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THEODORE C. BERGSTROM

ON EFFICIENT PROVISION OF SOCIAL OVERHEAD GOODS*

Introduction

My colleague, Trout Rader occasionally remarks “Consumer efficiency
requires that price equals marginal cost. But what is marginal cost ?"?
This question focuses the problem recognized by Harold Hotelling [6]
that although under rather general circumstances, (see T. Rader [9])
marginal cost pricing is necessary for Pareto optimal resource allocation,
it is not in general sufficient. If, for example, marginal costs are constant
with respect to output for each industry but depend on the amount
of “set-up costs” incurred, the “‘price equals marginal cost” rule provides
no guidance for choosing the optimal amount of set-up costs.

In this paper we consider a partially decentralized economy in which
the supply of certain commodities called “social overhead goods™ is
determined by a collective authority. All other commodities are produced
by private firms. It will be assumed that for any fixed supply of social
overhead goods, the production possibility sets for the private firms
are convex. It will also be assumed that consumers have convex
preferences. The private sector will operate competitively, treating the
supply of social overhead goods as an environmental parameter. For
this model we show that there is a sense in which we can paraphrase
Rader’s remark as follows: “For the private sector, every Pareto
optimum is a ‘competitive equilibrium’ but equilibrium is Pareto
optimal only if the central authority does the right thing. But how
does the central authority choose the right thing to do?” We will

explore some possible methods for aiding the central authority in its
choice of activities.

% This research was partially funded by NSF Research Grant GS 3070. The
‘ ut}mr thanks Professors Trout Rader, James Barr, and Robert Parks of Washington

7 v.grsity for helpful comments. All errors have been deliberately selected from
evious works of Professor Rader.

is only fair to acknowledge that remarks such as this do not constitute
fessor Rader’s entire repertoire of cocktail repartee.
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THEODORE C. BERGSTROM

1. 4 Model of a Partially Decentralized Economy

A. The T echnology

There are finite sets, / of ordinary commodities, K of socia] overhead
goods, and M of firms consisting of 7, £ and 7% elements Tespectively.
Production Possibilities for the central authority are described by an
input correspondence [, from Ez+ (the non-negative orthant in Euclidean
k space) to E;* such that for any ae Ex*, L(a) is Interpreted ag the
set of all input vectors of ordinary commodities which can be used to
produce the vector g4 of social overhead goods. Let 4 = {alac Ex+
and L{a) % #}. For each firm, m e M, there is a correspondence Y,

for that firm with positive elements denoting outputs and negative
elements denoting inputs.) We also specify a vector we Eyt of total
initial holdings for the economy. In our subsequent analysis, we wil]
wish to assume that the sets Y,,(a) and L(a) are convex sets for any
fixed aec 4. This need not, however, imply that the set of feasible
aggregate outputs is convex.

Perhaps the most appealing examples of a conceivable “‘real world
techno

Ways of choosing a set of social overhead goods so that for fixed quan-
tities of social overhead goods, the production sets of firms are convex
in the space of ordinary commodities. For example if a firm has a

12




On EFFICIENT PRoVIsiON OF SociaL OVERHEAD GooDs

quasi-concave production function with increasing returns when all
inputs are varied proportionately, it may be possible to designate any
of several subsets of its inputs as social overhead goods in such a way
that the production function is concave in the remaining goods. In
this paper we will not consider the question of the optimal membership
of the set of social overhead goods, but only the problem of efficient
allocation once such a set is chosen. Perhaps some light will be thrown
on the former question from the study of the latter.

We present a simple example which may be helpful to illustrate the
nature of the technologies considered.

Example 1. There are two commodities produced for final demand.
There is one factor of production, “labor”, available in fixed supply. (We
will represent quantities of the first two commodities by the first two
components of a vector in Eg and quantities of labor by the third
component.) The vector of initial holdings for the economy is (0, 0, /)
where [ > 0. There are two social overhead goods, quantities of which
are represented by the vector (aq, 4). The input requirements for
producing either social overhead good will be one unit of labor per
unit of social overhead good. Thus

L(a,, a3) = (0,0, a, + a;) forall (a, as) = 0.

There is a single firm producing each of the ordinary goods. Where
(a1, a5) is fixed, each firm produces subject to constant returns to scale
using labor as its only input. We suppose that for ¢ = 1, 2, the labor
requirements per unit of output of good 7 will be c,2,~# (where ¢, >0
and f > 0 are parameters).

It is clear from the linear structure of this technology that where

a; and a, are fixed, the set of feasible outputs of commodities 1 and 2
will be

{51, ¥2) € Ex*|[c1a17%]y1 + [coa2™Plys <1 — a1 — as}.

In general this will be a triangular region like the shaded portion of
Figure 1. But for alternative values of (a;, ap) there will be different
triangular regions. The set of all feasible outputs of commodities 1
and 2 will be bounded on the northeast by the envelope curve generated
by the family of linear equations [¢,a;7%1y1 + [c2a2 21y = | — ay — ag
e (a1, a5) > 0. We can solve for this envelope curve. The curve is
ibed by the equation

13



THEODOGRE C. BEeRrGsTrROM
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Figure 2
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ON EFFICIENT PROVISION OF SociaL OVERHEAD GoOODs

B. Consumers and Feasible Resource Allocations

There is a set N consisting of # consumers. Each consumer # has a
preference relation R, C E;+ x E;*, and a vector of initial holdings w".
Also, D'y w" = w where w is the total initial resource holdings in the

economy. A consumer allocation is a vector x = (#1,... 2*) e Ept
where for ne N, x7 ¢ E, is interpreted as the consumption vector of
consumer #.

For ae A, define the set V(a) = {(«, y, 2)ze L(a), y € 7y Y la),
x€Eu*t and X yan=>, y™—z+w}. Define the set V=|,4V(a).
We ‘call V(a) the set of all resource allocations consistent with a, and
V' the set of all feasible resource allocations. Let X(a) = {x| for
some y,z (x,y,2)€V(a)} and let X = Jses X(@). We can think
of X(a) as the set of all consumer allocations consistent with a, while X
1s the set of all feasible consumer allocations. If for every a€ A, the
sets Y, (4) and L(a) are all convex then for every a € 4, the sets V(a)
and X(a) will be convex. But, in general the sets ¥V and X need not
be convex.2

C. Optimality and Partially Decentralized Market Equilibrium

We define the Pareto ordering R on Ez* X Eg* so that xR#£ if and only
if #"R,%" for all ne N. Also xP% if and only if xR%£ and not £#Rx.
An allocation x is said to be conditionally optimal subject to a if aec A,
x € X(a), and for every £ € X(a), not £Px.

