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Selecting tile shape for minimal execution time

Karin Hogstedt * Larry Carter! Jeanne Ferrante’
{hogstedt, carter, ferrante}@cs.ucsd.edu
Department of Computer Science and Engineering, UCSD
9500 Gilman Drive, La Jolla, CA 92093-0114

Abstract

Many computationally-intensive programs, such as those for differential equations, spatial interpolation,
and dynamic programming, spend a large portion of their execution time in multiply-nested loops which have
a regular stencil of data dependences. Tiling is a well-known optimization that improves performance on such
loops, particularly for computers with a multi-levelled hierarchy of parallelism and memory.

Most previous work on tiling restricts the tile shape to be rectangular. Our previous work and its extension
by Desprez, Dongarra, Rastello and Robert showed that for doubly nested loops, using parallelograms can
improve parallel execution time by decreasing the idle time, the time that a processor spends waiting for
data or synchronization. In this technical report, we extend that work to more deeply nested loops, as well
as to more complex loop bounds. We introduce a model which allows us to demonstrate the equivalence
in complexity of linear programming and determining the execution time of a tiling in the model. We then
identify a sub-class of these loops that constitute rectilinear iteration spaces for which we derive a closed form
formula for their execution time. This formula can be used by a compiler to predict the execution time of a
loop nest. We then derive the tile shape that minimizes this formula.

Using the duality property of linear programming, we also study how the longest path of dependent tiles
within a rectilinear iteration space changes with the tile shape. Finally, we observe that the execution time
of a rectilinear iteration space depends on the slope of only four of the facets defining the iteration space,
independent of its dimensionality.

1 Introduction

Many computationally intensive programs spend a high percentage of their execution time in nested loops that
have a regular stencil of data dependences between the iterations. Obtaining high performance on such loops
requires both data locality and efficient use of parallel resources. Tiling [Wol87, RAP87, IT88, Wol89, RS91] is a
well-known optimization that is effective at achieving both goals. Conceptually, given a loop nest, tiling operates
on the iteration space defined by that loop nest. For a loop nest of depth K, the iteration space is a polytope in
K-dimensional space. The tilings we consider partition this space into a collection of parallelepipeds which are
then scheduled for atomic execution. Tiling enables data locality when the tile size ensures that the necessary
data fit in a given level of the memory hierarchy.

Tiling also enables parallelization since independent tiles can simultaneously be executed on different processors.
The data dependences [Wol96] between the iterations impose dependences between the tiles. If the tile shape® is
chosen such that the angle between the extreme vectors of the iteration dependences [IT88] are included within
the angle of the tile (see Figure 1), then we are guaranteed no dependence cycles between the tiles [IT88], and
the tiling is hence legal.

Apart from affecting the legality of the tiling, the shape also affects the execution time. Consider the iteration
space in Figure 2(a). The iteration dependences are such that both the tilings in Figure 2(b) and (c) are legal
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Figure 1: Ezamples of (a) an illegal and (b) a legal tiling. The tiling in (a) is illegal since there is a dependence cycle
between the two shaded tiles, due to the dependence vectors in bold. In (b) the slope of the tiling is chosen small enough so
that the angle between the extreme vectors of the iteration dependences are included within the angle of the tile. As shown
in [IT88], there are therefore no cycles between the tiles.

(a) (b) (c)

Figure 2: Ezamples of two legal tilings ((b) and (c)) of the iteration space in (a). The iteration dependence stencil is
shown in (a) and repeated across all the iterations. The iteration dependences result in the tile dependences shown in (b)
and (c). Assume that the execution time of a full tile, and the amount of communication necessary between processors,
are the same in the two tilings. Then the longest paths of dependent tiles (shaded tiles) in (b) is much longer than in (c).
Assuming the model described in Section 3, the tiling in (c) therefore yields a better parallel execution time than the one

in (b).

tilings. In the latter however, the longest path of dependent tiles is much shorter, and therefore executes in a
shorter amount of time.? In this technical report, we explore the relationship between the shape of the tiles and
the execution time. A summary of the contributions of this technical report follows.

e We introduce the notions of initial and final synchronization points. Intuitively these points are the end
points of the longest path of dependent tiles within the iteration space, and therefore a measure of the
execution time of the iteration space.

e We introduce a new model for which we show that the complexity of determining the execution time of an
iteration space is equivalent to linear programming.

o We identify rectilinear iteration spaces, a sub-class of convex iteration spaces.

e For rectilinear iteration spaces, we find the coordinates of the initial and final synchronization points and
are thus able to derive a simple formula for the execution time.

2under the model described in Section 3.



e We study how the longest path of dependent tiles within a rectilinear iteration space varies with the slope
of the tile shape.

e We determine the tile shape that minimizes the execution time of a rectilinear iteration space.

e We observe that the execution time depends on the slope of four of the facets defining a rectilinear iteration
space, independent of its dimensionality.

Rectilinear iteration spaces include rectangular iteration spaces of any dimension that have been skewed in
one dimension. A particular example is the abstraction of hyperbolic code (SOR) used originally by Wolf and
Lam [WL91a] and in [CFH95a]. Our previous work could not handle this code as tiled in [CFH95a].

In Section 2 we discuss related work in the area, and Section 3 contains a description of the assumptions and the
model used in this technical report. In Section 4 we show that the complexity of determining the execution time of
a convex iteration space under our model is equivalent to general linear programming. In Section 5 we introduce
rectilinear iteration spaces, a sub-class of convex iteration spaces, and in Section 6 we use the duality property
of linear programming to determine the location of the initial and final synchronization points in a rectilinear
iteration space. In Section 7 we then study how the longest path of dependent tiles within the iteration space
changes with the tile shape, and determine the tiling that optimizes the execution time under our model. Finally,
in Section 8 we present a closed-form execution time formula for a K-dimensional rectilinear iteration space, as
well as for some common iteration space shapes.

2 Background

As previously mentioned, traditional tiling [Wol87, RAP87, IT88, Wol89, RS91] partitions the iteration space of
a nested loop with a regular stencil of dependences into regular size and shape pieces. Tiling has been used to
achieve both locality and parallelism, and its beneficial effects are well established [WL91a, WL91b, CK92, RS91,
CFH95a, CFH95b]. Unimodular transformations [Ban90, WL91b] (which include loop skewing) can increase the
applicability of tiling.

Most of this previous work on tiling considered rectangular tiles, or tiles of the same slope as the iteration
space.? For such tiles, only tile size selection is of concern [CM95, Sar97, ARY98]. Our previous work [HCF97]
recognizes the importance of tile shape selection for minimizing the idle time of parallel execution. Both that
work and [DDRRI7] considered parallelepiped-shaped tiles for two dimensional iteration spaces, and determined
simple formulas for idle time and finishing time. Allowing more general tile shapes is particularly useful when
tiling is applied in the context of multiple levels of parallelism [MCFH97, MHCF98], such as in hierarchical
tiling [CFH95a, CFHI95b]. The difference between our previous work and [DDRRI7] is that the latter used a
slightly different model of partial tiles, resulting in simpler formulas and proofs. This technical report directly
extends [HCF97] from 2-dimensional iteration spaces to K-dimensional iteration spaces of a much more general
shape. [DKRI1] uses linear programming to determine the execution time of a convex iteration space under the
assumptions that the iteration space is large enough compared to the size of a tile to be able to ignore the effects
of partial tiles. Our model extends this work by incorporating the effect of partial tiles.

3 Model and assumptions

The model of an iteration space we consider in this technical report is a convex, K-dimensional polytope, that is,
the set of K-tuples of real numbers that satisfy a given set of linear inequalities. Convex polytopes model nested
loops of the form:
for xx =0 to N

for xx_; =max[f5 1 £571 .1 to min[gh *, g5t . ]

for x; =max[f},£},...] to minlgl,gl,...]

3An exception is [RAP87], which considered the use of hexagonal tiles.



for x; =max[fi f3,...] to minlgl, gs,...]

<loop body>
where £] and g] are linear functions of less deeply nested loop index variables. Each such function corresponds
to a linear inequality that bounds the convex polytope, and vice versa.

Our model resides in real (as opposed to integer) space, even though the iterations of a loop are more naturally
modeled by a lattice of discrete points. We approximate the number of iterations in a region of space by the
volume of the region. This allows us to avoid messy details about the alignment of a region with respect to the
lattice of iterations. For large regions, the volume approaches the number of iteration points in the region.

In general, a tiling of a nested loop induces a partitioning of the model’s K-dimensional real space into
parallelepipeds by K families of parallel hyper-planes [HCF97]. The angles of the hyper-planes are chosen so
that the angle between the extreme vectors of the iteration dependences are included within the angle of the
parallelepiped. As shown in [IT88], the resulting tiling is hence legal.
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Figure 3: Transformation of a sample loop nest to an iteration space. The loop nest is shown in (a), and the corresponding
iteration space in (b). In (c¢) a tiling has been chosen and in (d) the necessary skewing and scaling has been performed to
achieve unit cube tiles.

In this technical report, we skew and scale the parallelepipeds into unit cubes.* This transformation is quite
straight-forward and illustrated in Figure 3.° The intersection of a unit cube with the iteration space is called a
tile. If the cube is entirely contained in the iteration space, it is a full tile; if it contains both points inside the
iteration space and points outside, it is a partial tile; otherwise it is an empty tile.

4This is not a transformation of the loop, but a conceptual transformation of the iteration space.
5Given a facet of a tiled iteration space, let iy be the original slope of the facet in dimension d, and let t4 be the slope of the tiling
in dimension d and let w; and wx be the width of the parallelepipeds in dimension d and K, respectively. The slope in dimension d
wq

of the same facet after the skewing and scaling, r4, is then given by rgy = (ig — td)ﬁ~



As in [HCF97, DDRR97], we assume that in each dimension, there are data dependences and synchronization
constraints between the tiles so that no point in tile 7' may be executed before all points in its predecessor® tiles
in all dimensions have completed execution. If in some dimension d there are no dependences the problem is
embarrassingly parallel in that dimension and reduces to a lower dimensional problem.

