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THE PION-NUCLEON INTERACTION AND DISPERSION RELATIONS 

Geoffrey F. Chew 

Lawrence Radiation Laboratory 
University of California, Berkeley, California 

January 20, 1959 

I. INTRODUCTION 

This article is concerned with the problem· of strong coupling as lt ia 

manifested in the properties of the "ordinary" particles, pions and nucleons.· It h 

not possible to separate such a discussion cleanly from strange particles, which 

also undergo strong interactions, ~ut at the current level of understanding of the 

pion-nucleon interaction the complications due to strange particles can be minimized. 

Although it seems likely that the masses of the pion_!~!:.) and the nucleon (~ 

are consequences o! strong coupling, no attempt is made here to discuss the masses 

in this sense. We consider J!... and M to be given parameters. The same ls true 

for the pion-nucleon.!~!} and pion-pion ~ coupling constants, even though future 

developments may show these quantities to be not really fundamental. The problem, 

then, ls to relate the cross sections for the various interactions involving pions ancl 
·. 

nucleons to the four constants ~· M, g, and ).. We shall restrict ourselves to --- -
processes in Vt.hith there are two ingoing and two outgoing particles. These 

processes are the following: 

1. .!. + !. H!. +.!. Pion-pion scattering. 

z. " + 1f HN +l'r - -- - - Nucleon pair production in pion-pion 

collisions and nucleon-antinucleon 

annihilation to produce two pions. 



3 . . !.:+ N:.B!.. + N or 

!... + 1f ~Tl +lr 

5. 1i, + .l[f-:)M + 'lT 

-3-

Pion-nucleon or 

pion-antinucleon scattering. 

Nucleon-nucleon scattering. 

Nucleon-antinucleon scattering. 

The above processes are different manifestations of three fundamental 

matrix elements that can be represented aa shown in Figur<! 1. Here the wiggly 

lines refer to pions and the straight lines to nucleons. Any pair of lines may 

represent the ingoing two particles •. with the other pair representing the outgoing, 

and going opposite to the direction of an ar1·ow sin1ply mea.11-s changing particle to 

antiparticle with a change of sign of the !our-momentum. Thus Figure l(b) includes 

both Process Z and Process 3, while Figure l(c) includes Processes 4 and 5. 

It ts instructive also to consider diagrams of the type of Figures l(a) and 

l(b) with one of the pions replaced by a photon. Such diagrams correspond to the 

following processes: 

7. 'I + Tt ~N + 1'r - ·- ~ _. 

8. :J... + !!.~!.. + !!_ or 

y + "'ff~1r + 'N ---

Photopion production from pions and 

radiative capture of a pion by a pion. 

Nucleon pair production in photopion 

collisions and nucleon-antlnucleon 

annihilation to produce a pion plus a photon, 

:Photopion production from nucleon 

(o1· antinucleon) and radiative capture of 

a pion by a nucleon. 
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These last three processes will require for their description at least one 

additional parameter, the elementary electric charge e. 

The above four-particle reactions are to be discussed here by means of 

spectral repreaeutations, often referred to as "dispersion relations. " Actually 

these representations have much more content and utility than the original dispersion 

relations of electromagnetic theory, but they developed out of attempt• to. generalize 

the Kramers-Kronig equations (1, ~)The systemaH-c- derivation of the· new dispersion 

relations ie complicated and not al all suitable to a review of thla kind,. therefore we 

restrict ourselves to a short qualitative description of the main ingredients. The 

current justl!icatlon of dispersion relations rests on two fundamental physical 

assumptions that have become prominent only within the past ten years, even 

though their origin is much older. Extensive use is also made of standard symmetry 

principles and associated conservation laws that are recognized ao important ln all 

areas of particle physics: we shall take these principles for grant.-;;d and make no 

special mention of them. 1 The two distinctive principles are: 

A. Signals never propagate with a velocity faster than that of light, 

no matter how short the distance involved. This is the principle of "microscopic 

causality.'' In the language of local quantum field theory, it to expressed by saying 

that the commutator of two Heisenberg field operators, taken at different space• 

time points,, vanishes U the separation between these points la spacelike·. Without 

use of the framework of local field theory no preclse way lo known of formulating 

m!crocausality. 

B. The totality of all possible phy;sical states o£ the universe forms a 

complete set of basi's vectors in the quantum mechanical sense. That ls to say, an 

. arbitrary state vector may be expressed as a linear superposition of vectors, each 
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representing a possible physical state with a total energy-momentum !our vector 

that is positive timellke. This "spectral condition," although lt sounds extremely 

plausible, is. not universally accepted, the conjecture having often been made that 

local field theory is inconsistent unless "ghost" states, with no direct physical 

interpretation, are included. 

The usual starting point in the derivation of a dispersion relation is the 

reduction formula, £lrst given ln a general form by Lehmann, Zimmermann, & 

Symanzlk(l) and for the special case of w-N scattering by Low(4 ). The reduction 

formula allows one to write the amplitude for an arbitrary transition in terms ol 

the Fourier transform of a matrix element of a commutator of two Heisenberg 

field operators. The energy variable occurs only tn the imaginary exponent, 

multiplying the space-time coordinate, an.d the vanishing of .the commutator outside 

the light cone then allows one to e,'4Ctend the energy dependence into the COJ!lplex 

plane. Goldberger was the first to use such an approach, (5) which after this 

crucial step leads immediately to dispersion relations. Later it was realized that 

a rigorous justification of Goldberger' a extension. into the complex plane was not 

really easy to achieve except for zero-maso particles scattered in the forward 

direction. Symanzltt(6 ) was the first to solve the nonzero mass probletn,' and . 

J3ogoltuboJ7 ) then showed that the extension was justifiable even for non!orward 

scattering if the particle mass were formally made imaginary and sufficiently large 

in a.bsolute value. However, the difficult problem remained of investigating thea 

behavior of the amplitude aa a function of particle mass; it V'las necessary, of '~~ 

course, to show that dispersion relations continue to hold as the mass is made real 

and equal to its actual physical value. 
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Bogoliubov developed methods of proof appropriate to certain special cases, (7 ) 

but these have now been superseded by the work of Bremermann, Oehme, 8r Taylor, (S) 

based on the theory of many complex variables, and by the work of Jost & Lehmann(9 ) 

and of Dyson, (lO) based on more familiar but still tricky mathematics. 

Although the details of the derivation cannot be given here, we write down 

the Dyson representation, (lO) which expresses conditions A and Bin a form suitable 

to the deduction o£ dispersion relations. No specific use of Dyson's representation lo 

made in this article, but it serves to illustrate the kind of connection between physics 

and mathematics that characterizes dispersion relations. Consider the (four-dimension~ 

Fourier transform of the matrix element of the commutator of two local Heisenberg 

operators, J~/2) and !!_(-x/Z): 

(I. 1) 

The n1atrix element here connects two physical states whose total energy-momentum 

four vectors are E._ and ~respectively. The indices ~and JL refer to the other 

degrees of freedom needed to complete the specification of these states. According 

to the microcausality assumption A, tb~ matrix element vanishes for 

2 2 ~2 
~ =~0 - !:_ '- 0. that is, for opacelike aeparation of the two operator-arguments.. 

Assumption B comes into play if we insert a complete set of "intermediate'' 

physical states between the operators ..J... and h.:. It may then be seen by using 

displacement operators. which shift the arguments of j and h to the origin, that 

_!(~ vanishes unlessf} {!_ + ~ + ~ lo the energy-m::entu: of a state j..n..) 
for which both the matrix elements · 

and (I. Z) 
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fail to vanish, or ! UI?_+ Q)- '!] ls the energy-momentum of a state for which both 

~ P,~ ~(0) I !. ) and <= r l(O) I Q, !:.) (I. 3) 

fail to vanish. The four-mon'lenta of the states I ~)are aU positive tlmelike, and 

we designate by m 1 the smallest mass of a state Gatidying (I. 2) and. by !E.z the 

correspondi11g smallest masG for (I. 3), Assumption B thus leads to the property 

that F(q) vanishes e'ccept for --

Po+ .9o 
+ .~0 ~ 0 and ( f!. + _g_ + ~z ~lll z 

z z ·- l 

(I. 4) 
or 

_!lo + 0 o 
•j,o d_O and (.£.!.9..-~z ..)m z 

z .z --2! 

Dyson was able to prove that, for lt(q) to sa.tiai'y the condition (I. 4) and at 

the same time be th~ Fourier trans!o1·m of a function that vanisbes for tspacelike 

argumept. it is neces13ary and sufficient that li'(q) can be represented as 

(I. 5) 

The integrations here extend over a region such that the vectors 

f.r+ 2- +.JL and -lf:-+ Q... -..Y..both lie in the forward Hsht cone, while tt ie positive 4" 

a~ larger than e!the: m 1 -~~ + u)'z or ..!!!z- J f: ;__ -~Z .-Within tbls '< 

region q, (u • .c 2 ) is arbitrary. 
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Previously Lehman & Jost had deduced a somewhat similar representation 

for the special case m 1 = ~z· (9 ) We shall not write down the Jost-Lehmann 

representation, but historically it represented a significant step in the understanding 

. of dispersion relatione. The alternative approach to the problem throusJ:l the theory 

of many complex variables, exploited by Bremermann, Oehme, & Taylor(S) yields 

the same results as achieved through the Dyson representa-tion. These results have 

been summarized recently by Goldberger. (ll) 

For the reader who wishes to see all the essential steps in a complete and 

yet economical derivation of the pion~nucleon dispersion relation, the following use 

of the published literature is recommended: (a) Read the first and about half of the 

second section of Reference (8 ), up to the point where dispersion relations have been 

obtained for imaginary mass~ (b) Switch here to a recent paper by Lehman(lZ) 

which uses the Dyson representation not only to carry out the necessary extension ln 

the mass variable but also to Justify the use of Legendre polynomials in implementing 

dispersion relations. (c) U any strength remains, read the Dyson paper. (lO) 

It should be stated at this point that interest in dispersion relations as a *ool 

for strong coupling physics was first aroused by the 1955 papers of Cioldberger(S) 

and Karplus & Ruderman( 13>, although at that time the mathematical difficulties ln 

giving a systematic derivation were not realized. At present lt remains true that 

the methods of implementation of dispersion relations are elementary and quite 

unrelated to the sophisticated mathematical techiques required tor their derivation. 

