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and the response comPared to the theoretical predictions of 

Werthamer. In this case, quantitative agreement with the 

theory is generally poor and does not appear to be correlated 

with sample resistance. In particular, the quasiparticle and 

Josephson currents do not see .the same value of microwave voltage 

at the fundamental frequencyw. 
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I. INTRODUCTION 

The steady state currents in asuperconducting tunnel junction can 

be greatly altered when time varying electromagnetic fields are present 

in the ji.lnc"tiotl barrier r~gi6n. On a microscopic scale this phenomena 

I may be thought of as an ineiattic ~unnelingprocess in which one or 

more photons are absorbed or1emitted by thetunheling electrons. On a 

macroscopic scale, the net effect of the inelastie photon-assisted tunnel-

ing process is to modify the dc volt-a~p characteristic of the tunnel 

junction. The :exact form of the modified characteristic depends on the 

spatial distribution, magnitude, and frequency of the electromagnetic 

field and also on the physical characteristics of the junction such as 

its effective area and barrier thickness. It is the purpose of this 

work to describe the results of some low frequency (3.8-4 Ghz) micro-

wave-photon assisted tunneling experiments and to examine in detail how 

the experimental results in this frequency range compare with the various 

microscopic theories which have been proposed to describe photon assisted 

tunneling. 

The tunneling of quasiparticles in the presence of a microwave 

field iSllsually designated as photon-assisted tunneling (PAT). This 

process was first observed experimentally by Da;vem and Martinl and 

later discussed theoretically by Tien and Gordon.
2 

In the Tien-Gordon 

(TG) Theory, the energies of the electrons in the metal electrodes are 

assumed to be varied adiabatically by the microwave field. This varia-

tion of electron energies results in modification of the electron energy 

density of states in one electrode relative to the other, and 

\ ':.-
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this modification in turn affects the dc quasiparticle tunneling current. 

The exact form of the modified quasiparticle tunneling characteristics, 

in this theory, depends only on the 'applied microwave. frequency wand 

the quantity a :: eV/hw, where V
rf 

is the magnitude of the effective micro­

wave voltage appearing across the junction. Quantitative discrepancies 

between theory and experiment have stimulated additional experimental 
. .... 3 4 5 

studies of PAT by Cook and Everett and others.' In an attempt to ob-

tain a closer agreement between theory and experiment, Cook and Everett 

(EC) modified the original TG theory by assuming that the electron energy 

levels in each electrode were modulated in phase with the applied field 
. . 

but independently in magnitude, with the magnitude of the difference in 

electron energies being given by eVrf • The resultant theory agrees more 
. 4 

closely with some experimental data, ,5 especially in the limit of high 

microwave frequencies (~ 40 GHz),but is difficult to justify theoretically 

and does not predict the exact form of the measured current voltage (I-V) 

characteristic when large fields are present. 
. 6 . . 

The interaction of an applied field with the Josephson tunneling 

currents can also produce a modification of the dc I-V characteristic. 

This effect was predicted by Josephson in his original theoretical work 

on super current tunneling6 ,7 and subsequently semiquantitative experi­

mental agreement with theory was obtained by Shaprio. 8 The coupling of 

Josephson currents to an applied rf field is complicated by the presence 

of self-generated ac fields and by the basic nonlinearity of the govern-

ing equations. However, the response of the Josephson current should 

be correlated with the quasiparticle PAT response, as both have a 

functional dependence on a as Vrf is varied, and this correlation pro­

vides a basis for extracting information about the detailed nature of 

the interaction of the Josephson currents with the electromagnetic .fields. 
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We. have made a series of detailed photon-assisted tunneling measure­

ments utilizing microwave electric fields with "low" frequencies (3.8-

4.0 GHz); i.e. frequencies such that w/e is much smaller than the voltage , 

corresponding to either the .. sum of the electrode energy gaps, (L\ +~) or 

the voltage width of the tunneling current rise at this voltage. 

These measurements with Sn-SnO-Pb and Sn-SnO-Sn high vacuum evaporated 

thin film tunnel junctions are the first detailed experimental study 

of photon assisted quasiparticle tunneling using low microwave freqaencies 

and a wide range of values for the parameter~. Our results are in good 

agreement withthe theoretical predictions of Tien and Gordon when our 

junction resistances are ~ 1 ohm. Using the single adjustable parameter 

ex, an ex.cellent detailed fit can be made to the theoretical power depen-

dence of the tunneling current as a function of bias voltage for a wide 

range of microwave power levels. Systematic deviations from the theory, 

which are observed for lower resistance junctions, can be explained quanti-

tatively by a lumped circuit model which includes the effects of junction 

capacitance. Similar studies of the interaction of Josephson currents 

with the rf field show much worse agreement with theory. In particular, 

values of ~ derived from the quasiparticle tunneling data do not corre-

spond to those necessary to fit the rf power dependence of the dc Joseph-

son current. 

In the next section of this paper the basic properties of super-

conducting tunnel junctions are reviewed with emphasis on the properties 

of thin film junctions. The theoriBs of photon-assisted tunneling are 

discussed in Section III and the details of the experimental measurements 
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are described in Section IV. Experimental result.s and comparison with 

theory are presented in Section V followed by a discussion of these 

results and our conclusions in Section VI. 
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II BASIC PROPERTIES OF JUNCTIONS 

A. Qua~siparticle Tunneling 

Evaporated tp.m tunne;Ling junctions are composed of t.wo riHatively 
o 

. thick (~ 1000A) metallic strip electrodes separated by an insulat.ing 
o 

barrier 10-30A thick formed by oxidizing t.he bottom strip prior to 

deposition of the top electrode. The homogeneity and durab'ility of the 

oxide barrier depend critically on the nature of the electrodes and t.he 

manner in which the oxide is formed. Using proper techniQues,9 it is 

possible to form barriers·of a quality sufficient to reduce the ratio of 

non-tunneling current to. total current to < 10-3 . For many purposes, the 

evaporated film junction maybe analyzed theoretically as two infinite 

bulk electrodes separate by a uniform potential barrier through which 

the electron tunneling current· can flow.·· 

This basic model was first applied to superconducting tunneling by 

10 
Giaever and Megerle who derived an expression for the quasiparticle 

current using a semiconductor junction type of single particle tunneling 

11 
model. The Giaever expression for the current as a function of bias 

voltage is 
I = 

00 

f Nt (E-eV) Nr(E) [f(E-eV) - feE)] dE, 
-00 

( 1) 

where feE) = [exp (E/kBT) + 1];1 and Nt and Nr are the energy densities 

of states on the left and right hand sides of the barrier measured 

relative to the density of states at the Fermi energy. G
NN 

is the 

normal state conductance, given by the formula, 

G· = NN 
(2) 
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where p~ (0) is the density of states at the Fermi energy, A is the x., r 
junction area, and T is an a.yerage tunneling matrix element 12, 13 which 

is proportional to the one electron barrier penetration probability and 

assumed to be constant. In the BCS constant energy gap model, the reduced 

. f' i . b th . 14 'denslty of states unctl0n s glven y "e expreSSlon, 

N. (E) = 0 lEI < 1::., 
1 1 

= IEI/(E2 _ 6. 2)1/2 lEI > 6.: 
, 1- 1 

where i = 1, r, and 6. is the temperature dependent BCS energy gap 
1 

parameter. Equation (l),together with the density of states factors 

given by Eq. (3), predicts quite accurately the major features of the 

temperature dependent I-V characteristics of superconductor-insula tor-

normal (S-:-I-N) and superconductorl~' -insu1ator-superconductor2 (8l -I-82 ) 

junctions. Examples of normalized I-V characteristicsflltlr a Sn-I-Pb 

and a 8n-I-Sn junction are shown in Figs. (la) and l(b) respectively. 

The major features of the I-V characteristic are a cusp like peak at 

V = 6 2 - 6 1 (for a junction composed of non-identical, supercond1il.ctors) 

and the discontinuous jump in the current at V = ~+~. ,The'8
2 
:".6.i~peak 

is the:oi:e'tica lly 8) l:oga ri:t;hmicSlngi11.arity:}5. whirl!1 the curr~nt "jump' at, 

6"+6 ,is pre-a±eteli to have magnitdde, 
1 2 

51 = (rrGNN/4e) (6
l

(T) ~(T))1/2 [tanh (61(T)/2kBT) 

(4) +. tanh (~(T) /2k
B
T)] 

Both the peak and the discontinuity are consequences of the square root 

singularity of the BCS model density of states at E=6. In models with a 

continuous density of states function 

rounded and the slope of the I-V curve 

the cusp at 6
1

-6
2 

will become 

at ~~-6 will be finite. 16,17 
. ~ 2 

.. 

''f,. 

.,. 
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In actual junctions, the cond~ctance, dljdV at V =61+62 is alwa~ 

finite, and typically has a value, dI/iV(.61~) ~ 15 GNN• Figures 10 

and 19 show examples of actual I-V characteristics for a Sn-SnO-Sn and 
. ".\ 

Sn-SnO-Pb junction respectively compared to the predictions of the BCS 

model as calculated from Eq. (1). In each of the figures the curve 

designated I;(j)(V) represents the measured I~V characteristic. At 

sufficiently low temperatures such that .61(T)~ ~(o) and ~(T)~ ~(O), 

where 6. (0) and 62(0) a.re the zero temperature energy gaps, the width 
1 . 

of the current increase at V = 6.1~ is typically 5V 

Althought this width is often attributed to "thermal s~earingll, measure-' 

ments by Giaeve~and Zavaritskii
18 

at temperatures down to 0.1 Ox have 

shown that the width does not decrease with temperature a.s one would ex~ect 

for thermal smearing effects, but instead remains constant for temperatures 

below which the energy gaps nearly equal their zero temperature values. 

Various mechanisms have been proposed to explain the width of the 

current rise at V = (.6
1 

+.62 ) j(~ in the tunneling characteristic. In an 

early study of quasiparticle tunneling by Townsend and Sutton, 19 the 

foll~wing rr:echanisms were proposed to explain the width: inhomogeneities 

and strains in the superconducting films,quasiparticle and electron­

phonon lifetime effects, and anisotropy (~ dependence) of the super­

conducting energy gap.~ ,A.n}f or all of these effects could in principle 

modify the BCS density of states in such a way as to introduce the fi-

nite width at.6:i.+6~. We shall discuss each of these effects in turn and. 

compare previous experimental results for energy gaps and widths of vari-

ous types of junctions with our own results for Sn-SnO-Sri and Sn-SnO-Pb 

junctions. 
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Inhomogeneities or strains in the electrode surfaces could cause 

variations in impurity concentration or density to occur over distances 

large compared to the cohe'rence length, ~O. These variations would in 

turn lead to regions of varying transition temperature and energy gap 

in the metal films. The net current would then be the result obtained 

by averaging Eq. (1) over the area of the junction. If inhomogeneity is 

an important contributor to energy gap smearing, then it might logically 

be expected that measured I-V characteristics would vary from sample to 

sample, and that the value of the average gap and its width would be 

strongly dependent on conditions of sample preparation. Significant 

variations in the average gap have in fact been observed in junctions 

with aluminum16 ,18-21 and niobium19 bottom electrodes, although some of 

the spread in reported values of the energy gap for a given material 

must be attributed to inequivalent methods of determining 6. from experi-

mental I-V graphs. We have used a method described by McMillan and 

Rowel1
22 

in determining experimental values of 26.Sn and 6.pb+6.Sn ' and 

have found less than 1% variation in zero temperature g~p values for 

all JUnction which showed well defined quasiparticle tunneling char-

acteristics. There was also no noticeable variation in the shape of 

the I-V curves from sample to sample in the region of the maximum 

conductance. From this evidence we are led to the conclusion that 

strain broadening of the gap, while possible, is probably not respon-

sible for the energy gap smearing seen in Pb and Sn films. 

If electron-phonon lifetime effects were important mechanisms for 

energy gap smearing we would expect to observe a strong temperature 
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dependence in the broadening because the average.number of phonons present 

is a rapidly varying function of temperature near T = OOK. No temperature 

d!3pendence of the gap width is in fact observed after the temperature de-

creases to a value such that T/T < 0.36 (where :6(T)/:6(¢» ~ .99). It 
, c 

'; '; 

is thus unlikely that this mechanism is responsible for :6 broadening. 

When lifetime effects are included in the BCS theory the quasiparticle 

energy l,evels, Ek, will be broadened by an amount 6Ek - fi/Tk, where Tk 

is the lifetime of the state associated with wave vector k. Recent 

calculations by Scalapino and Taylor23 indicate that these lifetime effects 

are not large enough to explaJim the :6 width which is observed in nuclear 

spin relaxation measurements, and which is comparable in magnitude to 

that seen in tunneling experiments. We are thus ·left with gap anisotropy 

effects as the most probable candidate for the dominant mechanism 

causing broadening of the width of the current junip at the gap edge. 

Wave vector dependence of the energy gap was predicted by the original 

BCS theory and is thought to be consequence of both Fermi surface and 

phonon spectrum anisotropies. A film composed of crystallites with 

linear dimensions greater than the coherence length ~O might be expected 

to show behavior characteristics of a distribution of gaps centered about 

some average value. The detailed nature of the gap distribution function would 

depend on the distribution of crystallite orientations in the evaporated 

films. Tunneling experiments have been performed using junctions 

composed of a bulk single crystal electrode and evaporated film 

counter elecb.lode. :'Results of measurements bYZavaritskii
24

,25 on Sn­

(single crystal)-SnO-Sn and by Blackford and March
26 

on Pb (single crys­

tal)-PbO-Pb junctions indicate that the energy gap is in fact a function 

of crystal orientation. Zavaritskii' s measurements with Sn junctions 
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indicate a spread in Sn double gap values, 0.8 ~ 2~n(0) < 1.3 me V, 

wl1ich is about six times larger than the gap width dbserved in thin 

film junctions (See Fig. 2 ). Blackford and March's measurements show 

a range of lead gap values, 2.36 S ~b(O) S 2.78 meV, a spread roughly 

twice the voltage width of the current rise observed in a single measure-

ment at one crystal orientation. In addition, the Blackford and March 

measurements show the presence of strUcture corresponding to two energy 

gaps in Pb at all crystal orientations, as do experiments using evaporated 
, . . 1719 27 

film junctions with thick Pb counter electrodes ' , 

Several explanatlii)nshave been advanced to account for the observed 

two gap structure. Cambell and Walmsley27 conjecture that the crystallites 

assume two preferential orientations in the evaporated film, resulting 

in the presence of two peaks in the effective gap distribution function 

for the film. Rochlin17 has interpreted the structure as being the result 

of critical points in an energy gap distribution function, as predicted 

28 
by Bennett's theory of the Pb gap anisotropy, in which the phonon spec-

trum is considered to be the principle cause of the gap anisotropy. 

