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SYNOPSIS

A criterion for failure of plain concrete subjected to combined
stresses was established from tests of sixty-five tubular specimens
tested to failure under various combinations of shearing and compressive
stress., A procedure for determining the shearing strength of rec-
tangular reinforced concrete beams without web reinforcement was |

developed. Excellent correlation was obtained between calculated and

observed shearing strength of a limited group of beams for which the

mechanism of failure had been defined by other investigators,
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! : NOTATION

The letter symbols used in this report are generally defined
when they are introduced. The most frequently used syﬁbols are listed
below for convenient reference.

A - cross sectional area, or numerical coefficient

A - effective area resisting shear

Ag- area of longitudinal reinforcement

b,d - Widﬁh and effective depth of rectangular beam, respectively

C - compression force due to internal moment

fg_m compressive strength of 6 x 12 in concrete test cylinders

fg - compressive strength of 3 x 6 in. concrete test cylinders

_ fy - yield strength of longitudinal reinforcement
1119 12, 13 = prinecipal stress invariants
J = ratio of internal moment arm to effective depth d.
J - polar moment of inertia
k - ratio of depth of compression zone to effective depth d

M - bending moment

- (As/bd)

- axigl head
= tension force due to internal moment

total -shearing force

normal stress

A g 9 =B "W o
[

]

shearing stress




I INTRODUCTION

A, Objectives

“ : Failure of structural elements usuélly occurs under complex
loading conditions, hence the state of stress at failure is generally
complex. For this reason, knowledge of criﬁeria of failure for
materials subjected to combined stresses is important. Reinforced
concrete elements, such as rigid frames, plate floor slabs, shell

roofs, and similar prestressed concrete elements, are subjected

to loads producing combinations of normal and shearing stresses.
Therefore, investigations of strength limitations for concrete sub-
jected to combined stresses becomes particularly important if the
ultimate strength theories are to be acbepted.

Investigations of failure in plain concrete is complicated by
the nonhomogeneity and nonisotropy of the material, and in rein-
forced concrete it is further complicated by the presence of
reinforcement. It has been often stated that presence of rein-
forcement in concrete alters the nature of the material and, therefore,
changes the criteria for failure. Indeed, in considering the mechanism
of failure, that is, the progress from ﬁh;”initial local failure to
the ultimate collapse, bond between concrete and reinforcement, and
deformation or failure in the reinfbrcemenf‘plays a very important
role. It seems reasonable, however, that the conditions producing
local failure in cpncrete are essentially the same for both plain and
reinforced concrete, and therefore knowledge of failure criteria for
plain concrete would be valuable for prediéting collapse strength of
reinforced or prestressed concrete structural elements of any size
or shape. | |

The study reported here had two principal objectives, The first

was to verify the validity of a failure criterion for plain concrete
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based on a relationship between normal and‘shearing;mean stresses.
Such a hypothesis had been formulated by the writers as a result of
a preliminary investigation, but in view of the limited data obtained
at that time, further verificatiom was deemed desirable, The test
program carried out as a part of this investigation is described in
Part II of this report and the formulation of the failure criterion
is described in Part IIT,

The second objective was to apply the failure criteria to the
determination of shearing strength of structural elements., All pre-
vious methods for determining shearing strength of structural elements
were largely empirical, based on tests of the particular kind of
structural elements, such as beams, slabs, or footings, and attempts
to correlate the strength ﬁroperties of the material with the
shearing strength of the structural elements were unsuccessful. In
this study an excellent correlation between the failure criterion
and the shearing strength of a particular class of rectangular rein-
forced concrete beams without web reinforcement was obtained., This
correlation is described in Part IV of this report.

Effects of specimen size and shape, and of stress distribution in
the test specimen; are of considerable importance in all studies of
material properties, particularly for such a non-homogeneous material
as concrete. Some considerations of these effects, from a‘statistical
point of view, are discussed in Part V of this report.
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IT TEST PROGRAM

A, Scope of Test Program

The experimental investigation was limited to tﬁe stgdy of strength of
plain concrete subjected to various combinations of compréssion and shear,
A1l test specimens were of the same tubulér shapes 9 in. outside diameﬁergh
é in. inside diameter, and 30 in, long. Stresses at failurgﬂwere determined
\ : :

for specimens subjected to pure axial compression, pure to}-sion9 and tor-

sion combined with compression of 20, 4O, 60, and 80 percent of pure com-

pressive strength. Three concrete mixes were used in this investigation
with’nominal compressive strengths of 3000, 4500, and 6000 psi at the age
of 28 days. .Ail specimens were tested at approximately 28 days after cast-
ing,

.The tesﬁ program was divided into three series. The objective of tests
in series I was to determine the effect of end conditions imposed by a Spééial
torque band on the pure compressive strength of specimens, For each mix one
specimen was tested without the torque band and one with the tofque:band
clamped on the ends. In all subsequent tests, series IT and series ITT, all
pure compression test specimens had torque bands clamped on the endse.

Series II included tests of duplicate specimens for each of the load-
ing conditions in the,pfogramo At the conclusion of the tests in this series
it became evident that due to normal variations in the performance of plain
concrete and due to initial difficulties in the test procedure, some of the
tests of series II should be repeated to verify the results, JIn series II
"sequence® loading was used in which a predetermined amount of compression
was applied to the specimen before producing failure in torsion. It seemed
desirable to inveStigate the effect of "proportional®loading in which com=
pression and torsion were increased in proportional steps. Therefore, series
ITT included a number of tests, some of which were designed to verify the

results of series II, and some to determine the effect of proportional load=




ing on the strength of concrete,

In all, 65 specimens were tested, 6 in series I, 36 in series T and 23
in series ITI. The specimens were designated by a code intended to identify
the series number, the nominal strength of the mix, and the loading conditions.
Thus, code IT L5 TC.LA refers to a specimen in series IT, made of L500 psi
concrete mix, subjected to torsion T, combined with compression C of O,k of
pure compressive strengthy A designates the first specimen of two made from
a given batch, Specimens subjected to sequence loading were marked A and B
= first or second, and specimens subjected to proportional loading were mark-
ed P.

