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“Abstréct

The (p,t) reaétioﬁ on deférmed nuclei has been cqmputed,with'the
inclusion of indirect transitipns that go thfough intermediate rotational
states; Thé-indirect transitions afe almoét as lafge as the direct for the
2+ staﬁe and their inclusion is essential to bring ébout agreement with the
shapevéndﬁmagnitﬁde of the,differential cross—Sectidn; For.the‘hfbsﬁate some
of the indireét transitions are evenkstronger»than the'direct:oné;'_The
senéitiVity of the reaction to Bh and 86 fgrﬁsvin tﬁe shape has‘beeﬁ»investi-

gated and found to be weak..
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1. Introduction

<

. . ' ’ '
The mechanism inveclved in a nuclear reaction is pictured in one of two

ways. Either a comﬁound nucleus is fbrmed involving the rapid sharing of'the

“incident energy through many coliisions,“followed by its eventual decay when

sufficient energy again becomes concentrated on one or several particles that

they can escape, or a single reaction takes place in which only those nucleons
are involved which are needed to change the target ground state into a nearby

and closely related final state. The latter reaction, feferred to ag a direct

~one, has proved enormously valuable in nuclear spectfoscopy since Butler first

postﬁlafed it to éxplain the forward peaked angular distribuﬁions populating
low—ljing étates in (d,p) feactipns. That all nuclear reactions should fit so
neaﬁly into one or the other of fhese very different categories; does seem |
implausible however. It has been known fof’some time that ihe:excitation of
intermediate states in inelastic scattering is important for deformed nuclei,

though not so important for vibrational nuclei, except for any state whose

structure forbids or inhibits its direct production in a single interaction

(such as 2—phonon states). In the last several years we have been investigating
the question of whether higher order processes in nucleon transfer reactions

l_8). The processes which we expect are most important are those

are important
in which an excited state is produced by an inelastic collision and is followed

by the transfer reaction to_the_finallstate, together with these interactions

in reverse order. ‘Such processes, when important,'will involve.ihelastic

' transitiqné to states whiéhvarérénhanced, and the final states for which the

multiple-step processes are important will be those which have a cdnsiderable

fraction of their parentage based on such collective excited states. Thus the
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spectroscbpy.of a diffe}ent claés of statesAis opened up, ﬂamely thése whose
main pérent.in.a collective state as comparedito those up‘till now most exten;
siyel& sfudied, which have the target ground state as main parent. Naturally
- the former states, oﬁ average, to aﬁpear higher.in the energy spectrum; but
since fhe theéretical énalysis\has until now assumed that any direct reaction
proceeds in a single step; undoubtedly maﬁybanalysesvhave yielded misleading
_informationf,, ' | _ | {
| ‘On way of handling such réactionsywés éﬁggested by.Penny and,Satchler9),

and is a straightforward (fhough computatibnally difficult) geﬁefalizationvof
'thebusualiDWBA,j We have'fdrmﬁlatéa the source term“méthodl) which has.éSmpu_
tational_agd conceptual advantages, but which is physically equivalent§§

| »:iOuf7célculati9ns of fhe (p,f) ?eaétioh on vibratiohal nuclei sugéésted
that.relative cross sSections could'bé changed"by almost a factor of’tWO when
‘ such multipléestep proceéseé are includedh). However, the angular distributions
in that workvﬁéée not~sfrongly altered>from the usual direct tfansition, and so
it wésldifficult tovconfirm the résﬁlt by e#éeriment, sincé the structure of
the nucleil ihvolved'is nét s0 well known that it can be isolated from the
reactionvmeéhaniSm; In (d,p) reactions on defdrmed’nucléi, large effects, ﬁp
to a faétor ten, were found for weakly excited statess). The experimental data
in these cases was not so extensive asyﬁo aliow a detailed test of the theory,
but waé sufficieht to indicsate that the size of fhe effect is about riéht;
vVery fecently we reported what we coﬁéider to be the firmest evidence for.strong
higher-ordéf processes in direcikreactiéns, and the way in which the higher-
order processes interfere with fhe sihgle~steé diréct transition td bring.about

agreement with experiment is strong evidence of the correctness of the reaction

mechanism6).
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~In this publication we present more details on that work together with

-more extensive and refined calculations. The reaction under discussion is the

(p,t) reaction on deformed nuclei. The inelastic'exéitation of rotational

states can be very accurately described in terms of a macroscopic picture in

~ which the nucleus is allowed to have a shape defined in terms of several multi-

pole deformation constanté'BA (A = 2,%,6)10’11). The rationale is the following:
Since the intrinsic structure is not altefed by inelastic transitions between
members of a rotational band, the nucleus can be thought of as béing the source

of a deformed'field in which the exterior partiéle scatters. Since only'the

ground state rotational>membefs will be treated; this field must be an optical

potential because'all of the other many open channels are omitted from the

explicit treatment. The optical potential is a'phenomenological representation

of a quite definitely defined, though incalculable theoretical construct; which

~allows one to solve the scattéring problem in a subspace of the open channels,

in this case the ground state rotational levels.

Although the inelastic transitions can be treated by the above macro-

" scopic picture, an explicit description of the intrinsic structure of the

nucleus is neéded to aescribe the (p,t) transitionéa Since the higher-order
transitioﬂs will,generally‘invoive a different multipole infthe (p,t) reaction
than thé direct transition, it is important to treat the intrinsié.strUCture,
which determines the relative strength of these multipdlés, with as high a
degree of accuracy as is feasible; For the intrinsic state we adopt‘a BCS
vacuum,state:6f quasiparticles. The gquasiparticles in fhis éase ére constructed
from Nilsson-like statés.. Hoﬁever‘since thé form of.the wave func¢tion in the_

surface and asymptotic regions is very important in reactions, we do not use
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Nilssoﬁ's oscillatof wave functions but instéadigenerateithe'single—pafticle

sﬁates by_solving the deformed Woods—Saxon problem, which‘again is charsacterized

in terms of deformation consfants By (= 2,&,6).

