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REIATIVISTIC QMARK MODEL BASED ON THE VENEZIANO REPRESENTATION.
II. GENERAL TRAJECTORIES

Stanley Mandelstam

Department of Phys1cs and Lawrence Radiation Laboratory
University of California .
Berkeley, California

September 2, 1969

ABSTRACT

The model previously proposed is extended to include multi-

_quark trajectories. Once any trajectories with more than a single

i

“~quark and anti-quark are included, it is necessary to include trajectories

where the number of quarks plus the number of antl—quafks;'whieh we call

the total quark number, is arbitrarily large. The necessary factorization

- properties of the multi-particle Venezieno amplitudes will hold provided '

the intercept of the leading trajectory is a polynomial fdnction of the
total‘qpark number, and thevdegeneracy of the levels‘on all but the

leading traJectory w1ll increase with the order of the polynomlal. It
is p0531ble to construct two dlfferent models dependlng on whether one

allows non-planar duallty dlagrams. The model w1th non-planar dlagrams

.resembles more closely the non-relat1V1stlc_harmdnic-oscillator quark

model, and the non-planar duality diqgramS‘muS?'be'associated with the

non-planar Veneziano amplitudes discussed in a previous paper. One can.

introduce SU(3) symmetry breaking by making the intercept depend on

the number of strange and non-strange quarks separately, and one then

obtains a modified Gell -Mann-Okubo mass formula.
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I. INTRODUCTION

A relativistic quark model has been proposed and.applied to
meson trajectories by Mande1stam]'and>by Bardak¢i anq Halpern.z In the
present paper we wish to extend the model to other trajectories, We
shall diséuss the general properties of the muiti{mark trajectores, as
well as the symmetry proﬁertiés of:the tﬁree-qpark stateé. The spin
and unitary-spin degrees of freedom will only be mentioned in so far
as they are connected with the symmetry properties._’We hope to. treat
the ﬁore detailed_sﬁin propertieszof‘the baryon tréjectories iﬁ a
subseqpent papér. |

Within‘the ffamewofk of the model presented in I,. it appeared
that one need not introduce resonances‘consisting of more than two quarks.
Once one requires the presenée of three-quafk states, however, it is
necessary to introduce tréjectories where the‘humber_of guarks and

énti—quarks is arbitrarily large. We shall examine such trajectories

in Sec. 2. For baryon anti-baryon scattering, it has already been

3

pointed out by Rosner” that exotic resonances with two quarks and two

anti~-quarks must occur in the intermediate states, and one can apply

sim;;ar reasoning to more qomplicgted reactions. Following =
Delbourgo and Salam,& we shall refer to the number of qparké plusv

the nﬁmber of anti-quarks as the total quark number, and resonances
with an arbitrarily large total quark number must be present. Our
model in its present form does ﬁot.appear to reqpiré trajectories with
a net quark number greater than three, though it can certainly

accommodate such trajeétories. Until we know how to extend our
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model beyond the narrow-resonance approximatiqﬁ we capnot answer the »
question whether‘trajectories of baryon nﬁmber greater thaﬁ one occur
in this approximation, or only in higher orders. |
If our model is to be at all acceptable on experimental and
theoretical grounds, it is neeessary that the mass of the lightest
perticle with a.given-totel.qﬁark humber_ee an increasiﬁg function of.
the quark humber.. As long as the resonances with a total quark number
of four or greater are sufficiently heavy, they will decay rapidly into
resonances with smaller total quark numbers, and they will not appear
experimentally as narrow resonances. We therefore have to inguire
wheﬁher the model allows differeni trajectorieevto bave different
intercepts. The_qﬁestion to be invesfigeted cbncerns.the facterization
properties of the multi-particle Veneziano aﬁpiitude,5’6 which lie at
the basis of the reletivistic quark model. The 6riginal treatment of
such factorization preperfies essumed that allvtrajectories had the
same iﬁtercept; v | |
We shall show in Sec. 2 that the residues at the poles of

the multi-particle Veneziano amplitude'can still be expressed as a
finite sum of factored terms, provided that ihe intercept of the |
1eading trajectory is a polynomial function of the total quark

number. The degeneracy of the resonances wiil depend on the order of #
the polynomial. If the ihtercept is a linear fuﬁetion of the total
qpark‘number,'the degeneracy of the-spectrum of ordinary mesons,
i;e.; of mesons with a total quark number of tﬁe, will be the same

as in a model without nucleons and exotic resonances. The degeneracy

of the spectrum of other resonances will be an increasing function
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of the total quark number; as is to be expected on intuifive grounds.,
If the intercept is a hlgher polynomial functlon of the total guark
number, the degeneracy of all ordinary or exotic resonances on non-
leadlng tragectorles will be 1ncreased and even the degeneracy of the

resonances on the first sub51d1ary trajectory will increase indefinitely

- with the order of the polynomlal.

In order that the spectrum of resonances be not too complicated,
we therefore have to postulate that the intercept of the leading
trajectory be a polynomial of lew degree in the total duarkwnumber, We
might be tempted to assume that the intercept was a linear function
of the total guark ndmber. The ﬁasses of highly exotic resonances
would then be proportional to the square root of the total gquark
number, however, and those of Sufficiertiy high charge and hypercharge
would be stable.‘ Tt is not absolutely prohibited that such a model
might be the approprlate narrov-resonances approx1mation to nature,
since the range of validity of the model will probably not extend
to resonances of very high mass. A model without the infinite sysfem
of stable exotic mesons is obviously to be preferred, and the simplest
such model is one where the intercept of the leading trajectory is a
quadratic function of the total quark number.