A competitive price vector for ordinary commodities will be a vector
p€E, Since we will wish to consider allocation methods in which
ordinary commodities are produced and sold competitively while social
overhead goods are financed by taxation, we need to define a wealth
distribution function which is somewhat more general than that defined
by Debreu [6] for a ‘“private ownership economy’. In particular,
a wealth distribution function is a function W from E; X Ez X Eg X Eg*
to E;t such that

Wp,z,y,wt,..., 0% = (Wyp,z, v, w),..., Wap, 2, v, ")

and

2 This theorem and subsequent theorems could be substantially generalized.

example we could allow the ‘‘survival sets” to be only some proper subset
' the non-negative orthant. We could also allow some ordinary commc.>d'ities
be “public goods”. The simplifications made here are largely for expos.mona}l
icity. For a more general framework in which much of the analysis in this
er.could be applied, see T. Bergstrom [2].
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Forae4, 4 partially decentralized market equilibyim, subject to G wiy,
wealth distribution function W is 4 price vector pe E, and a point

(1) Z minimizes Pz on L(a),

(2) for every m e pf » ¥ maximizes 4y on Y..(a),
(3) foreveryn e N » " maximizes R, on EfrN{z|px < W.(b.z 7, wn)},

In market equilibrium subject to @, the centra] authority minimijzeg
the cost (at prices ) of producing 4. Firms maximize profits on the
production setg Y,.(@) where ordinary commodities are competitively
priced at $ and no charge is imposed for the use of social overhead
goods. Individuals maximize preferences subject to budget constraints
which may depend among other things on taxes, F inally market excess
demands are zero, (This follows since (%, 9,2 € V(a).)

I1. The Structure of the Model

A. Boundedness of Production Possibilities
To ensure the existence of a Pareto optimal allocation we would like
the set of feasible allocations to be compact. We offer here a set of

The set J, < J is said to be a set of limiting factors in, fixed supply
if (1) for every ac A and every meM, ye Y, (a) implies y, << 0 for
everyje Jo, (2) for €very a € 4, there exists a bounding vector B+(a) E,
such that for everyme M, if ye Y,.(a) and y; < w; for all j e J,, then
Y S B*a). (3) There js an upper bound a*e Ey for the set {a| for
Some z € L(a), ¢, < w; for allje J,}.

THEOREN | The set V = Weea V(a) is compact if :

(1) the correspondences Y,,(a) for m e M and L(a) are upper semi-
continuoys,
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(2) for allae 4, L(a) C E,T,
(3) for all me M, a < a’ implies Y ,(a) C Y p(a'),
(4) there is a non-empty set J, of limiting factors in fixed supply.

Proof. The presence of limiting factors in fixed supply implies that
for every ac 4, and every me M, the set Yma) = {y|y€ Y,u(a) and
{y + Diestinm Yi +w — L(@)}NEj+ # ¢} has both upper and lower
bounds B+(a) and B—(a). Also the set 4 = {a|{2y Yomla) + w —
L(a)} N E;+ # ¢} is bounded from above by a* and from below by 0.
Since a < @’ implies Y ,(a) C Y, (a’), it must be that the bounds B~(a*)
and Bt(a*) for the sets ¥,(at) are also bounds for the sets Y u(a) for
every ac . Let V = VN {(x,y,2)| for all me M, B~(a*) < y™ <
B+(a*)}. It is easily verified that V is bounded. From the definition
of Y, it follows that V = V. Hence V is bounded.

We now show that 4 is compact. Let {a(q)} be a sequence in 4 such
that lim a(g) = 4. Since {a(q)} C 4, there exists a sequence {x(g)} such
that for every ¢, #(g) € { 2u Ym(a(g)) + @ — L(a(g))} N E;*. From the
results of the previous paragraph it follows that the latter set is bounded.
Hence there is a convergent subsequence {x(¢g*)} such that lim x(¢*) =
% € E;+. Upper semi-continuity of the correspondences Y, and L imply
that 2€{ Dy Y@ +w — L(@}NE,;* Hence acA. Since 4 is
bounded, 4 must be compact.

Let {(x(g), ¥(q), 2(g))} be a sequence in V converging to (%, 7, %).
Then for every g, there is an a(g) € 4 such that z(g) € L(a(g)) and y™(¢) €
Y u(a(g)) for all me M. Since 4 is compact, the sequence {a(g)} has
a subsequence convergent to some 4 € A. Upper semi-continuity implies
that Ze L(@) and y™ € Y (@) for all me M. Also, Dy Er = Dy ™+
w — 7 V. Therefore V is closed. Since V is also bounded, V must
be compact. Q.E.D.

CoroLLARY 1. If the hypothesis of Theorem 1 is satisfied and if
for every ne N, R, is transitive, reflexive and R,(x") = {x|¥R,x"} is
closed for all x € E;+ then there exists a Pareto optimal allocation.

Proof. The relation R inherits the properties assumed for the rela-
tions R,. By Theorem 1, V is compact. Hence X is compact. But it
is known that a relation with the assumed properties has at least one
maximal element on any compact set. See T. Rader [9].

- B, Existence and Optimality of Equilibrium

:?",F,he following assumptions about preferences, technology and wealth

17
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Assumption P. For al neN, R, is a complete quasi-ordering on
Ef R, is continuous, weak] convex, locally nonsatiated and monotonjc,
1 n y y

Assumption T, Assumption T issatisfied for zif (1) theset {3, Y,.(a) —
L(a)} is nonempty, closed, and convex and (2) the set {3, Yop(a) —
L(a) + win E;* is bounded and has a non-empty interior,

Assumption W. The wealth distribution function W is continuous
and homogeneous of degree one in p and X, Waup, 2, v, ') =

p(ZM Y™ — z + w), for all (#, 2, ) in the domain of W Iy, W,>0,
then Wy>0forallmeN. '

The proof is a mathematically trivial adaptation of Debreu’s proof [4]
of the existence of competitive equilibrium.

THEOREM 3. If (%, 9, %) isa partially decentralized market equilibrium
subject to g, and if R, is locally nonsatiated for all e N, then the
allocation # is conditionally optimal subject to g.

The proof is a straightforward modification of the usual proof that
competitive equilibrium is Pareto optimal.

In a strict sense this is not quite true if we allow the Possibility that some
“labor” be consumed directly as “leisure”. For the purposes of our example we
will suppose that all labor must be used in production. Thus we can represent
the set X dia,grammatically in two dimensions by examining its Projection onto
the x, and ¥y axes,

18
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market equilibrium subject to & where X (d) is the area below the straight

line passing through . Although % is on the boundary of X, % is not
Pareto optimal since x* P#%.

Figure 3

There is, however, a theorem which closely parallels the traditional
theorem that any Pareto optimum is a competitive equilibrium.

For & = (#,..., #*) € E;5*, we say that there is conflict of interest
at % if for any »’ € N, there exists an allocation (£2,. .., #%) € E4* such
that D £» = ZN %" and £"P,x, foralln # »n’, ne N.

THEOREM 4. If assumption P is true and {2y Yn.(a) — L(a)} is
convex for all a€ A, then for any Pareto optimal allocation % such
that there is conflict of interest at # and ), ™ >> 0, there exist vectors
¥, % and @ and a non-zero price vector $ € E;* such that $ and (£, , 2)
constitute a partially decentralized market equilibrium subject to 4 with
some distribution of wealth.