The.feader‘not intérested in thefﬁechnicai detéilé of ﬁhe cdlcﬁlétion ‘
éaﬁ skip the‘ﬁext three ééctions.. Sectionz2 deécriﬁeé the coupled equatioqs
use&jfo'treat'siﬁultaneouslyvineiaétic transition andi(b,t) reactidns, Thé
intrinsic sfructufé oﬁ-rqtational sta%éé‘ana the (p,t)”traﬁsfer amplitudes are
_discussea in sec. 3. Because the nuclear éhépe enfers iﬁ»ﬁhe.potentials

describing three types of-partidles in this problem, a way of haﬁdling"the

S ’ ‘ ' SN .
‘deformation so as to yield a consistant representation of the multibole‘fieldS'

for.dil;ﬁarticles has to be arrived at,‘and this is discussed in>sec. 4., In
sec;'i it is established'tﬁat in some cases the higher—order processes are
stronger than fhe direct one usualiy tfeated. - In sec. 6 and T we deal in detail
-with tW? reéctions at -opposite enas'of the rare earth region (i.e. for both |
positive and nega@ive Bh puclear shapes). In partiéular it is_démonétrated
that the higher—ofder‘processes are crucial in obtaining agreement with the

data for (p,t)‘reactions on deformed nuclei. Indeed forvhigher spin states

-they deinate_the direct transition.
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2. Coupled Eqﬁationsrfor Inelastic‘écéttering and Tﬁo—Nucleoh.Transfer
In other publications we have described our method for treating
éimultanebusly, inelastic processés_and the.tﬁo—nucleon transfér reactionsl’S).
Here'we'shall”set down the basic equations'for the purpose Qf discuésing their
ingredienﬁs which are ﬁarticﬁlar to the rotational nﬁéléi treated in this work.
In addition ﬁo»the»direct production‘of the final state in a (p,t) reaction,

these equations allow for its indirect production through all the inelastic

and reaction transitions cdnﬁeéting the states in both nuclei. 'The‘inelastic

_ processes are treated to all orders, but the reactions, which are weaker, are

treated only in first order. This accounts for the asymmetry in ouf-equationSQ ).

The reaction we treat here is
p+ (A+2)+t+ A
For the proton channels these equations are, for each channel p

ml | mI | I - _
(T, = ) g ) e ) Vp ) ) =0, IR

D

where matrix elements are taken with respecf to the channel wave functions

' ' . M
Ao ) el .
q’pnl(r’A 2) 72 s 3 (£,0) o5 (A + 2) . (2)
. 305 G Iz ' '
Hefe } is 'a spin orbit function and ¢ is a nuclear'wave.function.. On the left
side, p is used to denote the colleétion'of quantum-numbers
Cp=EZ s3I . : ' ' . ' (3)
P b PJP p - ‘ ST ) .

In addition V is a complex déformed optical potential which is a parémetriZatibn
of an effective interaction which enters the problem because of the truncation

to a finite‘éystem, in this case the low-lying rotational stateslo).
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' The,eQuations deseribingothe.final partition of the system are

ey T T A = I . »
(T, = B wp () + ) V() v, (R) = ) el (R) (4)
o t! o P
Here pp't is a sonrce term representing the appeafance_in_channel t of triton

due to a transfer reaction in channel p. If this is evaluated_under the

aésumptionsl3) ustally made in tWo—nucleon-transfer theory, it may be written

és3)_‘
Com I,y A2 XTI, ~patyey I A A
op ®) = E 0y Y ) MR v (R ()
RARARATSIRAR S V- S .
iy s () +I-1/2-3 [§ 3,8 8T T \ ENE R
gAY | | R : } | \O‘ 0 Q , o
T N . J o | f
x { p t v} \ , S - (6)
| \qﬁvjp‘l/g» 1J J IJ . | _

In the'above equation‘Do is a constant which effects the overall normalization

of the'(p,t) cross sections, but not their relative values. The functions

u,.\p’t

T are discussed in. the next section -and are intimately'connected'with the

internai»structure of the nuclei, while Vp'is a solution to the system (1).
- The system of eqs. (l)‘and (4) must be solved for each parity T and
angular momentum I, up to some max1mum value which yields convergence in the
- cross sectlons.b‘The boundary condlt;ons whlch are to berlmposed on tne solutlons
:have been epéeified elsewhere, as has;the construction of the scatteriné
'amplltude from the S—matrlx elements‘whlch are obtalned from the asymptotlc;
. l 3) « L : .

-behaylor of wt
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As mentioned in the introduction, the inelastic transitions ﬁhich _

‘enter this calculation through the matrix\elements of a complex optical potential

V in (1) and (4) are treated as macroscopic excitations of a rigid rotor. The

matrix elements of V with respect to the channel functions ¢p or.¢tv(eq. 2)
can'be calculated as a straightforward extension from spin 0 to spin 1/2

projectiles along the lines given'in ref. 10 for spin O.
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3.. Nuclear Structure”ahdﬁthe:Two=Nuc1eon Trensfer>Amplitudes

‘We edopt the Bohr-Mottelson adisbatic hypothesis in order to write the
wave function for the ground band members of (A + 2) as
V172 g

DMg X (A + 2) o I o ()

ue':z
e
I
d:}aco
3 b
no

- and a Siﬁilar function for (A). Here 3‘=réJ +1, o is.a rotational function,
and Xi(Af4'2) is the intrinsic Qave'function which describes the motion of the
nucleons inside the deformed nucleus. : | |
The (p,t) tran81tions between various rotational stetes of (A + 2) and
(A)-are determlned by the structure of the 1ntrins1c states of these nuclel,.
and thls 1nformat10n can be most compactly expressed through a set of parentage
. factors ;% These are the-amplitudes for flndlng_ln the state\Jp of the nucleus
(A + 2), a‘neutron pair in the singie-particle states a and b with angular
_momente coupled to LSJ, given that the reﬁaining A nucleons are in e'state»of
motion corresponding to the state Jtvofvthe nucieus (A). These peréntege