Such a situation may not persist indefinitely, but tt motivates the decision to avoid in 

this review the mathematics of derivation. 

In the following section certain important kinematical questions are dealt with, 

preparatory to a general statement of the rules for formulating dispersion relations~ 

The rules are then given in Sections IIT. IV, and V in such a· way as to cover not only 

those relations that have been rigorously derived but also many relations conjectured 

on the basis of perturbation theory. 
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II. KINEMATICAL PRELIMINARIES 

A. ~ne!:~Y.!?~ Angle Variables~ In order to describe scattering amplitudes 

for processes with i.wo ingoing and two outgoing particles, one needs ln addition to 

spin and charge variables at least two invariants that correspond to the energy and 

angle o! scattering in the barycentric system. To maintain a maximum symmetry 

let us assign four-momenta, .f.l u-z•..P3• E4 • all of which correspond formally to 

!!!_~oing particles. Two of these momenta will always be negative tlmelll~e, 

representing the actual outeoing particles, while the other two are positive tlmelike 

and represent the incoming particles. Energy-momentum conservation ls stated 

through the condition 

-Et +...fz + ..f3 + .f4 = 0• 

while the particle masses are introduced through the four constraints, 

z z 
.Et = ~~ • 

(II. 1) 

(II. Z) 

For the purposes of dispersion relations it h convenient to define three 

invariants 

z 2 
~1 = (p 1 + ~) . = (p z + ~) • 

2 z ..!z = .b?z + ..E4) = <:e1 + E:J) • 

....!3 = ~3 +...f4)
2 = {El +..E.z)

2 
• 

each of which is the square of the total energy in the barycentric system for a 

particular pairing of incoming and outgoing particles. 2 For example, when 11 

...El and ..2z ar_e incoming and g 3 and _.E4 outgoing, the total energy ls ~ • In 

this case ..!.t and !.z may be interpreted as squares of four-momentum transfers. 
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It ts easy to show that the physical. range of an _!_ variable when it is the square 

of an energy does not overlap the range when it is the square of a momentum transfer. 

In particular, in the former case ~ is always positive and e:atends. to + ao , while in 

·~ the latter lt may be negative and extends to -ao • 

The three variables .!.t• .!z• !.3 are not independent of one another • but with 

the constraints (II. 1) and (II. l) they can be shown to satisfy the relation 

(II.l) 

Any two of the s• s may be considered as indepdndent variables, with the third 

determined by (II. 3). In the dispersion-relation approach it is necessary for the o -
variables to be extended not only to. nonphyeical regions of the real axis but also 

throughout the complex plane. Condition (II. 3) requires that in such extenslo~s the. 

sum of the imaginary parts of the three _!_, variables shall vanish. 

In the theory of dispersion relations the. substitution rule plays an important. 
) 

part. This rule was discovered in perturbation theory3 and relates the different 

channels corresponding· to a single diagram. For our purposes thls rule will be 

c ontalned ln the statement that a single analytic function describes all three channels 

contained ln the same diagram. In particular, the physical amplitude for the process 

when Particles 1 and Z are in going is the boundary value~ of an analytic function a a 

the variable ..1!3 approaches the positive real axis ln ita physical energy range, with · 

~ of the other two ...!. variables held fixed at a physical value while the amplitudes 

for Particles 1 and 3 or 1 and 4 tngolng are obtained from corresponding limits 

of the same function taken with the variables...! Z or ~~· respectively. Condition 

,., (II. 3) is to be obeyed. so that one is dealing in the limiting process wlth a single 

complex variable. However, the general rule has meaning only if the two independent 

..1L variables can both be extended into the complex plane. The above statement 
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of the substitution rule has been rigorously proved only in a few special cases, but 

the general form of perturbation theory makes it extremely plausible. 

An invariance principle related to the substitution rule, that follows when 

there are two or more identical particles among the four involved in a particular v 

process, is the so-called "crossing symmetry." F.xchanging two identical particles 

at most changes the sign o! the amplitude, but such an interchange means exchangin:g 

two of the JL variables, leaving the third aloile. For example, suppose Particles 1 

and 3 are identical. Then, depending on whether these are bosons or fer mions the 

amplitude is either symmetric or antisymmetric under an exchange of .!!1 and .fl• 

which means interchanging !l and ..!'J• leaving !z alone. 
4 If 2,1 and .fa are 

both incoming or both outgoing (i.e •• ,J !z is the energy), the symmetry in quer5tlon 

is familiar and directly related to the Pauli principle. If one ts incoming and the 

other outgoing, however, the symmetry cannot be so identified and h a special 

characteristic of field theory. In this case, if. one starts with physical values of the _a.. 

variables, the exchange in question necessarily leads to nonphysical values because 

of the above-mentloned nonoverlapping nature of the energy and momentum .. tranofer 

ranges. Thus, the general crossing symmetry has meaning only when a continuation 

of the amplitude into unphysical regions ie possible. 
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B. Charge and Spin Variables. In this discussion the possibility of degrees 

of freedom of spin and charge has so far been ignored. It will now be explained 

how interna:l degrees of freedom may always be absorbed into invariant matrices, 

whose coefficients are invariant functions of the !. variables only. The number of 

such functions depends on the complexity of the internal degrees o:f freedom: For 

processes associated with Figure l(a), three independent functions are required, 

Figure l(b) requires four functions, and Figure l(c) ten functions. Remarkably 

enough., replacing a pion wlth a photon in Figure l(a) or l(b) has a very different 

effect in the two cases. Figure l(a) with a photon requires just a single invariant 

function, while Figure l(b) with a photon requires twelve. We shall now write 

down for the simpler problems the invariant matrices l'equlred and point out 

the implications of crossing symmetl'y fol' the corresponding invariant functions. · 

The four-pion problem ia one of the simplest because there are no spins 

and all three branches of the diagram correspond to the same process, 1T•1f scattering. 5 , 

Each pion has a charge degree o-f freedo.m, however, and this h described in the 

(:Onventional way6 by an index that takes values 1, Z; 3. For the pion wlth momentum 

.Pt we associate the charge index .2.• with Ez the index!, with ,e3 the index­

)., and with E4 the index ~. Let us assume that~tpCl) and(~,.f!) are incoming, 

with (-E.3• "t) and (•£4• ~) outgoing. The scattering amplitude may then be considered 

a matrix in a nine-dimensional charge space that ls the product of two three· 

dimensional spaces. The requirement of charge independence leads to the conclusion 

that only three independent matrices are allowed, corresponding to the fact that 

only three values of total 1 spin occur for the two-pion system: 1= 0, 1, z. It is 

convenient to choose as the three fundamental matrices, 
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(II. 4) 

and to write the complete amplitude as 

(II. S) 

The operation of particle exchange involves both the charge and the momentum. 

Since all four particles are identical bosons we ~et the following crossing relations: 

(II. 6) 
A~B - -
c~c - -

plus other relations that are r0dundant in content. The first of the ab~ve two lin.es 

simply represents the Paull principle, but the second puts on the pion-pion 

scattering ampllturle a type of a dynamical requirement unknown outside .field theory. 

With the definite assignment of ~~~) and (fzl31 as incoming particlea it is 
. I 

possible to express A, B, and C ln terms of the conventional amplitudes.!!_- for 

scattering ln states of well-de£ined .!. spin. The relations turn out to be 

A0 = 3A + B +C. 
,./ - - -
A 1 =B-C, - -- (II. 7) 

Az = B + C 



-14- UCRL-86'70 

In the barycentric system, if the magnitude of the three-momentum of any pion 

ls called q and the angle of scattering!, the physical meaning of the .!.. -
variables ia 

.!1 = ... Zq z ( 1 + cos !_) ' 

~ = - Zq
2 

(1 = cos..,!) , 

z z 
~ = 4(<L + 1!.. ) • 

(II. 8) 

The exchange of ..!.1 and !.z thus corresponds to changing cos..!_ to -cos_!.: and the 
. 0 

first line of (II. 6), when applied to (II. 7), says no more and no less than that ~ 

and A Z are even functions of cos ..!,_ while ~ is an odd !unction. The second line -
of (II. 6), however, which relates to the exchange of ....!.z and !]• expresses a 

condition on the energy and angular dependence, considered together. 

A final essentially kinematical feature of the pion ... plon problem is the 

connection betwee~ the amplitudes !!,- and conventional phase shifts~ The formula 

here is ambiguous as to normalization, but the dependence on energy and angle is 

unique. Chew L Mandelstam(lS) We choose to normalize so that 

(II. 9) 

I where ~.!_- is the phase shift for a state of angular momentum....,!_ and isotopic spin 

!:. The phase shifts are real for !
3 
~ 16...f.Z (q2 

L.. 3fJ.2) and complex at higher 

energies, where production of two additional pions becomes possible. Single-pion 

production is fo1·bidden by a combination of charge-conjugation lnvariance and 

charge independence, 7 whfch in general forbida the production of any odd number o{ 

pions. As noted above, only even _l. values occur in (II. 9) for _j_= 0, Z, while only 

odd 1 values occur for I = 1. 
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T h e t w o p r o c e. s s e s d e s c r i b e d b y F i g·u r e 1 ( b ):;. 

pion-nucleon scattering and nucleon pair production in pion-pi~n c:olllstons, are '· 

physically quite different even though they are limits of the same analytic function. 

Since the scattering problem is the more famUiar of the two, we shall adjust our 

notation to conform with existing literature on pton·nucleon scattering 

[chew, et at)(lB) . 

