of A are in descend order, i.e. A\ > A9 > ... \,. To prove

that the eigenvectors of the m largest eigenvalues are the same in W, 1 and —C', we only
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need to show the following: for any integers pair ¢ and j such that 1 <7 <m < j < mn, if
Ai > Aj, then A, > /\;-. First note that by the KKT analysis of the problem of projecting
into 8, (see (2.32)), it is easy to see that if A\; > );, then exactly one of the following

three cases holds.
Ap > N or  AN=X=0 or XN=X=L1

Now we show that when ¢ and j further satisfy i < m < j, the latter two cases can
never happen. Suppose \; = A} = 1 for some ¢ < m < j. In this case for any i’ < m,
X, = )\3. = 1 also holds. Therefore, the sum of all the coordinates of X’ will be at least
m + 1 which contradicts A’ € S,,,. Now assume \, = )\;- =0 for some i < m < j. In

this case for any m < j', A} = A, = 0 also holds. This implies that the sum of all the

coordinates of A's will be at most m — 1 which again contradicts X' € S,,.

2.F Regret Lower Bounds When the Number of Trials Is
Large

This appendix proves lower bounds on the regret of any online algorithm for
the m-set problem: Theorem and Theorem prove lower bounds for unit loss
vectors and Theorem [2.6] proves lower bounds for dense loss vectors. In all of these
lower bounds, we assume that the number of the trials T is larger than either the
number of experts n or some function of n, m and k (see details of the assumptions in
individual theorems). The regret lower bounds for small number of the trials are given

in the next Appendix
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All the lower bounds given in this appendix are proved with the probabilis-
tic bounding technique described in Section [2.5] i.e. in each case, we first choose a
probability distribution P and then show a lower bound on the expected regret of any
algorithm when the loss vectors are generated i.i.d. from P. Our lower bounds on the
expected regret make use of the following lemma which gives an upper bound on the

expected loss of the best comparator in a two expert game.

Lemma 2.7. Consider a two expert game in which the random loss pairs of both experts

are i.i.d. between trials, and at each trial the random pair follows the distribution:

value of the loss pair (0,1) (1,0) (1,1) (0,0)

(2.35)
probability D P q 1-2p—g¢q

where non-negative parameters p and q satisfy 2p+q < 1. Let M be the minimum total

loss of the two experts in T such trials. If T and p satisfy Tp > 1/2, then

E[M]< T(p+4q)—cy/Tp

for some constant ¢ > 0 independent of T', p and q.

Later we will use the case ¢ = 0 of the two expert distribution (2.35)) as a
submodule for building sparse distributions over n experts and p = ¢ = 1/4 for building
dense distributions over n experts. To prove Lemma we need the following lemma

from [Koolll Theorem 2.5.3]:

Lemma 2.8. Let a; and b, be two binary random variables following the distribution

value of (at,b¢) (0,1) (1,0)

probability 0.5 0.5
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For T independent such pairs, we have

T T
T T-1 ) T T+1
3~ Y < E[mln{Zat,th}] < 3~ o
t=1  t=1
Proof. of Lemma Denote the experts’ losses at trials 1 < ¢ < T by a; and b. In

this notation, the statement of Lemma [2.7] is equivalent to:

E [min{Z&t,ZBt} <T(p+q)— c\/JTp.

At each trial, the random variable pair (dy, b;) has four possible values: (1,0),
(0,1), (1,1) or (0,0). If G # by, then this trial is “covered by” Lemma If 4 = by,
then this trial affects 37, @ and 37, by the same way and therefore can be excluded from

the minimization. We formalize this observation as follows:

E min{Zdt,ZZ)t}] = E |min Z at, Z Bt +E n
t t t:at;éf)t t:&t#gt t:a=b
L 23 R R—-1
emria E v =1 + Tq
2 2

where R is a binomial random variable with 7" draws and success probability 2p. Clearly
E[R] = 2Tp and therefore E[£] = T'p. Moreover under the assumption that Tp > 1/2,
we will show in Lemma of Appendix (using an application of the Chernoff
bound) that E [ % } > ¢/Tp for some constant ¢ that does not depend on T, p

and q. ]

We now use Lemma to prove the following theorem which addresses the

m-set problem with unit loss vectors for the case k < 5.
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Theorem Consider the m-set problem with unit loss vectors, where m = n — k.

Then for k < 5 and T > k, any online algorithm suffers worst case regret at least

Q(VTEk).

Proof. In this proof, each loss vector is uniformly sampled from the first 2k unit vectors,
i.e. at each trial, one of the first 2k experts is uniformly chosen to incur a unit of loss.
To show an upper bound on the loss of the comparator, we group these 2k experts into
k pairs and note that the loss of each expert pair follows the joint distribution described
Lemma with p = i and ¢ = 0. Furthermore, the condition T'p > 1/2 of Lemma
is also satisfied because of the assumption T > k. Hence, by applying Lemma we
know that the expected loss of the winner in each pair is at most 7'/ 2k—c\/m, and the
total expected loss for k winners from all k pairs is upper bounded by 7/2 — c\/m.
Now recalling that the comparator consists of the m = n — k best experts, its total
expected loss is upper bounded by the expected loss of the k winners, which is at
most 7/2 — c\/m, plus the expected loss of the remaining n — 2k experts, which is
zero. Therefore, we have an upper bound of 7/2 — c\/m on the expected loss of
the comparator. On the other hand, since losses are generated independently between
trials, any online algorithm suffers loss at least 7'/2. The difference between the lower
bound on the expected loss of the algorithm and the upper bound on the expected loss

of the best m-set gives the regret lower bound of the theorem. O

The case k > % is more complicated. Recall that k¥ = n — 1 reproduces the
vanilla single expert case. Therefore additional logn factor must appear in the square
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root of the lower bound. We need the following lemma, which is a generalization of
Lemma, to n experts. In the proof, we upper bound the minimum loss of the experts
by the loss of the winner of a tournament among the n experts. The tournament winner
does not necessarily have the lowest loss. However as we shall see, its expected loss is
close enough to the expected loss of the best expert so that this bounding technique is

still useful for obtaining lower bounds on the regret.

Lemma 2.9. Choose any n,S and T, such that n = 2° and S divides T. If the loss

sequence of length T is generated from a distribution P, such that:
e at each trial t, the distribution of losses on n experts is exchangeable, i.e. for
any permutation m on a set {1,...,n}, and for any t, £y = (b1, 2, ..., ) and

€ = (Ui z(1), Lem(2)s - > bee(n)) have the same distribution,
e and the distribution of losses is i.i.d. between trials,

then,

E [ minimum loss among n experts in T trials ]

< S E [ minimum loss among experts 1 and 2 in T/S trials].

Proof. The key idea is to upper bound the minimum loss of any expert by the loss of the
expert that wins an .S round tournament. In the first round, we start with n experts and
pair each expert with a random partner. The round lasts for 7'/S trials. For each pair,
the expert with the smaller loss wins in this round (tie always broken randomly). The

n/2 winners continue to the second round. At round s, the remaining n/2°~! experts
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first round second round
t=1 t=2 t=3|t=4 t=5 t=6

expert 1 1 0 1 0 0 0
[expert 4 0 1 0 1 1 1

expert 2 0 0 1 1 1 0 ]
[expert 3 1 1 0 1 0 1

Table 2.3: A tournament with 7" = 6 trials, S = 2 rounds, and n = 4 experts. The bits
in the table are the binary losses of the experts in each trial. The brackets show the

pairing in each round. The losses of the winners are in bold.

are randomly paired and the winners are determined based on the losses in another set
of T'/S trials. After S rounds and 7' = ST'/S trials we are left with 1 overall winner.
For example for S = 2 rounds, n = 22 = 4 experts and T = 6 trials, consider
the sequence of losses shown in Table 2:3] Each of the two tournament consists of
6/2 = 3 trials. In the first round, expert 1 is paired with expert 4 and expert 2 with
expert 3. In the first round, the cumulative losses of experts 1,2,3,4 are 2,1,2,1,
respective. So expert 4 is the winner of the first pair and expert 2 is the winner of the
second pair. In the second round, the two winners (experts 2 and 4) are paired, and they
incur cumulative loss 2 and 3, respectively. Hence, expert 2 wins the tournament. The
total loss of the tournament winner in all 6 trials is 3. Note that this is larger than the
minimum total loss of the 4 experts since expert 1 incurred total loss 2. Nevertheless we
shall see that for our probabilistic lower bound proof, the total loss of the tournament

winner is close enough to the total loss of the best expert.
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To complete the proof it suffices to show that

E [ total loss of tournament winner in 7" trials |

= S E [ minimum loss among experts 1 and 2 in 7'/S trials |.
Due to linearity of expectation:

E [ total loss of tournament winner in 7" trials |

S
= Z E [ total loss of tournament winner in i-th round | .
i=1

The exchangeability of the losses and the symmetry of the tournament guarantees that
each expert is equally likely to be the overall winner. Therefore w.l.o.g., expert 1 is the
overall winner. Consider i-th round of the tournament (1 <1 < S), and let (w.l.o.g.)

expert 2 be the partner of expert 1 in this round. We have:

E [ total loss of tournament winner in i-th round |

exp. 1 is the tournament winner,
= E | total loss of exp. 1 in i-th round | exp. 2 won all past competitions
at rounds 1,...,7 — 1.

= E[ total loss of exp. 1 in i-th round | exp. 1 wins over exp. 2 in i-th round | .

The second equality is due to the fact that the distribution of losses is i.i.d. between
trials, and therefore the future and past rounds are independent of the current round.