The last (i.e. the K-th) dimension is considered the vertical dimension. A stack of tiles is the set of all non-
empty tiles that differ only in the last coordinate; and the bottom (or top) tile in a stack is the tile with minimal
(or maximal) last coordinate. Similarly, the bottom (or top) of the iteration space is the set of bottom (or top)
tiles in all stacks. The left (right) sides of an iteration space are any tiles that in a particular dimension d do not
have any predecessors (successors) in that dimension and that constitute neither the bottom nor the top of the
iteration space.

This technical report is concerned with the execution of an iteration space by a parallel computer. We consider
block distribution of tiles to processors, in which each stack of tiles is assigned to its own unique processor. Because
of the dependences, a processor must execute its stack from bottom to top. In all sections but Section 4, we also
make the following technical assumption.

Assumption 1 We assume that in each stack either 1) there exists at least one full tile that has an immediate
successor tile that is full, or 2) no tile in the stack has non-empty successors.

At time zero, each processor begins executing the bottom tile 7" in its first stack, provided 7" has no non-empty
predecessors. Otherwise, the processor is idle. Thereafter, a processor starts executing the next tile in its current
stack when all predecessor tiles are completed. In our model, we assume the time required to execute a tile is
proportional to its volume, with the time for a full tile being a constant, notated by E;. Given a tiling with tiles of
a certain shape and size, we assume FE; to be given, maybe determined experimentally. E; includes overheads such
as cache miss penalties, loop overheads, and communication latency [CKPT96], as well as the pure computation
cost of the tile. It is future work to study the effects the choice of tile parameters has on those overheads. In this
technical report we concentrate on minimizing the number of tiles on the longest path of dependent tiles.

We want our model for the execution time of partial tiles to have the following properties.

1. The Li-norm distance” between two vertices of the iteration space polytope (i.e. extreme points of the
polytope) should be equal to the sum of the volume of the tiles on the longest path of dependent tiles
between those points. Note that this distance is not necessarily an integer due to the partial tiles.

2. The volume of each stack, and thus the whole iteration space, should be the same as in the original iteration
space.

The first property permits us to determine the execution time of a tiled iteration space using linear program-
ming. This is a peculiar property since we want a linear distance to be equal to a volume. For a single tile, a unit
cube, this can be achieved if we ensure that the extreme points selected by the linear programming algorithm
always occur at the midpoint of the top and bottom surface of a tile. For this to happen we choose the set of
constraints for the linear programming problem as shown in Figure 4. This choice gives the desired property not
only for single tiles, but also for paths of dependent tiles.

The second property is desirable since we assume that the execution time of a tile is proportional of the volume
of the tile. If this property does not hold and the difference in volumes can be large, it is likely that the difference
between the execution time determined using the model and the actual execution time also is large.

The models used in previous research do not have these properties. The volume of the iteration space using
the model in [HCF97] exactly corresponds to the volume of the original iteration space, but the model does not
fulfill the first requirement, since the facets bounding the iteration space can intersect at any point in a stack.
Using the model in [DDRRI7] the volume of a stack might differ by an arbitrarily large amount compared to the
original iteration space.

We introduce a new model that fulfills the above two properties. The necessary transformation is illustrated in
Figure 4, and a comparison to other models are given in Figure 5. Note that after this transformation the slopes
of the different facets and even the number of facets might change.

6A tile T1 is a predecessor of Th if the tile dependences are such that 77 needs to be executed before T can start. If 77 is a
predecessor of Th, then 7% is a successor of 77.
7L1-norm distance between two points & and ¢ is defined as Zl lyi — .
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Figure 4: Ezample to illustrate our model. (a) shows the same sample iteration space as in Figure 3(d) (this corresponds
to the model used in [HCF97]) with the partial tiles shaded, and (b) shows how the partial tiles are transformed to our
model. In our model the bottom and top of a stack is always horizontal. The height of a stack is determined by making a
horizontal cut so that the volume cut off is equal to the volume added by the cut, i.e in the blow-up in (b), the area of the
dark shading is equal to the area of the light shading. Note that the total area shaded in (a) is equal to the total area shaded
in (b), i.e. this transformation preserves the volume of the stacks. In (c) we show the transformed iteration space. In (d)
we show how the constraints of the linear programming problem are determined. For all dimensions the slope between two
stacks is equal to the slope of the line between the mid-points of the two stacks in that dimension.

Apart from the number of tiles on the longest path of dependent tiles, the execution time also depends on the
additional time it takes to communicate data between processors. To model the communication time, we define a
parameter cq such that cqF; is the amount of time that is needed to communicate a full tile surface between two
neighboring processors in dimension d, and that can be overlapped with computation of subsequent tiles on the
same processor. This corresponds to the latency part of communication in the LogP model [CKP*96]. The part of
the communication time that cannot be overlapped, i.e. the overhead in the LogP model, is included in E;. E.g. ¢4
is equal to zero when the architecture does not allow any overlap of communication by computation. This does not
mean that the communication cost is 0, merely that the processor is busy communicating and the communication
cost is therefore included in the execution time of the tile. For example, ¢4 = 0.25 if the architecture allows
for 0.25E; seconds of the communication of one full tile surface to be overlapped by computation. In this case,
immediately after a tile is completed the execution of the next tile in the same stack may begin, but the dependent
tile in the adjacent stack has to wait for 0.25F; seconds. The reason the value of ¢ varies with the dimension is
that the amount of data needed to be communicated varies from dimension to dimension. In particular, since all
tiles in each stack are executed by the same processor no communication is needed in the K-th dimension and
we have cx = 0.

Let p; and g4 be two coordinates in dimension d such that p; < ¢4. Due to property 1 of our model, there
are then gg — py tiles and gq — pq surfaces to be communicated on the path between p; and gg. This observation
leads to the following definition of the execution time of the tiles on the longest path of dependent tiles between
pand §.

Definition 1 Let 7 = (p1,...,pk) and ¢ = (q1,-..,qk) be two points within an iteration space such that p
precedes® ¢. We define E(p, ), the execution time of the path from p to ¢, as follows.

EB(7q) = Y4 (g0 —pa)(L + ca) By

Lemma 1 proves a lower and upper bound on the difference in the execution time under our model and the
model in [HCF97]. The proof of this lemma consists of two parts. Let I and I denote an iteration space that

8Given two points p and ¢ in the iteration space, we say @ precedes ¢ if for all dimensions d, pg < gq. If  doesn’t precede ¢, the
longest path of dependent tiles between them is undefined.
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Figure 5: The bottom of a 2-dimensional, rectilinear iteration space. (a) shows our model of partial tiles in this technical
report. The height of each stack is chosen such that the area of the light shading is equal to the area of the dark shading.
(b) and (c) show the models used in [DDRRY7] and [HCF97] respectively. The model in (a) allow us to elegantly write the
problem of finding the length of a path of dependent tiles as a linear programming problem. In [DDRRY7], the execution
time of a 2-dimenstonal partial tile is a rectangular tile of size p* f, where f s the length of a full tile in the first dimension
and p is the length of the partial tile in the second and last dimension.

has been modeled using our model and the model in [HCF97], respectively. Let p and p be the longest path of
dependent tiles through I and I, respectively. First we notice that for all paths in I there exist a path in I of
equal or greater length. p can therefore not be longer than p. See Figure 6 for an illustration of this argument.
Furthermore, let ¢ be a path through I that does not go through (non-empty) tiles that are empty in I (unless
it also goes through all such tiles in that same stack). Then we know that for each ¢ there exists a path in I of
equal length. If p is of this type, it can therefore not be longer than p. This argument holds since p then goes
through either all or no partial tiles in a stack, and all stacks have the same volume in the two models.

Second, we determine an upper bound on the total volume of the tiles that can lie on p but are empty in I.
At either end of p there can be at most K — 1 of them and it can be shown that the largest volume the i-th of
those tiles can have is a ﬁ—th of a full tile volume. See Figure 7 for a 2 and 3-dimensional example. Adding
the volume of all those tiles together, we get an upper bound on the difference in volume of the tiles on p and p
of 2V 22(2—11 ﬁ < 2V where V is the volume of a full tile. The same reasoning is applied to prove a limit on
the amount of communication time needed in between those tiles.

Lemma 1 Let ¢ = maxg|[cq|, and let E; and E; be the execution time of a rectilinear iteration space using the
model of partial tiles used in this technical report and [HCF97], respectively.

0< E; —E; <2(2c+1)E;

Proof of Lemma 1: Let I be an iteration space modeled with the model used in [HCF97] and let p be the
longest path of dependent tiles through I. Now consider the same iteration space modeled with the model used
in this paper, and let us call the resulting iteration space I. Let p be the longest path of dependent tiles through
I.

E; — E; > 0: This direction is trivial once we have proved Sublemma 1. If for each path in I, there exists a path
in I of equal or greater length, then p cannot be longer than p. This argument is illustrated in Figure 6.

Sublemma 1 For all paths in I there exists a path in I of equal or greater length.

Proof of Sublemma 1: Let ¢ be a path in I, and let 77 and 7% be the first and last tile on ¢ that corresponds
to a full tile in /. Either q is such that all the tiles below T} (or above T5) in that same stack are on g, or it is
not.

Assume ¢ is of the former kind. Then we know there exists a path in I with the same volume as q, since each
stack in the original iteration space has the same volume in I and I.

Assume ¢ is of the latter kind. Then we know either the beginning end of ¢ has gone through a tile in a different
stack before going through 77, or the ending end of ¢ has gone through a tile in another stack after having gone
through T5. Due to Assumption 1 we know that there exists a path identical to ¢ except that it goes between the
same stacks as ¢ through only full tiles. That path is then either of the same or of a greater volume than ¢, and
is of the former kind.

End of Proof of Sublemma 1 O



E; — E; < 2E;(1 + 2¢):

Let us look at two possible characteristics p might have at each end of the path. Let T" and T* be the first and
last full tile on p, respectively . Due to Assumption 1, we know both 7! and T exist (they might coincide). Before
P goes through T, it either only goes through partial tiles in the same stack as 7", or it does not. Similarly, after
p goes through 7™ it either only goes through partial tiles in the same stack as 7%, or it does not. In dimensions
where either the beginning or the end of p only goes through partial tiles from the same stack as T' or T, we
say that end of p belongs to Case 1. Otherwise it belongs to Case 2.