Let us then assign to the incident and outgoing pions the mome~ta 

!!l and -p1 and the charge indices ~and lh respectively. The corresponding 

nucleon momenta are ~Z and -p4 , but the degrees of freedom of the nucleon 
. . 8 . 

charge and spin wlll be suppressed in the conventional way. The invariant amplitude 

may then be written as a sum of four terms, 

wltb the crossing relations, following from symmetry under interchange of the two 

pions, 

~~)-Al, 

Al~. 
(II. 11) 

The connection between the amplitudes _A 0• 1, ~· 1 and those corresponding 

I I 1 3 to states of well-defined L spin, k• ]!-. where L.= -,- , la given by tlie ~ 

formulas 

!>1 I 2. ~ ~ + Z..! 1. 

A3/Z.AO-Al, -

2 a 

al/Z =so+ zal - ...... _... 

B3/Z = BO _ Bl • 
(II. 1 Z) . -

~ 
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whlle the three .,!_variables are related to the barycentric-system momentum .9_ and 

the scattering angle ..!.. (or equivalently to the total energy in the barycentric system, 

W, and the square of the momentum transfer,. }!2) by 

~ ~ < ~-M~. +:f. + /./· +.!f. ,-~. = !l 
z z 

..!.z = - ~ (1 -cos .!l = ... A- (II. 13) 

~1 • 1:M
2 

+ ~~ -!f + S · 
Finally we need the connection to phase shifts. This lo given conveniently ln 

terms of functions t 1l and fA defined-by 
- . I -;:;.- ..1 

I l e~ . - l . ' J§_,- I . . ~ .11-= - Jl_ ..!. !.+ sin 11+ .,E1 +1 (cos..!._)- .!L- sin_!1:-.P-l-ll(cos_!) 
ql. -- --

. -

where _1>1' (cos jt) ls the first derivative of the Legendre polynomial. --
The quantities .J..L± ~ are phase shifts for scattering In states of isotopic spin I, 

l orbital angular momentum .!.• and total angular momentum_! -~- • These 
2 

phase shifts can be complex for ~..),. M + 2 .f.! where pion production becomes 

possible. The relation between the f1 s and our A and B amplitudes is given by -
(II. 15) 

where, as in the pion-pion problem, the choice of normalization is an arbitrary one, 

Now let us contSider the same fundamental amplitude from the point of view 

of nucleon pair production. Here one must distinguish between k, the barycentric: 
~ 
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~:~ystem 3-momentum of an incident pion, and .K 11 that of an outgoing nucleon. 

Since~~ and _£3 are now both ingolng, with ·Pz and -p4 outgoing, we have 

(II. 16) 

where~ is the angle in the barycentric system between an incident pion and an 

outgoing nucleon. 

Again there are tv.ro isotopic opin values, but this tim~= 0, 1 and the 

amplitudes for these states tu:rn out to be j1.1.st the quantities we have already 

labeled with the superscripta 0, 1. The remaining X'equlrement h the equivalent of 

Formulas (II.14) and (II. 15). Since off-diagonal elements of the S matrix are 

involved the process cannot be described sbnply in terms of pha.ae shifts, but a 

partial-wave decomposition is still appropriate. One finds ~ulco(ZO~that for 

total angular momentum ...It the ot·bital angular momentum of the_1lR ayetem 

can be either L+ 1 or L~ 1, wbUe the isotopic spin h 0 l.or _!_ even and 1 for 

(ZO) _]_ odd. Fulco hae worked out th~ formulas connecting the transition amplitudes 

in states of definite_!_ to the invariant amplitudes .!.:_0 ' 1 and ~~ 1• but we shall 

nat give these formulas here becaume of their complic:atlon. 

Even more complicated are the internal degrees of freedom ln the problem 

of nucleon-nucleon or nucleon-antinucleon scattering. The relevant formulae have 

been worked out by Goldberger, Nambu 0 & Oehme(Zl), among others, and involve 

ten: independent scalar functions. In the ~channel, if we assoc:late -El and~z "' 

with the incoming nucleons and -p
3 

and -p4 with the outgoing, we again have 

relations of the type (II. 8 ): 
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z 
Jtl II - Zq_ (1 + COB~) 

z 
~z • ... Z£ (1 - cos ~) (II. 17) 

z z 
...@3 = 4(g_ + ~). 

where q ls the barycentric 3-momentum and _!_the angle of scattering. These 

relations switch over in the~ channel, wher~ becomes an lngolng antinucleon 

and ..:Pz an outgoing antlnucleon, t.o 

.!.t a 40S: + M 2
) 

"".;iz ..!z = ... z~u ... cos..§ (II. 18) 

..!s =- zR2 u +cos a>. 
where now '.R is the barycentric momentum and e. the angle of scattering. There 

ts of course a second_N1i chann~l where ..J s; ts the energy. 

It la out o£ the question to go deeply into the NN and NR problem in thle -- ---
review. Suffice it to say that the same general approach may be used as in the 

11'ft and trN problems. For the details of formulation, Reference Zl should be 
_....._ -- . 

consulted. Later we describe tha important results obtained to data. 

The replacement o£ a pion by a photon ln Figure l(a.) leads to the only 

problem in the group under consideration where a single invariant function suffices;. 

The process ln question is ::L + ..!_ -o Zv, and it can be shown [ Wong(ZZ)] that G 

parlty7 allows only tho I c 1 state and therefore only odd J values of the two-pion - -
system. Furtbermor9, gauge invariance eliminates all electric multipol~s, eo that 

for each_}_ value ther' ls just one transition amplitude. The relevant form,~la.$ can 

be found in Reference ZZ. 

Putting a photon in place of a pion in Figure l(b) gives rise to a complicated 

problem that requires twelve invariant functions [chew et al. (ZlU. The most 

familiar channel here ls _L+ N -..!.. + lir. where all possible isotopic and angular 
I 

momentum states of the £inal pion-nucleon system may be produced by both electric 

and magnetic transitions. Formulas for the invariant matrices as well as the 

connection between multipole transition amplitudes and invariant atnplitudes are 

given in Reference Z3. 
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III. POLES IN SCATTERINCi AMPLITUDES 

One· of the moat important practical consequences to date of the dispersion• 'oJ 

relation approach to strong-coupling physics la the recognition of the presence ln 
~ 

.scattering amplitudes of poles, whose residues have not only a simple physical meaning 

but also great practical utility. One might almost say that everything so far un­

derstood theoretically about strong-coupling phenomena flows from these pole a. 

There are three diff~rent aspects of "polology" that deserve emphasis: (A) The 

existence and positions of the poles can be predicted simply on the basis of particle 

masses and internal quantum numbers,· spin, parity, etc. (B) The reeldues of 

poles in different amplitudes or in di!ferent regi'ons of the same amplitude are 

often slm.ply related. In particular, 11fundamental" coupling constants are usually 

I defined directly ln terms of residues. (C:, Poles dominate the behavf.or of the 

scattering amplitude in their immediate neighborhood. On these three pillars a 

very substantial theoretical structure can. be erected. 

To implement the third aspect of "polology" it h of course necessary to 

know something about the other singularities, aenerally branch polnt&, of the 

scattering amplitude in the complex plane. A good definition of the subject of 

''dispersion relations" is that it is the study of the location and nature of these 

singularities. Of course if enough were known about all the singularities one 

could construct the complete function, but at present we are far from such a 

.situation, at least ln practice. We are juot now achieving a comfortable familiarity 

with the poles and beginning to understand what to do about the nearest branch points: 
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A. Location of Foles 

The existence of poles in a few particular amplitudes has been rigorously 

proved in the course of deriving dispersion relations by the methods discussed ln 

the introduction. (See, for example, Symanzik(6l.) Perturbation theory, however. 

suggests a broad rule that covers not only the poles rigorously derived but many 

others--some already established experimentally. The rule ls the following, as 

applied to our problem of two incoming and two outgoing particles: 9 If the two 

incoming particles and the two outgoing particles in any of the three channels o£ 

. 10 
a diagram can be "connected" by a stable single particle of mass m 0, then 

there will be a pole when the ..!. variable corresponding to the square of the total 

four-momentum in this channel is equal to mz0• By ttconnected" we mean tha.t 

the initial two-particle state and the final two-particle state can both assume all 
. . -

the same quantum numbers as the single partiCle in question. From the l'equire­

ment of stability £or the intermediate particle it follows that poles, although 

on the real axis, are never in the physical energy region. U they were, the 

single particle responsible for the pole could decay via strong interactions into 

either of the two particle states to which it couples. It also can be shown that 

poles are always outside the physical momentum-transfer region. 

Let us investigate the diagrams of Figure 1 from the point of view ~f poles. 

In Figure l(a) there are no poles at all if we ignore electromagnetic effects because 

a two-pion state hae quantum numbers different from any known particle e'tcept 

the photon. Of course there may exist a still undiscovered boson of mass less 

than z..,., baryon number and strangeness zero, isotopic spin 0. 1. or Z with the 

appropriate even or odd spin, and vtith even G parity. If so, there will be poles 

ln the pion-pion scattering amplitude in addition to the photon pole, 11 which is to be 

ignored in a strictly strong-coupling approach. 
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Figure l(b) similarly contains no pole !rom the channel where two pions are 

incoming or outgoing but from 'the two channels where one pion and one nucleon occur, .., 

poles arise at ...!!t = MZ and !a = Mz, respectively, corresponding to a single 

nu_cleon connecting initial and final states. Figure l(c) has three poles, one·from 

each channel. The two-nucleon channel gives rise to a pole at ~3 = 'M-n Z • 

corresponding to the deuteron, while the nucleon-antinucleon channels give rise to 

z z 
poles at~ 1 = fJ. and ~Z = tJ._, both corresponding to the pion. 

In the diagram obtained by replacing a pion of Figure l(a) by a photon there 

are no poles, but Figure l(b) with a p~oton has three, one fr:om each channel. The 

channels containing one nucleon and. a pion or one nucleon and a photon each give 

nucleon poles, while the channel containing y_+ ~on one side and N~ on the other 

gives a pion pole. Table I summarizes the location of poles in the pion-nucleon 

problem. 