Since the last expression is the same for each of the S rounds we have:

E [ total loss of tournament winner in 7" trials |

= S E [ expected loss of expert 1 in T'/S trials | expert 1 wins over expert 2 |.
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Remains to be shown that the latter expectation is simple the expectation of the min-
imum of the two experts losses in a single round. Let L; and Lo be the total losses of
both experts in the 7'/S trials and let “L; > Ly” denote the event that 1 wins over 2

(ties broken uniformly, so that, e.g., Pr(L; > Lg) + Pr(Lg > L;) = 1). Then

E[Li|Ly> L] = (Pr(Lg > L) + Pr(L1 > Lg)) E[Li|Ls > L1 ],
= Pr(Ly > L) E[Li|Ly > L1 ]| + Pr(Ly > L) E[Ly|La > Ly |
exchangeability =Pr(Ly > Li)E[Li|L2 > L1 ] + Pr(L; > L2) E[L2|L; > La |
=Pr(Le > L1) E[ min{Lq, Lo}|Ly > L1 |
+ Pr(L; > Lo) E[min{Ly, Lo}|L; > Lo ]

=E[min{L;, L2} |.
O

Now, we use this lemma to prove a lower bound for the m-set problem with

Theorem Consider the m-set problem with unit loss vectors, where m = n — k.

Then for k > 5 and T > nlogy(n/m), any online algorithm suffers worst case regret at
least Q(m~y/T In(n/m)/n).

Proof. Let us first assume that n = 2/m for some integer j > 0, i.e. logy(n/m) is a
positive integer, and that W is an integer value as well.
At each trial, a randomly chosen expert out of n experts incurs a unit of loss.

To show an upper bound on the loss of the comparator, we partition the n experts into
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m groups (n divides m from the assumption), and notice that the losses of the n/m
experts in each group are exchangeable. Applying Lemma to each group of n/m

experts with S = log,(n/m) rounds and 7'/S trials per round, we obtain:

E [ Loss of the winner in a given group in 7" trials |

T
< log, (ﬁ) E | Loss of the winner of two experts in —— trials | . (2.36)
m logy(n/m)

The expectation on the RHS is the two expert game considered in Lemma with
parameters p = 1/n and ¢ = 0. Note that ¢ = 0 because only one expert suffers loss in

each trial. Applying this lemma bounds the expectation on the RHS as

T . / T
logy(n/m)n logy(n/m)n’

Plugging this into (2.36)) gives an T'//n—cy/T logy(n/m)/n upper bound on the expected

loss of the winner in a given group. We upper bound the expected loss of the comparator
by the total loss of m winners from the m groups, which in expectation is at most
Tm/n — em+/Tlogy(n/m)/n.

Finally the loss of the algorithm is lower bounded as follows: Every ex-
pert incurs loss 1/n in expectation at each trail and losses are i.i.d. between trials.
Therefore any online algorithm suffers loss at least m7T'/n. and the expected regret is
lower bounded by cm\/w. This concludes the proof when n = 2/m and
logy(n/m) divides T

If n is not of this form, we take the largest ng < n, such that ng = 2/m for
some integer j, i.e. ng = maxjeN{2jm: 2/m < n}. We then apply the reasoning above
to ng experts, while the remaining n — ng will incurs loss 1 all the time, which can only
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increase the loss of the algorithm, but this will not affect the loss of the comparator
(comparator will never pick these experts). Since ng > n/2 (otherwise ng would not be
the largest integer of the form 27n, smaller than n), this does not change the rate under
Q(+) of the lower bound of the theorem. Finally, if m is not an integer value,

we can choose the largest Ty < T, such ) is integer, and use the proof with T

To
logs(n/m
rounds, while in the remaining 7' — T rounds all losses are zero. Since Ty > T'/2, this,

again, does not change the rate under (). O

Finally, we consider the m-set problems with dense loss vectors. The following

theorem proves lower bounds for such problems when £ < 5 and when k > 3.

Theorem Consider the m-set problem with dense loss vectors , where m =n — k.

Then for T > log, m, any online algorithm suffers worst case regret of at least

n n n n
Tl — <= = > .
Q(k TIn /{;) when k 9 or Q(m Tln ) when k 9

Proof. The proof is similar to the proof of Theorem [2.5] except that at each trial, the
losses of all n experts are i.i.d. Bernoulli random variable with probability p = 1/2. For
such a distribution over losses, any algorithm suffers expected cumulative loss at least
m T/2 for the m-set problem.

For the sake of simplicity, we make some assumptions about n, k£ and 7" that
avoid rounding issues. When k < n/2, we assume that n = 2/k for some integer j > 1

and that j is an integer. When £ > n/2, ie. m =n—k < n/2, we assume

_r
logs (n/k
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that n = 2/m for some integer 7 > 1 and that W is an integer. As in the proof
of Theorem it is easy to generalize the theorem to arbitrary n, k and T satisfying
T > logs m

Now, we prove our regret lower bounds for each of the two cases: When m <
n/2, we group the experts into m groups of size n/m and upper bound the loss of the
comparator using the m group winners. As before, the loss of each winner can be upper

bounded by the lemmas (with p=¢=1) and

E [ Loss of the winner in a given group in 7" trials |

Lemma 2.9 n . . T .
< logy — E | Loss of the winner of two experts in —————— trials
m

logy(n/m)
Lemma 27 T T n
S 5 — C Z 10g2 E

Note that since the experts here incur i.i.d. Bernoulli(%) losses, the above application of
Lemma requires p = ¢ = 1/4. Next, summing up m winners, we have the expected

loss of the comparator upper bounded by T'm/2 — em+/T logy(n/m)/4. Taking the

difference between this upper bound and the T'm /2 lower bound on loss of any algorithm
results in the claimed Q(m\/m) lower bound on the regret.

When k& < n/2, we group the experts into k groups and consider a loser out
of each group which is the expert which incurs the largest loss in each group. One
can flip around the content of Lemma and to show that the loser in a group of
n/k experts incurs loss in expectation at least 17/2 + c\/’lW. Therefore, the
expected loss of all k losers is lower bounded by Tk/2 + ck+/T logy(n/k)/4. Now note
that the expected loss of the comparator is upper bounded by the expected total loss of
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all the experts, which is 7'n/2, minus the expected loss of the k losers, and hence upper

I (Tk T 0e ) = T g [T e, ™
2 g TN OBy ) T Ty TR s

Finally, the claimed regret bounds follows from taking the difference between this upper

bounded by

bound and the T'm /2 lower bound on the loss of any online algorithm. O

2.G Regret Lower Bounds When the Number of Trials Is

Small

This appendix gives general regret lower bounds for the m-set problem when
the number of trials T is small: Theorem 2.8 and Theorem 2.9 show lower bounds when
the loss vectors are unit vectors; Theorem [2.10] and Theorem show lower bounds
when the loss vectors are dense vectors. Unlike the lower bounds for large T that
are proved with probabilistic arguments (see previous Appendix all of the lower
bounds in this appendix are proved by showing explicit adversary strategies that force
large regret to any online algorithm. The matching upper bounds for small T" are trivial

and can be found in Section .5

Theorem 2.8. Consider the m-set problem with unit loss vectors, where m = n — k.

Then fork <5 and T < k, any online algorithm suffers worst case regret at least Q(T').

Proof. Consider an adversary that at each trial gives a unit of loss to the expert with the
largest weight assigned by the algorithm. Recall that m =n — k and k < §. Therefore
all the weights assigned by the algorithm sum to m > § and the largest weight out of
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n experts is at least % Hence, after T trials, any algorithm suffers total loss at least
%. On the other hand, since there are at least n — T > m (becaue T' < k) experts that
are loss free, the loss of the best m-set of experts is zero. Therefore, the regret of any

algorithm is at least % O

Now we consider the case when k > % We start with a lemma which is

parameterized by an integer 1 < i < k instead of the number of the trials T .

Lemma 2.10. Consider the m-set problem with unit loss vectors, where m = n—k. For
any integer 1 <i < k, an adversary can force any algorithm to suffer loss Q(mlogy =)

in O(nlog, =) trials, and at the same time, keep a set of m experts with loss zero.

Proof. The adversary’s strategy has ¢ rounds, where the j-th round (1 < j <) has at
most {ﬁ1 trials and after it finishes, there will be at least n — j experts that still
have loss zero. The first round has only one trial, in which a unit of loss is given to the
expert with the largest weight. Since all the weights assigned by the algorithm sum to
m, the algorithm suffers loss at least 7 in the first round.

Each of the following rounds may contain multiple trials and at the end of
round j—1 (2 < j <), there are still at least n —j + 1 loss free experts. In round j, the
adversary uses a strategy with two sub-cases as follows: The adversary first considers
the experts that are still loss free. If any of the first n —j+ 1 of them has weight at least
m, then we are in case 1, where a unit of loss is given to this expert. Otherwise,
we are in case 2, in which the adversary considers the remaining j — 1 experts (which

may or may not be loss free) and gives a unit of loss to the one with the largest weight
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among them. The j-th round ends when the algorithm has suffered total loss at least
m in that round. Note that whenever case 1 is reached, a round ends immediately.
Our strategy guarantees that after round j, there are at least n — j experts that are
loss free. Next we upper bound the number of case 2 trials in a round by showing a
lower bound on the loss of the algorithm in case 2 trials. Recall that in case 2, n—j+1

experts have weight no more than 5 each, and the expert that has the largest

m
n—j+1)
weight in the remaining j — 1 experts incurs a unit of loss. Using these facts as well as

the fact that all the weights sum to m, we can lower bound the weight of the expert

that incurs loss (which is also the loss of the algorithm) as follows:

(m—m(n—j—l—l)) S m . m
i1 = 2G-1) ~ 2m

Recalling that the j-th round ends when the algorithm suffers total loss 5 0 in that

__m
n—j+1)

round, we conclude that the j-th round can have at most {n_? +J trials.

Summing up over ¢ rounds, the algorithm suffers total loss at least 22:1 ﬁ =
Q(mlog ;%) in at most Zj’:l [m—‘ = O(nlog =) trials. On the other hand, the

loss of the best m-set of experts is zero due to assumption 7 < k and the fact that after

j =i rounds, there are at least n — i loss free experts. Hence the lemma follows. ]

Theorem 2.9. Consider the m-set problem with unit loss vectors, where m = n — k.

