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Partial-wave projection of relativistic three-body amplitudes
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Andrew W. Jackura®*
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We derive the integral equations for partial-wave projected three-body scattering amplitudes, starting
from the integral equations for three-body amplitudes developed for lattice QCD analyses. The results,
which hold for generic three-body systems of spinless particles, build upon the recently derived partial-
wave projected one-particle exchange, a primary component of the relativistic framework proven to satisfy
S matrix unitarity. We derive simplified expressions for factorizable short-distance interactions, /Cs, in two
equivalent formalisms—one symmetric under particle interchange and one asymmetric. For the
asymmetric case, we offer parametrizations useful for amplitude analysis. Finally, we examine toy

models for 3z systems at unphysically heavy pion masses with total isospins 0, 1, and 2.

DOI: 10.1103/PhysRevD.111.036029

I. INTRODUCTION

Presently, there is a community-wide effort to have
faithful representations for three-hadron scattering ampli-
tudes. This is being driven by three major thrust areas in
nuclear and hadronic physics: hadron spectroscopy, bf
nuclear structure, and fundamental symmetries. Before
discussing the details of this program, we briefly discuss
some of the needs for three-body scattering amplitudes for
the subfields above. Most states in the hadron spectrum are
unstable resonances whose existence can only be recon-
structed by studying the analytical properties of the
amplitudes of its byproducts, which normally involve
two and/or more multihadron states. Notable examples
include the recently observed T [1], the X(2370), which
was recently hypothesized to be a glueball candidate by the
BESIII Collaboration [2], and the spin-exotic 7; resonance
being searched for at the GlueX experiment [3]. To have an
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accurate determination of the nuclear spectrum and its
response to electroweak probes, it is critical to have a robust
determination of three-nucleon dynamics [4], which would
preferably be constrained directly from quantum chromo-
dynamics (QCD). Finally, several electroweak heavy-
meson decays to multimeson states may present signals
for possible physics beyond the standard model (BSM).
These include recent large CP violations observed in the
LHCb experiment [5-9] in rare heavy-meson decays to
three light hadrons (z’s and K’s). Currently, it is not
understood if these are evidence of new sources of CP
violation or dynamical enhancement due to final state
interactions [10—15]. In other words, the inability to have
precise and accurate determinations of the QCD contribu-
tions of such decays limits our ability to claim evidence for
BSM physics confidently.

The current effort toward determining three-hadron
scattering amplitudes has two parallel tracks. One track
aims to have representations of scattering amplitudes that
satisfy the principles of the S matrix, such as enforcing
unitarity and including as much of the correct analytic
structure as possible [16—24]. Such a representation can be
achieved up to a class of unknown functions, which can at
least be proved to be real for physical energies. Different
practitioners give these functions different names; here, we
will refer to these as K matrices as is common in hadron
spectroscopy. In parallel, there is an ambitious program
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toward constraining these K matrices directly from QCD
using lattice QCD [25-30]. Scattering observables cannot
be determined directly from lattice QCD. As a result, this
program relies on the derivation of nonperturbative rela-
tions between the lattice QCD observables and the physical
K matrices [17,31-47].!

In this work, we start from the relativistic integral
equations presented in Refs. [17,20,38] and the partial-
wave projection of the one-particle exchange diagram
presented in Ref. [19], to derive a set of nonperturbative
integral equations that relativistic three-particle scattering
amplitudes with definite parity and arbitrary angular
momentum must satisfy.2 In Sec. II, we do this for two
equivalent types of formalism, distinguished by whether the
K matrix is asymmetric [20,39] or symmetric [17] under
the interchange of the particles. Details of the derivation
are presented in Appendix A. In Sec. IID, we provide a
prescription for any system composed of three spinless
particles, including any number of coupled channels as well
as the particles having flavor isospin symmetry.

In Sec. III, we consider the consequence of parametriza-
tions of the K matrix that are factorizable in terms of the
initial/final kinematic variables, and we derive simplified
expressions for the integral equations presented in Sec. II. In
Sec. IV, we provide further implications for theories that
include two-body bound states. In particular, we show how
the Lehmann—-Symanzik—Zimmermann (LSZ) formalism
can be used to provide two-particle scattering amplitudes
with definite parity and arbitrary angular momentum, where
one of the particles in the initial and final states is a bound
state. In Sec. V, we consider the numerical solutions of these
integral equations for toy models of 3z system with total
isospin 2, 1 and 0, which have nonzero angular momentum
and involve multiple open channels. After providing a
numerical prescription, which is a simple generalization
from the prescriptions presented in Refs. [18,88] for J = 0
angular momentum, we find that for all models considered,
the numerical solutions satisfy unitarity below the three-
particle threshold, as expected [36,89].

In addition to Appendix A, which discusses details
needed for performing the partial-wave projection of
integral equations, Appendix B discusses freedom in the
definition of the two-body phase space appearing in the
integral equations for three-body scattering amplitudes.
Reference [90] showed that this freedom can be used to
generalize previously existing formalism for relating finite-
volume spectra of three-particle systems to K matrices [32]

'"These works build from an even large literature that has
been dedicated to develop such formalism for two-body systems
[48-57] as well as performing state of the art lattice QCD
calculations [58—-84]. We point the reader to recent reviews on
this topic [85,86].

2During the publication process, Ref. [87] appeared, which
also discusses an application of three-body scattering for nonzero
partial waves.

to accommodate the presence of two-body bound states
and/or resonances. Although such formalism will not be
used in this work, in Appendix B, we explain how the shifts
in the phase space can be incorporated in the partial-wave
projected integral equations.

II. PARTIAL-WAVE PROJECTED AMPLITUDES

We consider the elastic scattering of three spinless
particles, which we denote as ¢, with no internal quan-
tum numbers. We make a partial generalization to coupled
spinless systems, e.g., including flavor isospin, in
Sec. IID. We kinematically describe the reaction as one
involving pairs, where two of the particles form a dimer of
relative angular momentum #, recoiling against spectators
with some momentum. With this description, the relative
momentum between the pair constituents is removed, and the
system is described by the magnitudes3 of the initial and final
spectator momenta k and p, respectively, as well as the three-
body total center-of-momentum (CM) frame energy, /s.
Note that k and p are also defined in the three-body total CM
frame. The effective reaction is denoted

Ok + [0k, 00,) e = ©p + [ 0p,Pp, o (1)

The momentum k serves to label the initial spectator, while
the pair [, ¢y,], has additional labels k; and k, to indicate
the first and second particle of the pair, respectively. A similar
notation holds for the final state. We take the mass of the
initial and final state particles to be my, my , my,, and m,,,
my, , m,, , respectively.

Our goal is to construct and study the amplitude for this
reaction projected to definite J©, where J is the total
angular momentum of the system and P is its parity. We
work in the spin-orbit basis of coupled angular momenta,
thus for a given energy /s and spin parity J*, the amplitude
is a matrix in the orbital angular momentum L between the
spectator and dimer pair and the intrinsic spin S of the pair.
Since we restrict our attention to only spinless particles, we
have the trivial identity that S = # and S’ = #’. We denote
matrix elements of this partial-wave projected amplitude as
/\/lgpL, ¢.1s(P.k), leaving the dependence on s implicit
throughout this work.

The partial-wave projection of this amplitude and its
integral equations [17,20] have been discussed in the
simplest case J = § = §' = 0 [18,29]. Here, we show that
in general, the partial-wave projected Mgp can be decom-
posed into two terms [17,20,39],

ME (p.k) = D" (p.k) + Mi (. k), (2)

3The system also depends on the orientations of the initial and
final spectator momenta. Since our discussion is concentrated on
partial wave amplitudes, we ignore this dependence as it is
eventually removed.

036029-2
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where D contains three-body physics driven by long-range
exchanges between pairwise interactions and M3 4 is driven
by short-distance three-body interactions, i.e., the three-body
K matrix." Each of these objects is a matrix in angular
momentum space of the given quantum number J%; i.e.,

[M{ (P, k)]L’S’,LS = Mg;[)ys/,m(l?, k)-

For example, consider low-energy 37 scattering in J* = 1F
isotensor channel. The dominant low lying waves are
associated with § = 1, corresponding to the dipion pair
being in a resonant P wave state, i.e., the p resonance. For
these quantum numbers, the orbital angular momentum
between the spectator pion and dipion pair can be S or D
wave; thus, the J* = 17 amplitude is a 2 x 2 matrix in LS
space. We will revisit the 3z case in detail in Sec. V.

We present the details of the partial wave integral
equations for both D’ " and /\/lfdf in the subsequent
subsections. There are two main classes of representation
for M; 4, which emerge from whether the three-body K
matrix, /C;, has or has not been symmetrized over all
possible spectators; see, for example, Refs. [17,20,32,39].
We call these representations the symmetric and asymmet-
ric representations. These two representations lead to the
same physical amplitude, but the paths toward performing
analyses differ due to a choice in parametrization of K.
After presenting the partial wave formalism for both
representations, we discuss their differences in Sec. III
and present general procedures for data analysis. We
comment on generalizations to other systems, e.g., systems
with flavor isospin, in Sec. II D.