B. Residues and Couplins Constants 

Now, what about the residues? Again the rigorous dispersion-relation 

derivations have given for a few special cases an answer to this question that 
. · lZ 

agrees with the rule suggested by perturbation theory. This rule is as follows: · 

(a) Pretend (whether you believe it or not) that all four externat particles and the 

connecting particle are e~e-mentary· and associated with local fields ln the conventional 
. . '. 

s-ense. Construct from these fields invariant trilinear "interactions • 11 satisfying all 
. I t 

known symmetry· requirements, that represent the two-particle to one-particle 

transitions in question. Associate with each trilinear interaction a real coefficient 

which may be called a "coupling constant. 11 (b) Calculate the contribution to the 

scattering amplitude by conveptional second-order perturbation theory. There will 
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TABLE I 

The Positions of Pole-s (,!!10) and Lowest Branch Points {!a) Arielng From the 

Various Channels o'f Figure 1. 

Channel 

1. # + 'lf~'lf'+ 'II' ---- (ZJt) 2 
..;....... 

z. • + 1r ~N + N (ZtJ.)z ----
3. .!!_ +N ~.!._ +!! M (M+tJ.)z 

4. N+N~N+N Ho (ZM)2 

s. lL+ R~N +Ji JL (ltJ.)z -
6. ;L+ _!. ~!.. ... .!.. - (ZtJ.)z 

7. .::1_+..!... Hli. + lf ~ (ZJ:!.)z --
8. .L± N ~.!.. + .ri. M . ,z . ~-f·IJ. 

/\ 
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be one Feyntnan lliiagram for each connecting pa1·ticle, the poles appearing 

automatically from the propagators of the connectors. The residues o£ these poles 

may be identified with the residues of the corresponding poles in the complete 

scattering amplitude, which are thus in general proportional to the product of two 

coupling constants. 

Two im.portant properties of the residues may be inferred from the ahoy~ 

recipe. First: The residues are real. Second: The residue of a pola in one 

s va.riable does not depend on the remaining s variables. Thus not only ie the 

residue proportional to products o£ coupling conata.nta: it also is completely 

determined by these constants. 
I 

Note that no statement 1a being tnade about the validity of perturbation 

theory or even about the legitimacy of the concept of an interaction proportional to 

the product of local fields. We are simply giving a recipe that is convenient because 

the rules of perturbation calculation are familiar. It is perfectly possible to 

formulate a recipe £o-r the residues that avoids a specification of the form of the 

interaction and makes no use of the apparatus of perturbation theory. 13 Such a 

!orm'-i.ation, however, would require us to develop elaborate notation otherwise 

unnecessary in this review. 

The moat important coupling constant in our problem is that describing 

the three-pronged vertex of Figure Z. E::ccept for trivial and known factors, the 

square of this constant detcrn"lines the residue of all the poles of Figures l(b) and 

l(c) e;,::cept that involving the deuteron. It also appears linearly tn the residue a of 

the poles of Figure l(b) when a. photon replaces a pion. 14 The vertex of Figure Z-

. in general depends on the three invariants, q Z ,·p Z, p' Z. and the pion-nucleon couJ?ling 

,_ 
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constMt may be deflned15 as the value of this vertex function when all three partl~les 

are on the mass shell, l. e., p 2 = p• 2 = M2, q 2 = ~2 . These conditions are guaranteed 
- ·-

to be satisfied .when residues are calculated according to the above rules because 

two of the three particles are "external" and we consider the internal particle 

momentum at the point where its propagator is infinite, i.e., on ita mass shell. From 

this point of view lt lD immaterial whether we introduce tho coupling constant through 

the pseudoecalar " interaction" 

(III. 1) 

or the peeudovector i•tnteractlon 11 

(III. Z) 

where "' h the nucleon field and . ..1.. the pion field. When all three particles are on 

the mass shell, the two forms are identical for 

(III. 3) 

Much less famUar is the coupling constant associated with the vertex of 

Figure 3, who.se square determines the residue of the deuteron pole ln Figure l(c). 

Actually this vertex involves two scalar functions, associated with the presence in 

the deuteron of both S- and D-wave components, and the corresponding "coupling 

constant" also has two parts. It can be shown [Goldberger et al. (Zl)J that the 

S part is much larger than the D and bears a simple relation to the triplet 
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. effective range of the neutron-proton system. Since the latter has been rather 

. accurately measured it is possible to calculate the residltO of the deuteron pole. 

In ord:er to calculate the residues of Figure l(b), with a photon repla.cing 

a pion, it is necessary to consider a.lao the three-pronged vertices of Figure 4. 
,. 

The coupling constant for Figure 4(a) is just~ the charge of the .pion; but- .. as for 

Figure 3·-an analysis of the nucleon-photon vertex Figure 4(b) shows that 'two constants 

are required (actually four, because the photon distinguishes between neutron and 

proton), this time corresponding to the nucleon charge and anomalous magnetic 

moment. The anomalou~ moments are very important, but since they are 

accurately known there is no difficulty in calculating the required residues 

[Chew et al. (Z3)] • 

,(C) E::ttraeolation to the Neighborhood o£ a Pole--"Polologyn 

It is obvious that in the immediate vicinity of a pole, a. scattering ampli~ude . 

is completely determined by the pole's residue. Since these residues are :lixed by a 

few constants, "polology" leads to many definite and interesting predictions about . 

scattering amplitudes. The predictions, however • always involve some kind o£ 

extrapolation of experimental data because, as we have seen, poles invariably lie 

in nonphysical regions. 

In order to formulate extrapolation procedures lt is necessary to lmow something 

about the other si:rlgularities of the scattering amplitude. This question will not bo 

reached until the next section, but here we may describe an extremely simple type 

of extrapolation [chew(ZS)J that is legitimate when a sufficiently large region of 

the complex plane. including a physical range of the real axis as well as the 

neighborhood of the pole, is singularity-free. This situation is believed to prevau 16 

for an ...!,_ variable in the region of its momentum-transfer range when one of the other 

..!._variables is held fixed at a physical point in the energy range. 

"'· 
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Inspection of the kinematical relations of Section II Le· g., Formula (II. 17U 

shows that when the energy is held fixed, the remaining__!._ variables are ltneady related 

to cos JL with ·real coei!icients. We may therefore speak of a cos 8 complex plane 
---' 

in which the poles are in one-to-·one correspondence w_ith those of the momentum­

transfer_!_ variables (which are reaily only a single variable because of (II. l)). 

The physical region in cos_Q_is of course the interval -1 to +1 on the real axis. 

It h trivial to compute the location in the cos 8 plane of the poles enumerated 

above. They all lie on the real axis but outside the physical interval: in Table ·II the 

positions are given. 

In every case the position of the pole approaches the end of the physical 

region, cos~ lt. 1, as the energy becomes very large, but at. a finite energy the 

distance from the end of the physical interval to the pole varies sharply from ca.se to 

case. At currently accessible energies the only poles near enough to allow practical 

17 extrapolations are those associated with pions in channels Nos. 4. 5, and 8. 

Since the neighborhood of the physical region in the cos___!plane is free from 

singularities, the real and the imaginary parts of the scattering amplitude a~e 

separately analytic functions. , Now, our poles all lie on the real axis and have real 

residues: thus they occur only ln the ex~ension of the real part of the amplitude, 18 

A possible extrapolation procedure may then be based on the following: Conai~er the 

function_fR (.!}t which is the real part of any one of the scalar amplitudes discussed 

above, evaluated at a fixed physical energy for one of thCL_!!_ variables. The 

-~ dependence on the other two___!__ variables, is expressed through z = cos 6. Then in - -
a region of the complex plane which includes the physical interval -1 (. !.- <. + 1, as 

well as the position of the pole _.! = ~· the function 

(III. 4) 
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TABLE II 

The Positions of Poles Expressed in Terms of cos fJ. The Channel Indicated is that. ~ 

whose Angular Distribution Contains the Pole. The Channel that Gives Rise to a Pole. 

hi the Serise of Table I, is Always Dif{e'rent from the Channel that Contains this 

Pole in cos 6. 

Channel Position of Pole ln cos 6 

1. 11' + 11' 11' + 11' - --- - -

Z Z 'Z 
z. ·11'+1T N+N d: ¥.:: +.k +..K - - - - Zk K 

3. N+R 
Mz z 2 

11' .+ 'ir - (1 + - ) ( l t-1L) + :M:._ - - -- - z z eqz 9.. s.. 
z 

4. N+N N+N :t: ( 1 +Jj,_ ) - - - - 2qz 
z 

5. N+'N N+N' (a) t (1 t..L..:. ) - ___, - - ,.,,z 
ZES,. 

2 

6.~ +_!_ 
(b) - (1 + ~~ ) 

'!,_+ !... 
-

7 • ..::J. + .!_ N+N' jf+~ -- Pz 

~ 8. _y_ + N lT+N (a) . --- . 

(b) 1¥ q 

.... 
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is analytic. Further, .-Jta~z0 ) = ~where ~ ls the residue of the pole. 19 At the oame 

time, U_f
1 

(.!.) is the imaginary part of the amplitude, then 

(III~ 5) 

ls analytic ln at least as large a region, with ~~(~) = 0. The C:r'lCIJS& oec:tlon, with 

an appropriate normalizing factor that doeo not contain 

therefore 

zo z, is given by 

(III. 6) 

(III. 7)-

is an analytic function throughout this same region with the value _1._2 at !. = ~o· 
The function G(z) can be experimentally measured in the irtterval 

-1 L z L.+l and fitted with a polynomial in z, or--what is equivalent but more - -
Zl convenient- -a polynomial in ~ ~0: 

z 
_E(!,.) = ..!-o +~1 (~- :o) + ~z<z -- !o) + ••• (III. a) 

The coefficient ~O in this expansion evidently is equal to _t. so that we have a. 

d i r e c t ·method of confronting the theory v.rith experiment. 

