Lawrence Berkeley National Laboratory
Recent Work

Title

QUANTUM CORRECTIONS (WITHIN THE CLASSICAL PATH APPROXIMATION) TO THE
BOLTZMANN DENSITY MATRIX

Permalink
https://escholarship.org/uc/item/7s439175
Author

Hornstein, Steven M.

Publication Date
1971-11-01

eScholarship.org Powered by the California Diqital Library

University of California


https://escholarship.org/uc/item/7s43g175
https://escholarship.org
http://www.cdlib.org/

Submitted to Chemiéal Physics Letters ' LBI.-435

(WITHIN

Preprint *

- o -
PRI A [N

QUANTUM CORRECTIONS
THE CLASSICAL PATH APPROXIMATION)

TO THE BOLTZMANN DENSITY MATRIX

Steven M. Hornstein and William H. Miller

November 29, 1974

" AEC Contract No. W-7405-eng-48

-

TWO-WEEK LOAN COPY

This is a Library Circulating Copy
which may be borrowed for two weeks.
For a personal retention copy, call
Tech. Info. Division, Ext. 5545

EN

LA

qey-I1dI



DISCLAIMER

This document was prepared as an account of work sponsored by the United States
Government. While this document is believed to contain correct information, neither the
United States Government nor any agency thereof, nor the Regents of the University of
California, nor any of their employees, makes any warranty, express or implied, or
assumes any legal responsibility for the accuracy, completeness, or usefulness of any
information, apparatus, product, or process disclosed, or represents that its use would not
infringe privately owned rights. Reference herein to any specific commercial product,
process, or service by its trade name, trademark, manufacturer, or otherwise, does not
necessarily constitute or imply its endorsement, recommendation, or favoring by the
United States Government or any agency thereof, or the Regents of the University of
California. The views and opinions of authors expressed herein do not necessarily state or
reflect those of the United States Government or any agency thereof or the Regents of the
University of California.



-1-

QUANTUM CORRECTIONS (WITHIN THE CLASSICAL PATH APPROXIMATION)\:
- TO THE BOLTZMANN DENSITY MATRIX
AN | | by
 Steven M..Hornstein,and'William H. Miller™
Inorganic Materials Research Division, Lawrence Berkeley Laboratory

and Department of Chemnstry, University of California,
Berkeley, California 9M/QO

ABSTRACT

A previously derived ¢classical path approXimétidn for diagonal matrix
elements of the Boitzmann density matrixl(i.e.,'the particle denéity)’is
expanded in a power series in ﬁ about the claésical density. Comparing‘
term-by term Qith Wigner's expansiqn éf’the-exéct quantum mechanical
density, one sees tﬁat the first quantum correction to the classical
deﬁsit&.(ﬁhiéh invélves first and secénd derivatives of the pdtentialt
:_.énergy)‘isvgiven correctly by the classicalvpatﬁ apprdximation. Wigﬁér's
expression for the.secoﬁd correction-term, héteVér,vinvblvés the fifét
four derivatives of the potential, and the_classical path appfoximatiqh.

gives only the part of this term that involves the first three dériVétives.



I. Intrbduction

Recent work has demonstrated the value of " the classical path aprOXL-.

mation to qﬁantum mechanical pfbblems. Thié classical-limit approach,
in which the Feynman(sum over all paths is repiacédAbyba sum over only v
the classical path (or pathsj, has yielded>accurate fesults in scattering
problemsl and quantum statistical mecﬁanics;

‘In this Letter we investigate in more detail a recently derived
v classical path approkimation for the Boltzménn'density matrixQ. The
particle,density (i.e.; the diagonal elements of»the density matfix) v
given by'this approximation was seen to be cdnsiderably more accurate than
the ordinaryv61assiéai density, being qualipatively correct (and reéson—
ably quantitative) even in the low temperaturellimit'where the classical

[ y e .

density is completely inadequate. Furthermore, in regions where the
potential energy funétion ha; only first énd second non-vanishing
defivativés,‘the classical pafh approximation was_seén to give the exact
quéntuﬁ“mechanical reéult for the density. b |

To gain mOre'insight into the nature df the classical path apérpxif
mation and its level of accuracy, this papér systematically expands.the

classical-path density in a power series in H, and explicit expressions

are obtained for the first two "quantum correction" ‘terms to the ordinary

classical density. Comparing'with the exact quantum eipressions for these

3

~ correction terms obtained by Wigner~, one sees that the first quantum

correction to the classical density (which involves first and secoﬁd

derivatives of the potential) is given correctly by the classical path
approximation. The second correction term, however, involves the first’

four derivaltives of the potentiai energy and the;Claséical path
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approximation gives‘only the part involving its first three derivatives.
. . . . | ' T

II. Expansion of the Classical Path Approximation
For. a single particle in a one-dimensional‘poténtial well the particle

densvity pﬁ(x)‘g(x[e-ﬂﬂlx) is given in the classical path approximation

oy® (s 1/kD)

Rl

0p(x) = D () Z exp 4,61 @

where

0,0) = V() + 2(er)F [ axt [ve) - V) (2)
‘ _‘ o

. . 5 % X , N _%
| -%(‘X),f lnr(h /2m) [V(xo) - Y(x)jxf ax' [V(x') - V(x)] g (3)
v o e}

" The turning point xé is the function of x and g defined by the eqUation

X :
i : S _
P AR (CO IR (0 ) R )
o , : :
" ‘ 1" . .. N 2 SN
where the "quantum parameter (dimensions = length /energy) is
22, | | - | - -
A= 87p/2n. L | S €

It is easy to show® that in the limit A>0 Equations (1)-(4)

i

‘ reduCeito”the usual classical density

IDEC‘L(X') - <§m§/“'”3>%f-exp[-BV(X)]-v - ®

- Here we wish to expand Equations (2)-(L) in a power series in Ao obtain



Equation (1) in the form

(X) CL( )[] + AC (x,B) + 2% (X,ﬁ) + .00 | | . ,‘.(7)

i.e., the goal is to obtain explicit expressions for the "quantum correc- L
’ ‘ q _

tion" functions ck(x,g);k =1,2,...

