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Abstract

Semiclassical periodic orbit theory is applied to the double-well
eigenvalue problem to show how this unified approach describes the quite
different character of the level splitting (in the caseé of symmetric wells)

and level shifts (in the asymmetric cése) caused by tunneling.



I. Introduction

In molecular phenomena involving double-well potential functions (cf.
Figure 1), level splitting and level shifts caused by tunneling through the
barrier is well-known. Examples include inversion of the ammonié molecule,
for which the double well is symﬁetric (cf. Figure la), and proton tunneling
between DNA base pairs, for wﬁich the two wells are unsymmetfical (qf. Figure
1b). The purpose of this paper is to analyze this phenomenon in terms of
semiclassical periodic orﬁit theoryl’2 and ‘to point out the fundamental
differences-between the syﬁmetrical and unsymmetrical cases. Since periodic
'orbitvtheory can also be applied to multi-dimensional systems, it is hdped
that this analysis may be useful in suggesting hoﬁ to approach the treatment

of multi-dimensional double-well potential energy éurfaces.



II. Semiclassical Eigenvalues via Periodic Orbit Theory.

The semiclassical eigenvalues of a potential well are described in
an appealingly intuitive manner by their periodic orbits. One makes use

of the following quantum mechanical relations:

g(E) = trace (B-1)7" = &)™ (1)
i |

(.ih)_l Zdt eiEt/h /:ix <xle_th/h|x> . (1b)

The eigenvalues {Ek} are thus identified as the poles of the function g(E),

and the semiclassical approximation entefs by invoking the usual semi-
classical approximation to the propagator3 (time evolutioﬁ operator) in
'Eq. (1b). Further semiclassical approxima;ions are that the integrals
over t and x in Eq. (1b) are evaluated via the stationary phase approxi-
s

. . . o 4 . o
mation, and for one dimensional systems this gives > (using units such

that h = 1)

g(B) « 2, &M/ )

periodic
orbits

where ¢ = ®(E) is the action integral for a periodié trajectory with energy

o(E) =/c‘ltvp(t) x(t) =fdx p(x,E) s

and  is the number of classical turning points experienced by the trajectory.

E,

Uninteresting (for present purposes) proportionality constants are for



simplicity_omitted in Eq; (2). The sum is over all periodic orbits, i.e.,
trajectories that began and end with the same coordinate and mbmentum.

To see how Eq. (2) works, consider first a single potential well. A
periodic trajectory is one that begins at some position x with momentum p
and returns at some later time to this position with the same momentum,
For a simple one dimensional potential well it is glear that there are an
infigite number of such trajectories Bécause the particle oscillates back
and forth in the well forever. If ¢(E) is‘the action integral for one

pass across the well,

x> X> :
¢ (E) =f dx p(x,E) =f dx V2u[E-V(x)] R (3)
X< . X<

where x_ and x, are the classical turning points, then for a periodic orbit

that makes k passes back and forth across the well one has

8(E) = 2k ¢(E)

L = 2k s
so that in this case Eq. (2) gives

12k (¢ -g

g(E) = Z.o: e

k=1 '

21(¢ -5
e
=& : (4)
21.(¢ -3)
1-e



Eq. (4) shows that g(E) has poles at the values of E for which

ezi<¢—§> .
or
<l1>(E) - '721 ='mn
or
o® = P, O

where n is any integer. This is_the'well known WKB eigenvalue-relation5
for simple potential wells.

Eq. (2) can also be applied to the double-well potentials sketched
. in Figure 1, but to include the effects of tunneling it is necessary to
include complex-valued periodié trajectories6 as well as the real ones.
Consider a trajecfory beginning in potential well 1 in Figure 1. In addition
to the term in Eq. (4) from the real-valued trajectories that oscillate
back and forth in well 1, there are complex-valued trajectories that tunnel
through the barrier;bFigure 2 depicts the simplest such trajectory, for

which the contribution to g(E) is

i i I PR _.m _ . )
1¢l -0 21d>2 -i3 6 1¢l i3 20 21¢l 21¢2
e e e e e e e = ~e e e

, (6)

where ¢l and ¢2 are the phase integrals across wells 1 and 2, and where the
various factors are indicated sequentially: the particle begins at the
left hand turning point, travels across well 1, tunnels through the barrier,

tunnels across well 2 and back, tunnels back through the barfier,'



and returns to its starting point; there are two turning points for this
periodic trajectory. 6 is the imaginary action integral (the barrier

penetration integral) for one pass through the barrier:

