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ABSTRACT

The application of inertial force actuators (IFAs) to vehicle dynamics is investigated. These are modeled as
translational motors with a small proof mass attached at one end, such that forces applied by the actuator to
the vehicle result in displacement of the proof mass in inertial space. IFAs would provide specific benefits
compared to traditional active suspensions, which exhibit deleterious effects on secondary vehicle signals
while pursuing their primary objectives. Since IFAs can be high power and generate high force magnitudes,
and are constrained only by their internal stroke and force limits, their application is well suited for zero-
mean band-limited white noise inputs such as a vehicle roadway. The suspension control problem is studied
with the incorporation of IFAs in cooperation with traditional actuators in order to meet the vehicle objec-
tives hierarchy. Modern and classical control theory investigate the application of IFAs to control various
vehicle output signals.

Keywords: Electrodynamic Actuators, Active Suspensions, Vehicle Dynamics.

1 INTRODUCTION

The primary objectives of vehicle suspensions
(passive and active) involve four aspects: suspend
the vehicle above the road, maintain relatively
constant nominal posture with respect to the road,
maintain tractive normal force between the tires
and the road, and isolate the vehicle from unde-
sired road-induced vibration (Tseng and Hrovat
2015). Conventional passive suspensions contain
hardware traditionally consisting of two devices:
a spring element ks, which generates a force
opposing a relative displacement; and a damper
element b, which generates a force opposing a
relative velocity. Both these elements are outfitted
between the wheel (the unsprung mass, mus) and
the vehicle body (the sprung mass, ms). The tire
can also be considered part of the passive

suspension, since its representation for verti-
cal dynamics is also a spring, kt , acting between
the unsprung mass and the road. This configura-
tion is represented by a low order model known as
a quarter car (QC) (Figure 1).

Although the passive suspension configuration de-
scribed is convenient for compact packaging, it has
drawbacks. Analysis of QC models reveals them as
having undesirable resonance in the low frequency
passband, as well as undesirable high frequency
isolation performance (Karnopp 1983). From the
framework of random process theory, it was dis-
covered that optimal frequency response charac-
teristics are achieved when the damper location
is moved to between inertial space and the mass
for a single degree of freedom (DOF) mechanical
resonator (Karnopp, Crosby, and Harwood 1974).
This is known as a Skyhook suspension (Figure 2).
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Figure 3: Groundhook QC model

When applied to the 2 DOF quarter car, the Sky-
hook configuration results in better passband per-
formance with a less pronounced 1st resonance
peak, and faster isolation roll-off at the cost of an
undamped resonance. Figure 4 shows that there is
some benefit of maintaining some passive damp-
ing between the sprung and unsprung masses in the
conventional location, since tire oscillation (2nd
resonance) is more damped, although the resulting
sprung mass velocity magnitudes are increased in
some regions, and high-frequency roll-off benefits
of Skyhook are lost. Also, although no physically
realizable passive Skyhook suspension for vehicles
has been developed, it serves as an optimal struc-
tural configuration for model reference of a con-
trolled suspension, and has been the baseline for
vehicle active suspensions for several decades.

Lateral and longitudinal vehicle performance is as-
sociated with maintaining a near-constant normal
force between the tires and the road. This is due to
the nonlinear, locally concave constitutive relation-
ship from tire-road normal force to lateral and lon-
gitudinal tire force (Karnopp 2013). For this rea-
son, actuators placed in the conventional location
(between the unsprung and sprung mass, parallel
with the suspension spring and damper) inevitably
deteriorate vehicle handling performance. This is
a well recognized phenomenon (Smith and Walker
2000) that is a structural limitation of conven-
tional active suspension configurations manifested
as an inverse performative relationship between
ride comfort and tire dynamic load (which corre-
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Figure 4: Frequency response of Conventional pas-
sive (Figure 1), Skyhook (Figure 2), and Skyhook
with an included conventional suspension damper
(combination of Figures 1 and 2)

lates with vehicle agility). With respect to perfor-
mance trade-offs associated with active dampers, it
has been observed that the trade-offs could be mit-
igated if one could exert forces more arbitrarily on
a vehicle (Karnopp 1983).

Groundhook (Valášek, Novák, Šika, and Vaculín
), inspired by Skyhook, originally sought to min-
imize damage to roadways from heavy trucks.
However, by reducing the dynamic tire force trans-
mitted to the road, Groundhook found benefit for
handling performance purposes, since large val-
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ues of dynamic tire force also deteriorate road-
holding. The Groundhook model (Figure 3) serves
as an idealized passive model reference to min-
imize tire normal force variations due to road-
normal velocity inputs, vi. In reality, the tire
damping of Groundhook is difficult to implement
with a passive element (Kim, Chi, and Lee 2007).
Therefore, like Skyhook, Groundhook is realized
through an active- or semi-active suspension de-
signed to track the model reference (MR) contain-
ing a virtual damper in series with the tire spring
(parameter bt in Figure 3).