26 
Blackford and March have interpreted the two gap structures in lead 

as being a consequence of the presence of two different groups of tunneling 

electrons; one group from the second Brillouin zone hole surface and 

another group from the third zoneelectrorisurface. Our experiments 

with Sn-SnO-Pb samples produced no evidence of twin Pb gap behavior, 
o 

even for \]lunctions with Pb electrodes as thick as 10,OOOA. The basic 

cause of energy gap structure, and smearing thus appears to be associated 

with gap anisotropy, but 8Jt' this time there is no theory which predicts 

in detail the exact shape of the function reV) for any thin film junction. 

,e 
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- , 

Although the exact shape of the quasiparticle I-V characteristic apparently 

cannot be prediCted from first principles, several phenomenological models 

have been proposed will ch-c,an produce reasonably good agreement with 

experimental characteristics. Giaever et al
16 

modified the BCS density 

of states,Eq. (3) by introducing'a breadth function, "I (E-E ' ) as suggested 

by Heb$l and Slichter. 29 Using the density-of states function, 

= J N (E) 
_00 BCS 

'Y(E -E I) dE' (4 ) 

with 'Y(E-E') given by, 

'YCE-E'). = 1/(26(0)~) 

'Y(E-E ' ) = 0 

E. - 6(0)E: < E' < E + .6(0)€ 

E' outside [E - .6(0)€~ E + .6(0)€], 

they produced a reasonably good fit to an experimental Sn-SnO-Sn I-V 

trace ,by choosing E = 0.03. Most of the discrepancy between their cal~ 

culated and experimentalcuryes at voltages below 26Sn(O) is probably 

28 
due to the presence of nontunneling currents in ,the junction. Bennett 

has proposed a more involved model fcircalculating the tunneling density. 

of states. Using some results of the theory of strong coupling super­

conductivity,30 he suggested the following expression for NT(E), 

peO) 1 

J 
-1 

47T - decos e) 

x t r 
d</> Re {[E2_,,2(E,:,</» ]1/2}' 

where p(O) is the density of statesat the Fermi surface,e andcp are 

the k vector azimuthal and polar angles in the, reciprocal lattice, and 

the energy dependence of .6 is described by strong coupling theory. If 

the energy dependence of .6 is neglected, Eq. (S)can be written in the form, 
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E 
p(o) J 

o 
E g( x)dx, 

with the gap distribution function g(x) given by 

1 21r 
g(x) . = (1/47f) J d(cos e) J d¢ 8(x~/::'(e~¢)) 

-1 0 

(6) 

If We let g(x) = 8(x-/::') we recover the strong coupling theory equivalent 

of the BCS constant energy gap model~ 

(8) 

Rochlin17 has solved a simple model using a triangular ',distribution 

functiqn given by the expression, 

g(x) 1 [x-/::,C l-E) ] < x < /::, 

1 

o elsewhere, 

where E is a gap spreading parameter such that the effective distribution 

width is 2.6E, and /::, is the average gap. With the proper choice of E 

the tunneling density of states derived from Eqs. (6) and (9) can be 

used in Eq. (1) to predibtquite accurately a measured I-V characteristic. 

At low bias voltages, V «/::'1 + /::'2' the observed current is usually 

somewhat larger than the current predicted by the BCS model. . An example 

of this type of behavior for a Sn-SnO-Sn junction with a 1.31D normal 

state resi stance is shawn in Fig. 2. The rapid increase in current 

near V = /::'Sn has been attributed to the onset of multiparticle tunnel­

ing processes3l,32 in which more than one electron is transferred across 

the barrier by the tunneling Hamiltonian interaction. A comparison of 
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single particle, double particle, and Josephson tunneling processes is 

shown schematically in Fig. 3. Both double particle tunneling process 

illustrated in Fig.3c,d havea threshold energy eV = 6 for a symmetrical 

juncti~n, but the theory of Schrieffer and Wilkins3l predicts that the inten-

Sity of the tdal double partieL e current will be reduced by a factor of 

_e~20 ~elative to the single particle current because of the presence of 

an additional factor of T2 . in the two particle current formulas .33 The 

experimentally observed current increase at eV = 6 is often many orders 

of magnitude larger than that predicted by themtiltiparticle tunneling 

theory, and the width of the current rise is much larger than the width 

of the 26 rise. Similar effects have been observed in Pb-I-Pb junctions 

34 by Rowell and Feldmann. 

In. order to obtain agreement between the theoretical and experimental 

two particle currents, Schrieffer and Wilkins postulated the existence 
i 

of a distribution of low spots in the oxide through which most of the two 

particle current passed. However, our experimental stUdies of the response 

of the dc Josephson current to an externally applied magnetic field 

indicate that tunneling currents flow quite uniformly over the barrier 

area. Thus, there appear to be serious discrepancies between experiment 

and the multiparticle tunneling theory. Other processes which have been 

suggested to explain the 6 current rise include the excitation of collec­

tive modes in the superconducting electrodes34 and the absorption of ac 

Josephson photons by the pair tunneling currents. 32 Neither of these 

processes has been theoretically analyzed to a point at which quantita-

tive comparison with experiment can be made. 
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The background excess current evident in Fig. 2 at bias voltages 

v < .6
Sn 

is of unknown origi~. but could well be a result of ordinary 

transport currents flowing:, through shorts or weak spots in the oxide 
. . 

, '. 

barrier. The magnitude of the excess cur!t'ent varied from sample to sample :oj' 

in our experimental studies, indicating that it is more dependent on the 

physical condition of the oxide barrier than on the details of the inter-

actions in the junction. At voltages V ».61+.62 , the small excess 

current is completely unnoticable and the theoretical current calculated 

with Eq. (1) will fit experimental results very closely if GNN is used as 

an adjustable parameter determined by fitting experimental and theoretical 

currents at one value of bias voltage. Some extremely small deviations 

from Eq '(1) occur because of strong .coupling phonon induced structure35 

in the I-V characteristic , but these deviations will usually only be 

noticable in the derivative, dI/dV, since derivatives tend to magnify small 

sharp irregularities. 

B. Josephson Tunneling 

The phenomena of pair or supercurrent tunneling through the thin 

non-superconducting barrier was originally predicted theoretically by 

Josephson
6,7and is essentially a consequence of long range phase coherence 

or phase locking of electron pairs in the superconducting state. Several 

excellent reviews have been given on the subject of Josephson tunneling36-38 

and sowe shall simply set forth those results of the theory which are 

relevant to our experimental investigations. 

The superconducting state may be described by a complex order 

parameter ,jJ( r, t) = !7/J( r, t) ! e~e( r, t) which may be thought of as a wave-

function characterizing the superconductor as a whole. The density of 
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2 paired electrons in the superconductor is given by [*(r,t)[ . and the 

phase of the or<ier parameter is specified by e( r, t) . For the ideal 

junction geometry illustrated in Fig. 4, the basic Josephson equations 

relate . the fields and current density inthejunct.ion to the pair phase 

parameter ¢(x,t), defined as, 

2e 
1'1c 

Here x is the position vector in the x-y plane of the junction, A is the 

vector poterttial,and Pland P2 are positions with the same value of x in 

the left and right hand e"lectrodes respectively. The gradient of the phase 

parameter is given by 
¢(x,t) - (2ed/1'1c) ~ (x,t) X ~, (10) 

where n is a unit vector in the z directionH,is the magnetic field, 

and d is the effective magnetic field penetration length, 

(11) 

as shown in Fig. 4 • The time derivative of ¢ is related to the potentia.l 

drop, V(~,t) = Vl(~t) ~ V2(~t), across the barrier by, 

2eV (x,t) , 
-1'1-- ~ , (12) 

where the voltage is given by the expression, 

- l/c (13 ) 

and ~is the chemical potential which for our purposes can be taken equal 

to the electrostatic potential. 

The relation between the current density in the junction and the 

pair phase ¢ is, in general,quite complicated when fields of arbitrary 

strength are present in the barrier region. A full discussion of this. 
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matter .has been given by Werthamer38 who has calculated the time dependent 

current in the framework of the BCS model. For mostp~rpose,the current-

phase relationship is well approximated by, 

j sincp (~,t) 
1 

( 14) 

'where js is the supercurrent component of the total current and jl is a 

constant, which in the' BCS model for a junction composed of identical 

superconductors is given by, 38 

with RNN=l/GNN, the normal state resistance, and A = effective junction 

area. Equation (14) is most valid in the region where the time dependent 

voltage is small compared with (~+62)/e, at frequencies Un « (61+62 ), 

and dc bias voltages, Vdc « (6
1

+62)/e. 

The basic. relations Eqs.· (10), (12), and (14), when augmented by 

the Maxwell curl R equation written in the form, 

oR 
x' 1 

c ~t 

are sufficient in principle to solve for all this currents, voltage, etc. 

in the junction. In the case of the planar junction geometry we assume 

that the z component of the electric field is confined to the barrier 

,region and that it is related to D. by, 
z 

where 

D (x,t) = z 
€;,E (x, t), 

.8 Z 

E . is the dielectric constant of the barrier region. s 

electric field is related to the voltage drop V(x,t) by, 

V(JS; t) IE (x, t), 
z -

Since the 

"!': 
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Eq. (15) may be rewritten· in this form, 

em dH 47T x d!- e . (x,t) + jl sinCP ~ 
= J qp c 

E 

+ s av 
cR, ~, 

where j is the quasipartiit1etunne.ling current density. qp 

(x,t)] 

(17) 

A single differential equation for either cP or V may be derived from 

Eqs. (10), (12), (14), and (17~ by elimination of the other dependent 

variables. The equations for cP is given by 

V 
J 

U/ESd) 1/2 C 

1 
-~- . sin cP 

/..2 
.J 

( 18) 

[1'i c2/8m:d j ]1/2 
·1 

(20) 

v
J 

(often referred to as ~in the literature) is.the ph~se velocity of 

electromagnetic rad!iationpropagating .in the barrier region with a k 
o o 

vector in thex-y plane. Using the typical values, d :::::: lOOOA, R. :::::: 30A, 

£s ~ 4, we find a typical value for v
J 

is c/12. The basic cause of the 

small value of v
J 

is the confinment of rf E fields to the thin barrier 

region of thickness I. while rf H fields can penetrate a distance 1-..:::::: d/2 

into each superconductor. If electromagnetic radiation propagates down 

a stripline, the phase velocity is given by 

v = 
p 

1 /(LC)1/2 (21) 

where Land C are the inductance and capacitance per unit length of the 

line. For a line of~idth wand thickness t,L and C are given in esu 

by the expressions, 

!I, 
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C = tw/4rrt 

L = 
2 

47TJ.lt/ c w 

(22) 

(23) 

Since C is related to the ele~:bric field and L to the magnetic field, we 

let t .~ l in Eq. (22) and t= d in Eq. (23). Then, taking f-l = 1, we 

obtain the result, v = vJ by substituting (22) and (23) into Eq. (21). 
P . 

The parameter A.
J 

is known a.s the Josephson penetration length be-

casue it represents a transverse screening length for the Josephson 

currents. For a junction with a width L larger than A.J the magnetic 

field produced by the supercurrent will tend to screen out the current 

and confine it to a region of size A.
J 

at the edge of the junction. For 

the dc or zero-voltage Josephson current, V = 0, and .from Eq. (12) 

2J¢/2Jt = O. If the y dependence of ¢(~,t) is negligible, Eq. (18) may be 

(24 ) 

. Solutions to Eq. (24) have been obtained by Owen and Scalapino39 

for a range of values of L/A.J . The static magnetic field H enters the 

problem:·through the boundary conditions on <P at the edges of the junction 

as discusSed in Ref. (39). For a narrow junction (e.g. width L < A.
J

) 

the magnetic field is approximately constant in the barrier region. 

The solution of Eq (10) for a field H in the y direction is then, 
.0 

¢(x) = ¢ - kx o 

The current density from Eq. (14) is, 

j = jl sin (¢o - kx) 

and the total current is then given by 

(25) 

(26) 

, 
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1 JL/2 
X-

. L --L/2. 
sin (¢- kx) dx 

o 

jl \si-n ¢o sin T7T <t>/<pol/[m/<t>oJ 

~ is the magnetic flux in the junction, given by, 

H Ld 
o 

(28) 

and <Po is the flux quantum, hc/2e. -7 2 In cgs units, <Po = 2.07xlO G-cm. 

The constant ¢o is determined in practice by the current supplied to the 

junction from the bias supply. When ·¢o reaches the value rr/2, the 

junction w.ill be carrying the maximum possible zero voltage current and 

any further increase in current will cause the junction to make a transi..: 

tion to a .. non-zero voltage st'Bte. The zero-voltage current, I J will be 

zero whenever the field Ho reaches a magnitude such that, <I> = n<Po 
0 

For a Sn-I-Sn junction with L = 0.2 mm and f... ~ 400A, the first zero of 

I J occurs at a field, Ho ~ 1.3G. 

The value of the. Josephson penetration depth, f...
J

, given by Eq. (20) 

may be expressed in the practical units as, 

(30) 

where we have considered a junction composed of identical superconductors 

and neglected this oxide thickness I. in comparison with the London penetra-

tion length f...L. Foran O.1$"2 Sn-I-Sn junction with an area A = .2mmx.2mm 

the valUe of jl calculated from Eq. (15) is, jl = 23.6 A/cm2, resulting· 

in a value of f...
J

, f...J = 0.12 mm. For junctions with longer normal state 

1/2 resistance, f...
J 

will increase as (R
NN

) . 

The detailed calculation of OWen and Sca1apino39 predict that for 

L <2f...J the current density will be uniform across the junction and 

the field dependence of I J for a rectangular junction will be governed by 
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Eq. (28). For larger values of L self-screening becomes important and 

the current and!! field tend to be excluded, from the center region of 

the junction just as they ~re from a bulk superconductor. Experimental 

studies of the ma:gnetic field dependence of I J by Matisoo 40 and by Schwidtal 

and Finnegon
41 

have verified the Owen and Scalapino predictions in great 

detail 'for a wide variety of geometries and L/A.
J 

ratios. We thus assume 

that Eq. (28) correctly predicts the magnitude of I
J 

in the region 

L/A.J~2, and that experimental deviations from this formula are caused by 

either barrier inhomogeneities or nonuniform transport current flow in the 

strip electrodes rather than by failure of the theory. 

When there is a dc voltage bias V 0 across the junction, which is 

much larger than any ac voltages present, Eqs. (10) and ( 12) have the 

approximate solution, 

¢ + en t - kx, o 0 

2e V /'tJ.. o 

The current density then~ becomes, 

indicating that an ac supercurrent of angular frequency (l) ,,,,ill be 
o 

(33) 

generated by the presence of a finite dc bias voltage. In the case where 

large ac voltages are present, the approximations leading to Eq. (29) 

break down and a more careful analysis must be made. The nonlinearity 

of Eq. (17) and'the unknown nature of the exact boundary conditions which 

should be placed on ¢ preclude exact solution of the general problem. 

Some of the approximate solutions which have been proposed for Eq. (17) 

will be discussed in the next section where we consider the intera.ction , 

between rf fields and tunneling currents. 

.. 