It is possible to construct two different models with all the -

features mentioned above; depending upon whether one allows non-planar

- as well as planar duality diagrems.‘vThe models with only planar

diagrams and with all diagrams will be discussed in Secs. 3 and 4 -

respectively. According to the general principles of the relativistic
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quark ﬁodel,.eacﬁ duality.diagram is to be associated with the
vvtopologically similar multi-particle Veneziano diagram. The non~
planar duality dlagrams will therefore be associated with the non- 2‘“
planar Veneziano amplitudes which we haveydiscussed in a previous paper.7

Of the two models,,that containing_non-plenar as well as planar
diagramS‘hes the closer resemblance fo fhe'nonérelativistic.hermOnic4
oscillator quark model} A1l baryon states on the leadlng trajectory of
such a model are symmetric in the three quarks, and we shall hereafter
refer to it as the symmetrlc quark- model. The planar-diagram ‘model,
on the other hand, posesses ‘some ncn-symmetric states as well. The
presence of one ‘such state, the £ = O Z~ has already beén p01nted
out by Mandula, Rebbi, Slansky, Weyers and Zweig8. While the symmetric
quark model 1s preferable in this respect the planar-diagram model
is not in definlte‘contradiction with experiment,\since the =0 Z~
isionly weakly coupled and may simply apéear as a contribution to the
~continuum.. We shall discuss such an 1nterpretat10n in Sec. 3‘,

The planer-diagram model is simpler than the symmetric quark
model in regard to the spectrum of resonances on the leading trajectory.
As has been shown .in Ref. 5 and 6, the leading trajectory in a planar
Aveneziano amplitude has no "orbital?ddegeneracy,vthough there will
of course be a degeneracy associated with the spin and unitary-spin §
degrees of freedom. The extra degeneracy associated with the exotic .
resonances affects only the subsidiary trajectories, and no trajectory
is infinitely degenerate. Is non-planar.Veneziano aﬁplitudes, ihe
resonances on the leading baryon trajectory are degenerate, and the

degeneracy increases with the angular momentum. The spectrum of
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resonances on the léading baryon trajectory of our symmetric quark
model is iaentical to that of the non-relativistic quark model,
where the degeneracy also increases with the angular moméhfﬁ%.9 .

The meson-baryon coupling constants in the plgnar-diaéram model
are two—thirds as large'és iﬁ the symmet:ic guark model. Avconvenient
compafison of the BEM and MMM'_céﬁplingrconsténté.may be made on the
basis of the coupling with the neutral vector mesons. We showed in T
that it was possible to adjust a single parameter in such a way that

the coupling constént of the vector mesons to the other mesons was

universal, and we can treat the BBEM vertex in a similar manner. On

'comparing the BBM and MMM coupling constants, wenthen find that the

symmetric quark model“gives fesults in accord with vector'meson
universality, while the coup;ings of the vector mesons to the baryons
in the planar-diagram model are too small by a féctor % . |
Thevmodels constructed in I-an@vin Secs. 2,3 and 4 of the
present paper possess exact SU(B) 'symmeﬁry. A convenient.method
of introducing symmetry breakiﬁg is to assume that the ;ntercept of
the leading trajectory is a polynomial functiqnz‘notvOnly of_the total
quark number, but of the nnﬁﬁér of strange and non-strange quarks
separately. Thé resﬁlting forﬁuia for the mass splitt;ng resembles'
the GellfMann—Qkubo fo?mula withouﬁ theiterm responsible for the XA
ma.ss differenéé. If we assume that the intercept is a quadratic

function of the quark models, our formula differs in detail from the

Gell-Mann~-Okubo formula. It contains an extra parameter; but we aré

able to fit the baryon and meson multiplets with a single formﬁla,
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whereas the usual Gell-Mann—OkubO-formula involves the masses of the
baryon multiplets and the squares of the massés of the bseudqfscalar
octet. It is also worth poihting out that our-présént derivationydoes

not depend on the smallness of_the su(3) symmetry breaking.

Uy
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TI. EXOTIC RESONANCES

The genefal'principles of the.model are the same aé those
applied to meson trajectories in I. iFor mesonébaryon scattering we
shall have the processes represehfed by Fig. 1(a) and its crossed
diagramband by Fig. 1(b), ﬁoésibly togeﬁher with further pfocessés
representedvby non§planér diagrams which we shall discuss in Sec. 4 .
In momentum space the diagrams correspond to multi-particle Venéziano_
amplitudeslo with the external particleé in the same cyclié order as
in the diagrams. From such multi-particle amplitudes one can factor out
meson-baryon amplitudes with external particles of any spin. The lineé
in Fig. l_also repreSeﬁt delta functions in spin and unitary spin. . The
coﬁpling therefore ‘has the form originélly proposed. by Cappsll and, in
their internal degrees of freedoﬁ, the diagrams are the duality

13

:diagrams used by Harari,12 by Rosner,

by Matsuoka, Minomiya and -
14 '

Sawada,” ' and, in a rather different form, by Neville.l’

The diagram for béryon anti-baryon scattering is shown in
Fig. 1(c); there will be & similar diagram with the s- and t;
channels interchanged. It will be noticed immediately that the
resonances in the +t- . channel are exdtig mesons éonsisting of two

3

éuarks and two anti-quarks. Rosner was the first to drawAattention
to such exotic mesons, and their presence‘is a necessary feature of

our model.. By viewing Fig. 1(c¢) from the s- channel,'wé can see that
it 'must be present. The intermediate State is then an ordinary meson,

and the BBM coupling is required for consistency with the meson-baryon

amplitude.



8- . "UciaL-19327

One can employ similar reasonlng to prove the existence of
exotlc baryons consmsting of four quarks and one anti-quark. A
dlagram for the process _BEB - BEB is showr in Fig. l(d). Such a
diagram must be present“in'order tobrepresent the seqnehce'of ex-
changes shoﬁn in Fig. 2; The resonances in %the t-channel of
Flg. 1(d) are the exotic baryons under dlscu551on. It is evident that
exotlc mesons and baryons w1th an arbltrarlly large number of quarks and
anti-quarks are present in' the model. This type of reasonlng leaves
open the question of the ex1stence of resonances with a net quark
number greater than three.

..We have pointed out that a model with an'infinity of:meson end'
baryon resonances would be completely unacceptable unless the massesvof
the resonances increase with ‘the total qpark'humber. We now wish to '
1nvest1gate the factorlzatlon properties of our amplitude when the
1ntercepts of the tragectories depend on the total quark number, and to
prove the results already quoted in the introductlon.

We begin by restricting ourselves to planar amplitudes.:
Figure 5.represented a general'diagram for such an amplitude, aﬁd we
are iﬁterested iﬁ ﬁhevfactorization properties when the‘diagram is
divided by the dashed line. As in Ref. 5, we write tr;é Veneziano
integrand in the forﬁ: |
H H (1w 5. yk)'sik' T5541, k1 F Sy, ke Si+1,k:,
i=1 k=j+1

(2.1)
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where
weul L | (2.20)
i =By ctVy g is2sdr . (2.2v)
'yj = 1,‘yl’= 0 | - T . (2.20)
%=“que°”%,k.j+2535?4 | '»_(22®
Yyp1= L yg=0 , 3 . _' (2.2¢e)
Six = aik(sik)‘ if | k >i+1 ‘ 1 (2.2f)
5557 %+, =% o - (2.2g)
s, % 1,3~ "1 - | | o (2.2h) -

We have used the notation of Chén and Tsou;o for the u's. The
subscripts i k refer to the channel with particles  i to k in
clockwise order round the diagram. Il and 12‘ are the.Veneziano
integrands associated with:the two halves of the diagram.