Efforts have been made to mitigate the known
performance and handling trade-offs observed in
conventional active suspensions. Human com-
fort from vertical dynamics has highest sensitiv-
ity in the 4-8 Hz Frequency band (ISO 2631-1
1997), while tire sensitivity is highest at its res-
onance, usually around 8-13 Hz. Researchers
have tried a frequency-dependent hybrid Skyhook
control which seeks to minimize the deteriora-
tion at their respective resonant frequencies (Suda,
Nakadai, and Nakano 1998). Others applied H∞

optimal control techniques to a quarter car with
a conventional semi-active actuator and compared
results to Skyhook control, and found that the high-
order H∞ controller produced could provide a more
comfortable ride across a wider band of frequen-
cies (Sammier, Sename, and Dugard 2003). These
techniques still result in a performance trade-off,
however the designer has more control over the fre-
quency response shape.

Measurements of road elevation profiles indicate
that vertical input from the road can be modeled as
a white noise stochastic process with a flat power
spectral density (PSD) in the velocity (ISO 8608
1995). The vertical velocity PSD is determined by
forward vehicle speed and a static road roughness
coefficient. The road unevenness enters the vehi-
cle as a disturbance, and degrades both the ride
comfort and vehicle handling objectives. However,
since physical roadway inputs are well character-
ized, new vehicle system research is well-suited for
simulation studies.

Inertial force actuators (IFAs) (also known as proof
mass actuators) have been applied to various vi-
brations problems. In structural systems, they are
used as active force generators to counteract struc-

tural resonances where a simple tuned vibration
absorber (TVA) would be insufficient, or where
the dynamic properties of complex structures are
variable (Díaz, Pereira, Hudson, and Reynolds
2012). Other researchers have utilized such ac-
tuators for automotive applications to minimize
structure-borne acoustic noise (Belgacem, Berry,
and Masson 2012) . In another study, IFAs were
analyzed for generic structural vibration isolation
(Benassi and Elliott 2004). They made the ob-
servation that inertial actuators should have a nat-
ural frequency that is lower that the natural fre-
quency of the system to be isolated for best per-
formance. The application of an inertial actuator
to control vibration of a single-DOF mechanical
resonator has also been investigated using veloc-
ity feedback (similar to Skyhook) (Elliott, Serrand,
and Gardonio 2001). Their main interest was in
comparing performance of an inertial actuator to
an actuator in parallel with the resonator spring,
and identifying conditions under which the con-
trolled system remained stable. Also for vibration
isolation of a generic single DOF mechanical res-
onator, (Zilletti 2016) developed a velocity feed-
back algorithm that showed reduced vibration of
the system. They analyzed the system stability and
performance trade-offs, and investigated the condi-
tions under which the inertial actuator would har-
vest or dissipate power.

Due to the trade-offs between handling and com-
fort, and the structural limitations of the conven-
tional actuator configuration, this research pro-
poses the application of IFAs for active control of
vehicles. In particular, the focus will be on ap-
plying these actuators in multi-input, multi-output
(MIMO) arrangements with conventional active
suspensions. The purpose is to allow for the ap-
plication of "god" forces onto the vehicle by the
reactive force of pushing on the small inertia.

2 A SKYHOOK AND GROUNDHOOK
BASELINE ANALYSIS

This research begins with the analysis and im-
plementation of a Skyhook + Groundhook system
(the MR) utilizing combined conventional and in-
ertial actuators (the active/actuated system). A
schematic of the proposed Skyhook+Groundhook
MR is shown in Figure 5. Equations of motion
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are derived using this bond graph following pro-
cedures of (Karnopp, Margolis, and Rosenberg
2012).
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Figure 5: Model reference system and bond graph

From the equations of the MR system, the trans-

fer functions
vs

vi

∣∣
des(s) and

vi − vus

vi

∣∣
des(s) are de-

rived, and will be used to generate controllers for
the active system. These represent the sprung mass
velocity response and the dynamic tire velocity re-
sponse of the MR.

The actuated system model to be controlled and as-
sociated bond graph is shown in Figure 6. Again,
equations of motion are generated directly from the
causal bond graph.