9, 

, 
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III. THEORY OF TUNNELING CURRENT-ELECTROMAGNETIC FIELD INTERACTIONS 

A.Basic Theory 

In this section we sha;n discuss the basic theory of tunneling in 

the presence of time varying electric and magnetic fields which may be 

either exterually applied or self-generated by the ac Josephson currents. 

General discussions of tunneling in the presence of ac fields have been 

given by.a number of authors. 
. 4 

Riedel 3 has discussed the problem of a 

tunneling current in the presence of a spatially independent ac voltage 

of a single fre~uency. Larkin and Ovchinniko~4 have studied the problem 

of a tunneling current interacting with a general time dependent but 

( 38· spatially independent scalar potential vt). Werthamer has generali zed 

these discussions to;',the case where a general time dependent field 

~(~,t) is present in the barrier region between thesuperconducting 

electrodes. We shall set forth the general results of Werthamer's 

discussion and then use these results to discuss photon assisted tunneling 

processes involving both the Josephson and the ~uasiparticle currents. 

The problem of finding the time dependent current in the presence 

of applied and self-induced fields is essentially that of solving the 

electromagnetic wave equation, 

subject to proper boundary conditions on E. The usual analytical method 

of attacking the problem is to express the current density j(r,t) as a 

functional of the time dependent electric field and static magnetic 

field. E~. (34) can then be solved in some approximate manner Subject 
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to an assumed set of boundary conditions., An exact specification of 

appropriate boundary conditions on E is precluded by the complicated '-
junction geometry and uncerta~nties concerning the oxide barrier struc-

ture. As a result, fairly sweeping assumptions and generalizations must 

be made before the fields can be calculated frbmEq. (34). In problems 

involving only the Josephson current interacting with its self-generated 

fields, the current is sometimes calculated by solving various linearized 

forms of Eq. (18) .45--46 These methods are equivalent to solvingEq. (34) 

directly with the assumptions that, 

and that the relations between the current, voltage,and phase parameter 

are given by Eqs. (12) and (14)., 

,The first step in solving Eq. (34) is to derive an appropriate 

form for ~(::,t) from microscopic theory. By uSing thermodynamic Green's 

functions and first order perturbation theory within the tunneling 

Hamiltonian formalism, Ambegaokar and Baratoff42 derived an expression 

for the current density in a junction with no time dependent fields 

present. Werthamer38 has generalized this discussion to take into account 

time varying fields and has shown that the current in a junction with 

L ~ 2A
J 

can be calculated from the formula, 

, foo foo { *' -i (H' )t j (~, t ) = Im _00 dW_oo dw I W (w) W (w') e "jl ( w ' +w 0/2 ) 

.' 

J 
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where the current amplitudes are given by, 

. .: . . . 

~ and 9;. represent wavevectors on the left and right hand sides of the 

barrier respectively, (j is a spin index, and few) is the Fermi function, 

f(w)=[ eBhw+l J-l . \: (w}, ~ (w)and ~ (w)'are spectral weight functions, 
4 - ..... - .' - , 

which in the BCS 7 app;oxim.ation are given by 

.L\ 
= - !. -=:.. 1<5 (w-R 1ft ) 

2~ ~ 
<5(w+~/h )J (40 ) 

~(w) (41 ) 

Ek is a bare particle energy measured relative to the Fermi energy, and 

~ is a quasiparticle energy, defined as 

(42 ) 
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where '1t is the energy- gap parameter for wavevector k. The parameter ¢ 

in Eq. (36) is defined by the relation, 

¢(x,t) = w t - kx, o 

.. 

where wo= (2e!h)V dc and k is defined by Eq. (26). The argument of the 

complex quantity BkBIl ~as been made explicit in the phase Ct. The func-
.,' . ' ~ - I 

tion W(w) is defined in terms of the time varying electric field,E (x,t), 
z -

by the relation, 

W(w) = LJ dteiwt exp{(ie!h) } dt,j dz E (x,t')}, 
2w 2 -

(44 ) 

where it is assumed thatE =0 in the electrode far from the barrier z 

region. 

The complexity of the current-field relationship, Eq. (36) precludes 
. . . . 

the possibility of finding a general solution for arbitrary applied fields. 

In Section B and C we shall discuss the response of the quasiparticle 

and Josephson currents to a known electric field which is periodic in 

time and may be represented by an equivalent voltage by ~ relation similar 

to Eq.{35). In Section D we shall examine some possible modifications 

of the basic theory discussed in B and C. These modifications may be 

caused by the external environment of the junctions such as the current 

biasing circuitry or by internal properties of the Junction such as its 

capacitance and self inductance 

B. Quasiparticle Photon Assisted Tunneling (PAT) 

WrYen ~ a general time dependent ele"ctric field of the form, 
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E (t) = IjEj· cos(w.t+y.), 
z. J J 

which is spatially- constant over the barrier region is present, it may-
•••. J 

by represented by- an equivalent uniform voltage 

00 

v(t) = J dzE (t) z 
_00 

(46 ) 

.. . 

applied across the electrodes. W(w) may then be calculated from Eq. (42) 

wi th the resul t:~ 

W(w) 

where, 

= IT { 
j 

(48 ) 

J is an ordinary Bessel function of the first kind of order n. In the 
n 

special case where only one frequency is ~esent, W(w) reduces to the 

simple form, 

W (w) = I In(~) o(w - nwl ), 
n=-oo 

where the, applied voltage is VI cos ~ t. 

The quasiparticle current contribution to the total tunneling current 
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arises fromthe first term in the integrand of Eq. (36) which contains 

the current amplitude jl (W'+W
o
/2). If we substihlte Eq; (49) into the 

first part of Eq. (36) and perform the W and w' integrations, we find 

the result, 

00 

.r (a).r (a)ei(n-n I )wt j (n 'w - eV /h), 
n. n ' . -1· 1 (50) i,; \)(t) = 1m 

qp . L 
Ii ,ri.' =_00 

where V= Vdc ' W·= W and 0'. = 
l' ~. The time independent (dc) component 

of Eq. (48) arises from the term in which n = n '; 

00 

Idc (V) = L J~ (0'.) Imjl (n W + eV/h). 
n=-oo 

(51 ) 

The imaginary part of the current amplitude Eq. (37) can be evaiuated 

with the aid of the relation, 

(w' + iO+)-l = pel/W') - in o(w'), (p = principal value). 

After the spin summation is performed, the result is, 

2'·· 
1m j (w I):: _ 4e'IT LIT I foo dW" [ f (w") - f (W I + w")] 

1 h kq kq __ _00 

Eq. (52) is a general form for the single particle tunneling current .13 

If the tunneling matrix element T~9: is corisidered to be constant, and 

Eq. (37) is used for ~(WI), we may evaluate Eq. (50) by converting 

the sums over k and q to integrals and·evaluating the k and wIt integrals 

• I 

"I 
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as shown in Appendix A. This reduces Eq.(52) to the Giaever formula 

Eq. (1). 

Using the above results, we can write Eq~ (51) in the form, 

00' 

I(V) = L J 2 (ex) I (V + nhw/e) , 
n ·0 n=-oo 

(53) 

where Io(V) is the quasiparticle current characteristic in the absence 

of radiation. This formula was originally derived by Tien and Gordon2 

using hueristic arguments about modulation of the densities of states 

by the applied rf voltage. Since the result of the microscopic theory 

is the same as that of Tien and Gordon, we shall designate the current 
I . 

Using the relation, J(a}=(-l)nJ (a), Eq. (53) 
-n n 

may be rewritten in the form, 

00 

= J 2 (a)I (V) + L J 2 (ex)[I (v+ nhw/e) o 0 1 no' . n= . 

+ I (V-nhw/e)]. 
o 

·48 
In the limits, hw -+- 0, ex -+- 0, Eq. (54) becomes, 

I (V) ~ 
TG 

(54 ) 

2 Since the rf power Prfcc Vrf ' the low-power-levelcurrent deviation, 

tn(v) = I(V) - I (V), o 

rTf 
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is directly proportional to the applied rf power. 

In the classical limit, hw + O,a + 00, Vrf finite, we would expect 

that ITGwould reduce to the c,orrect classical expression for the 

averag~ (dc) current, 

.2'IT/w 
IRF(V) = 2~ J IoN + Vrf sin wt)dt. 

0, 

That this is in fact the case is shown in AppendixB, and hence we can 

say that quasiparticle photon-assisted tunneling is simply the quantum 

mechanical analog of classical rfdetection by a device with a nonlinear 

current-voltage characteristic. 

In an attempt to explain their 36 GHz .photon assisted tunneling 

measurements, Cook and Everett3 proposed a modification of the Tien 

Gordon theoretical model by assuming that modulation of the densities 

of states occurred in both superconducting films. The expression 

proposed by Cook and Everett (CE) for the dc current in the presence of 

an rf field is given by, 

After some manipulation, Eq. (57) may be rewritten in the form, 



.. 
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00 
·22 2 . . 

+ r J ('a)IJ + (a),'+J Ca)] x [I (V+nhw/e) 
. =1 m . m n . m-n o· m,n . '. -

+ I (V-nhw/e) J. o 

In the limit a -+- 0, J (a) -+- 1 while all the other J approach zero, and o· n 

hence lCECV) -+- I TG (V}. As a becomes appreciably greater than 1, the 

difference between ICE and ITG becomes quite large, indicating that ICE 

does not reduce to the correct classical limit when hw -+- O. 

The major assumption which has been made in deriving Eq. (53) is 

the representation of the rf electric field' E (x ,t) by a homogeneous , z -

voltage V(t). It might be expected that this assumption will cease to 

be valid when the wave length.of the applied field in the barrier region 

becomes comparable with the length L of the junction. The wavelength 

in the barrier will be related to the free space wavel'ength A by the 
o 

relation) 

where v J. is given by- Eq. (19). With typical values of junction parameters 

we estimate A - .05 A , and hence a condition for the validity of the o . 

TG formula, Eq. (53), can be stated as, 

L < 0.05 A • o 
(60) 
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If the time dependent voltage appearing across the junction is in 

the form of a standing wave, 

V(x,t) = Vrf(x) cosIwt + y(x)], (61) 

Then a consideration of Eqs. (47)-( 51) shoWs that the net dc tunneling 

current will be given by, 

00 11 L/2 2 ~ I - . Ll J Ia(x)]dx Io(V + nhw/e) 
n=-oo -L/2 n 

(62) 

(63 ) 

In principle, the function Vrf(x) can be determined by solving the wave 

equation, Eq. (34),subject to the boundary condition that the electric 

c' field far from the junction position equal its value in the bare cavity 

or waveguide in which the Junction is situated. In practice, exact 

aolutiona are rarely possible and hence some parameterized functional 

dependence for Vrf(x) must be assumed. 

.,. 
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c. Josephson - Photon Assisted Tunneling 

The Josephson current response to anassurned field E fx,t) arises z _ 

from the second term of Eq'.(36) ~hich contains the current amplitude 

j2(ro). Again, the calculations are difficult, and hence\ various approxi­

mate solutions of the basic Josephson equations are usually considered. 

If we consider the case where there is an rf voltage, Vrf cos rolt, applied 

to the junction,we can see from 'inspection of Eq. (49) that the function 

w(ro) contributes appreciably to the integral in'Eq. (36) only at harmonics 

of rol,'and then only up to a harmonic number nmax - CX, where ex = eVrflrIDlo 

Thus, we only need the function j2(ro' + 0)0/2) in the integrand of Eq. (36r
) 

for values of its a:r;gument, ,satisfying the condition lro' + ro
o

/21 :.Inmax roll 

or equivalently, lro'l < lro /2 + n roll. ,Another way of stating this 0' max 

condition is to say that the major contribution to the ill integral in 

Eq. (36) comes from the region where, 

Inn' /e'l < Iv + V fl. o r 
(64) 

Werthamer has calculated the functions jl (ro) andj2(ro) with the BCS 

constant energy gap model spectral weight functions, Eqs. (39) -( 41), 

assuming I Tk'tll
2 

to be constant and in the limit T = OaK. The results 

~or j2(W) in the case of identical superconductqrs is given by, 

= [~/(e RmI)] K(x), 

= [M(e V"l] !K(l/X) 

o < x < 1 

+ isgn(ro) K 

x > 1. 

Here K-;isthe complete elliptic ihtegral of the first kind, x = I full /M 

and Ais the junction area . The s:Irgularity in j2 at x = 1 or equivalently 

at nlml = 36 was first pointed out by Riede143 and is a consequence of 
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the singularity in the BCS model density of states at a voltage l:::./e. For 

non-singular densi ty of states functions, such as those discussed in section 

II-A in conjunction with gap anisotropy, we would expect the singularity 

to become a rounded peak of finite hedgl:!t. No model calculations have 

ever been performed to test this hypothesis, but the "width" of the 

distortion of j2 from the BCS model prediction is probably comparable 

in size to the width of the quasiparticle current rise at V = 2l¥e. 
o 

Since the function K(x) is slowly varying until x becomes very close to 1, 

we can approximate j 1· (en) by a constant when the condition, I V + V f I « 2l:::./e 
o r 

is satis·fied. 

If: the total voltage across the junction is given by, 

V = V + V f cos (ent + e) ~ o r 

then Eq. (12) relating the time derivative of ¢ to the voltage is , 

d¢/dt = (2e/ti ) [V + V f cos(ent +e)J. o r 

Integrating with respect to time, we obtain, 

(65) 

(68) 

If we consider the current amplitude j to be a constant, the approxi-
2 

mate current-phase relation, Eq. (14) may be used to yield the current 

voltage relation, 

I = [2e V t/ti + (2a) sin (ent + e) + ¢]. 
o 0 

(69) 

Since I(t) is periodic in t with period 2n/ro,it may be expanded in a Fourier 

series. The result may be conveniently expressed by the formula, 

00 

let) 11 ~ (_l)n J (2a) sin (2e V t/h ~. ncnt - ne + ¢). 
n 0 0 n.JXJ 

(70) 

.. 

,. 
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When the condition, 

2e V iti 
o 

rm, 

is satisfied, the current ha,s a dc component given by, 

I = Il(-l)n J (2a)sin(¢..,.n8) dc ,n 0 

,When the bias voltage V is given by (71), the current will be limited in 
o 

absolute value to the region 

o < I I I < Il' J (2a) I sin ¢ I, dc n 0 

where ¢ depends on the current supplied by the external bias circuitry. 
o 

In the presence of a dc magnetic field Eq. (71) is modified by the addition 

of a multiplicative field dependent Fraunhofer factor, as specified by 

Eq. (28) for a narrow ju~ction. 

If the junction is biased by' a constant current dc supply, the spikes 

in the constant voltage characteristic at the voltages specified by 

2eV rf = nYm will appear as current steps at these same voltages. An 

example of this step like structure is ShOWl in Fig.24 which illustrates 

the response of an Sn-SnO-Sn junction to 4GHz radiation. 