Then for k > 5§ and T < nlogy .-, any algorithm suffers worst case regret at least

Q™).

Proof. Lemma [2.10] states that there exist two positive constants c; and co, such that
for any integer 1 < i < k, the adversary can force any algorithm to suffer regret at least
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cimlogy - in at most conlog, ™ trials. The proof splits into two cases, depending

on the number of the trials T

e When T' < canlogy %5, T' is upper bounded by a constant as follows:

n con 1 con n>2 2co
T < 1 —=—1 1 < < .
2Nt 1 log 2 og< + n—l) “(n—1)log2 ~ log2

Since the adversary can always force any algorithm to suffer constant regret, the

theorem holds trivially.

e When T > conlogy -2, we set ¢ = min{|i'|,k}, where i/ = n(1 — 27T/c2n)

is the solution of canlog, "7 = T. We note that the function conlog, ™ is
monotonically increasing in ¢, which results in two facts: first, ¢ > 1, since we
assumed T > conlogy ~5; second, canlogy 2= < T, since ¢ < [i'|. We further

show that conlogy -~ > min{cy, 1}7 as follows:

3
— When i = |i’], first note that (%) > M, since:

1<i<n
(n—in?>—(n—i)>> (n—i—1)n*—(n—1i)> = 2n%i+3ni* —i>—n?> > 0.

Plugging canlog, -7 = T', we have conlogy -~ > ;,T

n n

— When i =k, canlogy = = canlogy - > ¢oT, since T' < nlog, -+ is assumed

in the theorem.

Now, using Lemma with 7 set as ¢ = min{[¢'], k}, results in an adversary

that forces the algorithm to suffer regret at least c;mlog % > Zfl min{ca, %}T =

Q (%T ) in at most T trials. When the adversary uses less than 7" trials, then the
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game can be extended to last exactly T trials by playing zero loss vectors for the

remaining trials.

O

Theorem 2.10. Consider the m-set problem with dense loss vectors, where m =n — k.

Then for k > 5 and T < log, .-, the worst case regret of any algorithm is at least

Q(Tm).

Proof. The proof uses an adversary which forces any algorithm to suffer loss Q(7m),
and still keeps the best m-set of experts to be loss free. Note that at each trial, the
adversary decides on the loss vector after the algorithm makes its prediction w;, where
wy € [0,1]" with ), wy; = m.

At trial one, the adversary first sorts the n experts by their weights assigned
by the algorithm, and then gives a unit of loss to each of the experts in the first half, i.e.
the experts with larger weights. Since the weights sum to m, the total weight assigned
to the experts in the first half is at least . Hence in the first trial, the algorithm suffers
loss at least 7.

At each of the following trials, the adversary only sorts those experts that
have not incur any loss so far and gives unit losses to the first half (the half with larger
weights) of these experts, as well as all the experts that have already incurred losses
before this trial. It is easy to see that in this way the algorithm suffers loss at least %
at each trial.

Since the number of the experts that are loss free halves at each trial, after
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T <log, ;- trials, there will still be at least m loss free experts. Now since the algorithm

suffers loss at least mTT in T trials, the theorem follows. O

Theorem 2.11. Consider the m-set problem with dense loss vectors, where m =n —k.

Then for k < % and T <logy %, any algorithm suffers worst case regret at least Q(Tk).

Proof. The proof becomes conceptually simpler if we use the notion of gain defined as
the follows: if w; is the parameter of the algorithm, we define its complement w; as
Wy; = 1 — wy;. The gain of the algorithm at trial ¢ is the inner product between the
“gain” vector £; and the complement w;, i.e. w; - €. Similarly, for any comparator
w € 8, we define its gain as w - € = Y . (1 — w;)ly;. It is easy to verify that the
regret of the algorithm can be written as the difference between the largest gain of any

subset of k experts and the gain of the algorithm:

T T
REG = maxzw-ft—zwt-ﬂt,
t=1

wWES), P

where S, = {w € [0,1]": Y, w; = k}. At trial one, the adversary first sorts the n
experts by their complementary weights and then gives a unit of gain to each of the
experts in the second half, i.e. the experts with smaller complementary weights. Since
the complementary weights sum to k, the gain of the algorithm is at most % in the first
trial.

At each of the following trials, the adversary only sorts the experts that re-
ceived gains in all of the previous trials by their complementary weights. It then gives

unit gains to the second half (the half with smaller complementary weights) of these
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experts. It is easy to see that in this way the gain of the algorithm is at most % at each
trial.
Note that half of the experts that always receive gain prior to a trial ¢ will
receive gain again in trial ¢. Hence, after T < log, 7 trials, there will be at least k
experts that received gains in all of the T trials, which means that the total gain of
k

the best k experts is T'k. Now, since the algorithm receives total gain at most TT inT

trials, the theorem follows. O

2.H Proof of Theorem 2.7

The following theorem gives a regret lower bound that is expressed as a function
of the loss budget By. This lower bound holds for any online algorithm that solves the
m-set problem with either unit or dense loss vectors. The proof is based on the time

dependent regret lower bounds proven in the previous appendices.

Theorem For the m set problem with either unit or dense loss vectors, any online

algorithm suffers worst case regret of at least Q(max{\/BrmlIn(n/m), mln(n/m)}).

Proof. Since the unit loss vectors are a subset of the dense loss vectors, we only need to
prove the theorem with the unit loss vectors. First consider the case that By, < mlogy -
and the lower bound we need to prove becomes Q(mIn(n/m)). In this case, the lower

bound follows directly from Lemma [2.10] by setting the variable ¢ of the lemma to k.

n

Next, consider the case when By > mlog, ;- and the lower bound we need

to prove becomes Q(y/BrmlIn(n/m)). We need to construct a instance sequence of
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loss budget By incurring regret at least Q(y/Brmln(n/m)) to any algorithm. This
instance sequence is constructed via Theorem [2.4 and Theorem For any algorithm,
these theorems provide a sequence of T unit loss vectors that incurs regret at least

Q(m Tln(n/m)).

n

We apply these theorems with T" = By > nlog, /-. Since the
produced sequence consists of unit loss vectors and has length By, the total loss of
the m best experts is at most Br. Finally plugging 7' = /> By into the regret bounds

guaranteed by the theorems results in the regret Q(y/BrmIn(n/m)). O

2.1 Auxiliary Lemmas

Lemma 2.11. Inequality max{min{a,b},c} > min{max{a,c},b} holds for any real

number a, b and c.

Proof. 1f ¢ > max{a, b}, LHS is c and RHS is b. Hence, the inequality holds. Ifa > ¢ > b
or b > ¢ > a, LHS is ¢ while RHS is at most c¢. If ¢ < a and ¢ < b, both sides are

min{a, b}. O

Lemma 2.12. Let X ~ Binomial(T,p). If Tp > 8c for any positive constant ¢, then

Proof. We use the following form of the Chernoff bound [DS02]:

52

Pr(X <Tp—9)<e 2Tr,

Setting 6 = %Tp, we have Pr(X < %Tp) < e TP/8 < ¢=¢. Since for ¢ > 0, log(c) < c—1,

this implies e ¢ < - so that we further have Pr(X < %Tp) < =1—- . Now

1
1+4+c¢? 1+c
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we calculate E[v/X] from its definition,

E[VX] = 3 Pr(X = 2)Vi >
=0

Vv
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Chapter 3

Learning a Set of Directions

3.1 Introduction

In this chapter we consider learning directions. Let us fix the dimensionality
n throughout. Then a direction is simply a vector u € R™ of unit length. We model the
learning problem as a sequential game where each round the learner predicts by playing
a direction w and nature responds with an instance direction &. We define the resulting
directional gain as

(UTQE + 0)2 (3.1)

where the constant ¢ is a fixed design parameter known to the learner. We choose to
study this gain because it is a simple and smooth trade-off (governed by ¢) between two
intuitively reasonable criteria of closeness: the angle cosine and the subspace similarity.

To see this, we expand our gain as:

(uTx + 6)2 = (uTx)? + 2cu’x + 2. (3.2)
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e As ¢ — o0, then our gain becomes the angle cosine uT@ = cos(u,x). There is a

simple minimax algorithm for this angle gain by [KW11].

e When ¢ = 0, then our gain becomes the subspace similarity (uTx)2. This gain is
optimized in rank one (uncentered) PCA. [WKO08|. The main disadvantage of the
PCA gain (uTz)? is that it is fundamentally bidirectional, i.e. reversing either u

or  does not affect this gain.

e For general ¢, the directional gain is a trade-off between the above two gains.
Unfortunately the algorithms for the linear and quadratic gains cannot just be
merged somehow. As we shall see the tools needed for the trade-off gain are much
more involved. In Figure 3.1} we compare the directional gain for ¢ = 1 with the
original PCA gain, i.e. the directional gain for ¢ = 0. As one can see from the
figure, for ¢ = 1 the directional gain is highly sensitiveﬂ to the direction of the
prediction u as well as the target instance «: it attains maximum value 4 when
@ is the same direction as u (i.e. * = u) and minimum value 0 at the opposite
x = —u. Figure further plots this gain for several different values of ¢ between
0 and 5. Note that since (uTz — ¢)? = ((—u)Tz + ¢)?, the corresponding plots
for negative ¢ values can be obtained by rotating the plots in Figure by 180

degrees. A discussion on the range of this gain for general values of ¢ is given in

!The bidirectional PCA gain is essentially the average of the directional gain for  and —a:

(ux)? = %( (wz+c¢)® + (u(—=z)+c) ) -
N——
PCA gain directional gain of @  directional gain of —x

Thus the algorithms of this paper retain PCA as a special case when the instance directions are doubled.
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Appendix [3-4]

e Note that the quadratic Taylor approximation of any gain g(uTx) at u = 0 has
the form g(0) + ¢'(0) uTx + 1¢”(0) (uTz)?. Dividing by ¢”(0) results in our gain

(3.2) except for an immaterial constant shift.