A. Partial-wave projection for D

We first present the amplitude D’ " as it is required for
both symmetric and asymmetric representations of M3 4.
To project D to the LS basis, we follow the steps presented
in Ref. [19]. We start with the helicity-basis definition of
the D amplitude, colloquially called the ladder amplitude,
which functionally looks identical to what was presented in
Ref. [17],

Dpy (P, k) = _MZ,K’(GP)gKW (P K) My 4 (o)

d3k’
Mooy / e

Z/ﬂ//,),”
X G pnpr (p. K" ) Dy 3 (K' k). (3)

Here, k and p are the initial and final spectator momenta,
while A and A’ denote the helicity of the initial and final state

“There is a technical detail we omit in this discussion regarding
summing over all possible spectators. We comment on this
technicality in Sec. I B.

Reference [17] quantizes the pair angular momentum along
some fixed z axis, while Ref. [19] discussed the advantage of using
helicity quantization for constructing the partial-wave projection.

pair, respectively. The scattering amplitude for the pair,
M, 4, is a diagonal matrix in the ¢ space and depends
on the squared invariant mass of the pair, ;. In the total
three-particle CM frame, o is related to the spectator

momentum via o, = (/s —w;)*> —k*, where @, = \/k* +m?
and k = |Kk|.

The remaining quantity to define is the one-particle
exchange (OPE) propagator, G. The partial-wave projection
of this object was the main focus of Ref. [19], and we will
only review the points necessary from that work. In the
helicity basis, the G propagator for a spinless particle with
mass m, can be written as

Ger ea(p.K)

_ <E> AnH (p.K)Y}, (K5)Y £,(BF) <p—’t>f
a3) (imop—o =@ tkr-mtie\qr) "
@)

where H is a generic cutoff function that must be equal to
unity in the physical region. The coordinate system is
described in detail in Ref. [19]. Three key points relevant
for our discussion are the following: (i) The vector p} is
equal to the value of p after boosting it to the CM frame of
the pair labeled by k. (ii) g; is the magnitude of p; when
the exchange particle is placed on shell. Similar definitions
hold for k; and g};. (iii) Finally, the spherical harmonics
are defined to have the z axis aligned along the direction of
the momentum of the two-particle pair labeled by the
subscript of the argument.

The main result of Ref. [19] shows that the partial-wave
projection of the OPE to definite J takes the form

H(p.k) [’CgL's/,Ls(p’ k)
+Clrg 1s(P ) Qo(C )]s (5)

gﬁs/.Ls(P’ k) =

where Qy(z) is the zeroth-degree Legendre function of the
second kind, and ¢, Kép, and C’"® are known kinematic
functions given in Ref. [19]. The {, is the same for all
partial waves, while the other two must be generated for
each specific channel. The Kg and C functions have been
tabulated for low-lying spins in Ref. [19].

Following the steps in Ref. [19], which are outlined in
Appendix A, one can show that the partial-wave projected
D’ must satisfy the integral equation,

D/ (p.k)

=D} (p.k)=M,(c,)- k/gJP(p,k’)'DJP(k’,k),

(6)

®In Ref. [19], the function ¢’ was called 77"
notation to avoid confusion with Eq. (11).

. We change the

036029-3
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where we introduce the notation that the product A”" - BY"
has the LS space matrix element

JP JP _ JP JP
[A "B iL’S'.LS = E AL/S/,L”S”BL”S”,LS' (7)
L//’S//

In LS space, the matrix element for the 2 — 2 amplitude is
[Ma)ps 1s = 611855 Ma . The driving term DY for the
ladder equation is given by the OPE amplitude

iDéP (P, k)iL’S’,LS
= _MZ.S’(O-p>g£’Ds’.L5(p7 k)M 5(oy). (8)

Also, we have introduced the compact notation

for the integral and measure, which will be used throughout
this work.

Although the integral over &’ runs to infinity, the H cutoff
function ensures that the argument has only finite support.
Given a target J* and two-body scattering amplitudes,
Eq. (6) represents a set of coupled integral equations in the
partial waves. In Sec. V, we show how these can be
numerically solved along with examples from 37z scatter-
ing. For numerical applications, it is convenient to intro-
duce an amputated ladder amplitude, @’ P, which removes
the singularities associated with 2 — 2 subprocesses in the
initial and final states. This is defined by
= Mz("p) ’ de(p’

DJP(ka) k) - My(oy).  (10)

Using this definition and Eq. (6), it is straightforward to

write an integral equation that d’" must satisfy, which we
explicitly give in Sec. V.

B. Partial-wave projected for M 4; with asymmetric /C;

Once D’" is known, we reconstruct J\/l3 g via a second
set of equations [17,20]. One aspect we have neglected thus
far is the choice of spectators in the amplitudes of Eq. (2).
In principle, the full scattering amplitude must include the
sum over all spectator-pair combinations. In the literature,
e.g., Refs. [17,20,32,39], one distinguishes a specific

spectator-pair amplitude as /\/l ") where the superscript

(u, u) references the unsymmetrized” nature of the initial
and final states since a particle has been chosen to be the
“spectators” in both states. Equation (2) is technically that
of the (u,u) amplitude projected to definite J¥. In this
work, we will not consider the symmetrization of partial-
wave projected amplitudes. As a result, to improve read-
ability, we will drop the superscript on the amplitudes.

For the intermediate amplitude /\/lg'i’j?), one has a choice
to construct it from a symmetric K matrix K3, as originally
presented in Refs. [17,32], or that of an asymmetric K
matrix as presented in Refs. [20,39]. To distinguish the
intermediate amplitudes between these two constructions,

we will label the amplitude associated with the symmetric

K matrix as /\/l3"di‘, while the one coming from an

asymmetric K matrix as /\/13’11f . It is important to empha-
size that these two intermediate amplitudes, /\/lg”d?) and

A?lgf’(;;‘), are closely related. Which is chosen in the analysis
is a matter of choice, and after symmetrization, they are
identical [20,39]. In this section, we consider the integral
equations for the amplitudes with asymmetric K matrix
[20,39], that is M\,

As mentioned, we drop the (u, u) superscript since we
only consider the partial-wave projection for a given
spectator-pair amplitude. Therefore, we make the following
replacements: Mg’f&‘fo - Msg and MY - My
Similarly, to distinguish the symmetric X5 from its asym-
metric counterpart, we will label the latter as 163. This
notation will be used to distinguish the various intermediate
functions that will appear in defining M&df and closely
related observables.

Having discussed the notation that will be used, we can
proceed to define M3 af- Again, we leave the definition of
this in the helicity basis to Appendix A 2. Following the
steps shown in Appendix A, one arrives at

./\A/lgilf(p, k) — // ) ﬁ]"(p’ p/) . zj‘-JP(p/’ k/) ,ﬁJP(k/, k),
P
(11)

Lo o 57 AJP
which is a matrix in LS space where R’ and L are initial
and final state rescattering functions,

12" (p. )]s s

- 27)w
= [1 = Mas (0,)p(0, o655 22 o(p — 1
~ M, 5(0,)G0¢ 1s(P.k) = Dl (p.k)p(oy)
/ S/ L//S// p, k/)gL//S// LS(k/’ k), (12)
LII S//

R (p. 0)] s s
27) 2w
= il - ﬁ(Uk)Mz.s/(Uk)ifSL’L(SS’S (;zp
- gﬁs/ LS(p’ k>M2 S(Gk) - :5(6 )Difs/ Lg<p’ k)

/ gL S/ LI/S//(p p )DL/ls// LS(p k) (13)
LH S//

3(p—k)

036029-4
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. ~ 7
Here, we have introduced p as

ploy) = —iH(oy)p(oy), (14)

where H again regulates the improper integral with the
condition that it is unity for physical oy, and p(oy) is the
two-body phase space factor defined as

ploy) = (15)

where £ is a symmetry factor of the particles in the pair, for
which £ =1/2 if the particles are identical and & =1
otherwise, and ¢ is the relative momentum of the particles
in the pair in its CM frame. The relative momentum can be
expressed in terms of the Kéllén triangle function,
Ma,b,c) = a*+ b>+ ¢* —2(ab + ac + bc), as

1
¥ =5—=A""(or.m} . mi). (16)

qk:2\/0—k

As a matrix in LS space, p is proportional to the
identity, [5(o)],/s s = Op1.855P(0%).

Physically, the rescattering functions characterize all
possible initial and final state interactions of the three
particles, which do not involve three-body short-distance
dynamics. We identify the first line of Eq. (12) with either
no rescatterings or the scattering of two of the particles, the
second and third lines with two particles scattering through
any number of possible exchanges; see the discussion
in Ref. [20].

Finally, the amplitude 77" contains all information on
short-distance three-body interactions. It is the solution of
the integral equation

K (p. k)
-',ﬂﬁﬂnﬂwﬁﬁﬂwwfﬂum,
P

(17)

" (p.k) =

P . . .
where K is the previously discussed 3 — 3 K matrix,®
defined to be free of unitarity singularities in a region near

the three-body threshold, and F " characterizes all inter-
mediate state pairwise rescatterings,

F(pky=plop)L" (pb)+ | Glp.K)-L" (K k). (18)

"This is the minimal definition of /. In Appendix B, we discuss
a more general definition of p, mtroduced in Ref. [90].

$This has been denoted as K\ in works such as Refs. [39,20],
where “df” stands for “divergence free.” Here, we drop this
notation as the K matrix must be defined to be free of on-shell
singularities in a region near the three-body threshold.