Proof. Since % is a Pareto optimum it is feasible and hence % € X(d)

for some e 4. Our assumptions and the fact that % is Pareto optimal

1Q
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imply that {3, x»|(«1,. . . P)RE} — {0y Vould) — L(a) —w} is 4
convex set which does not contain the Zero vector in its interjor, It
then follows (as a consequence of Minkowski’s separation theorem) that
there exists a non-zero p € E, such that:

(1) If ze L(a), pz < 2.
(2) For all me M, if ym e Yu(d), pym L pym,
(3) Forallne N, if x"R,%", then px» > pan.

Since preferences are monotonic, 4 > 0. To complete our theorem
we need only to show that (3) can be strengthened to: (3) Forallme N )
if 7P, %", then pxn > p#". From a well known theorem of Debrey [4,
P. 63] it must be that if (3) holds and if pE" > 0 for all # €N, then
(3)" holds. By assumption, D'y %% > 0. Since >0, >0
Hence $%" > 0 for some neN. Suppose p7" = 0 for some #' e N.
Since there is conflict of interest at %, there exists an allocation £ ¢ E,-,J+
such that >, #n — v %" and AP,z for all n s n', neN. But
Debreu’s theorem and result (3) then imply that $ Dy i > Py n,
This contradicts the assumption that D}, #» — >~ . Hence pin >0
for all » e N. Therefore condition (3)" holds. If we now let W, = pzn
for every ne N, the theorem is proved. Q.E.D.

At this point we might reconsider Rader’s remark and our paraphrase.
Corollary 1 and Theorem 4 tell us that (under certain conditions) a

produced in positive quantities must be priced at marginal cost under
the market equilibrium price vector p. In this sense “price equals
marginal cost” is necessary for Pareto optimality. But since not every
partially decentralized market equilibrium is Pareto optimal, the
marginal cost rule is not sufficient. Alternatively we can say that
every Pareto optimum is 3 partially decentralized market equilibrium,
but such an equilibrium is Pareto optimal only if the centra] authority
chooses an appropriate vector of social overhead goods. The remainder
of this paper concerns itself with the question of how the central authority
can make an “appropriate choice’.

IIT. On Finding Payeto Optimal Allocations

For a central authority which accepted the Pareto criterion as a partial
welfare guide, it would be useful to find necessary and/or sufficient

20
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conditions that an allocation be Pareto optimal. It would be especially
pleasant if these conditions provided at least crude practical guidelines
for choice concerning the quantity of social overhead goods. We present
some results which are suggestive but only partially satisfactory. That
interesting necessary and sufficient conditions are hard to come by is
foreshadowed by the work of Samuelson [11] and Chipman and Moore {3].

A. A Necessary Condition for Pareto Optimality

TuEOREM 5. If preferences of at least one consumer are locally
non-satiated, then a necessary but not sufficient condition that an
allocation % be Pareto optimal is that # belongs to the boundary of
X = Upes X(a).

Necessity is easily demonstrated. To see that this condition is not
sufficient, observe that in the example of Figure 3, the point % belongs
to the boundary of X but is not Pareto optimal.

Define the set A* of potentially efficient supplies of social overhead
goods so that A* = AN {a|X(a) is not contained in the interior of X}.
Then we have the following easy consequence of Theorem 5.

CoROLLARY 2. If x is Pareto optimal, then % € X(a) for some @€ A*.

This result together with Theorem 4 suggests that a central authority
which subscribes to the Pareto criterion need only consider points a
in A*. This fact may provide a criterion of considerable usefulness
for eliminating inefficient outputs of social overhead goods. For instance
in Example 1, it is easy to show that the set A* = {(ay, as) € Eg*|a; +
a; < (B/(1 + B))I}. Thus we would know that it can never be efficient
to produce more than (8/(1 + B))! units of either social overhead good.
Similar results could be obtained in the analysis of more general eco-

nomies. Of course we are left with the problem of choosing from among
points in A*.

B. Benefit-Cost Analysis

One might think that the model we have constructed would provide

the most congenial of framework for the application of benefit-cost

analysis. We will suppose that the central authority is able to observe

~ prices $ for ordinary commodities which with the allocation (%, ¥, Z) consti-
tutes a partially decentralized market equilibrium subject to some
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vector @ of social overhead goods. We now formalize three forms of
benefit-rule.

Benefit-Cost Rule J. Reject any project which results In a vector
a of social overhead goods if for all

YExY,(a) andall zeL(a), ﬁ% Om — Fm) < B(z — 2.

Inputs used by the central authority. This would Séem to correspond
rather closely to the traditional benefit-cost comparison.

benefit-cost rule I could be restated in the equivalent form: I’ Reject
any project which results i a vector of social overhead goods a such
that for all xe x (@), Dy am < 2w 7" The next result provides
partial justification for the use of this rule,

THEOREM 6. Where 4 and (%, 9, Z) constitute a partially decentralized
market equilibrium subject to 4, a sufficient condition that no 4 ¢ X(a)
be Pareto superior to % is that

;52 x"<;52 x"  for all x € X(a).
N N

The proof is a trivia] adaptation of the proof that Competitive equi-
librium is Pareto optimal.

Theorem 6 tells g that no project rejected by benefit-cost rule I
could result in an allocation Pareto superior to . We cannot, of course

False Conjecture. 14 P yan< P 2n & for all x € X(a), then for
€very x € X(a) there exists an allocation £e X (@) such that # is Pareto
superior to %.

Chipman and Moore [3] provide counterexamples to this conjecture.
They do, however, demonstrate that the conjecture would hold if ip
addition to our assumption P we assume that all consumers have
1dentical and homothetic preferences.

22
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Benefit-cost rule I must be thought of as a conservative rule. It has
merit in that it rejects only projects which cannot dominate the initially
observed allocation in the Pareto sense. On the other hand it does
lend a privileged position to the originally observed equilibrium in the
sense that allocations attainable with & need not dominate all allocations
which would be attainable if the rejected project were adopted. Also,
of course, the rule tells us only which projects to reject. We might
consider versions of the benefit-cost rule which tell us what to accept.
(We again suppose that there is an observed $ and (%, ¥, Z) which
constitute a partially decentralized market equilibrium subject to 4.)
Perhaps the simplest and most commonly suggested rule is:

A WL .l.l(al-tlb) * J

Benefit-Cost Rule II. Choose 4 so that for some x € X(d), Dy ir>
p o warforall xe X.

Looking at our definitions of X(a) and X, it is clear that this notion
corresponds closely to the idea of maximizing the difference between
benefits and costs of alternative vectors of social overhead goods
evaluated at prices . This rule, however would not generally result
in Pareto optimal resource allocation. This is very quickly seen from
the example of Figure 4. Here if we let $ be the price vector normal
to the tangent line through %, we notice that the allocation % satisfying
benefit-cost rule II would be a point on the horizontal axis. Recalling
the construction of the figure from Example 1, this would require
that 4 = (0, (8/(1 4+ f)))). But in the figure, #* is the only Pareto
optimal allocation and it is easily seen that x* ¢ X (@). Thus it appears
that benefit-cost rule II is quite unsatisfactory from the Pareto view-
point.