From the actuated system equations, the transfer
functions of Equations 1 are derived. These equa-
tions relate the outputs of interest (sprung mass ve-
locity and tire spring velocity) to the controlled in-
puts (F and Fa) and the disturbance input (vi). To
develop the control, it is recognized that the total
responses of the outputs will be a superposition
of the inputs multiplied by the respective transfer
functions of Equations 1.

vs

vi
(s)

vs

F
(s)

vs

Fa
(s)

vi − vus

vi
(s)

vi − vus

F
(s)

vi − vus

Fa
(s)

(1)
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Figure 6: Actuated system and bond graph

To make the actuated system follow the idealized
MR, we enforce that the actuated system have the
same response as the MR:

vs(s) =
vs

vi
(s)vi(s)+

vs

F
(s)F(s)+

vs

Fa
(s)Fa(s)

=
vs

vi

∣∣∣∣
des

(s)vi(s)

vi − vus(s) =
vi − vus

vi
(s)vi(s)+

vi − vus

F
(s)F(s) . . .

+
vi − vus

Fa
(s)Fa(s)

=
vi − vus

vi

∣∣∣∣
des

(s)vi(s)

Rearranging these equations into a matrix form al-
lows for the actuator forces transfer function ma-
trix (Equation 2) to be solved by matrix inversion
to arrive at the feedforward control on each of the
actuators F and Fa that cause the active system to
follow the MR system. The actuated quarter car is
simulated using parameters of Tables 1 and 2. It
should be noted that the only arbitrarily selected
parameters for the control are the damping coeffi-
cients of the model reference (Table 2). The road-
way input vi is approximately a ISO 8608 Class
B road (ISO 8608 1995)(equivalent to the average
roadway vehicles encounter (Loprencipe and Zoc-
cali )) with vehicle traveling at 64 kph (40 mph)
forward speed. The vertical displacement PSD of
the road used for this simulation is shown in Figure
7.
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Figure 7: PSD comparison between the simulated
road and ISO 8608 classes of measured physical
roads

Parameter Value
ms 312.5kg
mus 52.5kg
ks 20.85kN/m
b 2042Nm/s
kt 350.3kN/m

Table 1: Parameter values for passive elements of
quarter car

Parameter Value
bt 4084Nm/s
bsky 6126Nm/s

Table 2: Parameters for virtual elements used for
control of MIMO Skyhook+Groundhook

Magnitude bode plots of several responses are
shown in Figure 9. Several items from these plots
can be observed. Primarily, the sprung mass veloc-

ity response is reduced across almost the entire fre-
quency band in the actuated system without degra-
dation of tire velocity. Also, the region of highest
human sensitivity to vertical acceleration (4-8 Hz,
the frequencies between the two resonances) has
been reduced.

However, the model and control analysis thus far
has depended on several unrealistic assumptions,
the most egregious being that the intended inertial
force Fa has been perfectly applied to the vehicle
with no regard for how. Armed with the training
provided by bond graphs’ port-based approach, we
assume an inertial actuator connected to the sprung
mass is a simple 1-DOF oscillator in parallel with
a force actuator (Figure 8). The bond with effort
labeled Fa could be ported into Figure 6 to replace
the effort source there labeled Fa.

ma

ba
k a Fc

va

vs
Se : Fc(t)

I : ma

Sf : vs(t)

0 1

C : 1/ka

R : ba

Fa

Figure 8: A model of a 1-DOF inertial actuator and
its bond graph

Instead of integrating the added dynamics to re-
compute the control law of Equation 2 for the new
controlled input Fc, we derive the transfer functions
from the equations of motion of the 1-DOF, 2nd or-
der, 2-input actuator (Equations 3).

pa

vs
(s) =

bas+ ka

s2 + ba
ma

s+ ka
ma

pa

Fc
(s) =

s

s2 + ba
ma

s+ ka
ma

qa

vs
(s) =

s

s2 + ba
ma

s+ ka
ma

qa

Fc
(s) =

1
ma

s2 + ba
ma

s+ ka
ma

(3)

The output, Fa, can be calculated by following
causality shown in Figure 8. By inspection, we see
that Fa =

d pa
dt = sPa(s). Therefore, from Equations

3 we can derive transfer functions for the output Fa
as
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Figure 9: Magnitude frequency response plots (computed from FFT of simulation timeseries unless noted
otherwise). Passive: passive system (Figure 1, computed from transfer function). MR: Model reference
(Figure 5, computed from transfer function). Ideal: Feed-forward controlled system with inertial force Fa

(Figure 6). HP: same as Ideal, but with a high-pass filter applied to Fa.