B, Materials and Mix Propertions

Type I Portland Cement of Santa Cruz brand was uséd in this investiga=
tion., The cement was purchased in a single lot, blended for uniformity»and
stored in steel drums. A blend of three sands was used as fine aggregates
the blend having been chosen for its soundness, uniformity, and gradation,
Petrographic description of the sands and the results of sieve analyses are
shown in Table 1., The sand was air-dried and stored in steel drums. The
proportion of each sand was weighed out separately for each Batch to insure
better uniformity of gradation, Local river gravel was used as coarse aggre-
gate, varying in size from sieve No, li to 1/2 inch maximm. Gravel was stored
in bins and was air-dried prior to its use, Petrographic deseription of the
mineral content of the coarse gravel and the results of sieve analysis are
also shown in Table 2,  Mix proportions were selected to give desired strength
of concrete, and several trial batch mixes were made beforg the proportions
were finally selected. In preparing specimens for the test series i9 it was
found that mixes with nominél strength of 4500 and 6000 psi appeared to Ee
too wet, and the mixes were redesigned slightly so that specimens in tests
series IT and III with nominal strength of L4500 and 6000 psi Were made with

a mix differing slightly from those in series T, Mix proportions, shown in



Table 3, are based on corrected quantities for saturated surface dry condi-
tions of all aggregates.

C. Fabrication and Curing of Specimens

Two cubic foot batches were mixed in a horizontal non-tilting drum Lan-
caster mixer, All batching was done by weight, the materials being used in
air=dry condition., The dry materials were first blended in dampened mixer
for éne minute, then water was added and the batch mixed for three minutes,
and the slump measured usually about seven mimites aftér starting the mix-=
ing operation,

A1l tubular specimens were cast in a vertical position_in a split
metal mold with a wooden core consisting of four wedged pieces held in
a rubber tube, figure 1, The mold was mounted on a vibrating table and
the éoncrete was placed in it continuously through a funnel., During
placing the concrete was continuously rodded and vibrated on a special
table. . A high frequency, 8000 'foLlQOOO-cycles per second,

Viber unit was used on the base of the vibrating table, and the placing

was completed in about U4 o 5 minutes. This casting procedure was selected
after several trials as one which resulted in the most uniform concrete .
Viphout any noticeable segregation or excéssive voids, Several different
ecasting procedures were tried, the speciﬁens were sawed longitudinally

in halves; and the structure of concrete examined visually, With the
casting procedure described above no segregation could be observed

in the specimen, except in the bottom 1 iﬁch9 where due to continuous
vibration, some compaction of coarse aggregate was noted,

Two tubular test specimens, six 3 x 6 in. control cylinders, and
two 6 x 12 in, control cylinders were made from each batch. Standard
steel molds were used for the control specimens and were filled in a
standard manner in three layers compacted by rodding and then by an

internal vibrator. The tubular specimens and the control cylindefs were .



left in the laboratory covered by wet burlap for 2} hours. After this
period the specimens Weré stripped and placed in the.foguroom at 100
per cent humidity and 70°F for about 27 days.

Flexure beams, 6 x 6 x 20 in., were used to determine moduli of
rupture of the mixes used, One set of three beams, six 3 x 6 in, and
two 6 x 12 in. control cylinders were made for each of the mixes used.
These were cast in oiled wooden moldé, air cured under wet burlap for
2}, hours, and then cured in the fogaroomvfor 27 days prior to testing.

D. Boading Apparatus

The loading apparatus consisted of a hOOstO 1b. Baidwin South-
wark Universéi Testing Machine to apply axial compression, and a
special frame assembly to apply torsionalv‘loads° The torsipn loading
frame assembly, shown in Figure 2, consisted of two end=beams held
together by four 3/L inch diametér,tie rods, two cross-beams which
transmitted the loadsjto torque bands clamped on the ends of the specir
mens, a hydraulic jack to apply the load to one of the cross-beams, and
a proving ring to measure the applied load accurately. The torque load
at each end of the séecimen was prcducéafby loading the diagonally
opposite cross=beams at midspan and traﬁsmitting the end reactions from
the cross-beams to the torque bands, These reactions formed opposite'
couples at each end of the specimen., Details of the frame assembly
are shown in Figure 3, a test set-up in the testing machine is shown in
Figure li, and the general experimenfal set-=up is shown in Figure 5., The
proving ring load was measured by means of SR-L gages. Several cali-
brations of the proving ring showed a constant sensitivity of 2.8 1b,
per microinch,

To eliminate frictional restraint to rotation at the ends of the
specimen special thrust bearing assemblies were used. Eacﬁ thruét bearing

assembly consisted of a Rollway Precision T-L6 thrust bearing mounted on a
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base with a short centering shafﬁ, and modified by replacing the rollers
with 96 chrome alloy steel 3/l in. diameter bearing balls. The amount
of frictional resistance to rotation offered by the thrust bearings was
measured in several calibration tests and the calibration cﬁrve is shown
in Figure 6.

E. Test Procedure

Specimens were scheduled for test at the age of 28 days. In some
cases due to unforeseen experimental difficulties testing was delayed

from 1 to |} days as shown in the table below

Age at test, days No. of speéimens
5 - 39
29 7
30 12
31 1
32 6

On the day scheduled for testing, the specimens were removed from
the fog room and kept damp by wet burlap covers. The ends of test
specimens énd control cylinders were capped with one inch thick steel
plates using hydrostone, care being taken to square the ends with the
longitudinal axes. TIn all cases test specimens and control cylinders
were tested at the same age.

1. Pure compressions Specimens were tested in a 400 kip Baldwin

Southwark Universal Testing Machine usingia loading rate of approximately
15 kips per minute. The specimen was blaced on the thrust bearing assembly
with 11=3/h in. diameter one inch thick steel plate inserted between the
capping plate and the bearing assembly to obtain a fairly uniform distriw
bution of the load on the bearings. The specimen was centered in the

machine, and another one inch steel plate and a thrust bearing assembly



was placed on top of the specimen., A spherical bloek was an integral
part of the upper head of the machine.