We might consider a benefit-cost rule which places stronger informa-
tional demands on the central authority. For example we might consider:

Benefit-Cost Rule III. Choose @ so that where $ and (£, 9, £) consti-
tute a partially decentralized market equilibrium subject to a4,
P win=p Dy anforall xe X.

It is easily shown (applying the method of proof from the theorem
that competitive equilibrium is Pareto optimal) that any allocation a
_satisfying benefit-cost rule III will be Pareto optimal. But the rule
is of very limited usefulness because in general there need not exist
any 4 and $ which satisfy the rule. We could be guaranteed the existence
_of such vectors only if X were a convex set. But in general X need not
e-convex. In fact it is clear that the non-convexity in Example 1 is
that there will be no 4 and % satisfving benefit-cost rule I1I.



THEODORE C, BERrGSsTROM

benefit-cost rules of the traditional sort are of little use as g guide tq
efficient Provision of social overhead goods. Practitioners of this
technique might argue that we have stacked the deck against them
by considering a technology which results in a on-convex set of feasiple
allocations. On the other hand, one might argue that the most inter-
esting case for government intervention can be made precisely where
there are substantial indivisibilities or increasing returns,

In the next section we consider an alternative method of choosing
quantities of socjal overhead goods. This method is shown tg have
desirable properties at least for certain types of economies.

IV. Quasi-Lineay Technology and Lindahl-H otelling Equilibriym

There is an analogy between social overhead goods of the type we
consider and pure public goods as considered by Lindah] [8], and
Samuelson [12], and Bergstrom [2]. The supply of social overhead
goods, like the supply of public goods, will in general affect the utility
of several consumers. Where it is presumed that given the supply of

an equilibrium notion similar to the Lindah] equilibrium for the supply
of pure public goods (Lindahl (8], Foley (5], Bergstrom [2]). In
particular, we divide the costs of each social overhead good among
the consumers In such a way that, knowing their shares of the costs
and knowing the effect of the supply of social overhead goods on market
prices for ordinary goods, al] consumers agree on the same quantity
of social overhead goods. We will show that for at least one interesting
class of €conomies, an equilibrium of this sort exists, and that equilibrig
are Pareto optima and vice versa.

4. Quasi-Lineay T echnology

Matters are considerably simplified if the set of feasible outputs given
the quantity of social overhead 800ds is the intersection of a half-space
with the lon-negative orthant. We define a technology to be quasi-

24
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linear if for every a € 4, there exists a unique vector p(a) > 0, nor-
malized so that py(@) = 1, such that X Y, ﬂ{y[y, >0 for all j
such that 1 <j <7 — 1} ={y[p )y <0 and y; =0 for 7 <7 — 1}
We call p(a) the supporting price vector at 4.

The most well known example of such a technology is one which
satisfies the conditions of the celebrated Samuelson non-substitution
theorem. The Samuelson theorem assumes that there are 7 — 1 ordinary
commodities which are produced by firms whose production sets are
" convex and display constant returns to scale. Each firm may use any of
the ordinary commodities as inputs. The jth commodity is present
in fixed supply and is required as an input for positive production by
any firm. For convenience, assume that there is only one firm producing
each producible commodity. This involves no loss of generality since
one could think of the production set of one of these “firms” as the
sum of the production sets of all firms producing the same good.

The main result of this section is Theorem 7 which states that for
an economy with a quasi-linear technology, and for any ae€ A there
exists a unique (normalized) price vector p(a) which sustains a partially
decentralized market equilibrium subject to a. This price vector is
determined independently of preferences and wealth distribution. It
is this property of quasi-linear technologies which makes them especially
convenient for our purposes. Theorem 8 provides a sufficient condition
that p(a) be a continuous function on 4.

LEMMA 1. (Samuelson non-substitution theorem). The following
technology is quasi-linear. There is a set of firms M = {1,...,7 — 1}
such that:

(1) Forallme M, and allae 4;

(a) Y u(a) is a closed convex cone containing £,

(b) if ye Y, (a) then y, < Oforalls # mandif y,, > 0, then y;, < 0.
(2) There exists y € > Y ,,(a) such that y > 0.

A proof of this proposition is presented by Arrow (1].
LEsMa 2. If the conditions of Lemma 1 are satisfied and if also

L(a) is a closed subset of E;+ and if the initial allocation » is such that
w; = 0 for j # §, then where p(a) is the supporting price vector at a,

Efn{z Yole) — L@ + w} Ej+0 {x}pla)x < W(@)}

25
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where
W(a) = max {p(a)w — 1

2eL(a)

Proof. Since L(a)is a closed subset of E,;+and P(a) >0, MaXser (o) p (10 — z)
exists. Suppose that 5 — Yy —z+weE+N {Du Y,.(a) — L(a) 4 w}.
Thenx}Oandy: x—f—z—-wwhereyj>Oforallj<]'~— 1. Since
technology is quasi-linear, 2@y <0. It follows that p(a)x <
P@)(w — z) < W(a). Thus the first of the two sets is contained in
the second. Suppose % > 0 and P@)x < W(a). Let Y=x43—y
where 7 maximizes p(a)(w — z) on L(a). Then Y; =0 for j <ji—1
and p(a)y = p(a)x — W(a) < 0. Therefore Y€ Y,a) and 5 —
Y—Z+twey, Y,(a) — L(a) + w, Hence the second set is contained
in the first. Q.E.D.

THEOREM 7. Let preferences be locally hon-satiated, transitive ang
have closed upper contour sets. Suppose that the technology satisfies
the conditions of Lemma 2. Tet W(a) = MaAXsere) P(a)(w — 2).  1If
(W,,..., W.) is a wealth distribution such that ZN W, = W(a) and
Wo=0forallne N » then there exists a partially decentralized market
equilibrium subject to a with wealth distribution (W v, W5 and
with an equilibrium Price vector equal to the supporting price vector p(a).
Furthermore, if W(a) > 0, p(a) is the only possible (normalized) equi-
librium price vector for a.

