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THE TWIN PARADOX IN SPECIAL RE LATIVITY*

Richard A. Muller

Space Sciences Laboratory and Lawrence Berkeley Laboratory,
University of California, Berkeley, California 94720

Abstract

We resolve the twin paradox by calculating the relative ages

of the twins first in the frame of the stationary twin, and then in the

frame of the accelerating twin. If we account for the effects of ac-

celeration by keeping track of the instantaneous Lorentz frame of

the accelerating twin, both calculations agree.
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The twin (or clock) paradox is oné of the most perplexing of
the paradoxés of Special Relativity. It can be stated as follows: -

Suppose we have a set of twins, John and Mary. John is a physics

‘teacher, and he doesn't get to travel very much, but Mary is an as-

tronaut who is chosen for the first trip to a nearby star. She boards
a spaceship and travels to the star at a velocity v (nearly equal to c,
the speea of light, although such a high v is not essential to the argu-
ment), and after a brief visit, returns to the earth s,t the same speed.
Now the equations of Special Relativity say that if.Max.'y is moving
with respect to John, time intervals in her inertial frame are "di-
‘lated" Wiﬂ'l respect to time intérvals in his frame, by an amount v,

where

1
Y= i (1)
[1-)%]

Therefore, at the end of Mary's trip, she is younger than John. The
éaradox_ comes about from the fact that, except during the brief in-
tervals when Mary is accelerating and decelerating, she is in an
inertial frame, and therefore by the broad principle of '"relativity"
she can claim that John is movibng, not she. Therefore his

time intervals should be dilated, not hers, and when she returns she
should find himv younger than she is!

Altilough the paradox is resolved when one uses the equations
of Special Relativity more carefully, it is surprising how few phys-
icists are aware of the explanation, and think the solution lies some-
where in the realm of General Relativity. 1 One can resolve the par-

adox by using Genera! Relativity, as is shown by Tol.man2 (who in
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fact derives all the equation he needs using only the equivalence prin-
ciple). But General Relativity is not really necessary. C Darwin3
uses only the relativistic Doppler shift formulas of Special Relativity
(in a rather elegant way) to show that if the twins keep in touch with
each other by sending light pulses back and forth, they agree in
their calculations of each other's age. But he does not show explic-
itly what mistake in reasoning leads to the paradox. Others4 have
correctly pointed out that the paradox arises from the fact that one
twin (Mary, in our story) accelerates, while the other (John) does not.
What I wish to show here is that we can go one step farther. We can
use the equations of Special Relativity, and take the accelerations com-
pletely into account simply by assuming that they take place in essen-
tially negligible 'proper time' (i.e., by assuming the acceleration
does not cause either the accélerating twin to age, or his local clock
to jump suddenly ahead or behind) and by keeping track of the effect
that changes in his Lorentz frame must have on his measurements of
distant events. This approach has been used by Schild, 5 but I think
that by doing fhe mathematics explicitly we arrive at the clearest ex-
planation for the professional physicist who has some familiarity with
Lorentz transformations.

Let us assume, for simf)licity, that Mary begins her trip at
‘birth, at local time t = 0 and position x = 0, and that the distance to
the star measured by a stationary observer on earth (John) is Dj' The

distance to the star measured by Mary is

D_ = Dj/v

due to the Lorentz contraction. We will calculate the relative ages of



John and Mary, first doing the calculation in John's fxv'amev, and then
doing the calculation in Mary's frame. The answers from the two
calculations will agree. .

Let us do the calculation in John's frame. dur’ equations v.rilll
pe numbered \;rith'a su-bscript:j. fo remind th'e;read_ér that. all the Quar._l-:
tities .referr.c_ad to are those as measuréd by John. -Max"y‘travels a
total distance (to the star and back) of 2 Dj' at a,velocity v (-v during .
her -r‘eturn).‘ This trip tékes a time, 2 _Dj/v. The Lorentz tr_van_éformz‘;-
. tion for time gives the‘relationship between the time indicated on John's
clock.(j‘j) and the ti;ne indicated on Mary's clock (Trn-):

- o S
T =v(T, 62), - 35)

where x .is the distance between them. During the trip out to the
stai‘, .

x=vT.. ' o (4.)

Substituting this in Eq. (3J..) we get:

. 2
T =y(T.- % T,
m '\.(_(J 'CZ J)
= 1 - —=)T. ) 5.
v ( 2T, , (5,)
=T./vy.
J/\(
In terms of time intervals,
AT = ATj/y. S (65)

This equation demonstrates that Mary's clock is running slower than
John's, by a factor of 1/vy. (Note that y =1.) We leave it to the

reader to demonstrate that equatior'_i (65:.) is also true while Mary returns
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from the star, i.e., that after she feverses her velocity, her clock

" is still running slower by 4/y. During the trip, John has aged by

A.=2D/v; . ' 7y
. 5 J/V o ( J)
‘Mary has aged by - o o
_ S 2D, -
ARV (8;)

The differéncé i'n’the'ir ages>v is’
P Wt A ..
. I m : ‘Y v ) 1.
'Now let us do the ‘.éélcuhtidﬁ in Mary's frame. All the quan-
tit.ies' referred to now will be thpse meagux"ed‘by Mafy. i ’_]f‘he Lorentz

transformation becomes
T. = : yx , ‘
T v, - . )

And in terms of time intervals, we can show -

ATl"n‘ . ‘ v
AT. = —_, 4 )
j v - . v { m)
]

" i.e., John's clock is running slower than Mary's by a factor of 1/vy.