C. Partial-wave projection for Mdf with symmetric /C;

The general structure of M~ 3.qr With a symmetric Kz is
similar to Eq. (11),

M3df(p’ ) — // ; Ejp(p’p/) . T.]P(p/,k/) . ij(k/,k),
P
(19)

with the only difference being in the definitions of the

different building blocks. The £’/° and R’" rescattering
functions are given by

%)
[ﬁjP(ka)]L’s’,LS:(_ MZS’(GF) (o ))5“‘55/ 2 k)2 :

x8(p=k)=Dpig 15(p-K)p(or).  (20)

P 1 . 27)°w
[RJ (p’k)}L’S’,LS: <——P(0k)M2.s/(0k)>5L’L5s/s( p)z .

3
X5(p—k) _ﬁ(gp)Difs’,Ls(pvk)’ (21)

and 77" satisfies the integral equation,
T (p.k) =K (p.k)
_/,/k,lc{(l’,]?')'ﬁ(a;,)[,ﬂ(p’,k/).TJP(k/’k)‘
p (22)

We leave details associated with the derivation of these
expressions to Appendix A.

It is worth commenting on the close resemblance
between these equations and the corresponding ones for
the asymmetric functions, Eqs. (12), (13), and (17).
Qualitatively, one can understand these differences
by remembering that pd+4 G is equivalent to 3pd
when acting on a symmetric quantity, like X5, where

5= (2'2#5(19 —k); see, e.g., Refs. [20,36,39,91]. Using
this identity, if one replaces 163 in (17) with xC5/3, one
would find that /\A/lg,ydf is exactly equal to M3 4.

D. Generalizations: Flavor isospin
and multichannel systems

Here, we comment on how the above identities can be
generalized, focusing on systems with additional quantum
numbers like flavor isospin used in hadronic reactions, and
multichannel systems of three scalar particles. Consider
first the incorporation of isospin into the above equations
for isosymmetric QCD. Let I be the total isospin of the
initial pair and I’ the isospin of the final pair. Since strong
isospin is conserved in hadronic processes, the 2 — 2
amplitude is a diagonal matrix in isospin, whose diagonal
components we will denote as M, ;5. However, for the

036029-5
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3 — 3 amplitude, only total isospin, which we denote as 7,
is conserved. Thus, for a given T(J¥), the amplitude is a
matrix in LSI space,

T(J* T(J*
[M3< )(Pv k)]L’S’I’,LSI = MS;(L’S)’I’,LSI(p’ k). (23)

All building blocks involving two-body systems only will
be diagonal in / space. The OPE function is the only object
that nontrivially mixes isospin [19,92],

Grt) o1 =G (g 1. 1,) TN([ipi L i)T).  (24)

where  (([ixi ]I, i), T|([ipi.]1.i)T) is the three-body
recoupling coefficient, cf., Ref. [92]. This matrix element
relates the coupling of a pair (with constituent isospins i,
and i,) to isospin I, which subsequently couples to the
spectator isospin i, to form a total isospin 7 in the initial
state, to a final state with pair I’ (constituents i; and i,)
coupled to spectator i, to definite T.° For example,
consider 3z — 3z scattering, such that i, =iy =i, =1
and I,I' =0,1,2and T =0, 1, 2, 3. Thus, the recoupling
coefficient is

{r,

)= (1], 1), 7|17, )T)

=/ @I +1)2I + ){1 ; II,} (25)

where {---} is the Wigner 6 — j symbol. Bose symmetry
further constrains which partial wave matrix elements are
nonzero; see Table I in Ref. [19] for the 37 — 37 example.

Given this additional factor, we can generalize all the
expressions above as follows. First, as previously dis-
cussed, we enhance the index space in which the matrices
above exist. For simplicity, we use Greek letters to denote
the product space of isospin, orbital angular momentum,
and spin, e.g., a = LSI. Second, we replace the matrix
product in Eq. (7), with

[AT(JP BT( JP

J” T(J")
o= DA B 00)

where a = LSI, y = L"S"I", and = L'S'I". Third, we
introduce a Kronecker-6 in this space, defined by

Oop = 01105507 (27)
Using these relations, all expressions in the previous

sections are easily modified. For example, Eq. (12)
becomes

°The notation is chosen to coincide with the OPE as presented
in Ref. [19].

AT(J) _ ~ (271')20%

L7 (P )] g = [1= Mo a(0,)p(0))10pa— 57— 0(p ~ k)
—Mz,xo— 1G5 (p.k)
—D ") (p,K)p(o), (28)

where we define M, , = M, s as it is independent of L.
Given that this prescription leads to a simple modification
of all the expressions above, we avoid rewriting them on
this basis.

Let us now consider the generalization to multiple three-
body scattering channels. We focus strictly on spinless
systems, e.g., AT — AAT, KKrn. We have thus far pre-
sented the partial wave integral equations for general
masses, and Ref. [19] shows QJP for arbitrary masses.
Let us still consider each particle has definite isospin;
therefore, we aim to enlarge the matrix space of the
preceding discussion. We introduce the channel space
index a = 1,...Ng, where N, is the number of partici-
pating three-body channels. The three particles in a specific
pair-spectator configuration in a channel a have masses
{mg . myy, . myy,}, where m, . is the mass of the spectator
particle in the a channel, and m, ;, and m, ;, are the masses
of the two particles that form the corresponding pair in this
channel. Here, k denotes the momentum of the spectator
particle, while k; and k, represent the momenta of the
particles in the pair in channel a.

We can define the phase space as a diagonal matrix in
this channel space,

gaqk a
Oab g 87,/0;

where £, is a symmetry factor associated with the two-
particle subsystems. If this pair is composed of identical
particles £, = 1/2, otherwise £, = 1. If the particles are not
necessarily identical, but they have been projected to a
definite isospin state, e.g., 7'z~ — [zx],_,, then &, = 1.
The relative momenta, q,’:a, is then

lp(on)]as = (29)

1/2 2 2
A (Gk’ ma,kl ’ ma,kz)

N

where 1 is the Kéllén function as before in Eq. (16). The
2 — 2 amplitude is now a dense matrix in channel space,

9fa = ; (30)

Mo sslyy = M. (31)
and all remaining functions receive a channel index
trivially. To simplify the notation, we again write generic
matrix indices a as a = a(LSI), where L, S, and I are the
orbital angular momentum, spin, and isospin for channel a.
Following the same extensions presented for including
isospin, we then can write our partial wave integral
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equations in this enlarged angular momentum, isospin, and
channel space. Revisiting the extension for Eq. (12) as an
example, we have

7)o
= [1 =My 44(0,)Pa(0,)] & k>2 :

—ZMW 7" (p. k)

r(J"
— Dy,

27 (k)]

5(p—k)

(P K)pal01), (32)

where the sum on y must exist as M, can transition to
different channels.

III. SEPARABLE PARAMETRIZATIONS

In this section, we consider a special class of para-
metrizations, where the asymmetric K matrix, K3, can be
written as a separable function. For such parametrizations,

we will show that the integral equations for 7 in Eq. (17)
have an algebraic solution. We subsequently comment on
separable parametrizations for the symmetric K matrix. We
begin this section by first defining this class of para-
metrizations. As discussed in Sec. IID, incorporating
features like isospin leads to a straightforward modification
of all the expressions after performing the partial-wave
projection. As a result, here we focus in deriving the
building blocks in the LS-basis for our elastic scattering
process and leave the expressions in an enlarged a
introduced in Sec. II D implicit.

A. Separable K matrix parametrizations

In order to justify the separable parametrizations of 163,
we begin by outlining some minimal properties it must

satisfy. Above threshold, 163 is a purely real function.
Because of the spurious singularities of the spherical

harmonic at threshold, the partial-wave projected I€3 must
include barrier factors that exactly cancel these singular-
ities. These barrier factors, B;s(k,s), need to cancel the
singularities associated with the threshold of the pair sub-
system as well as the threshold associated with the pair-
spectator system. Because of this, we define the barrier
factors as

Bus(k.s) = k-q;S. (33)

The remaining part of the K matrix is meromorphic in the
remaining energy variables, allowing us to choose the
separable parametrization as

B (P’ s)fL’S’ (pz)’ag;L’S’.LS(S)
X fLS(k2>BLS(kv 5). (34)

,Cé;L’S’,LS(p’ k) =

This definition ensures that the remainder functions, }~C3
and f;g, are real and free of on-shell singularities in a

domain near the three-body threshold of the complex
(s, oy, o)-hyperplane. Consequently, one can parametrize
these by Taylor expansions in this region. Note, since 6, =
or(s, k%), we can freely choose to have the expansion in
either oy, o, variables or in terms of k%, p?, and we have
chosen the latter.

The functions f;¢(k?) include residual subchannel
momentum dependence, which we are free to choose, e.g.,

Z i (35)

for some n and real parameters «; g. Finally, the reduced K
matrix /C; is a function of s only; thus, we can write it
as, e.g.,

frs(k?) =

n

ZﬂL = LS + Z 147 s’ sz (36)

Jj=0 SO -

’C3LS’LS( )

JP J? /
for real parameters f;,¢ ;¢ and yy,g ;¢ for some n’ and

n”. For convenience, we write the matrix elements of
Eq. (34) as

[Iegp(l?,k)}us’,m = [h(P)]ps [k{ ()]s rslh(®)]ps, (37)

where the & functions contain both the barrier factors and
any residual spectator momentum dependence.