In units fo: which the slope of the trajectory is unity, we
may write: |

S = 8 + b

sk T By YOy K21+l | | (2.3)

where vbik is the intercept of‘the Jeading trajectory in the channel

ik. We supplement (2.3) with the further definitions:

2 (2.ha)

b, =1 . —_— ' (2.4b)
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The gquanity p? in (2.ha) is the mass of the quark, so. that bj ;
. . ' 2

and b are defined asfthe intercept which a trajectory would

J+1, g+l
have it the mass of its lowest member were equal to the quark mass. We

may then write {(2.ka) as:

- oW | |
. : ' ~2p, P, + €, :
I=1I,I, II ,II (1~w yiyk) -4 .k coik s (2.5a)

l . .
i=1 k=j+1
where
i 7 Pk Pia1, k-1 TPt k-1 TP (2.5b)
If all the intercepts are the same, so that all the -quantities
.} ) .. - . \ ,
b,, are zero except bj+l,j’ it follows from (2.5b) that all. €'s

are zero except € The expression (2.5a) thus has the

3, 3417 |

factorization properties describéd in Refsf 5‘and 6. If the e€'s
are not zero thé_factorization properties becdme more complicatea,and;;
unless restrictions éré impoéed on.thev E'S, the residue‘at é poié
cannot be written as a finite sum of.faqtoréd terms at ali.

We now assume that the intercept bik is a polynomial
function of the totai quark numbef and, to begin,\we éhall_sﬁppoée
that it depends linearly on the qpark number. Mést of the €'s are
then.equal‘tO»zero. Let us.examine.fhe‘channel_ £p, .for_insténcé'

(Fig. 3). If we denote the total quark number by v, we may write
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~with the line 1N,  since the factor: (l—wylyN)
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2 .

Vip 3 Vo1, p-1 " 3 Vo, p-1 " o2 V13+1, D
(2.6)
As.long &s b, depends  linearly on v, it follows from {2.5b)

and (2.6) that €pp = 0. Ve may treat the majority of the variables

‘e, ina similar way. The points i and k will be on the right and

the left of thé diagram respeétively, aﬁd let us imagine a dotted

x ~ Vid1, x

will
be equal to * 1 according to whetﬁér the quark linevdrawn-to'the_»

point i crosses this dotted line or not. .Exactly the same rule
,k-i Q'Yiél; k.1’ SO that

€ given by (2.5b), is zero.

ik’ _
The only €'s for which this.reasoniﬁg falls are the quantities
such as €mq (rig. 3), where the-pointé ‘m and g are Jjoined by a

qark line., In that case f " : _ - L

[

Vig = 0> ”m+1, a-1 " 0 vm,q~l;='l’ vm+l, a” L

(2.7)

and emq is not zero. Thus, in Fig. 3, only two of the €'s are non-

zero, €. . . and € ., These two €'s correspond to the two qparki

DR P L mq T , ' |

lines which cross the diagram from left to right. ‘No € 1is associéted
"2P Py * €y

is absent

by virtue of (2.2c) and (2.2e). The quantity e is non-zero

3+l

even if the intercept of all trajectories is the same, but the other
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non=-2zero ¢'s such as__emq' are new feafurgs of'quf presenﬁ model.
Thé number of non-zero re's is equal to the number of quark lines
crdssing the diagram besides the top 1ine or, in ofﬁer words, to the
“total qﬁark number of the channel minus‘oﬁe.
We bbservedAin géf.§5 thét.ﬁhe te?m €53 f 1 ‘iéAthe

exponent increased the degéneracyvof the reéonancés, ahdfgny other
non-zero € ﬁill have a similar effect.. As lohg as/the'number of
non-zero €'s. is finite and indep?naéﬁt of the number of eXtefnél
lines,.we may e;sily répeét the reasoning of Ref; 5 and 6 to show that
-the residue'at-gaCh pole is equal to.fhe sum of a finite'number of
factorizablé;terms. The resonaﬁces 6n fhe leading trajeétory will be 

non-degeneraté, but the degeneracy of all other resonances will

increase with the number of non-zero e's. - In ordinary-meson channels,’
. ) s

where the total quark numbér is tWO; thé only'non-zéro »e is ej;j +1
so that the degeneracy of the resonanpes'is.exactly thé‘samevas‘in a
model where a1l leading trajéctories have_the.éame intércept.: The
degénéracj of the resonances in other channels-will be-aniincreasing
function of the total qﬁérk number.. |

ﬁe turh next to the case where the intercept bik' is a

quadratic function of the tdtal quark number.

Thus

2 . ,
by = (a vik) B Vi vy - : (2.8)
For later reference we may generalize 6ur,formula to systems where we

have several different quarks, e.g. strange and non-strange quarks in .

‘a model with broken SU(3). Equation (2.8) then becémes:

>



rr,ik

. | - "bik_:<§ arvr,'ik> * BV vy (2.9)

where v is the number of guarks of type r in the channel ik.~

r,ik
For simplicity we shall linit our investigation to the
3s

spectrum of ordinary mesons., The only lines which pass from the left

to the right of Fig. 3 are then the top and the botton lines. The

N

channels ik may be divided into four classes as shown in Fig. b(a)-(a);
the number of vertical gquarks lines in arbitrary. In the Tirst case

(Fig. 4(a):

€. = % o . + é Loy o+ ; e e
ik <’ rvr,,lk_)2 : Brvr,lk 7 <. Orvr,lk CYi o'1:«: :r
3 -7 )
: r r '

_ , . 5
- Y/ o BVrax T B T Bt Y- < OVy ik T % >
r r :
- - " 5
- + - - - - -

— Prie, e Py 77 ( Ve, 1k ak) E ':sr?r;ik R

T ™ : K T . ’
i» i'e‘J
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Ihe parameters_ ai, qk, Bif Bk represent .ar an@_Br for ﬁhe quarks
in the external lines i and k. With the configuration shown in
Fig. 4(b), one again obtains the result €k #‘2“aiak, With Figs.