Consider the case in which both the beginning and end of p belongs to Case 1. In this case, p either goes
through all or no partial tiles of the top or bottom of a given stack. Since all stacks have the same volume in the
two models, we then know there exists a path in I of the same length as p. We also know this path is p, using
Sublemma 1. Hence, dimensions in which both ends of p belong to Case 1 do not contribute to the difference
between the two models. The largest difference in execution time between the two models thus occurs when both
ends of p belong to Case 2 in all dimensions. We consider this worst-case scenario next.

Assume T" is located at the coordinate (t/,...,t% ) and let Sk be the stack that contains 7!. Symmetrically,
assume T is located at the coordinate (t1,...,t%) and let Si be the stack that contains 7. We first note that
the tile just below T! (above T%), (t1,...,tx—1,tx — 1) ((t%,...,t%_,,t% +1)), is the lowest (highest) tile in Sk
(S%) to have predecessors (successors) in any other dimension than K.? We also notice that p can not cross more
than one stack boundary in each dimension before (after) going through T' (T'“), since such a path would be
shorter than the one that crossed those stack boundaries at a larger (smaller) coordinate in the K-th dimension
(see Figure 7). These two observations lead to the conclusion that the tiles preceding (succeeding) the tile at
(t1,. - tx—1,t — 1) ((t1,...,tk—1,tx + 1)) in any dimension d have no predecessors (successors) in dimension
d.

Vd:1<d<K—1let T} be the tile located at (t\ —1,...,t, — 1,tfi+1,...,th_1,th — 1), and let S), be the
stack that contains T!i. Vd:1<d< K—1let T} be the tile located at (¢} —1,...,t} — Litg -t 1ot + 1),
and let SY be the stack that contains T¥. Let ¢ be the path that goes through all the tiles below 7" and above T
in I. The largest difference in execution time between p and ¢ therefore occurs when p goes through T and T4
Vd, and when 7" and T are the first and last tiles on ¢, respectively. The size of the difference is less or equal to
the sum of the volumes of Té and T} Vd plus the sum of all the tile surfaces communicated between those tiles.
This is also an upper bound on the difference between the execution times of p and p since p can not be shorter
than ¢. We now determine the volume of those tiles and tile surfaces in Sublemma 3 and 4, respectively. But
first we calculate an integral in Sublemma 2 that we need in the proofs.

Sublemma 2 s

I—ay 1_Zi=1 Li d 1
1-— T; dazd...dazzz—(l—ml)d
/0 /0 ; ' d!

Proof of Sublemma 2:
Let D and d be positive integers such that 2 < D < d.
Induction Hypothesis:

D—1
17.1‘1 1721_:1 ZTq 1 D 1
- 1=z P dap . drs = (1 —a1)?
/0 /0 d—(D-1) ; d!
9We know tiles (t1,...,tx_1,tx — 1) and (t},...,t% _1,t} + 1) are non-empty since otherwise  would belong to Case 1.



Base Case (d = 2):
When d = 2, the only possible value of D is 2

D—1

1— Ty 172 1 ZTq 1
i= - d (D—-1) =
/0 / (d—(D—l)) Zaz drp...dzs

i=1

1— Ty
= / 1—.1‘1—.1‘2) dl‘g (D:dZQ)

v 911l—a1
- |:(]. — .1‘1 Ty — —2:|

2], ,
- (1—331)(1—331)—@
_ (].—1171)
= d(l—xl)d (d=2)

Induction Step: Suppose the induction hypothesis true for d — 1. We now show it is true for d.
Base Case (D = 2):

l—z: 1_22'[:11 v 1 < —(D—-1
A /0 m(l_;xl)d (D-1) dep...drs =
B 1 {_(1—3:1 —azz)drwl
T (d-1)! d o
- 1 (1—1’1—(1—$1))d (1—1’1—0)d
= a-ni d * i)
= l(1—3: )?

d! '

Induction Step: Suppose the induction hypothesis true for D — 1. We now show it is true for D.

o =3 1 o (D—1)
PR T ]. - Z - - PR =
/0 /0 (d— (D — 1))!( Zx ) dzp .. .dzs

i=1

B /111 /12231 T 1 (1 _ Zz L T )d—(D_z) 1—Zi=1 Zl’ i
b T (d—([D-1) d-(D-2) | v
— =30, 1 D-1 =) iy @i
= - — (1 - i~ 4=(D-2) -
/0 /0 (EOED) [ ( 2 T; —Tp) 0 derp_i...dzs
1—21 1-Y"""%42: (1 _ D=1, yd—(D-2)
- / / L2 ) drp_i...dx,
o 0 (d—(D-2)!
= d'(l —z)? (Ind. Hyp.)

We have now proved the induction hypothesis for any values of d and D such that 2 < D < d. In particular it
is true for d = D, and we have proven the Sublemma.
End of Proof of Sublemma 2 O

Sublemma 3 The largest possible volume that Té and T} can have is a @t -th of the volume of a full tile.

d+1

Proof of Sublemma 3: Let us start by rotating each 7% upside-down and both T} and T¥ for all d’s, such

that their bottom surfaces can be described by the equations zx = Zf 1 atz; and wx = Zf 1 aj'x;, respectively.

Since T doesn’t have any predecessors and 7% does not have any successors for any values of d, we know that
Vi:1<i<d (aé > 1 and a¥ > 1). The volumes of Té and T} are therefore going to be smaller or equal to the
volume of a tile that has its bottom surface described by the equation xx = Z?:l ;. We call this volume V.
Integrating over this tile we get the following derivation.
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o
= / E(l —x)? dr (Sublemma 2)
0 .
_ Ay
) d! . d+1 0
(d+1)!
End of Proof of Sublemma 3 a0

Sublemma 4 The largest possible tile surface that needs to be communicated between T' and TY | or between
T}, and Ty is a % of a full tile surface.

Proof of Sublemma 4: As stated in Sublemma 3, the volumes of T and T% are going to be smaller or equal
to the volume of a tile that has its bottom surface described by the equation zx = Z?:l x;. Let us call this tile
T. Let Vy; be the volume of the tile surface communicated between Tall and Tgll_1 or between T}' ; and T. Vg is
smaller or equal to the integral over 7" in all dimensions but d, with x4 = 0. Integrating over 7" in this manner we
get the following derivation for the upper bound on the communication surface between T} and T |, and T% ,
and Ty,

1 pl—a =Y e 1,1
Vy = / / / / / / . ek ..odrgpadegoy .. doy
o Jo 0 0 0y T w

1 pleay 1= 1 1 d—1
= / / / / / I—ZIi d:L‘K_l...dId+1d:L‘d_1...dI1
o Jo 0 0 0 —

1 l—x1 1—2?;2$i d—1
= // / ' 1—Zazi drg_1...dz;
o Jo 0 P
= /1 #(1 —2)" dry (Sublemma 2)
o (d—1)
_ 1 [_ (1- Il)d} '
(1d - 1! d o
-
End of Proof of Sublemma 4 O

As stated above, the biggest difference in the execution times using the two models occurs when Vd with
1<d<K-1 Té and T} lie on p and T! and T* are the first and last tiles on p respectively. We therefore get

the following derivation for E; — F;.
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where ¢ = maxg [cq]-
End of Proof of Lemma 1
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Figure 6: Paths in a portion of an iteration space modeled ((a) and (c)) using the model presented in this paper, and ((b)
and (d)) using the model in [HCF97]. We see that for each path in (a) and (c) there exists a path in (b) and (d) with equal
or greater length. Comparing (a) and (b) we see that p1 has the same length as p1, and ps as ps, and P2 is as long as or
longer than p2, ps, and ps. Same is true when comparing (c¢) and (d) ; p1 has the same length as p1, ps as ps, and p2 is as
long as or longer than p2, ps, and pa. The longest path of dependent tiles in (a) and (c) can therefore not be longer than

) S

+ ca—)

d=0

3>
=

(Sublemma 3, 4)

(if C = maxy [Cd])
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Figure 7: In (a) we show a 2-dimensional iteration space with p, the longest path of dependent tiles, and T, the first full
tile on p, marked. The largest possible volume the lightly shaded tile, i.e. the last partial tile on p not in the same stack as
T, can have is half of the volume of a full tile. If it would have had a larger volume as depicted in (b) we see that p1 is
longer than pa. P2 can therefore not be p, and the dark tile in (b) is therefore not the first full tile on p anymore, and the
lightly shaded tile is not the last partial tile on p not in the same stack as T'. (c¢) shows a 3-dimensional iteration space.
The first full tile on p is the darkest tile, and all the shaded partial tiles are of mazimum size. The lightest shaded tile has
a volume of a é—th of a full tile and the medium shaded tile has a volume of a %—th of a full tile.

4 Execution time of a convex iteration space

In this section we show that the problem of determining the execution time of a general convex iteration space
is equally hard as general linear programming. We start by showing that we can solve it by linear programming.
This direction was shown in [DKR91] using a different model. In that model all tiles were assumed to be full, and
to reduce the effect of the error of this assumption, the iteration spaces were assumed to be sufficiently large.
Direction 1 - Determining the execution time is no harder than linear programming: The execution
time of an iteration space is given by the execution time of the tiles on the path within the iteration space that
takes the longest to execute. We define the initial and final synchronization points to be the end points on this
path.

Definition 2 Let Z ¢ and 2/ be two points within a polytope such that E(Z %, 27) = max; 3 (E(p, ). We call Z'°
and Z/ the initial and final synchronization points of that polytope.

—

The problem of determining the E(Z ¢, 2f) for a general convex iteration space bounded by M;,; constraints
can then be formulated as the following linear programming problem.
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Constraints:
// First M;,; constraints ensure the starting point,

Z1,...,ZK), of the longest path of dependent tiles
g
// lies within iteration space.
Vi:l S i S Mb
(252—11 shaxg—xg < —ng)
Vi:My,+1<i<M,+ M;
(= Cdoy shratox <)
VZMb+Mt+]-S7/SMb+Mt+Ml
(—z; < —ny)
Vile‘f‘Mt"‘M[‘f‘].SiSMtot
(zi < niy)
// Next My, constraints ensure end point, (zxy1,...,T2K),
// of longest path of dependent tiles lies within iteration space.
Vi:Mt0t+1§i§Mtot+Mb

(Zﬁi}l SZ_M“” Trid —Taxk < —Mi_p,,)
Vi Mot + My +1 <0 < Moy + My + M,
(=5 s Mg g aoie < miowy,)
Vi: Myoy + My + My +1 <0 < 2Myoy — M,
(—TKti-Myg—My—M, < —NiM,,,)

Vi : 2Mtot - Mr + 1 S [} S 2Mtot
(TKtimMeoi—My—Me=My, < Teim M)
// Last K constraints ensure tile dependences are obeyed.
Vi:QMt0t+1§i§2Mtot+K
(—Txti-2Meoe + Ti2Mee < 0)
Objective:
Maximize 22{:1 (zx+d —za)(L+ cq)

where M,, M;, M;, and M, denote the number of facets defining the bottom, top, left and right side of the
iteration space, respectively, and My,; = My + My + M; + M,. Here and in the rest of this technical report we
use Zf;ll (—sl)xq + rx =n; to denote the equation describing facet i.