Torsion bands were positioned by means of a spacer 17-1/2 inches
apart, and the bands were aligned in a horizontal plane so that the
diagonal cross-beams bearing on the bands would be positioned in planes B
parallel to the longitudinal axis of the specimen. Four alloy steel bolts,
one half inch in diameter, were used tdldlamp the bands in place. To
prevent slipping of the bands the bolts were tightened until the
tension in them was approximately equal to yield strength; after several
uses the bolts exhibited necking and had to be replaced., The yield load
for the steel bolts was determined as 5,6 kips per bolt,

2. Pure torsion: The torsion loading assembly was supported on steel

tables placed adjacent to the testing machine, see figure 5. As the
loading assembly was not rigidly attached to outside supports, any mis-
alignment in position of either the hydraulic jack or the proving ring
would result in tipping of the assembly, with the result that ultimate
loads could not be developed on first loading. Some difficulty ﬁith
alignment was expérienced when the first few specimens under torsional
loads were tested in series II. This waé eliminated by providing special
alignment strings, and using a pIumbnbbb, a level, and a combination-
square to adjust the orientation of the jack, proving ring, cross~beams,
and end-beams. This procedure resulted in satisfactory alignmentvand no
further trouble was experienced. The load was applied gradually by. 
pumping the hydraulic jack manually, the total time of loading to failure
being approximately five minutes., | |

3. Compression combined with torsion: Specimens were placed in the

L4OO kip Universal Testing Machine and the”torsional loading frame was
aligned as described above, Specimens'Wére first subjected to a predeter-=

mined amount of an axial compressive load -- a portion of nominal compressive
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strength of the specimen =~ and then.subjected to torsion until failure
took place. The total time to produce failure was approximately 5
minutes. This type of loading was designated as "sequence® loading,
indicating that compression was applied first followed by torsional
loads. It was considered desirable to investigate the effect of
so=called ®proportional®" loading, in whlch compre531on and torsion would
be increased in alternate steps more or 1ess in direct proportion. Four
specimens in series III were subjected to this type of loading. The
load increments are shown in the table which follows.

Load increments, per cent of load at failure

III 3TC.LP IIT 37C.LP IIT }4,5TC. kP . TII L4.5TC.8P

Compr. Torsion Compr. Torsion Compr. Torsion Compr. Torsion
18 12 18 1 .21 1 21 12
37 25 37 22 L1 28 L1 2
56 38 56 33 62 Y 62 36
7h .63 Th 55 83 70 83 59
100 100 100 100 100 100 100 100

Five increments of loading were selected arbitrarily. Since increase in
torsional capacity is not proportional to compressiye loads, torsional
load increments were made relatively smaller than compressive load incre-
ments, in order to prevent failures before the predetermined amount of
compression could be deveiopéd°

L. Control specimens: For each batch of concrete, six 3 x 6 in.

cylinders and two 6 x 12 in., cylinders were prepared. The compressive
strength of all the control cylinders was determined in a standard
manner. One of the 6 x 12 in. cylinders was used to determine the stress-
strain relationship up to about 80 percent of its ultimate load and then
the specimen was tested for compre551ve strength. To correlate the com-

pressive strength of the mixes with the modulus rupture, three 6 x 6 x 20

in, flexure prisms were made for each mix and tested at the age of 28 days
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under third-point loading. Results of control specimen tests are shown
in Table L.

F, Measurements and Stress Calculations

Outside and inside diameters of the tubular specimens were determined
~ at several points at each end of the specimen and the average values were
calculated for the specimen. The total torque applied to the specimen _
at failure was determined as the couple formed by the cross=beam reactions
to the jack load. The coup1e's lever arm was 12 inches, so that it was
equal to half the jack load times 12.. The torque AT resisted by friction
at each end was assumed to be equal to the slipping torque at a given
éompression load P, and was determined by calibration. The net fbrque
6h the specimen was defined as Tn = T-AT;

Compressive and shearing stresses weré calculated from conventional
equationss

o= P/A and T=T)r /] (1)

where o= average compressivé stress, and 1= maximum shearing stress at
- the extreme fibers. Strain measurements made in a previous study indi-
- cated that linear shearing stress distribution is valid for pure torsion
specimens, It is assumed that linear shearing stress distribution is
also valid for the combined loading conditions. Also, the ratio of
average shearing stress to the maximum shearing stress is 0,8331000,
indicating a reasonably uniform stress distribuﬁion across thé thickness,
Therefore; the maximum nominal shearing stress T was used as an indi-
cation of shearing strength of concrete. GCalculated values of normal

and shearing stresses at failure are shown in Table 5.

G. Modes of Failure

After completion of each test the speéimen was photographed, taking
two or more views of the failure, so that a complete record of the types

of fajlure was obtained. A study of these records revealed five principal



12

modes of failure, illustrated in Figure 7.

The specimens loaded in pure compression.exhibited two modes of
failure:  one was splitting along vertical planes, indicated by vertical
cracks in Figure Ta, and ﬁhe other was failure along somewhat inclined
planes as shown in Figure 75, No consistent correlation between type pf'
failure and nominal strength of concrete could be noted. In some cases,
due io the presence of torque bands, a secondary failure was observed

such as a transverse circumferential splitting, accompanied by crushing of

concrete and spalling along a somewhat inclined plane_within the thickness
of the tube.

The specimens loaded in pure torsion failed by spiitting along the
helicoidal surface making an angle sohewhat less than L45° with allongi-
tudinal axis, Figure Tc.

Two types of failure occurred in:specimens subjected %o éombined.
compression and torsion. One, shown in Figure 7d, consisted of two pfincipal
cracks: a steep one inclined approximately 15° to the longitudinal axis,
and another making an angle of approximately L5° with that axis. The
inclinations of the cracks varied with the relative magnitudes of the

compressive load, but no consistent relatibnship between angle of incli-

nation of the crack and the loading condition or nominal concrete strength
could be noted. Furthermore, it was not apparent which of the twq cracks
formed first and which'ﬁas a secondary crack., Another prevalent type of
failure was that of complete and sudden breakdown along severaI,planes,‘

as shown in Figure Te. The specimen broke down in numerous pieces and

the principal crack causing this type of failure could not be observed.
This latter type of failure was particularly prevalent for ﬁhe 6000 psi
concrete under practically all combinations of compression and torsion.
It was not limited to the 6000 psi eoncr;te, however, as other cdncretes

with higher proportions of compressive load also exhibited a similar type
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of failure,

ITI. DETERMINATION OF A FATLURE CRTTERION FOR PLATN CONCRETE

A. Introduction

In formulating a law of strength under combined states of stress,
some agreement must be reached as to what constitutes failure. Criteria
suéh as yielding, initiation of cracking, load carrying capacity, and

extent of deformation have been used to define failures. Thus, the type

of specimen and type of test have an éppreciable influence on the

~ correlation obtained among tests in which the various definitions of
failure have been employed, Furthermore,ﬂthe application of eriteria
based on test specimens to full size structural elements is made difficult
by the nécessity of a definition oflgailure for both test specimen and
full siée element, which definitionJﬁéed noﬁ be the same for each. In this

investigation failure is defined as the ultimate load carrying capacity

of the test specimen. This seems feésonable in view of the statically
determinate nature of the stress distribution up to and inclﬁding failure,
On the other hand, determination of micro=crack formation, yielding9 or
measurement of limiting strain (difficulty intensified by creep_ap@»p}astic
flow) all seem to be less desirable indicators of failure for concrete.
Ideally, in any program defined to establish the effect of state of'stress
on strength of concrete, the law defining failure should be capable‘of
predicting strengths of different types and sizes of test specimens., This
'problem'involves the nature of ioading, boundary conditions at loaded sur-
faces, stress distribution at critical sections, stress or strain rate, and
stress history of specimen including effects of curing and shrinkageo
Although these factors per se may not affect the actual application of the
failure law in practice when applied to structqral elements, they are
determinative in explaining. and correlating test data taken from various

sources.
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The nature and structure of tﬁé material must be identified. In con-
crete the physical and mechanical properties of the aggregate and of the
cement paste, and the nature of deformations énd ofvvolgme changes due to
temperature or shrinkage are significant factors affecting the behavior
of the material. Obviously the mix proportions must also be included.