_ X3 |
6 =/ dx /2u[V(x)-E] . (7))

)

It is easy to see how to incorporate all trajectories of the above
type, i.e., those that’tunnel through the barrier and baék only once.
For a trajectory thét makes kl extra passes back and forth across well
1 before it tunnels, then tunnels and makes k, extra passes baék and
forth acfoss well 2 Before it tunnelé back througﬁ the barrier, and
then makes k3 extra passes back and forth across well 1 before terminating

at its origin, the contribution to g(E) is

e

4 . ™ .. ™ . Nl . T . (i
_ -28 21(¢l "'i‘) '21(¢2 -5) 21kl ((i)l —5) 21k2 (¢2 _E) 21k3 (q)l ‘—2-)
== = e e e e

(8)

The total contribution of such trajectories is obtained by summing over

k k2, and k

1’ 3’
klz=:O k§=:o k¥0 ’

which when added to the contribution of the real trajectories finally gives

21 . .

. Tin, ‘ e_ze e2171nl e21r1n2

g(E) « ——H7— - s (9)
1-e Trlnl 21Tinl 2 21Tin2

(1-e ) (1-e )

. i . il i . ™ m
16,2k, (¢) =3)] o6 el_[_zq’z "7t (9, 7)) .0 el[d’l "3t 200 3



where

=]
H

= n,(E) = [¢,(B) - 31/ (10a)

i
[

n, [6,(E) -~ Z1/m . ~(10b)

n2(E)

Eq. (9) is the final expression from which the results of interest are

obtained below.

§ymmetric (Degenerate) Case.

Consider first the symmetric double-well (Figure la) so that

nl(E) = nz(E) = n(E) . (11)
and Eq. (9) becomes
27in 2min, 2
-26 (e )
g(E) &L —F0—— = g —_—r (12)
1__e2'rr1n (1_e2ﬂ1n)3

The unperturbed (and thus unsplit) eigenvalues are determined by
n(E) = integer,

and let E be close to such an eigenvalue, E. say. Then

0

n(E) = n(EO) + n‘(EO) (E-EO) + ... Y (13)

where



n(EO) = integer .
so that
21in(E) 2ﬂin(EO) 2ﬂin'(EO)(E—E0)
e > e : e
~ c vy _
~* 1 4+ 27in (EO)(E EO) ,

or
- PR o omint (B )) (B-E)) (14)
Discarding multiplicative factors, Eq. (12) then becomes

g(B) = =2+ — S s : (15)
0 [Znn'(Eo)] (E-EO)

The semiclassical expression in Eq. (15) is to be compared with the
quantum mechanical exbression, Eq. (la), including only the two energy
levels EO - %? and E0 +-%§, where AE is the splitting; i.e., for E close

to E. one has

0
1 . 1

8am(E) = + ' ;
o . BB iE

EEO+2 E—EO+2

expanding this to lowest order in AE gives
(&) = 2ty LED) (16)

B E-E, R o

0 (E—E0)3

Comparising Eqs. (15) and (16) identifies the semiclassical expression

for the level splitting as follows:



-6
AE _ e
2T I ey - an

This result, which is also obtaiﬁed by conventional WKB methods7, is
valid only for small splittings because periodic orbits were included
that involved only one tunneling back and fortﬁ across the well, and
also because'the”above'expressions have been evaluated only to lowest

order in AE.

Asymmetric (Non-Degenerate) Case.

Here nl(E) # nz(E) and we consider the shift in one of the unperturbed

eigenvalues, E. say, of well 1 that is caused by the tunneling. Thus let

1

E be near El’ where

nl(El) = integer s

so that
omi 2min, (E.) 2win.
nlnl(E) N ﬂlnl( l) n1n1(El)(E-El)
e = e e
~ 1 + 2min. (E.) (E-E ’
= 'lTlnl( 1 ( - l) 3
or
2min, (E) _ ., ._°' _
1-e 1 = —2n1n1(E)(E El) .