3

amplitudes can be expressed as

Blav)issTpr Tt) = [T+ éat)ifl/e e [af aT1re® | J Y (g

4+ | :
Here da creates a particle in the state whose quantum numbers we denote by a.

v

Using the wave functions eq. (77, and transforming the pair creation operator into

the intrinsic frame, we find:

| o 77 I
Sasatiyr ) = (0 602 (- >JC€oo x,(a + 2] 1] dblfé?lx (1)

(9)

%

"
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Note the factorization into a Clebsch-Gordan coefficient depending on the
spins of the particular members of the bands and a matrix element depending
ohly on the intrinsic structure of the two nuclei. Accordingly we define the

intrinsic parentage factors as

intr

-1/2
B(ab YLSJT )

1ntr' ) >

= (1 +8, (x_(a+2) I[d db]LSJ

Of course, the intrinsic structufe of the nuclei determines the

" strength of the various multipoles of the transfer,vés‘eq. (10) expresses.

Considerable care must therefore be taken in eonstrueting the intrinsic wave -

functions if these strengths are to be correctly deseribed.‘ We use BCS wave

functions to deécribe the intrinsic-wave.functions Xo' The Single-particle

wave functions from which Xo is constructed are eigenfunctions of a deformed
Woods~Saxon potential having a shape defined by'three deformation parameters
Bys By» Bg-

One is free to choose the single particle representation a,b as a

-matter of convenience. The harmonic oscillator forms a very convenient
‘representation because of the existence of the Talmi-Moshinsky transformation

to relative and center of mass coordinates. Therefore we use this representation,

so that a'E'naRa. In any case one can construct from the above amplitudes, a

set of two-neutron wave functions ¥ whose physical significance can be inferred

from the definition given above for B:

intr e : | - '
LSJ(l 2) = §: Blapyss (1) W@y - 1)
a<b- o ' '
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vHere @a is a singie4particlé wa&é function of thé»chosén feprésentation;
However, oﬁly fhat‘part of the'mot;on_of the two neﬁtrons described by y
which'overlépévwith ‘the triton internal wéie functién is effective in the (p,t)
reagtién..,Empleing é Gaussiéﬁ form for the triton wéVé function aS-in ref. 13,

“~

" the rel?vant projection is. ' ‘ , | S0

1 22 oy N~y e
< = Uy (3077 Xp(0y5 0y) l_“JJOJ(l,2> = u (R) Y;(R) | (12)
wherg_ulo,ié the,lS oscillator function defined there, and'xb’is'a singlet

'spinbfunctjon.

According to eq. (9) and (10), the projected wave functions for the

transition connecting the state Jt to Jp, which appear in the source term

éq. Kf)‘are -

et 'J.JJt”I o o _
w*(Ry=c?  FF(R) . o (13)
Thefphysical significanée of the projected wave functions,"ﬁ&(R) is
fhe following. They describe how the cenﬁer of mass of the neutron pair moves

in the.intrinsic state of the nucleus (A + 2) when their éorrelation in spin

and space corréspdnds to what it is in the triton (lS), given that the rémainihg

A nuéleons afe'in;a'stétewdf motion ébrresboqﬂing to thé—intrinéic stfucture
ot (A). |

'.If the cross‘section\fdr ﬁﬂe direct transitipn:from the gfound,staté
“to. the rotétidnal_stgﬁé.of‘spin JIwefé¥cQﬁpﬁted in the DWBA,'thevaould’ocCur

in thé‘familiar;matrix element

[ \. )
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where the usual zero-range interaction has beeh‘employed,

176 l7)'FYb the projected functions 4. are

Yo(p,t) T

'For the reaction

shown in fig. 1 for the lowest four multipoles. In fact all even multipoles

'exist, but as can be seén, the higher ones become smaller, (We have computed'.
‘them up to J = 12 and include-éll these_in'the'célculations; The’J ='12.may

"contribute, for example, to the transfer between the two 6 members of the

two nuclei).
This calculation was done in the folldwiqgvapprOXimate'way. The shépe

176

of Yb was taken from the alpha scattering analysis. The single-particle

wave functions-in a Woods-Saxon potential having this shape were computed.

174

The<§§gg_wave functions were used for Yb. The BCS vacua of quasiparticles
was cbmputed'in each nucleus from the résﬁlting spectrﬁm ﬁith avpéiriné.force
of appropriate strength; as we discﬁss later. The parentage amplitudes were
computed from.the innocent looking expression, eq; (10), and the projected
wave functions then computed from eq; (12) as described in hbre detai1 in the
appendix. ‘

Taking into account that the région of greatest importance in the

(p,t) reaction is in the region r 2 TF (because of the absorption), the main

features to note are that the’Jv 0 transition is the most probable with the

others decreasing in importance as J increases. - This can be understood since

- these: functions express the amplitude that all of the rotational motion is

carried by the transferred pair, and this ought>to become less likely as J

-increases.
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L. . Consistent Treatment ‘of the Nuclear Shapes

:The_shpae of a number of rare earth'nuclei‘have beéen determined
through a careful analysis;of>alpha inelastic scatteringll). The.nuclei were
treated.as rigid'rotors which interact with' the alphsa particle through a
deformed optical potential whose shape was specified.by

‘1+ Z BA Y e)} o o (15)

. y—2 .