In this report the effect of size and shape of specimen, effect of
manner of 1oading and application of the failure’law to structural elemepts
is discussed elsewhere, With regard to the material properties, thevstann
dard compressive strengths of three different mixes are used as parameters
to identify a ﬁarticular concrete mix.

B. Review of Failure Theories

A review of theories of failure applicable %o concrete may be found in
references (1, 2)#. In addition to the work discussed there the following
experimental investigations may bé cited.

Lk series of biaxial compression tests in 15 em. concrete cubes
conducted by Wastlund (3) indicate‘ﬁﬁat the intermediate principal stress
is determinative in the fai}ure of the specimen, thus contradicting the Mohr
theory for biaxial states of stress in the éompressionwcompression_quadrant°

Blakey and Beresford (1)) have conducted tests on plain concrete
beams, diécs, and slabs loaded and supported in such a manner'that failu:e'
under unaxial tension, equal tensionvat right angles, and equal compfession
and tension at right angles could be obtained. For these biaxialbstates of
stress, a failure law based upon distortion energy and volumetric strain

was tentatively proposed. However, test results do not agree with the

- law in the present form in the tension-compression quadrant (1).

C. "Invariant Formulation of Failure Laws

A failure criterion based upon state of stress must be an invariant

# Numbers in parentheses indicate references listed at the end of the

report,
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function of the state of stress, that is, independent of the choice of

the coordinaﬁe,system by which stress is defined. .One method of repre-
senting such a function is to utilize the principal stresses. Thus,
F(Gl,0é903,)= 0 is frequently used to indicate the general functional
form of a failure law, the actual determination of the function being left
to theoretical conjecture of experimentation. However, unless some
restriction is placed on the function, considerable difficulty is ex=
perienced in accomplishing such an experimental determination. In the
past, toAgive a few examples, the function has been associated with the ,
normal and shear stresses on the plane of failure neglecting the influence
of the intermediate principal stress, or with effective stress and mean
stress, or with the total strain energy and mean stress, or with assumed
expressions based upon experimental data.

In the general case of a polydiménsional state of stress this method
of establishing a failure law is particularly difficult to pursue since
three independent parameters, the principal stresses, are involved.
Furthermore, it is difficult to supply a physical explanation of failure
on this basis. |

An alternative way of describing a failure law has proved usefu., It
is known that any invariant symmetric function of the state stress (e.g.
a criterion of failure) can be expressed in terms of the three principal
stress invariants.. Thus, one can write

F (I, Io, I3) =0 (2)
where | )

Il =0 + o0, *03s I, = oicé+0203#0301, and 13 = 010,03 (3

In formulating criteria for yielding of ductile materials subjected
to combined states of stress it has been found that other invariants of

the state of stress, which of course can be formed by proper combinations
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of the principal invariants, are more susceptible of physical interpre-
tation. An explanation of such invariants which is independent of the
properties of a specific material or class of materials is contained in .
a paper by Novozhilov (5)., It seems reasbnable, therefore, to utilize
these invariants in formulating a law of failure of a brittle material
such as concrete.

D. -Mean Shearing Stress and Mean Normal Stress

The concept of mean stress at a point can be approached as»follqwss
consider an infinitesimal spherical element of volume. On the surface
of this element the state of stress can be expressed in terms of a
shearing streSS‘Ts and normal stfess oo The mean value of the shearing
stress can be based upon stresses existing on all possible planes of
orientation through the point by carrying out the averaging procesquVer
the spherical surface. Although.shearing stress can be either positive
or negative, the Sign has no significance with respect to physical
mechanism of failure, and it is expedient to take the average in the sense

of the root mean. Thus,
- ' 172
T_ = Lim, ’—1-f ¢ 2as (L)
a S—so| SJg L

where S denotes the surface of tpésspherical element of volume. Carrying

out the indicated operations leads to Eq. 5. |
’L‘a = \I—i_s—- [( cl - 02)2 + ( 02 - crl)2 £ (03 - Gl)zJ 1/2

or in terms of the principal invariants,

M2 2 1/2
Ta T ‘[;" (I, =31 ().

In the case of the normal stresscss on the surface of the sphericai élement

(5)

the sign of the stress is significant, i.e., whether the stress is tensile
or compressive certainly influences the mechanism of failure., According,

" the mean normal stress can be defined by Eq. 7.

. 1 .
O TN oS '[S 0448 . (7)
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Evaluation of this expression give
01 +92 4+ O3 Iy ' (8)

o = = e

a 3 3

: . i N
The third ™plasticity" invariant has been shown by Novozhilov to

represent the ratio of the mean shearing stress to the maximum shearing

stress, which varies over very narrow limits., Therefore, its effect on

the formulation of a failure law would be of secondary importanee.

Consequently, it islpossible to write a failure law in the form :
F(ga,'ca)=0 or Ta=f(cra) (9)

For an isotropic, elastic, ductile material following Hooke's Law%f‘

it is well know that experlmental evidence discloses an independence of

o, and'r for the condition of y1e1d1ng= furthermore, T, is directly

proportlonal to the energy of distortion. However, for materials such as

concrete, it does not appear to be exﬁedient to interpret T, in terms of

‘an elastic energy.

It is more suitable to seek a physical interpretation of the para-
meters o, and T, that is independent of the properties of a specific
material or class of materials.

Finally, the failure eriterion in the form Ty = f ( aa) accounts for
the effect of the intermediate principai stress, Tps and thus is avnaturalm
generalization of the Mth theory of failure which neglects its effect, and
whose importance for concrete has been shown‘in the ex@eriments of thtlﬁnd,
among others. | |

The form of the function f(‘ja) is left to experiment; In this
investigation two trial functions have been utilized, a linear equation
and a quadratic equation. Which form is preferable is a question thatr
additional substantiating tests and applications of the theory to struc-

tural elements will ultimately have to answer.