Eq. (9) then gives (dropping multiplicative factors)

. 2ﬁ1n2(El)
e

1 -
g(E) = EE, © . 2min, (E;) ) (18)
[—2ﬂinl(El)][l—e ](E—El)
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If E2 is the eigenvalue of well 2--i.e.,

n2(E2) = integer

--that is closest to El’ then

- . s ‘- '
é2ﬂ1n2(El) ) e2ﬂ1n2(E2) e2‘rr1n2(E2)_(E1—E2)

R

R} ‘_
1+ 2ﬂ1n2(E2)(El—E2) S

or

2ﬂin2(El)
l-e

12

\
—2ﬂ1n2(32)(El-E2) s
so that Eq. (18) becomes

- 26
g(E) = T4 - — — Ca
1 (8-E))"[2min (B))][2miny (E,) ] (E;-E,)

The quantum mechanical approximation to g(E),_taking into account only

1

the energy level E, + AE, i.e., for E near El’ is

N S
Bqu(E) = E-E,-AE ,

which, expanded to lowest order in AE, is

L1 AE
gQM(E) = + . (ZQ)

E--El (E—El)z
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- Comparing Egs. (19) and (20) leads to the semiclassical expression for
the level shift,
- -20

AE = —— £ . (21)
'_[ZWnl(El)][2ﬂn2(E2)](E1-E2)
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III. Discussion.

Equations (17) and (21) give the semiclassical results for the splitting
of degénerate levels and shift in non-degenerate levels, respectively,
caused by tunneling between the wells. Considering e_e << 1, the most
interesting and obvious difference between the symmetric and asymmetric
cases is that the perturbation of the levels in the symmetric is much

7a The

greater than that in the asjmmetric case, as has been noted before.

symmetry of the two wells allows the particle to "hop" from one well to

the other much faster than it would ordinarily be able to tunnel.
Another interesting comparison to the quantum mechanical sitﬁation

is possible by considering the quantum mechanical energy levels to come

from a 2 x 2 matrix Hij’

H H

11 12
s (21)
Hyp oy
with Hll = El and H22 = E2 being the unperturbed levels. In the degenerate
case El = E2 = E0 and the eigenvalues of the matrix are
= +
E=E,* H , R (22)
so that
AE
= = Hp 5

comparing with the semiclassical expression, Eq. (17), identifies the

"exchange interaction" le as
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H =5- € ’ . (23)

where hw = l/n'(Eo). For the asymmetric case, El # EZ’ the eigenvalue

close to El is giVén to lowest order in,H12 by second order perturbation

theory
H122
E=E TR o (242)
172 :
i.e.,
)
AE = -E——_-E- 9 (24b)
172

and comparingvthis to the semiclassical expression, Eq. (21); leads to

the identification

: hw, hoe
. 1 2 -8
H,=Vor =7 © ; (25)

where hwl = l/ni(El), hwz = 1/né(E2). In both cases, therefore, one
obtains essentially the same identification, Eqs. (23) and (25), for
the semiclassical approximation to the exchangé interaction.

Another interesting comparison is to the level width of a metastable

state in a potential as sketched in Figure 3. The width T of the level

is given semiclassically by7a’7C
-26
r=—%_ ' (26)
2mn' (E) ?

where mn(E) = ¢(E) is the action integral over the bound well. The
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level width is thus seen to be much more closely related to the asymmetric,
nonQdegenerate energy level shift than it is to the level splitting in the
symmetric, degenerate case.

As a final point, the probability P for tunneling thrbugh a potential

. . 5
barrier is

whether the barrier is symmetric or asymmetric. (This-quan;ity appears
commonly, for example, in considering quantum effects.to reaction rate
constants.) There have been attempts to determine P by distorting the
barrier problem into a double-well problem,'as indicating in Figure 4, and

then identifying P by

P « AR ,

where AE is the splitting (in the symmetric well case) or level shift (in
the asymmetric case). From the discussion above it is clear that this
identification is correct only in the asymmetric case; i.e., the rate of
tunneling through a barrier, even a symmetric one, is much slower than the
rate of hopping back and forth in a symmetric double-well potential.

In conciudiﬁg, we note that there is éonsiderable interest now in
trying to extend semiclassical eigenvalue methods to multi-dimensional
systems, and much progress has been made recently for multi-dimensional’
potehfial energy surfaces that possess a single well.s-lO It is hoped
thatrthis periodic orbit picture of dealing with double-well potentials
may be of use in extending multi-dimensional periodic orbit methods to

treat multi-dimensional double-well potential energy surfaces.
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Figure Captions

Sketch of a.symmetric (a) and asymmetric (b) douﬁle—well potential
function.

The simplgst complex-valued periodic trajectory that tunnels from
well 1 to well 2 and back.

A potential funétiqﬁ giving rise to metastable levels (or equiyalently
scattering resonanées).v

Sketch of é typical pofential barrier, indicating (via broken 1inesj

how it can be distorted into a double~well potential.
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Figure 1
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Figure 2
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Figure 3
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Figure 4
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