When the small signal approximation, Eq. (64) is not valid we may 

calculate the dc current from the basic Werthamer formula, Eq. (36) in a 

manner strictly analogous to that used to determine the quasiparticle 

response, Eq. (51). Insert:img the function W(w) given by Eq. (49) in 

the second term of Eq. (36) and retaining the time independent terms we 

obtain, 
00 

J
d 

(V ) 
c n m-oo 

+ 1m 

{Jm(al In_m(a) {Re [j2[{m-n/2)",1] 

[j2 [(m- n/2)roJ] cos (ki<; + 1>0)}} 
sin (kx + ¢ ) 

o 

(73 ) 
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with V = nrm/2e and ¢ used in place of ex which appears in (36). At 
n· 0" 

temperatures T «T , th~ second term inside the summation involving 
'. c . . 

1m (j2) is much smaller that the first term and'may be neglected in computing 

jdc' If the real part of j2 is'considered constant and taken outside the 

summation in Eq. (73), we can use the Bessel function identity, 
00 

L: J (d) J (ex) = J (2ex), 
m n-m m' 

(74) 
m= 

to show that jdc from 'Eq.(73) reduces exactly to the approximate result, 

Eq. (71). In the case of arbitrarily large V rf and (l)rf' j dc (V n) must in 

general be computed numerically using Eq •. (65) for j2«(I)). In the special 

case n=O and V =0, Eq. (73) reduces to, . : n 

jdC(O) ~ {Jo (2<» + 2 ,,i (~l)n ~(a) 
X j2(0) sin (kx + ¢o)' 

where we have used the ideritity,J (2ex) = 
o 

From Eq. (75) we can see that the response of the zero voltage Josephson 

current to an applied rf voltage will be proportional to J
O

(2ex) until 

terms in the summation in Eq. (75) become large. This will occur when 

ex and CD satisfy the conditions nno ::. 2t::/e and ex ~ n. In our experiments 

conducted at frequencies v ~ 4 GHz or n.o/e ~16 ~V, wit~ Sn~I-Sn junctions 

these conditions imply that for values of ex '" 75, the Riedel singularity 

in j2(CD) should cause one of the terms in the summation in (75) to 

contribute an observable magnitude to jclc. 

In the situation, where no applied rf field is present, the ac Joseph-

son current oscillating at frequency CDo can cause time varying ~ and!! 

fields to be induced in the barrier region. The non-linear nature of both 
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the Josephson·current-voltage relationship and quasiparticle characteristic 

can cause field and current harmonics to be generated at frequencies 

ro = reD. For the thin film junction geometry shown in Fig. 4-6 the n . o· 

oxide barrier of height Land widthi forms an effective cavity or 

resonant structure in which electromagnetic fields may be confined. 

Although the ends of the cavity atx=O,L are. not bounded by metallic 

walls, they do act to effectively confine the fields by causing a near 

total reflection of transverse waves traveling in the ±X directions. 

This reflection occurs because of t.he large mismatch between thi wave 

propagation velocity vJ in the cavity and the speed of light in a vacuum 

The situation is analogous to the confinement of anE-M wave in an ordinary 

. . 2 
dielectric with a dielectric constant €eff = (c/VJ ) , or €eff - 200-400. 

The modes with the highest Q, defirted by the relation, 

Q 
-W. X . Average stored energy 
Energy radiated per cycle , 

are those for which an integral number of half wavelengths fit in the 

cavity dimension in the plane of the barrier, i.e. those modes with propa-

gation vectors satisfying, 

kL = mr (76) 

or equivalently, 
2L =. nA., (77). 

where .A, =2rrvJ /ID.The electric field corresponding to the maximum Q 

condition in the nth mode may be shown to have a spatial variation, Enz 0:: 

cos (n7fx/L), corresponding to a magnetic field variation H ccsin (mTx/L) .. ny 

The functional form of the y component of the magnetic field is frequently 

taken to be a consequence of the vanishing of surface currents in the x 

. ~,~ ( direction at x = O,L. In most experimental junction geometries such 
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as the crossed strip geometry illustrated in Fig. 5 ), it is far from 

obvious that these surface currents do in fact vanish, and hence it is 

worth noting that the vanishing of longitudinal surface currents is not 
\." . 

a necessary condition for the specified E and H field variations. 
z z· 

For each cavity mode, designated by the integer n, there is a dc 

voltage V . at which the ac Josephson frequency 2e V /n equals the cavity 
n n 

mode frequency. Using Eq. (77) this condition maybe expressed as, 

(78) 

These modes (commonly designated as "Fiske modes" after one of their 

principal discoverers 50) may then be thought of as quasistationary 

oscillations in which the energy radiated away at the junction edges is 
.. 

supplied by the ac Josephson current. Explicit formulas for the time depen-

dent electric field have been derived from linearized forms of Eq. (13). 

If we operate. on Eq. (13) with the differential operator, (fi/2e.R.) d/dt 

we can derive an 

dt 

The usual scheme
48

,49 for solving Eq. (79) is to assume that j2 may be 

approximated by Eq. (33) and that the time dependent field solution is 

of the form, 

E (x, t) = ~ cos (mrx/L) f (t). 
z n n 

(80) 

This method of solution is equivalent to neglecting all time dependent 

voltages in the Josephson voltage phase relation,Eq. (12) and thus is 

most valid in the limit where IV(x,t)1 = IE (x,t)/ll «V. A phenomeno-
z 0 

logical damping term, (ml/Q vJ
2

) ('0 Ez/dt), is usually added to Eq. (79ho 
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represent radiative and skin effect losses. Since j is periodic in time 
z . 

with a period T. = 2TI/m , the functions f (t) may written as, fn(t) = 
o n 

an cos (mot + en) + bn sin ,~(l)o.t + ey)), and the constants an' bn, en' 

may then be determined by the standard methods of Fourier analysis. The 
. 4 

result for this electric field is 9 

E (x,t) = 
z· 

x 

cos ( ~) 
L 

a cos (ro t + e ) + b sin (co t + e ) 
non no' n III -Cmrvi "'oL)2f + Cl/Qn)2! 1/2 

(81) 

The coefficients ab are oscillatory functions of the static magnetic . . n n 

field strength with magnitudes; ~ril, ,/ Bn lSI. A:t the Fiske mode voltages 

the Josephson frequency mo is given by, COo = nTIVJ/L, and hence the 

electric field has a magnitude, I EI .. ~ 4TI jl Q /€ co , where Q is the z n s n 

Q t f h 
th fac or or ten -mode. 

The dc component of the total Josephson current may be calculated 

by computin.g the time and spatial average of the current density using 

Eqs. (12) and (14) to relate current and time dependent voltage, V = 2E (x,t) z 
L 

= (l/L) f dz 
o 

m 2TI/co 
o f 0 

2TI 
o 

dt II sin 1>(x,t) 

(82) 
If we write, 1> = kx - CD t + O¢(x,t), where O¢ is given by 

o 
t f (2e P./ti) E (x,t') dt', and then linearize the integrand of (82) by 

z 

writing, 
sin 1>(x,t):: sin (kx ~ t) + O¢ cos (kx ~ t) 

o 0 

46 
we can perform the integration. Kulik' has graphed the first few step 

heights as a function of the dcmagnetic flux threading the junction. 

They are also oscillatory functions of the dc magnetic field strength 

th with the n step having a central maximum when kL = nTI where k is related 



to H by Eq. (26). 
o 
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th 
If H is adjusted for peak coupling to the n 

o 

mode, the n±2m modes are not excited. 

The major drawback of the linear theory described above is that the 
t·;" 

ac voltage amplitude at frequericyco is not in general small canpar<.::Q to 
o . . 

the dcoias voltage. We can estimate the magnitude of the nth Fiske 

mode ac voltage fran Eq. (81). The result is, in practical units, 

~(n) 
60rr (t:/e) (82) 

Po . -2 
For a Sn-I-Sn junction with £ = 20A, L = 1.6xlO cm, vJ/c = 0.1, ~/e =0.6 

mY, n = 2, and Qn = 100, Eq. (82) yields, V rf(n) = 180 I-LV. Since the 

corresponding dc bias voltage (V2 from Eq. (78)) is Vdc = 390 I-LV, it 

is immediately apparent that the small signal approximation linear 
.. . 

analysis is invalid. Another shortcoming of the above analysis is that 

field spatial variation has.been assumed to occur only in the x direction 

perpendicular to the externally applied dc magnetic field H. If the 
o 

propagation vector quantization condition, Eq. (76) is generalized to 

include spatialvaria.tions in both the x and y directions fora square 

junction of side length L, the siHf resona.nt voltage mode relation, 

Eq. (78) will become, 

2 2 1/2 . 
V = (n +m ) (rrti v

J
/2eL). 

n,m . 

The bias voltage quantization conditions (78), or (83), are strictly 

a consequence of spatial boundary conditions imposed on the junction 

electromagnetic fields, and so they should not be a.ffected by the 

nonlinearity of the junction response. However, .we can expect that the 

magnitudes of the Fiske mode current steps will not be predicted accurately 

by the linear theory, although the general oscillatory dependence on H 
o 

should remain. 
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When an exterNal rf voltage is applied to the junction the nonlinear 

dependence of both the Josephson and quasiparticle currents on the total 

junction voltage leads to generation of harmonics of the applied frequency 

and to mixing of these harmonics with harIllonics of the ac Josephson 

frequency (J). In the case of the quasiparticle current, mixing and 
o 

harmonic generation are essentially a consequence of the nonlinear 

nature of the volt-amp characteristic, and are quantum analogues of the 

same phenomena which occur in classical nonlinear circuit elements. 

For Josephson currents, however mixing occurs not only via nonlinearity 

in the I-V characteristic, but also through the basic non-linearity of 

the Josephson current-phase relationship, Eq. (14).51,52 All of these 

complex physical phenomena, however, are fundamentally consequences of 

the basic current -voltage relationship, Eq. (36). 
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D. Modifications of the rf Voltage Coupling Theory 

In Section III-B,C above we have considered the response of tunneling 

currents to known appliedr,;f y;oltages.In actual experimental situa-

tions, the junction's environment as well as its physical properties 

will affect the magnitude of the induced rf voltage for a given applied 

rf electric field. A property of special interest for evaporated film 

junctions is the capacitance since the'capacitive reactance can be 

appreciable relative to the dynamic resistance of the junction. For 

example, a square junction with side length L = 0.16 mm, a plate 
, ." . 

separation t = 20A, and. a dielectric constant £ = 4 has a cap.acitance 
s 

c ~ 400 ~~F. At a frequency w/2TI -2 =4GHz, the reactance Xc is 9.3x IO n. 

This value of Xc is roughly the same as the gap region dynamic resistance 

of a junction with a normal state resistance ~N ~ln. Other important 

properties are the geometrical arrangement and physical nature of the 

junction's bias circuitry wiring since this wiring can act as an 

antenna in the presence of an rf field. 

McCumber53 has analyzed the response of a thin film junction when 

considered as a lumped circuit combination of a Josephson junction 

shunted by a linear conductance representing the quasiparticle current 

path and a capacitance. Although his model seems reasonable from a 

physical point of view, it does have the property that an applied rf 

voltage of any frequency and amplitude will appear undiminished across 

the junction despite the presence of the capacitance. The junction 

response will then be the same as it is in the unshunted case since, 

by Eq. (51) and Eq. (72), the dc current flowing in the junction is a 

property only of the magnitude and frequency of the'rf signal voltage. 

~. 
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In an attempt to explain some' experimental data which indicate that 

V
rf 

is not a constant which is independentofdc biaslroltage, we have 

studied the properties of some alternate simple lumped circuit junction 

models. 

If we consider a junction biased by a high resistance dc current 

source, one of the simplest circuits which can be devised that includes 

the effect of an rf electric field as an equivalent voltage source is 

shown in Fig. J: All of the externally supplied dc current passes 

through the junction and all of the rf current circulateS internally in 

the junction asshown,sihcethe dc current source .is assumed to have a 

very large series. resistance. The function I [Vet)] represents the 
o 

quasiparticle tunneling characteristic, Eq. (50). At frequencies low 

compared to eoV/h, where oV= gap width, we can approximate I [V(t)] 
o 

by the measured bare current characteristic. When the total time 

dependent voltage V(t) is known, thedc current at the bias voltage 

V may be calculated from the formula, 
o 

(84) 

The circuit equations describing the circuit shown in Fig. 7 are 

= I (V)-i 
o c 

(85) 

ic = d~ (Vrf sin wt-V) . 

If we Write, Id =y /R and I (V)=y(V)/R, where R is the normal state . coo 
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resistance, then Eq. (85) may combine to yield a single integro-

differential equation in the dimensionless variablep=wt, 

with K= wRC . 

If we assume the form for V(p), 

V(p) = 

then Eq. (86) becomes, 

d¢(p) = 
dp 

with y given by, 
o 

v + V sinp + ¢(p), 
o .. rf 

(86) 

(87) 

Before discussing the mathematical problem of solving Eqs. (88)-(89), we 

can note that the same equations apply to the problem of a tunnel 

junction shunted by a capacitance and driven by a shunt rf current source 

in parallel with the dc source if we make the replacement, Vrf-"(R/K)irf 

in Eq.(88), where i rf is the current source strength. More complicated 

model circuits can of course be devised, but they will require additional 

circuit elements which enter the problem as unknown parameters. Since 

there is no microscopic or experimental justification at this time for 

the introduction of additional parameters we shall confine our attention 
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to the simple circuit shown in Fig. 7 and described by Eqs. (87)-(89). 

The essential difficulty in solving Eq. (88) is the high degree of 

nonlinearity introduced by the. quasiparticle characteristic y(V). If 

the magnitude of the driving term, V
rf

' satisfies the condition, 

V
rf 

« QV, y(V) can be approximated bya piecewise linear model and 

Eq. (88) can then be solved analytically. This approximation results in 

Idc being given by Eq. (54), the TG formula, with V
rf 

given by, 

with KS = we [dV/dI]V . 
o 

From Eq. (90) we can see that the magnitude of the rf voltage is enhanced 

in regions of high dynamic resistance and diminished in regions of low 

dynamic resistance. In practice, V rf is usually not small compared to 

fiv and henCe the approximate solution has only qualitative significance. 

Although the solution of Eq. (88) and Eq. (89) is strictly a mathe-

matical problem, it is not one that is discussed in any of the literature 

known to us. Because of this lack of previous discussion on the subject 

we shall describe briefly one method of solving the system. If Eq. (88) 

is solved numerically subject to the initial conditions that at p=O, 

¢=¢ ,then in general ¢ (p) will contain both a transient and a periodic 
o 

part. The transient solution will decay with a time constant K, and 

thus for practical purposes, p in Eq. (89) maybe taken as p "" 5K. 
·00 

However, the solution must also be self-consistent, i.e., the initially 

assumed value of y must be the same as the one finally calculated from 
o 
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Eq. (89) after solving Eq. (88). Since K can be quite large relative 

to 27T, this method of solution in general is quite impractical. 