h(c) and 4(d), e, = -2 dia . We may therefore write the general

ik k

equation

€ = .2 eiai equ qnless i=jand k= j + 1 ,

i (212

where € is equal to ;+l if the quark leading from the external
line 1 goes towards the top of the diagram, and equal to =1 if the
quark does towards the bottom of the diagrém. _

As in all previous examplés, the value of = € whén
i=Jjand k=] + 1 will not bé'given by the equatioﬁ valid.for
other values of . i and k.: | o

If we substitute (2.11) in (2.5a), we obtain the equation

3N : 5 1
. : -2p.p, + 2€.0 € O '
_ _ itk i"ikk €
r-nr, [ I Gwyyy | (10,
C i=1 k=341
(2.12a)
where
|'.
€ = € . (2.12p)

L sy 260 €. Ql
SPRASS 73 g+l i+l

We may rewrite (2.12a) as the exponential of a. logarithm so that it

becomes;
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ﬁls

g ) <Z (D)

k=J+1

<ZU W )T} e

k=j+1 -

On expanding the exponential in (2.13), we notice that the coefficient

- of W is'indeed‘equal to the sum of a finite number of factored terms.

As the second term within the square bracket does not involve the scalar

'producf P 5 pj, it does not contribute to the leading trajectory,

which remains non-degenerate. The term in question does contribute

to the éubsidiary trajedtories, so that the degeneracy of the spectrum

is gréatér than in a modei where all trajectoriesvhave the same intercept.
One may treat more complicated cases in the same way. If the

intercept is a poiynomial function of the total quark number, the

degeneracy of a particular resonance will increase with the order of

the polynomial and with the total'qﬁark number of the resonance. All

resonances are finitely degenerate, but the degeneracy of even the first

subsidiéry ordinary-meson trajectory increasés indefinifely with the

order of the polynomial. One would therefore expect the intercept to

be a polynomial of low degree in the total qparkvnumber and, as we

explained in the introduction, the optimal choice_ié avqpadratic

function if we demahd that there be no infinite family of highly exotic

stable particles.



S o | UCRL-193%27

We may easily generalize our results to'the two-quark channels
of a non-pianar ampiitnde. It has been shown in Ref. 7 that the
factorlzatlon properties in such channels are the same as those of
planar amplitudes. We had assumed that all traJectorles had the
same 1ntercept but we can easily prove a. 51mllar theorem 1n a model
‘where the 1ntercept depends upon the total qpark number. - All
:results obtained in th;s sectlon for the factorization properties of
_tyo—quarh4channel are therefore true in models with planar'and
non-planar diagrams.'

If the 1ntercept of ‘the leadlng traJectory 1s a qpadratlc or
hlgher polynomlal in the total quark number, we cannot predict the
masses of the exotic mesons. }The masses of ‘the ordlnary mesons and
baryons only give us two points. w1th whlch to determine the
coeff1c1ents of the polynomial.. If the quadratic term were absent
we would obtain a mass of 1.6 - 1 8 BeV for the exotic mesons with
a total quark number of four. The qpadratlc term will 1ncrease this
value, since it must be negatlve in order that the mass of the hlghly
exotlc ‘resonances be an 1ncrea51ng function of the total quark number,

| With a suff1c1ently large quadratic term, the exotic mesons will
have a considerable Q-value for S-wave decay into ordlnary mesons.
They may therefore be too broad to. appear experlmentally as resonances..
In our present modelthere is no coupllng between one exotic meson and |
two ordlnary mesons, but the llnear-trajectory dynamical soheme'is only
to be regarded'as a weak-coupling approximation to nature, and the

coupling in question w1ll occur when we improve on the approximatlon.
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ITT. THE PLANAR-DIAGRAM MODEL

In this and the fOllowing séctiohcwe are interested in the

symmetry properties of multi-quark states and, in particulér, of

- three~quark states. One may construct two models with different

symmetry properties, . Iﬁ the present séction, we shall exéﬁine a
model with only planar duality diagfams. |
The scattering of'ordinafy mesons and baryons will involve

the duality diagrams of Figs. 1{a) and (b), tﬁgether with the same two
diagrams drawn upside -down. If s and u are the meson~baryon channels,
t the meson-meson channel,vthé> st and tu terms will correspénd'to
Fig. 1(a), the su term fo Fig. 1(b). The even orbital-angularm
momentum states in the s-channel will be-given by the sum éf Figs. 1(a)
and (b), the odd orbital-angular-momentum states by their difference.

| We observe that Fig. 1(b) may bé obtained from Fig. 1(a) -
by interchanging the top and bottom quarks on thevrightmhaﬁd side,

followed by twisting the entire right-hand side through 1800. The

last operation does not affect the meaning of the diagram in any way,

so that the twd diagrams Ere related to one another by interchanging a
pair of quarks in the final state. It foilows that the purely
anti-symmetrical state and thg purely symmetrical state will be

absent from the even and odd orbital;angularamomentum. trajéctéries
respectively. The even orbital—angular-momentum tréjectories will
possess symmetrical multipléts and‘multiélets of mixed syﬁmetryvor,

17

in SU(6), the 56 and 70  representation. 0dd angular-

momentum trajectories will posses multiplets of‘mixed symmetry and



-18- UCRL-19327

anti-symmetrical multiplets or in SU(6), the 19 and 20
repnesentations. The 20 will of course net contribute to meson-baryon
scattering. ‘These resnltS'have been obtained by Mandula,‘Rebbi,
Slansky,-Weyefs and Zewig.8 h .

A more detailed analysis shdws that.the ampiitudes represented

by Figs. 1(a) and (b) involve the 56 and the 70 in the following

proportions:
Fig. 1(a):  °  15.56 +16. 0 (3.1a)
Fig. 1(b): S 15.% - 8. 19 (3.1b)

We conflrm that the amplltude for states of odd angular momenta, whlch
is obtalned by subtractlng (5 1b) fromf(B la), is.a pure Q. States
of even angular momenta involve the zé 'and_the.zg in the ratio 15/k.
' The existence of the ZQ multiplet in trajectories of even

orbital angular momentum’ represents a difference between the planar—
dlagram model and the non~-relativistic symmetrlc quark model. The '
: spectrum of our present model is not restricted to states which'are
symmetriC’in the spin, unitary-~spin and orbital degrees of freedom of
the éuarks; No 70 multlplets with even angular momentum have been |
.observed in plon-nucleon phase shift analyses. Before we -dismiss the
planar-diagram model out of hand, however, we should investigate possible
changes which may oeeux when we improve on the nerron-fesonence |
approximation.

