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-T-PRaDUCTS.AND SPECTRAL'FUNCTIdNisUM RULES:
| IN A THEORY OF CURRENTS™
Wllly Bierter and Khalil M. Bltar+ *
Department of Phys1cs and Lawrence Radiation Laboratory
University of California, Berkeley, California
ABSTRACT
We present & new method for deriving spectral Tt

" function sum rules in a théory of currents. Aéplyiné

this'méthod to.Sugawara's theory we obtain the Weinberg

sum rules along with higher moment sum rules that may

"be used to test that theory.

First we briefly discuss a methodl_for deriving spectral . -
function sum rules. We center our considerations on the time ordered .

product:

wo@) = -i[d’*x 9% (A[T[Jua(x) 7 2(0)118) . (1)
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o . , e b
In a theory of currents, where the Hamiltonian H 1s known, Miv(q)
caﬁ be expressed as a sum of terms each of whiéh is given by well-
specifiéd equal time commutators. This is easily seen, by expanding

the current J a(x) in powers of the variable x,, to yield

|}

ab 3 ':x
e = & [Ix T alnteR), g, >0 )
+ ;—2 Px e'iq"‘<Asl{wua<o,3€3, K], 3,°(0)]8)
0

nl

n+l/d3x e .in(A][ 19,%0,), 1),--u1, 7 2(0)118)
R ‘ n+l (2)4

+

(The Bjorken 1imit? is that where q, — o with T fixed. In this
paper we do not go to this limit.) Clearly, if ﬁ -is known all terms
on the right-hand side of (2) can be calculated (althougl. some terms
‘are very singular) and one has an expansion for MiE(q) in powers of
L |
9

spectral functions we obtain sum rules for these functions by simply'

If we write now Muv in terms of integrals over higher order

comparing terms of equal powers of %— on both sides of (2).
0

This is most easily demonstrated for the two-point spectral
functions .as we shall proceed to show. We consider the vector (V“)

and axial vector (Au) currents in the Sugawara theory.5 In this

theory one has SU(3) & SU(3) currents obeying the equal-time commuta-

tion relations of the algebra of f‘ields)‘L with an energy-momentum tensor

@uv constructed as follows:
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= %E{[Vua(x),‘vva(x)]+ - gu?[vpa(x), Va“(x)]+.+ (VesA)}) . (3)

00 25 the Hamiltonian density one obtains the following

equations of motion:
a“v (x) = BuA (x) =0

3,7, 4(x) - v *(x) = (tv, (x) v o0, + (200, 4,°001,)

2C ab

FROREVRCORE AR RO 61, + 14,20, 7,561,

20 abc
(&)
Following Weinberg5 we write
O 2(x) v.2(0) o) = —2= 5 [d'p elny) e o (P)ig - L]
7 v - (2]_[)5 ab 0 Py Y, P2
a, | b ‘ 1 L -ipx 2 oL pupv
(o A, (x) A‘v (o)lo} = _—_(eﬁ)5 Sab[d p 6(p,) € o (o )[gw 2 ]
2 2 -
| F " 8(p") pupy} . ()
It then follows that
= ffxe o0y, (x) v,”(©)1[0)
= 5, [ ant o (d9)E +“V1< jn . (6a)
T Tab _ Pyt guv Spla s _ Oa '

and - ,
—iJ[ dhx eiqX (O[T[A a(x) Avb(O)][O)

.

q.Qq
“ 5, [dm[ (m)Eg Y S(m?)q“qv}/LF(q?;mg) (60)

m
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with

22 1
A L I
g -m + ie

From (6) we see that the only q, dependence is gi&envin the factors

2. 2 . . 1 .
a9, and AF(q sm”). Thus‘expanélng (6) in powers of ag is

straightforward and the coefficients are integrals over the spectral

functions and p,. Through Eq. (2), with |A) and |B) taken

Py

as the vacuum states, the integrals are then given by the symmetric part

(in the internal symmetry space) of equal time commutators of the form
a b .

[--[3, (0,%), H1, --H], 3 (x)].

We consider the case u =v =1 and isolate in (&) the term

proportional to i Through Eq. (2) we get

2
' ' Q.q9, =2
/dmgpv(mg)[-l + 24 - (sym) /d5x e 10| [1v,%(0,%),11,v,"(0)]j0),
' Z _ o ' (72)
.Q. s .
[dmzipA(mg_)[-l i ;21] ¢ ¥ aj0) - (sym.)/ch -

a b '
o[ [14;%(0,0),E], 4,°(0)][0) . (7)
Using the Sugawara Hamiltonian we find that
a b a : b
[v*», 1, v2©@] = [(a0, 1, a°©@] ,  (®
which leads to the equality of the left-hand sides of (7a) and (7b).