E. Test Results

As noted elsewhere most of the specimens tested in this program were
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subjected to sequence loading. As seen from Table 5 the specimens tested
under conditions of proportional loading (designated by P) did not show
any siénificant variation from those tested under the sequence loading,
Therefore, no distinction is made between the two types of loading. Mean
stresses defined by Egs. 5 and 8 were calculated and are shown in Table é,
The experimentél data showing the relationship between mean normal
and shearing stress-ratios is shown in Fig. 8. Points represent average
values for a group of similar specimens and the shaded area represents the
scatter of the data. It can be seen that the experimental data can be
closely approximated by a quadratic parabola of the forms
(%’-‘;‘-) =A+B <£3> s C ({-E—a-)z (10)
where a and fc are taken positive when compressive. The lower bound
of the test data is,approximated by a straight line of the form
Qf)=A*B@?) | JQ?
Numerical values of coefficients A, B, and C in Egs. 10 and 11 wéfe” 

determined empirically from data shown in Fig. 8, and are given in the

table below,

Parébolic Criterion ' Straight-Line Criterion
6 x 12 in cyl. 3 x 6 in cyl. 6 x 12 in cyl. 3x 6 in eyl.
£l M e f?c
A 0,050 0,045 0,050 | 0,045
B 1.22) 1.27h 0,949 0,941

c 0.826 - 1,160 0 0

The failure criteria defined by Egs. 10 and 11 can be transformed into
equations relating conventional shearing and normal stress-ratios by sub-

stituting the following .

c =2 and T = 0,366 [02 + 37T 2] 172 (12)
a 3 a

LT
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The transformation leads to an equation of the forms
(75) = 0,1 | At (a0 (Zoy2eps (-)3emr (k] V2.
fe Lot L £, '

- (13)
where the numerical coefficients for the failure criteria in terms of

conventional stresses are given in the table below.

.Parabolic Criterion Straight-Line Criterion
6x12incyl. 3 x6incyl. 6 x 12 in cyl. 3x6in cyl.
£, £u, £, £
Iy 0,622 0,504 0,622 0, sou
B' 101 9.50 T.86 7,01
't 5.8 8.63 -8,46 -8,85
D ~18.6 =27,2 0 0

Et + 2,09 h.13 0 0

The test data in terms of conventional stresses ¢ and T and the em-
pirical curves are shown in Fig. 9. |

Taking into account the scatter of the data it is desirable to select
a conservative criterion for predicting failure under various conditions of
stress; for the test specimens tested in this investigation a reasonably
conservative failure criterion is prov1ded by the "straight line" criterion,

whlch can be expressed in terms of o, T, and f“ as followsa

1/2
(t/E1) = 0.1 [o 622 + 7,86 (F) ~8.46 L) ] )

Where crand T are normal and shearlng stresses at fallure, and £, is the
nominal compressive strength of 6 x 12 in. control cylinders.
For specific states of stress this criterion gives the fdllowing

values:

1}

Pure compressions %% f'c

Pure shears - To = 0,079 f“c

Maximum shear strength: T = 0,156 £1, when o= 0.5 f1, (15)
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Assuming that the criterion is valid for the case of pure tension, the
tensile strength of concrete is Oyt »
Pure tension: o = 0,076 £1, . (16)

The effect of size, shape of specimen, and other variables will be
discussed in Part 'V of this report, Nevertheless, because Eq. 1l
conservatively represents the lower bound of test data, this criterion may
be considered applicable, within certain limits, to reinforced or pre-
stressed concrete structural elements. Applicability of this criterion to
some concrete structural elements is considered in part IV of this

report.
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IV SHEARING STRENGTH OF/REINFORCED CONCRETE BEAMS

A. Review of Present Knowledge

Excellent reviews of the present knowledge of strength of rein-
forced concrete beams in shear have been published recently in the
Bulletins of the Reinforced Concrete Research Council (6, 7, 8) and

"of the University of Illinois (9). These reviews contain a historical
survey of the problem and extensive data on recent tests carried out
primarily at the Uhiversity of Illinois. The principal factors in the
diagonal tension failures brought out in these bulletins are:

(a) diagonal tension cracking, followed by

(b) a readjustment of internal»stresses, and

(¢} final failure in the compression zone which has been re-

ferred to as shear-compression féilure°

Several recent Amefican and European developments are not included ’
in the above references and are reviewed below,

In 1951 a memorandum entitlea "Some Notes on Shear Strength of
Reinforced Concrete Beams" (10) was submitted to the newly formed joint
ASCE-ACI Committee on Shear and Diagonal Tension. This memorandum dis¥
cussed the inadequacy of existing theories on shear failure in reih—
forced concrete beams, and the need for formulation of a more realistic
mechanism of failure in shear in terms of: |

(a) strength of concrete under various conditions of combined k

stress, and |

(b)‘ stress distribution in reinforced concrete beams during

various stages of loading.

It was proposed in this memorandum that the ultimate shear load
V carried by the shear-compression zone of the beam be calculated as

V = T,bkd (17)
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where < 15 the ultimate shearing strength taken as a function of the
state of stress, T= f (g), b is the width of the rectangular beam, and
kd is the depth of the shear-compression zone where failure occurs.
Stress distribution in the cracked zone of reinforced concrete
beams with web reiﬁforcement was briefly discussed in this memorandum,
This study showed how some shear can be carried by the cracked zone as

a'consequence of the development of secondary bi-axial compression

stresses.
A limited experimental study of strength of concrete sub jected

to various amounts of torsion and compression was carried out at the
Universit& of California in 1952. Further study of the 1952 test

- results ied to the development of a failure criterion in terms of
octahedral or mean stresses, published in 1955 (1). In Qrder to apply
this failure criterion to practical problems it seemed necessary to
verify its validity for different concrete strengths and mixes. This

constituted one of the objectives of the study reported hére°

In a series of articles published in Genie Civil (11) during 19529
195, A. Couard presented his ideas on mechanism and criteria of failure
in concrete and their applications to the determination of shearing
strength of reinforced concrete beams. Couard postulated that a
»failufe criterion in concrete is defined by a modified intérnal
friction relétionship,

Consider an element subjeéted to a blane state of stress, ’cx,

ch.T s Fig. 10, Which‘results”in failure along a rupture plane de-
fined by angle B . Thep, according to Couard:
Ty = R 40 tan (18)
where 0, and T, are normal ahd shearing stresses respectively on

the rupture plane, R! is intergranular resistance to sliding when
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0, =0, and tan f is the coefficient of internal friction.