So how can we get away with maximizing a quadratic gain? Note that the gain
is linear in w and uuT, and therefore the underlying optimization problems become linear
semi-definite.

We think of a sequence of instances x1,...,x7 as “easy” if there is a single
direction w with high cumulative gain. The goal of the learner is to predict well if the
data are easy. To this end, we evaluate the performance of the learner after 7' rounds

by measuring its regret:

T T
2 2
max (uTay +¢)” — g (u]ws +¢)”.
unit w
t=1 t=1
offline gain online gain

Here u; denotes the direction of the online algorithm chosen at trial t. To be able to
guarantee low regret in an adversarial environment, it is sometimes advantageous to
choose the direction u; probabilistically and define the regret as the offline gain minus
the expected online gain. A probability distribution P on predictions u has expected
gain given by

E [(:I:Tu + 0)2} = E[zTuuTz + 2cxTu + 02] = «"E[uu"|z + 2cz"E [u] + .

This shows that most of P is irrelevant. The expected gain is determined by just
the first moment (mean) E [u] and second moment E [uuT]. In this chapter we never
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(a) PCA gain (uTx)?

:

(b) Directional gain (uTx + 1)2

Figure 3.1: Comparison of PCA gain (directional gain for ¢ = 0) and directional gain
for ¢ = 1: The target direction «x is depicted by a red arrow. In each case the blue curve

is u scaled by the gain of u, as the prediction w goes around the unit circle.
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(a) Directional gain (uT:c + 0)2 with ¢ = 0,0.25,0.5,0.75, 1

—>Direction x —— Gain with c=0 " Gain with c=0.25
Gain with ¢c=0.5 —— Gain with ¢c=0.75 —— Gain with c=1

3 0 1 2 3 4
(b) Directional gain (uTa: + 0)2 with ¢ =1,2,3,4,5
—> Direction x — Gain withc=1 —— Gain with c=2
30+ Gain with c=3 —— Gain with c=4 Gain with c=5
20 -
10 f // \ 1
\\\
0r -
\ //
-10 - \ i
g s
\\;\ - 7///
-20 _
-30 L L I I L L
-20 -10 0 10 20 30 40

Figure 3.2: Plots of directional gain for different values of constant c¢. In both figures,
the red arrows are the target direction ® and the curves are the prediction u scaled
by direction gain (uTx + ¢)? as u goes around the unit circle. Each of these curves is
plotted for a different value of the constant ¢ (see the individual values in the legends).
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work with full distributions, but always with these simple two statistics. That is, the
parameter of the algorithm has the form (u, D), s.t. (u, D) = E [(u, uuT)] for some P.
It is hence important to characterize which pairs of first and second moments can arise
from distributions: We will show that a vector g and symmetric matrix D are the first
and second moment of some distribution on directions iff tr(D) = 1 and D > puT.
Note that these conditions imply that D is a density matrix, i.e. a positive semi-definite
matrix of unit trace.

Our algorithm has the following outline. At the beginning of each trial we
decompose the current parameter (p;, D) into a sparse mixture of pure events (u, uuT)
and choose a direction u; at random from this mixture. We then update the parameter
based on the observed instance x; and project the updated parameter back into the
parameter space.

We also consider the direction learning problem where each round the learner
plays a set of k orthogonal directions wq,...,ur. The set size k is a fixed design
parameter known to the learner. After nature reveals its instance x, the algorithm now

achieves the total gain over the set:

k
Z ulz + c . (3.3)
=1

The online algorithm chooses such a set probabilistically in each trial. If P is a probabil-
ity distribution on such sets uy, ..., us, then the expectation of the gain (3.3)) expands

to

k k
(xTu; + ) } = T E[Z uluz] x + 2cxT E[Z uz} + k2.

=1 =1 =1

Ww
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We see that the expected gain is again determined by the first moment E [Zle uz} and

T
)

second moment E [Zle u;u } We will show that a vector p and matrix D are the
first two moments of a distribution on sets of k orthogonal directions iff tr(D) = k and
puT/k < D < I. The parameter space of our algorithm hence consists of all (u, D) with
these properties. Again we present an algorithm for decomposing an arbitrary parameter

k T

(i, D) into a sparse mixture of pure events (Zle Wi, ) g Ui,

;) with orthonormal u;

and sample from this mixture at the beginning of each trial. We also generalize our
projection algorithm to the k > 1 case.

The gain (and set generalization ) are quadratic in their natural
parameterization by the direction uw. However by expanding the square, we find that
they are linear in the two parts w and wuT. Our setup exploits this linear reformulation
of the gain.

We still need to discuss which type of algorithms should be used for updating
the parameter matrix after processing the current direction. Recall that there are two
algorithms to consider: the Matrix Exponentiated Gradient (MEG) algorithm that is
based on regularizing with the Quantum Relative Entropy [TRW05] and the Gradient
Descent (GD) algorithm which uses the squared Frobenius norm as a regularizer. For
our problem both of these algorithms essentially have the same regret bounds when the
bounds are expressed as functions of the number of trials (examples) 7', i.e. when they
are time dependent bounds. Similar to the loss dependent regret bound we discussed
in Chapter 2, we could also develop gain dependent regret bound for our problem, i.e.

the number of the trials T in the regret can be replaced by the total gain of the best
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comparator. However, such a bound is not interesting in practice since the total gain
of the best comparator is usually as large as the number of examples T. Therefore in
this chapter, we only develop for the problem of learning directions a time dependent
regret bound. We prove this bound with GD algorithm, which is the simpler of the two

aforementioned online algorithms.

Related Work

The outline of our algorithm is similar to Component Hedge [KWK10] which
deals with distributions on exponentially many combinatorial concepts by maintaining
the expectation of their constituent components. The key two pieces are the convex
decomposition and the projection algorithm. This method was lifted to the matrix
domain in the work on online PCA [WKO08|]. However each piece is significantly more
complicated in our setting because our gain trades off first and second order parts.

Our work is related to centered PCA [WKO8] which also uses a mean and a
density matrix as the parameter. However in that case the mean is unconstrained and
can be optimized independently from the density, leading to a much simpler problem.

Our gain (uTx + ¢)? is a simple polynomial kernel with the feature map ¢(u)
being comprised of the n components of u, the n? components of uuT and a constant
feature. However our methods are decidedly different from kernel methods (including
Kernel PCA [KW07]). Our algorithms don’t just rely on dot products ¢(x:)T¢(x,)
in feature space (the kernel paradigm). Instead, our parameter is always a convex

combination of ¢(u) and we project back into this parameter space. This projection
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step clearly violates the kernel paradigm.

Outline

We warm up by optimizing the gain offline in Section We then present
the online algorithm in Section and analyze its regret. The essential building block
in both these sections is the characterization of the parameter space. We prove the
difficult direction of the characterization theorem in Section by presenting our new

decomposition algorithm. We conclude by discussing the big picture in Section

3.2 The Offline Problem

Given a sequence of directions x1,...,xr, the offline problem is to optimize

the total gain:

T k
max E g (u]z; + c)?
orthonormal wj...ug .
t=1 i=1
k T k T T
= max tr uju) g xix] | + 2c E u; E x +T¢.
orthonormal wj...ug . .
i=1 t=1 i=1 t=1
—— ~——
=R =r

We will reformulate the above as a semi-definite optimization problem. Instead of max-
imizing over a single orthonormal set, we maximize the expected value of the objective
over distributions on such sets. This does not change the value of the optimization
problem. For any probability distribution on sets of k orthogonal directions, we can
characterize the first moment E [Z§:1 ul} and second moment E {Zle uzuﬂ as fol-

lows:

103



Theorem 3.1. A vector p € R™ and symmetric matriz D € R™™™ are the first and
second moment of a probability distribution on sets of k orthogonal directions if and

only if

tr(D) = k and pp'/kE <D <1. (3.4)

Proof. For the = direction, it suffices to show that (3.4]) is satisfied for “pure” dis-
tributions, i.e. when D = Zle u;u] and p = Zle u;, for some set of orthogonal
directions. The result then extends to all distributions by convexity. Since the con-

dition is invariant under basis transformations, we may as well verify it for the set of

standard basis vectors e, ..., e. Its first and second moment are
1 I, O
n = and D =
0,_% 0 0

Clearly, tr(D) = k and D < I. To show that puT/k < D, note that p is the only
eigenvector of ppuT/k, and its associated eigenvalue is 1. However, p is also an eigen-
vector of D, again with eigenvalue 1. The <= direction is much harder. It follows from

the decomposition procedure presented in Section (3.4 ]

This means that our offline problem becomes the following semi-definite pro-
gram:

max tr(DR) + 2c uTr + T2
(p,D) s.t. tr(D)=k and puT /k<D=<I

In Appendix we discuss a special condition on (r, R) when the solution of the k

directions problem can be constructed from the solution to the k-PCA problem.
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Note that the solution (p*, D*) returned for the above optimization problem
might not be a pure set of k£ directions but the first and second moment of a distribution
on sets of k orthogonal directions, all of which have the same gain. In that case we can
employ the decomposition algorithm of Section which decomposes the moments
(p*, D*) into a mixture of pure solutions. To obtain one set, simply run this greedy

algorithm for one step.

3.3 Online Algorithm

The algorithm maintains the two moments (g, D;) as its parameter. It follows

the protocol:

At trial t =1...T,

1. Learner decomposes parameter (u, D) into a mixture of 2(n + 1) sets

of k orthonormal directions and chooses a set uq,...,u; at random from it
Nature reveals direction x; € R™

Learner receives expected gain E [Zle(ugwt +c)?

Learner updates (pt, Dy) to (41, IA)tH) based on the gradient of the gain on x;
Learner produces new parameter (ty1, Dyy1) by

Gl N

projecting (Hi41, IA)tH) back into the parameter space.