This class of separable parametrizations can be gener-
alized to include a sum over any number of terms of the
form of Eq. (37), called degenerate from Fredholm theory,

[’6{ (p. k)]L/s’,LS = Z[h(P)]L’s’;j [’@P (S)]L’s/,Ls;j [h(k)]LS;j'

(38)

This additional index can be absorbed by enlarging the
space in which & and I~C3 can be considered matrices.

B. Algebraic solution for separable T
for asymmetric representation

The separable K matrix allows us to solve the integral
. ~ JP . . .
equation for 77 analytically, as it factorizes the momen-
A gP
tum dependence such that 77 becomes separable,

~ P

[’fJP(ka)]L’S’,LS = [n(p)ls [TJ (S)h’s’fLs[h(k)]Ls’ (39)

which leads to a system of algebraic equations. The
solution of Eq. (17) is then

1
1+ KL (s)- F (s)

T (s) = K (s). (40)
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where each object is a matrix in LS space. Here, we have defined

) - F(p.k) - (k).

e fao
- fu
e

which can be found by direct substitution of Eq. (12) into
(18) and defining the matrix

(27)*w

I (p.k) = 2 L6(p —k)plo,) + G (p k). (42)

Therefore, for a separable I@f, the 3 — 3 amplitude is
given by Eq. (2) with D’" the solution of the ladder
equation (6), and MY, given by

Mar(p.k) = L (p.s) - T" () - R” (.0, (43)

with
" (p.s) E/ﬁjp(p,k)-h(k),
k

- [ Myfay)

_//Dﬁnmdww%wmw (44)
k JK

T (p. k) - h(k)

)-T7 (p,k) - h(k) - ///k

)T/ (p. k) - My(og) - TV (K, k) - h(k)

) D (p' k)T (K k) - k), (41)

R0 = [ 1) R (o)

p

=ity - |

= [ [ 1)t o) D" ). )

h(p) - FJP(PJC) - M, (o)

In practice, to reduce the number of computations, it is
useful to note that F can be obtained from either £ or R,

F(s) //Rf s.p) TV (p.k) - h(k)

=)

We can further reduce these £ and R functions to remove

) T (p.k)- L (k. s). (46)

the & function contributions from I'’" and express them in
terms of @’"(p. k), defined in Eq. (10),

L (p.s) = [I_MZ(GP)ﬁ(Gp)]'h<p)+M2(dp)'ﬂdJP(pvk)'[I_Mz(ak)ﬁ(k)] ~h(k), (47)
R (s.k) = h(k)- 1 —ﬁ(ﬁk)Mz(Gk)H/h(p)'[l = po,)Ma(0,)] - & (p.k) - Ms (o). (48)

Using Eq. (46) on these expressions, we can get a potentially more efficient form for calculating F,

fﬂw/mm Po,) - [1 - My(o,)p(0

AR

C. Algebraic solution for separable 7
for symmetric representation

The expressions derived in Sec. III B have assumed a
separable parametrization for IC3 of the form presented in
Sec. III A. For the symmetric formalism, we cannot
immediately impose the class of parametrizations presented

P fe

) Ma(oy) - d”" (k.K') - [1 = Ms(0})p(0})] - h(K). (49)

)-p(e,) Ms(a,) - &' (p.k) - [1 = My(0y)p(0y)] - (k)

in Sec. IIT A. Instead, one must construct a parametrization
of K5 that is symmetric under the interchange of the
particles and then perform a partial-wave projection of
this. Depending on the parametrization, it should be
straightforward for low energies to write the resultant

KJ" matrix in the form of Eq. (38).
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If a given symmetric parametrization can be written
as Eq. (38), we can follow the same steps as in the
asymmetric case to solve Eq. (22) to write 77" (p, k) =
h(p)-T” (s) - h(k). The factorized 7 matrix is given in
the same form as Eq. (40),

1

T/ (s) = (1K) 27 00)

Kf' (). (50)

where I_Cép
defined as

is the factorized symmetric K matrix, and "is

Fr)= [ [0 0)-plepe k)1 (1),
- [ @) (%—momAAxﬁ»)Jﬂ%pw

e

where £/" has been defined in Eq. (20).
Assuming a ICéP matrix in the form of Eq. (38), one can

D (0 K )p(at) -1 (K),

(51)

show that the amplitude Mfdf can be written as

Mia(p.k) = L (p.s) - T"(s) - R” (s.k). (52)

with
9= [ £ (puk) - (e,
=Q—Mwmmm0ww>
- [P0 sl ). (53)

R (5.k) = / h(p)- R (p.k).

p

= h(k) - <1—M25’(6k) ( k))

- [ hW)ple) - D" Wb (54

IV. BOUND-STATE SPECTATOR AMPLITUDES

In this section, we consider the case where the two-
particle pairs can form a bound state. This is worthwhile for
two reasons. First, for sufficiently heavy quark masses,
lattice QCD calculations have found that both the o and
the p appear to be bound [67,75,93,94]. For these unphys-
ical masses, exploratory calculations of scattering proc-
esses involving these states have been performed in

Refs. [76,83], among others. Second, as shown in
Refs. [18,88], the consideration of two-body bound states
provides some of the best checks of the three-body
formalism. In Sec. V, we use this limiting case to provide
some checks on partial-wave projection performed in
Sec. II. As in Sec. III, we consider only amplitudes in
the LS basis. Isospin and multichannel processes can be
incorporated using the steps presented in Sec. I D.

We define the resulting two-body scattering amplitude as
M ob> where b denotes a bound two-body system, and ¢ is
the remaining third scalar particle. Since we work with
generic scalar particles, each pair combination in principle
has a distinct bound state. Thus, the reaction becomes
by + @ — b, + @,. The amplitude can be written as the
sum of two terms,

M MJbD + Mwb df> (55)

where the first comes from following the LSZ prescription
to D'’ and the second comes from /\/lfdf. We begin by

defining the first of these. We make use of Eq. (10), which
we rewrite here for convenience

DJP(IL k) = My(o,) - de(Pv k) - My(or).  (56)

In the presence of two-body bound states, M, has poles
of the form

Tio

Ok — Okp

Ms(oy) = - + O((ox —04)").  (57)

where g, , denotes the residue of the scattering amplitude at
the bound state pole, and o, ;, is the pole location. The label
k emphasizes that the bound state is in one of the pairs
associated with spectator k. The bound state mass is then
V/Okp» and gy, can be understood as the coupling between
the composite and two-particle scattering states. From
Eq. (56), we see that D" has these same poles.
Assuming there is only one such bound state in each pair,
we see that

9p.b
DJP(IL k) = <— L) gp,bgk.bdjp(qp.b’ Clk,b)
Op = Opb

x<_4M;>+~n (58)
Ok — Okyp

where the ellipses denote terms that are not simultaneous
poles in both ¢, and o;. We have introduced g, as the
relative momentum of the bound state and the spectator,
given by
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1
—/Il/z(s mk, Gk b)

9kp = 2\/—

Having identified the pole structure of D’°, we can
use the LSZ reduction formula to obtain the definition

JP
for M, p,

(59)

or equivalently,

Mé’;,p = gp,bgk.bdjp(qP,bv f]k,b)- (61)

So far, we have only applied the LSZ prescription to D’ "
Next, we will analyze the prescription to the divergent free
part of the amplitude, considering both the symmetric and
asymmetric cases.

A. LSZ for asymmetric representation
In a similar manner, we proceed to derive the /\A/léiif
contribution to the by + ¢, — b, + ¢, amplitude. By
examining the defining Eqgs. (43)-(45) or, equivalently,
Eqgs. (47) and (48), we observe that the pole structure of
/\A/lg'_Pdf arises from the poles in M, and D’ This leads to
the structure

where again the ellipses denote terms that are not simulta-
neous poles in both o, and oy. The matrix 7 is given by

Eq. (40), while o wp and R{pb are given by

1 P P P ~ P
_E (/)b(qP b S) = (pr)h (qp b) + ﬂgj (‘]p,;wk) b (k) +ldj (qp,bvk> - My (o) 'P(Gk)'hj (k),
D,
b [ ] k) Maloe) - 07 () 1 (1), (63)
kJK
R 2 , N
~ R ana) = W (o) + [ 100 (i) + [ 1) pley) - Maley) - (5.1,
. P
’ / / n" (p) -G’ r) 'Mz("p’) : dJP(P/, Qi) (64)
pJp
Using the integral equation for @’ (see Sec. V), we can simplify these functions to
1 ~p - P P ~ P
—Eﬁébﬁlp,h,s) = P(Up.b)hj (qp,b) - /( d’ (qp,h’k) [1 = My(ox) - plor)] -h’ (k), (65)
Ds
1 . » . B .
—ER@(S Gp) = P(Gk,b)hj (qxp) —/hj (p)-1 -plo,) 'Mz(dp)] ~d” (P, qrp)- (66)
P

. ~ P .
From these, one can obtain the Méb,df amplitude,

~JP (Gp - O'p,b)(ak O, b)

M(pb af = lim

op=0ph

M3 df<p7 )

ormny 9p.b9k.b

= L30a55) Ts) - Rin(5.41o).