Definition 3 Vd: 1 <d < K-1, let s/, be the slope in dimension d of facet i. We define Zf:_ll (=s))wat+rr =ny
to be the equation of facet i.

The objective function ensures that the solution is indeed the coordinates for the synchronization points, as
defined in Definition 1 and 2. Note that we are maximizing Zle (ka4 — xq)(1 + ¢q) rather than E; times this
quantity (as in Definition 1) since E; is a positive constant with respect to the tile shape, and does not affect the
solution.

We have now shown that the problem of determining the execution time of a general planar convex iteration

space can be solved with linear programming, and go on to showing the other direction.
Direction 2 - Determining the execution time is at least as hard as linear programming: Let A be
an algorithm that determines the execution time of a given convex iteration space under our model, and let L be
a general linear programming problem that we want to solve. We know that finding the solution to L is equally
hard as determining whether there exists a solution to L [Kar91]. This means that the objective function of L is
irrelevant and we can replace it with any other objective function without changing the answer of whether there
exists a solution to L or not. We then transform L into a linear programming problem L' such that the solution
space is finite [Chv83]. Now we give the convex polytope described by the constraints of L' as input to A. If A
outputs a non-zero execution time, then we know there exist a solution to L' (and thus to L), otherwise there
doesn’t.

We have now shown that the problem of determining the execution time of a general planar convex iteration
space is equally hard as general linear programming. For a general convex iteration space it is therefore not likely
that we can derive a closed-form formula for the execution time. A formula would however be very useful both
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for predicting the execution time given a tiling and also to find the tile shape that minimizes the execution time.
In the next section we introduce rectilinear iteration spaces, a sub-class of convex iteration spaces, for which we
can derive a closed-form formula for the execution time.

5 Rectilinear iteration spaces

The execution time of a tiled, convex iteration space is given by the execution time of the tiles on the path within
the iteration space that takes the longest to execute (see Definition 1). The problem of finding this path can
be formulated as a linear programming problem (see Section 4) and we can thus find the answer in polynomial
time. This however only gives us a numeric value and not a closed-form, symbolic formula for the execution
time. A closed-form solution directly allow us to determine the tile shape that optimizes the execution time. It
can also be used to predict the execution time of a given tiling. Since finding a symbolic solution for a general
convex iteration space corresponds to finding a symbolic solution to a general linear programming problem (see
Section 4), we must further restrict the kind of iteration spaces we consider.

Rectilinear iteration spaces will be a sub-class of convex iteration spaces. For rectilinear iteration spaces we
can use the duality property of a linear programming formulation to derive a closed-form, symbolic formula for
the execution time. The key property that makes it easier to analyze rectilinear iteration spaces is the fact that
the slopes of two adjacent facets differ only in one dimension. All 2-dimensional, convex iteration spaces are
therefore rectilinear. See Figure 8 for an example of a 3-dimensional rectilinear iteration space.

Figure 8: The top of a 3-dimensional, rectilinear iteration space.

A rectilinear iteration space is defined as follows.

Definition 4 Let T(x1,...,xx—1) and B(xy1,...,xx_1) be the functions describing the top and bottomn of the
iteration space respectively. A convex iteration space is rectilinear if

Vil <i<K—1 (2lueteny) o g ()

and

Vitl<i< K -1 (PHoenticd) o by(yy))
where g;(x;) and h;(z;) are arbitrary'® functions of ;.

In other words, a K-dimensional, convex iteration space is rectilinear if the following condition holds.

The intersection of any two facets defining the boundaries of the iteration space is either parallel or per-
pendicular to all coordinate axes.

The loop nests that generate convex iteration spaces with planar surfaces are all loop nests with loops of the
form
for z; = max; (f;) to ming (gx)
where f; and gy are linear functions of less deeply nested iteration variables. For example, this includes all
rectangular iteration spaces with any amount of skewing. For rectilinear iteration spaces, however, there are
additional requirements that we describe next.

10By the convexity of the iteration space they must be monotone
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From the loop bounds of a loop nest of depth K of the form given in Section 3, we get equations zx > m,

K-1 K—1 K—1 K—1 1 1 1
mKSn;melzfl 737K712f2 y oo TK—1 Sgl ;melggz ;---7371Zf17x12f27"';m1§gla
x1 < gs, .... We get a system of equations of the following form.

—i%:vl — Zél'g - = ikflxK_l + x>

—if:vl — i%:vg - = i%(_lxK_l + T > ne

—im =iy Ty — . — i TR+ TR > Ny,
My+1 My+1 My+1

07T =y P W — =it K1 TR < N1
My+2 My +2 - My+2

—i T =y Ty — = k1 Tk S g

MM M+ M M+ M,
R TIPS R R TSI B S 7 (G J VA V)

T1 2 ML+ M +1
Ty 2 ML+ M+2

TK-1 2 MM+ M,+K

1 <N+ M+ K
Ty < Npf 4 M+ K+1

TK-1 < NMy+M+2K —2

where My, and M; are the number of facets defining the bottom, and top of the iteration space respectively. The
M, first equations are the equations describing the bottom of the iteration space. The following M; equations
describe the top, the next K the left side and the final K the right side. Note that there could be less than, but
no more than K — 1 equations defining the left and right sides.

Using this notation, a loop nest of depth K corresponds to a rectilinear iteration space if the following four
conditions are true:

1. There exists a placement of equations 1 through M at grid-points in an contiguous, (K — 1)-dimensional
grid, such that no two neighboring equations i and j, have the property 3, m : (i} # i} and il, #1,).

2. There exists a placement of equations Mj + 1 through M + M; at grid-points in an contiguous, (K — 1)-
(_i.imen_s'ional grid, such that no two neighboring equations ¢ and j have the property 3l,m : (ij # i} and
it # il,).

3. Consider the same grids as in condition 1 and 2. Let i and ¢ + 1 be any two neighboring equations at
coordinate ! and [ + 1, respectively, in dimension d, and let j and 7 + 1 be any other two neighboring
equations at coordinates [ and [ 4 1, respectively, in the same dimension d. The third condition is that
Vi,j, l, d (n@ — Ni41 =Ny — nj+1).

These conditions ensure that the slope only changes in one dimension at a time between any two neighboring
surfaces. Note that these conditions are sufficient but not necessary for an iteration space to be rectilinear. For
example, the conditions might not be met and the resulting iteration space still be rectilinear if one or more of
the My + M, first equations are superfluous and do not contribute to the actual iteration space boundary.

6 Longest path of dependent tiles
According to Definition 1, to determine the execution time of an iteration space we need to determine the
location of the initial and final synchronization points (Def. 2) of that iteration space. For general iteration space

shapes we can locate the synchronization points by solving a linear programming problem (see Section 4). In
this section we show how to find the synchronization points to a rectilinear iteration space without running a
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linear programming algorithm. This result allows us to derive a closed-form formula for the execution time of the
iteration space (Section 8). It also gives us an understanding as to how the longest path of dependent tiles changes
with the shapes of the iteration space and the tiles. This is discussed in Section 7, where we also determine the
tile shape that minimizes the length of this path.

Apart from the synchronization points, there are two other points that turn out to be of importance: the
bottom and top corner of the iteration space. These are the coordinate points at which in all dimensions d the
slope of the bordering facets is less than —(1 4 ¢4) on one side and greater or equal to —(1 + ¢4) on the other side
(see Figure 9). We define these points, ¢° and ¢'t, as follows.

Definition 5 For a rectilinear iteration space, the bottom corner, ¢ °, is the coordinate point such that ¥d

1. there exists no facet of the bottom surface of the iteration space at a smaller coordinate than qg that has
slope sq > —(1 + ¢q4), and

2. there ezists no facet of the bottom surface of the iteration space at a larger coordinate than qg that has slope
sqa < —(14cq)-

Similarly, the top corner, ¢ t, is the coordinate point such that Vd

1. there exists no facet of the top surface of the iteration space at a smaller coordinate than ¢! that has slope
sq < —(14cq), and

2. there exists no facet of the top surface of the iteration space at a larger coordinate than ¢', that has slope
sa > —(1+ ca).

Tx sq > —(1+cq)
Ly
o sd < —(1+ca)

Sd
S

qb
sy > —(1+cq)

Zd

Figure 9: A 2-dimensional projection of a K-dimensional iteration space. Vd : 1 < d < K — 1, the bottom corner (sce
Definition 5), ¢4, is defined as the point along the bottom of the iteration space for which all facets to its left have slopes
less than —(1 + cq) and all facets to its right have slopes greater or equal to —(1 + cg). The top corner, g4, is defined
similarly for all d : 1 < d < K — 1. sq refers to the slope in dimension d of the corresponding facet.

The location of the synchronization points in each dimension changes if the bottom corner precedes the top
corner in that dimension. In Theorem 1 we show that in all dimensions d where the tile slope is such that qg <dq4
we have zfi = qg and zc’; = ¢%, and in all dimensions d such that qg > g4, zfi and zf; are the end points of the
longest vertical path in that dimension (see Figure 10). To distinguish between these two kinds of dimensions,
we introduce the following terminology.

Definition 6 Vd:1<d < K — 1, if ¢ < ¢} we call d a forward dimension. Vd : 1 <d < K — 1, if ¢} > ¢}, we
call d a backward dimension. We call the set of all forward dimensions F and the set of all backward dimensions

B.