Proof. Let ? = p(a) be the supporting price vector at 4. For every
n €N, choose x"(p) so that x"™(p) maximizes R, on EfN{xlpx < W,
This is possible since R, is transitive and has closed upper contour
sets and since positivity of p(a) and non-negativity of W, imply that
EfN {xpx = W,} is non-empty and compact. Ioca] nonsatiation
implies that Px"™(p) = W, and hence that P2y x(p) = e W, =
W(a).  Then, applying Lemma 2, 3, x» = Yy—Z%24w for some
V€2 You(a) and Z€L(a). But p3,am = pj 4 pw —2) = W(a).
Hence 5 = W(a) — p(w — Z) > 0. Since P =p) is a supporting
Price vector, py < 0 for all Y€ 2 Youla). Hence P¥=02=py for
allye >, Y,.(a), and b(® — 2) = W(a) so that p7 < pziorall ze L(a).
But then since firms’ production sets are independent and contain the
origin, there exist for each me M, y" €Y, (a) such that 2 u P =7
and pjm™ = 0 > pyforallye Y,.(a). Therefore p = £(a) and (x1(p),. . y
P, 7, , §, %) constitute a decentralized market equilibrium subject
to a, with wealth distribution Wi, W,).
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Since production is quasi-linear, p(a) is the only normalized non-zero
prlce vector at which profits are maximized at non-zero outputs. It

is then easily seen that p(a) is the only possible normalized equilibrium
price vector. Q.E.D.

THEOREM 8. If technology is quasi-linear, and if D Yn(a)is a

continuous correspondence, then the supporting price vector p(a) is a
continuous function on 4.

Proof. Suppose a(n) —a, p(a(n)) —p. We wish to demonstrate
that # = p(@). According to Lemma 1, $(4) is unique and >, ¥,.(3) =
{y|p(@)y <0 and y; >0 for j <j — 1}. Thus we need only to show
that this set is equal to {y|py << 0 and j <7 — 1}. Let a(#n) — dand
pla(n)) —p. Suppose that yezM Ya(3@). Since D, Y, is lower
semi-continuous, there exists a sequence y(n) —y such that y(n)
€ Xu Ynla(n). Thus pla(m))y(n) <0 and y,(n) >0 for j<j— L.
But since p(a(n)) — §, it must be that py <<Oand y; >0forj <7 — 1.
This proves that the former set is contained in the latter.

Suppose that py <0 and y; >0 for all j <7 — 1. Then since
pla(n)) — P, p(a(n))y < 0 for sufficiently large values of #. But this
implies y € D3 Y u(a(n)) for all sufficiently large values of #n. Therefore
since 2 u Y, is upper semi-continuous, y € D Ym(@). Since p(a(n)) >0
and p,(a(n)) = 1, it must be that > = 0 and p, = 1. Hence there exists
some vector ¥ such that §y < 0 and y,; > 0forj <7 — 1.

Now suppose that y = 0 and y,; > 0 forj <7 — 1. Using the results
of the previous paragraph, we can construct a sequence {y(n)} such
that y(n) -y, py(n) < 0, and y,(» )>O forj<7‘—1 But from the
previous paragraph we know that y(n)e 2, ¥ ) for all #. Since

u Y, is upper semi-continuous, y(n) — ¥ arid a( ) — @, it must be
that yezM Y a(a). Hence 2y Y (@) = {ylpy <0 and y, >0 for
7 <7 — 1}. It follows that $ = p(4) and hence that p(a) is contgtgt;;.

B. Induced Preferences for Social Overhead Goods . .

The preference level of a consumer facing competitive prices is de-
termined once commodity prices and his income are specihgd. In a
quasi-linear economy, satisfying Theorem 7, the equilibrium price vector
#(a) for ordinary commodities is completely determined by the Yector a
of social overhead goods. We therefore find it useful to define an m'duced
preference relations R*, on income and social overhead goods in the
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following way. Where (a, W,) and (@', W,") both belong to 4 « E+
let x(z, W,) maximize R, subject to P@)x < W, and let x(a’, W,
maximize R, subject to P(@)x<<W,'. Then Wwesaythat (g, W.)R*, (a', W,
it and only if x(a, W,)R,x(a’, W.'). Our next result lists some results
about the relation R*,, which we will find useful,

LEMmaA 3.

(1) If R, is transitive, R*, is transitive,

2) If R, is reflexive, R*  is reflexive,

(3) If R, is complete, R*_ is complete.

(4) If R, is locally non-satiated, then R*, is locally non-satiated.
In fact for everyaed and W > w' > 0, (a, W) P*(a, w.

5)Ifa>q implies ZM Y,.(a) CZ m Y, (a) then R*, is monotonic,

(6) If ZM Y,(a) is a continuous correspondence on 4 and if R,
18 continuous, then for any ac A, and W - 0, R*, is continuous
at (a, W),

The proofs of (1)—(5) are straightforward. To prove (6) one can simply
apply Theorem § above along with Theorems 1.8 (4) and 4.8 (1) of
Debreu [4].

We will occasionally wish to assume that R*, has convex upper
contour sets. At this time I have no particularly appealing genera]
assumptions on R, and Z u Y, which imply this condition. Examples
will be provided to show economically interesting cases where it does
and does not apply.

V. Lindahi-H otelling Equilsbrium

Assumption 4 Technology is quasi-linear. The only resource held
mnitially is labor. Social overhead goods are produced subject to constant
returns to scale using labor as the only input.

We now define Lindahi-Hotelling Equilivrium, et g=1(3%...,¢%
where for n e v ¢" € Ex* is the vector of tax Prices paid by consumer
for social overhead goods. Iet PEEst be a price vector for ordinary
8oods and let g 4 Let (£, 9, 5) e V(a) such that
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(1) For all ne N, (a, pw" — g "a)R*,(a, pw™ — §*a) for every ae 4.
(2) Forall (a,2)e{(a, 2) €A, 2eL(a)}, X yita — P20 =2 G — Pz,
(3) The price $ = $(a) and the allocation (%, 7, Z) constitute a partially
decentralized market equilibrium with a wealth distribution such that
W, = pw" — §° for every ne N,

When these conditions are satisfied, we say that (5, q,d, %, 9,z
constitutes a Lindahl-Hotelling equilibrium.

Although the definition is rather lengthy, its interpretation is fairly
simple. The first condition requires that each consumer n, believing
that if ae 4 is chosen his after tax income will be pw" — Gra and
that ordinary commodities will be priced competitively at p(a), will
find that the same choice of social overhead goods 4 maximizes his
preferences on A. The central authority chooses 2 € 4 so as to maximize
the difference between the summed individual evaluations of the social
overhead good and the cost of the resources used as mputs. Tax pay-
ments add up to the value of inputs used by the central authority.
Finally markets for ordinary commodities clear at the competitive
prices p where a consumer’s wealth is his income from factor endow-
ments minus his tax payments.