Sufficient experimental data exist already to have allowed application of 

this procedure by Cziffra & .Moravcslk(Zb) to the "backward" pion pole in neutron­

protol1 scattering at average neutron energies (lab) of 90 and,.400 Mev. The broad 

spread in the incldent ... neutron energy spectrum prevents these data from yielding 
. . 

an accurate value for the pion-nucleon coupling constant. but the residue obtai11ed 

agrees satisfa.ctorily with other determinations of J..2, which are to be discussed 

below. Eventually, it may be expected that backward n-p scattering at a well-defined 

2 . 
energy will yield an accurate determination of _i , which in thh case is related to the 

ooefficient ~O ln (III. 8) by the formula ~hew<25)] 
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4 4 4 z z 
_f_ = (~/~1 ) (9._ + M )~ . (III. 9) 

Moravcsik, Taylor, & Uretsky (Z8) have investigated the pion pole in photopion 

production from nucleons by the same method. The data here are poor, but the 

z existence of the pole can be established and a rough value for f obtained. The -. 
"forward" pion poles in nucleon-nucleon and nucleon-antinucleon ocattering will 

probably be harder to exploit because the imaginary part of the amplitude tends ·to 

be larger than the real part near the forward direction at high energies. This 

familiar diffraction effect mer.;.ne that the interesting part of the cross section, 
. . zz 

containing the P,ole, is only a small fraction of what is measured. 

It is also possible to extrapolate to poles, starting from the energy region of 

the real a.."'tia. These energy e':;trapolations can be done either at fixed momentum 

transfer, fixed angle, or at fixed angular momentum, but ln all cases one muet 

contend with a branch point lying at the lower end of the phyoical interval, behtccn 

the experimental data and the pole. It is possible to get around this branch point, 

but the necessary techniques are much less direct than in the angle extrapolations. 

O!ten the term "effective range'' theory is used to describe techniques of e~:::trapolation 

· Z3 ln the energy variable. 

.. 
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IV. DISPERSION RELATIONS AT FIXED WOMENTUM TRANSFER 

Let us now consider the e}ttension of an ..!. variable into the complex plane 

when one of the other__!.. variablea is held fi"ed in the physical mon1cntum-trans!er 

range of the real axis. This situation is the opposite of that discussed above in which 

the fixed variable was in the ,energy range. Holding the momentum transfer fixed is 

actually the more familiar condition historically and the one for which nearly all the 

rigorous derivations have been given. 

As waa our practice in discussing poles, we give without proof a prescription 

for extenaion into the complex plane that includes all the aystetnatically derived results 

as well aa others conjectured on the basis of perturbation theory. Consider any 

invariant acattering amplitude .A~ 1 ~2 , !_3), after the internal degrees of freedom 

have been removed, and suppose· that~ 
2 

is held fixed on the real axis in the 

momentum-transfer range. The remaining two variables are linearly related 

through (II. 3), and it is convenient to break our amplitude into two parts, 

each of which is a function of a single variable. The rule for this decon'lpoaition haa, 

of courac, not yet been given. It is closely tied to the extension rule, which is as 

follows: 
sz . sz 

The functions A} (~) and A.
3

- (z) a1•e associated with the channels in which 

..E.l and !a• respectively, act as energy variables. Each may contain simple poleJ4 

of the type described above, with residues that are independent of _!z· The remainder 

of the function in each case can be represented by an integral along the real a:xie o{ 

the form 
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:-

1 /'!e _fi!2 
da' _e. (_s') 

s' ... ~ 

~ 

(IV. 2) 

~2 
where .-2. (a') ls real for ~2 sufficiently small in absolute value, and the lower limit· 

_JJO ls the square of the lightest mass of a multiparticle state that has the quantum 

numbers o£ the channel ln question. Table I gives the values of ....!.o for the various 

channels. 

The above prescription evidently allows an extension to complex ...!, and 
. . 8 . 8 

-1 -1 
corresponds to the statement that Az · (!l and ~ (z) are each real ano.lytic 

functions in the cut plane with elngularlties confined to poles and branch points on 
25 

the real axle. The cut is chosen to run along the positive real axis from the lowest 

. branch point to + oo. A!oo implied by (IV. Z), although not necessarily true tn 

practice, ls the vanishing of our functions at infinity; but the latter requirement 
26 . 

. may be rela::ced by the technique of aubtraction. To avoid complicating the formulas, 

it will be assumed in our general discussion that subtractions are unnecessary, 

although in practical applications it is necessary to be careful about this point . 

..!.z 21 .!z 
For values of _!z such that ..e_ is real, it follows that_£ ~) is , 

, just the Imaginary part of the function in question as z approaches the positive 

real axis from ~bove, that is. in the limit z - ~ +j~. The complete representation 

of the function is thus given by 

A ..!z() ,..1,3 1 [ d' 
-1,3 ~ = _......:;_2---+ ~ .. s . -.!. 

~1. 3 .. -..£. -01,3 

.!z _xm.alj3 ~, 

~-A. 
(IV. 3) 
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In order to illustrate the foregoing, consider the diagram l(a), for which 

there are no poles, and let G.,. be fixed at a small real negative value · ~ach of the 
-&. 

three independent .!_•!.., amplitudes, A, B. C. may then be broken into twoparta a6 in 

(IV. 1), and each of these parts has an integral representation of the type (IV. 3). Tbe 

complete function can then be written, for example, as 

s ' - a -3 --3 

(JV. 4) 

whel·& ~l and !l may be comple!~t but obey the relation ..!t + ~Z + .!3 = 4:1!_2 
, &o 

that either may be eliminated in terms of the other. Suppoae vte want to apply 

(IV.4) i11 the region where ....!J is positive real and larger than 4,.tz. i.e., in the· 

physical-energy region for . .!!J• It is then appropriate to eliminate ..!l, and the 

physical scattering a.mplitude may be defined by ZS 

(IV. S) 

z The denominator of the second term cannot vanish for ...!z j- 4;~ , so that the 

imagina1•y part o£ the e>Cpreasion comes entirely from the vanishing of the first 

denominator~ Z9 and we have 

(IV. b") 

By conl5iclering the physical energy region for .!J. in a similar way we would find 

(IV. 7) 
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thei-e:fi:lre b::lh terms in the integrand of the dlepcrsion integral can be expressed tn terms 

of imaginary parts of C01l"lplete scattering amplitudes. Since the lr.aaginary part of 

(IV~ 5) ls satisfied identically axe relation (IV. 6) ls used, the final dispersion relation., 

is usually written for the real part only: 

{ 

8 s . 00 3 -Z I 

Re3 4... -z('!3) = .!;.,. [. .§o~ Js A (9 ) 
'!_ _!' - !3 z . 

4J1 -
(IV. 8) 

Entirely similar procedures may be used to obtain dispersion relationo at 

fixed momentum transfers for any of the processes 1 .. 8. When poles occur, these 

are simply to be added to the dispersion integrals. The general relation then has the 

form 

8 ' - 1!S -3 ·-3 

+ 1 
(IV. 6) 

Tt 4 
!.t' - (~ ~/ -~z- ..!3) 

i=l 

It io characteristic that in the second or "crossed" term of a dispersion 

relation the imaginary part of the amplitude for a different channel occuro. Some­

times crossing syn"'lmetry allows one to expreso thia amplitude in terms o£ the chapnel.· 

originally chosen for investigation. In the..!!:'!!... scattering problem, for exa.mpte. 

the cronsing relationo (II. 6) tell us that, under the exchange of ~~ and _!3, A~>~ 
· 3 ~z 

Thus the numerator of the crossed term ce.n be written Jrn. G._ . ($~). which may be 

more convenient for practical applications. 
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The possibility of using crossing symmetry often determine·e~ which_!_ variable 

is to be held fixed. In pion-nucleon scattering one nearly alviaya halds . ..!z fixed, 

rather than ...!.l• because of the more useful relations that result. Holding ..!.t fixed 

leads to a crossed term involving the channel ..!. + ..:!_8N___! N'". about which little is 

know11 experimentally. In the nucleon-nucleon dispersion relations nothing can be 

done to avoid the nucleon-antinucleon channel, and as a reault the relation has been 

di!ficult to C'.pply. 

In the dispersion relatiol't (IV. 6) lt is nearly alwayo true that, near the lower 

limits of the integrations. nonphysical values of ...!3 • and _!_l' occur for a fixed value 

of .!z• In pion-pion scattering, for example, the minimum physical value of ..!] 

for a fixed (negative) _!z is 4.f ... .!z and thus larger than the lower limit of t~e 

dispersion integral except in the case of forward scattering; where . ....!z = 0. These 

nonphysical intervals give rise to most of the difficulty in proving dispersion relations, 

because it muot be shown that the imaginary parts of the amplitudes ln question have 

a meaning throughout the entire region of integration. The conjecture was made very 

early that the needed extension of the imaginary part of the amplitude could be,achleved 

through conventional Legendre polynomial expansions such as (II. 9), but lt is 

necessary for these expansions to converge for a range of cos_! that exceeds the 

physical rattge -1 to +1 on the negative side. A proof of this convergence has 

recently been 'given by Lehmann (lZ) for the cases in which rigorous derivations are 

possible. 

Rigorous derivations have bee11 given only for the channels__!+ tt~!._ + tr with 

either ..!t or _!z fixed, .!.. + __ N~_! + N with -~Z fixed, and_y + N~!. + N with the 
30 

momentum transfer to the nucleon fbed. In addition, proofs have so far been 

possible only for rather small magnitudes of the fixed momentum transfer. 
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It ls expected that future developments will ext@nd tbe rigorous derivations, both 

in the number of channels and the range of momentum transfer. In the mea.ntime 

most theorists· are disposed to use perturbation theory as a guide to the actual 

limitations of the dispersion-relation approach, and perturbation theory leach; to 

relations of the type (IV. 6) !or all our eight channels. There do appear to be some 

restrictions on_ the momentum-transfer range in which the above simple considerations 

are valid, but (as will be seen in the next section) these limitations do not cause any 

real difficulty. 