The goal of the learner is to minimize the regret which is the gain of the offline algorithm
minus the expected gain of the online algorithm. We first show how to update and
project (steps 4 and 5) and defer the decomposition step 1 to the end, since it is the

hardest.
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3.3.1 The Update and Projection

We update using the Gradient Descent algorithm (see e.g. [Zin03), (CBLW96])
HBir1 = pe+2ncxy and Dy = Di+1 xpx],
and project back into the parameter space as follows:

(41, Diy1) = argmin 1D = Dy || + Il — firga |-
(u,D) s.t. tr(D)=k and ppuT /k<D=<I

Since both the objective and the constraint set are convex, this projection can be effi-
ciently computed using a convex optimization packageﬂ

The above GD update and the projection are based on regularizing with the
square Frobenius norm. An alternate would be the Matrix Exponentiated Gradient
update which uses the Quantum Relative Entropy as a regularizer. Since the MEG
update has the same regret bound (not shown) for our specific problem based on unit
instance vectors, we chose to only present the simpler GD update.

The following theorem develops a regret bound for the GD algorithm. Note
that the drop of the squared Frobenius norm is used as a measure of progress. We don’t
need to be concerned with the projection step since the Pythagorean Theorem implies
that the projection step does not hurt [HWO1].

Theorem 3.2. Fix dimension n, set size k and gain constant c. The regret after T

k(n—k)
trials of the GD algorithm with learning rate n = % and initial parameters

pn1 =0 and Dy = %I is upper bounded by \/2(402 +1) (”T_k + 1) kT.

2There are several SDP packages (such as CVX) that are guaranteed to output the value of the SDP
up to an additive error of € in time polynomial in the size of the program description and log %
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Proof. Let W = [H D} denote the matrix formed by concatenating column vector p
and matrix D. Similarly, let X = [20&: me]. With this notation, the expected gain
tr(DxxT) + 2cuTx + kc? of parameter (pu, D) on instance & becomes tr(W XT) + kc?.

For any offline comparator W* = [Zk LU Z’? . wul | We have
= = 7

[Weir = WH[E < Wi = WHIE = [We = WHE = 2nte(W™ = W) XT) + 0% Xo |,

where the inequality follows from the Pythagorean Theorem [HWOQ1]. Since @; has unit
2

engt, 103 = | [acm, o | = 4ol + T I = 4+ 1. By rearmanging
F

terms, we have

W, — W* 2 W, — W* 2 4 2 1
(W X)) - uwixp) < 1V Wil 27! w1 = Wiy, (e R n

(3.5)

Note that the LHS of (3.5|) is the regret in trial t. Summing the inequality over all T

trials, we have that the total regret is upper bounded by

N k(n—k
[Wa = W} — W W T (42 4 DT _ Kk + 05 (4 4 1T
2n 2 - 2n 2 ’

since |[W; — W*[|% = || [0 7’2[] - [Zz w; ZZUZUI] |2 is by the rotation invariance of

[-1% equal to || [0 fLI] - [11: Ik} 2 = %—i—k. Choosing n = TaThT proves the

theorem. O

We now reason that the above regret bound for GD (expressed as a function
of the number of the trials T') cannot be improved by more than a constant factor. We
first consider the original online PCA problem, where ¢ = 0. In this case our regret
bound for GD becomes /2 ("Tfk + 1) kT and a matching lower bound (up to a constant

factor) was shown in [NKWT3].
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Theorem 3.3. The minimax regret of the T'-round directional gain game with constant

¢ # 0 and orthonormal sets of size k is Q(V2kT).

3.4 The Decomposition

In this section we decompose any parameter (u, D) satisfying , that is, we
write it as a convex combination of (first and second moments of) sets of k& orthogonal
directions. Our algorithm is a greedy iterative removal scheme, like the decomposi-
tion algorithms for sets and subspaces [WKO8], permutations [HW09], paths and trees
IKWK10].

Note that the condition puT/k < D of Theorem is equivalent to the follow-
ing, where DT denotes the pseudo-inverse: D > 0, uDp < k and p € range(D)(see e.g.
[Ber1ll, Proposition 8.2.4]). It will be convenient to assume that the mean is extreme,
i.e. uTD'p = k. If instead pTDfp < k we may decompose by mixing the two decom-
position of the extreme opposites (iu’ /ﬁ, D) with probabilities % (If
the mean p is zero we may choose any pair of opposites in the range of D.) So we

henceforth assume that

tr(D) =k, 0 <D < I,  perange(D) and p'Dip = k. (3.6)

This equation implies that the eigenvalues of D lie in [0, 1]. We proceed by recursion
on

X(D) := the number of eigenvalues of D in (0,1).

3Each decomposition will be of size n + 1, for a total of 2(n + 1).
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In the base case x(D) = 0 all eigenvalues of D are either 0 or 1, and since tr(D) = k
there must be k ones and n — k zeroes. In particular this means that uTu = k. To
obtain an orthonormal set with mean p and second moment D, we may choose U to

be any orthonormal basis spanning the range of D with sum equal to .

If x(D) > 0 we find an orthonormal set uy, . . ., uj (with moments (Zle u;, Zle uu

that are abbreviated as (s, S) throughout), a probability p € (0, 1), and decompose

(1, D) = p(s,8)+ (1 -p)(n D),

where the normalized remainder (g, 13) = ( "f_’;s, DI:ZS ) again satisfies (3.6)) so that

it can be decomposed recursively and moreover X(ﬁ) < x(D). This recursive process
must therefore terminate in at most n + 1 steps.

A similar but simpler recursive process is used in the original online PCA
problem (where ¢ = 0) [WKO08]. In this case, the learner only needs to decompose
the parameter matrix D into a small mixture of orthonormal sets of size k. These
orthonormal sets can always be chosen as subsets of the eigenvectors of D. In the general
case (when ¢ # 0), the sets need to simultaneously decompose the mean parameter p,
and the additional constraints this imposes are not generally satisfied by the eigenvectors
of D.

The rest of this section will be concerned with finding the set U = [uy, ..., ug]
and the probability p and proving that X(ﬁ) < x(D). First in Theorem we prove

that Algorithm will find an orthonormal set of k so-called tangent directions. We

call a direction w tangent to (u, D) if uTD'p = 1. Then in Lemma we show that
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splitting off a tangent set U preserves (3.6). Finally in Theorem [3.5| we show that the

probability p € (0,1) can be found, and that x(D) < x(D).

3.4.1 Finding a Tangent Set

In this section we present Algorithm for finding a tangent set. The algo-

rithm will make use of the following simple lemma.

Lemma 3.1. A linear equation vTx = a of dimension at least 2 has a solution for x of

unit length if ||v|| > |al.

Proof. Let v be a unit vector perpendicular to v. If ||[v|| = a = 0, return v*. Otherwise

7”5”21; +./1— ﬁvl is a unit length solution. D

We are now ready to show that the algorithm indeed produces a tangent set.

Theorem 3.4. Let p and D satisfy (3.6). Let [A B C| be an orthonormal eigenbasis
for D, with A associated to the eigenvalue 1, C to eigenvalue 0 and B to the remaining

intermediate eigenvalues. (Any of them can be empty). Then Algorithm applied to

(p, D) produces a set U = [uy,...,ug] of k orthonormal vectors with moments (s, S)
such that

U'D'p = 1, U is a tangent set (3.7a)

S = DD'S U avoids the 0 eigenspace of D (3.7b)

I-S = (I-D)I—-D)(I-8) U contains the 1 eigenspace of D (3.7¢)

The algorithm can be implemented in time O(kn?) when CCT is precomputed.
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Proof. We first show that A consists of k orthonormal vectors and that HETDT wl? = k.

When rank(A) = k, since I = D and tr(D) = k, B is empty and D = D' = AAT.
|ATD p||* = yDTAATD = p™D'p = k.

When rank(A) < k, D can be eigendecomposed as D = AAT + BDBT where D is a
diagonal matrix and 0 < D < I. We rewrite D', vy and vg with the decomposition

as:
D'=AA™+BD'B", wvy,=AAD'u=AA"w, wvz=BB'D'yu=BD'B.
Now we show that the conditions for using Lemma [3.1] to compute ¥ are met.

e rank(B) = rank(A) 4 rank(B) —rank(A) > 2. The lower bound on rank(A) +

———
<k

>
rank(B) follows from

I>-D

rank(A) + rank(B) = tr(AAT + BBT) > tr(AAT + BDBT) = k.

A and B consist of orthonormal vectors

e To show k > [Jval[?, notice that

k=pu"Dip=pT(AAT + BIA)TBT)MT = uTAATAAT,LL+uTB1A)TBTu

vall? 20

e Finally ||vg| > /k — ||va]]? follows from (D)% = D' and

lvgl* = w”B(D')?BTu > n"BD'BTu =k — [[val®
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The next step is to show that finding B is always possible. This follows simply from
k —rank(A) — 1 < (rank(A) + rank(B) — 1) — rank(A) — 1 = rank(B) — 2. Since A,
& and B are orthogonal to each other and B is also orthogonal to DTy, [|ATDTp|? =
lvall? + (7 D)* = k.

So in both cases, A\TDTN, is a vector in R* with length vk. By a rotation
matrix U in R¥*F we can rotate A\TDT/J, to a vector of the same length, 14(see e.g.
[HKW15]). As a result, UTDiy = UATDp = 1; and UTU = UATAU = I,.

