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ABSTRACT

A modified version of Gutzwiller's periodic orbit theory
of semiqlassical eigenvalues is presented which eliminates -
some of the principal shortcomings of the origiﬁél result.
In particular, for a non-separable system with N degrees of
freedom the new quantum condition characterizes the eigen-
values by N quantum numbers (rather than jusf one), and it
also reduces to the currect result in the limit that the
system is a separable set of harmonic oscillators'(whéreas
the original quantum‘condition does not). This ﬁew periodic
orbit quantum condition is seen to bear an interesting
relation to Marcus' recent theory of semiclassicéi eigen—'

values which involves manifolds of quasi-periodic trajectories.
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I. INTRODUCTION

The possibility of generalizing the WKB, or'Bohr—Sommerfeldw

oL 1 . . ;
quantum condition™ for one-dimensional potential wells,

| h“lfdx p(x,E)

p(x,E5

2m(n + %o ,

V2m[E - V(x)]  , (1.1)

to multidimensionable non-separable systems has intrigued

. _ . .2 .
-theorists for many years. Einstein was the first to make
significant progress on the problem, and important contri-
butions have also been made by Keller3 and Maslov.4

. 5 . .

More recently Gutzwiller,” using an analysis based on
the semiclassical approximation to the quantum propagator,
made an important advance by showing that the semiclassical
quantum condition is intimately related to the periodic classi-
cal trajectories, or periodic orbits of the system. The
connection between periodic classical trajectories and quantum
mechanical eigenvalues. is appealing on physically intuitive
grounds, but the specific quantum condition obtained by Gutzwiller
has a number of deficiencies, not the least of which is that it
does not give the correct result in the limit that the system
becomes separable. This and other shortcomings have been dis-

6 . . .
cussed by Pechukas 1in his approach to constructing a more
. ) o 7 :

satisfactory quantum condition. Marcus has also recently made
important advances, and his theory, based on phase spaée manifolds

generated by quasi-periodic trajectories, is most closely related



to the present work; Section IV discuéées this relation in'mbfe
detail.

This paper pursués the periodic orbit theory of Gutzwiller,
but intfoducesvan important modification of the analysis leading
to the quéhtum condition itself. This modification, ;hough simpie
and fairly oBvious_(in fetrospect), leads toJa significant1y
differentvsemiclassical quantum condition which eliminates some
of the flagrantrdeficiencies of the original ;esult. For a system
of N-degrees of freedom, for example, the new quantum conditién
labels'the energy levels within N quantum numbérs, whereas the
original_result provided only one quantum number. The new quantum
condition, too, gives the correct result in tﬁe limit that the

system is a set of separable harmonic oscillators: .
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II. BASIC THEORY

There is no need to re-do most of Gutzwiller's derivation,
but it is worthwhile to recall the way in which periodic orbits

arise. The density of states per unit energy, p(E), is.defined

by
P(E) = tr[d8(E - H)] , (2.1)
and it is clear that this is given quantum meéhanically by
p(E) = Z S(E - E) B (2.2)
' n
where {En} are the.eigenvalues of the Hamiltdnian; p(E), there;

fore, has delta function singularities when E is equal to an

eigenvalue. Since

’ PR h — h .
§(E - H) = 571?5 fdr QIEE/M ilt/ , | (2.3)

Eq. (2.1) is equivalent to

p(E) = Ty
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(2.4)

One now introduces the semiclassical approximation for matrix

elements of the propagator,



19(q,,3,)/h

|e_th/h|31> Ve s - | (2.5)

<4,

where ¢(92,q1) is the action integral along the classical
trajectory connecting 93 and q, in time interval (0,t), and
the intégral over q in Eq. (2.4) is evaluated by:the stationary

. . 9 .
phase approximation;  since

2272 , v

) - S o
9¢(q,,q,)
o ~27217 = -

ba; T L (2.6b)

~where P, and p, are the values of the classical momenta at time
t and time O, respectively, the stationary phése condition for

the integral over coordinates in Eq. (2.4) is

3¢(q,5,9; ) 36(d,,9;)

\ _
O = —_— s = + .
- a9 [ 99, 99 3L
= By R ' - 2.7)

i.e., S(O) = g(t)-and.g(d) = g(t), so that the values of q which
contribute {n a stationary phase sense to the integral.in Eq. (2.4)
must lie on a periodic‘trajectory. .Periodic‘orbits ayise, there-
fore, because the stationary phase approximation is used to carry
out the trace of the propagator.