The deformation.constants-B%’mustrhe subjected to some interpretation before
heiné usedvfor other purposes'because they are associatedxwith the optical
potential radius R . :We.consider the inelastic experiments to.have determined
-~ the strengths of the multipole flelds relatlve to each other since the deforma—
:'t1on always occurs together with the nuclear 51ze in the product RB 1n the
express1on of the multlpoles of the deformed fieldlo)

The present_problem'lnvolves'the 1nteract10n of three.different types'
of particles with the'nucleus; the triton, proton and bound neutron, and'thus
involvesdthree'different optical potentials. It isvnot clear, either from
experimentior theory, whether the nucleus appears to have the same ﬁshape" to

'each particle. In any case, there is an underlying nuclear shape defined by

the shape of the mass den51ty,

A=2

(e) = CRp {1 + Z B)\ N (6)} : , .. : : | :j'v'(l6)" o )

_(Here c lS merely a constant whlch depends upon BA and 1nsures that the volume

contalned by the deformed shape R(G) equals that of the sphere of radlus Rp,)
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We use. for thevmass'density radius5:Rp, valués:detéfmined_by Myers ffo@ é
Thomas-Fermi treatment of the nucleus in wﬁich agreement betﬁeen the chafge
aensity and eleéiron scattering ex?erimehts was reQuiredlh). |

The aeformgfionbconsfants‘fOr-thé deﬁsity? BkQ1wére séaled-ffom tabu-
lated values in the alphavanalysisll)‘according to |

Refy =R - e

Then we write the radius of the optical potentialvfbrlparticle(k (k = p, t, or n)

as

6 | :
Rk(e) ='rkv+‘cRp [1 + §€1 Bx Yx (e)}. . o | . (18)
. . o AQE o 4 . , .

That ié to'say; to the density radius of the nucleus we add a consfant rk,

which_éan‘bé thought of- as an effective interaction radius for the scattered
particle, due to the nature of the effective interaction and the_finite size

of the'particle'and it is chosen so that r + Rp equals the optical model

k

radius for particle k,'listed in Table 2. (We note parenthetically that

Rp = 1.12 Al/3.) The radii of both realvgnd imaginary pérts are treaﬁéd in
this way.

Our yiew ié thét the deformation of the potential felt by a particle
in the viéinity of a deformed nucleus has as its origin the shape of the.mass
distribution of the nucleus. - This is a-plaﬁsiblg assumptionvwhich is not
1ikely.to be far from the truth. 'The vélues of the radius and shape pdramétérs

are listed in Table 1.
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5. Indirect Transitions are Important

In figs. 2 and 3 we show the- (p,t ) cross sectiens for two nuclei. One

6 o
is the spherical nucleus Pb 5) and the other the deformed nucleus Ybl ). The proton

energy is close to the same in both nuolei, and the differentlal cross section
to the O are similar both in experiment and calculation. 'However, the 2

experlmental cross section in the deformed nucleus is markedly different from

.the correspondlng calculations and the results in Pb and. in this sense is anomalous

The reason for thls result is that in the deformed nucleus the two
indirect ‘transitions that go through the 2 in the target nucleus, and the
‘Of in the final nucleus are as strong as the dlrect flrst-order trans1t10n
treated bv the DWBA as was shown 1n our earller publlcation ) The interference
among'thevthree major contributions to the cross section is destructive and'
results in the reduction in the obServed cross section as cOmpared‘to the

direct.’ trensition, and a strongly eltered angular distribution.

The cross'sections that.would.result'fromvthese three routes are.
shown in fig. 4 if each alone were operative, illustrating the Sﬁrp?iSing
-fact that'the direct route is not stronger than the two indirect ones shown.
In the complete calculetion shown in fig. 5 vit is seen that the interference
brings about the agreement with the "anomelous" observed crosS'section. That

the complete cross section results from the interference of three amplitudes‘of

o comparable strength, each different from eXperiment but which, when interfering,

about the agreement shown, we cOnsider‘to,be;Very convincing evidence of the

validity of these calculations, and is a decisive statement as to the importance

that second order transfer processes can assume.

N

bring
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VTO see whether>this is an énergy—dependent effect we have répeated
£he caléulatioh at 55,MéV’and see in fig. 6 agéin that the direct route does
nof dominate‘the two mbst.favdufed indirecf ones. Thé inﬁerferengexagain
reduces the-finél cross s?ction shown 5& the dotted cﬁrve.

| F_In the case of the h+ stafe;‘thefe are mahy routes‘of cémparﬁble »
magnitude,‘whiéh fqllows-from the fact that the Strength of the &aridus multi-
pole transitibné in bgth.inelasﬁic and reaction_cﬁanneié'(seé fig. 1) fall off
as the multipole increages. Thhs,vfor‘example, Op > 2p > ht and Oé > hp > ht
are’bomparable becauSe the dominate multipoles involved are J =2 and 2 in the
first_éase and 4 and 0 iﬂ'the second qasel "The J = 2 is sﬁronger'than the
J‘=“h but'wéakér than the J = 0. Crbss sections. for fhe u* staté correspopdiﬁg’
to some'éf the individﬁal‘roﬁfés are shown in fig. 7. "Note fhaﬁvthe difect’ o
transition ig much weaker than the indirect ones. Again, comparing with fig. 5,
we see that there is a deétructive interference Which,reduces the cross section
that wouid correspond_tb the direct transition alone. \Fig. 8 shows that the
above diécussion holds also at 55 MeV.

For the O+ state the higher—oraer routes are weaker than\the direct,

corresponding to the fact that the direct transition is monopole, while the

_‘others involve higher multipoles (see fig. 2). The other routes reduce the

final cross section, but do”nOt strdngly modify the shape characteristic of

the direct one.
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6. -The 176Yb(p;t)vRéactibn.

... .The calculations reported in the previous section use. average proton . = .