Fa

vs
(s) =

bas2 + kas

s2 + ba
ma

s+ ka
ma

Fa

Fc
(s) =

s2

s2 + ba
ma

s+ ka
ma

Again applying principle of superposition we ar-
rive at the total actuator force Fa

Fa(s) =
Fa

vs
(s)vs(s)+

Fa

Fc
(s)Fc(s) (4)

Solving Equation 4 for Fc,

Fc(s) =
(

Fa

Fc
(s)

)−1

Fa(s)−
Fa

vs
(s)

(
Fa

Fc
(s)

)−1

vs(s)

(5)

Because the transfer function Fa
Fc
(s) is proper, but

not strictly proper, the direct inversion is justified.
Since we already have the timeseries from the sim-
ulation for signals Fa and vs, we can pass them
through their respective ’filters’ in Equation 5 to
acquire the control signal Fc(t) on the actuator of
Figure 8 that imposes the controlled signal Fa from
Equation 2 onto the sprung mass.

Next, we can acquire the qa timeseries, which rep-
resents the actuator displacement for the simula-

tion.
qa =

qa

vs
vs +

qa

Fc
Fc (6)

Parameters are chosen such that the simple actu-
ator has ma = ms

100 , natural frequency of around 1
Hz, and very little damping. Results are shown in
Figure 10. The results show that the system and
parameters are totally unrealistic for the given in-
puts.

As a second attempt, we could increase the spring
rate to try to keep the actuator displacement near
equilibrium, but this would result in Fc needing to
fight the spring and damper more often. Since the
results of Figure 10 suggest a DC component re-
quired by the control, we try passing this signal
through a high-pass (HP) filter s

s+wh
before apply-

ing it to the actuator. We arbitrarily choose a cutoff
wh of around 2 Hz. Results are shown in Figure 11,
and the actuator displacement has been reduced by
a factor of 100. The impact of the HP filter on the
tire and sprung mass dynamics can be seen in Fig-
ure 9, which shows that the system with the HP fil-
ter maintains better performance compared to the
passive system.

Signal RMS results for the system simulations dis-
cussed so far are shown in Table 3. The results sug-
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in one direction, suggesting large DC compo-
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Figure 11: Actuator travel when a high-pass
filter is applied to Fa

gest that some benefit may be found in implement-
ing an IFA with a conventional active suspended
vehicle, but further adjustments to the control pa-
rameters of the system discussed shows diminish-
ing benefit. Therefore, a different approach is tried
with optimal control.

3 OPTIMAL CONTROL

In this section, a system analysis utilizing optimal
control is presented. We begin by introducing the
mechanical 1-DOF, 3rd order multi-energy domain
model of Figure 12. This is a simple model of
a voice coil actuator, with voltage V and veloc-

Passive Ideal HP
v̇s, m

s2 1.17 0.730 0.672
vs, m

s 0.06262 0.0240 0.0562
qt,m 0.00200 0.00157 0.00154
qa,m 1649 16.6
qs,m .00622 .00960 .00723
Fa,N 497 452
F,N 380 380

Table 3: Results of simulation using optimal con-
troller (all results are RMS values)

ity vs inputs and force output Fa. Parameters for
this model are chosen from an an off-the-shelf unit
(Motran Industries ). This actuator is ’ported’ in to
the vehicle model of Figure 6.

Se : V(t)

0

1

GY:Km

1

I : L

R : R

Fa vs

I : ma

C : 1/ka

R : ba

Figure 12: IFA actuator and bond graph for the op-
timal control analysis

Bond graphs are used to derive the system equa-
tions, and from the bond graphs we can see that this
is a 7th order system (combined systems of Figures
6 and 12; 4 inertias and 3 capacitances, all in inte-
gral causality).

We frame the optimal control problem as an infi-
nite horizon, continuous-time quatradic optimiza-
tion, also known as a linear quadratic regulator
(LQR). First, a cost function is formulated,
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J =
∫

∞

0
αqq2

a +αa ṗ2
s +αtq2

t +αFF2 +αVV 2 dt

(7)
where the αi are tuned parameters whose values
are selected to provide desirable results for the sys-
tem outputs (consisting of system states and state
derivatives) and control force signals that we want
to minimize. This cost function is converted into
standard form by transforming the αi such that they
populate the Q,R, and N matrices of

J =
∫

∞

0
xT Qx+uT Ru+2xT Nu dt (8)

The cost function minimizer is the state feedback
control law

u =−Kx (9)

with static gain matrix K, where K = R−1(BT P+
NT ) and P is found by solving the Riccati equation

AT P+PA− (PB+N)R−1(BT P+NT )+Q = 0

The vehicle passive element parameters of Table 1
are again used, and the system is simulated with
inputs from the feedback control law of Equation
9 and a disturbance input vi (an ISO 8608 Class B
road (ISO 8608 1995) with vehicle traveling at 64
kph forward speed, which is the same input as in
Figure 7). For comparison, a passive quarter car
is simulated over the same road input. After some
tuning of the αi cost function parameters of Equa-
tion 7, the frequency response plots of Figure 13
were generated.