Carrying out this stationary phase integration over ¢, and

also over t, gives the equivalent of Gutzwiller's Eq. (36),



w  1In(® - X3)
T
p(E) = Re >y 2: EL““‘”*:;;“ s (2.8)
n=1 2i sin(?f)
. 3

1

where ¢ = ®(E) is the action integral, in units of h,

o = nt Jﬁdt peq , (2.9)
o " | | )

alonguthe.periodic trajectory with energy E, T = T(E) is
the period of this trajectory, and v = v(E) its stability
parameter. Eq. (2.8) is written explicitly for Ehe case |
of two degfees of freedom; the extension to N degrees

of freedom is trivial and will be discussed below. A in
Eq. (2.85 is.the number of turning points encountered along
the periodic trajectory; Gutzwiller assumes A = 0, but we
shall see in Section III that this need not be the case.
[Gutzwiller's Eq. (36) actually gives the trace of the

Green's function

s

w 10 - D)
erle®] = T X S : (2.10)
S n=1 2 sin(??) ’
but since»
Im G(E) = - 78(E - H) , : ' S (2.11)

Eq. (2.8) follows directly from Eq. (2.10).] Since
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in(® - 59 sin[n(® - 2Ty]
e ) 2
Re o = - ,
2i sin(p-z—) 2 sin(—iv—)

and since the period‘T(E) is related to the energy derivative

of the classical action,
1 ’ .
T(E) = ho (E) s a - (2.12)

Eq. (2.8) is equivalent to

in[®(E) —-12’1] | ;

o) = L g E = . — (2.13)
| , ==t 2i sin[5nhw(E)0’ ()]

where the stability frequency w(E) is defined by

v(E)

w(E) = v(E)/T(E) = ho () .

Eq. (2.13) is eésentially Cutzwiller'éSEq. (36)
and it is obtained with no approximation other thannuse of
. the semiclassical limit of fhe propagatdr and thé.statiénary
phase‘appfbximation for evaluating the.integrals.in Eq. (2.4);
as has been emphasized in other cor_xtexts,10 thgrstationary
phase approximation is the’fundamental semiclassical appréximatipﬁ,
and in the classical limit, h ; 0, it becomes éxact.
The sum over n in Eq. (2.13) is a sum over the
infinite number of multiple passes abouﬁ the pgriodic orbit,
and it is the interference of these amplitudes_whiéhfleads té

quantization.



It is now that the essential departure from Gutzwiller's5

analysis is made. Gutzwiller introduces an approximation to
the denominator of the summand in Eq. (2.13), but this is not
necessary and actually losses certain important features. More

accurately, one notes that

_i%
o e’
24 sin(%) 1 -¢e %
] —i(m + '2‘)X '
= 2 e , | (2.14)
m=0

so that Eq. (2.13) becomes

p(E)L-Q (E) 2: Z: expﬁhﬂ@(E)—‘Al—-(m +—ﬁhw(Eﬂf(E)}} )

m=0 n=- 2 _
(2.15)
The Poisson Qum formula,
x . e o] )
> M e Y s(x-2m)  , (2.16)
n=-—oo n==--oo .

then converts Eq. (2.15) into

o(B) = m>Z S stem - - @+ brame' ®

m=0 n=0

- 21} ) (2.17)



Upon comparing Eq. (2.17) with Eq. (2.2), one-idéntifies the

quantum condition as

O(E) - m+ Dhw@o' ® = wa+H T, C(2.18)

nand m = 0,1,2,...

If one sets A = 0 and m = 0 and recalls that hw(E)Q'(E) = v(E),
the stébility parameter, then Eq. (2.18) is identical to
Gutzwiller's5 ﬁuantum condition, his Eq. (39).

The‘approximation introduced by Gutzwillers‘to obtain the
quantum condition from Eq. (2.13) tﬁus misses the possibility .
of a non—éero value of the quantum number m'in_Eqﬁ_(2.18). The
above more correct procedure thus obtains a quantum condition |
characterizéd by two quantum numberé; i.e., the eigeqvalue En,m
is determined implicitly by Eq. (2.18) in‘terms of the quantum
numbers n and m.

Egs. (2.13)—(2;19) are generalized in a rather»bbvious way

to the case of.N degrees of freedom. Eq; (2.13) is modified by

the replacement

- : N-1 :
21 sin[3ohw(E)o’ (8] » [ 21 sinfzohw (B¢’ ()] (2.19)
' i=1 ' . S
where {wi(E)} are the N-1 stability frequencieé which are
defined in terms of the stability parameters'{vi(E)} by

o ‘ » vi(E) _ _ :
(Ul(E) = Vi(E)/T(E) =- m) . : (2.20)
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An expansion like Eq. (2.14) is made for each of the N-1
sine functions in Eq. (2.19), and the generalization of

Eq. (2.15) is

o) = 2B pe ¥ ¥ explinfo® - A

m:O n=—o B

N-1 1 , }
- égi (m; + 5)hw, ()@ (E)]} .

where

H!