Finally, noticing that by construction of A\, range(U) € range(D), U =

DD'U. Also,
I-S=T-AA" %3 - BB"=BB +CC — %" — BBT

means range(I — 8) € range(BBT + CCT) = range((I — D)(I — D)%) as required.
Now we show how to implement the algorithm in O(kn?) with precomputed

CCT. First computing A can be done in O(kn?) time. Noticing that AAT + BBT +

CCT = I, we obtain BBT in O(n?). Using columns of BBT as a basis of B, B can be

computed in (k?n) with a Gram-Schmidt process. Finally, computing a rotation matrix

in SO(k) needs time O(k?) and computing AU needs time O(kn?). O

3.4.2 Removing a Tangent Set Preserves the Mean Constraints

At this point we have a tangent set U to split off. We now show that the

remainder (@, D) satisfies (3.6)). We start with the rightmost two conditions, which will

be satisfied for any weight p > 0. Lemma covers a single tangent vector, whereas
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Algorithm 3.1 Find a removable set U
Input: parameter (p, D) satisfying (3.6))

Output:orthonormal k-set U satisfying (3.7))
Compute orthonormal eigenbasis A and B of D as described in Theorem

if rank(A) = k then

A=A

else
vy=AATDpu // Project DTy on A
vp = BBTD'pu // Project D'pe on B

Compute a unit vector ¢ in B satisfying ©Tvg = \/k — ||v4]|? via Lemma

Pick k —rank(A) — 1 orthonormal basis B from the complementary of [vp,v] in B

end if
Compute a rotation matrix U € SO(k) which rotates ATD'p to 15,

return U = AUT
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Lemma [3.3] covers sets.

Lemma 3.2. Fiz a matriv D € R™¥", vectors p,u € range(D) with uD'u =1 and a

weight p € R. Define D=D- puu’ and p = p — pu. Then
ﬁTﬁTﬁ =u'Dip—p and pe range(ﬁ).
If rank(D) = rank(D) then Dfi = Dtp. Otherwise there is a real number o such that

ﬁTﬁ =D'p+aD'u  and DDu = 0.

Proof. First notice that rank(D) — 1 < rank(D) < rank(D), since u € R™ and puTu is

a rank one modification. So rank(D) equals either rank(D) or rank(D) — 1. We cover

these two cases separately. In the first case when rank(D) = rank(D) we have

DfuuTD?t

DI — (D — ouu™) (1 — _ t
D'p = (D —puu”)'(p — pu) = (D P uTDla

) (m—pu) = Dip

by [Berlll Fact 6.4.2]. And so aD'p = (p— pu)TD = pTDu — p. Also in this case
fi € range(D) = range(D).
In the second case rank(D) = rank(D) — 1 or equivalently puTDfu = 1. We

first show D'tu is a null vector of D.
DD'u = (D - puu")D'u = DD'u—upu™Diu = u—u=0

Notice that DDfu = u # 0, so range(f)) is exactly the complementary space of Dfu

in range(D). This implies g € range(f)) since Dfu is also null to i

ATD'uw = (p—pu)TDiu=pu"D'u— pu™Diu=1-1=0
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We now use [Berll, Fact 6.4.2] to rewrite DT (a; are unimportant scalars)

D' =[D' + a1 DYuu™ (DN)? + ao(D)?uu Dt + asDiuu DY

(become 0 after distribution )

=[D" + a1 D'uuT(D")?)(k — pu)

=Dy — pD'u+ oy D'uu’ (D2 (pu — pu) = D'+ aD'u.

a number

The last thing to show is ﬁﬁ*ﬁ = D' — p which follows by

0
aD'fi = 5T (D'p+ aD'u) = (n — pu)TDip = ™D p — p.

The previous lemma covered single tangent vectors. Next we take out a full

tangent set.

Lemma 3.3. Let pu, D satisfy (3.6), and let the orthonormal set uy,...,uy (with mo-

ments (s, S)) be tangent. Then for any p > 0 if D > pS, we have

(b—ps)" (D —pS)(p—ps) = p"Dp—kp  and  p—ps € range(D — pS).

Proof. For 1 < d < k, define the intermediate remainder as f1g := pu — ,02‘;:1 u; and
D, =D - pizl u;u] . Also Dy = D and o = . We show by induction that wu;

remains tangent to (fig, Dy) for d < i < k and
iy Dafiq = p"Dp—dp  and  Jig € range(Dy).

The base case d = 0 is trivial. Let us, to simplify notation, show the induction step
for d = 1. The last two claims follow directly from Lemma We now show that

for 2 < i < k, u; is also tangent to fi; and D;. When rank(D;) = rank(D) we have
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u! DIty = uIDp = 1 as required. When rank(D;) = rank(D) — 1,
ugﬁiﬁl = uZ-TDTp, — auiTDTul =1- auiTDTul.

Note that w] DTu; = 0, for otherwise, (Du;)T(D; — pusul)(Dtuy) = —p(u] Duy)? <
0, which contradicts 51 — puu] = 1~)k = 0. This also implies u; € range(ﬁl) which

means u; is tangent to g7 and D;. O

3.4.3 Choosing the Weight p

We know that taking out a tangent set U preserves the rightmost two con-
straints of (3.6) on the remainder for any weight p. To satisfy the leftmost two, we

investigate how semi-definiteness and rank of D are related to p.

Lemma 3.4. Let D, S € R™™™ be non-zero positive semi-definite matrices with S =

DD'S. Define p, = where Amax (M) is the largest eigenvalue of M. Then

1
Amax (DTS)

the following hold for D=D- pS:
o 0 < ps <0
° IN)tOfor(mypgps

e rank(D) < rank(D), and rank(D) < rank(D) when p = ps.

Proof. First notice that § = DD'S implies both S € range(D) and D=D- pS €
range(D). So rank(D) < rank(D). Next, 0 < ps < oo follows from that D'$ is non-

zero and positive semi-definite. To show D - 0, consider an eigenpair (v, p) of D where
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v 1s a unit vector.

DT 1Dt 1
DSy =2 (Dv — (D — pS)v) = Y (Dv —pv) = - — LyTDto.
p PP
When p < ps, 2 > Anax(D'S) > v7D'Sv which implies p > 0. So D = 0.

When p = ps, let  be a eigenvector of eigenvalue i: DiSx = éaz # 0 and

notice that
~ 1
D(D'Sz) = Sz #0 D(D'Sz) = (D — pS)D'Sxz = DD'Sx — pS’;ac =0.

So D has at least one more null dimension than D. Together with D € range(D), this

implies rank(D) < rank(D). O

Finally, we are able to choose p to in addition satisfy the leftmost two conditions

of (3.6)), and reduce the complexity x (D).

Theorem 3.5. Let (u, D) satisfy (3.6). Let U be the output of Algorithm and let

. 1 1
po= mm { Anax(DTS)’ Ao (I — D)T(I — S)) } '

Then the normalized remainder (f, D) = ("1:’;3, Dl:f)s) satisfies (3.6) and x(D) <

x(D).

Proof. If I = D * 0, since p < m, by LemmaD—pStO and soﬁiO.

Also since (I — D) = 0 and p <

Amax((I—ll))T(I—S))’ (I = D) —p(I —S) = 0 which is

equivalent to I > D. Also
~ tr(D) — ptr(S) k- pk

tr(D) = = =k.
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Since all uq, ..., u are tangent, we may apply Lemma to show that ﬁﬁTﬁ =k and

fi € range(D). By Lemma rank(D) < rank(D) and rank(I — D) < rank(I — D),

where at least one inequality is strict since p equals the minimum of W and
Amax((l—llj)T(I—S))' Finally observe that x(D) = rank(D) + rank(I — D) — n so that
xX(D) < x(D). O

To implement the decomposition efficiently, one may want to compute DT
incrementally by doing k rank one pseudo-inverse updates for each set peeled off. Since
each of these updates needs O(n?), peeling one set off can be completed in O(kn?).
Notice that Algorithm [3.1]can also be implemented in O(kn?) (see Theorem [3.4)) with a
projector of the null space of D incrementally maintained using Lemma|[3.2] Combining

the two parts gives a O(kn?) implementation for the entire decomposition process.

3.5 Conclusion

A new use of kernels is emerging from this line of research: The gain/loss is
a kernel k(u,x) = ¢(u)T¢(x), the parameter space consists of all possible expectations
E [¢(u)], and after the update, the algorithm projects back into this parameter space.
Finally any parameter is decomposed into a small mixture of ¢(u), and thus the pa-
rameter is expressed in terms of the original domain of the feature map ¢. We showed
here how to do this for a simple quadratic kernel, and the work on Component Hedge
can be reinterpreted as following this outline. However, what are the ingredients needed

for the method to succeed in general? For example can this be done for higher order
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polynomial kernels?

In our treatment all instances & were assumed to be unit length. Ideally we
want to learn vectors of varying length. To do this, more work first needs to be done
on developing expert updates that can handle unbounded losses (see e.g. [McM13] for
a start). This work should be transferable to the matrix domain.

We believe that the richer modeling capability developed in this chapter will
make the use of matrix parameters imperative. However, one of the main criticism of
this line of research is that it relies on eigendecompositions that require O(n?) time. The
key open problem is to develop O(n?) algorithms without degrading the regret bounds

too much (See e.g. discussions in [HKW10d]).
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Appendix

3.A Range of the Gain

We first determine the range of the gain during a single trial. Fix any set of
k orthogonal directions uy,...,u; and let p = Zle u; so that ||| = vk. Let x be a

direction, and let & = Zf

((u]x)u; be the projection of & on the set. This notation
allows us to write
k
Z (xTu; +¢)® = ||&|* + 22T + k2.
i=1

Using Cauchy-Schwartz, i.e. (2Tp)? < ||2|/||pl|, the gain can be sandwiched as follows:

(

&l —Vke)?* = ||zl ~2vke|@]+ke* < i(aﬂuwcf < Jlal*+2vke|@ll+ke = (|2l|+VEe).
=1
Recall that Cauchy-Schwartz holds with equality when & and p are parallel. For ¢ > 0,
the gain is hence maximized at © = & = p/Vk, where it takes value (1 4+ kc)2.
Minimization is slightly more complicated. If vk¢ > 1, the gain is minimized at & =
& = —pu/Vk, i.e. the reverse of the maximizer, where it takes value (1 — vkc)?. If on
the other hand vke < 1, the gain is minimized when & = —cu. This means that we can
choose any @ = &+ |, where x| is any vector of length v/1 — kc2 that is perpendicular

to all uy,...,u,. Now the gain takes value 0.
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3.B When Do Solutions to the Problems of Learning k£

Directions and k-PCA Coincide?