Applying his theory to the determination of the shape of the shear
crack in a reinforced concrete beam, Mr. Couard assumed the terminal
point of the.cfack at some section, say that of maximum moment for
example, and then using stress distribution conventional in reinforced
concrete analysis proceeded to calculate the angle of inclination of the
rupture plane over a small increment of length. Proceeding backwards
from the terminal point of the crack and assuming that the successive
segments of‘the crack follow the rupture planes, the shape of the crack
was determined. This method is not entirely rational because the shape
of the crack is determined by tracing ité shape from an assumed termi-
nus to the initial point of the crack, rather thén by tracing the
propogation of the crack from its point of initiation to the end
point.

A paper entitled "Some Implications of Recent Diagonal Tension
Tests" by Profeésor P. M. Ferguson (12) was published Just at the
time of ﬁriting this report. In this paper Professor Ferguson clari-
fied some aspects of the mechanism of diagonal tension failure des-~
cribed in the Tllinois studies. The principal points emphasized by
Professor Ferguson are:

(a) An initial diagonal crack usually forms near mid-depth of -
the beam and extends into both the compression and tension
zZones., | |

(b) With increase in load the crack extension into the compression
zone is relatively flat.

(e) A general cracking in the zone around the tensile steel may
develop simultaneously with (b).

(d) A sudden final failure may occur by shear-compression or by
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an extension of the flat crack into the compression zone.
This is sometimes accompanied by a secondary failure in
splitting and bond along the tensile reinforcement. In
some cases splitting failure may develop into primary failure,
Professor Ferguson also discussed the formation of an initial
diagonal tension crack either in a zone where moment crécks do not
exist or as an extension of a moment crack.
One of the most important contributions of this paper is an
experimental demonstration of the effect of local state of stress
on failure, such as the effects of the manner of loading and of the

type of support.

B. Shear Strength - 4 Rational Approach

1. Simple beams without web reinforcement: Several investi-

gations of the shear strength of reinforced concfete beam without
web reinforcement suggested that the total shearing force resisted by
the compression zone is V, = Tbkd, (10, 7, 9), However, all previous
attempts to define procedures for evaluating T were unsuccessful,

and usually empirical equations of the form __ M = k F(f'c, p)
bd?f1 g

were proposed. Based on the fesults of the tests described in part
IT of this report a simple rational procedure for evaluating Va4 in’
terms of a variable shearing strength is presented below.

Consider simply supported rectangular beams without web rein-
forcement, of intermediate span/depth ratio, say & to 10, Such
beams often fail due to formation of a eritical shear crack, Figure
11, followed by shear-compression failure, described by numerous
previous investigators (8, 9, 12).

The stresses at a point in the zone of shear=-compression failure

at loads approaching the ultimate are ¢ and T , varying throughout
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the depth kd of this zone. The stress in the steel reinforcement

at the eritical crack is fs’ Determination of these stresses cannot

be accomplished by the conventional flexure theory and very little work
has been done to define these more accurately. Westergaard's work (13)
is limited to stressés around é vertical crack due to pure flexure,
Wastlund's work (14) dealing with cracking of reinforced concrete

beams is not primarily concerned with stress distributions, and
Saliger's work (15) deals primariiy with bond stresses.

Assuming that the stresses ¢ , T , and fg can be defined in terms
of external forces, geometry of cross-section, and material properties;
and that the failure criterion < = F(o) is khown, three hypothésés of
shear-compression failure are possible.

(a) It is possible to assume that failure occﬁrs when o and T
at some critical point satisfy the failure criterion. In |
this case the criterion 7 = f(g), may be dependent on the
nafure of stress distribution, and the eritical point would
be defined for particular stress distribution.

(b) ’It is also possible to assume that ultimate failure occurs
when o and T satisfy the’failure criterion at ail points,
In this case, the failure cfiterioh may also Be dependent
on the nature of stress_,distri:bution°

(¢) Finally, a simple assumption can be made that failure occurs
when the average strésses o and ;c satisfy the failure cri-

terion, where o and T are defined as:

c " v

el (19)

In this case, if average normal stress o at loads approaching failure

is known, then < can be determined from failure criterion T = (o),
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and shearing strength can be determined as V = <bkd,

The ultimate’shearing strength of a simply supported rectangular
reinforced concrete beam without web reinforcement can be determined
on the basis of the following additional assumptions.

I. Average compressive stress at failure is the same as proposed
in the recent experimental study by Hognestad, Hansen, and McHenry (16)
where

3900 + 0,35 £t

= L ‘
° 3200 + £7, f c : (20)

This assumption appears to be valid for beams with concrete strength

greater than 3000 psi. For low values of fl the value of o ap-
proaches f! and may even exceed this value, hence Eq. 20 does not
appear to be reasonable for f{ less than 3000 psi.

II. -Tensile stress fg in the 1ongitudinél steel reinforcement
at the section of the ecritical crack is approximately equal to the
yield strength £y° This assumption appears to be valid for beams with
moderate amounts of reinforcement made of fairly ductile steel with a -
well defined yield point, and a large yield strain range. For small
amounts of reinforcement the stress fg may be in strain hardening
region, where fy is greater than ?y” For high percentage of rein-
forcement, or for steel without well defined yield strength, the
stréss fs may be indeterminate, i.e., fs may be greater or less than
fy. |

From calculations described below, the assumption that fg = fy
appears to be valid in the range of (pfy) between 600 and 1000, where
fy is taken in psi.

The depth of the compression zone can be determined by equating

C=T, as follows:

C= obkd =T =f A =f pbd
s S y (21)
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Therefore
f pbd f
Vp b hid

k =

obd o (22)
where o is given by Eq. 20.
The shear force V at failure is given by Eq. 17, as follows:
_ V = 1bkd
where 7= £(o) is determined either from Eq. 20 or from Figure 9, and
k is defined bj BEq. 22.