We prove Theorem 1 by using the duality property of linear programming on the linear programming formu-
lation from Section 4. As always, finding the solution to the dual problem is tricky since we have to “guess”
the values of the dual variables. For rectilinear iteration spaces the two solution points to the primal problem
are surrounded by 25! facets, which limits the problem to finding the dual variables corresponding to those
constraints. (The dual variables corresponding to the other constraints are all set to zero.) It turns out that K
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T s¢ > —(1+cq)
ql sffp —st>0
sa < —(1+cq)

ad:zf;

top __ _bot
S s <0

Zd

Figure 10: A 2-dimensional projection of a K -dimensional iteration space. When the tile slope in dimension d is small
enough so that d is a forward dimension (as in Figure 9), then the initial and final synchronization points (see Definition 2)
are equal to ¢4 and ¢, respectively. When d is a backward dimension, as in this picture, then z5 and zg are defined such
that the path between them is the longest vertical path in the projection.

of the 26~ variables should be picked to be a telescoping series that sums to 1. To determine which those K
variables are, we need to order the constraints to which they correspond. The ordering is determined by the value
of a certain measure that we provide. The variables are ordered so that the constraint corresponding to the i-th
variable only differs in slope in dimension d compared to the constraint corresponding to the (i — 1)-th variable,
where d is the dimension in which the measure is the i-th largest for all dimensions. This will define a unique
ordering of K variables (constraints). The rest of the 25~ variables of the dual problem are set to zero. Once
we have “guessed” this solution to the dual problem, we prove that the objective function of the dual problem at
that point is equal to the objective function of the primal problem at the synchronization points.

Theorem 1 Let 7 and 7 be any two coordinate points on the top and bottom surface of the iteration space respec-
tively, such thatVd:1<d < K—1 (ig = jq). Let @ and b be the two points on the top and bottom of the iteration
space respectively, such that ax — bx = maxy;[ix — ji].

The location of the two synchronization points are then given by

Vd e F (zft = qg,zéc = qé)

VdEB(ZézbdZZC{:ad)

Proof of Theorem 1: We first prove the theorem in Lemma 2 for the kinds of iteration spaces in which the
bottom and top corners do not lie at neither the maximum or minimum coordinate in any dimension other than
the vertical. An example of an iteration space not covered by Lemma 2 is one that does not have any top or
bottom surfaces such that sq < —(14c¢y4), e.g. a rectangle. Then we show that the location of the synchronization
points are the same for those kinds of iteration spaces.

Lemma 2 Consider an iteration space where Vd : 1 < d < K — 1, neither qg nor qY are equal to the smallest
or greatest coordinate possible in dimension d. Let v and J be any two coordinate points on the top and bottom
surface of the iteration space respectively, such thatVd:1<d < K —1 (ig = jq). Let @ and b be the two points
on the top and bottom of the iteration space respectively, such that ax — b = max;,j[iK — JjK]-

The locations of the two synchronization points are then given by

Vd e F (zé:qg,zgzqé)
Vd e B (zézbdzzc’;:ad)
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as long as ag, by, qg and q'; do not to lie at neither the mazimum nor the minimum coordinate in any dimension
d.

Proof of Lemma 2: To prove the lemma we use the duality property of a linear programming problem. We
formulate the dual problem and guess a solution #. We then need to prove four things, 1) that 2 ¢ and 2/ satisfy
the constraints of the primal problem, 2) that ¢ satisfies the constraints of the dual problem, 3) that the objective
function of the primal problem at (z{,..., 2%, z{, e ,zf() is equal to the objective function of the dual problem at
¥, and 4) that Vi: 1 < i < 2My, + K (v; > 0).1* But first we need to introduce some terminology and notation.

Recall that the synchronization points in a rectilinear iteration space are each defined by the intersection of
2K—=1 facets. For a given dimension d, there are only two slopes used in those facets. Using this fact, we define

the four defining facets of an iteration space as follows.!'?

Definition 7 Consider all the 25~ facets intersecting in the initial synchronization point, 7. For all dimen-

sions d, let sii"“’ and sgi‘qh be the two slopes in dimension d used in those facets such that Sffw < sgigh.
The first defining facet, Facet 1, is the facet with equation — Zf;ll slovzy + o = ng.
Vd:1<d< K —1, the slope in dimension d of Facet 1, Sb, is thus equal to Sffw.

The second defining facet, Facet K, is the facet with equation — Zfz_ll sgigh:vd + T =NK.

Vd:1<d< K —1, the slope in dimension d of Facet K, sf, 15 thus equal to sgigh.
Definition 8 Consider all the 2K -1 fucets intersecting in the final synchronization point, 7. For all dimensions
d, let s’ and sgl‘qh be the two slopes in dimension d used in those facets such that s'?* < sglgh.

The third defining facet, Facet My + 1, is the facet with equation Zf;ll Sgighxd — TK = NMy41-
Vd:1<d< K —1, the slope in dimension d of Facet My + 1, sfi\/[”l, is thus equal to sglgh.

The fourth defining facet, Facet My + K, is the facet with equation Zf;ll slovey —xK = a1k

Vd:1<d< K —1, the slope in dimension d of Facet My + K, 52/["‘”{, 15 thus equal to sld"“’.

Together with the definition of the synchronization points in the statement of this lemma, Definition 7 and 8
let us make the following observations.

Observation 1 Vd:1<d < K —1 (s} < sK)
Observation 2 Vd:1 <d< K —1 (Séwb+1 > 83/1”+K)
Observation 3 Vd:1 <d< K —1 (Sg/[b'"1 —sL>0)
Observation 4 Vd:1 <d< K -1 (52/["‘”( — sk <0)

Observation 1 and 2 are true for the bottom and top of any convex iteration space, and Observation 3 and 4

follow from the construction of @ and b in the formulation of the lemma. Remember that by Definitions 7 and 8§,

: : 1 K M+l My+K ; i I _ i
for each dimension d, sy, sy, s, and s are the slopes surrounding z; = bg and z; = aq4 respectively.

Observation 5 Vd: 1 <d< K —1 (s} +1+4¢4 <0)
Observation 6 Vd € F (s¥ +1+¢4>0)
Observation 7 Vd € F (si* ' + 1+ ¢4 > 0)

Observation 8 Vd:1<d < K —1 (s} +1+4¢,<0)

Hyd:1<d< K (zfi > O,zg; > 0) by construction.
12Note that these two definitions are identical to Definition 12 and 13, but we restate them here to avoid circular dependences.
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The last four observations all follow from the construction of the initial and final synchronization points in
the formulation of the Lemma, together with Definition 5, 7, 8. The observations regarding backward dimensions
also use Definition 6 and the construction of @ and b.

We now formulate the dual problem as follows

Constraints:
Vd:1<d<K-1
M, Mp+ My My+ M+ M,
(i SqYi — Zz_Mb+1 sqYi — pr =My + My 41 Yit
tot
+ Zz_Mb+MM+MM+1 Yi tYaMpetd 2 _(1 + cd))
- Zi:1 Yi+ Zi:Mb-H Yi+ Y2Mygetk = —
Vd:1<d<K-1
Mot +My — Mot Mot +Mp+My  i—Mgoe
(Zi_Mt +1 Sy Yi — Zz_Mtot+Mb+1 Sd Yi—
ZMtot+Mb+Mt+Mz + Z Mot > 1+ )
i=Myot +Mp+Mi+1 Yi Z—Mtot+Mb+Mt+Mz+1 Yi = Y2Myor+d = Cd
_ Z Mot + My yi + Z tot T > 1
L. i=Mor+1 Yi z—Mm+M,,+1 Yi —Y2Mioe+K 2
Objective:
e e . My My+ M, My+ M+ M,
Minimize — Zi:l ni(yi + ym,o,+i) + Zz_Mb+1 i (Yi + YMyo+i) — Zl—Mb+Mt+1 i (Yi + YMyor+i)

+ Z?itj‘(}b+Mt+Ml+l 1i(Yi + Yn,.,+:) subject to the constraints.

and guess the following solution to this problem.'?
51y HHCo() H020 0 4001

v = 1-— T K
. So(1) " %o(1)
5,11 T Coi—1)FV2ny 0 +001-1)

v =
. s}r(z—1)_s§(z—1)
_sa(l)+1+cv(l)+v2Mtot+0(l) (VZ << K — 1)
5oy~ Fo(t) -
o U(K_l)+1+CU(K—1)+U2M,°,+U(K—1)
VK = a3
So(k—1)" a(K—l)
vi= 0 (Vi: K +1<i< My + M)
My +1
I M i R TS L)
UMior+Mp+1 = ST My TK
iy Sr(1) (1)
_ ,r(, 1)y TI+er—1)tVang o +7(1-1)
VMot +My+1 = oL _ MK
— Sri—1) Sx(i-1)
F1l+tcrytvang  p+ (1)
7r 1 tot
_ R (VI:2<I<K-1)
My 41 0 0
_ sr(;71)+1+cw(K71)+v2Mtot+7r(K—1)
UMyor+My+K = M, 1 M, K
Sr(K—1) Sr(K—1)
vy = 0 (Vi:Mtot+Mb+K+1§iS2Mtot)
. My+K
VaMy+a = min[—(1+cqg+sh), —(1+cq + sy vt (vd € B)
V2M;or+d = 0 (Vd € ‘7:)
U2Myot +K = 0

where o : [1,...,K] = [1,...,K] and = : [1,...,K] — [1,..., K] are the following two one-to-one ordering
functions.