Let R and 7 denote ), @;x] and >, @, respectively. Let UUT be the
(n,k)x (k,n)
rank k projection matrix for the solution subspace of the PCA problem.

Lemma 3.5. Ifr lies in the subspace of the k-PCA solution, i.e. UUTr = r, then there
is an orthonormal basis U s.t. UUT = UUT which is also the solution of learning of k

directions problem.

Proof. The gains relate as follows:

directional gain

tr(UUTR) +2c¢17UTr .
——
PCA gain

Since UUTr = r, there is an orthonormal basis Ust. UUT = UUT, and U1 and r
point in the same direction. So U = U maximizes 1TUTr. On the other hand, since
UUT is the solution subspace of PCA, and UUT = ﬁﬁT, U = U also maximizes the
PCA gain tr(UUTR). This means that U maximizes both terms of the directional PCA

gain and is a solution to both problems. O

3.C Proof of the Lower bound (Theorem |3.3))

First notice that for any distribution P on instance sequences x1._ 7, the min-

imax regret of the game is lower bounded by the difference

EwlmT"’P[GC] - géa)g EOZL..TNP[GA]’ (3'8)
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where G¢ is the gain of the comparator (i.e. the best set of k orthogonal directions)
chosen in hindsight and G4 is the gain of algorithm A.

In our lower bound, we use a P that is i.i.d. between trails and at each trial
gives probability % to each of the following two opposite instances,

c, = (1/Vk,...,1/Vk, 0,...,0) and x_ = —(1/Vk,...,1/Vk, 0,...,0).
k n—k k n—=k

Now we lower bound the difference in (3.8) for this particular choice of P. We first

lower bound the gain of the comparator by the gain of the best of two orthonormal

sets, either {ej,...,ex} or {—ey,..., —e} (these sets maximize the gain on x and x_
respectively).
T T T
Bav oplGe) > Fay yop |0l Dir+ 20ma {ul 3wt zmt} T
t=1 t=1 t=1
where p4 and p_ are the first moments of the two sets, that is
py = {1,...,1,0,...,0} and p_ = {-1,...,-1,0,...0},
k k
I, 0
and D = is the common second moment of both sets. Since we only compare
0 0

to two sets, the first moment part of the gain is essentially the two experts setting with
loss per round equal to +2¢vk. With analysis in [Kooll], one can show that the first
moment part is hence lower bounded by Q(\/m ). The second moment part, noticing
that both instances x; and x_ lie in the span of D, always attains its maximum 7.

Finally, since instances are generated independently between trials with expectation
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zero (E[x;] = 0), any algorithm has expected gain 0 in the first moment part, and so

max Eg, p[Ga] < T(1+¢?).
alg. A

By combining the bounds on comparator and algorithms, we show a Q(vc2kT) lower

bound of the difference in (3.8]) which concludes our proof.
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Chapter 4

Learning Rotations with Optimal

Regrets

4.1 Introduction

This chapter considers the problem of learning rotations. The goal of this
problem is to find the underlying rotation from a given set of examples, i.e. vector pairs
consisting of vectors before and after the rotation. Learning rotations is a fundamental
problem in computer vision since it has a wide application in various fields, such as
robotics, optical character recognition and motion analysis (see motivating examples in
[Aro09] and [HKW15] and the references therein). The batch version of this problem
was introduced by [Wah65] in which a simple and by now well known solution was
presented. In contrast, the online version of this problem is more challenging: It was

posed as an open problem in [SWO0§].
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Recently, [HKW10a] tackled this problem of learning rotations online with the
Gradient Descend (GD) algorithm. The paper showed that in the worst case, the GD
algorithm suffers regret at most O(v/nT), where n is the dimension of the examples
and T is the number of the trials. A matching lower bound of Q(v/nT) was also shown
on the worst case regret of any online algorithm. Note that both of these results are
time dependent bounds, i.e. they are functions of the number of the trials 7. Now
recall that there is another type of regret bounds which are functions of loss the best
comparator L., i.e. the so called loss dependent regret bounds. We argue that the loss
dependent bounds are more interesting in practice since in a practical learning problem,
there usually exists a good comparator with £, much less than the number of the trials
T. To this end, [HKWT5] shows a loss dependent lower bound of Q(y/nL. + n) on the
worst case regret of any online algorithm for this learning problem. E| However, f This
loss dependent bound follows essentially from the previous time dependent bound of
Q(\/T ). or the regret upper bounds, there is no easy way to convert time dependent
ones into loss dependent ones. In fact, for this problem of learning rotations online,
there has not been any result on the loss dependent regret upper bounds from any of
the previous work.

This chapter proves for the first time a loss dependent upper bound of O(v/nL.+
n) on the regret of the GD algorithm for learning rotations online. This upper bound

follows from two improvements to the previous analysis of the algorithm, which are

'Besides of a loss dependent regret lower bound, the major contribution of [HIKWT15] is a variant of
the standard GD algorithm for learning rotations online. We will discuss this variant in the conclusion
of this chapter.
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first, refining the previous application of Pythagorean Theorem (see (4.7])) and second,
adding a new term to our algorithm’s measure of progress (see (4.10)). The obtained
upper bound of O(v/nL. + n) matches the previous lower bound of Q(v/nL. + n) and
therefore is minimax optimal up to a constant factor.

The rest of this chapter is organized as follows: Section [4.2| gives the pre-
liminaries of the problem of learning rotations online. Section describes the GD
algorithm which is introduced in [HKW10a] to solve this learning problem. The section
also gives an overview of the previous analysis of the algorithm and explains why it can
not prove a loss dependent regret bound. Section [£.4] improves the previous analysis
with the two aforementioned techniques and proves the main result of this chapter,
an O(y/nL. + n) upper bound on the worst case regret of the GD algorithm. Finally,

Section [4.5] concludes the chapter with an open problem.

4.2 Preliminaries

In this chapter, integer n and T are always the dimension of the examples and

the number of trials, respectively. All the vectors are in R™ and all the matrices are in

R™ ™. 'We denote the Euclidean norm of a vector by | - ||, i.e. ||z| =1/>; 27 = VaTz.
Furthermore, a vector x is called a unit vector if ||x| = 1. The Frobenius norm of a

matrix W is denoted by [Wlp = />, ; wi?,j = /tr(WWT), where tr(W) is the trace

of matrix W.

Next we give a precise definition of the problem of learning rotations online.
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The problem of learning rotations online proceeds in a series of trials. In each trial, it

follows the protocol:

Intrial t=1...T":
1. The learning algorithm is first given a unit vector x;.
2. Then, it predicts (deterministically or randomly) with a unit vector y;.
3. Nature reveals a true rotated vector, which is also a unit vector y;.

4. The loss to the algorithm is then half of the squared norm of the difference

between her predicted vector y; and the true rotated vector y;:
slye —Gll* =1 - y]ge. (4.1)
If y; is chosen probabilistically, then we define the expected loss as

E[dly—wl’ ] =1-9y/E[5]. (4.2)

Note that the loss function of this learning problem (see (4.1) and (4.2)) is
linear in the prediction vector y; or the expected prediction vector E [ y; |. The goal
of the learner is to minimize its regret REG on all T examples against the best fixed

rotation chosen in hindsight:

T T T
REG =) E[jllye—%l?] - min > Yy — Ray|>=> y/R'z —ylE[ 4],
t=1 ReSO(n) = t=1

where R* = argmingego(n) ZtT:1 $llye — Ray||? is the best rotation matrix chosen in
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hindsight.

4.3 Previous Work

This section describes the GD algorithm for the problem of learning rotations
online. The algorithm is introduced in [HKW10a], in which a standard analysis of the
algorithm provides an upper bound of O(v/nT) on its worst case regret. This section
will outline this standard analysis and explain why it can not provide a loss dependent

bound.

4.3.1 The GD Algorithm for Learning Rotations Online

The GD algorithm for learning rotations online is a probabilistic algorithm,
i.e. in each trial, it predicts with a randomly chosen unit vector gy; The algorithm
maintains a matrix parameter W; (1 <t < T') that is always a convex combination of
n X n rotations matrices. We denote by W, the set of all such parameter matrices.
[HKW10a] shows that W, consists of all the n X n matrices that have all of their
singular values in [0, 1]. In each trial, this algorithm processes an example of unit vector
pairs (x,y;) as follows: After receiving x;, it first samples a random rotation matrix
R, whose expectation E [ R, | is the algorithm’s parameter matrix W; (see an example
of such sampling procedure in [HKWT10a]). Given Ry, the algorithm predicts with unit
vector ; = Ryx; and suffers expected loss 1 —y/E [ ;| = 1 — y/ Wi, where y; is the

“true” rotated vector revealed by Nature. Finally, the algorithm updates its parameter
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W, as:

loss on example (@, y¢) /iveig\enL
o~ —_—
Descent step:  Wiyr = argmin (01 =y W) + 5 |W - Wil )
4.3
= Wt + nytx;frv ( )
Projection step: ~ W;41 = argmin |[W — Wt—&-l”%‘v
e1/\27'0t
where || - |7 is the Frobenius norm of matrices defined above. The descent step of the

above GD update minimizes the trade-off between the parameter divergence |W —W;||%
and the loss on the current example 1 — y] Wa; without the constraint that W &
Wot- Then the projection step projects the intermediate parameter ‘//I\/Hl back into
the parameter set W,..