This‘proeedure was used to calculate values of ulbtimate shearing
strength Vu for 5l beams tested in the recent studies at the University
of Tl1linois. These beams were selected on the basis of span/depth
ratio being sufficiently large so that the beams exhibited typical
shear-compression failures, The results of these calculations are
shown in Tables 7 and 8. It can be seen that the method is valid for
beams having concrete strength ', greater than 3000 psi., and percent
and type of reinforcement characterized by values of (pfy) in the range
of 600 to 1000. Good agreement is obtained for all the 21 beams which
meet above limitations. The remaining beams fail outside the range of
validity of the method proposed here,.either because of ampunt of

reinforcement or low concrete strength. For the 21 beams for which the

method of analysis applies, the average ratio of calculated shear strength

to that observed in the test is 0.96 and 90 percent of these ratios

fall in the range of 0.8 to 1,05,

2. Continuous beams without web reinforcement: The problem of

shear failures in relatively long, deep, reinforced concrete rectang-
ular continuous beams without web reinforcement has received a great
deal of attention in recent months., Failure of the frame girdefs at
the Wilkins Air Force Depot, Ohio,_(l?) and the difficultieé at other

locations involving similar designs caused a great deal of concern about
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the minimum requirement of the building codes then in effect. Accord-
ing to calculations failure occurred in the region of the point of
inflection at nominal shearing stress v = E%é approximately equal
to 0.0Z.f'c; Laboratory investigations (18) of beams modeled on
the girders-which failed at the Wilkins Depot showed that a shear
failure, similar to that observed in the field, occurred at a
nominal shearing stress v = 0,038 fé, Furthermore, with superposition
of axial tension on the test girder, such as may have been present |
in the field due to restraint tb shrinkage, the girdér failed at a
shearing stress v = 0.02 féo

This fact caused considerable consternation as the values of
shearing stress at failure were considered to be less than normélv

shearing strength of concrete, estimated as T = 0.08 fl. This

anomaly points out very clearly two fallacies in the present method

of design for shearing strength.

One is that in a cracked beam v = 323 is not a true measure of
J
the shearing stress, because under conditions approaching failure

the area available for shear resistance may be considerably less

than bjd. Indeed, bkd would be a much better measure of tﬁe shearing

area at loads approaching ultimate.

Another anomaly is the.neglect of axial forces in estimating
ultimate shearing strength., While shearing strength for faiiure in a
sheaf;compression zone may be aé high as 0,2 fé, shearing strength
for failure in pure shear is only 0,08 f's, and with very little
axial tension rapidly drops to very low stresses indeed, perhaps as
low as 0,01 f1, or 0.02 fl. It is apparent that shearing failures of
a continuous beam in the zone of a point of inflection can occur when

the shearing stress is of the order of magnitude of 0,08 fl,. If
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prior to shear failure flexural or shrinkage crecks occurred on both
sides and at some smai& distance from the point of inflexion; Fig., 12,
1t becomes clear that the shearlng force. must be transmltted by the
sound concrete zone which may have a depth approximately equal to © h d.

In this case the average shear stress would be defined as

)

TS 5.ana (23)

Using Equation 23 and T =0, 08 f'as correspondlng to zero ax1a1 stress,

would readlly predict the failures observed in the laboratory tests (18)
A110W1ng for nominal tensile shrlnkage stress o = .008 f'c (17) could B
reduce the shearlng strength to approximately 0.02 £, explainipg the
failures at the Wilkins Air Force Depot, and of similar‘model tesfs
referred to above,

3. Discussion: The proposed method for determining shearing
strength of reihforced concrete structural elements is based on two
basic considerations: |

(a) the ultimate average ehearing stress T is hot a constant

value characteristic of the méteriai, but must be determined_
as a function of known everege normal stress ¢ at failure,'and

(b) the concrete area A, effective in resisting these stresses |

o and T , can be determined on the basis of assumed
mechanism of failure, Hence:
R | X <2u)

The validity of Eq. 2h and of the method proposed above was
demonstrated for simply supported and continuous rectangular rein-
forced concrete beams w1thout web relnforcement within the follow1ng
llmltatlons' )

(a) Shear-span-depth ratio (a/d) greater than 3.0

(b) Concrete strength fl greater than 3000 psi, and
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(c) Amount and type of lbngitudlnallreinforeenent cnaracterizec.
by a value of (pf ) ranging from 600 to 1000, . L
"The generality of Eq. 2h and the method proposed above is llmlted by
the follow1ng- : L
(a)' Shear carried.by~longitudinal or special web reinforcement‘:
has not been‘considered | |
s(b) The magnltude of average normal stress o at failure has 2]]5
~_r been determlned on the ba51s of -a partlcular serles of o

tests, and may.not be generally appllcableb

’i:“(c) The determlnatlon of Ae depends to a great extent on the Q ev

| amount of cracklng 1n the beam due to external 1oads as

well as on effect of shrlnkage and temperature. Proce-

dures forudetermlnlng Ae_proposed above are llmlted to
certain tYpes of simply‘supportec and continuous-concrete
beams w1th certaln restrlctlons on amount and yleld strength
of steel relnforcement ; :
These llmltatlons clearly p01nt to the problems which must be
”solved before a- fully rational procedure can be developed.r These.are:‘
r(a) Stress dlstrlbutlon-ln’uncracked relnforced concrete Struc—i~
tural elements of various'shapes; with'varying arrangementsr‘
and types of reinforcement or prestressing; | |
(b) Criteria for cracklng in plain concrete subgected to various
states of stress and varlous stress hlstorleso
(e} Stress dlstrlbutlon around arbltrary cracks 1n,concretef
structures, and
(4) Determlnatlon of critical cracks Whlch determine the failure

mechanism in various types of structural elements under diff-

erent loadlng conditions,
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Solution of these problems would lead to a ratiomal définition'of;
o and Ae at loads approaching ultimate, and hencetwould lead to a
’ratidnal'method for determining the shearing'strength of concrete

structural elements.




V STATISTICAL EFFECTS IN THE FATLURE OF CONCRETE -

Introduction

'IttiSnaawell known fact that any simple test, such as a compression
htest, ‘repeated a sufficient number of tlmes with speclmens that are
nomlnally 1dent1ca1, shows a scatter of strength about a mean’ value.

i Accordlng to the fundamental assumptlon of the statlstlcal theory of

‘i:»sfallure, this scatter constltutes an 1ntr1n51c quallty of g materlal

t'_ and must be included in any cons1derat10n of strength of the materlalo_'

Thus, strength is not a 81ngle figure- such as "ultlmate strength 1n
compres51on" but a quantlty that must be defined by a statlstlcal

"g;dlstrlbutlon functlon ThlS strength dlstrlbutlon functlon, con—

_-¢gf51dered 51multaneously with the actual stress dlstrlbutlon ina’