Combining this result with Eq. (61) in Eq. (55), we find for
the M;f; amplitude

(67)

ML) = 9pgend” @y Qi)

+ Ll (apnes) - T(s) - Rly(s ). (68)

|
B. LSZ for symmetric representation
For the symmetric representation of the divergence-free

amplitude, ./\/lfdf, the pole analysis follows directly from
Eqgs. (52)—(54). The result is

P —Yp, - = —
Mé.df(l”k): (0__717;17)5(,;17(% p:5) T (s) (,;h(s i)
P P,

x< —9kb )+
Ok —Okb

(69)

where
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1 - »
_—ﬁgab(‘Ip b S ) p(ap.b)hj (Qp,b)

Ip.b
+ [ dlayr) Maloy)
P

ploy)-h" (p'). (70)

1
- _R;I;(sv Qk.b> =

h" (q)P(0rp)
9k.b

+ / 1" (K) - My(o)

x ploy) - d(K'. qpp)- (71)

As before, we use the LSZ reduction formula to obtain the
definition of /\/lé;df, allowing us to write it in the form:

(6]7 - Up,b)(f’k —Opp)

M = lim MY
o e 9p.bIk.b 3 df( k)
=L}, (@pp9) - T(s) - R, (5. qrp)s (72)

thus, the bound-state spectator amplitude Eq. (55) is

MgJD[Z;(S) = 9p.vYk, deP(Qpb 3 b)

+ Ly (dppes) - T(s) - Rpy(ssqun). (73)

V. NUMERICAL INVESTIGATION
FOR THREE-PION SYSTEMS

In this section, we explore the consequence of this
formalism for studying arbitrary |7zl + 7 — [nz]l, + 7
reactions. In particular, we consider a scenario at unphys-
ical pion masses such that the ¢ and p resonances are bound
states [67,75,93,94]. We focus on energies /s < 3m,
and use the framework discussed in Sec. IV to construct
effective o and px scattering amplitudes for some definite
isospin and spin parity 7(J¥). While both the asymmetric
and symmetric representations yield the same physical
amplitude, we focus the presentation on the asymmetric K
matrix formalism primarily due to the relative ease at which

one can parametrize I€3 compared with the symmetric case.
Indeed, adopting this approach follows that in two-body
analyses, where one is agnostic to the parametrization of
the two-body matrix, only requiring it to respect the S
matrix principles and choosing forms that are flexible for
analyses.

After providing a prescription for solving the key set of
integral equations appearing in Secs. II and III, we present
results for the asymmetric formalism for models including
the lowest-lying partial waves for 7= 2, 1, O three pion
systems. It is worth remarking that we have considered
many models for both the symmetric and asymmetric
formalisms, and for all examples considered, we observed

that unitary is well satisfied for kinematics below the three-
body threshold.

A. Review of numerical technique
for coupled channel systems

We set to compute M(m and /\/l ,,,, us1ng the results
of Sec. IV. Our starting point is the extension of Eq. (68),
which describes the desired amplitudes assuming factor-
izable parametrizations, to relations involving isospin,

(O"p - Uﬂ)(ffk —0,) [MT(JP) (p k)]ﬂa’

U g
[M(pb ] fa ,;:1{.31 959a 3
= 9p9ald™") (g5, 9a)l o

"
+1Z5 ><qﬂ,s>-:?<s>-R£,£”’)<s’qa>],,(, (74)

where a, f = LSIandL{/)h , dR

sions of 27 »» and R(pb, defined in Eqs. (63) and (64), in the
LSI basis. Since all particles are identical, we need not
distinguish species type on the bound state poles and residues
and simply label them by a, which indicates which two-body
partial wave they belong to, i.e., I = 0, S = 0 belongs to the
o, while I = 1, § = 1 belongs to the p.

As detailed in the preceding sections, all quantities can
be written in terms of the amputated ladder amplitude,
d™V"), which is the LSI-space extension of Eq. (10). We
summarize the key steps needed to find numerical solutions

) are simple exten-

of the integral equation for d”/"). The integral equation for

d"") follows from the generalization of Eqs. (6) and (10)
to the LSI basis,

") (p.k) = =G"") (p. k)
‘/ Q" (p. k) - d"I (K. k), (75)
k/

where the kernel Q7V") is

Q;éJP) (p.k) = g;lijl’)@’

We remind the reader that M, , = M, ;s in the LSI basis.

Recall from Eq. (5) that the OPE propagator includes a
cutoff function H. This cutoff function effectively sets an
upper limit on the integral above, represented by ki,y.
Therefore, the integral Eq. (9) becomes

kl’ndX / k /2
k/

Two commonly used options for defining H are a smooth or
a hard cutoff. The smooth cutoff has proven advantageous
when considering the formalism for describing finite-
volume quantities [17,32]. Unfortunately, defining an

k)M o (o). (76)

036029-11



BRICENO, COSTA, and JACKURA

PHYS. REV. D 111, 036029 (2025)

analytic function that is exactly equal to 1 in the physical
region above the three-particle threshold is impossible.
Having an analytic cutoff function is key to be able to
deform contours, which is generally needed for solving
integral equations for M3 [88]. As a result, such a smooth
function breaks the desired analytic properties for scatter-
ing amplitudes.

Alternatively, one can introduce a hard cutoff in momen-
tum space and fix H = 1 everywhere within this domain. In
the following numerical results, we will use this and set the
maximum momentum to ensure that none of the para-
metrizations used for M, have unphysical singularities.
The minimal but not necessarily sufficient criteria for this
requires that o, > 0.

Equation (75) is a system of Fredholm integral equations
of the second kind, for which algorithms for numerical
solutions are well known; see, e.g., [95]. First, we note that
the kernel has a pole singularity at k¥’ = ¢, (or o, = 6,)
corresponding to the bound state of M,. To circumvent this
pole, we use Cauchy’s theorem to deform the integration
path to a contour in the complex k" plane like that presented
in Ref. [88]. We then follow the Nystrom method, which
approximates the integral in Eq. (75) by a quadrature rule
over discrete momenta in the integration interval. Let N, be
the number of momenta appearing in one channel and N,
be the total number of channels in LS/ space.'® Choosing a
sufficient contour, we replace the integral in Eq. (75) by a
quadrature rule of order N;. For some target T(J?), this
leads to the approximate equation

&y (p.k) = -G3 (p.k)

_ZZQﬁy p-kj)

" (ki k), (77)

where k; are the mesh points in momentum space, and the
modified kernel is

2

- k=
Q5" (ki) = Qe (o) sy (78)

with A; absorbing the weights from the quadrature rule and
the Jacobian from the chosen contour.' Finally, we
evaluate p and k in Eq. (77) on the momentum partition

Ni—1
{kj} j=0 >
square linear algebraic system of order N, x N; in the

combined channel and momentum space.

transforming the integral equation (75) into a

"In general, we can choose different contours and number of
mesh points per channel. In this work, we choose that each
channel has the same contour and mesh.

We use Gauss-Legendre quadrature, which requires perform-
ing a variable transformation to relate the standard weights to the
form shown in Eq. (78) [88].

Using standard computational linear algebra, we solve
the approximate linear system,

d=-G-Q-d,
=-1+Q™"-G. (79)

where the solution d is a matrix in the combined momentum-
channel space. Specifically, [d],,, represents an element of
the matrix, where the index m accesses the ith momentum
element of the f channel, while n maps to the jth momentum
of the a channel; i.e.,

), = " (ki y): (80)
Slmllaﬂ}]? [ ]mn_gﬂa (kl’k ) and [Q}mn - Qﬂa (kl’ k; )
for the same m, n mapping. Given a well-defined contour
and quadrature rule, one can compute the solution d from
Eq. (79) for moderate values of N,. We have checked a
range of N; between 30-500 and found convergence to our
desired precision for most systems at N; =~ 150. To obtain

4" (
pa \P
partition, as is needed when p — gzand k — g, in Egs. (65),
(66), and (74), we use Eq. (77) as an interpolation formula.

Once a solution for d”") is obtained, we can compute

,k) for values of p and k not in the momentum

p
all the contributions feed into the expression for M;ﬁj ) In

the next section, we summarize the parametrizations we use
for the two-body subprocesses.

B. Parametrizations considered

Here, we consider a simple class of parametrizations that
can generate a two-body bound state for § = 0 and 1. We
parametrize the amplitude via the phase shift dg ;,

1671'\/_ (81)

M, )

where the symmetry factor of Eq. (15) is 1/2 since the
pions are treated as identical isovector states. As exploited
extensively in previous work [18,90,96], an S-wave leading
order effective range expansion (ERE) can be used to
generate two-body bound states. As a result, we only
consider parametrizations for the S = 0 two-body ampli-
tude defined by

1
gy cotdy; = ——, (82)
aop,s

where ay; is the scattering length in the / = 0 or 2 channel.
For ag; > 0, the resulting two-body amplitudes would have
a two-body bound state with real value residues.

For a P-wave bound state, the use of a leading order ERE
leads to unphysical residue for bound states in the ampli-
tude. Partial-wave projected amplitudes near threshold
must be kinematically suppressed by barrier factors,
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Shown is the resulting P-wave amplitude using the Breit-Wigner parametrization, Eq. (85), for mgw = 1.8m, and ggw = 5.8.