By far the most usefu131 of the fixed momentum-transfer dispersion relationo 

ia that for pion-nucleon scattering in the forward direction. Not only is there no 

unphysical range here, but also·.;.by luck-·a direct measurement of the need.ed 

lntegrands can be achieved through the ''optical theorem" relating the total cross 

section to the imaginary part of the forward amplitude. The formulas for this 

application were first worked out by Goldberger, Miyazawa, & Oehme(30), and their 

relation to the invariant amplitudec [\.~' 1 and B0 • 1, introduced above in formula 

(II. 1 0), may be found in Reference 19. 
. . . 

An enormous expe-rim.ental effort has gone into testing the forward-direction 

pion-nucleon dispersion relations, and some doubts have been raised(3 l) concerning 

the extent to which they are satisfied by the data. As the errors involved have })ecome 

better understood, however, the apparent discrepan.ciea between 'theory and e-xperiment 

have diminished and the current belief by most vo"orkers who have carefully stu-died the . 

question is that the relations a.re experimentally satisfied. 32 Since the only quantity 

in these relations that ia 110t directly rneasurable ia the residue of the nucleon pole, 

we have here a relatively accurate means of de.termining the pion-nucleon coupling 

constnnt. The reault is 
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z. 
f = 0. 08 * . 0 1 • (IV. 9) 

None of the other channeh (except_!..!.~!!) on our list has dispersion 

relations without unphysical regions of integration, but serlouo efforts have been 

made nonetheless to investigate 'N_ +Ji. 1i + N [ Matsuyama (33) and Grlaa1.·u (34-)l 
and ~+ H-~L + N [chew et al. (Z.~UJ because large parts of the dispersion integrals 

for these two channels can be determined experimentally. The methods so fa.r uaed in 

such attempts. however,_ are ttdlrty" and certain to undergo radical improvement ln 

the near.luture. We prefer not to dtscuss th·eae methods here and refer the interested 

reader to the original articles. The conclusion lrom all investigations made to date 

of these two channels is that the experimental data probably satisfy the dispersion 

relations • with poles whose residues are roughly determined and correspond to values 

of i:_ in agreement with (IV. 9). 
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V. THE MANDELST AM REPRESENTATION 

The rule for. extending the two lnd,pendent _!.. varlableo simultaneously lnto 

the complex plane has been given by Mandel.atam. (JS) Thto preocrl~tlon to baaed 

mainly on perturbation theory, and a long tlme may elapae before tho rulo la given 

the rigorous basta that now underlies some ·of the fixed momentum-transfer dispersion 

relations •.. However• Mandelstam• s repreaenta~lon baa ·p~aoed mQJly olgnitlcant · 

theoretical teats of internal consistency, and so far all ito experimental consequences 

. seem satisfied. If the representation can ibe believed, lt not only allows many 

important typeo of extrapolation to .the neighborhood of poles, t.ut lt apparently leado 

to a complete dynamical description ol. atrong•coupU.ng physics ln .. the conventlmal 

sense. That ta, when the masses and internal quantum numbero of elementary 

particle&, aD well aD the mutual coupling constants, are kno~. the representation 

seems in principle to allow the calculation of all physically interesting quantities. 

We flrat write down the representation for the simplest case, that of pion­

pion acatterf.ng, anct then generalize. According to Mandelatam the invariant 

an1.plltude ~(!:a, !.z• !J), where the arguments can be complex 'but satisfy (II.)), 
\ 

may be expressed aa follows: 

~v. 1) 

The weight functions 4J.~!·'·.~~) are real and the integrations in each ~ variable go 

over a region ol the positive real axis 'extending to infinity •. For_!-.L scattering the 

.. 
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region in which the weight £unctions are nonzero is asymptotic to the limiting values 

z z .....!i = 4 , s 4 = 4 • This particular region ls shown in Figure 5. The general recipe 
- ~< ·"- l!:.. 36) 

for calculating boundary curves is not simple Mandelstam( , but the asymptotic 

limits are always given by the ..!o of Table I. That is, the absolute lower limit of 

any s' variable of integration, which occurs when the other s' variable with which ·-· ' ··- ' 

' 
it is paired goes to infinity, ls equal to the lowest mass of a multiparticle state 

that has the quantum numbers of the channel in question. U single-particle states can 

occur, then simple poles with constant residues are to be added to (V ."1). Also sub­

tractionJ·3. may be needed if the amplitude does not vanish at infinity for both 

independent variables. 

It is easy to see that holding one s variable fixed at a real value outside its 

energy range and carrying out one of the two integrations ln the Mandelstam 

representation leads to ordinary dispersion relations. U we wish to arrive at (IV. 6 ), 

for example, then the first and third terms of (V. 1) may be written as 

Cl') 8 

t{o 
-z ') 

ds ' 
21z (~1 

--1 
.!.1' .. !.t 

Where the new weight fUnCtiOnS t 

s -z. 
g.,. (s'j) = 
-~1 -

+ 

00 s 

~! _d_!3' 

- z( ') 
~Z3 ~3 

s • - .!3 -3 -a,o 

(V. 2) 

(V. 3) 

are real for ...!z 
0 . 

.!zo• since the lower limit .!z <!j') is always larger than ..!zo· -Thh form is then exactly that required for the ordinary dispersion relations at fixed 

....!z· For the eecond term of (V. 1 ), we make uae of the identity 
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= 1 1 1 -------- ( ----- + ----) 1 

1 = 

s 1• + s • -_s 1 -_s 3 - ·--·3 

1 
(---

.!.t' - -~-1 

+ 1 
---) (V. 4) 

to arrive at a simUar form. Thus the entire expression (V. 1) can be written in the 
s 

forn"l (V. 2) if -.!lz-2.{!1') is augmented by the integral 

(V. 5) 

~ z 
a ' + s ' - L m. + s., -1 -3 -- -1 -~ 

J..=l -
sz 

and .§lz ~3') by a con·esponding integral over ~d~ 1 ' . The corrtplete c( .. mnect!.on 

between (V. 1) and (IV. 6) is therefore given by 

(V. 6) 

Poles that may appear in the Mandelstam representation are to be carried over 

without change into the one-dimensional representation, except that a pole in the 

fixed \"ariable is gcne1·ally suppressed by m<Jldng a subtraction, since it becor~lC3 

just a constant in the reduced equation. 
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The denominators of the second .integrals in (V.6) can vanish if ...!z is 

oufficiently large and negative, so that the "imaginary parts" defined by these ex­

pressions become complex. It can easily be shown, however, that the imaginary parts 

of the "imaginary parts" cancel out when both terms of ('IV:.6) are calculated because 

the apparent singularity was intr(JdllCed artificially through the partial fractions of 

(V. 4 ). 

A aecond elementary application of the Mandelstam representation is to 

justify the procedure outlined in Sec~ III for extrapolating to the neighborhood 

of poles. Here the fixed__!!. variable is in the phys·ical-energy range: l. e., real and 

larger than the .!o for this channel. It is easy to see by inspection of (V. 1:, that if 

the remaining two variables are replaced by cos_!,_, then the singularities in the- cos 6 

complex plane all He on the real a:kis and are outside the physical interval, -1 cos !L + l. 

Furthermore the nearest branch point~:J34 are determined by the_!0 values and always 

lie beyond any poles that occur. Thus there is no impediment to a simple polynomial 

extrapolation from the physical region. 

Many other applications of (V. 1) are possible. For exan1ple, Cini, Fubint, &: 

..Stanghellini(l?) have derived dispersion relatione at fixed cos 8, and several workers ·-· 
have deduced dispersion relations for fixed angular momentum. The latter are 

particularly powerful because they allow a simple incorporation of the unitarity o! the 

S matrix into the problem. When unitarity is added to (V. 1) the dynarnics of the 

system seem to be almost completely determined. 

In order to get dispersion relattons for a given partial-wave amplitude (L e., 

!or a definite angular momentum), it is neces.sary to malte a ·projection of (V. 1 ). 

Tald1)g 3 ,~ scattering age.in as an exa1r.ple and u.aing (II. 8) to replace !.& a.nd !_z 

by cos ~ and ..!3 by q
2

, we would expand .A(!_1, ..!.z• s_3) as. follows: 
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00 

~(~. cos~= L:_ (~ + 1) qZ.L ~~ (~Z).f.L. (cos 12.), 

I. =0 -

(V. 8) 

where 

(V. 9) 

Since the dependence of (V. 1) on ~~ and _!z and hence on cos__(! is contained eJcplic:tUy 

ln the denominators, one may carry out the integration (V. 9) and obtain an expression 

for ~(~2.) in which the singularities in the qz complex plane are clearly exhibited. 

There are of course no poles in tne v "-case, and all the branch pointe turn 

out to lie on the real axis [chew & Mandelstam(lS)J • There is ·a branch point at 

qz = 0, the threshold of the physical region, another at qz = S!J.Z• the threshold for 
_, -

·producing two additional pions, and so on. It is convenient, then, to choose a cut 

running along the positive real axis from 0 to oo • On the negative real axis there ia 

' z z 
a corresponding set of branch points, the first occurring at q = - J.L , the second at -z z s_ = - ~ • and so forth, so that a second cut may be chosen to run along the 

negative real axis from - oo to .. ...J!..z. 

In more complicated channels the branch points may not all lie on the real 

axis, but their positions can be determined by inspection of (V. 1), after the projection 

is carried out. There are in general three cuts, corresponding to the three channels of 

a single diagram, but when two or more identical particles appear in tho same diagram 

there may be a coincidence of the singularities arising from different channels. Such 
.. 

a coincidence occurs in the~ !.problem just described, where the left-hand cut covers 

a superposition of two sets of branch points. The results for .!!.. + N.6.Jr + .N have been 

given by McDowen(3lH, for . .!._+ !t.H~ ~by Fulco(ZO), for l'i +_N~_N + . ..H by 

Noyes & Wong(39 ), and for y_ +..!! ~!!... +..:!!. by H. Wong. (ZZ) 
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The partial-wave al'llplitudes may be expressed in each case in terms of 

integrals along the cuta, where the integrand is the discontinuity in going across 

the cut and may be written in terms of the imaginary part of the physical amplitude 

{or the channel v.1hich gives rise to the cut in question. It is possible, therefore, to 

consider these relations as coupled inte~ral ~.quations which determine the dynamics 

of the system .. 