Since qi is an independent. variable, this leads to the two Weinberg

sum rules:
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[dme Loy(x) = 0,(m®)] = o. N (o) '

Obviously these are not the only sum'rules6'that we,can derive, for now.

we can proceed further and isolate highef»terms,‘eag.'the ;E term
‘ | A Y
(we put here q; = 0.7){ From (6) we then have

.= ' .
- f an’n’p, (n°) = (sym.) [ @x (0 |L1Lv,*(0,),H],11,11,v,%(0) 1[0} ,
' | ' | (102)
- f an®uPo, (n?) = (sym.) [@Pxe ™0 [[[1a,%(0,7),11,1],11,4,°(0) 1[0) .

(10v)

Again using the ex@licit form (4) of ﬁhe'equétions of mqjion we get
[L{v,%(0,%),u],H1,H], Vib(O)J = [[[Aia(Q,§3,H],H},H]{Aib(o)], -(ll)
which implies of course the following‘sum rule:
Jou® wfloy®) - 0ym®1 = 0 ,. (12)
As a matter of fact, due to‘the symmetric roles whichv VH and A“ :

play in the equations of motion and @“V, it seems that one can

explicitly show that

a e w17 P(0)] = [ e[ R
L;.l\_;_/iLVi (O’;(-))JH]) )H]}Vi (O)] = %\;%Al (O,;(-’),H],. ’H]’Al (O)],
| - (3)

which leads to the result



- UCRL-18Mi6

/dm< Vloy?) - 5,1 = 0 . (1)
Mbreover Eq. (13) 1mp11es through Eq. (12), if the expansion (2)

converges, the result that for any state |A9. and [B)

A, V()] - Mab[A (x), O @)
or o
v (%) v.°(0)] - T *(x) AP)) . _.(;6)
Discussion:

That we aievable to derive Weinberg'é first;sum fﬁle (9a) from '
Sugawara's thedry is expected, since.this is a coﬁsequence of the algebra
of fields§56fincorporated explicitly into fhe theory; The second and
higher moment sum rules, hoWevef, are a consequehce of our methég and
the Sugawara Hamilfonian. As can be seen from (9a, 9b), (12) and (1k4)

we obtain the following result:

py(n®) = o) 5 F - 0 .

This is'also to bé expected since we are dealing with a theory of »
perfect symmetry. For a study of theories with symmetry breaking our
techniques apply as well bﬁt not.as simply.' For example, we find that;
at the 8U(2) & su(2) level, if we break the symmetry by introducing
PCAC aécording to Bardakci, Frishman and I{_alpérn,8 the right-hand side
of (12) becomes proportional to singuiar vacuum expectation values of
operators of the form [Vi(O) Vi(O) 0(0)] and [Ai(O) Ai(O) 0(0)]
Similar results aré also'obtained for sum rules derived independently

for and Pa by a direct comparison of the_same powers of L

P
v 0

.«
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in Eqs. (2) gnd (6). .In'thesevcases one.can.ﬁéé:the Sﬁm rules to
estimate the nature-of the-singulaiities ofvsuqh expeétation values
if a knowledge of the high m2-behavior of the spectrai fuﬁctions is
available. : ' v
Since our higher momént sum rules are.derived from a study of .

differences like [...[V,H],+-+,H],V] - [...[A,H],-:-,H],A], it is

then hoped that, in some theory with brokén symhetry, such differences

could be expressed in managesble quantities leading to meaningful

such sum rules.
It would be interesting to study these higher moment sum rules’

in the broken-symmetry theory recently proposed by Sugawara.9

However,
one will probably find the breaking also expressed in terms of singular

functions that are vacuum expectation values of products of currents

.at the same spacestime point.

For sum rules obtained from the Bjorken.limit of (2) we refer
the reader to Ref. 10 and li. We only mention in passiné that a direct
use of Sugawara's Hamiltonian in the sum rule derived by Bjorken2 for
the process e+ + e~ — hadrons leads to a quartic divergence for the

4

0 .
integral J[ dq2 q dtot(qg), which is his result as well.
0

The methods discussed above can be extended to the Study of the
higher n-point functions of the currents and of course also for other
Hamiltonians than the Sugawara Hamiltonian, e.g. those derived from

effective Lagrangians.
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