THEOREM 9. If preferences (on ordinary commodities) are locally
non-satiated and if assumption A is satisfied, then a Lindahl-Hotelling
equilibrium is Pareto optimal.

librium. Suppose that £ € X and that "R, %" for all ne N and.f'Pif’
for some 7€ N. Since £€ X, £¢ X(d) for some de 4. Conditlon'(l)
of the definition of Lindahl-Hotelling equilibrium implies that p(4)£* >
pw' — §@4.* Local nonsatiation implies that for all ne.N , pld)gn >
pwn — gnd. Thus p(8) D £7 > pw — (2 x §VE. Accorc}i‘mg to Copdb
tion (3) of the definition, (D, y §%)a << pz for all ze L(d@). But since
labor is the only input used to produce social overhead goods (and‘the
price of labor is normalized to one) $z = z; = p(d)z. Likewise since
labor is the only good initially held, pw = p(4)w. Since technology is
quasi-linear, p(d)y < 0 for all ye€ D,y Y,.(4). It now follows that for
all zeL(d) and all veDy Yaud), p@ x4 —y +2—w) >0,

e M

I p(a)F < pw' — Gid, then since £P,#%, it must be that (4, puw’ — §'4)P*
{8, Pvf — §iz). But this contradicts Condition (1).
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Thus it cannot be that £e€ X(d). Since this contradicts our Previous
assumption, we must conclude that there is no #e X such that £p;

Our next result specifies conditions which énsure that a Paretq
optimum can be sustained as a Lindahl-Hotelling equilibrium. We
shall make the following additional assumption,

Assumption C. For all we N and all (3, %)cAd x E 1*, the set
{(a, w)|(a, W)R*.(a, W)} is convex.

The strength of this assumption will be indicated in examples presented
later, where we find some interesting economies to which it does ang
some to which it does not apply.

THEOREM 10. Let % be a Pareto optimal allocation at which there
1s conflict of Interest. Let the economy satisfy the assumptions of

if a>aq, Z m Y p(a) 32 m Yn(a’). Then there exists a Lindah]-

Hotelling equilibrium (3, g, g, %, ¥, %) where % is the specified Pareto
optimum.

Proof. We note from Theorem 4 that we cap find §, @, 7, and 7 such
that (%, 7, 7) constitutes a partially decentralized market equilibrium
subject to & where each consumer # is allowed an after tax wealth pzn.
We are left with the task of finding § € Ez; such that #.4¢.4, %, 7, Z)
constitute a Lindahl-Hotelling equilibrium. To do this we construct
the sets S, = {a,..., a», Wi,..., Wolforallne N (a», W)R*,(a, pzn)}
and Sy = {(a,.. ., 4, Wi oW 28w, S MaX,y, plw — z)}. Our
assumptions ensure that both sets areconvex, that (a,. . .,q, 41, . . L pEme
S1NS, and that o ¢ Interior S; — S 2. We therefore apply the separating
hyperplane theory to get a vector (9, 9) € Exs, 4 which separates the
two sets. Qur assumptions ensure that R*, is monotonic in 4 and

1 =% = ... =y, It then becomes a straightforward matter to
verify that the vectorg = (§,. .., g satisfies our requirements, O.E.D.
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are satisfied, the initial labor holdings of each consumer are positive,
and >4 Y.u(a) and L(a) are continuous correspondences on A.

Proof.  The theorem can be proved as an application of the proof
offered by T. Bergstrom [2] for the existence of Lindahl equilibrium.
Our assumptions imply that R*, shares all the properties required for R,
in a conventional existence proof. We can let A X E;* play the formal
role of the allocation space where choice is made among points
(@, Wy,..., W,)e A X Ez*. We observe that the set

Z={(a,W1,...,W,-,)

D W, <pla)(w —=z) forsome ze L(a)}
N

will be closed, bounded and convex. The set Z then plays the role
of the set of feasible allocations. One can apply the proof previously
mentioned to show that there exist Lindahl prices (¢%,...,3") € Ez;
and a point (@, Wy,..., W,) € A X Ez+ such that for all ne N, (g, W,
maximizes R*, subject to §"a + W, < w, and such that Xy §"a +
ZN Wo.>=Dnd%a+ ZN W, for all (a, W,,..., W,)eZ. Noting the
construction of Z we observe that for some Ze L(a), 2 ~q"a +
p(@)(w — 2) = Dy §*a + pla)(w — z) for all (a,z) such that zeL(a).
We can then employ assumption A to show that for all (4, z) such that
ze L(a), Dy gra — p(@)z <0 = Xy 7@ — P2 )

Consider the wealth distribution such that for all ne N, W, =
pw® — §nG. We can apply Theorem 7 to find an allocation % € E 33 and
a 5 € > Y,.(a) such that (%, 7, Z) constitutes a partially decentralized
market equilibrium subject to 4, with the stated wealth distribution.
It now follows that (p(@), §, &, %, 7, £) constitutes a Lindahl-Hotelling
equilibrium. Q.E.D.

V1. Some Examples of Lindahl-Hotelling Equilibrium

Example 2. There are ] — 1 produced ordinary commodities. The jth
ordinary commodity is a factor in fixed supply. There is one firm producing
each ordinary commodity. The only ordinary commodity used as an
input is the jth. There are j — 1 social overhead goods. For a given
quantity a of social overhead goods, firms produce with constant returns
to scale where the factor requirement in firm j is ¢;a,~# times its output,
where ¢; and § are positive parameters). Thus fory=1,...,7—1,
¥i(a) = {y|y; < (Afc)af(— v), y;, < 0 and y, = 0 for m # j and
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m # j}. Let the input correspondence be L(a) = {z|z; = 0 for I<i
and z, = g;ll a;}. Let there be a set N of consumers sych that each
n&€N has an initia] resource endowment g7 — ©,...,0, @;") where
@" > 0. Preferences of consumer # are represented by the utility
function Up(%) = I—B;ll %" where 2?:11 %,; = 1 and %; =0 for
] = 1L,...,7 -1

We obsex{ve that the technology is quasi-linear and that

1=1
Ey n{ 2 Y(0) — Lia) + w}
i=1
I j—1 -1
= E*N {x | 2 Cia; 0%, + 1, ; wr — “ﬁ}'
) 7=1 ! 7=1
Hence

p(a) = (ca,~5, . . o G117, 1),

We then solve for the demand function, x"(p(a), Wn), of consumer #
and let u* (g, Wn) = u(x™(p(a), W,)). Then u*, represents R* . Tt is
an easy matter to show that

-1
W = c,' W, [ afow
i=1

where ¢, is a constant. We observe that »*, is strictly quasi-concave.
If consumer 4 maximizes u*, subject to

1-~1

2 9i"a; + W, = pla)wr = W,
7=

he will choose

B ) oL 504" 1 ,
@ =|7—=) 2L and W, = w,”.
(1 + 8] g 14+ 8™

In order that all consumers choose the same value of a;, it must be
that for all 4 e v

4" e _
2ng" ZN“M’”J"
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Now
g~ J—1
(S ar)e+ mexpiate — 9 = 3 (T o)~ Ko+ Top
eL(z) =1\ N j=1 N

is maximized at 2 > 0if and only if Dy ¢;* = lforallj =1,...,7 — 1.
It then must be that the Lindahl-Hotelling solution is as follows.