To Uluatrate the situation consider the s-wave part of the an"lplitude A 

in pion-pion scattering. This amplitude, by projection according to (V. 9) from 

(V. 1 ), satisfies the dispersion relation 

00 

., 1 L ·2 Po(q~) 
A (q "") = - . dq '· - ·:-
-0- If -- z 2 

- 2 +cf +q 
~ --

00 2 

1 1 2 !.mAo!!!) + - dq 
'iT -- ..J2 2 

- "1 -q 
0 - -

(V,. 10) 

where 

1
2 z 

- IJ. - -
2 d ••

2 
2 P o<<t ) = - ;r .J~ B(cl: • 

- - q 
0 -

(V. 11) 

The other partial~ amplitudes, as well as those of .2! and.._..S satisfy similar re­

lations, and by taking the linear combinations (II. 7) one can form dispersion relations 

for partial waves of well-defined isotopic spin. At this stage the imaginary part 

on the right-hand cute at least £or O!-q 2 L 3JJ.2 , can be very simply e:~tpresaed in - -· 
terms of the unitarity condition. That is,. aince according to (II. 9), 

I Z 
~t -('L_) = 

z + 2 
~ 

2 q 

i6' I T "" 1- sin 6 ~ ·- _~_ . -· 
I 

with -~ - real in this interval, it follov-rs that 

(V. l.Z) 
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(V. 13) 

\ 

Beyond qz = 3 J.LZ , it is necessary to include, inelastic processes ~ the expression · -

for the imaginary part of the amplitude. 

The expresoion (V. 11) for t~e contribution from the cut along the negative 

real axis involves the imaginary part of the pion-pion amplitude for cos£ L-l. By 

inspection of the boundaries in Figure 5 it can be shown that the polynomial e:~cpansion 

of the imaginary part, for the values of cos .!. required in (V. 11), converges for 

t 2 L 9.t:,Z• [chew & Mandelstam(lS)J • There ls no difficulty then ln representing 
.. -, z 

the function. p 0(q'. ) up to this point: beyond it new techniques, such as suggested by 

Mandelstam PS), -:nust be used. These techniques are too complicated to be described 

here. 

Attempts are currently being made to solve the pion-pion equations ln a low-

energy approximation in which only S and P waves and only the lowest l:;>ranch points 
. (15)~ . . 

are considered ~hew & Mandelstam J . The latter simplification corresponds to 

the neglect of inelastic processes and allows the use of (V. 13) throughout the physical 

region.. The former permits an elementC:try calcula.tlon<df the contribution from the 

left-hand (unphysical) cut. 

The equations to be solved contain one free parameter, which may be called 

the pion-pion coupling constint. It is introduced conveniently as the value of the 

amplitude at the point S:.j:::;rsz-·=s3 C e c ..!_ tJ.Z • Where the three amplitudes 
-~ ..... - 3 -

~·.!._,and_£. are all real and equal to one another. Preclsel y, we may define 

~ A< e.~.~> = s <~. t. s) = c.<t. ;. t> . (V. 14) 
3 ---- ---- ~--___.. 
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It is clear that at least one arbitrary constant is needed in the elastic approximation 

because the equations permit as a solution an amplitude that is zero everywhere, It 

is not known whether an arbitrary constant would be necessary in a allcuation that 

included inelastic processes, such as !. + ...!~ N + W; however, it will be so difficult 

to calculate such high-energy effects accurately that in practice ~. will surely play -
the role of an "independent" constant for a long time to come. At the time of this 

writing it is known only from .the· absence .of a 21T: boup.d.State .that. 0_9.) ~ l; but 

expe:tirnen:tal efforb;J are ,under 11/ay which t>hould soon yield some information. 

Attempts are also being made to solve the integral equations resulting fro1n 

the application o£ Mandelstam's representation to Figures l(b) and l(c), and in the 

final section the relationships of the different channels and their current status of 

(36) . 
understanding are surveyed. Mandelstam has shown that the results o£ conventional 

perturbation theory can be reproduced by iteration o£ hls integral equations, therefore 

there is a strong inclination to believe that they represent a complete dynamical 

framework, given the masses and conventional coupling constants. 0£ course thefe 

highly nonlinear equations. if they can be solved at all, must be applied to large 

coupling constants for which the perturbation series is meaningless. Whether the 

equations have unique solutions in such a situation is not known.. Perhaps they have 

no solutions at all except for certain definite values of the masses and coupling 

constants t, 
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V~. SUMMARY Ai'ID CONCLUSION 

The reader may- wonder why so few concrete results have been given ~n this 

review. The reason is that in the author-s opinion the results obtained tq date are 

relfl.tively insignificant compared with what will be forthcoming in the next year or two. 

The power of the generalized dispersion relations, when supplemented by unitarity, 

has only recently been recognized, and theoretical attempts to utiUze thb power ara 

in their infancy. 

It is true that a large literature on dispersion relations already exists, but 

this is based almost entirely on fixed momentum-transfer relations which contain 

only a part of the story. All questions investigated to date will surely be reexamined 

within the x·nore general framework and a vast clarification is guaranteed. The current 

literature is filled with confusion about "subtractions" and extensions in the mon,entum• 

transfer variable that we see no point in propagating further in this review. 

It ie pofl!sible already to see the outline of a general line of attack on the 

pion..;.nucleon problem that should go quite a distance toward ansv1ering the conventional 

questi_ons. The starting point must be pion .. pion scattering, where, as explalned 

above. one can hope to calculate the amplitude up to .!!.2. ~ 3..1::!-Z in terms of a singl0 

constant l\.• Next one would go to the two channels of Figure lfb), 

1f + NE->v + N · and 'if+ u~N + N which in such an approach must be considered - -. - - - - - -
simultaneously and for which the !!.!!. interaction muat already be known. 

One of the most misleading aspects of the history of pion-nucleon theory ls 

the partial success of attempts to understand low-energy pion nucleon scattering 

without any inclusion of ·a pion-pion interaction Chew & Low(2.9 )] • Such auccems 

appears now to be largely accidental~ it had the beneficial effect of reviving interest 
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in field theory for strons-coupling phenonlena, but if pion-pion scattering at very 

low kinetic energies were as strong as it must be at higher energies, simple models 

o! the pion-nucleon interaction would not work. Theae models, of couroe, have 

never even pretended to answer such baaic questions as why the S-wa.ve pion-nucleon 

phase Bhifts are small. 

It is perhaps worth spelling out the interrelation of the three p1•ocesses 

!. + rrl::-}.rr + .2!• ! + N~.! + N. and..! +.! ~ N + J! in the Mandeletam framework. 

If one derives dispersion relationa for pion-nucleon partial waves then there are two 

left-hand t.mphysical cuts, on® corresponding to pion-nucleon scattering itaelf and 

one to the channel ! + ,.!-,!i + E . Keeping only the for1ner leads to integral 

equations roughly of. the kind proposed by Chew & Low(Z9 ). provided the inelastic 

. 35 
branch points are ignored. 

The nearest portion of the other cut reqltirea a l..:nowledge of the amplitude for 

!. + !. <:,:) !:!.._+ i'."f at energies for this process between Z~t and 4t-t• Such an energy region 

ia unphysical, and fortunately so, because if the dispersion relationa for this 

amplitude are derived the contribution from the right-hand cut in the corresponding 

interval is controlled entirely by pion-pion elastic scattering. Precioe:ly, the 

unitarity condition for this interval is that the phase of a partial-wave amplitude 

for .! +..!:. ~~ + N is the same as the phase of the corresponding elastic pion-pion 

amplitude. This information, together with a knowledge of the contribu.tion from the 

left-hand ~uta, 36 
is sufficient to determine the amplitude for .:!! + ! H ~ + "fr. 

provided alwaya that higher branch points are neglected. 
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The cou-pled integral equations that must be solved in carrying out 

Mandelstam'a program are complicated but apparently manageable with fast electronic 

computers. '~:here is reason to hope, then, that low-energy pion-nucleon scattering 

z can be roughly calculated in terms of the two constants 1. and i . The neglect of 

higher branch points of course limits the accuracy of the calculation and precludes 

a treatment of high-energy scattering by this method. 

It is perhaps worth emphasizing the philosophy behind the approximation of 

neglecting high-energy singularities. The underlying motivation lies in the property 

of an analytic function that its behavior in a small region is dominated by near-by 

, singularities. The dispersion relations make this feature very clear • since they 

resemble Coulomb's law for a static potential produced by point charges (poles) and 

line charges (branch cuts). Faraway charge~ produce at most a slowly varying 

potential in a local region' B'trong variations of potential are produced by near-by 

charges. It is obvious that in strong-coupling problems no calculation can be e;,cact; 

some approximation must be made. A program of successive approximations based on 

the distance of singularities from the region of interest seems to the author more 

plauSible than any other procedure yet proposed. 

Many valuable theoretical by-products would flow from a successful integration 

of Mandelstam's equations for Figure l(b). A knowledge of the amplitude 

..! + 11'~~ + !f would alhl\v at long last a correct calculation of the two-pion exchange 

contribution to the nucleon-nucleon interaction. Precisely, one may derive 

~oyea &r Wong(39 )] dispersion relations for partial-wave nucleon-nucleon elastic­

scattering amplitudes, where the two left-hand cuts are coincident and asts-odated 

with the process £! + N ~ N + W. The nearest contribution comes from the 
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single-pion intermediate state in thie process, which is determined entirely by JJZ· 

The next contribution is from the Zu state and is known as eoon as one knows the 

amulitude for · N + N ~).Z•r • There is some reason to believe that inclusion of these .. - - -
two singularities will allo·N a rough calculation of low-energy nucleon-nucleon phaae 

shifts without any new parameters. If the faraway ldt-hand sincularitiea are 

37 . 
represented by an adjustable constant, one may hope to achieve an accurate 

theory. It should be emphasized that in the solution of the nucleon-nucleon integral 

equations, the deuteron pole will appear automatically; it does not have to be. inserted 

as an independent entity. Thus one expects to calculate the binding energy a11d 

quadrupole moment of the deuteron, as well aa the triplet efii'ective range, in tern.'lS 

o£ "funda1nental 11 constants. 