The pole on the right of the figure is the desired physical p pole, while the one on the left is the unphysical pole, which is avoided by

introducing a hard cutoff at o, = 0.5m2.

Mz,Is(Uk) & ‘122s~ (83)

Near the pole, the amplitude is proportional to g2, g, being
the bound state coupling of the S =1, I =1 channel;
cf. Eq. (57). In order for these two conditions to be
simultaneously satisfied, the couplings must be imaginary,

G o g5 = (ixg)*, (84)

where «, is the binding momentum, i.e., Eq. (16) evaluated
at o, = 0,. A simple exercise shows that this condition
would not be respected by a P-wave bound state generated
from a leading order ERE parametrization.

Instead, for the isovector P-wave systems, we consider a
Breit-Wigner (BW) parametrization

(mgw — o) i
gy cotdy | =B, F?W(Uk):—6;2’q;2- (85)

Vot (or)

For carefully chosen values of mpgyw and ggw, one can
ensure that Eq. (84) is satisfied for a P-wave bound state. It
is worth noting that a BW near threshold is equivalent to a
next-to-leading order ERE; that is, the latter would also
have been a reasonable choice.

C. Numerical results

Building on the previous two sections, we consider a
class of toy models for 3z systems where the p and ¢ are

both stable. That is, we compute MZ,JP) from Eq. (74) for

both pz and o7 systems. As previously mentioned, this is a
reasonable jumping-off point for analyses of lattice QCD
results at unphysically heavy quark masses, where the p
and ¢ are bound. Moreover, the technology for computing
d"V") is identical for investigating systems at physical pion
masses.

We use the BW parametrization for the I =1 zn
amplitude, Eq. (85), and fixing the parameters to mgw =
1.8m, and ggw = 5.8. This results in a bound state pole of
o, R 3.13m2 with a binding momentum Kk, ~0.46m,, and a

residue of g, =~ 4.88im,, cf., Eq. (57). This pole can be seen
in Fig. 1, which also shows a deeply bound unphysical
pole. To avoid this unphysical state, we fix the hard cutoff
such that ¢ > 0.5m2.

For the I = 0 zz amplitude, we use the leading order
ERE in Eq. (82). For simplicity, we fix the ¢ pole to lie at
the same pole location as the p; that is 6, = 6, ¥ 3.13m2.
This is an arbitrary choice, but it reduces the number of
kinematic thresholds to consider when visualizing the
results. The associated scattering length, ay ¢, is determined
by fixing the binding momentum of the o to that of the p
and using the fact that within the leading order ERE, the
binding momentum is fixed by the scattering length,
ks, = 1/ayy. This results in agom, ~2.16 and a residue
at the pole of g, ~ 18.18m,,.

We also use the leading order ERE for the I = 2 channel.
Since this channel is always weakly repulsive regardless of
the values of the quark masses [94,97,98], we only consider
negative values of the scattering length, a ,, which have a
small magnitude. The first numerical exploration per-
formed below is a demonstration that in the small a,
limit, the 7 = 2 pz amplitudes are indistinguishable if one
solves the coupled set of integral equations with or without
the 7 = 2 channel present.

In what follows, we limit the orbital momentum L < 2
and the spin of the dipion S < 1. For simplicity, the /& vertex
functions, introduced in Eq. (37), will be set exactly equal
to the barrier factor in Eq. (33),

[h(P)]Lsi = Brs(k. s), (86)

which is the minimal requirement for this function. For the
remainder piece of K5, we use a simple pole

CpCq
= fe 87
p— (87)

K5V (s)]

o

where we will vary cg, ¢, and s.
For simplicity, we only considers kinematics above the
pr threshold, s,, = (m, +m,)?, where m, = /c,, but
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below the 3z threshold, s3, = (3m,)?. In this region,
S matrix unitarity ensures that

(M), = g s (89)

Although this is not shown explicitly, we observe all
numerical results satisfy this at subpercent levels with
our solution parameters.

1. T(J?)=2(1*) channel with stable p

As our first example, we compute the 7 = 2 channel
with J¥ = 1%, This system can include with I = 1 or 27z
processes. If we consider partial waves restricted by S < 1
|

d

pr.px

4207 — d

(SiPSy) d

where we are only showing the upper triangle of the
symmetric matrix. Each element of this matrix is labeled
by the particle content of the in/out state as well as the
25+1[,, quantum numbers.

We obtain dpn,pn(3SI |3S1 )’ dpﬂ,pn (3S1 |3D1 )’
dyr ,x(*D1°Dy) elements in two different ways. The first
is by solving the coupled set of integral equations that the
three-channel system satisfies for a nonzero value of ag,.
The second approach, which holds for the ay, = 0 limit,
we solve the coupled-integral equations for a system

T(J") =201")

801

701

601

501

401

301

20

pr.pE

pr.pn

and L < 2, the possible values that LS/ can take include
S11, D11, and P02, where we have used spectroscopic
notation for L. If we instead use the more standard 5L,
notation for these states, the possible channels are 38,,3Dy,
and 'P,, respectively. In this notation, although the isospin
of the two-body system is not specified explicitly, it can be
readily worked out. The matrix elements of @*(!") are then

denoted d(*S 'L, |>5t1L,) = di(’lsjl)’,Lsr

First, we consider the dependence of the results on the
values of ag,. If ap, # 0, and we fix L < 2, we have three
open channels. To be more explicit, let us label the I = 2
channel as ¢z, where t refers to the isotensor 7z state. This
will not be assumed to be stable. If we then fix the external

. . + .
momenta, we can write the symmetric ¢>('") matrix as

(CSiPDy)  dyr i (3S1|'Py)

(*Dy[’Dy)  d,p 1 (PDy|'Py) | (89)

dm,m(lpl |1P1)

[

with only pz channels. In other words, the integral
equations yield the matrix

3¢ 13 3¢ 13
d2(1+) _ (dpﬂ.’,pﬂ( S1| Sl) dpﬂ,pﬂ( S1| Dl) ) (90)

d/)/r,p/t (3Dl |3Dl)

In Fig. 2, we show the M, ,.(°S;[3S}) amplitude in the
K3 =0 limit, i.e., 2d, ,-(°S|°S;) where we have fixed

the spectator momenta to g, = A'/?(s, m2,¢,)/2,/s. In the
figure, we show results for a range of values of a,. As can

| Mom o (1750

—|a0,2 mﬂ| =10
w0 M| = 1.0
w5 o My | = 0.1
—|a0’2 mﬂ-’ = 0.0

78 8.0 8.2

8.4 8.6 88

FIG. 2. Shown is the M, ,,(3S;S})| in the T(J¥) = 2(17) channel as a function of 5. The I = 1 parameters are fixed to those
described in the text, and we fix I~C3 = 0. As labeled in the figure, the different colors represent different values for the scattering length

in the isotensor channel, ag, = —|ag,|.
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be seen, the results for small a;, monotonically approach
the ag, = 0 results. This result is expected because the ¢tz
contribution to pz — pz will be suppressed by at least one
power of ag,.

Given this observation, we fix ap, = 0 and consider a
smaller channel space, Eq. (90), throughout this and other
cases. By then proceeding to fix }~C3 = 0, we can predict the
full Mﬁ; matrix,

AR

@b

<Mp7r,pn(3sl|3sl) Mpﬂ,pﬂ<3S1|3D1) ) (91)

Mpﬂ,pﬂ<3D1 |3D1)

The results are shown in Fig. 3 as a function of s. As
previously mentioned, these results satisfy two-body uni-
tary, Eq. (88), in this kinematic region. Furthermore, one
|

Mpn:,pﬂ(3S1 |3SI)

Mpﬂ',pﬂ (3S1 |3D1>

can see from the figure that the amplitudes satisfy the
expected threshold behavior

Mo pr CLIPLY) ~ gt (92)

which serves as an additional cross-check for the partial-
wave projection.

2. T(J?)=1(1*) channel with stable ¢ and p

We examine the T(JF) = 1(17) system, where the a,
resonance resides. Ignoring the ¢z contribution and restrict-
ing to L < 2, the a; can couple to three channels, two pz

. . +
and one o partial waves. As a result, the matrix for /\/lllp(b1 )
can be written as

Mpﬂ,o‘fr(3Sl |1Pl)

1(1+
M(p(b ) - Mpn.pﬂ(3D1|3Dl) Mp;r,(m(3D]|1Pl) (93)
Man,aﬂ(lpl‘lpl)
2841 11 125+1
M( Ly|*" " Ly)
| 0
5 351 — 351 351 — 3D1
40 27
30 -4
201 —61
10 —81
0 ' ' 10 | |
8.0 8.5 8.0 8.5
] 3 3
T(JY)=2(17) 10 Dy —°D;
0.5
mm Teal
== imMmag 0.0
—0.5
—1.01
715,
8.0 8.5 S/mi

FIG. 3.