The'linear Regge trajectories will acquire ; curvature as the

coupling is turned on. If the forces are attractive, the curves of

&
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'Re o against s will move upward from their poéitions in the Born

approximation, just as in potential'bheory. Since the weak-coupling

linear trajectories are inclined at hSO'to the horizontal, this upward

movement will be accompanied by a movement to the left, and the Gg-value

for a resonance with a given angular momentum will be decreased. The
most strongly bound particles or resonances will therefore lie in the
channels with the strongest attractive forces}, We may go further and

make the interpretation that the resonances on a trajectory which is

not moved a substantial distance to the left by the coupling will be so

wide that they appear experimentally as part of the continuum. _The

* dynamical scheme will now have the property, expected in a bootstrap

model, that particles or narrow resonances exist only in those channels

where the attractive forces are sufficiently strong. We actually used
such an interpretation in I, where we assumed that the'V' and H' dié
not cofrespond torpartiéles or harrow resonances, and that no DArrow
resonances exsisted on repulsive trajectories.

We have seen that the attractive forces in the 70 - even ~ £

-channels are indeed much weaker than in the Zé - even - £ channels;

the squares of the coupling constants are in the ratio h/lS, We may
thefefore assume that the forces in. the 10 - even =~ £ channels are

The S-wavevstates in

not sufficient fo produce narrow resonances.
such channelg‘would correspond to the li, 13 and 31 states ofAthe
pion~-mucleon éystem. fhe latter two have not been observed at an
energy below 1.8 BeV. The prominent 11 Roper resonance is usually
assigned to the second trajectory, .and we are not proposing to change

that assignment. If the resonances in question had approximately the

-
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same energy as the L=1 vresonanées‘they could easilyvescape detéctibn.
Their eoubling to the nN system woﬁld be aboﬁf one-third asvgreat as
that of the £ 41 resonances. On the other hand, if their partlal
w1dth for decay into the N mode is estimated from that of the Roper
resonance with the appropriafe phase~space correctlon, it is found
that their total width would be 3oughly comparable to that of the ‘
£ =1 resonances. |

A second difference between the planar?diégram model and the
hon«relativistic>qpaik modeiflies in the nature of the spectrum of
resonances with higher angular momentum. In our present model, all
resonances on the ieading tfajeetory are non-degenerate in fheir orbital
degrees of freedom. The degeneracy of;:esonanees on non—leading
-ﬁrajectories depends on the total quark numBer, but no trajectory is
ihfinitely;degenerate.' In the non-feletivistic harmonic-osciliator
quark model the degeneracy of the resonances will agaih depend on the
total quark number, but ﬁow the resenahces on the leading trajectory
‘.will be‘degenerate if'the total qpérk nuﬁber is‘greater fhan two; the
degeneracy will be foughly proportional to the (v-2)th power of the
angular momentum. | |

" From the duality diagrame of Fig.vl one may immediately

constfuct diagrams for the vertices. Thus, from Fige. 1(a) and 1(b),
one can infer that the B§Mr Vertex is given by the sum of Fig. 5(a)
and 5(b). From Figs. l(c)rone infers that the Yertex which couples
an exetic meson to a baryon anti-baryon pair is.given by>the sum of

Figs. 5(c) and 5(d). In general, by referring to Fig. 1(d) and
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more complicated diagiams, one may conclude fhat any exotic baryon or
meson is represented by‘a diagram such as Fig. 6, where the top two
quarks have their arrows pointing in'the same direction, following
which all arrows alternate until‘the'bottom two quarks again have their
arrows. pointing in the samgvdiréction.- The.vertex,between any three
particles can now be drawn as in Figs. 5(a) - (&), with no lines
crossing. Each verteﬁ'will conSist of the sum of_two terms withr
different cyclic ordering of the three particles. thévthat it.is
;mpossible to.draw a vertex such'as.Fig. 5(e); at legst one quark line
mist pass beﬁween éﬁy pair of particles.

For-procesées Where the number of baryons plus anti-baryons
exceeds foﬁr, half of the diagrams will occur with minus sign owiné
to the férmi statistics of the baryons.. A particular diagram can be
choseﬁand givén a plus sign; any diagram obtained from the selected

diagram by interchanging an odd number of baryon pairs or anti-baryon

" pairs is then given a minus sign.

One may construct more complicated models which possess the
exotic mesons and baryons'just discussed, tbgether with exdtic mesons
and baryons where'more than two adjacent Qpark lines have their arrows
in thevsame>direction. Fér instance, one can have—é model where states
of baryon number two exists in the narrow-resonance approximation. The
method of constructing the diagrams is sfraightforward.:

An important feature of the planar-diagram model 1s that it
does not possess vector-meson universality. The ratio.betweén the

different MMV vertices and between the different BBV vertices is in
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accdrd‘with vecfor-meson universality, provided‘one fiieé certain :

' mixing parameters ss.has been explained in I. However, the ratio
between the BBV vertex and the MMV.Vertex is-two“thirds of that
predicted by vectof-meson uniﬁersality, -since the meson in Figs. 5(a)
and_(b) cannot 1nteract with the mlddle qpark of the baryon.

In summary, we. may mention the follow1ng three features of
the planar—dlagram model

i) The baryon fregectorles of even orbltal angular momentum
possess a ZQ multlplet as well as a 2~ .

vii) The resonances on the leadlng trajectory have no orbital
degene;acy, as opposed to the states of the hsrmonic—oscillator qpark
modei.

iii)- The model does not possess vector-meson unlversallty, since
the meSon can only interact with ohe two outer quarks of a multi-quark
particle.

Though poiht i) may be'regarded as avdrawback of the model, we have
seen that it does not necessarily imply that the model should be regected

With regard to point (il), the degeneracy of the higher resonances on
.the leading trajectory has thus far received no experimental support
and we may therefore prefer our present model to the harmonic- 0801llator
model on the grounds of simplicity of the spectrnm Point 1ii), 1like

-p01nt i), may be regarded as a drawback of the model since vector-

. meson unlversality is an appealing feature which may p0531b1y ‘be

helpful in constructing a representatlon of current algebra. However,
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since our model in its present form cannot make exact quantitative
predictions of coupling constants, we should not regard the violation
of vector-meson univérsality as strong experimental evidence against

the model.