A second application of the amplitude for .~ + N"'H 2:.:_ is to the prob~<nn o! 

nucleon electromagnetic atructure [ Chev1, et al. (4.0), Federbush, et al. (4':l)J . Here, 

in conjunction with the vertex function for y ---~ .?.1r, this amplitude deterrnincG the - - ' 

structure and magnitude of the anomalous magnetic mornent. The pion-photon vertex 

:function can easily be calculated once the pion-pion acattedng amplitude ia available. 

Also immediately calculable in terms of .:!'.-!_ scattering is the arnplHucle !or 

y + -~ H2v, which is nt~eded in the problem :::t. + N ~.! + N. One of the two left-hand 

cuts in the latter case involves photopion production itself. but the other requires 

y + _E ~~~ + W, \Vhich in turn involves y + ·rr H 22:, . It should be po:Jsible, th~m, to 

put the theory of low energy photopion production from nucleons on a sound basis. 

The chain does not end here. With a proper understanding of photopion 

production one can calculate photon-nucleon elastic scattering, and this latter 

amplitude may allow n calculation of the neutron-proton n'lass difference 

r.c. · t ·a1 (4-Z) J ~,1n1, e · • , Sir::nilarl y the chargcd-ncutr d pion rna:::; s difference may be 
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calculable in terms o£ ;y_ + !!.. y Y.. + !.• which in turn depends on ~ + w_ --f Z'!!,: The 

chance of achievb1g quantitatively reliable results from mass calculations is, however,.-

much smaller than that for scattering amplitudes. 

Even if, as is unlikely, the calculations outlined here were to yield good 
z . . . 

results in terms of the four constants, ~· ~· .!_and &. , it must not be supposed 

that all questions would have been answered. Why should these constants have the 

particular values that are observed? Why are nucleons and pions the only nonatrange 

strongly interacting "elementary" particles? Why ls the pion pseudoscalor? There 

h no understanding yet of such questions, and i£ we start to conatder the hyperons 

and K particles the number of puzzles multiplies. Exciting as the prospects are 

for dynamical calculations with the Mandelstam representation, it must be remembered . 

· that these calculations are based on conventional field theory, just as it was invented 

30 years ago, and that the breakthrough which will tell us the origin of elementary 

particles has not been achieved. 
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FOOTNOTES 
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1u will be assumed that for the strong coupling phenomena with whlcb we are 

concerned, charge conjugation lnvariance and parity conservation are separately 

valid, as well as charge independence. 

PaGe 9 

Z.We shall refer to each possible pairing as a "channel". For each diagram there 

are three channeh. 

£aGe 10 

3see, for example, Jauch &Rohrlich (14). P• 16L 

Page 11 

4 . 
Note that such an exchange is consistent with the constraint (It. 3);. 

Page 12. 

5 . 
For a more complete. discussion of the 11'•11' problem, see Chew & Mandelstam(l5). 

6 
See, for example, Bethe &deHoffman (16). p. 49. 

Pa~e 14 

7 The eo-called 0 parity of Lee & Yang (17). which for states containing only 

pions is even or odd depending on whether the total number of pions is even or odd. 

States with nonzero baryon number generally do not have well-defined 0 pari.ty. 

8 
See, for example, the review by Chew (19). 

Page 2.0 

9 The more general rule is stated in Sec. III of Reference 2.4. 

10 . 1 Since we are neglecting wealt and elect~omagnetic interactions, all the uaua ly 

discussed "elementary" particles are to be counted as stable • 

. 11 
The photon pole for charged particles manifests itself in the Coulomb part of the. 

amplitude that becomes infinite at zero momentum transfer. 
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Page 21 

12 A ge~e.ralization o£ this rule for proceesea involving more than !our parth:les 

is given i.n Reference 2·1. 

Pa~e 22 

13 See, for example, Symanzik (.6). 

14Th.e pion-nucleon coupling constant also occurs in the residues of poles for 

p1·ocesses involving more than four particles. See, for example, Chew and Low (24). 

15when electromagnetic effects are considered, one must de.fine three cons.tanta, 

+ ( . - 0 
one for the processes!. + !!~£. and ~e.. + .! , one for the process ! + .E.~E• 

0 
and one for !. + .!! <~.!!· These three constants are expected to differ by a few 

percent. 

Page 25 

16 Leb.mann (12) has given a rigorous proof of analyticity properties in the 

mom.en.tum-transfer variable that almost, but not quite, guarantees the doma.i.n of 

analyticity required here. 

_?a.~e 2.7 

17 We shall also see in the next section that the nearest branch pointe lie relatively 

close to the nucleon poles and further add to the difificulty of e>ctrapolation in these cases. 

18 
The imaginary part of the amplitude has only branch pointe, which in th.e ne:Kt 

section will be seen to be further from the physical region than the nearest bran9h 

points in the real part. 
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E_a.ge 28 

19 The residue ).. is proportional to g2 in the case of the pole a Nos. 4 and Sa and to ~g 

in the case of (Sa). 

20with internal degrees of freedom there will be generally more than one 

scalar amplitude, but since all have the same properties o:f analyticity, the 

procedure outlined is still valid. 

21The queotion of how hi-gh an order of polynomial should be used depends on the 

energy, the angular il1.terval of the experiment, and the accuracy, as well aG the 

location of the nearest bx·anch point. The most careful study of this question to 

date has been by Cziffra & Moravc$ik (26) and by Frazer. (2.7) 

22Extrapolations to poles in angular distributions can be and are being carried 

out for many processes not considered here because they involve strange or complex 

particles or more than four particles all together. The basic principles involved 

are always the ean'le. 

23 
An example of the effective-range type of extrapolation is that proposed by 

Chew &: Low (29) in connection with P-wo.ve pion-nucleon scattering. The Chew-Low 

p:roe'iedure was very crude, however, since (amon.g other circunutancee) there rea.lly 

is no pole in the amplitude they copsidered. Theoe authors approximated a pair of 

neighboring branch points by a simple pole, a procedure that is exact only for an 

infinitely heavy nucleon. 

were ignored. 

Also, singularities associated with the pion-pion interaction 
., 
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Page 30 

2'*rn practice aa seen in Table I the particular channels with which we are 

concerned in th.e pion-nucleon problem have at most one pole each. 

Page 31 

25see, for example, Reference 19, .Sec. 40. 

26The necessity for subtractions in dispersion relations is discussed in a 

systematic way by Bogoliubov et -al. · (7), p. 5 

2.7 . 
See the discussion below, following equation (V. 8 ). 

Pase 32 

28 3 s 2 a 
Note carefully the difference between A- (!

3
) and A

3
-Z(s

3
) • The former is the 

complete amplitude, while the latter is only one of two parts. Their f.maginary 

parts are the sru.ne. but not their real parts. 

29Here one may use the rule l = p __ l __ 

~ - ~3 + }~ s' • ~3 
+ hr6(s' ... s ) , 
--- - -3 

where P signifies that the principal value of the integral is to be taken. 

Page 34 

30see the review by Goldberger ( 11 ). 

Page 35 

31
Pion-pion scattering has thus far eluded direct observation because of the. 

relatively short lifetime of the particles. 

32 
See, !or example, Schnit:ter t: Sa.!:z.man (32). References to other work on the 

veri£ication of the forward lT-N relation can be found in these articles. 



-57- UCRL-8670 

~~s:e 38 

33 . :· 
These subtractions do not correspond to the introduction of new arbitrary 

constants if th.ey are r.nade in only one variable. See Mandelstam {36 ). 

Page 40 

3.1 
-The nearest right-hand branch point (or left) is given by the equation 

_:; 1 (cos 0, ~3 ) =.!to and the nearest left-hand branch point (or right) by 

_sz(cos e. ~3) = .!zo• if the fixed variable is ~3· 

Page 46 

35 . 
· ~(o evaluate the contribution of the left-hand pion-nucleon cut an extension to 

cos _!L -1 is required, just as in the pion-pion problem, and it may be necessary 

to introduce a cutoff if this extension is ca:rried out by Legendre polynomial$, 
' 

36 . . . . 
The two le£t-hand cuts here are coincident, both being associated with pion• 

· nucleon scattering. 

Page 48 

37 This constant may be thought of as equivalent to the hard-core radius of 

conventional potentials. 

·~ 
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Figure 1. The three fundamental diagrams of the pion-nucleon 
system. Outgoing particles are assigned negative momenta 
in accordance with the convention of Sectio.n II. 
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Figure 2. The pion-nucleon vertex. 
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Fig. 3. The nucleon-deuteron vertex. 
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Fig. 4. The pion-photon vertex. 
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Fig. 5 .. The nucleon-photon vertex. 
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This report was prepared as an account of Government 
sponsored work. Neither the United States, nor the Com­
m1ss10n, nor any person acting on behalf of the Commission: 

A. Makes any warranty or representation, expressed or 
implied, with respect to the accuracy, completeness, 
or usefulness of the information contained in this 
report, or that the use of any information, appa­
ratus, method, or process disclosed in this report 
may not infringe privately owned rights; or 

B. Assumes any liabilities with respect to the use of, 
or for damages resulting from the use of any infor­

mation, apparatus, method, or process disclosed in 
this report. 

As used in the above, "person acting on behalf of the 
Commission" includes any employee or contractor of the Com­
mission, or employee of such contractor, to the extent that 
such employee or contractor of the Commission, or employee 

of such contractor prepares, disseminates, or provides access 
to, any information pursuant to his employment or contract 
with the Commission, or his employment with such contractor. 