Qéticél_model paramgters*inte?polated in massjand enefgy from thé Study'of
Becchetti'and_Greén;ees;B).v While théée/parameferé:feproduce_the inelastic
protqn‘aata for. Yb fairivaéll, as' seen innfig; 9,~anothef.set which yields
_the improved~fit shpwn isvusedvthréughout the remainder of thislpaperz(except
-wﬁére npted)_apd are given»iﬁ-Table 2. It turﬁs out. that these latter yield
also better results for the (p,t) reaction. |

| Fér triﬁon paréméterévwe ﬁave'uséd thdse.of Flynn EE;QLQQOj baéed'on
an analysis at E = 20 MEV‘and extrapolated in enérgy accbfding to the reasonable

guess below. : _ -

v

= 167 - 0.33 (E-20) MeV )
SW o= 37.5 - 1274 (B2) Mev
ijé.o _ : »
ry = 1.16, r. = 1.498 F

152, &, = .817 F

&

For the Coulomb radius we choose to use Myer's Thomas~Fermi formulas which

1L

yield‘r'c ~ 1.123 and reproduce the charge radii observed .in electron scattering

At this point we state our~philosophy:concerning optical model parameters

to be used'ih'a coﬁpled—channel/calculatioﬁ. It is supported both'by.bur undér—‘

21).

standing of the structurevbf the optical potentiallo), and expérience Both

spherical and deformed nuclei, contain in common, intrinsic particle excited states =,

which are not identical, but which in their multiplicity at higher excita-

tioﬁ,_Will:contribute rather simi;arly to the optical'potential. Were ‘it not
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for Yb and An = 0.575 MeV for
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for the rotational states of the deformed nucleus, the one-channel optical

"potential for nearby spherical and deformed nudlei would therefore be similar. How-

ever, thé strongly'couﬁled rotational states cause iarge chaﬁges in the one-channel
optical poﬁential.of nearby sphericai arid deformed nuclein). Hdwever, when the
rotations are treated explicitly in a cbupled—channel treatment, then it is
expectea, and indeed born out in practiceZl), that since now in both cases the
Opticai pdtential must take care dnly of the intrinsié excitations and

reactions that are roughly éommon to both sphericalzand deformed ﬁuclei

(especially since the optical potential is dominated by the high-energy region

of dense states); the same, or a very similar optical pétential éhould apply -
to both a spherical nucleus and a heighﬁouring.deformea:one in which the
rotations are treasted explicitly. For this reason we use, in oﬁr couﬁled—
channel calculations, optical parameters that are characteristic of spherical
nuclei.

In an effort to diminish the number of parameters, the calculation

. reported in sec. 5 employed pairing gaps obtained by ﬁhé Nilsson-~Prior prescrip-

176Yb and lThYb. That prescription may

tioneg) yielding An = .55 and .6 MeV for

fail in case of low density of single-particle levels. A proposed gap in the

176

neutron spectrum at Yb may suggest the use of 3 An that is smaller than

predictéd by the Nilsson-Prior formula. -In order to accommodate this evidence
and at_the same time obtain a smooth transition to the more neutron deficient

Yb—isotopes we used in the calculation presented in this section An = 0.36 MeV

e iy,

A complete calculation of the 76Yb(p‘,t) reaction which now includes .

4 . . Lo ' : S '
the 6 state and . the new optic and“gap parameters is shown in fig. 10 where the
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egreement is rather good for all states. We_emphasize that the cross sections
areiplotted_eccording to their relative veluesdsovthat we_have.aCﬁieved,agree—
meht iﬁ.both‘megnitude and engdlar distribution. The.deformation constants
82"Bh’ 86 are based on those obtelned in an analys1s of d—elastlc scatterlng
:as dlscussed in sec. k4. o o |

' To determine’if the (p,t) reactionvis a good meansbof-deter@ining B),»
as has been establishedbfor d—idelastic scatteringll), we set Bh = 86 =0 eﬁd
‘choose e value for 82 which yields'the same quadrupole moment es for the calcu-
lation of fig._lO with all three values for'Bh.fin%te. This choice for 62

. + . R -
insures that the 2 inelastic¢ cross section will be about the same in both -

_cases. The resultlng (p t) cross sectlons are: shown in flg._ll and we see that P

"whlle the detalls of the- h ‘eross sectlon are altered the magnltude 1s about

17)

the same thus negatingdthe procedure used by Kubo et al. based on a comparison
of the relative o+.ahd h+ integrated cross sections. It is clear frombfigs. 10
and ll.that fhe (p,t) cross secsions are not.especially sensifive‘tolhigher—
order deformations as contrasted with oO-inelastic scattering which is highly
sensitive. Figore 12 makes the same comparison at 55 MéV (these calculations

are based on the opﬁicaliparameters of Bechetti and GreeﬁleeslB).' We reach

the same conclusion as for the loﬁer energy.

In the BCS calculation of the nﬁclear ground state structure, there is
an-arbitrariousness associated with‘thetnumber of levels~to be used. Ail the
above ca}culations used 20 levels. We have also done a-calcﬁiation using 40
levels, and with a peiring'strengfh adjusted.tO'yield the same gap as for the

20-level case. The effect on the (p,t) cross section, shown in fig. 13, is

: + + . : : v v S+ -
that the 0 and 2 states are given too much strength compared to the 4" and 6+
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of a DWBA calculation of this ratio
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(the same overall normalization iskused'asvfor fig. 10). The relative strength
iﬁ-diffefeﬁt muitipoles thus roughly determines the number of‘levels'over
which the assumption of'a constant pairing strength is valid.  This conclusion

has not been rééched in the literature before, based on other kinds of data.

| To cohtrast the excellent agreement shown in fig. lO, Where all
inelaéfic and transfer transitions are included; we show in fig. 1hltwo DWBA
oélculations, whichvinolode jﬁst the dirocf traosifioné from the target ground
state. The sdlia curves représent the standard type of DWBA calculation in
the sense that the optical parameters wére adjusted so that they reproduced

the elastic protoﬁ and triton cross secfions‘computed in the coupled-channel

»calculations. "Thét is to say, we.are using the coupled—channel elastic cross

sections in lieu of data. However, as seen in fig. 9, the proton data is <

.repfoduced. It was then neceésary'to use anﬂovefall normalization for the

reaction that_is-three.times'smaller than used in the complete calculation of
fig. 10, corresponding to the fact, already emphasized, fhat the higher-order
prooesses acting with the direct, reduce the cross sections. We have to

e

consider it fortuitous that the dh/oo ratio comes out roughly correctly, since

this is not true of 02/00 or 06/001:thus again speasking against the procedure

used by other authors to extract B, from the (p,t) cross section on the basis
, k : _ S

17519y In fact as seen in fig. T, the

‘direct roﬁte, on which their analysis was based, has a smaller amplitude than

- the higher-order-ones. The dashed curves oorrespond to the same optical para-

meters as used in the complete ooupled—channel caloulation of fig. 10 and again.