By including non-planar as well as planar diagrams, we can

construct a model which possess only symmetrical three-quark states on

the leading trajectory. It therefore agrees with the, symmetric
narmonic-oscillator model in points 1) and ii), and it does possess

vector-meson universality. We turn now to a discription of this model.
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IV. THE SMMETRIC QUARK MODEL

If all the baryon states are to be symmetric 1n the three

‘quarks, it is necessary that a qpark in an 1ntermed1ate state of a
~ scattering process should be abile to g0 1nto any quark in the initial
-or flnal states. For meson-baryon scattering one would therefore expect

.'e-diagrams such as Figs. T(a) and (b) as well es'Figs. 1(a) and (b).
There are fifty—four diegrams in all, since each. of the three quarks
of the initial and final nucleon may annihilate Wlth the
 anti- ~-quark of the meson and, in addltlon, the three quarks Wthh pass
from the initial to the final state may do so in six possible\ways.

According'to the principles of the relativistic qpark nodel,
each duality diagran ;s associeted with a'topologically simiiar_
‘ﬁulti-particle Veneziano diagram. -Corresponding to Figs. T(a)‘and (b)
we therefore have the dlagrams of Fig. 8(a) and (b), where we have
drawn dashed llnes across the meson and nucleon. These dlagrams
represent the scatterlng of ten ‘external quarks, and they are to be
llnterpreted 1n-the sense of Ref. T; we construct multl-partlcle
Veneziano amplltudes with resonances in those channels for which Flgs.
8(a) and (b) prossess intermedlate states. By factorizing the meson-
. baryon amplitude from the ten-point Veneziano emplitude, we obtain the
amplitude for the scattering_of mesons and baryons of arbitrary spin.

Of the fiftyefourvduality diagrams, the eighteen>where the
quark of the]incoming meson'passesiinto>the quark of the outgoing

meson (Figs. 1(a) and 7(b)) have intermediate states in the s and t
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channels; They therefore correspond to an.st term in meson-baryon
scattering. The remaining thirty-six, such as Figs. 1(b) and 7(a),
correspond to an su term in meson-baryon scattering..

In duality diagrams for processes where'ﬁhe total number of
baryons and anti-baryons exceeds four, some of ﬁhe diagrams will
again occur with minus signs owing to,thé?féfmi statiétiéé of the baryons
or ﬁhe para-fermi étatistics of the quarks. Eaéh quark will be given
a thréemvalued degree of_freedom in addition to its spin, unitary-spin

and orbital degrees of freedom. The three qparks in a single baryon

"~ have different values for this degree of freedom. We insert an extra

minus sign for every pair of crosséd lines between two guarks with the
same value of the new degfee of freedom.

The vertex diagrams.aré obtained by cbmbining the quarks in all
possible ways. Tﬁe meson—baryon vertex will consist of the sum of
éighteen diagrams, since the quark and the anti-quark lines of the
meson may pass into any of the three quark lines of the nucleon, and
the remaining two nucleon lines may pass into one another in two possible
ways. Vertices such as Fig. 5(e) are excluded. In order that the
vertices combine conéistenty in both the s and.t channels to give‘the
duality.diégrams such as Figs. 1(a) and 7(b), it is necessafy to multiply -
all BBM vertices and all meson;baryon amplitudes by a factor %.

Our present model dogs possess vector-meson uniVersality,-be—
cause any of»%he baryon quarks in the ‘BBM vertex may pass into the

b)

meson quarks. The BBM coupling constant is 5 as large as in the

planar-diagram model, there being eighteen vertex diagrams and an -

overall factor %, as opposed to the two diagrams in the latter model.
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We next examlne the factorlzatlon propertles of our amplltude,
and we shall show that the spectrum of resonances on the leading |
trajectory is indeed the same as in the non-relativistic harmonic~
oscillator'qnark model. In thevanelysis of non-piener diagrams given
in Ref. 7, we had shown that the most direct formula had to be
modified in order t0 obtein the amplitudeswith the simplest spectrum »
of intermediate’states. We shall repeat some of the formulas here in
order to exhiblt the relatlonsip between planar and non-planar dlagramsr

| ‘The’ general non-planar dlagram has been represneted in Fig. 9(a).'
All the solldnend dashed'lines in Figs. 8(a) and 8(b).haye here been
represented by solid lines, and we are interested{in the spectrum in
_ phe channel cut 5y the dashed line._'The factorization properties of

the amplitude can be obtained_from an expension of the’Veneziano
' integrand in powers ofriw,‘ the integretion variable corresponding to
‘the'channel in qnestion. If we are only interested in the leading
‘ tragectory, we may drop all but the hlghest power of the angular
momentum for a given power of w. The expansion for the general
unmodlfled nonuplanar amplltude has the form

0 | . .

1,1, Z (n!) (2 PP+ 2 PSPLL-} 2 PPg= 2 PPy~ 2 P P8- 2 P5P2

n=0 ] . . B .

- -2P P8- 2 P,(PQ- 2 P,TPLL)n Amo-l o
' ' (u.l)

where vIl andvI are the Veneziano integrands for the two halves of

the dlagram, and a 1is the traJectory function for'the channel ofv

interest. The P's are defined‘by the.eqnations:
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CRat) el (1.2)
B , ' :

where ydB is the product of the u'g for all left~hand éub—channels
which include the particles of aﬁd 6 if of 1is on the left of the
diagram, or the product of the u's for ail right-hand sub-channels
which include the particles af and 3 if an is on the right of the
diagram.

Let us compare this formula with the corresponding formula for
a planar diagram. Figure 9(b) répresents a genefal'such diagram, the
middle solid line corresponding to the middle guark line of Figs. 2(a)
and (b). The expansion of the amplitude in powers of w has been |
given in Refs. 5 and 6. With neglect of lowest powers of angular

momentum, it has the form

I.1 (a1)"t {2 I S W '5;)

172 1B 718 676 (I (=

n=0 B B
' - n

~ ~ ' ~ n-g-1

o (Vrmt e T ) 7
B B

(4.3)

The variables ; have been defined in Ref. 5, as well as in Sec. 2

of the present paper. We may eliminate the momenta p6 ‘and p_, by

3

using the equations
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to leading order'in the angular momentum. On doing so and making use

of the relations between the u's, " we may rewrite (L4.3) as follows:

‘Z(nz.)'l_-.- 2 (-_-Pl +'P7)(~Pé + PB) g o=l
=0 . { }

| n n-a—l
lgz (2PP +2P7P8-2PP8-2P7P2 s
=O . . . .
(bolt)

where the P's ‘are defined as in (4.2). .Théivariables P, and P5
afe zero for the'diagram under considefation, as there are no terms.in
the summation (%4.2) when r is equal to 4 or 5. We thus observe that
the same formula (4.1) holds for,planér and non-planar diagrams..