=T T ...% .
=0 m=0 m,=0 m =0

Use of the Poisson sum formula, Eq. (2.16), in the same manner

then leads to the following quantum condition:

N-1 1 , X
O(B) - 2. (m, +hw (E)® (B) = 21(a+79)
i=1

(2.21)

(2.22)

which determines E implicitly in terms of the N quantum numbers

{mi}, i=1,2,..., N;l, and n. Eq. (2.18) is cléarly the two-
dimensional version of Eq. (2.22).

In concluding this Sectidn it is interesﬁing to consider
a modification of Eq. (2.22) analogous to one that has béen
found useful in an applicationlz‘of a similar énalysisvto the
semiclassical limit of quantum mechanical transition state

theory.13 One recognizes that the left hand side of Eq. (2.22)
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looks like the first two terms of a Taylor series expansion

1

O(E - €) = () - € & (E) + ;.. ,
where one identifies

N-1 1
e = 3 (m +Phu (E) .
i=1 :

Since £ is proportional to h, it is clear that to lowest order

in h Eq. (2.22) is also equivalent to

O(E - . (m, +HDhw, (B)) = 2m(n + ) . (2.23)
~ i 2 i 4 .
i=1 )
If'®—l[...] is the inverse function of ®(E), then Eq. (2.23)

can be written as
-1 Ay & 1 '
E = ¢ [2m(n + I+ iz=:1‘ (@, +Hhw, (E) (2.24)

which we refer to as.the modified periodic orbit qQantum condition.

Eq. (2.24) is still not an explicit expression for the eigenvalues

E ' , however, becaﬁse the stability frequencies are

n,m...me o v

functions of energy; it would thus be necessary to solve Eq. (2.24)
iteratively.

The modified quantum condition, Eq. (2.24), has a strikingly

simple form. As has been discussed before,13 the stability frequeﬁcies

{wi} are the dynamical generalization of normal mode'freqﬁenéies;

they are the normal mode frequencies for harmonic perturbations
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about the periodic orbit. The toﬁal enérgy E, therefore, ié a
sum of contributions: The first term in Eq. (2.24) is the energy
of n quanta in motion along the periodic orbit, and the itP term
in the sum of N-1 terms is the energy of m quanta.in the ith

normal mode of deviation about the periodic orbit.
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IITI. SEPARABLE LIMIT

It is easy to show thag the quantum condition obtained in
Section IT is correct in the separable‘limit.if the separate
potential functions are.harmonic. .For simplicity, considef
the caée of two degrees of freedom: The potential function

is

V(x,y) = %uwlz‘xz + %uwzz > ’

where u is the mass, and wy and w, are the two harmonic freqpencies.
The question of whether or not wy and w, -are commensurable, i.e.,
whether or not wl/w2 is a rational nﬁmber; does not enter in tﬁe
treatment below. )

Thé relevant periodic trajectory is the ohe with all the energy
E iﬁ the x-mode, say, and thus no energy'in thé y-mode; it is clear .
that A, the.number of turqing points along the periodic tfajectory,
is then 2. It is easy to shoﬁ that in this éaseiﬁhe action integral
d(E) is |

o(g) = M - ENERD

hwl

It is also easy to show13 that the stability frequency w(E) is

simply the frequency of the y-mode; i.e.,

w(E) = w, ) | (3_.2)

With Egqs. (3.1) and (3.2), and A = 2, the periodic orbit quantum .

condition,.Eq. (2.18), gives
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E = (m+ %—)hwz + (o + %)hw (3.3)

1 b

the correct result. Siﬁce ¢(E) in Eq. (3.1) is a linear function
of E, the modified quantum condition, Eq. (2.24), also leads to
Eq. (3.3). It is also clear that one obtains the same resulf by
considering the periodic trajectory with all the energy in the
y-mode.