To some réade,rs_it may seem that we have already hit a paradox,

since a moment ago we concluded that Mary's clock is running slower

than John's. But although these statements seem f'paradoxical", there

is no real paradox until we‘bring John and’Mary back together and com-

pa#e them to see which is élder,' Special Relé.tiyity says ‘thatv you can-
not relate the times of distant events (or the ages of seéarated people)
in ah unambiguous \‘;vay_,‘ksince the rélationship between them depénds
on the Lorentz f_ra.rne in which you cio the 'cqi'nparison. _ :Eiﬁnstein"is' :
ti’ieory de-stroye_d_ the concépfof ”a.’t_{sqlute sirvnult.angity.v”' 'But when _

the clocks (or people) are back together--when Méry has returned to.
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earth--then you can compare them. Simultaneity is a valid concept
if we are concerned with a single inertial frame. The fact that we

get a different answer for the question of whose clock is running

faster, dépending on the frame in which we do the calculétion, is not

yet a paradox.
-Mary's trip takes a time 2 Dm/v, during which time she has

aged by

A =12 ' (6.)

(Recall that we assume that she ages a negligible amount during her
accelerations and decelerations.) Since John's clock is running

slower by 1/y, he has aged

If time dilation were the only factor to take into account, Mary would

claim that she is older by an amount

ZDH1 1 2D.
== (1-0) =k (8,,)
Y YV m

and we would have a paradox.

But there is another factor, and it is in this factor that the key
to the resolution of the paradox lies. When Mary reaches the star,
and heads back, she changes'ine rtial frames. And observers in differ-
ent inertial frames disagree on when distant events took place. Before
the turnaround, the relationship between John's clock and Mary's clock

(as measured in Mary's frame) was

va
) (9_)

2 ‘ m

; . T_] = Y(Tm' c
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Immediately after the turnaround, the relationship between their

clocks is

va
5—)- (10, )
C

Tj = Y(Tm +

Equations (9m) and (10m) seem to contradict each other. We have

Mary turn around in essentially zero proper time (so that T doe sn't

"~ change) but this seems to imply that .Tj does suddenly change. What's

going on here ?

What's going on is that observers in.different inez;tial frames, .
even if it is fhe same observer (Mary, before and after turnaround)
disagree on the time of distant events just as observers in different
frames disagree on the distance to far objects; Recall that at the be-
ginning of her journéy, Mary and John disagreed about the distance to
the star--it looked closer to Mary because of the Lorentz contraction.
Who was right then? Was the distance to the star D or Dj? The
answer is that they were both right, because distances depend on the

frame in which you measure them. Likewise John's age, as meas-

»nre‘d by Mary, changes when Mary changes Lorentz frames. The

amount by which it changes is given by the difference between equa-
tions (9m) and (10m), i.e.

2vD_ vy 2vD,
m J

o = — L. (11_)
(o] . C

The effect that a change in Lorentz frames .has on fhe time of a distant
event is proportional to the distance to that event. Thus we are justified
in ignoring the effects of acceleration only at the beginning and end of
Mary s trip, when the distance between her  and John is zero.

When Mary returns to earth, the age difference between her.

and John is the contribution of time dilation (Eq. Sm) minus. the



amount due to the change in her Lorentz frames (Eq. llm):

'1 2D, 2vD."
A _-A = (1-2)—+ . —1
m J Y oyv 2
' 2D, ~2D. 2vD,
= 1 _ 1l . ]
Y Y P
. 2D, 2D, -
=- - __J.(.i +L)
YV v 2 2
Y c

But from Eq. (1), 1/y2 + vz/c2 =1, so

2D. 2D,
A -A. = —do o L
m J Yv v
1: 2D _ . v
=(‘;{'-1) —-‘Lv . | (12.)

Notice that equation (12m) is identical to equation (9j)! ‘Upon her re-
turn, both Mary and John agree! th_n is older. If we assume that
the star is 7.5 light-years away, and that Mary tra'v_eled‘ at 3/4 the -

speéd of light (v/c = 3/4), then

2D, :
_V.L = 20 years
1 _
ey = ’1-0.53 = 0.66.

And John is older by
Aj -‘Am' = (1‘- 0.66) 2‘0 = 6.8. years.

Several of the important features of this discussion are ilius-.
tratgd in Fig. 1, \;vhich is a plot of the relationship between Aj and
A és determined in Joﬁn's frame and Mary's frame for the gbove
example. Noticé the icross-over point for the two curves; this is
whe«re Mary has come to a halt (sé that she is in the same inertial

.fra.me as John) and has not yet reversed her initial velocity. For a
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moment -John and she are in the same inertial frame, and during that

: _mome'nt their measurements agree(but not their ages).

- The twin paradox, and this method of resolving it, illustrates.

© in a dramatic way one of the revolutionary aspects of Einstein's theory:

that there-is no universal time system that all observers can agree to. .

.
and that the time at which an event occurs depends on the Lorentz

frame in which it is observed.
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Figure Caption

Fig. 1. The relative ages of the twins John and Mary as determined
in each of their frames. They agree about each other's age only
when they are in the same Lorentz frame, or separated by zero

distance.
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