An alternate method o:f:, solution which we have used involves convert-

ing Eq:'(88) to an infinite system of nonlinear algebraic equations 
.. 

and then solving a truncated set of these-equations by iteration. Since 

the desired part of <t>(p) is periodic in p with period 27T and has zero 

average value, it can be represented as a Fourier series, 

cp (p) = L [(a sin (np)+ b cos (np)] . 
1 

n n 
n= 

Substituting Eq. (91) ful~Eq. (88) and using the familiar Fourier ortho-

gonality integrals we find that the coefficients a andb' are given by n n 

the transcendental equations, 

27T 
a = -(l/nK7T) J y[V(p)] cos(np)dp 

n 
0 

27T 
b = (l/nK7T) J y[V(p) ] sin(np)dp, n 

0 

with, 

yep) = V + V sin p + \ [a sin(np) + b cos(np)]. o rf Ln n . n 

When a self.,.consistent set of coefficients satisfying Eq. (92) is found, 

the dc current can be computed from the formula, 

27T 
Yo(Vo ) = (1/27T) J y[V(p)]dp. (94) . 

o 
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In practice, the utility of this method depends on the magnitudes 

of K, V f' and V. In general; convergence is worst for small K, large 
r . 0 

V f' and when V is in the g'ap region. The major numerical problem r . 0 

which is encountered is the selection of a rapidly convergent i ter.ation 

procedure since the computation time varies directly as the product of 

the number of iterations times the maximum value of n used. For values 

ofK satisfying the condition K'~ 7, we have found that convergence can 

be obtained, in from 4 to 15 iterations, at any values of Vo and V
rf 

when n =4 and when the iteration procedure fora or b at the k+lst max n n 

iteration is given by, 

a (k+l) = 1/2 {g [a(k),b(k)] + a (k)} 
n n - - n 

b (k+l') = 1/2.{h [a(k),b(k)] + b (k)}. 
n n - - n . 

The functions;,lg andh . are defined f~omEqs. (92 ) as, 
'n n 

g (a,b) = -(l/nK7T) f7T y[V(a,b,p)] cos(np)dp 
n - - 0 - -

h (a,b) = (l/nK7T) Ja7T y[V(a,b,p)] sin(np)dp. 
n - - 0 - -

The function V(a,b,p) is given by Eq. (93), and tpe column vectors a,b 

are defined by, 
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T4e initial values of a andb are taken as those predicted by the 
, "2, 2 

piecewise linear small signal model, al=V f/CK +1), bl = -K V f(K +1), r s 's r s 

b =0 for' n =1= l. 
n K is the "local" value of K as defined by Eq. (90). s , , ' ' ," 4 
More sophisticated iteration schemes can of course be emplOyed,5 

but any method involving increased function evaluation will rapidly 

increase, the computation time. As K decreases below 7, n and the 
max 

nUmber of iterations both must be'increased, and even then, convergence 

is conditional on the value of V. We have not made an exhaustive 
o 

study of the convergence problem since the major goal of our computation 

was to calculate theoretical current~vol,:t:ag~_ characteristics which 'apply 

to our own particular ,set of experiJ:n.enta.ib tdata. 

The major result, of this section is that, within the framework 

of the simple model shown in Fig. 7, the junction capacitance can 

have a significant effect on the shape of the dc I-V characteristic 

when rf fields are present. In the case of quasiparticle tunneling, 

the relevant parameter is K =,W~NC. When K < 20, the theoretical 

characteristics will start to deviate appreciably from IRF(V) as given 

by Eq. (56). 

" 
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IV. EXPERIMENTAL METHODS 

A. JunctionPr~Earation 

The Sn-SnG-Sn and Sn-9nO;-Pb junctions used in our experiments were 

prepared by vacuum deposition of thin metallic strips onto microscope 
. ,. -2 

cover glass substrates 1. 3 ),( 10 cm thick. The widths of the strip 

electrodes being deposited were delineated by thin aluminum masks 10-

cated directly below the substrates. Evaporation pressures were in the 

. 7' ~' " 
range (2-12) x 10- Torr for Sn and (1-5) x 10 Torr for Pb and 

evaporation rates we~e in the ranges 5-10 AI sec and 20-40 AI sec for 

Sn and Pb respectively. There was no observable correlation between 

final junction quality and evaporationppressures or rates. All evapora-

tions were performed at room temperature in a Varian VI-4c ion-pumped 

high vacuum system. 

An 0.16 mm wide longitudinal strip of Sn ~ 3000 A thick was 

deposited first and then oxidized in pure oxygen at a pressure of 

approximately 1/3 atm. The oxidation time was varied from 12-36 hours 
. 

and the oxidation temperature was controlled with heat lamps. Following 

oxidation of the bottom electrode, three 0.16 mm wide cross strip top 

electrodes were deposited in a perpendicular direction so as to form 

three crossed strip tunnel junctions on the same substrate (see Figs. 

5,6,8). In general, for junctions with an area 0.16 x 0.16 mm2 , a 

12-hour oxidation at 300 0 K would produce Sn-SnO-Sn junctions with 4.2°K 

normal state resistances in the milliohm range, while a 24-hour oxida-

tion using two heat lamps (standard 250 W infra-red flood lights, 

approximately 3 ft. from the oxidation belljar) would produce resistances 

in the range 2-10 n. The resistances of the Sn-SnO-Pb junctions with 
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. .' 2· . 
areas 0.16 x 0.16 rom were all in the range 20-l20~. Junctions with 

normal state resistances in the range 20-40 ~ were produced by l8-hour 

oxidation with 1 heat lamp.if,' The higher resistance junctions were pro-

duced by increasing the oxidat.ion time but they would not be produced. 

as reliably as the Sn-SnO-Sn junctions. As a general rule of thUmb, we 

can conclude that junctions with Pb top electrodes will have resistances 

1-2 orders of magnitude larger than those with Sn top electrodes when the 

oxidation time and temperature are identical. The thickness of a deposited 

metal strip was determined with a Sloan DTM-3 deposit thickness monitoring 

system. This system determines relative thickness by measuring the 

change in frequency of a resonating quartz crystal placed in close prox-

imity to ,the substrate as the deposit builds up on the crystal surface. 

The crystal was calibrated by measuring the thickness of selected Sn and 

Pb films with a Varian 980-4000 multiple beam interferometer. The bottom 

Sn strips always had thicknesses ~ 3000 A while the thickness of the top 

strip was varied from sample to sample. 

Following deposition of the top electrode, the substrate was installed 

in the microwave cavity and electrical leads were attached to the samples 

with sil~er conducting paint.17 In general, the samples were installed 

and cooled down to liquid nitrogen temperature within 30-60 minutes 

after completion of deposition. When Sn-SnO-Sn junctions were left 

exposed to air at room temperature for a period of more than one day, 

they frequently showed signs of deterioration. Shorts appeared through 

the oxide film when the Sn electrodes were superconducting and the junc-

tions displayed poor quasiparticle tunneling characteristics. The 

Sn-SnO::-Pb junctions appeared to be much more stable. One junction, 

" 



-49-

with 11m = 117 n, was left on the shelf for two months with no evidence 

of deterioration in that time. This stability is consistent with the 

generally-higher resistances,observed in the Sn~SnO,,"Pb junctions. 

B. Cryogenics 

Measurements,were performed in, a standard glass liQuid-helium 

cryostat at temperatures between 4.2°K and 1 0 K. Temperatures were 

measured with a Solitron germanium thermometer which had been calibrated 

against a primary standard and which was mounted outside the microwave 

cavity but in close proximity to the sample. The temperature could be 

regulated to within a few millidegrees Kelvin with an ac wheatstone 

bridge temperature regulator. 56 The output of the regulator supplied 

current to a 100 n manganin wire heater coil wouiid around a shield can 

which surroUnded the microwave cavity. The heater output was balanced 

by pumping on the helium bath through a small 1/8 inch line containing 

a needle valve. Most of the experiments were done at temperatures near 

1.2°K in order to minimize the effects of microwave heating on the helium 

in the cavity. Below the A-point the helium density changes only a small 

amount as the temperature increases and hence the helium dielectric 

constant (which varies linearly as the density) remains approximately 

constant. Above the A-point the density varies rapidly with temperature", 

and the resultant dielectric constant variation can produce appreciable 

cavity detuning if the bath heats up during a run. Measurements could, 

however, be' made above the A-point as long as the microwave power dissi-', 

pated in the cavity, P
D

, was kept below 3 x 10-3 W. 

C. Microwave and Cavity Systems 

The microwave and resonant cavity systems used in our experiments 
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" -. 
were designed to produce a large rf electric field at the position of ' 

sample for a given rfpower input to the cavity. Two different microwave 

cavities were employed during ,the experiments, a coaxial reentrant cavity 

as shown in Fig. 8 and a rectangular cavity operating in the TE 101 mode. 

The reentrant cavity was designed to resonant in a frequency range 

3.5 - 4.1 GHz with the resonant frequency being controlled by the , 

vertical position of the tuning plunger. The diameter of the cavity 

was 1.91 cm, the height 1.43 cm, and the diameter of the plunger ~as 

0.96 cm. These dimensions were determined using design curves given by 

Moreno,57' so as to provide adequate space for mounting the samples ,on 

the cavity"endwall as shown in Fig~ '8. On the axis of the cavity, directly 

below the tuning plunger, E f is perpendicular to the plane of the junc­
-r 

, tions and H is zero when' the cavity is excited in its fundamental mode. 
-rf 

The substrate was located with its center on the cavity axis, and all 

three junctions on the substrate were close enough together so that 

E f and H '1' at the actual junction positions were the same as the axial 
-r ' -f' 

values of the fields. The electrical wires connected to the junctions 

were run out of the cavity through small holes drilled in the eavity 

base in order to minimize antenna pickup in the leads. 

The magnitude of the rf electric field on the cavity axis was 

determined indirectly from measurements of the cavity loaded Q, QL' and 

the VSWR at resonance. From measurement of the ,cavity bandwidth 6f, qL 

was calculated from the relation, 

= f /61', o 

',. 
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where f
o
. is the resonant frequency andf !M /2 are the points at 

. 0 

which the reflected rf power has increased by 50% of its net change 

when the cavity is tuned far" from resonance. With QL determined 

experimentally, the bare cavity Q factor, Q was calculated from the 
o 

expression, 

where the coupling factor B is given by, 

(3 = 1/ (VSWR) . 
;resonance' 

for an undercoupled cavity.58,59. The Q
o 

of our cavity when filled with 

liquid helium at 4.2°K with jUnctions in place was in the range Q =420-480 
o ' 

.. 57 
as compared to a value computed from Moreno's design formulas, 

-4 Q ( . = 1550, using a brass skin depth 0= 2.2 x 10 cm. Since the o theor.) 

cavity was bolted together and had joints across which surface 

currents flowed, the observed reduction of Q below its design value 
o 

seemed reasonable. With the experimental value of Q , the cavity shunt 
. 0 

resistance R was calculated from the equation, 
o 

where (R /Q )th was determined o 0 eor. from Moreno's formulas. 

for a 
.. 8 

reentrant cavity by,5 

R is defined 
o 
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where PD = power dissipated:,in the cavity arid the line integral is taken 

along the cavity axis between base and plunger. The magnitude of the 

field could then be computed from, 

E = (2P
D
H

O
)1/2/(f:..Z), . 

rf 

wheref:..z = height of plunger above the cavity base. The relation between 

Erf and PD determined in this manner "\Vas, 

The major sources of error in determining the magnitude of the rf field 

arise from experimental errors in the determination of Q and PD. The 
" 0 

major source of uncertainty in the Q measurement arises from error in 
o 

determination of the coupling factor S, while error in PD measurement 

is caused by uncertainties in determining absolute values of incident and 

reflected power and coaxial cable attenuation between the directional 

coupler and the cavity (Fig. 9). The error fromhoth sources was esti-

mated to produce at most a factor of 1.5 error in the final computed 

value of the electric field. 

In a later series of experiments with Sn-:SnO-Pbjunctions, a TE 101 

rectangular gold plated cavity was used. This cavity was 8.18 em long, 

1.27 cmhigh and 4.18 cm wide, with the rf electric field everywhere 

perpendicular to the large 8.18 x 4.18 cm2 top and bottom cavity walls. 

\ 

"' 
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The rzavity- was excited by- an adjustable coupling loop which terminated 

the coaxial input cable at one of the small 4.18 x 1.27 cm
2 

end walls . 

Both the insertion depth and"the orientation of the loop could be adjusted 

independently from outside the cryostat so as to achieve any desired 

magnitude of rf coupling. In practice, the cavity was normally operated 

in a critically coupled condition (13=1) in order to eliminate errors in 

Qo determination and to maximize the magnitude of the rf field for given 

level of incident rf power. The substrate was installeda.t the center 

of the bottom face at the point of maximum I ~rfl, and the sample wiring 

was run out of the cavity along the bottom face so that it was always 

perpendicular to E f. We found experimentally that even very short 
-r 

« 1 mm) sections of wiring parallel to E f at the center of the cavity 
-r 

would reduce the cavity Q to a very small value relative to its empty 

cavity value. The value of Q measured with the substrate installed, 
o 

was Q =1,250, as 
o 

compared to a theoretical value, Q (theor. )=4070 computed 
o 

using an rf skin 
. -4 

depth 0 = 1.55xlO cm. 

The magnitude of the rffield was determined from a measurement of 

incidentrf power with the aid of the relation, 

where w=rf angular frequency and U= average stored energy. For a TE 101 0 

mode, U = eE/8) abd 2 where b, dare cavity dimensions ahd Erf , a, 

E = I~rfl. Thus E f=(4Q /TIf E abd)1/2 ~, and with the actual values rf roo 

of Q , f , and cavity dimensions, E f is given by, o 0 . r 

I, 
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. (99) 

The reason that the propor~ionality constant relating p~/2 andE
rf 

is 

smaller for the rectangular cavity than for the reentrant cavity (Eq. 97) 

is that the rectangular cavity has a much larger effective volume for 

storing rf energy. Even though Q (rect.) ~ 4 Q (reentrant), the volume 
o 0 

effect more than compensates and so the reentrant cavity will produce 

larger fields at the sample position for a given value of PD' 

The remainder of the microwave system is illustrated schematically 

in Fig. 9. Microwave power produced by a tunable General Radio 1360-A 

microwave oscillator was supplied to the cavity via 0.141 inch semirigid 

coaxial cable. Incident and reflected rf powers were monitored with a 

Boonton 41A-R microwattmeter while junction data was being collected to 

insure that the microwave field strengths remained constant. When 

operating below the A-point of helium, a value of P
D 

~ 8-10 mW would 

result in relatively rapid cavity detuning due to the consequent decrease 

in helium density as the helium bath warmed up. 

Static magnetic fields up to 20G could be applied with a small 

Helmholtz coil pair placed outside the microwave cavity but inside the 

helium bath. The cavity and magnet were both enclosed in a superconduct~ . 

ing shield can to prevent.interference from stray rf and magnetic fields, 

and additional magnetic shielding was placed outside the liquid nitrogen 

dewar in order to screen out the earth's field. 