(1) For neN,
W, = ! w;* and ZWn=—~l——Zw,
1+58 N 1+8 7%
@) Forj=1,...,7—1 and #neN,
an=ML.
ZNOCMan

(3) Forj = 1:*--;?-’- ]-:

a; = T—T‘i—,—tﬁ_ > "

N

(4) For neN,

j=1,...,i—1, p;=c,a;% and "= ;l—ocMWn.
i

These results also imply that §;* = %,%/(>, 5 £,%), that — T IOR
¥;/da; = 1, and that @, = B D, x p"%;™

In this example, the task of a central authority which knows the
value of 8 and wishes to find the Lindahl-Hotelling solution is particu-
larly simple. The equilibrium total tax revenue from consumer # is
simply (8/(1 + B8))w,”. If the central authority were able to observe
quantities demanded at any competitive price vector p it could then
discover the values of a,; for each consumer and each good and then
calculate the Lindahl-Hotelling equilibrium. Notice that total govern-
ment expenditures on social overhead goods will be the fraction #/(1 + )
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1 - .
s =C~a,ﬁ1(-—y,), Ym =0 for m# 7, m # 7 and ngo}.
i

We proceed as in Example 2 to find the solution which is:

1
1 +Zaﬂf°€ni .

an,’ynw,’n - Ay s Wn - ﬁ?jn .
ZN “nf?nwa’" ZN “m‘Wn ZN fin
(3) @ =pf;> CniVnt)" = ;> o, W, = B: X P&,
N N N

(1) Wo =90 where Vi =

(2) g =

1—1
(4) > dma = (1 —y,)wm,
=1
B; = n 1' W'n
(5) ﬁ:f =Ca; Y, o= ﬁ* Gy
Vi

commodities the technology of which is highly responsive to the quan-
tities of social overhead goods, Nevertheless computation remaing
simple if the AB4's and the demand functions are known

Example 4. Technology and initial endowments are the same ag
in Example 2. Preferences of ajj consumers are represented by a
Bergson-C.E.S. utility function of the form

J—1 1/6
Up(%) = [21 cxml“’xf’] where 6 <1, 0#o0, (n1s. . ., Omy—1) > 0.
]=

(The limiting form where 6 — 0 s Example 2)) We assume, with no
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ON EFFICIENT PROVISION OF SOCIAL OVERHEAD GoODS

loss of generality, that Zg;ll %p; = 1. Let o = 1)(1 — 6) be the elas-
ticity of substitution. Then the solution for x,m(p, W,) is

e ~1/(1—0)
o oo and wu,(x"p, W) =W D A0 _
Z;Otmﬁfl_" ( (p ) n[]_za il ]

Also, R*,(a, W) is represented by

F ~1/(1—a)
u*'n(a’ Wn) = Wn 2 “m’aa‘“ﬁ(l—wJ
7

) B/y
=W, Zan,-a,-VJ where y = — Bl — g).
A

Now u*, will be quasi-concave if and only if y <{ 1, which occurs
when ¢ < 1 + (1/8). Thus the more difficult it is to substitute ordinary
commodities for each other, and the lower the elasticity of p,; with
respect to a;, the more likely is #*, to be quasi-concave (and hence
R*, to have convex upper contour sets). If ¢ <1, then «* must be
quasi-concave. If <1, then »* must be quasi-concave whenever
o2

When we solve for the Lindahl-Hotelling equilibrium in the case where
vy £ 1, we find that:

1 n
(1) Wﬂ:l—{-ﬂwl

’nwﬂ
@) I = o

+
5 ng ﬂ n
@ 2808 =y g
,. (5) ﬁ = C,'a-j_B and JE,-" = x,-“(ﬁ, Wn).

his is essentially the same type of solution as for Example 2. .The
only added difficulty for the central authority is that demand. functions
are a bit more difficult to estimate. The novel feature of this example
that only for certain parameter values is R*, convex.
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Example 5. The technology is quasi-linear and there exist functjop
81(a),.. ., g(a) and e 4 where g,(2) = 8208) =+ =g_1(3) = 1 suen
that D7, V,.(a) = {y| for some y,/ €3>, V.(a), Vi = gi@)y, for aj
J=1...,7—1}. Let 2(@) = p be the supporting price vector for
2uY m(@). Then the supporting price vector for Du Y, (a) is

(*fﬁ_. P 1).
£(@) " g-i(a)’

If preferences of all consumers are as in Example 4, then R*, is repre-
sented by a function of the form

=1 1/(e-1)
u*, = W[ 21 am-zbg-l“"(ga-(a))"*] :
J= -

If g;(a) is a concave function and if 0 < 2, then «* will be quasi-concave
in 2 and W since * is a concave and increasing function of g1y &

VII. On Finding Lindahl-H otelling Equilibrium

We present a result which in principle might enable a central authority
with knowledge only of demand functions for ordinary commodities and
the technological data determining the supporting price function p(a)
and the correspondence L(a) to compute a Lindahl-Hotelling solution
for the quantity of social overhead goods and to determine the tax
rates to impose. Also, a central authority which knows only the technolo-
gical data and is able to observe a particular partially decentralized
market equilibrium could use this result to determine whether or not
this equilibrium is a Lindahl-Hotelling equilibrium.

THEOREM 12. Consider an economy with quasi-linear technology
satisfying the conditions of Theorems 9 and 10. Assume also that the
supporting price vector #(a) is a differentiable function of ¢ in A, that
Preferences are represented by a continuous utility function u, for
each ne N, and that there are (single valued) differentiable demand
functions, x(p, W) for each consumer n € N. Let G € Interior 4 and P =

$(a) be the supporting price vector at 2. Then b, ¢ 4 % ¥, Z) constitutes

a_ Lindah_I_-HoteHing equilibrium where the wealth distribution ig
(Wi, .., W,) if and only if:

1) %= (a3, WY),..., x%p, ).
36



O~ EFrFICIENT PROVISION OF SociAL OVERHEAD GOODS

(6) ForallneN, ke K, § = — 2>, %" 94(a)
J oy,

(6) ForallkeK, — 2, (Z ;Ejn) 94 = S gn=—" oW (a) _

J

Proof. 1t is clear that the first four conditions are necessary for
Lindahl-Hotelling equilibrium and sufficient for partially decentralized
market equilibrium.

Let %,(p(a), W) = u,(x™(p(a), W,). (The function 4, is commonly
called the indirect utility function, see D. Katzner [7].) Let u*,(a, W,) =
fin(p(a), W,). Then u*, represents R*,. Then (, §, 4, %, 7, Z) constitutes
a Lindahl-Hotelling equilibrium if and only if conditions (1)—(4) hold
and (5') for all »€ N, there exists @™ > 0 such that >,y w" = w and

(@, W") maximizes »* subject to §"a + W" < w™

(6) (2q)a+W ana+W() forall aeAd.

Our convexity and differentiability assumptions and the assumption
that & € Interior 4, guarantee that the maximization problems (5°) and
(6’) will be solved if and only if the first-order calculus conditions apply.
These conditions are:

(5") Forallne N and n € K,

2o [0a(p )/aP (8P 9az) _
[a“n(P( a), W) [aw™ ]

i

. and

6") Forall ke K,

a2
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But it is known that under the conditions of the theorem,

= — .

own 7

Outn(p(a), Wn)  did,(p(a), Wm) .