illustrates the unreliability of the DWBA calculation with another set of

parameters as contrasted with the complete calculation.
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154

T.. Another Examplef Sm(p,t)

" Whereas Yb has a negative value for Bh’ we now study a reaction,

lshSm(p,t) in which the nuclei have positive Bh' Again the intrinsic nuclear

state was 6btained as described in sec. 3,vwith pairing gaps of l.022.and

O.997_MéV for lshSm and 1528m.' Again we éxhibit i?\fig. 15 two DWBAvcaiculations

with'dveréll normalizéﬁion (i.e. eéch set of curves has a common normalization)

chogen:to roughly agree with the data. It is 2.5 times Smalier than phe co@%

piéfeﬁé;lcﬁiatién diécuséed'neXt, agaih cofréépon&ing to the fact that the

higheréorder processes reduce the cross sectiops'that would reéﬁlt'from the

direct transitions acting alone. We see that the relative cross gecﬁions to

the:2+\;nd L* states'are very badly reprdducéd as are the ahéular distributions.

. In contrast, the complete calculations which.includes the higher-order processes,

is shown in fig. 16; aﬁd now the relatife croés sectionS‘and éngular distri-

butions are Qer& well repréduced. Thé angulér‘distribuﬁion for theb2+ Sfate

hés been gréatly altered fromvthe shape of the direct route; by the other routes.
As before, tdvtest whether there is a sensitivity to Bh’ ﬁé have set

Bh = 86.= 0 and adjusted 82 so that the quadrupolg moment and thus the strength

of the’2+.inelastic transition is about the same és in thé complete calcﬁlatioh

of figr 16. These results are shown in fig.,l?.— While there is some change in

angularvdistribution, it is clea¥ from a comparison of the figures that‘fhis

_ feaction is not_nearly SO sénsitive to the value Bh as the a—inelastig scattering,

and as fér YB, we find that»thé behavior of the rglative integrated cross sections

175

Oh/go with fespect to Bﬁ as predicted by Kubo et al. would not yield accurate

_values Bh'
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8. Summary
We havg»compufed the‘effects of'ﬁighef4order précéSsés on the (p,t)
reaction on deformed nuclei. There is much evidenchfrém various sources that
thé fdtatioﬁal model provides a good deécriptibn of these nuclei. This implies
fhe existance of an intrinsic state from which gllﬂtwo—nuéledn ﬁransfér ampli¥
tudes to the ground bahd §f the neighboring nucleﬁs_can be computed.. This is

in contrast to spherical nuclei where the various states of different spin are

,ihdependent_of each other. We may thus have a high degree of confidence;that

relative cross sections can be computed correctly if the reaction mechanism is

properly treated. This indeed turns out to be the case where, with an accuracy

+

: N : - +  + +
unprecedented in reaction theory, the cross sections to the 0 , 2 , 4" and 6

members of the ground band -are reproduced. .chever,‘thié comes about only .

because the.many higher-order routes of producing these states were included

in the-célculation. Espécially for the higher spins, the ﬁighef—order prdcesses
were mofe impbrtant than the first—order.onesg traditionally treated by‘fhe DWBA.
In some cases, and most dramatically fof tﬁe 2+bstate, the interfefence_among
the various ways of producing a state, strongly alters the cross section com-
buted.in DWBA. In both casés wevstudied;.i.e.:in a nucleué near both ends of

the rare earth region (i.e. both pésitive and negative Bh) and at two different

'energies, the interference was destructive but of different mégnitude for each

state in a given nuéieus, and also different in the two.nuclei for the same
spin.state. ‘The ihtefference'of the wvarious rdutes, which was between amplitudes
of comparable magnitude, did however bring about the remarkable agreement. |
.menﬁionea, and is:the strongest confirmation that'highér—order pfoceéses‘ip

trénsfer reactions are of importance for a correct description, and that they



'f2?‘
can Ee computedgwith éatisfactory accuracy. ‘This success supports the conclu-
sions ﬁhat we reached elsewhereu)'for‘spherical nuclei, Qhere however direct
confifmation from-eiperiﬁent WésAnot'possiblé,‘both bécaUsebof the>lack of
aata;'ana the fact that the nuglear structure informaﬁidntwas more tenﬁous.
We”élaim thereforevon the baéis of'this wofk thgt Qe have demonstréted that our

fcalculation_of'higher—drder.pr6¢esses is coffect, and on fhe basis of that

dther work, that they are important in‘spherical nuclei, though less dramatic.

injpfoddcing changes in angular distributions computed for the direét transition.

Naive conéiderations‘had led earlier to thé conclusion that second-
order processeé must be weak uniess the first-order is neérly forbidaén.v in
_én earlier lettér6), however, we pointed out that the probability  for multiple-
step prOcéSséslié given by-the produétvof condifionél probabilities and not
disjoint prébabiiities vhich was the basis of earlier afgumenté'against |
mﬁltiﬁlé—step prOCeSSés; The reader ié"referréd to thét,letter for details;

The most notable features 5f‘the DWBA caléulafions are that the

relative cross sections are grossly incorrect and for several states, most

' +
notably the 2 , so was the angular distribution. We understand that the reason

for this is that thebhigher—ordef processes play such an important role and
indeed for¥ some states are stronger than the direct oné'treated by the DWBA.
The Quesfidn may 6écur to - some readers whether there is a‘preécripfion by which
:the“optiCal-médel barameterévin the DWBA calculation coula-be modified so as to
‘retrieve agréement. We are convincéd'that‘the‘answer is negative. The inter-
ferehqe is:of.differeht mégnitude féf diffefent states‘énd alters angular
"distfibu£ioné'drastigally in éame éa§és:aﬁd(no£ in othgrs; The ﬁnderlying

theory of the opticél poﬁential moreover offers no hope. It is a construct
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which can reproduce on any one channel’(in'praétice the elastic)”the effects

. of all the Gthers. This then determines it, and it has no meaning-outside fhis

one chanﬁel spacewif‘strong coupling effects are>expliéitly acting.