The first step:is_to change variables of integration in:Equétions
(2)-(&) from,x3 to. the dimenéionless‘Vériable z; x' = xé + 7 X, whefe
A= x - X5 the limits of all the inﬁegrals theﬁ becomé 0 to 1. The
integrands in!Eqﬁations (2)-(4) are then expanded.in a power series in

Ax and integrated term by term; Egquation (4), for examplc, becomes

1

A% = 2(ax/V? )2 {l +.ox(5/12) (VI/V') + Axg[(u3/16o)(V"/V')2
;(nﬂmMV“VVWJ+OUk%}_, | R (")

where V' = V'(x), V'' = V''(x), etc. Equation (4 ), a power series in

&x for x‘,'can be inverted to obtain Ax as a power series in  X:

(W/M{l-MW%W”+X[%UMMMWQ + (11/480)V V)
. o(x3)} . o (8)

Inserting Equation (8) into the /Ax-expansions of Equations (2) and (3)

then gives a \-expansion for thése quantities:_.
2 2 ' - }
8 (0) = BIV - AV)T22 (A /60 0(F) ] (2Y)

DB(x) = um(ﬁ2/2m) {1 + AV /3 + Ae[(v")2/3o - V'V /15]

or
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D, (x)'f (2 ,/hnB { S XV'1/6 + AL )Mo + vt /30)
¥ o(xf)} - - | (3')

Combining Equations (2') and(3'f) in with Equation (1) gives the density

B

in the form of Equation (7), where the first two gquantum correction’

| functions are identified as

c(np) = IV (2 - v o

ca(up) = BTV (x)1'/288 - (11/360)6 1V OV () + [v ()10

AV VIT(x)/300 - * ~ (10)
Higher terms can be similarly generated. ' R

The exact quantum expressions for these ebfrectionvterms have been

determined by Wigner3, end oﬁe_sees that Equatien (9) for the first-
) : ‘ quantum correction is the SAme as Wigner's result. Wigner's exﬁfession
for Ce(x,ﬁ), howeyer, is the same as that in Equation (10) but with the

. _ term -V''''(x)/608 added to it.

TII. Discussion v _ 1
Khowing frdm Wigner's WOrk3 that the first quantum cdfrectiOn to
the classical den51ty involves on]y first and second derivatives of the
potential, one could have predicted beforehand that the clagsical path
apgroxiﬁation wouldvgive the exact quantum result for this first correcr

tion term - for it has Beehhnotéd'abovevthat the classical path approxima-

-_”

tion-is'exacf'(fof all values o%ix)’if the poﬁeh£ial has only firsﬁvand
secqnd'hon—zere defivatiVes.' Thus‘it is not surprising, teo, that_the

'f pert of the secondvcorrection tefm which invo]ves'the first two'derivatiVes
of the»betential is given cOrrectly. The purprising'featufe;'which.

could not have been anticipated, is that the pQr£Zef
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Ce(#,ﬁ) thch'involves the third derivative is aisd given correctlyf

" The classical path abproximation was séen not to be capébie, howevei;:of
producing the fourth derivative term in‘the quantum expression for | ' D
Cg(x,ﬁ);‘

These observations are another example of the fact that the classical
path approximation is not a high temperature (small g) approximation in
the present statistical mechanical apéiicatioﬁ,rnr;a short time approxi-
mation in scattering situations; rather it is an approximation that the
'potentialvénergy is a slowly varying functi&h. The second chrectioﬁ
term CE(X,B), therefore, will be given quite accurgtely by Equation (lO)
if the fourth dérivative of thé potential is small compared to tﬁe three_
lower derivatives. This notion that the classical path appréximation is
basically aﬁ approximation of a slowly varying potential is also a well-

known idea from ordinary WKB theoryh-

Acknowledgment

This work wésisupported by therU. S. Atomi¢ Energy Commission.

o<

s



-7-
References

Alfred P. Sloan Fellow

See, for example, W. H. Miller, J. Chem. Phys., 53, 1949; 3578 (1970);

Chem. Phys. Letters, 7, 431 (1970); J. Chen. Phys., 5h, 5386 (1971);
55, 3150 (1971)., L |
W. H. Miller, J. Chem. Phys., 55, 3146 (1971).

E. P. Wigner, Phys. Rev., 40, 7h9 (1932).

See, for example, L. I. Schiff, Quantum Mechanics, McGraw-Hill,

‘New York, 1968, p. 271.



LEGAL NOTICE

This report was prepared as.an account of work sponsored by the

- United States Government. Neither the United States nor the United

States Atomic Energy Commission, nor any of their employees, nor
any of -their contractors, subcontractors, or their employees, makes
any warranty, express or implied, or assuimes any legal liability or
responsibility for the accuracy, completeness or usefulness of any
information, apparatus, product or process disclosed, or represents
that its use would not infringe privately owned rights. :




R

TECHNICAL INFORMATION DIVISION
LAWRENCE BERKELEY LABORATORY
UNIVERSITY OF CALIFORNIA
BERKELEY, CALIFORNIA 94720

4
g