Unfortunately, however, one can see that Eq. (2.18) will not
give the cbrrect eigenvalues for the separable case if the two
one-dimensional potential functions are not harmonic. The modified
quantum condition, Eq. (2.24), gives the correct result if only
ohe of the poténtial functions in anharmonic and the periodic orbit
is with all energy along this direction, but it also fails if both

periodic functions are anharmonic.
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A

IV. CONCLUDING REMARKS

The analysis presented in Section II eliminafes some of the | .
most glariﬁg deficiencies of the periodic orbit approacﬁ to‘éemi—
classical quantization of non-separable systems.' In particular,
the new quantum condition characterizes the energy levels of an e
N-dimensional system by N quantum numbers, and it reduces to the
correct resulﬁ in the limit that the system is N independént
harmonic oscillators.

The new quantum condition, however, is not entirely satisfactory.
The»correct sepérable limit is not obtained if the potential functions
_for coordinates orthogonal to the periodic orbit are not harmonic.

This shortcoming stems directly from the stationary phase approximation
for evaluating the integral over coordinates iﬁ Eq. (2.4); in this
appro;imation only small quadratic deviations about: the periodic orbit
are considered in computing the trace of the propégator, and ghus

only a harmohiqlapproximatibn is.obtained for tﬁe‘modes describing
displaceﬁents away from the periodic orbit. Beéause the stationary
phase approximation is such a fundamental element of semiclassical
mechanics, it is mot clear how one can remedy this defect within

the present formalism.

In conclusion, it is interesting to note the resemblancé of the
present'vérsion of periodic orbig theory to Mafcus'7rre¢ent Qork - - .
involving manifolds of quasi-periodic trajectories. A periodié orbit

 plus all harmonic deviations about it ié clearly én approximate repre-
sentation of a quasi-periodic manifold; i.e., a slightly perturbed

periodic trajectory, which is stable, will be qqui-periodic, its
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stability frequencies being the normal mode of oscillation about
the periodic erbit. Because of the stationary phase approximation,
however, periodic orbit theory is only able to inelude deviations
about the periodic trajectory within a harmonic approximation,
whereas Marcus' approach is not limited in this way. For the case
of a separable or a near separable system, therefore, it seems
clear that the present version of periodic orbit theory is an
approximation to Marcus'e quasi—periodic theory. Whether this is
also true for strongly coupled systems is difficult to say

since the nafure, or even the existence, or periodic orbits and

quasi-periodic manifolds is not well understood in such cases.



10.

11.

12.

13,

. G. F. Carrier, M. Krook, and C. E. Pearson, Functions of a Complex

e e ™

~-16-

References

Supported in part by the U. S. Energy Research and Development

Administration, and by the National Science Foundation under

grant GP-41509X.

" Camille and Henry Dreyfus Teacher-Scholar.

See, for example, L. I. Schiff, Quantum Mechaﬁics, McGraw-Hill,

N.Y., 1968, p. 277.

A. Einstein, Verh. Dtsch. Phys. Ges. 19, 82 (1917).

J. B. Keller, Ann. Phys. (N.Y.) 4, 180 (1958); J. B. Keller and

S. I. Rubinow, Ann. Phys. (N.Y.) 9, 24, (1960).

V. P. Maslov, Théorie des Perturbations et Méthodes Asymptotiques

(translation from Russian), Gauthier-Villars, Paris, 1972.

M. C. Gutzwiller, J. Math. Phys. 12, 343 (1971).

P. Pechukas, J. Chem. Phys. 57, 5577 (1972).

R. A. Marcus, Faraday Disc. Chem. Soc. 55, 34 (1973); W. Eastes

and R. A. Marcus, J. Chem. Phys. 61, 4301 (1974).

R. P. Feynman and A. R. Hibbs, Quantum Mechanics and Path Integrals,

McGraw-Hill, N.Y., 1965, pp. 29-31. -

Variable, McGraw-Hill, N.Y., 1966, p. 272.

W. H. Miller, Adv. Chem. Phys. 25, 69 (1974).

Ref. 9, pp. 310-312.

~ S. Chapman, B. Garrett, and W. H. Miller, J. Chem. Phys., to be

published.

W. H. Miller, J. Chem. Phys. 62, 1899 (1975).



LEGAL NOTICE

This report was prepared as an account of work sponsored by the
United States Government. Neither the United States nor the United
States Atomic Energy Commission, nor any of their employees, nor
any of their contractors, subcontractors, or their employees, makes
any warranty, express or implied, or assumes any legal liability or
responsibility for the accuracy, completeness or usefulness of any
information, apparatus, product or process disclosed, or represents
that its use would not infringe privately owned rights.




R

TECHNICAL INFORMATION DIVISION
LAWRENCE BERKELEY LABORATORY
UNIVERSITY OF CALIFORNIA
BERKELEY, CALIFORNIA 94720