We emphasize th&t'at each step of the.calculation we made the physically'

reésdnable’chdices of parameters and had we not been rewarded with success, we

would not have known what else to try{'

Contrary to suggestibns made elsewhere17’19)

, 1t seems tdlus that the -
(p,t) reaction is nét a good way of determining higher ﬁultipoles in.the'nuclear
éhape. _Thié suggesﬁion was made oﬁ the aséumption that the réaction could be
aesqribedvbybits difect transitionvalone.v’As_we have seen, thevdirect transitionv
to the h+_state, from which it might,be'hbped to determiné Bh is smallér than
many of the hipgher-order processes.' The higher-or&er‘prbcesses, since they go

through an intermediate state, involve, aominantly, lower multipoles_than the

direct. Thus 'sensitivity to higher multipoles in the shape is weak.
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Appendix
In this work we obtained the solutions to the single-particle

Hamiltonian containing a deformed Woods-Saxon potential'giveﬁ by

 .Y é VO/[l + éxp ~a (A.l)v

with R(6) defined.by_eq, (18). They aye_obtaihed by_diagoﬁalizing thé.
ﬁamiitoniénbon an Harmoﬁip Oscillator baSis'haﬁing an extent N = 2(n-1) + 2 <15

. which provides a very accprate descfiption'in the sgrface and out intobthe tail
‘region.b More.particularly, theibasis functidﬁs'are expressed iﬁ the uncoupled ;

S

scheme

- d;QIO )‘: k0 5'#,  '§:‘ v AE%AZInQA f |1722) | ' '(A.é)e
S nfAL AR '
for the k'th eigenfunction having prdjection 2 on the'ﬁuclear symmétry axis.
 Here InA ) is the oscillator funcfidn aﬁd spherical harmonic and .|1/2L ) the
spin function. _Tﬂe multipole fields of the pofential (A.1) are computed as in
. ref. lb to Sth:order‘in_the_déformation constants 82, Bh’ 86,.and muitipoies up

N

to 8 are retained. ,

Having obtained_the eigehfunctidns and eigénfaluesvin this &ay,_the
BCS'ground state of gquasiparticles isvgenerated using, for most of our calcﬁ—
lations 20 levels; in the vicinity of the Fermi level-. The transformation
 betwéén the particles d;é éﬁd quésipértiéies is expressed as

'l/2fQ o

ANNER +:‘+V (<)
Yo = Yo %o T ko - K=

where U;aﬁd V (defined as positive)jare@solutions of the BCS equations. After
a cumbersome caiculation,_the prdjected wave functions of eq. (12) can be writtenr

as

r - R(8) ] .,.'v ' ‘ o ‘ :v 1 
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u (R) = >M‘G u (2vR2)
J © 4L NJOJ  TNJ .
. X »
. » whefe u, . is a harmonic oscillator» functioh as -defined in ref. 13 and 'GNJOJ’

Wy . NJ
the structure amplitude for S =v0'transf§r, is given by

« . '

/ , o N\ 2 AL 2T
. : _ Sygos = L, T8 LS00 E:_ S I Y
nin'L! R =
- . kR kR
(yONJ,J[nzn 233 ) }d Aon Alvpin UkQ(A) ka(A + 2)
k>0 ' '

and exists only for J = even. The prime on the sum indicates that nf and n'f'
do not repeat each other, while the overlap Qv involving the triton and nuclear
size parameters is defined in ref. 13. The bracket (] ié‘a Méshinsky trans-

formation and v is fixed by the value of the other indices in it.
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tion as the parameters listed under "a’. . The deformations of

Table l; ff' 3

rp 82. Bh' 3 . 86 ' f. v rc' ’ Bé ‘ Bh_ ' 8 86

176 | - ‘ o . ‘ '

Yo @ a 1.124 0.295 -0.0517 —o.ooéﬁ 1.125 0.328 -0.0635  -0.007
b 1.2k 0.2819 0 0 1,125 0.318 . o 0
154 : e R e ,

78m - a 1.118 0.29 0.058 ~ -0.019 . 1.122  0.359 0 0
b 1.118  0.3048 0 0 1.122  0.359 o 0
“Sm o a  1.117 0.266 - 0.052 -0.013 1.123  0.31k 0 0

~ The mass and charge radii -rp:and‘rc are taken from ref. 1k. The deformation_constantsvunderk

n_n

"a' are scaled from ref. 11 according to eq. (17)for reasons discussed there. Under "b" we list

- oo . » . : , N
a value of 82 with Bh = 86'= 0 which yields about the same strength for the 2 inelastic transi-

176

17k “Yb that-

g Yb are so close to

they were taken.the same. Since the calculation using parameters -"b" was taken to illustrate

152 154

sensitivity or lack of it to Bh and 86’ for Sm, the same parameters as listed under Sm "a"

were used for the calculation of type;"b".

~

~

gne~14'T
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Table 2. Optical Model Parameters for the 19 MeV (p,t) Reaction. .The proton parameters listed under. CC
(coupled .channel) were used for both Yb and Sm. Triton parameters for the CC calculation are given in the
text of section 6. Parameters labelled "elastic" reproduce the elastic cross section obtained in the CC
calculetion (which for protons corresponds well with experiment . For tritons the data is not available).

v W W R R R A A . .Y R A

D v W e v W s s s
.\ o N . Protons _
cc - -55.6 - 0. -17.8 1.25 . 1.25 1.125 - 0.72 0.4 -6.2  1.01  0.75
o Protons + 176Yb,. : — :
Celastic  -L9.652 '“‘]o.v . -21.046 11309 . 1.236 1.125  0.713  0.557 = -6.2 1.01  0.75
_ ‘ - Tritbns + l7hYB _
elastic =247.757 »-13.571 0. , 0.938° 1.346 1.125 o.8h6 1.1k1
Prétons.+ 15)“Sm
elastic -55.158 . 0. -21.562 - 1.219  1.188 1.125 ~0.776  0.570  “-6.2 1.01  0.T5
Tritons + 152Sm
elastic- | -25L.685  -17.057 0. 0.96Wk C1.254 1.123 o.72h5 - 1.267