The GD algorithm is an example of the more general Mirror Descent algo-
rithm family. A mirror descent algorithm is motivated by a Bregman divergence which
measures the discrepancy between the new and the old parameters of an update. For
example, the above GD algorithm is motivated by the Frobenius norm of matrices. An-
other important example of the Mirror Descent algorithms is the Matrix Exponential
Gradient (MEG) algorithm [TRWO05]. We do not consider the MEG algorithm in this
chapter since as we shall see that for the problem of learning rotations online, the GD
algorithm is already minimax optimal (up to a constant factor) for both the time de-
pendent and the loss dependent bounds. Also, we do not know how to generalize the
quantum relative entropy to the parameter set W,;. Recall that for the problem of on-
line PCA, the GD algorithm is outperformed by the MEG algorithm in loss dependent

bounds. See a detailed comparison of the two algorithms for Online PCA in Chapter 2.
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4.3.2 Previous Analysis of the GD Algorithm

Now we outline the previous analysis of the GD algorithm (4.3]). This analysis
gives an upper bound of O(v/nT') on the regret of GD[HKW10al. Let W € W, be
any comparator in the parameter set. The analysis first uses |W; — W% — |[W; — W ||%,

as a measure of progress towards the comparator W':
Algorithm’s regret in trial ¢ =1

1 2 2 n 2
yIWa, —y Wiz = & (Wi = W~ W +nyie] = WE) + 3 llya] |7

_ :

= 3 (IWe = Wik~ | Weer - W) + (4.4)
n

< £(IWi - Wi — Wi - W) + 2. (4.5)

Here the first equality follows from the definition of Frobenius norm and the inequality
follows from Pythagorean Theorem.

Next, we add up over trial £ = 1...7 and the divergence term ||W;—W|%
will telescope with each other. Therefore, the total regret of the algorithm is upper
bounded by

REG < & (Wi = Wi} = [Wrin - WI}) + 1T (4.6)
Now recalling that W1, W € W,.,;, the RHS of can be further upper bounded by
O(% +nT). Setting 1 properly gives the O(v/nT) upper bound on the GD’s regret.

Next we show that no matter how the learning rate n is tuned, one can never
use to prove a loss dependent bound for the GD algorithm. Consider a game with
one dimensional examples z; = 4 = 1, = 1...7T and one dimensional parameter set
W0t = [—1,1]. Since the corresponding loss function is 1 — zywyy = 1 — wy, the best
comparator in [—1, 1] suffers loss £, = 0. Hence, to achieve a loss dependent regret
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bound, the GD algorithm can suffer at most some constant amount of loss, where the
constant does not depend on 7. This implies the learning rate n of the algorithm is
lower bounded by some constant that does not depend on 7. However, such a learning
rate makes the RHS of grow linearly in 1" and therefore, it is not upper bounded
by any function of the loss of the comparator (which is zero).

This observation suggests that the above application of Pythagorean Theorem
(see (4.5)) is too crude. We present in Section a refined application of Pythagorean
Theorem and based on this improvement as well as adding a linear term tr(W (W, —
W,T)) to our algorithm’s measure of progress, we derive a loss dependent bound for the
GD algorithm.

Before finishing this section, we would like to discuss [SST10] which proves
loss dependent regret bounds for the general Mirror Descent algorithm family. [SST10]
claims that if the loss function of a learning problem satisfies a smoothness constant
S, then the regret of a Mirror Descent algorithm for this problem is upper bounded
by a function of the constant S and the loss of the best comparator L. (see [SST10,
Theorem 3]. However, their proof implicitly assumes that the loss function is non-
negative on the entire vector space it lies in (see the proof of [SST10, Lemma 4.1]).
Recall that in the problem of learning rotations online, the loss function is linear in
the algorithm’s parameter (see ), and therefore does not satisfy the “global” non-
negativity assumption in [SST10]. Hence, this problem is not a special case of their

results.
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4.4 Loss Dependent Bound for the GD Algorithm

This section derives an upper bound of O(yv/nL. + n) on the regret of the GD
algorithm . We refine the previous application of Pythagorean Theorem by consid-
ering the difference between the intermediate parameter matrix ﬁ\/}H and the projected
parameter matrix Wiy,;. We denote this difference matrix by Z;11 = Wiy, — ﬁ\/tﬂ.
Recall that W, 1 is the projection of ﬁ\/’tﬂ into the parameter set W,.,;. Therefore,

Pythagorean Theorem gives:
[Wisr = WG 2 [Wer = WG + [ Zen |l (4.7)

where W is any fixed comparator in W,,;. However, as seen in , the previous
application of Pythagorean Theorem ignores the || Z;41]/% term of the above inequality.
Instead, it uses the relaxed version ||ﬁ7t+1 — W% > ||Wit1 — W%, In this section,
we use the full version of and by doing this, we prove a loss dependent regret
bound for the GD algorithm. We start with the following useful observation about the

difference matrix Z;.

Lemma 4.1. Let ‘//‘\QH and Wyy1 be the intermediate parameter matrix and the pro-
jected parameter matriz defined in (4.3)) respectively. Then, the difference matriz Zi+1 =

W11 — Wy has rank at most one.

Proof. First consider ‘//‘7154_1 = W, + nyxT, where W, € W, is the algorithm’s param-
eter matrix in trial ¢ and (x, y) is the corresponding data example. Since ‘/"\/tﬂ is W,

plus a rank one perturbation nyxT, we have by [Tho76, Theorem 1] that O'Q(Wt+1) <
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o1(Wy) where O'Q(Wt_i'_l) is the second largest singular value of ﬁ\ftH and o1 (W) is the
largest singular value of W;. Now since W} has all of its singular values in [0, 1], ﬁ\/}
has at most one singular value larger than 1.

Next, consider Wy41 which is the projection of ﬁ\/}H into W;t. By [HKW10a),
Lemma 2], Wy and WHI share the same singular vectors and their singular values
satisfy the following: The i-th singular value of Wi, 1 is the i-th singular value of Wt_i,_l
capped at 1, i.e. for 1 < i < n, 0;(Wyy1) = min{ai(‘//l\/tﬂ),l}. Since we have just
argued that Wt+1 has at most one singular value larger than 1, I//‘\/}H and Wy, 1 must
share at least n — 1 of their singular values. Therefore, their difference Z; has rank at

most one. OJ

Now we are ready to present the main result of this chapter, a loss dependent

upper bound on the regret of the GD algorithm

Theorem 4.1. Consider the problem of learning rotations online with n dimensional

examples. If the loss of the best comparator is L., then the GD algorithm with learning

rate 1 = 4/ %’z suffers worst case regret at most 2+/2nL. + 2n.

Proof. As in the previous analysis of the algorithm (see (4.4])), we start with the equality:

Algorithm’s regret in trial ¢

yIWa—y Wi =% (W= Wk = [Wi - W +0?)

Now plugging in the Inequality (4.7), we have the algorithm’s regret in trial ¢ upper
bounded by

1
o W= WL~ Wi = W+ 1 Zes )
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Next we upper bound 1? — || Z;41||% as follows:

7= Zenlle < 0 =1 ZenllE + (0 = | Zesallp)?
= 20> = 29| Zesa | . (4.8)
We now argue that he term || Z;11 || in the RHS of is lower bounded by tr(W Z[ )
for any comparator W € W,.4:
| Zirillr = 01(Zig1) (Zi41 has rank at most 1)
> 01(W)o1(Zi+1) (W €W, o)
= > ,0iW)oi(Zi+1) (Z41 has rank at most 1)

> tr(WZ[,,) (von Neumann’s trace inequality),

where 0;(W) and 0;(Z;41) are the i-th singular values of W and Z;;; respectively.
Plugging (4.9) back to (4.8), we have
0 =1 ZenllF < 200 — nte(W Z], )
— 92 2 T 2 T T
=2n" = 20" tr(Wawy, ) + 2n° tr(Way/) — 2ntr(WZ/ )
=20 (1 = tr(yf W) + 20 tr(W (naey! — Z[,4))

=27 (1 —tr(y{ Way)) +2n  tr(WW[], - WW]) . (4.10)

loss of comparator W linear part in measure of progress

Finally, plugging (4.10) back to (4.4) and summing it over T trials gives the following

upper bound on the total regret of the algorithm:
1
REC < o= |[Wi = W[+ Lo+ (W (W], — W),
Now, since all of Wi, Wr,; and W are in W, we have:

Wy — W% <4n  and  tr(W(W],  — W) < 2n.
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Plugging these inequalities back, we have the following loss dependent regret bound:

2 =\
REG < 2 4nto+2n L5 2./2nL. + 2n.
n
0

Note that the above loss dependent regret bound is obtained by tuning the
learning rate as a function of the loss of the best comparator L.. In cases that L. is not
known beforehand, one could first estimate £, with an arbitrary constant and start the
algorithm with the learning rate tuned accordingly. Later on, whenever the estimate is
reached by a comparator, one should double the previous estimate of L. and restart the
algorithm with the corresponding re-tuned learning rate. This method of tuning the
learning rate is known as the “doubling trick” and was shown to achieve regret bounds

in a constant factor of the bounds of the underlying algorithm [CBLW96].

4.5 Conclusion

In this chapter we prove an upper bound of O(v/nL. + n) on the regret of the
GD algorithm for the problem of learning rotations online. The upper bound is obtained
by introducing two new techniques: First a refined application of Pythagorean Theorem
(see ([4.7)) and second, adding a linear term tr(W (W], — W/T)) to our algorithm’s
measure of progress (see (4.10])). This upper bound is minimax optimal (up to constant
factor) since a matching lower bound is previously given in [HKW15].

Now we conclude the chapter with an open problem regarding a modified ver-
sion of the GD algorithm presented in this chapter. Recall that because of the projection
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step of Update , the parameter matrix W; of the GD algorithm is always in W,;.q;.
However, maintaining the parameter always in W, is not necessary for the problem of
learning rotations online since the algorithm is only required to predict (probabilistically
or deterministically) with a unit vector y; (see the protocol in Section in each trial.
Therefore, [HKWTI5| proposed a “Lazy Projection GD” algorithm which only projects
its parameter W; when it cannot sample a random unit vector y; satisfying the condi-
tion E [ y; | = Wia,. This new algorithm is more efficient than the GD algorithm
since it “projects as little as necessary”, and at the same time achieves the same time
depend regret bound as the GD algorithm. Our open problem concerns the following
question: can we use the new proof techniques presented in this chapter to prove a loss

dependent upper bound on the regret of the “Lazy Projection GD” algorithm?
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