Shown are the different matrix elements of the 7' =2 M, .

amplitude for I~C; = 0 and ignoring contributions from the / = 2

channel. The parameters are as described in the text. In red is the real part of the amplitude, while in dark cyan is the imaginary part of the

amplitude.
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M(28’+1L/1‘2S+1L1)

3 3
300 - Sl — Sl

200 1

oz’

—100 1

—200

8.0 85

T(J")=101")

= real
== imag

8.0 8.5

FIG. 4. Shown are results for the various components of the 7(J) = 1(1") amplitude. This amplitude has the quantum numbers of
the a;, and the flavor content of the different channels can be found in Eq. (93). The dashed lines denote the amplitude in the limit that

I~C3 = 0, while the solid lines include a pole parametrization for I~Cg described in the body of the text.

In order to mimic the a, resonance, we parametrize K5
with a simple pole according to Eq. (87), with a pole

position s,, < sy < s3,. Figure 4 shows results where we

2

Q2 _ 2 — —
fix so=8my, ¢35, =20mz, Cppip, = Copip, = Sy

For comparison, we show the amplitudes for I~C3 =0
as faint dashed lines. In addition to checking that the
amplitudes have the right analytic structure and that
they satisfy unitarity, we see the canonical behavior of
a narrow resonance. In particular, one sees a narrow
peak. Naively, one would expect such a peak at

s = 8m2 since this is the location of the I~C3 pole.

However, poles in the K matrices do not coincide with
poles in amplitude.12

3. T(J?)=0(1") channel with stable p

Finally, we consider the 7(J”) = 0(17) channel where
the narrow w resonance lies. For unphysically heavy quark
masses, the o is observed to be bound. To mimic this

"2Although we do not do the exercise here, using the tools
presented in Ref. [88], we could analytically continue to the
nearest unphysical sheet to find the resonance pole.
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N T(J")=0(17) Mmr,pﬂ(gpﬂgpl)
mm real

5| == imag

20

101

| « /

78 8.0 8.2

FIG. 5.

8.4 8.6 8.8

2

s/ Mo

Shown are the real (red) and imaginary (cyan) components of the amplitude in the 7(J”) = 0(17) channel. As in Fig. 4,

dashed and solid lines depict amplitudes with ’Cg =0 and IC; # 0, respectively. The parameters for IC; # 0 are described in the text.

scenario, we use a I~C3 parametrization with a bound state
below the prz threshold. We use same simple pole para-
metrization Eq. (87) as above but with sy < s,,

Assuming the same restrictions in the partial waves as
previously discussed, the scattering amplitude in this
system is composed of a single channel, the *P,. As a
result, we have

000

@b

= M/)lr./m(spl |3P1)' (94)
In Fig. 5, we show the result for this amplitude for both
K3 = 0 (dashed lines) and K5 # 0 (solid lines). For the
latter case, we set the pole and coupling of the K matrix to
so = 7.6mz and c,,1p = 90mZ, respectively. Again, we
see the expected threshold behavior for a P-wave ampli-

tude, and unitarity is well satisfied for both examples
shown.

VI. SUMMARY AND OUTLOOK

Using the results derived in Ref. [19] for the OPE, we
have constructed integral equations for partial-wave pro-
jected three-body relativistic scattering amplitudes. The
integral equations are presented in Sec. II, with details
presented in Appendix A, for two equivalent formalisms
where the three-body K matrix is symmetric or asymmetric
under particle interchange. While a practitioner can choose
either framework for analyses, we advocate for the asym-
metric formalism due to the relative ease for parameterizing
the three-body K matrix, which is illustrated in our
numerical applications in Sec. V. In particular, a class of
flexible parametrizations useful for data analysis is pre-
sented in Sec. III, where K5 is factorizable in the kinematics

of the initial and final state allowing one to parametrize /5
in a manner similar to analyses in the two-body sector. In
addition, it is shown that factorizable parametrizations for
K5 reduce the computational complexity of the integral
equations.

In Sec. IV, we consider the scenario where one of the
two-particle pairs forms a bound state. In particular, we
show how the LSZ formalism can be used to reconstruct
two-body amplitudes from the three-body amplitudes.
Finally, in Sec. V, we explore numerical solutions of the
three-body amplitudes for toy models for the 3z channels in
total isospin 7 =2, 1, O that include the p and o as nzn
bound states. Using the expressions derived in Sec. IV for
the asymmetric formalism, we find that our results satisfy
two-body unitarity below the three-body threshold for all
models considered, as well as the expected threshold
behavior for partial-wave projected amplitudes.

Given the rapid developments in this line of research, it is
worthwhile summarizing some key outstanding problems
related to the scattering theory of three-body systems. First,
in this work, we considered amplitudes that have not been
symmetrized under the interchange of the spectator Using
the notation used in the literature, these are the M3" ) The
next step is to symmetrize these and construct amplitudes
that may be used to generate Dalitz plots, as was done, for
example, in Ref. [29], for the T(J*) = 3(07) lattice QCD
calculation. Using formalism presented in, for example,
Ref. [16], we believe this should be straightforward. As
already mentioned, the formalism presented here is built
from the partial-wave projection of the OPE performed in
Ref. [19], which only assumed that the particles involved
had no intrinsic spin. Lifting such an assumption, although
technical, can and will be done. Additionally, including
coupled two- and three-particle systems, while attempted in
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Ref. [33], requires further investigation. Going beyond
these immediate problems, one can envision formulating
dispersive representations for the three-body amplitudes.
As the connection between scattering theory and lattice
QCD matures for few-body systems, preserving S matrix
principles such as unitarity and analyticity is vital to
exploring the excited QCD spectrum.
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APPENDIX A: PARTIAL-WAVE PROJECTION

We follow the procedure as presented in Refs. [16,19] and
further references therein, namely first projecting to definite
helicity amplitudes of definite J, then forming definite J”
amplitudes by taking linear combinations to the LS basis.

Given the three-body helicity amplitude M.y ~;, one
can expand it in terms of amplitudes of definite total
angular momentum J of the three-particle system:

Moz n(®K) = > 21+ )My, (p K (0,0).

(A1)

where J i, = max(|4],|4']), d is the Wigner matrix ele-
ments, 3 and 0, is the CM frame scattering angle 6,
defined through cos@,, =p - K. Using the orthogonality
relation for Wigner d matrices, we use Eq. (A1) to project
the helicity amplitudes to definite angular momentum J,

1 /1
Mg;f’,v,m(l” k) = 5/1 d cos gpkdﬁ ’(epk)M&f’/l’.ﬁ(pv k).

(A2)

As discussed in detail in Ref. [19], one can transform
from the helicity-state basis, whose corresponding partial

BNote this d is not to be confused with the amputated ladder
amplitude, Eq. (10), which has been defined in Sec. IT A.

waves do not have definite parity, to the spin- 0rb1t state
basis using the spin-orbit coupling coefficients 79/1 to be
defined below. This allows one to obtain amplitudes that
have both definite angular momentum and parity, which
can be written as

MEDT (pk)

3;L'S' LS
/ 4
ZS +1 [/ M3 o ﬁ(ll, ‘C)’P/({ )(2S+1 [])_

pr

(A3)

For particles with no intrinsic spin, the spin-orbit coupling
coefficient is given by [99]

2L +1

4
’PE{ )(2S+1LJ) =1\/57 —

T ALO. 5235 (A4)

The inner product in brackets is the usual Clebsh-Gordan
coefficient, which relates different complete sets of the
combined system. Note that the spin-orbit couplings are
orthonormal,

ZP

For spinless particles, we have identically S =7¢ as
enforced by the Kronecker d5, appearing in Eq. (A4),
making the superscripts in Eq. (A3) redundant. Therefore,
we adopt the simpler notation,

25/+]Ll )(25+1LJ) = 5L'L5S/S‘ (A5)

MépL s, Ls(p.k)

ZP

In summary, one can use Eq. (A2) to first project to
definite J and then Eq. (A3) to project the subsequent
amplitude to the JLS basis with definite parity. Recall that
M3 can be written as the sum of two terms: the ladder
amplitude, D, and a divergent free amplitude, M3 4 (or the

/ 14
2S +1L/ ./\/l3 o m(p’k)P,(I )(ZS-HLJ). (A6)

asymmetric /\A/l3,df). We now apply the procedure outlined
above to write the partial-wave projection of these different
contributions to the three-particle scattering amplitude.

1. Partial-wave projected D

We start with the partial-wave projection of D. For
convenience, we repeat here the expression for D in the
helicity basis given in Eq. (3):

Dy pz(P.K) ==M; p(6,)G5.02(p. K) My £ (04)
&3k’
DN errm O
XDf,il,fi(k/’k)- (A7)
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Using Eq. (A2), the partial-wave projection of D to definite
angular momentum J can be obtained by integrating over
the angular dependence

1 /1
DLJwﬂ(P,k)—E/ldCOS@pkd/Jw(epk)DfWﬂ(P’k) (A8)
=-M,, f'(ff )géqm(l? k)M, 4 (oy)
dk/k/2
/ 27) 20, gm 1A (p.K)

(A9)

— M o (

X Délilﬂ(k/’ k).
The explicit form of G/, ., can be found in Eq. (57) of
Ref. [19]. Next, Eq. (A6) is used to obtain the desired

amplitudes of definite total angular momentum and parity
that we are interested in this work,

ZP

=-M,g(c

"/ f
25 HLJ k)@/(1 )(2S+1LJ)

LS’ Ls(p.k) f'/v (P

p)gi/g/ LS(p k)M2 S(Uk)
dk/kIZ
—Mz,S’("ﬁLZS] / (27)2wy

Xg{:s/,L.s (P k/)DL s,.Ls(K' k). (A10)

Here, G’ is the partial wave projected OPE explicitly given
in Eq. (5) in Sec. II.