_68;

gfiec—-1d1
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o ﬂFig.*l.' The‘prbjéctéd-wave.funCﬁions or form. factor that show the

-~ 'strength (determined mainly by the surface region) of the various _ 1

multipoles for transferring a pair of p%§gicles betﬁeen ground . - R
Yb. o

‘state members of the rotational nuclei Yb and 17 .
i
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Fig. 2. nAnguiar distributions to the lowest :states in 206
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Pb at

22.MeV. The calculated DWBA cross sections are ‘adjusted in
magnitude relative to the ground state by 15% for the 2% and

207 for the 4F state.
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' Fig. 3. DWBA Cross . sections normalized to the ground state leading
to members of the ground band. Optlc parameters were adjusted
to reproduce the elastic cross -sections for proton and triton
obtalned in the - coupled—channel calculatlons reported subse-~’
quently (see Table 2). :
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" Fig. L. Cross sections for the 2* state that correspond to the
individual transfer processes shown. Note that the direct and
indirect routes:-are comparable in magnitude. The normalization
is the same as used ‘in the complete calculation of fig. 5, which
means that these routes each overestimate the cross section and
interfere destructively to produce the final result.
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E,=I9MeV

O+.

Cross section ( ub/sr)

.. . o . _4+

. M’in_'neso'ro data

075066 90 i20 B0 180

X B L70|O 4069
17k

Flg 5 Cross sections for members of the ground band of " Yb.
Calculatlons include all transitions connecting all three states
in both nuclei. The ot curve was normalized to the data and the

‘same normallzatlon was used for the other two.

~




bt

ey
b

Cross section (arbitrary units)

CFig.

=35 , ' LBL-2L8

If]T"ITlIIvIlll'lll"l'lllll'l""ll"'l-l"l""l"'ll'n"l‘"']TT'TlIIl"'l"""'lr’f7

C 'T6yp(p,t) Ep= 55Mev 2% -
e, gt v )

‘...I....l....l....I....l....I.Ll.llli.l;...I....I....l..l.l,...I,..;I..I.I....l.llll.lll
0 15 30 45 60 75 90
o | | ) ec.m. |

XBL7I8-4197

6. Cross. sections at 55 MeV for the 2+’state that correspond to
the individual transfer processes shown. .The dotted curve is the
resultant complete calculation, which since it is smaller than the
others, shows that the interferences among the various processes
iéjdestruqtive. , ' \ '
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Flg 7. Cross sections for the 4 state at 19 MeV corresponding to
several of the many 1nd1v1dual transfer processes :
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Fig. 8. Same caption as for fig. T but for 55 MeV. The dotted curve
is the complete calculation containing the coherent contributicn
from all routes feeding the 4* state.



N Fig; 9. Elastic and inelastié proton cross sections on
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1 l76Y‘t:> at
19 MeV. The solid lines are parameters due to Hintz and the

dashed are-average parameters of Becchetti and Greenlees (see
Table 2). P . ST
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Fig. 10. ‘Complete calculation for.the ground band membehs‘of-thYb v
produced in the (p,t) reaction. .Calculations include all inelastic -
and reaction transitions connecting all. four states in.both nuclei.
The 0% is normalized to the data and the same normalization was used
for the others. The experimental values 62, Bh’ 86 were used as
discussed. in the text. ' '
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© Fig. 11. Computed cross sections corresponding to 8) = B, = 0 and
- "B, adjusted to give the same quadrupole moment as for fig 10.
i

Tﬁ s illustrates the weak‘sensitiyity{to~8u'and 86;
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12. Compares at 55 MeV the effect .of B, and B, on the (p,t) reaction.
The dotted curve corresponds to experimental values of B., 8, , B, and.
the solid curve to B, = B, = 0 and 82 adjusted to yield The same

gquadrupole moment as previously.
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of both figures. ' ' ' : :

-

£y




»

Fig.

Doy

l3- . : © LBL-248

76Yb(p,) Ep=I9 MevV DWBA

L1

™ N
.- LY \\ +
—— ... . b \\\ 2
S —---~\ vl
[7)] N =]
\ . B s
3
S
c
.Q
o
(8]
Q
(V2]
723
(72}
o
| 58
O

0O 30 60 90 20 150 180

XBL718-4193

14. Two DWBA calculations are shown. . The.solid curve corresponds
to proton and triton parameters adjusted to reproduce thé elastic
cross sections of the coupled-channel calculation (shown for protouns

~in fig. 9). The dashed curve uses the same parameters as for the

coupled-channel calculation. ' The two sets of curves have the same
normalization, which is reduced by a factor of three from the complete
calculation shown in fig. 10. :
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15. -Two DWBA calculatlons are shown The solid. curve corresponds

to proton and triton para.meters adjusted to- reproduce the elastic
‘cross sections of the. .coupled-channel: calculation. .The two sets
of curves have the same normalization, which is reduced by a factor
of 2.5 from the complete calculation shown in fig. 16. ‘
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1
16.  Complete calculation for the ground band members. of 528m
produced in the (p,t) reaction. Calculations include all inelastic
and reaction transitions connecting all four states .in both nuclei.
The 0% is normalized to the data and the same normalization was used
for the others. The experimental values of B., B, , B, were used as
: : 27 Y Fg T

discussed in the text. : '
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‘to yield about the same strength in the 2+ inelastic Eransition.
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LEGAL NOTICE

This report was prepared as an account of work sponsored by the
United States Government. Neither the United States nor the United
States Atomic Energy Commission, nor any of their employees, nor
any- of their contractors, subcontractors, or their employees, makes
any warranty, express or implied, or assumes any legal liability or
responsibility for the accuracy, completeness -or usefulness of any
information, apparatus, product or process disclosed, or represents
that its use would not infringe privately owned rights.
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