Definition 9 Vi : 1 <1 < K — 1 (0(l) = d) where d is the dimension with the [-th largest value of the fraction

1
sgtltcatvony ,, +d
sL— skt )

d d

Definition 10 VI :1 <[ < K —1 (n(l) = d) where d is the dimension with the l-th largest value of the fraction
sg/lb+ +1+Cd+U2Mtot+d
Mb+1 Mb+K

st Hlde, )+ -

1375 reduce the amount of notation needed, we define VI : s! = = s = (-2 O 2Mioete® _ 0) and VI : sMetl — MpHK
a(l) a(l) sy o (1) (1)

Mb+

( Sey HHentemior+7)

T T = 0), since in those dimensions both the numerator and the denominator evaluate to zero. The numerator
b b

S () S ()

is equal to zero when the corresponding denominator is equal to zero since then we know [ is a backward dimension and by Observation 3
and 4.
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We make the following six observations about the solution to the dual problem.
Observation 9 Zfil v =1
Observation 10 Zfil UMt Mp+i = 1

scl,(,)+1+ca(z)+sztot+a(z)
T

. 1
Observation 11 >,  v; =1— P
ORI

+1+C7r(l)+v2M + (1)
‘I|' l tot
Observation 12 Zz L UMy Myti = 1 — oy’ LT iE

0) (1)

—S

Observation 13 V(l)+1+c'7(l)+v2Mtot+c’(l) < cr(l 1)+1+Ccr(l 1)+U2Mtot+v(l 1)

cr(l) cr(l) a(z 1)~ cr(l 1)

My +1 My +1

Ob . 14 w(l;) Fldcr)yF0anyop +7 (1) < sw(?—1)+1+c‘"’(l 1) FV2My o 7 (1-1)
servation LFT_ TR < M FT L FK
Sx(l) Sx(l) Sr—1) Sx(i—1)

—8

Now we are almost ready. We only need four more observations. C0n51der usmg o to order the facets such
that Vj : 1 < j < K Facet j is the facet with equation 37—} sf(l)xg + Zz iy 51 HTo(t) = K = N, and 7
to order the facets such that Vj : 1 < 57 < K Facet My + j is the facet with equatlon —

ZK ! %’l’jl #() T Tx = npg,+j. We know such orderings are possible by Definition 7 and 8.

My+K
11 Sﬂ(l)+ Tr() —

Observation 15 3 an ordering of K of the ZK_1 facets surrounding the initial synchronization point such that
Vj:1<j <K the equation for Facet j is Zf_ll sf(l)xg(l) + ZlK;l ;(l)xa() — T = —n;.
Similarly, 3 an ordering of K of the 251 facets surroundzng the ﬁnal synchmmzatzon point such that Vj : 1 <

j < K the equation for Facet My + j is — l 1 s%‘l’) Tr) — Zl —i Sx() Tw() TTK = NMyj-

But we could also pick the 2K constraints in the following way.

Observation 16 3 an ordering of K of the 2K ! facets surroundmg the initial synchronization point such that
Vj:1<j <K the equation for Facet j is Zd 1 sKxy + Zd = strg —x = —nj.

Similarly, 3 an ordering of K of the 251 facets surrounding the final synchronization point such that Vj : 1 <
j < K the equation for Facet My + j is — Zd 1 Sfi\/"b+K1'd - Zf:;l Sfi\/[bﬂmd + T =N, 4j-

Using the latter ordering, subtracting the equation for Facet d from the equation for Facet d + 1, and the
equation for Facet M} + d from the equation for Facet M, +d+ 1, gives us the following coordinates for the initial
and final synchronization point. (The coordinates for zi. and zé come from solving the equations of Facet 1 and
Facet My + 1, respectively.)'4

Observation 17
Vd:1<d<K-1,z,="d1"nd

sl_sK
d d
n —n
Vd:l<d<K—1,z§=%
s —S
d d
= Yt spzhtm

f K-1 My+1 f
2 = 22d=1 Sd4 a4 T M+t

On the other hand, subtracting the equation for Facet [ from the equation for Facet [+1 given in Observation 15,
wegetVli:1<I<K-1, sz(l) = M This can also be written asVd: 1 <d < K —1, 2z}, = Dold)41” Rom )

o) " So) 4754

since Vd : 1 <d < K —13l:0(l) =d. Combining this expression with Observation 17, we make the following
observation.

)

4 Note that this observation is identical to Observation 20, but we repeat it here to avoid circular dependences.
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Observation 18

—_ n_—i —n__1
vd1<d<K‘_1 nd1+1 I?d — 4 (d)1+1 KU (d)
- 4784 Sa~ %4
: BMy4dt1 =My td My 4r— ()1 T My 4= (d)
Vd:1<d<K-1 F7 T v e = M+l MK
Sa —Sq Sa —Sa

Let us now go on by proving the the four steps.
Step 1: True by construction.

Step 2:
Constraint d Vd: 1 <d< K —1:
Ziwbl Sqli — Zf\hj\;bj\fl SqYi — Zi\dﬁﬁﬁﬁa Yit
+ Zz — Myt Myt M1 Yi T Y2M i +d =
Zfil dez + V2My i +d (Def. of %)
Zf{ 156y Vi T V2Myoe+o (1) (Vd:1<d< K,
Al (o(l) =d))
= il skt X s v+ vasteron) (Obs. 15)
= 5(17'(l) Zi:l v + Sal'{(l) Z£l+1 Vi + U2 M, o+ (1)
= by Limy i+ 55 (1 - Zi 1 Vi) + V2o to(1) (Obs. 9)

= (550 — Sf(z)) Yt vi + 8K o) T V2Mioi+o(l)

_ 1 _ K v(z)+1+cv(z)+vzmtot+au>
= (S,0) = So0) (1 — = )

(st —sK )—(Sf(z)+1+cv(l)+vmtot+a(l>)
a(l) a(l) s}r(l)—sf(l)

— (88 T L+ co(ty + Varypto)) T S50y + V20 to0)

+ Sf(l) +Van, 400y (Obs. 11)

+ Sal'((l) + U2Mtot+0'(l)

= (1 + Co(1))
> (1 + Cd)
Co}\r/ljstraint IA(/[ Ny x
=i ¥it 2 be+t1 Yi t YoM+ = — D=y Vi (Def. of ¥)
> -1 (Obs. 9)
Constraint d Vd: K +1 <d <2K —1:
Miot+My _i—Myor,, . Mot +Mp+My  i—Meoe Mot +My+ M+ M, )
2 i Myop+1 54 Yi = 2im Myt Mo+1 54 Yi = 2= Myt Mot My +1 Yi T
tot —
M+ %—:ﬁ/l +}€t+Mb+Mt+Ml+1 Yi = Y2Mioe+d =
_ tot b ° .
= =D Mg -Mit1 Sq Moty — vong,onta (Def. of ©)
Mot +Mp+K t Mot ,, . .
— 2= Miot+My+1 57ty Vi = V2Mior+m(l) (Vd:1<d<K,
Al (w(l) =d))
_ l My+1 K My+K
= —2ia Sﬂgi) UMioit Myti = 2imi 1 Sn(l)  UMiortMyti — U2Myop (1) (Obs. 15)
_ My+1 Mpy+K K
= 577(;) Zz 1 VMot +Mp+i — 7T(ll)) Zi:H—l UM ot +My+i — V2Myor +7(l)
_ My+1 +K l
= - 7T(li) Z =1 UMt +My+i — 7T(li) (1- Zi:l UMyor+My+i) — V2 M o1+ (1) (Obs. 10)
_ My+K Mp+1 l M+ K
= (SW(;) - S (lf) )Zi—l UMon-Mb-H - W(lf) — V2My i +7(1)
_ My+K Mp+1 w(z) "o ) FV2, 0 ) My+K
= (Sﬂ'(ll)) ) (ll’) )(]- - sM(”;rl—sM(”;rK )_ ﬂ(ll)) — 'UQMtOH_ﬂ(l) (ObS 12)
w(l w(l
K
_ (MK Moty (5o FlenHVeMyg+ ) Mo+ K
= U Sl ST T TR Srty T V2Muyoetw(l)
(1 (1
_ My+K b+
= S w(l) + 1+ Cﬂ-(l) + U2Mtot+77(l) ﬂ'(l) — U2Mtot+77(l)
= 1+ Cr (1)
> 1l4cq
Constiaint 2K: Moo M4 A Moot M4 K
tot tot b t tot b ~
- ZZ Miot+1 Yi + Zl Mot +My+1 Yi = Y2Mioe+K ZZ Mot +My+1 Vi (Def of ’U)

> 1 (Obs. 10)
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Step 3: To compare the two objective functions, we first calculate the objective function for the dual problem
and then for the primal.

Dual objective function:
My+ M,
- Z =1 nl(vl + UMtot+i) + Zz_ﬂb+t1 ni(vl + UMtot-i-i) -

Mo
+ Zz_tj\atfb+Mt+Ml+1 ni(Vi + VMo 4i) =

= 2im1 MiVi + D imy MMytiVMyo,+Moti (Def. of ©)
(- 0(1)+1+Ca(1>+v2Mtot+v(1))

1
fo(1) o) .
_ ZK‘,;L( ~ 1)+1+ca(l—1)+v2Mtgt+U(l_1) _ Sa(l)+1+cd(l)+v2Mtot+°'(l))

My+M+ M,
Zz_Mb+Mt+1 nl(vl + UMtot+i)

pu 3 T oK ny
Se(i-1) Se-1) ERCOINCC
Sp 1) T1HCo(c — 1) FVaMgy +o (1) 1_ spy L) Trang , 4x(1)
oK ng + ( My +1 My FTK )an+1
s s bt _ M
o(K-1) " So(k—1) (1) w(1)
My +1 My+1
K1 5,00y Tlteaq-ntven, i 4n-1) Sy HlHen)yHv2m, g +70)
+ Z =2 ( M, +1T _ _Mp+K - S FT_ My TK )nM,,H
My x(i—1) " Sx(1-1) (1) (1)
b Fltcn(x—1)tV2nm, 4+ m(K—1)
7r K—1 tot —
+ ¢ ) STl M TK Ny, +K (Def of ’U)
Sna(k—1) Sx(rx—1)
Primal objective function:
Yie 1f($K+d - évd)(l + ng)
zKK_ 1zK +an (7 =2 (1 + ea) . (cx =0)
= (1 +cq+ sMb“)zg; e — Son (14 e+ sh)2h —my (Obs 17)
Mp+1
Zd (1+Cd+8d +U2Mtot+d)zd + nag,+1 f
Z (1+cd+sd+v2Mtot+d)zd—n1 (Vd € B (2 =z}))
_ +1 MMy +d+1— 1My +d
= (1+Cd+$d b +U2Mtot+d)w +an+1
d d
—Z (1 +cq +sd+v2Mm+d)% —n (Obs. 17)
a1 -n a1
= (]_ +cq + S]VIb+1 + Vo, +d) Ryt SMlEli);rl SM:ﬁ_b;r @+ N, +1
d ~°d
K-1 1 No—1(a)+1~ "ol
- z S (U Cat )+ Do ) LD (Obs. 18)
o My+1 gy 4n—1(d)+1 "My +r—1(d)
= (]. +cq + S + 'U2Mtot+d) b sgdb+17824b-fK + N My+1
_ - 1 i1 - .
Zl:l (1 +Cor) + S5(1) + U2Mtot+cr(l)) Si(z)*sf(z) n (Vd 1<d< K,