Figure 13 shows that both tire displacement and
sprung mass acceleration are reduced across the
majority of the frequency band, particularly at
the resonances. These results are normally mutu-
ally exclusive, exhibiting a waterbed effect on one
when the other is optimized in a conventional ac-
tive suspension (Williams 1997), and suggests ef-
ficacy to the proposed IFA as it applies to vehicles.

Some results of interest are in Table 4. The RMS
sprung mass acceleration, RMS tire displacement,
and RMS actuator displacement are all reduced.
It should be noted that the suspension displace-
ment RMS has increased. This is an inevitable
byproduct of the chosen cost (Equation 7), and

in the limit of zero sprung mass acceleration and
zero tire spring displacement (which is, according
to road-holding and comfort, the desired response
of the system), the spring displacement has signif-
icant dynamic deflection, following the road input
exactly. Suspension deflection is an important sig-
nal for consideration, and too much could be inad-
missible, and future research will investigate con-
strained optimization and include the suspension
deflection to ensure travel limits are accounted for
within the controller.

Passive LQR
v̇s, m

s2 1.17 .700
vs, m

s 0.063 .061
qt,m .00200 .00194
qa,m .0206
qs,m .00622 .02554
V,V 58.7
F,N 549
PowerV,W 187
PowerF,W 97.82

Table 4: Results of simulation using optimal con-
troller (all results are RMS values)

Another item to note is the power requirement of
the actuators, which, when compared to the power
required to maintain constant velocity of an auto-
mobile (60mph is on the order of 10kW (Leung
and Williams 2000) (Salihi 1973)), seems accept-
able. However, from the viewpoint of the vehicle’s
power plant, average power is a better indicator of
energy demand, because unlike the RMS power,
average power takes into account power flow di-
rection. Figure 14 shows that the combined actu-
ators’ running average power dissipated (equiva-
lent to the integral total power load on the vehicle
electrical supply over time) is about 80 Watts. The
RMS power of Table 4 should, however, still be
used as a guide for actuator sizing.

4 DISCUSSION

The models used for this paper put the actuator
directly onto the sprung mass. There are argu-
ments for placing the actuator elsewhere; for in-
stance, it could be placed directly on the unsprung
mass. There are important considerations in the
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Figure 14: Integral of the sum of the instantaneous
total power vs time signals of the two actuators

choice of actuator placement. If placed on the
unsprung mass, the actuator would be in the best
location to filter the disturbance input since there
are fewer integrators between the disturbance and
the IFA filter. However, the added fixed weight of
the actuator housing would decrease the sprung-to-
unsprung mass ratio, which has been shown to de-
teriorate vehicle performance (Hrovat 1988). Al-
ternatively, if the actuator maximum allowable dis-
placement is sufficiently large, the actuator could
potentially offset this problem and allow the tire to
maintain the desired constant normal force with the
ground.

When placed on the sprung mass, the actuator can
directly manipulate one of the controlled output
variables (sprung mass acceleration), but is several
integrators away from the disturbance input. Also,
since the sprung mass to proof mass ratio is rather
large, significant actuator displacement and/or ac-
tuator mass may be needed to operate effectively.
These issues, the efficacy of actuator placement,
design, and parameters, are points for future re-
search.

The simulated output signals of primary objectives
and secondary constraints mentioned or implied
(minimal variation of tire displacement from nom-
inal; minimal sprung mass acceleration; minimal
displacement of inertial force actuator from nom-
inal; minimal power demand by active suspension
system on vehicle power system) favorably suggest
that research may be best cast in a constrained op-
timization framework, and our future research will
attempt to consider hard and soft constraints.

5 CONCLUSION

An application of IFAs for active vehicle suspen-
sions has been proposed. The primary goals of this
new system are to maximally increase vehicle han-
dling and comfort performance metrics, with the
secondary goal of minimal power demand on the
vehicle electrical system by the controlled actua-
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tors. The proposal is motivated by suggestions in
the research that inertial forces on vehicles would
garner specific advantages. This proposal empha-
sizes that these inertial forces can be applied us-
ing IFAs, particularly when cast as a MIMO con-
trol problem with conventional actuators. Skyhook
and Groundhook, and optimal control results were
presented. The results of these simulations are
promising for further investigation and analysis of
the proposed active suspension platform, in part
because the MIMO configuration (IFA and conven-
tional suspension actuation) broadens the configu-
ration space of the controlled system.
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