D. Electronics 

The tunnel junction I-V characteristics were determined by sweeping 

the junction with a constant current biasssupply and measuring the junction 

.. 
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voltage using 4 terminal circuits such as the on~ shown schematically 

in Fig. 9. The motorized Helipot sweep and low pass filter were replaced 

by aWa:vetek voltage controlled signal generator when oscilloscope 

display of the I-V characteristic was desired. The Wavetek generator 

could also be used to produce chart recordings of I-V characteristics 

when opera.ting at sweep frequencies in the range 0.01-0.05 Hz. The 

junction bias current was determined by measuring the voltage. drop 

across a nominal 1% tolerance resistor in series with the tunnel junction. 
I 

The junction dynamic resistance dV/dI as a function of voltage 

was determined by conventional phase-sensitive detection techniques. 17 

The dynamic conductance dI/dV could also be determined directly by 

the use" of a novel technique involving data acquisition wi tha RIDL 34-27 

series multichannel analyzer. The junction was biased with the Wavetek 

generator operating in a linear (triangle wave) sweep mode thus producing 

a condition in which dI/dt=constant. Since the dynamic conductance can 

be expressed as 

dI/dV - (dI/dt)/(dV/dt), 

a quantity G(V) which is proportional to dI/dV can be determined from 

measurement of dt/dV. The .voltage V was used to determine the 

analyzer memory address or channel in which input pulses from a 10 KHz 

pulse generator were to be stored. Since the voltage widths dV were also 

constant~ the time dt(V) spent at each channel was proportional to G(V) 

and thus so was the number of counts stored in the channel corresponding 

to voltage V. The sensitivity of this technique compares favorably 

"I 
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with that found when using ac modulation and lock-in detection to 

measure dV/dI, and when rapid qualitative data was. dE!sired, the 

analyzer technique proved much the better of the two methods ,be.cause 

stray short duration noise pulses pickeq. up by the voltage measuring 

circuitry did not greatly affect the quality of the recorded data. 
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V. EXPERIMENTAL RESULTS 

A. Quasiparticle PAT 

The experimentalrespot:lse, of the quasiparticle- tunneling current 

to the perpendicular rf electric field was determined by measuring the 

junction I-V characteristic at a series of microwave power levels. 

The bare current I (V) was taken to be the experimentally measured 
o 

current with zero rf power applied (cf. Fig. 2), and the various theoreti-

cal characteristics were then calculated numerically from Eqs. (54) and 

(57) with a as a parameter, or from Eq. (56) with Vrf as a parameter. 

The experimental current deviations, ~I = I(V)-I (V), were determined 
o 

, .. :' - . 

from I-V chart recording on which a group of I(V) graphs were superimposed 

on an I (V) graph. Voltage differences were measured to an accuracy of 
o 

± 2~V using a horizontal scale of 50 ~V/inch, while the current devia-

tions ,.~I, were measured to an accuracy of approximately 3% of the 

maximum observed deviation at any given bias. The resistance parameter, 

R=l/G
NN

, was determined for each junction by fitting the measured Io(V) 

for V >2~/e + oV to the theoretical RI (V) function calculated from o 

Eq. (1). The value of ~Pb + ~Sn or 2~Sn was determined using a method 

described by Rowell and McMillan22 in which the sum of the energy gaps 

corresponds to the voltage at which the current has increased to 

approximately one half the value of the equivalent BeS current discontinuity 

( cf. Fig. 19). In calculating RI (V) from Eq. (1), the transition tempera-o -

ture for the Pb films was taken as the measured bulk value, 7 .19°K, while 

T for the Sn films was taken as the measured value (T =3.78±.03°K for 
c 0 

all the Sn films). The zero voltage Josephson current, which was always 

observed for junctions with R .~ 30 Q, was quenched with a dc magnetic 
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field while the quasiparticle characteristics were being measured. 

The amount of non-tunneling or excess current flowing in the 

junction was measured by subtracting the theoretical thermally excited 

: background current , calculated from Eq. (1), from the measured current 

at vol tag~s V < (lll + ~2) / e, as illustrated in Fig. 2. The broad current 

rise at V= llSn/e, discussed in Section I, is clearly evident in this 

figure. There was a general tendency for lower' resistance junctions to 

have larger fractional excess currents but several exceptions to this 

rule were observed. 

Typical graphs of the single particle tunn~ling current response 

for Sn-SnO-Sn junctions to a 3.93' GHz (hw/e=16.3flV) field are shown in 

Figs. 10,11, and 12. The data of Fig. 10 were taken at a reduced 

temperature t=0.B7 while that of Figs. 11 and 12 were taken at t=O.30. 

The current deviations, llI, determined from Figs. 11 and 12 are plotted 

in Figs. 13 and 14 respectively, while ll:i:(V) for a Junction with a 

resistance between that of the junctions shown in Figs. 11 and 12 is 

shown in Fig. 15. The solid curves in Figs. 13-15 are graphs of llITG(V) 

derived from Eq. (54). The correspondence between the microwave 

power, P
D

, and ~ was determined by fitting at only one point for each 

junction. If PDm was the microwave power dissipated in the cavity at 

the highest power level used, then ~m,the value of ~ corresponding to PDm , 

was determined by fitting the theoretical III to the experimental III at 

the point of maximum deviation. All succeeding theoretical llI(V) curves 

were then calculated by using ~'s determined from the relation, 
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The agreement between the TG theory and experiment is excellent in the 

limit o~ high junction resistance ~or all values o~ PD, as can be seen 

~rom an inspection o~ Fig. 13'. For Sn-SnO-Sn junctions with R > 2.5 n, 

the exact point chosen to fit the data made little di~ference in the 

ultimate value of a determined from the fit. For the lower resistance 
m 

junctions, agreement between experiment and the TG theory becomes 

progressively worse as R decreases, and hence the fitting,procedure 

becomes somewhat ambiguous. In an attempt to improve agreement between 

theory and experiment for the low resistance junctions, we tried to 

determine a by fitting at low microwave power levels, as indicated by 
m 

the dashed line in Fig. 15. Although this improv7d the small a agreement 

somewhat, the deduced fits for large a were then extremely poor. The 

agreement between theory and experiment improved at higher temperatures 

for the low resistance junctions, but for sufficiently small values of 

a deviations always occurred. 

In Fig. 16 the data for the 6.35 n junction of Figs. 11 and 13 have 

been replotted to show IllII as a function of PD ora for various dc 

voltages measured from V= 2llSn/e. The agreement between theory and 

experiment can be seen to be quite good, even in the limit of small a. 
I 

Fig. 9 also indi cates that the low, rf power limit result, I III I c:c P D' 

predicted by Eq. (55) is valid only in the range a ~ 1. In Fig. 17 the 

a=1.8 data from Fig. 13 have been replotted together with theoretical 

llITG , llIRF , and llICE curves calculated from Eqs. (54), (56), and (57) 

respectively. The very close agreement between the experimental points 

and llITG is clearly evident, as is the much poorer agreement between 

experiment and llICE ' It can also be seen that llIRF(V) is very close to 

11, 
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L1I
TG 

(V), even at this low value ofa. Numerical calculations indicate 

that I TG and IRF are approximately equal where a > 10 for 4 GHz micro-

waves. 

In order to test the effects of finite junction capacitance, we 
,. 

calculated theoretical L1IRF characteristics for several of the low 

( ~ 2n) resistance Sn-SnO-Sn junctions using the model discussed in 

Section III-D. The parameter K defined in Eq.(86)was at first treated, 

as an adjustable parameter since the junction capacitance was not 

precisely known. 'L1I
RF 

was then calculated for a 0.59 n junction using 

a series of values for K until substantial agreement between theoretical 
. . . 

and experimental L1I's was obtained. With K determined, the capacitance 

was calculated from Eq. (86), and this value of C was subsequently 

employed to calculate K for junctions with different values of R. In 

Fig. 18, L1IRF and L1ITG are shown for a junction with R=1.31 nand 

K=11.3. The modified theory can be seen to fit the data very closely 

over most of the voltage range. The difference between L1IRF and the 

experimental points at V-V ~ 5xIO~2 mV is probably caused by using the 
o 

classical formulas for calculating L11 in lieu of the proper Tien-Gordon . 

quantum mechanical formalism. A similar discrepancy between L1IRF and 

experiment is evident in Fig. 17 for a high resistance junction 

(R= 6.35 n, K= 54.8). The experimental value of C for the junctions with 

6 -4 2 a surface area A= 2.5 XIO em was C= 350±lO ~~F. With this value of 

C, the ratio of barrier thickness to dielectric constant, '1,/£ , calculated 
s 

from the expression C= £ A/47T'1, is '1,/£ = 6.5 A, which is about twice as 
s s 

large as 'values of the same parameter derived from Eq. (19) and (78) with 

measured Fiske mode voltage spacing (See Section IV-B). 

• 
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The validity of the CE theory was tested by comparing the measured 

response of high resistance Sn-SnO-Pb junctions to the response 

predicted by Eq. (58). Typical results are presented in Figs. 19 and 20 

for a junction with R ~120 n. Fig. 19 shows the measured I(V) characteris-

tic compared with both ICE and I TG . Again, I TG fits the data very 

closely while ICE deviates appreciably from the experimental points. 

Fig. 20 shows the experimental current deviation compared to ~ICE and 

~ITG. .The variation of ~ICE from the data becomes smaller as a. decreases, 

as predicted by Eq. (58). Fig. 17 shows a comparison of ~ICE and an 

experimental ~I curve for a 6.35 n Sn-SnO-Sn junction at a.= 1.8. Even 

at this low value of a. there is a large difference between ~ICE and 

~ITG.ln view of the detailed agreement between the predictions of the 

TG theory and the experimental data for ,low-frequency photon-assisted 
.' 3 4" . . . ". 

tunneling, it would appear that attempts 'to explain the results of 

higher frequency tunneling measurements with Eq. (57) are incorrect. 

At a fixed microwave power level, all samples of the same type 

would be expected to see the same rf voltage for a given value of PD, 

since the magnitude of the induced voltage should depend only on physical 

parameters of the junction such as the barrier and electrode thicknesses. 

Since the barrier thickness i is approximately constant for an order of 

magnitude change in normal state resistance,60 there should not be a 

strong dependence of rf voltage on that parameter. Experimentally, 

there was a small spread in a. values required to fit the quasiparticle 

I(V) data for the different junctions ~t the same microwave power level. 

For the experiments with Sn-SnO-Sn junctions in the reentrant cavity 

described in Section III-B, the effective values' of a. for P =10-4 W were 
D 



in the range, aeff=1.9 ± 0.6. The experiments with the Sn-SnO-Pb 

junction in the rectangular cavity yielded, with one exception, an 

equivalent range of 

which is equivalent 

a
eff 

values, 

-4 to PD=lO W in the reentrant cavity. The exact 

reason for the discrepancy in aeff values between coaxial and rectangular 

cavities is not kno~, but it is within the margin of error of PD 

measurement for the reentrant cavity as discussed in Section III-C. For 

the data relative to each cavity, there was no obviOus correlation 

between the value of aeff corresponding to a fixed PD and junction 

normal state resistance or electrode film thicknesses. The average 
...... 4 

effective rf voltage calculated from a
eff 

hw/e corresponding to PD=lO- W 

. in the coaxial cavity is < Vrf ) ~ 33 ]lV. Using Eg. (97) to calculate 

the magnitude of the rf electric field preserit in the bare cavity, we 

find IE ·fl ~ 8.48xlO-2 
]lV/A, and thus the effective distance over 

- r 

which the rf voltage is developed should be < V f·· . )/IE fl ~ 390 A. This 
r -r 

distance is an order of magnitude larger than a typical oxide barrier 

thickness, £ ~ 20 A, indicating that the effective rf voltage is 

enhanced relative to the bare cavity voltage (V f) = IE f I £ which is 
r - r 

developed across a distance equal to the barrier thickness. Similar 

effects have previously been observed qualitatively in both quasipar­

ticlel ,2,48 and Josephson8 photon-assisted tunneling. 

We can summarize the results of our quasiparticle PAT experiments 

by noting that we have observed excellent detailed agreement between 

experiment and the predictions of the TG theory wheri the parameter a is 

treated as an adjustable constant. Discrepan.cies which occur between 

the basic theory and experiment for low resistance junctions can be 



• 

-63-

explained by a model which includes the effects of junction capacitance. 

There remains, however, an order of magnitude discrepancy between the 

magnitude of Vrf ne~essary;to,fit the I~V 9-ata and ,the magnitude of 

V f which' exists in the bare cavity along a distance equal to the oxide r ' 

barrier thickness. 

B. Josephson PAT 

All the experimental measurements of Josephson tunneling phenomena 

were performed on the'same Sn-SnO-Sn 'j~ctions 'which were used in the 

quasiparticle PAT experiments described in Section IV-A. The magnitude 

of the rf electric field was again determined from measurement of the, 

incident and reflected microwave power. The magnitude of the static 

magnetic field was determined from measurement of the Helmholtz coil 

current ustng a calculated constant of proportionality between current 

and field. Due to some uncertainty in the value .of the coil packing 

factor, magnetic field measurements were considered to be accurate only 

to within ± 10% of the theoretical design value. 

A composite of two typical I-V graphs is shown in Fig. 21 for a 

2.58 0 junction with a length L=1.6xIO-2 cm perpendicular to the dc 

magnetic field direction. The section of the graph marked IFI indicates ," 

the current which flows in the first Fiske mode when the dc magnetic 

field has been set to produce the first zero in I J . Fig. 22 illustrates 

a typical dependence of I J on dc magnetic field for a junction with 

1 ~ RNN ~ 8 0 as compared to the theoretical Fraunhoter type pattern 

prediction of Eq. (28) indicated by the dashed line. For lower resistance 

junctions (R
NN 

~ 0.1 0), the field dependence of I
J 

agreed very closely 

with the theoretical prediction of Eq. (28), while for junctions with 
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larger values of RNN , the magnitude of the sidelobes was usually less 

than the theoretical value, as indicated in Fig. 22. The magnetic 

field values at which IJ=O were, however, always integer multiples 

of the field corresponding to the first zero in I J , as predicted by 

Eq. (28). 

As a standard of junction quality, we required that any junction 

being analyzed have a well defined I J diffraction pattern with at least 

two sidelobes. Although all junctions had the same nominal length 
, '-2 :' 

perpendicular to H ,L=1.6xIO cm, there was an apparently random o , 

variation in the period, ~Ho' between nulls in I
J

. The cause of this 

variation cannot be completely determined since, according to Eqs. (28) 
. . , . : . 

and (29). measurement of t.H yields only the product Ld ~ 2AL. If we 
o 

assume that L is equal to its measured value, then the derived penetration 

lengths were in the range ASn (T=OOK) =375 ± 70 A, in reasonable 

4 "A 40 agreement with the value ASn= 00 found by Matisoo in measurements of 

Josephson Junction critical currents. The observed temperature dependence 

of ~H was, also in reasonably good agreement with the theoretical inverse 
o 

London penetration length temperature dependence,61 A(O)/A(T) = 

(1- (TIT )4 )1/2. 
c' 

As" another check of junction quality, we measured the temperature 

dependence of IJforselected junctions and coi:npared the measured IJ(T) 

wi th the prediction of' the Ambegaokar and Baratoff formula, Eq. (15). 