2

See D. Katzner [7]. Therefore (5”) is equivalent to condition (5) above
and (5”) and (6”) are together equivalent to (5) and (6). The theorem
follows immediately.

An immediate consequence of conditions (5) and (6) of Theorem 11 is

CoroLLARY 4. If there are 7 — 1 socia] overhead goods and if
0pi(a)/9a, = O for all A # J, then

It may be informative to examine Example 2 in this light. Suppose
that the central authority is aware of the production parameters B
and ¢; and knows that utility functions are of the Cobb-Douglas form,
but does not know the values of the ¢%n;. It might choose to estimate
these parameters by observing the quantities that consumers choose
under certain price and income situations. In particular if a consumer
maximized u,, subject to > 2% < W™, he will choose %;" so that
®nj = P;x;"/W" for each J-  Suppose that using information about
quantities demanded, the central authority found a solution where

s d; = f;5; NZ Z" Wn = wpn Zﬁfﬁjﬁ.‘f"» bi=c,a;~b
; J

and £," is the quantity of j chosen by % for each nEN,j=1,...7—-1.
If for each n e N, " were chosen by consumer # so as to maximize u,,
subject to >, p;%; < W, then there would be a Lindahl-HoteHing
equilibrium,
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But if a consumer knows that his tax burden will always be

- - x;" - _
;f 9;"a; = JZZNJA?,-" (ﬂipa‘ ; xa‘”) = JZﬂjﬁf’?i”
then he will actually choose Z* to maximize u, subject to D, 5.(1 -+
4+ B)x < w;". If the B,’s are identical this reduces to Db <
w”/(1 + B) = Wnso that the solution is a Lindahl-Hotelling equilibrium.
But in general the two constraints and hence the quantities chosen
will be different and the solution would not be a Lindahl-Hotelling
equilibrium. '

The central authority might anticipate this response by consumers,
and correct its response accordingly. Of course the consumers, like the
Three Little Pigs, may anticipate the correction, and so on. Whether
there is a plausible equilibrium for such a process might be worth
investigating.

If the central authority is willing to settle for cruder estimates of
the nature of demand for certain large identifiable subgroups of the
population, the free rider problem loses its importance since the behavior
of a single individual would have only a very small effect on the esti-
mated demand function for his population class.

Conclusion

We have presented a model in which non-convexities of production may
be large relative to the size of the markets. It is suggested that, even
here, a substantial proportion of the economy may be left to the.com-
petitive market while only certain activities are “‘socialized”. SlmPly
ascribing certain choices of activities to a central authority and assertn.lg
that if the central authority does the “‘right thing” the economy will
perform efficiently is not, of course, a very useful scientific achievement.
Unless we believe the central authority to be endowed not only with
the “best of intentions’” but with analytic and computational acumen
superior to that of our profession, little has been contribu_ted if we
cannot specify some rules of practical value to guide its choices. "I‘h}s
paper has been only partially successful in such a program but, it is
oped, represents a small step forward. ' .

might be tempting to interpret our Theorem 3 as saymg'that 1f 'ghe
ntral authority is foolish or misguided in its activities, once its decision
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is made, it is stil] efficient for the remainder of the economy to Operate
competitively. Such a conclusion, however, I think would be misleading,
since it might be that in such circumstances efficiency could be enhanced

limited remains here, as in political debates, undecided.

It is my opinion that the notion of Lindahl—Hotelling equilibrium is
useful in suggesting a reasonable objective for the centra] authority and
has some promise of actual empirical measurement. The most serious
restriction in the discussion here is the limitation to quasi-linear econo-
mies. One could in principle, define a Lindahl—Hotelling equilibrium for
non quasi-linear economies, Additional problems are then introduced

general depend on demand influences and on the income distributiona]
effects of taxation.
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Ox~ EFFICIENT ProvisioN of SociaL OVERHEAD GOoDs

Summary

An economy is considered in which production possibility sets for “firms”’ depend
on the supply of certain commodities called “‘social overhead goods.” These goods
are supplied by a “central authority” which uses ordinary commodities as inputs.
Production possibilities, in the present of a fixed vector of social overhead goods,
are described by convex sets, but the set of all feasible outputs need not be convex.

Alternative decision rules for the central authority are considered. It is assumed
that decisions other than those concerning the supply of social overhead goods are
made competitively.

Zusammenfassung

Zur effizienten Beveitstellung von Sozialgiitern. Es wird eine Wirtschaft betrachtet,
in der die Produktionsmoglichkeiten privater Firmen abhédngig sind von dem An-
gebot bestimmter Waren, die ,,Sozialgiiter’* genannt werden. Diese Giiter werden
von einer ,,zentralen Autoritit” angeboten, die gewohnliche Waren als Inputs
verwendet. Die Produktionsméglichkeiten werden bei Vorhandensein eines fixen
Vektors von Sozialgiitern durch konvexen Kurvenverlauf beschrieben, die Kurve
aller méglichen Outputs hingegen muf nicht konvexen Charakters sein.

Auch alternative Entscheidungsregeln fir die zentrale Autoritit werden in
Betracht gezogen. Es wird angenommen, daf Entscheidungen, die nicht das An-
gebot von Sozialgiitern betreffen, unter Konkurrenzbedingungen getroffen werden.

Kpatkoe cogep:Eanne
06 agpferxmusrom obecnevernuu 06UecMEEHHBMU HAKAAOHBIMIL OSADAML.

3mech paccMaTpUBAETCA BKOHOMHMKA, B HKOTOPOH pAX NPOMSBOACTBEHHHX
BO3MOMKHOCTEH AA «pupM» BABUCUT OT IIOCTABKM OIPEMEJEHHEIX NPEAMETOB,
HA3HIBAEMHIX «OGIECTBEHHBIMI HAKIAGHLIMY TOBApPaMi». OTH TOBAPHI OCTABII-
FIOTCA (HEHTPAILHON BIACTLION, KOTOPAA JJIA BaTPAT HCIONBBYET OOHIKHOBEH-
Hule TOBaphl. [IpOM3BOXCTBEHHEIE BO3MOMKHOCTH INpPH HAJIHUYUUL IIOCTOAHHOTO
BEKTOpa OOLIECTBEHHHEIX HAKIAZHHIX TOBAPOB XapPaKTePU3YIOTCHA BHIIIYHKIBIMU
MHOMECTBAMH, HO MHOMECTBO BCEX BCPOSHHX BHIIYCKOB He 00g3aTeabHO
IOMKHO GHITH BEIMYKIHIM. OGCYMIAOTCA ATbTePHATUBHLIE PAaBUIA peUIeHMi
AJIS NeHTPanbHEX Biacredl. Ilpepmoxaraercs, 4To pelleHnsd, He KacCaloMuecHd
TOCTAaBKN OOL[ECTBEHHEX HAKIALHHX TOBAPOB MPHUHUMAKTCA B IOPAAKE
KOHKYpeHTOCoCOGHOCTH .
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