In Ref. 7 we showed that one. can obtain a simpler spectrum of

"intermediéte states by multiplying the Veneziano integrand by the function

. |
H<1- g (1.:5)

r } s
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The product is over pairs of momenta from different groups 11 -.. 21,
51 eeo 41 and 71 -« 81 of Fig. 9(a); the variable z . 1is
defined as the product of the u's for all channels which include one

of the particles 1r and s and one of the particles— 3 and6 . In the

modified formula, (L4.1) becomes replaced by the expression

o0

\ -1 - _ _ _
I,I, Z (n!)™" (2 PP+ 2 Ps,PU 2 PTPS PlPu P Pg P5P2 P5P8

=0 |
n _ hn=g-~1
X PP - P7Ph) W
.z ) (a7t E(QP—P‘-P)(EP—-P&P)+'}-v(—P->+2P-P4)
T 712 ° 3 1 "5 77 2 "4 8 3 71 B
' n=0

. 1 .
X (-P2+ 2.P)- P‘8)'+ 3 (—Pl- 13.5+ 2 P,{)(~P2- P+ 2 Pg)}

N X -WnnaQi . | (4.6)

We may also,modify the planar amplitudes by multiplying the Veneziano
integrand by (4.5). The éffect is again to replace (L4.1) by (L4.6).

As in (h,hj, at least two of the P's ﬁill be zero for a planar diagrém.
in a model with only planar diégrams we‘would not modify the formula

in this way, since it results in a complication of the spectrum;,the
leading trajéqtory, which previously had no orbital‘degeneracy, now
becomeé infinitely degeneraté; In our preSéﬁt‘mbdel,;however; we already

have an infinitely degeneréte‘leading trajeétory due to the nén—planar
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diagrams, and we shall now brove-that_the.effect of modifying the planar
amplitudes is to remove the‘ndn-symmétrical_quark states. .
In Fig. 9(a), the three solid lines cut by the dashed line
représeht the transfer of three quarks from the left to the right
of the‘diagrém. Lét us denote.the-quarks on the left of the diagram
by the indices 1,5 and 7, thoée on the right by the indices 2,4 and 8.
. n. :

n n
o 1, R 2 (o 3
| Thg_tenso; I, (2 Py P5 97) ( P+ 2 P5 P7) = ( P, .P5+ 2 97)

corresponds to an initial state where the three quarks are in an
ny th, n, th and n5 th level of the hafmonic-qscillatdr specfrum.
Spurious states are eliminated by the relaﬁion
+ 2 P_) = 0. The curl
1" % | s+ 2.Pq) Y
brackets of (L4.6) may then be represented symbolically by the .

(2 P,~ P~ 97) + (-Pl+ 2 P5— PT),+ {«Pl- P
expression
85 85y Brg o (&.7)

the subscripts on the Krohecker ® referring to states of the
hafmonig-bscillaﬁor spectrum. Since the lines going across the
diagram also represent quark lines in a duality diagram, we may
interpret the subscripts as referrihg to spin and isotdpiééspin indices
as well as to states of the harmonic-oscillator specturm.

Iniaddition to Fig. 9(a), there will be five further diagrams
where ﬁhé groups 1,.5 and 7'are Jjoined fo thé groups 2,4 and 8 in all
~ possible ways. then we take the sum of all six diagfams, (4.7) becomes

replaced by
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(.
o
o
-3
=

1 B58 B2 * 818 O5p Oqy * Buy Bsp Bgs * Byp Bog
+ 818 ), &70 . (h,8)

Tt is evident from (4.8) that the only intermediate states are fhose

which are symmetric in the space, spin and isotopic-spin degree o

freedom of the quarks taken together.

The factor (4.5) will of course modify the meson-baryon
-plluLGCu hich have been factored out of the general amplitude. Ve
discusseéd this point in Ref. 7 and, although we confined our attention
in thalt paper to non-planar dlachVS, the same reas oﬁin applies to

planar diagrams; The st and- tu terms are unaff ec ted by the
modification, and they will be given by an ordina fy beta function.

The su - term, on the other hand, 1s given by the formula:

.2 2
1 | 2( 5+t = M)
ax i_a(s)~1 (l»x)“a<u)'l 1~ x(‘ux)}~ .

3

(4.9)

let us verlLy that the f=0 and £=1 states consist of a pure

Qé and a pure JQ respectively, as implied by the symmetry of the

guark states. The st and su terms will agzain involve the 26 and 70
. . Lavy X av]

in the proportions given by ol
thers zro twice as su i
the dis will give = n




-2 UCRL-19327

difficult to show that the last factor of (L4.9) reduces the residue in-
+the su term by a faétor'%. The multiplet COnStitﬁtion is therefore
obtained simply by subtracting (3.1b) from (3.1a), and the

resonance is a pure 70 .
~ey Y

We conclude with the remark that fhé duélity diagraﬁs which

we have drawn iﬁ Figé..Y and 8 are the?simplest possible non;planaf
diagrams; In gen;ral;vwe_could construct noﬁ—planar‘diagrams Qith

any number of crossed lines, and if is ﬁecessar& that all diagrﬁms be
presgnt in a consistent bootsﬁfap séheme. In Ref. T we confined ogr
attention to diagrams with only one pair of crossed liﬁeé, bﬁt»it would
be surprising if the methods could not be extended to the’general case.
~ We must assume that such an extension is posgible if wé,aré td compiéﬁé

rour scheme in the narrow-resonance approximation.
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V. su(3) SYMMETRY BREAKING

In the SU(3)- symﬁetric'quél which we have e#amined thus fan
the mass of the»lOwést resonance on the.leading trajectory depends only
on the total quafk number. An obvious method of introducing 'SU(B)
symmetry breaking is to make the mass dependrdn the number of
strange'and.non-Strange quarké:Separately. The'octét character of the
mass formula then ariseé naturally out df the theory. One does not
obtain a sufficiently general mass formula by this method; as the
formula for.the mass éplitting of fhe nucleon octet contains only one
term, the’ Z and A having the same mass. It may be necessary to
introduce ahother typé of SU(B) symmetry breaking or, alternatively, the
term responsible for the gA mass dlfference may appear as a higher- .
order effect in the width of the resonances.