The ratios of the measured values of IJ(T=OOK) to the 

I J ( the or. ) =7T M 0 ) 12RNN' all ,fell wi thin the range 0.79 

theoretical value, 

~ I 1 ~ 0.90, re 

where I rel = IJ(meas. )/IJ(theor.), with the average value of I rel given 

by (I 1) = 0.85. This value is in reasonably good agreement with the re 

• 

.. 

.. 
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value I 1 = 0.91 for an Sn-I-Sn junction derived b~ Fulton and McCumber62 
re 

in a calculation which included strong coupling superconductivity 

corrections to the basic Ambeg.aokar and Baratoff formalism. If 

IJ(T=OOK) w~s taken as the experimen:t;Uly measured value,'the ,experimental 

IJ(T)/IJ,(O) function agreed very closely with the dependence predicted 

by Eq. (15). 

Measurements of self-resonant or Fiske mode phenomena indicated 
, ' 

that the amplitude dependence of the mode currents on H was complicated o ' ' 

and not reproducible from sample to sample., A typical experimental 

I-V trace is shown in Fig. 23, where the arrows indicate the path traced 
, .' ". , 

for increasing or decreasing bias current. Fig. 22' indicates a typical 

experimental magnetic field dependence of mode currents on H , and is 
o 

in general agreement with both the qualitative predictions of the linear 

theory described in Section III-C and similar measurements of Dimitrenko 

62 and Yanson. The Fiske mode voltages V were usually spaced at equal 
n 

intervals as predicted by Eq. (78). Although some examples of anomolous 

behavior were observed, they were neither reproducible, nor could they 

be correlated with the positions V predicted by Eq. (83) for the n,m 

case where wavevector quantization exists in both spatial dimensions 

in the plane of the junction. The average value of the Fiske mode 

spacing for our junctions was 6v =105 1..tV-; yielding a value of 9../E.=2.9 
n 

from Eq. (78) if ASn is taken as 500 A, the value, for pure tin. 63 With 

our value ASn ~ 375 A derived from the measured average magnetic field 

dependence of I
J

, we find 9.,/E. ~ 2.1. In Table I we list reported 

experimental value of 9../E. for Sn~SnO-Sn junctiqns and the methods by 

which they have been determined. 
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The predicted temperature dependence of the voltage interval between 

self-resonant modes as indicated by Eq. (78) is, 

or, using Eq. (19) for v J' 

(100) 

, ' , 62' 
Although Dmitrenko and Yanson have previously reported good agreement 

between the measured Vl(t) and Eq. (lOa) for the first step, our measure­

ments do not agree well with this theory. At reduced temperatures 

0.6 < t < 1, we find that VI (t) decreases more rapidly with increasing 

temperature than Eq. (100) predicts. Above a reduced temperature 

t=0.73 the spacing between the modes did not correspond to integral 

multiples of a fundamental spacing, as p~edict~dby Eq. (78) . 

. 64 Ngal has recently included the frequency dependence of the 

penetration depth (and hence the frequency dependence of vJ ) in a 

calculation of V (T). Although his theory predicts that the step 
n 

spacing will become non-uniform fOr t > 0.6 because of the frequency 

ddependence of v J ' it also preducts that V n (T) will fall off less 

rapidly with increasing T than the rate predicted by Eq. (100), in 

contradiction with our experimental data. 

The effect of the externally applied microwave field on the 

Josephson currents was determined by methods analogous to those used 

in the quasiparticle PAT experiments. The dependence of 1
J 

on rf power 

,f 
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was determined for all the junctions used in the PAT experiments and 

the interaction of the external field with the Fiske mode currents was 

studied for selected samples-,· In general ,we observed poor quantitative 

agreement with the theory discussed in Sectio~ III-C and large variations 

in measured quantities from sample to sample. Forjunctionswith 

large excess current components, the effect of the rf electric field 

was to induce constant current steps at voltages V = nhw/2e as predicted 
n 

by Eqs. (71) and (72). Al though the step amplitudes were oscillatory 

functions of rf power, they did not vary as J (2a), as predicted by 
n 

Eq. (72). A typical experimental I-V trace for a jUnction with excess 

current exposed to 4 GHz radiation is shown in Fig. 24. For the junctions 

used in our experiments which had small excess current components 

(cf. Fig. 2) the response to the if field was quite different. The 

usual effect of the rf field was a monotonic decrease in I
J 

to zero. 

Thereafter, I J usually remained zero for larger fields, but in some 

cases a small I J would reappear at discrete values of PD. Higher order 

induced steps could not be produced in these junctions, even at reduced 

temperatures near one where a large thermally excited quasiparticle 

current component existed. 

The general nature of the measured dependence of I
J 

on (P
D

)1/2 is 

illustrated in Fig. 25. A J (2a) function has been fitted to the experi-.. 
o 

mental curve at the points where Vrf=O and where IJ=O to indicate the 

usual nature of the discrepancy between theory and experiment. The small 

peak in the experimental graph near Vrf=O was observed in all the samples, 

but the magnitude of the peak relative to the extrapolated value of I
J 

varied from sample to sample in the range .03 I J ~ OIJ : 0.1 I J . We 
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have assumed that this peak is caused by small short circuit current 

components flowing near the junction edges but no detailed. analysis 

of the phenomena was performed. The experimental value of a for which 

the first zero of I
J 

occurred, a
J

, was determined from Eq. (99 ) by 

using values of am and P
Dm 

determined from the single particle current 

response data, together with the measured PD at which IJ=O. The values 

of a J determined in this manner ranged from 0.19 to 10.4 as compared to 

the theoretical value of 1. 2 at which J (2a)=O. The experimental values 
o 

of aJ appeared to vary randomly and were not correlated with either RNN 

or the magnitude of the excess current component,even for junctions on 

the same substrate. 
, . . 

The rf detection sensitivity of th~ self-resonant mode currents 

was usually greater than the sensitivity of I
J

• If the dc magnetic 
. . . 

field was adjusted to maximize the first Fiske mode current, then the 

presence of external rf power would reduce IFl to zero at a value 

a ~. 0.1 a
J 

.. There was, however, no evidence of mixing between the 

external rf and the Fiske mode fields, i.e. no induced rf steps 

appeared superimposed on the Fiske steps. 

In an attempt to obtain experimental evidence for the existence 

of the Riedel singularity in the Josephson current amplitude, we 

observed the response of I
J 

at large values of a, as determined from 

As discussed in Section III-C, Eq. (75) predicts 

that there should be an observable IJ(a) when'the conditions nftw = 26, 
, 

a ~ n are satisfied. In our case, n = 75 and,i, assuming 

predicts that the n ± 1 terms will contribute values of opposite sign 

.. 

.. / 
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th ( ) (6 ) from the n term, the singularity in j2 w as ,given by Eq. 5 is so 

, sharp that'j2(2Mh± w) ~ 3.2j2(0), ,and hence the n± 1 terms will not 

th ~wi, A cancel the n term when Jl is an exact multiple of 2u . After stabilizing 

.. 
the junction temperature at T ~ 1.15°K, the microwave frequency was 

adjusted slightly until 2Mhw = 75. The dc Josephson current was then 

monitored as a function of rf power up to the highest rf powers 

attainable on two of our samples for which values of a > 75 could be 

reached. No dc Josephson current was observed at large a within the 

experimental limit for these measurements, ± .01 IJ(O). 

, 'W 

l 
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VI. DISCUSSION AND CONCLUSIONS 

The principal result of our low-frequency quasiparticle PAT. 

measurements is the confirmation of the validity of the TG theoretical 

description of the process. In the limit where the parameter K (defined 

by Eq.· (86)) is large, the basic TG formula,E~. (54), fits the data 

very closely for all values of a ~ 60. At lower values of the parameter 

K, the model described in Section III-D predicts the shape of the I-V 

characteristi~s quite accurately at low rf power levels where the 

basic TG theory fails. A consequence of this theory is that the 

external microwave field acts either as a voltage source in series with 

the junction capacitance or as a current source with a magnitude 

irf/WC ~ ~/WC in parallel with both the capacitance and the quasi-

particle nonlinear resistance. Although this model has been,successful 

in explaining the measured data, we have not been able to derive it 

from the more general electromagnetic wave equation, Eq. (34). A 

secondary result obtained from comparison of model predictions and 

experimental data has been the indirect determination of junction 

capacit~ce at 4 GHz, resulting in an· experimental value of £/£ for 

Sn-SnO-Sn junctions, £/£=6.5 A (see Table I). This value is about 

twice as large as most of the values previously.determined from measure-

ments of Fiske mode voltages (Table I),·but considering the simplicity 

of our model, the agreement is felt to be quite good. 

Since all the sample junctions were prepared in an identical 

manner, except for oxidation time, the variations in the actual 

strength of the coupling between the junctions and the rf field may be 

dependent on the condition of the oxide barrier at the edge of the 

.. 
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junction, which will vary from sample to sample in an .unknown way, 

leading to a spread in experimental a. values for a given rf power 

level. The order of magnitude discrepancy observed between calculated 

and actual microwave voltage across the Junction has previously been 

ascribed to a large impedance mismatch between the microwave cavity 

and thejunction. 38 However, if microwave power is reflected from 

the junction because of an impedance mismatch, we would expect that 

the effective rf voltage across the junction would be smaller than the 

rf voltage across a equivalent length of bare cavity. Thiswould 

lead to a. > a. ff' where a. is determined from rf power measurement cav e cav 

and a.eff from I-V curve fitting. Since experimen:tally, a. ff· ~ (20-50) Xa. , 
. . e c~ 

some alternative explanation is required. If one assumes that the bare 

rf voltage appears across the junction electrodes, then one must also 

assume that the junction barrier has an effective thickness ~ ~ 400 A 

to account for the observed values of a.eff . 

In view of the detailed agreement between the predictions of the 

TG theory and the experimental data for low-frequency PAT, it would 

appear that recent attempts 3 ,5 to explain the results of higher 

frequency tunneling experiments with the CE theory (Eq. (57)) are 

incorrect. The results of a recent PAT experiment performed by 

Hamilton and ShaPiro65 at 70 GHz on Sn-SnO-Sn junctions have been 

explained by them in a semi-quantitative manner by including the 

effects of transverse spatial variation in the high frequency rf 

voltage, presumably by use of Eqs. (62) and (63). The major difficulty 

encountered in making a detailed comparison between theory and experi-

ment at high frequencies is lack of detailed knowledge of the function 

!II 

, 
/' 
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Vrf(x) to be used in Eq.(62). Hamilton and Shapiro chose a conventional 

standing wave for th~s function, characterized by one parameter, the 

voltage standing wave ratio~ (VSWR), and then adjusted this parameter 

to fit experimental results to the theory. For our experiments the 

wavelength of 4 GHz radiation in the oxide barrier is estimated to 

be A ~ 3.7 mm from Eq. (59), and since A » L, the assumption of 

uniform·rf voltage is certainly valid. 

Our experiments on the interaction of Josephson currents with the 

rf field indicate that Josephson PAT is not well described by the 

basic theory outlined in Section III-C, even though the dependence of 

I J on magnetic field and temperature agrees well with the dc theory of 

Section II-B. In particular, the functional dependence of I J on a 

does not agree with the prediction of Eq. (75). The wide spread in 

a J values for different samples indicates that sample variables (such 

as the microscopic condition of the junction boundary or film surface 

roughness) need to be accounted for. The deviation of a
J 

values from 

the theoretically predicted value of 1.2 and the large experimental 

spread of these values indicate that the quasiparticle and Josephson 

components of the current do not see the same value of rf voltage at 

the fundamental frequency w for a given value of microwave power 

incident on the junction. 

Another major discrepancy between experiment and theory has been 

lack of higher order induced steps in the I-V characteristics at 

voltages ± nhw/2e for junctions with little or no excess current 

component. Although this may be due to a fundamental shortcoming of 

the theory, it could also be a result of instabilities in the junction 
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caused by noise voltages from the constant current bias circuitry. It 

may be noted, however, that for junctions with excess currents we 

could trace out the induced steps in the I-V characteristic with the 

dc sweep circuitry illustrated in Fig. 9, and it was possible to hold 

the voltage constant at any point on a step for long periods of time 

without the occurrence of a noise induced transition to the next step. 

It therefore seems likely that the presence of a nontunneling current 

component increases the inherent stability of the Josephson currents at 

the induced step voltages, and that the amplitudes of these currents 

are much smaller than those predicted by Eq. (75). 

Experimental study of the interaction of external microwave 

radiation with the self-resonant mode currents produced no direct 

evidence for the existence of large rf voltages at the mixing frequencies 

Wn ,m=2eVn/ h ± nwrf , where Vn is the nth Fiske mode voltage. The 

response of the Fiske mode currents to the external rf was similar to 

that of I
J 

although the rf voltage sensitivity was somewhat greater. 

Our search·for experimental evidence of the Riedel singularity in the 

response of I J likewise produced a null result,but this seems quite 

reasonable in view of the expected smearing of the Josephson current 

amplitude j2(W) near W = 2Mh • 

"j 

{ 

'I 



-74-

APPENDICES 

A. Derivation of BCS Model Current, Eq. (1) from Eq. (52). 

The imaginary part of the current amplitudejl' as given by 
" 

Eq. (52) is, 

2 00 

lnijl(w) = 4~Tr L /Tk / f dw ' [f(w'+w)-f(w ' )] 
'. . k,q _,~ _00 

x ~ (w+w I) A (w I ) . 
q , 

(A-I) 

With the definition, ~=~/h, the spectral weight function ~(w) defined 
,,- .-

by Eq. (39) can be written, 

(A-2) 

To evaluate (A-I) in the BCS approximation, we use (A-2) for ~ (w) and 

change the k and q summations to energy integrations via the prescription, 

Lk + !N(~)d£k' 
- --

where N(£k) is the energy density of states for one spin. After performing 

the w' integration we find, 

2 
Inijl(w) = ~7T !NR-(E:q)d£q !Nr(~)d~/Tk,ql F(W,E:k'£q), (A-3) 

where F(W'£k' £q) is defined by, 

''t. 

.. 

·1 
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{[-few +w) + few )](1+£ IE ) q q q q 
..... . ..... ..... 

• 

+ ,[ -f(w-w) +f( ... W) ](1-£ IE ) 
. q ~ ~ ~ 

.' . ,. 

x [(l+£k/~) o(w-~-Wq) + (i-£k/~) O(~-Wq)]}. - ' 

(A-4) 

In the constant energy gap model, \=6 for allk, and thus, 

(A-5) 

In the evaluation of (A-3) we shall have to calculate integrals of 
00 

the form f g(£k,~)d£k' where g is a function which contains factors 
_00 

such aso(E-Ek ). In order to change the integration variable to Ek 

we divide the original £k integration into negative arid positive parts, 

00 o 00 

= f + J 
o 

The integral over the negative Ek region can be rewritten 

.. 