2. Partial-wave projection of asymmetric formalism

As discussed in the main body of this work, there are two
equivalent classes of formalism for the “divergent free” part
of M. We first discuss in some detail the partial-wave

projection of M 3.4 (P, k), which appears in the asymmetric
formalism. In the helicity basis [20], this object can be
written as

M&df;f’/l’,ﬁ(p’k) = ZZ/ / 25”2’,&1.(1”1’/)
2R A

X T g e (0 KRy 2(K' K),
(A1)

where we introduce the following compact notation for the
three-dimensional integral14

/ / 27 3260k

"“This is not to be confused with Eq. (9), where only the
magnitude of the momentum is being integrated over.

(A12)

Using this notation, the different building blocks are
defined by

(2ﬂ)32wk5(3>(l’ — k)40,
- M(f)( 2)Le 22(P.K)

/Dﬂlml(P k)rml (k' k),

ﬁmcm(l’, k)=

1
(A13)

(2732w, (p — K)3,26,
¢
=Ty, m(P k>Mg )( )

/Ff’z'ml(P P)Dml (P’ k),

Rovri(p. k) =

1.0
(A14)
where
Ff’l/,fﬁ(p’ k) = (2ﬂ)32wk5(3) (p - k)éfrfémﬁ(ak)
+ Gor (P K). (A15)

Finally, the remaining object appearing in Eq. (All)
needing to be defined is T,

= ’Q;m’m (p.k)

- Z Z Z /, /ql ﬂ/ 163;%%,5’1,11 (p.p")

Er0 €0 Erdy P

fmtm([” k)

X Le0, (P, q/)ﬁf’la’l,fzzz (q'.k')

X T rpp,0:(K' k). (Al6)
Here, we note that there is a freedom in the definition of p.
Throughout the main body of this work, we use the
minimal definition, Eq. (14). In Appendix B, we discuss
the possible shifts in the definition p, as well as to why this
might be necessary.

We can apply the above-mentioned procedure to obtain
the partial-wave projection of the different building blocks.
For a given functional form of /3, one can use the analogs
of Egs. (A2) and (A6), to project this to definite J and
subsequently to the JLS basis

N 1 /1 N
Koy ea(p. k) = 3 / ] dcos 0,.dy, (0,0 Kspr 22(p. k),

(A17)

K%LS’ Ls(p. k) ZS/HLI ’Cz L0 a(p.k)

ZP

x POESHL ), (A18)
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The only element that remains to be partial-wave
projected is the term proportional to the 6 function
appearing in the two rescattering functions defined in
Egs. (A13) and (A14). To do this, we write the § function
in the spherical basis,

5(p—k)

5(3)([) -k) = 12

s(Q, - ), (A19)
where, as defined in Ref. [19], Q; is the solid angle of the
pair in the CM frame, i.e., the vector —K. We then use the
completeness relation for Wigner D matrices to rewrite
the angular part of the § function as

2741 T
(@, =) = 3 == D(Q,)D,) ().

myA
J.my A

sz L 0,0, (A20)

where we have used the fact that 37/ _ ; Di:j;(—f))x

ng)z(_f() = dﬁﬁf)(%k) with cos8,, = (=Kk) - (—p). With
this, the d function term appearing in Eqs. (A13) and (A14)

becomes

(27) 20,6 (p - k)

= (27)*2awy (])Tk)

O S s+ 10,0,

k2 J.A

(Q, — Q).

(A21)

The first equality of Eq. (A20) is easy to prove using the
orthogonality relation of the Wigner D matrices,

D@, = [ 4060, - 0D, (). (A22)

2 +1
- /ko S =D (@)Dl ()
J m'y X

T
x D)) (), (A23)
2J +1 ")
Jm', X
Dy, (), (A24)
B 2J+1 ) 47
=2 /?Dmg (L) 2]+15J15mjm S
J'm'y A
(A25)
— fq{)i(gp), (A26)

where we emphasize that the normalization of the
Wigner D matrices is due to the fact that we have integer
spin systems and describe the particle orientation by only a
polar and azimuthal angle. Using Eq. (A21), and the
analogs of Eqgs. (A2) and (A6), we can project the o
function and consequently the rescattering functions for the
J and the JLS basis. For example, the I" function appearing
in Eq. (A15) is projected to these two basis as

27)’w B
Fbjﬂw,m(l’v k) = ( k)z : 5(1’ - k)@’f@%ﬂ("k)
+ Gl (PR, (A27)
21)’w .
Fi s, LS(p k) = ( k)z £ 5(p —k)dp.6gsp (o)
+Glig 5P k). (A28)

Using these results, one then arrives to Egs. (12), (13), and
(17) for the partial-wave projected [Z, 7@, and 7 functions.

3. Partial-wave projection of symmetric formalism

The partial-wave projection for the symmetric formalism
is identical to the asymmetric formalism. This is because
the angular dependence of these two formalisms is encoded
in the same building blocks, namely D, M,, the three-
dimensional é function, and a short distance /C5. As a result,
we will not repeat the steps outlined above for the asymmetric
formalism. Instead, we will just write out the expression for
M4, £, and R in the helicity basis [17],

M geon 2(p.K) / / Loy, lrds (p.p )T;mzf A (p".K')

X R, 1K' K), (A29)
Loy k) = (% - p(o-p>M2.f(6p)>
X 81001220, (27)*8 (p — K)
— Dpy.ea(p. kK)p(or), (A30)
Reyea(p. k) = G - f’(‘fp)Mz,f(Up))

X 81001120, (27)*5 (p — k)

—p(6,)Doy 2a(p- k), (A31)
where the 7 function satisfies an integral equation
Trrer(p.K) =Koy e2(p.K)

-
- /p/ K/ Ks.ou ,0,(PsP') g(ﬁfp/)
X Efzﬂz,f,ﬂl (p'. k/)Tflx,,m(k/7 k). (A32)
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Following the steps discussed for partial wave projecting the
asymmetric formalism, one arrives at Egs. (19)-(22) for ./\/lgp
and its various contributions.

APPENDIX B: SHIFTING THE PHASE SPACE p

There is freedom in defining the phase space, p, appearing
in the definition of both ./\A/l37df and M3 4, in Egs. (A11) and
(A29), respectively. Throughout this work, we have assumed
the simplest definition for p, given by Eq. (14). This freedom
stems from the fact that the two-body scattering amplitude,
M, ,, must be scheme independent, but one can modify the
phase space and the two-body K matrix X, , simultaneously,
in such a way that M, , is invariant [20].

To make this more explicit, let us write M, , in terms of
two-body K matrix, /C, ,, and the standard two-body phase
space, p, defined in Eq. (15),

M3y =K, —ip, (B1)
= K5y + 7, (B2)

where we in the second equality we introduced
Ksp =Kz} —i(1-H)p. (B3)

This makes it evident that M, , is invariant under a
simultaneously shift of X, , and p of the form,

7
’Cz e ’Cz ¢ 27 (B4)
qx
Iy
R

where T f;@ has to be a real and nonsingular function of oy, to

ensure unitarity, and the barrier factors have been intro-
duced to guarantee the correct threshold behavior of M, ,.

Reference [90] showed that one can use this freedom to
generalize previous finite-volume three-body formalism [32]
to describe systems where the I~C2f can have poles. Because
INCM depends on the cutoff, these poles are unphysical, but
they can appear for systems where there are two-body bound
states and/or resonances. A minimal choice introduced in
there is to use 7@ to move these poles away from the
kinematic region considered.

Because D only depends on M, », as opposed to INCM or
p, it is unaffected by this shift. Meanwhile, M; 4 does
depend on p, implying that the functional form does
change. For example, the £ function within the symmetric
formalism, Eq. (A30), will be shifted to

Loy e(p.K) = Loy z2(Ps k)
Iy

b*2f M2 f(

»)2w,(27)38% (p — k)
3(&)

i
k)2,
ar*

(u,u)
— Dy 4:(p.

(B6)

Note, this shift leads to an implicit redefinition of K5 to
absorb this modification to M.

Since the phase space p appears inside an integral in, for
example, the definition of M, 4 , this must be proportional

to the cut-off function, H. Consequently, 71(32 must also be

proportional to H. Following a similar convention to the

one introduced in Ref. [90], we can explicitly write 71(,2 via,

S,
o5 =75 535 D"
qr 327 q* g

(B7)

where ¢, are real constants fixed to assure that C, does not
have poles in the kinematic region where H has support.

Because this shift is done for partial-wave projected two-
body amplitudes, it does not introduce any further subtle-
ties in the partial-wave projecting procedure outlined in
Appendix A. In other words, one can use the formalism
presented in the main body after making the global
replacement

j(S)

poss = Pogs + ﬁ-

(B8)

These artifacts of the finite-volume formalism are not of
immediate relevance for the infinite-volume formalism,
which is the concern of this work, but it is important to keep
these details in mind, if one is interested in using lattice
QCD results for K3, which may require performing these
shifts in p to then determine physical partial-wave projected
amplitudes.
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