Let us assume that the 1ntercept depends quadratlcally on the

total quark number; we have shown in Sec. 2 that this 1s the simplest

~ possible assumption if we are to avoid stable particles of high charge

and strangeness. FromEq. (2.4), we find that the mass of the lowest

resonance on the leading trajectory is given by the formula
s(av +av)?ipv +Byv 4y -~ (5.1)
n'n s's’”  "n'n 5's ’ - S

where -vs and yn are the number of strange and non~-strange quarks. We
may rewrite (5.1) in the form

5 : 2 . -

ns = {anv + (ag - an)vs} + an + (B, - an)ys +7,

R O
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where “v 1is the total quark numbel_'° Hence
2 v o g
b= AV + Bvs,+ c ‘ - - (5.3a) 7

where

A= (o, -a)® (5.30)

B=2 oznv(a's —‘an), + B, - By i §5.3c)

C = o %y +BVH+Y . (5.3d)
n n . ) .

We notice that the conéfént’ A is indépehdent of thé‘multiplet, while
B is a function ofuthe total quark number. If the symmetry-breaking
parameters are small, A will_bé a small quantity of‘second order.

Equation (5.3a) provides us with a mass-splitting formula.
2
2

for the vector meson nonét, where each particle contains a definite

. We may'compare'it directly'with experiment for the spin £ decuplet and
number of strange,quarks. We shall not compare‘the formula wiéh
experiment for the nucleon octet, as the IA term is absené. Thé
mass splitting of the pséudo-scalar'octet cannot be treated rigorocusly '
until have a model where thetézl is not'degenefate with the n'. In
such a model the 7 wéuld not_éonfain a definite‘number of étrange
‘quafks. We shall makg thé assumption, justifiéd-by-the sucéess of
the Gell—Mann-Qkubo mass forumla, that Qné can simply-ﬁdtvvs for the

n equal to its average value of ks

3 -
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We then find that the masses of the three multiplets are

reasonably well représented by the following formulas:

Spin - g decuplet : ue = 0.02 VS? + 0.17 VS + 1.56
Vector-meson nonet : . u2 = 0,02 vsg»+ 0.18 VS + 0.59

Pseudo-scalar octet: u2 0.02 vs2 + 0.20 vy t 0.02 .

il

The formula for the psuedo-scalar octet is the least accurate, since
it would give a mass of 575 MeV for the 1n, as opposed to the
experimental mass of 550 MeV. However, our present formula‘is not
appreciably worse than the ordinary-Gell-Mann—dkubo formula.

If the constant A in (5.3a) were zero, we would obtain a
Gell-Mann-Okubo formula in the squares of the masses, without the
Z~A 'terh. If A= Be/hC, we obtain a Gell-Mann-Okubo formula iﬁ
the masses. By leaving A arbitrary we have one more parameter
than the ordinary Gell-Mann-Okubo formula, but we can fit the three
multiplets under éonsiaeration with a mass-splitting formula of the
same type. The term AVSE is of second order in the symmetry breaking,
and in any case is represents a fairly small effect, but the fit with
such a term is definitely better than that with a simplé Gell-Mann~-Okubo
formula in the squares of the masses. |

Another point worth mentioning is that our formula is not a
perturbation formula in the symmetry breaking, at any rate for the

2 decuplet and the vector meson nonet. We nowhere assume that

spin -

the SU(ﬁ) symmetry breaking terms are small.
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VI. CONCLUDING REMARKS

At first sight our model appears tc differ from the usual
quark models by the presence of exotic meéons of éfbitrérily high
total gquark number. The distinction betﬁeen Qrdinary and exotic
resonances is that the latterAhave a higher Q-value,fér decay across
‘a given centrifugal barrier. It is to be expected of any reasonable
model that poles should occur in all channels of the S-matrix. The
channeis would differ from one another according to the distance of
the poles from the real axis, Our present model may be favored from
the point of view of nucleon_democrécy, since it admits of no difference
in principle between two and three-épark channels on the one hand, and
multi~-quark channels on the other.

Since the total quark number in our model can assumé any
positive igtegral value, it may be of interest to attempt to Reggeize
the quark number in the manner proposed by Delbourgo and Sala.m.lL We
shall nét investigate this point in the present péper, however.

We have left open the question of choosing between the
planar~diagram mbdei and the symmetric quark model. The two models do
not differ drastically from one another in their experimental predictions
and, as neither is meant to be an exact representation of nature, it
may be difficult to make such a choice. The difference between the
coupling- constants provides one obvious possible method of
distinguishing between the models.‘ Using the fact that vector-meson
universality is fairly well satisfied in nature, we might decide in

favor of the symmetric quark model. We should bear in mind the
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limltations in accuracy of our model, however and, in particular, the

model»predicts a ?alue for the ratio gnpm / gﬁ“p whioh is somevhat

smaller than the experimental value. If one compares the meson-baryon
coupling constants with the constant g ém instead of with g

one obtains roughly equally good results with the two models. .The
"experimental” determinatlon of the coupling constant g 00 is of
course subject to some uncertainty,

If the higher resonances on the leading baryon trajectory
turn out to be»complex? we would have strong evidence in favor of
the symmetric quark model. It would be difficult to draw any conclusion
from a failure to resolve the resonances;‘ The degenerate trsjectories
may be so close together that the spacing between the resonances is
small compared to their width, in which case they would appear
experimentallyvas a single resonance. On the other‘hand, the degeneracy
may be broken to a considerable extent, so that the relationship between
the degenerate resonances is not evident. The resonances which are
inoreased in mass by the breakiog of the degeneracy ma& not appear
experimentally as narrow resonances.

It is quite possible that the two models are equally good,
representation of nature.in the narrow-resonance approximation, and
~that the differences between them are of the order of magnitude of
the effects due to finite widths of the resonances. Each model possesses
traJectorles which do not appear in the other, and the symmetrlc qpark
model has a greater degree of degeneracy. ‘The extra traJectorles, and

the breaking of the degeneracy, could appear as higher~-order effects.
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It may even be that the two models are different starting-points which
eventually lead to the same dynamical scheme. We cannot discuss such
questions until we are able to improve on the narrow-resonance v

approximation, however.
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