Al :(o(l) =d))

K MMy +1+1 1My +1
- Zl— (1 + Cr(l) + 5 ( ) + UZMtot+7r(l)) Mbb+1 MberK + nan,+1
a0 10

=3 (e s + VT er sl (Vd:1<d<K,
Al :(n(l) =d))
- —(1- 0(1)+1+Ca(1>+v2Mtot+v(1))

fo(1) “Fo()
_ZKfl( a—(l—1)+1+cﬂ(l—1)+v2Mtot+f’(l—1) _ a(z)+1+ca(l)+szm+a(t))

51
So(—1) " 0(1—1) Mb+1a(z) So1)

1
Soq—1ytIHCo(—1) FV2my o4 +o (-1 Spy TlHermytveng, +71)
o 5 oK ot ng +(1- @ My F1 MK )My +1
c(K—1) So(K—1) Sry " Sx(1)
M, 1
K-1 s,ré’fl)+1+Cw<t—1)+vmtot+w(l—1> w(z) "o ) H2mg g 1)
+ 2122 ( M,+1 _ _M,+K - M, FT_ _M,FK )an+l
1 Srl=1) " Sx(i—1) Scy TSR
5k 1) Tt Cn (s~ 1) V201, w5 - 1)
+ o TT M, TK M, +K
Se(K—1) Sx(K—1)
And we see that the values of the two objective functions are equal at the two solutions (z1, ..., 2%, z{ - ,z}z)

and 7.
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Step 4: As the last step of the lemma we show that all elements of ¥ are non-negative. Let’s start with vaps,,,+4a
Vd:1<d<K-1.
Case 1 (Vd:1<d< K —1 (van,,,+a)): If d is a forward dimension vapyz,,,+¢ = 0 and trivially non-negative.
If d is a backward dimension, vapy,,, +q is either equal to —(1 + ¢4 + s}) or —(1 + ¢4 + sM”+K) We know that
both 1+ ¢q + s} and 1+ ¢4 + 55T are less or equal to 0 (Obs. 5 and 8), and therefore that vapr,,, +a4 > 0.
Case 2 (v1):

1 K
.. Sy tlteo )y tvany o +o Sy tlteo(ytvany o +o
From the definition of v; we have v; = 1 — =& W7 2Miorte) . Zo(n) W7 2o toll)

Tk % . Since Sclr(1) -
(1) So(1) (1) %o

55(1) < 0 (Obs. 1), we need to prove that 55(1) + 1+ co1) + Y2ty 40(1) = 0. If (1) is a forward dimension this
is true since vapy,,, 4o(1) = 0 and Sf(l) +1+cp1) >0 (Obs. 6). If 0(1) is a backward dimension however we have

two cases. If (vapg,,,+o(1) = —( + cg(l) + s}r(l))), 55(1) + 1+ co1) + Vortyo4o(1) = f(l) 51(1) >0 (Obs. 1). If

My+K
(VaMypr4o(1) = —(1 + o) + 30(1) By, 55(1) + 1+ o) + Vartyorto(1) = Sfu) U(’i')" >0 (Obs. 4).
Case 3 (VI:2<I< K -1 (v)):
Vi:2<I<K-1, vy = s}'(l’l)ﬂfca(l_l)zmwm+U(l_1) — Scl'(”+1+1ca(l)+22Mt°t+U“), which is non-negative by
Sot—1) So(1—1) Soy T Se)

Observation 13.
Case 4 (vk):

1
.. Sox—1)ytTltco(x—1)+tvanmyy +o (k-1
From the definition of vx we have vy = —2&=1 (=D totto(K=1)

L — . Since st o(K-1)~ U(Kfl) <0 (Obs. 1),

we need to show that Stlr(K—1) + 1+ cor—1) + Vart 4ok —1) < 0. If 0(K — 1) is a forward dimension, it follows
from the fact that vyps,,, +0(xk—1) = 0 and 5(17(K71) +1+4cr(x—1) < 0(Obs. 5). If o(K —1) is a backward dimension
and vapg,,, +o(k—1) = —(1 4 Cox—1) + s}T(K_l)), 5417(1(—1) + 1+ Co(k—1) + Vamy,+o(k—1) = 0 and we are done. If
VaMygeto(k—1) = —(L+ Coi 1) + Sjvf’}?KlQ Shii 1) F L Colic 1) F VMo (k1) = Shiic 1)~ Soi1)» Which
is less or equal to zero since SM(’?KD > sU(K 1 by the construction of vapy,,, +o(Kx—1)-

Case 5 (Vi: K + 1 <4 < My + My, Myor + My + K + 1 <6 <2Mior, 0 = 2Myor + K (v;)):

Trivially true since Vi : K + 1 < i < Mot + My, Mot + My + K +1 <7 < 2Myot,5 = 2Mor + K (v; = 0).

Case 6 (’UMtot+Mb+1):

From the definition of vy, +3r,+1 Wwe have
SMpt1 SMptE

s Fltcq1)Fv2n, 0 +7(1) s Fltcr1)Fv2nr, o, +7(1) My +1 M +K
UMioi+Mp+1 = 1 - = JRIPER Ml,+Kt - = - My F1 Mb+Kt : . Since s (li;_ - Sﬂ(li;_ >0 (ObS 2),
Mvr(l)K* (1) ey " Fr()
we need to prove that s (l’;' +1+ cﬂ(l) + Voo 4m(1) < 0. If (1) is a forward dimension this is true since
VoM, +n(1) = 0 and S]V?’—)’_K + 1+ < (Obs 8) If 7(1) is a backward dimension however we have two
_ _ JMy+K 1 : :
cases. If (’Uthot+ﬂ-(1) = —(1+cru) + Sﬂ(l))) 71'(1) K1+ Cr(1) T VaMiotn(t) = $5(1) — Sx(1) which is less or
equal to zero since s! w(1) = sM(‘SrK by the construction of vy, +o(x—1)- If (UZMtot+ﬂ-( 1y =—(1+cr)+ sM(”;rK)),
Mb+K
$x() T 1+cra) +vamp4m1) =0
Case 7 (VI:2<I<K-1 (UMtotH\le)H)):
s e — 1y FVan, oy 41— 1 +1+C1r 1) FV2My o+ (1 P .
VI:2<I<K-1,0pm,,,+Mm41 = —=2 MbJr(l )Mb+Ié phnlton Sy Mb+11) 2™ which is non-negative
. Sri=1) Sx(i—1) Sx) Sx(l)
by Observation 14.
Case 8 (U, ,i+M,+K)* -
.. s bl (1) FV2My g (K — 1 .
From the definition of vyy,,,+ 0, +x We have vy, , a1, 450 = 52 sM”(l _;MﬁKt Y Since s%”Ktll) —
w(K—1) Sr(K-1)

%”IjKl) > 0 (Obs. 2), we need to show that s]\f”“ y T I+ crg—1) + Vargyo4n(x—1) = 0. If 7(K — 1) is a

forward dimension, it follows from the fact that vyps,,,+x(x—1) = 0 and sM”+1 T 1+ crx-1) > 0 (Obs. 7).

If 7(K — 1) is a backward dimension and vanz,,, 4x(k—1) = —(1 + crx—1) + sﬂ(K 1)) %”Ijll) + 1+ crr—1) +
UaMiou b (K=1) = Sn(i—1) = Sy(re—1) 2 0 (Obs. 3). If vansppm(aemr) = (1 + Cr(—1) + 57(511))s Sn(i—r) T 1+
Cr(K—1) T V2, +n(K—1) = SWM(I’I?_ED — S%Z’I;_Kl) >0 (ObS 4)

End of Proof of Lemma 2 O
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Lemma 2 does not cover iteration spaces where the location of the bottom and top corners is at either the
minimum or maximum coordinate in any dimension. The intuition behind the proof in these cases is that extra
stacks can be added to an iteration space without altering the longest path of dependent tiles.

Let I be an iteration space such that 3d such that either ¢} = 2", ¢4 = 27 ¢!, = 2™ or ¢, = 27,
Let I' be an iteration space that we construct in the following way. First, construct I’ so it is an identical copy
of I. Second, pull the top of I a distance of € apart from the bottom in the vertical dimension. This ensures
that there are vertical sides in all dimensions of I'. (We will later refer to this iteration space as I'”.) Third,
Vd : (¢} = 2™ or ¢!, = 2%®) add some stacks to the coordinates greater than %%, and Vd : (¢} = 2" or
¢4 = x™) add some stacks to the coordinates smaller than z7'"". The shape of the added stacks should be such

that the bottom and top corners undefined in I are equal to z7" or %% in I'. This completes the construction
of I'.

Observation 19 Ad in I’ such that qg or ¢4 lie within the stacks that were added to I' in dimension d.

Now, use Lemma 2 to calculate the location of the synchronization points of I’ and thus the longest path of
dependent tiles through I’. Due to Observation 19 we know that the longest path of dependent tiles through I’
can not go though any of the stacks added to I'. We therefore know that we can remove these stacks without
affecting the longest path of dependent tiles. If there were a longer path after removing the extra stacks there
would have been a longer path before the removal as well. If the longest path of dependent tiles were shortened
after removing the extra stacks, the longest path before the removal would also have been shorter. We therefore
know that the longest path of dependent tiles in I" is the same as in I', and the location of the synchronization
points must therefore also be identical. Letting e approach zero and thus letting 1" approach I, we see that this
claim is true for I as well.

End of Proof of Theorem 1 a

7 Tile shape selection

In this section we discuss the implications Theorem 1 has on the preferred choice of tile shape. We first study how
the longest path of dependent tiles changes with the tile shape and then determine the tile shape that minimizes
the length of this path. In past practice, tiles were chosen either to be rectangular, or of the same shape in the
case of parallelepiped iteration spaces, as the iteration space. Our results do not necessarily support either of
these choices.

The height of the tallest stack in an iteration space is a lower bound on E(Z %, 27), since all vertical paths are
paths of dependent tiles. We therefore know that for any two points € and f that lie on the bottom and top of
a single stack, E(€, f) can never be less than fx — ex. Due to the rectilinear property of the iteration space we
know that E(Z %, Z/) decreases as the number of dimensions d for which z§ = 25 increases.