,'-
by changing the order of integration and then making the variable change 
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then be written as, 

.00 00 

d~ . 

= f:[g(£k'~) + g(-£~,~)J d~ d£~ 

00 

= Jtg(£k'~) 
I:':. --

(A-6 ) 

With the aid of Eq. (A-6) we can easily evaluate the various 

integrals which appear in Eq. (A-3). All of the required integrals 
00 

are of the form f d£kl/2(1±£k/~) O(~-E)g(~), and by using (A-6) we 
_00 ...... ' .. :., ...... ...., " ...... 

readily find 

00 

f d£k 1/2(1± £k/Ek) O(~-E)g(~) = g(E)n(E), 
_00 

(A-7) 

where neE) is the BeS reduced density of states function, 

= 0 E < 1:':.. (A-8) .. 

If we assume that the tunneling matrix element Tk,q and the normal 

metal densities of states are slowly varying functions of energy, then 

these factors may be taken outside the integrals in (A-3) and replaced 

by their.a.verage values. For this purpose, we define ITk ,q12 = T2 and 

N(E) = N(O) neE), where N(O) is the density of states at the Fermi 

surface. After performing the £k integration and transforming the £q 

.. 

.. 
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integration wi th (A-6), we find that, 

.1 00 

Imjl (~V = 4 eh'TT Nr (O)NR,CO)T
2 Io dE nR,(E) 

x {[f(E)-f(E+eV)]!n(E+eV) + n (-E-eV)] 
, r r 

+ [f(-E) ..;. f(eV-E)] [n (eV-E) + n (E-eV)]}. 
r r 

(A-B) . 

When n(E)is redefined as neE) = IEI/(E2_.12)1/2 in accordance with 

Eq. (3) and when the multiplicative constants in (A-B) are defined by 

Eq. (14); we find 

+ Joo dE nn(E) n (E-eV)[f(-E) - f(eV~E)}. 
o ;tv r 

(A-9) 

If we make the change of variables E~ -E in the. second integral in 

(A-9) and also reverse the order of integration, (A-9) can be rewritten 

as, 

00 

Imjl(eV/h) = GNN J dE nR,(E)nr(E+eV)[f(E)-f(e+eV)], 
_00 

.14l which, with the change of variable E ~ E-eV, becomes the Giaever 

formula, Eq. (1). 
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B • Proof that I TG (V,ex) -+ IRF (V) in the Limit, ex -+ 00, hw -+ 0 

In theelassieallimit, the average or'de current flowing in a 

nonlinear resistive element with characteristic 1 (V) when biased at a 
o 

voltage V+Vrf sin wt is, 

. , 

wi th the change of, variable p=wt, '( B-1) b~comes, 

1211' ' , 
= - f 1 (V+V f sinp)dp 

211' 0 0 r 

= 21 {fTI [1 (V+V f sin p) + 1 (V-V f sin p)]dp. 
11' 0 0 r 0 r 

(B-1) 

(B-2) 

By expanding the integrand in Eq. (B-2) in a Taylor in powers of Vrf sin p 

series about V and collecting terms we obtain, 

(B-3) 

where the order of summation and integration has been reversed. With 

'the aid of the formula, 

we obtain 

£1l' (sin p)2n dp = 1l'(2n)!/(2nn!)2, 
o 



.. 

'. 
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00 V f 2,n 1 
( ...E..-.) _---=-

2 (nJ )2 
(B-4) L 

n=O 

In order to compare Eq. (B-4) with the limiting form of the TG 

formula, we expand the functions I (V±n.hw/e) which appear in Eq. (54) in 
o 

a Taylorseries in powers of nhw/eabout thepoirit V~ , The resultant 

series may be expressed as, 

where 

x = 1 o 

x = 2, 
n 

n > O. (B-6 ) 

Geldstein, Abeles, and Cohen48 have shown that the summation over n may 

be expressed by the equation, 

00 

\' X n2r J2 ( rv) __ _....:{:..:;:,2;:..r ):...;.!_ 2r 
~ ~ CJ. + terms proportional 

n=O n n (r!)222r 

2r-2 2r':"4 to CJ. CJ. ,etc. (B-7) 

In the limit CJ. -+ 00, only the first term in Eq. (B-7) survives. When 

this term is inserted in Eq. (B-5) we find that the resultant series 

is the same as that for IRF in Eq. (B-4). 

For ,fixed values of r in Eq. (B-5), the summations over n can be 

calculated with the aid of various Bessel function sum rUles. The 

," 
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result through terms containing the fourth derivative of I . can be 
o 

written as, 

". ~ d4I 2 
ITG(V) - Io(V) = (Vr /2)2 ~d2Io/dV2 + (dV40) (h~~e) 

x [l [t- - .fo (~) J - 2aJ1 (~)J a (~) +4.ri (a) +l ~} (B-8) 

Thus, through terms with r=2, 

= (hw/e )4 
. 48 

~ ~- -

(B-9) 

(B-lO r 

(B-ll) . 

From Eqs. (B-lO) and (B-ll) we can observe the interesting fact that 

the difference between 6ITG and 6IRF + 0 not only in the limit when 

a + 00 with V rf finite, but also in the limit a + 0, hw/e finite. 

.. 

.. 
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Table I. Experimental value of 9./£ for Sn-SnO-Sn Tunnel Junctions. 

9./dA) Method of Measurement Reference 

6.5 Quasiparticle PAT measurement of K=2TIfRC This work 

2.1-2.9 Measurement of Fiske mode positions This work 

2.7 " " " " " R. E.- Eck (a) 

3.5 
I_I " " " " J. Matisoo (b) 

1.5-2 " " " " " D. D. Coon and M. D. Fiske (c) 

4.3 " " " " " 1. M. Dmi trenko, 1. K. Yanson (d) 

7.14 " Ii " " " A. J. Dahm et. a1 (e) 

(a) R. E. Eck, Ph.D. Thesis, Univ. of Penn. (1966), unpublished 

(b) J. Matisoo, J. Appl. Phys. 40, 2091 (1969) 

(c) D. D. Coon and M. D. Fiske, Reference 50 

(d) 1. M. Dmitrenko and 1. K. Yanson, Reference 62 

(e) A;J. Dahm, A. Denenstein, T. F. Finnegan, D. N. Langenberg, and D. J. Sca;Lapino, Phys. Rev. Let.-ters 

20, 859 (1968). 

'" " \: 
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:FIGURE CAPTIONS 

Fig. 1. (a) Normalized I-V characteristic for an Sn-I-Pb junction 

calcul~ted from Eq. (l) with the BC$ density of states function 

Eq. (3). Energy gap parameters used were ~s· (0)=0.6 mV, 
·n 

~bCO)=1.4 mV. 

(b) Normalized I-V characteristic for an Sn-I-Sn junction 

calculated from Eq. (1). ~Sn(0)=0.6 mV. 

Fig. 2. Bare current I (V) for a 1.31 n Sn-SnO-Sn junction with no 
o 

microwave power applied. The current scale has been expanded as 

indicated. The dashed line labeled BCS shows the theoretical 

thermal background current predicted by Eq .. (1). 

Fig. 3. Schematic illustration of Josephson (a), single particle (b), 

and double particle (c) and (d) tunneling between two BCS super-

conductors with gap parameters ~L and ~R' In the Josephson 
. . . 

(supercurrent) tunneling, the electrons are condensed into pairs 

in both electrodes, so the current flows only if there exists 

zero bias between electrodes. In single-particle tunneling, a 

pair is broken up and one of the two electrons tunnels. For 

non-identical electrodes, the threshold for this process is 

eV=~L+~R' In one kind of double-particle tunneling, both of the 

electrons that comprise a single pair tunnel through the barrier 

into quasi-particle states. The threshold voltage for this process 

is eV=~R as shown in (c). Another two-particle tunneling process 

shown in (d) occurs when two pairs are broken in the left electrode 

and one member of each pair tunnels through the barrier and then 

recondenses in the right electrode. The threshold for this process 

is eV=~L' 
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Fig. 4 .. Schematic diagram of an "ideal" superconductor junction. The 

insulator is a planar slab of widthR. and the electrodes are 

considered to be much le:>nger than either of the penetration lengths, 

Al ,2· 

i Fig. 5. Sketch ,fof actual crossed-strip junction geometry showing junction 

in the presence of an rf electric field perpendicular to the plane 

of the junction. The dc magnetic field is in the y direction 

parallel to the edge of the bottom electrode. 

Fig. 6. End and side views of crossed-strip tunneling junction showing 

directions of rf electric and dc magnetic fields. 

Fig. 7. . Schematic of lumped circui t junction model discussed in 

Section III-D. The rf electric field is considered to act as a 

voltage source in series with the junction capacitance. Idc is 

the current supplied by the dc bias~d Io[V(t)] is the total time 

dependent current flowing in the junction. 

Fig. 8. Microwave reentrant cavity with tunnel jUnction samples 

installed. At the sample position, the rf electric field is 

perpendicular to the sample and the rf magnetic field is zero. 

A static magnetic field can be applied parallel to the common 

longitudinal strip. 

Fig. 9. Schematic of microwave and electronic equipment used to 

measure the sample characteristics as a function of rf power. 

Fig. 10 .. Bare current I (V) and photon-assisted tunneling current for 
. . 0 

a 2.52 n Sn-SnO-Sn junction at a reduced temperature t=0.865. The 

dashed line indicates the BCS theoretical current calculated from Eq. (1). 

Fig. 11. Current I(V) with microwave power applied for a 6.3 n 

• 

,.t 
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Sn-SnO-Sn junction. The numbers 1-7 of the graphs correspond to 

a values of 1.8,4.0,5.7,8.0,11.3,15.0, and 18.0 respectively. 

a=18 corresponds tOPn=5 ;3xlO-3 W dissipated in the cavity. 

Fig. 12 .. Current rCv) with microwave power applied for a 0.35 n 

Sn-SnO-Sn junction. The numbers 1-4 of the graph correspond to 

a values of 3.2, 5.5, 8.4, and 12.3 respectively. a=12.3 corresponds 

to Pn=7 .95xlO-3 W dissipated in the cavity. 

Fig. 13. tn(V,a) derived from the r(v) curves in Fig. 11. The solid 

lines are theoretical curves calculated from Eq. (54). V is an 
o 

arbitrary voltage near V=2~ chosen for convenience in data reduction. 

The correspondence between a and Pn was determined by fitting curve 

70f Fig. 4 at one point. 

Fig. 14. ~ICV,a) corresponding to the r(v) curves in Fig. 12. The 

solid lines are theoretical curves calculated from Eq. (54). 

an arbitrary voltage near V=2~ chosen for convenience in data 

V is 
o 

reduction. The correspondence between a and Pn was determined by 

fitting the graph for a=12.3 at the point where V-V = -.04 mY. 
o 

Fig. 15. ~r(V,a) for a 0.69 n Sn-SnO-Sn junction. The solid lines are 

theoretical curves calculated from Eq. (54). The curve for a=12.6 

. -3 was fitted to the experimental Pn=5.3xlO W data at V-V = -.05 mY. o . 

The dashed line indicates the theoretical a=2.7 graph fitted to the 

Pn=.53xlO-3 W data at V-Vo= -.03 mY. 

Fig. 16. l~r(v,a)1 vs Pn for the junction of Figs. 11 and 13 plotted 

for various values of ~V=V-V as indicated. The dashed lines 
o 

are theoretical and the solid curves are experimental. The a 

range covered in this graph is 0 ~ a ~ 5.4. " The linear power 
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dependence of I~II on PD is approximately correct for a ~ 1. 

Fig. 17. ~I(V,a) for a 6.35 n Sn-SnO-Sn junction ata=1.8. ~IRF(V) has 

been calculated from Eq. (56) using Vrf=1.8 hw/e. The points are 

experimental values. 

Fig. 18. ~I(V ,a) for a 1. 31 n Sn-SnO-Sn junction. . The solid lines have 

been calculated using the finite capacitance model of Section III-D 

and K=ll. 3. .The dashed lines are the TG theory predictions from 

Eg. (54). 

Fig. 19. Typical I-V characteristic for a Sn-SnO-Pb junction at voltages 

near ~Pb+~Sn' IoCV) is the measured bare current. ITG(V) was 

derived from Eg. (54) using a=19, and ICE(V) was derived from Eg. (57) 

for the same value of a. The points are experimental. IBCS(V) is 

the current predicted by the BCS constant ~ model. 

Fig. 20. ~I(V,a) derived from the measured I-V graphs for the junction 

, ' ( )1/2 of Fig. 19. a was scaled as PD after fitting a theoretical 

~ITG(V) to measured data at PD=19.5 mW (not shown). 

Fig. 21. Composite I-V graph of 2.58 n Sn-SnO-Sn junction at T=1.2oK 

showing zero voltage Josephson current I J in zero magnetic field 

and current in the first Fiske mode IFl at a magnetic field value 

for which IJ=O. The arrows indicate the path by 'which the characteristic 

is traced when biased by a current source. 

Fig. 22. I
J 

vs dc magnetic field for a 2.17 n Sn-SnO-Sn junction. The 

dashed line is the theoretical pattern for junction withL < 2AJ 

predicted by Eg. (28). IFl and IF2 are the currents observed in the 

first two Fiske modes. 

Fig. 23.' Experimental I-V graph showing Fiske mode constant current 
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steps.· Arrows indicate the path by which the characteristic is 

traced when the junction is biased by a current source. 

Fig. 24.. Microwave induced steps for a Junction in the presence of 

4 GHz radiation. This junction has a large non-tunneling current 

component which 'can be seen at bias voltages Ivl > 40).lv. 

Fig. 25. I
J 

vs (PD)1/2 for a 2.17 n Sn-SnO-Sn junction. The solid 

line is the experimentally measured graph and the dashed line 

represents. a J (2a.) function fitted at both ends of the experimental o 

trace. 
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LEGAL NOTICE 

This report was prepared as an account of Government sponsored work. 
Neither the United States, nor the Commission, nor any person acting on 
behalf of the Commission: 

A. Makes any warranty or representation, expressed or implied, with 
respect to the accuracy, completeness, or usefulness of the informa­
tion contained in this report, or that the use of any information, 
apparatus, method, or process disclosed in this report may not in­
fringe privately owned rights; or 

B. Assumes any liabilities with respect to the use of, or for damages 
resulting from the use of any information, apparatus, method, or 
process disclosed in this report. 

As used in the above, "person acting on behalf of the Commission" 
includes any employee or contractor of the Commission, or employee of 
such contractor, to the extent that such employee or contractor of the 
Commission, or employee of such contractor prepares, disseminates, or pro­
vides access to, any information pursuant to his employment or contract 
with the Commission, or his employment with such contractor. 
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