The tile shape should therefore be chosen such that the coordinates for the initial and final synchronization
points are the same in as many dimensions as possible. If that is not possible then they should lie as close as
possible. Increasing the tile slope in a given dimension decreases the distance between the synchronization points
in that dimension. At the point when qg first becomes greater than ¢, there is no longer a benefit in increasing
the slope further. The longest path of dependent tiles is at that point already vertical and can not become shorter.
This is illustrated in Figure 11, and we see that the longest path of dependent tiles between the synchronization
points in (f) is indeed shorter than when we use rectangular tiles in (e).

We state the following corollary to Theorem 1.

Corollary 1 The execution time of a tiling is minimized when, for all dimensions d : 1 < d < K — 1, the slope
of the tiling in dimension d is chosen as small as possible such that qg > qY. If this is not possible due to legality,
the slope should be chosen as large as possible without violating the legality of the tiling.

8 Execution time of a rectilinear iteration space

In this section we first derive a closed form formula for the execution time of a rectilinear iteration space. We
then give the execution time for some common iteration space shapes in Table 1.
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Figure 11: The same projection through the same iteration space tiled with four different tile slopes, increasing from (a)
to (d). In all tilings the tile size is the same. Figures (e)-(h) show the iteration space after transformations. The ezample
illustrates how the location of both the bottom and top corner as well as the two synchronization points changes with the
tile slope. The shaded tiles constitute the longest path of dependent tiles. Increasing the tile slope pushes the bottom and
top corners of the iteration space to the right and left respectively. Also the synchronization points move but only to the

point where z, = z({. At that point they specify the coordinate in dimension d for the tallest stack within the iteration

space. Since the execution time of a stack is a lower bound on the ezecution time of the iteration space, we would like for
as many dimensions as possible to achieve this lower bound, i.e. be backward dimensions.

As it turns out, the execution time only depends on the slope of four of the facets on the top and bottom
surfaces, independently of the dimensionality of the iteration space. All other facets can change slope without
affecting the execution time, as long as the iteration space remains convex and rectilinear. We call these four facets
the defining facets of an iteration space. Before we define these facets we need to introduce some terminology.

Definition 11 Let z7"" and z7'“® be the lowest and highest coordinates that exist within the iteration space in
dimension d.

We define C' to be the set of dimensions d such that (2, = zM" or 2§ = z'7%®) by Theorem 1. We define Ct to

be the set of dimensions d such that (zc’; =z or zc’; = z'*") by Theorem 1.
We also define G' = K — |C|, and G/ = K —|C/|.

Recall that the initial and final synchronization points in a rectilinear iteration space are defined by the
intersection of 2¢°~1 and 2¢7 1 facets of bounding the bottom and top surfaces, respectively. For a dimension

d € C* (or € C') there are only one slope used in those facets, and for a dimension d ¢ C* (or € C/) there are two
slopes. Using this fact, we define the four defining facets as follows (see Figure 12).

Definition 12 Consider all the 2¢'~1 facets bounding the bottom surface and intersecting in the initial synchro-
nization point, 7 *. For all dimensions d & C*, let sfi"“’ and S;”gh be the two slopes in dimension d used in those

facets such that sifv < sgigh. For all dimensions d € Ct we call the only slope used in those 26"~ facets sgnly.
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The first defining facet, Facet 1, is the facet with equation

- E slovay — E sonlyxd + oK =n.

vdgCi VdeCi

Vd & Ct, the slope in dimension d of Facet 1, sk, is thus equal to sfv
The second defining facet , Facet G, is the facet with equation

E: hi h E: l
_ S 9 Sony$d+$K:nGi-

Yd¢Ci vdeCi

vd ¢ Ct, the slope in dimension d of Facet G*, sd , 18 thus equal to sh’gh

!
vd € C, s§ = sk = s,

Definition 13 Consider all the 26”1 facets boundmg the top surface and intersecting in the final synchronization
point, 2. For all dimensions d & C7, let sl"“’ and sg be the two slopes in dimension d used in those facets such
that sifv < Ztgh For all dimensions d € Cf we call the only slope used in those 26"~ facets sonly

The third defining facet, Facet My + 1, is the facet with equation

high !
E s g + E sV rq — K = nag41-
vdgcs vdect

Vd & C’, the slope in dimension d of Facet My + 1, sM”H, is thus equal to shzgh.
The fourth defining facet, Facet My + G, is the facet with equation

!
E sz + E sgVrqg — g =Ny gr-
vdgcr vdec/s

Yd & Ct, the slope in dimension d of Facet My + G7, sfiw”JrGf, is thus equal to Sffw

f My+G* _ . My+1 _ only
VdeC’, s, =5y = s,

T2 Facet My + 1

{ s

21

Facet My + Gf

z .
! N Facet G*

T

Figure 12: In a 2-dimensional iteration space the defining facets are the facets intersecting at the synchronization points.
We number the defining facets 1, G*, My +1 and My + G, as shown.

Knowing that there are only 2(G* — 1) + |C?| (and 2(G¥ — 1) + |C/]) different slopes in the 2" ! (and 2Gf’1)
facets intersecting at the two synchronization points, helps us solve the system of linear equations from Section 4.
We present the resulting coordinates in Observation 20.

We start by selecting the following G? equations from the equations of the facets bounding the iterations space.
Due to the way they are chosen, they all intersect in the initial synchronization point. We let Vd € C? sk denote
the only slope used in both Facet 1 and G*.

26



ool 1 1 1 1 )
S Sy 83 cee Sgi_g Sgig -1 W 2 m
s¢ sl 6l st sk -1 i
1. S S3 ... Sgig Sgi_ 23 n2
Gt G 1 1 1 i
ST sy 83 ... sGi_2 Sgioy —1 z5 _ ng
G GG G’ i ;
ST 8y 83 ... SGi_y sGl -1 Zg;,;L ngi—1
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To determine z foralld : 1 < d < G' — 1 we then subtract equation d and d + 1 from each other. For all

dimension d € C?, we know by Theorem 1 that zd is equal to either mmm or z)***. Similarly we get the coordinates
for 2/ by solving the following system of linear equations.

sl Mol Ml séfffir; séffffi -17 7 z{ N
GMutGl  My+1l o Myl Mo+l Mt 7 My+1
1 ; 2 ; 3 T Gf—2 GFf—1 Zy M +2
My+G My+G My+1 My+1 My+1 f
5] 85 83 cee Sarls Sarl -1 Z3 _ N, +3
r r r r i
SinJrG Sé\/IbJrG SéVIbJrG o S]VI}’irG J\/I;,irl 1 Zhr 4 Npf,+GF -1
s s f G2 ST ! J n f
My+G My+G My+G My+G My+G z My+G
5] L 83 cee Sefly Saf g -1 ] L ~ar

Observation 20 In the last dimension, K, zi- and zé are given by

ZK = Z%i{ -1 Sﬁi\/fzd + 7}’1
p+1
ZK = 2ua=1 Sd + N 41

For all dimensions d ¢ C’, i is given by
: med (Vd: (sy # 57 )
Z(li = j(_d Sd o
Zd (Vd : (sg = Sd )
For all dimensions d & C7, zd s given by
MMy, +d+1 My +d (Vd ( Myp+1 Mb+Gf))

o= Mol _ My+GT Sq
d — d 4 i
% (Vd: (s} = 5}

where Vi : 1 < i < K — 1 the facets are ordered such that there is only one dimension that changes between facet
i and facet i + 1.1%-16

Using these coordinates we can now calculate the execution time of the iteration space as defined in Defi-
nition 1. Given the execution time of a tile a compiler can use this formula to predict the execution time of
the loop for a particular tile shape. In Theorem 2, the execution time is given as a function of the parameter
T. As illustrated in Figure 13, T is the number of (possibly empty) tiles between Facet 1 and Facet M, + 1
at coordinate 7 °. The quantity T + Y yucr 55" (2] — 2) therefore represents the vertical distance (in units
of tiles) between the top surface at coordinate z/ and the bottom surface at z . In each dimension d € F the
quantity ) yuer (14 cd)(zc’; — z}) is the number of tiles (stacks) plus communication cost between the processors
along the horizontal path in that dimension d from 7 * to z/. Table 1 shows the execution time for some common
iteration space shapes.

Theorem 2 The execution time of a rectilinear iteration space, E;, is given by the following expression.
Ei= E Y (L+eca+sy*)(z] —2) + BT
vdeF
where T = ZK ' (s, Mo+l _ szh + a1 —n1 andVd:1<d < K —1 2z} and 25 are given by Observation 20.

15We know that such an ordering exists since the iteration space is rectilinear.
e o
16We know by Theorem 1 that Ad:(d ¢ C* and d & C/) where (s} = s§* and s}/*1! = s)+77),
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Proof of Theorem 2:

E;= E(z'7) (Def. 2, 1)
= E(;{zﬁl—zsz"? (2] — 20)(1 + ca)) (Def. 1)

= FEi( Z 1+4+¢q +sM”+1)z£
A=t

.—-II

Z (1+ca+sh)zh +nar o1 —n1) (Obs. 20)
d=1
= E( ) (+cat+sy ™Mzl = > (L+ca+sh)zh
vdeF VdeF
+ >0 (shPT = sh)zh + a1 —na) (Vd € B (2}, = z}))
vdeB
= Einpy+1 —n1 + Z (I4+cq+ le’H)(zL’; — 2
Vdef
+ Z Mb'H sd Zd+ Z M”“ 1)zfi)
vdeF vdeB
= E(Y (teatsi (] -2
Vdef

Mp+1
+ Z P sy)zg g — )

= E; Z (1 +ca+ s )] - 28) + BT
vaer

where T = E M"+1 1 zd +npag,41 — N

End of Proof of Theorem 2 a0

*********** - *" Facet M, + 1

2 A4
Figure 13: Ezample 2-dimensional iteration space. The quantity Z;{:_ll (534,,4-1 — s9)z8 4+ nar,+1 —m that we call T is the

distance between Facet 1 and Facet My + 1 at coordinate 7 ¢ Since tiles are unit cubes, T is equal to the number of tiles
in the stack located at Z*. Note that these tiles might be empty. Since they also might be partial, T is not necessarily an
integer.
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