:';’spec1men of prescrlbed materlal and size; may be used to determlne

i ﬁfjfthe probablllty of failure of the specimen. It may be observed that

. ithe probability of failure of a test specimen depends upon three

o factors- size of spe01men, stress dlstrlbutlon and ‘state of stress

~_7;W1th1n the speclmen, ‘and type of materlal The first two factors’
-'h_determlne the stressed volume of the ‘specimen while the latter dl—'

"?>rectly affects the parameters of the dlstrlbutlon functlon 1tse1f

'3fﬁThe degree of difference between the classical deflnltlon of strength

vﬁ?,lhand the statlstlcal definition depends to a large degree, then, on the

f'nature of the dlstrlbutlon function. Fbr example, for materlals exhl-
119b1t1ng a relatlvely large dlsper51on of strength, a marked volume :
.5effect would be expected, inasmuch as the probablllty of occurrence
‘:of Weak elements of material 1ncreases~w1th volume, ThlS effect is .
‘t;demonstrated by "size effect“ of concrete compression cylinders.
Zg:Furthermore, stress distribution would be significant 1nsofar.as_

stressed volume is concerned, i.e., the,larger the volume subjected
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o 6 x 12 cylinders tésted at ages of 7, 28, and 90 days, the ratio of
3 x 6 compressive strength to 6 x 12 compressive strength vafied from -
1.01 to 1.11; however, no consistent trends were noted. meinal strength
of these cylinders was in the three thousand to four thousand 1b. per
5q. in. range.

An extensive series of tests reported by Gonnerman (20) demonQ

stréted the dependence of the size effect on_such factors aS‘maxﬁmnn-

- © . size 6f aggregate, type of aggregate,fgradation,of_aggregate, mix

proportion and consistency, factors_ﬁhich were not separated in the
work of Blanks and McNamara. I£ is significant to note thatvthe size
q'fﬁJ,:_ - effect was found to be more pronounced for higher strength concrete fhan
- ‘for lower strength,:(see Table L, Page 241, loc. cit.) |

. Experiment related to shape effect

It is known that a change in the height-diameter ratio of cylinders
affects the compressive strength. Results for a range of ratios from
'OOS'to 4.0 are reported in the same study by Gonnerman. Further shape

effects for cylinders,'prisms, and cubes were also’re'ported° A

necessary -condition for the existence of a shape effect is a non-
unlform stress dlstrn.but:.on° Such dlstrlbutlons are usually dlfflcult
£0 ascertaln and are further complicated by the ex1stence of combined
stresses at critical sections. For circularfcylinders, the rélgtive~
importance of shape effect is most important for short éYlinderé ééf,‘
could be eﬁpected from the conéideration of accompanying nonwuniformv
stress distributioh, or in other words, the greater éignificancé Qf £he,
so=called end effect. |

Experiments related to stress distribution

Experiment concerned with £he_effect of distribution of stress

often involve at the same time the efféct of size of specimen. For
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example, flexure tests for varying span depth ratios using various
ratios of width to depth, and tests involving center-point loading

or third-point loading have been conducted. In such tests both size
of specimen and the distribution of stress within a given stressed
volume were varied. The recent work of Nielson (21) provides an
excellent summary and critical examination of flexure tests on concrete.
Among other thiﬁgs, it was pointed out by Nielson that in many instances
variation in concrete quality with the size of specimen due to place-
ment and compaction methods can be more significant than the effect
of stress distribution or size effect in a statistical sense. In
this connection the work of Wright and Garwood (22) should also be
noted. It was further noted that the effect of method of curing is
closely related to the size of specimen inasmuch as the drying pro-
cess, and its accompanying surface shrinkage stresses, is dependent
upon the size of the specimen and is proportionately more important
for smaller specimens. In applying statistical theories in the case
of npn-uniforﬁ stress distribution to assess the influence of size |
of specimen it must be recognized that insufficient evidence exists
at present to conclude definitely what measure of size of specimen
is correct. For example, in applying the theory to rupture tests of
beams it may be assumed that the entire tensile volume of beams sub--
Jected to bending may be considered or that only the surface layer

in tension should be cqnsidered, in which case depth has no influence
on modulus of rupture.

The importance of state of stress

The experience that combined stresses have an effect on a material
different from that of uniaxial stress has been a prominent factor in

promoting research on the problem of esfablishing a general criterion
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of failure. This problem exists, of course, both in classical and
statistical formulation of theories of failure. From a statistical
viewpoint the problem is to find the distribution function for a gener-
alized function of the state of stress expressing failure. At present
no such research has been reported.

Finally, it may be mentioned for material such as concrete the
variation in statistical paraheters must ultimately be expressible in
terms of the mix proportions, water-cement ratio, aggregate gradation,
casting and curing conditions, etc. Tt must be further noted that in
testing various sizes cylinders in compression, a number of factors
exist which are not gperative to the same extent in all sizes. Among
these factors are end restraint, axial stress due to drying, state of
stress, and existence of tri-axial states of stress at the ends of the
cylinder.

While the examples of research work discussed above indicafe the
significance of so-called statistical effects, they also demonstrate
that there is presently an insufficient ambunt of experimental evidence
available to define clearly the manner in which the strength disbersiqn
of materials affects their behavior under load, Consequently, it does
not appear feasible in this report to attempt any extensive quantita-
tive analysis of statistical effects. Rather, a brief discussion of
a commonly used statistical model with application to the control |
cylinders in this investigation will be made.

The statistical model

As pointed out by Epstein (23) in a paper on statistical aspects
of fracture problems, the essence of the statistical models proposed
in the study of failure of materials is the Griffith theory, which

accounts for the difference between the calculated and observed strength



37

of material in the existence of weakening flaws in the material. The
random distribution of flaws in many real materials suggests immediately
statistical formulation of tﬁe problem. On the basis of the flaw
concepﬁ, the strength of a given specimen is determined by the weakest
point in the specimen. Such a theory, called the "WeakestkLink Theory",
forms the basis of.moét of the research done to date. Of fundamental
imborténce in this theory is the distribution function for the value of
the weakest link as a function of size of specimen or alternatively
the distributiom function for sﬁrengths of a series of nominally
identical specimens. Determination of thé distribution function for.
a particular material for a given specimen configuration and method
of loading has occubied a bosition’of'importance in many researches
in this field. At the present time, however, whether the distribution
- function should be Gaussian or whether some other function is more
appropriate seems to be a question that still remains unanéwered.
Because'of'the relative ease of application, the distribution |
function suggested by Weibull (2) has found favor with many. This
theory has been adequately'diSCussed elsewhere and will oniy be briéfly
reviewed here. | | N
The probability of rupture S for a given specimeh volume Visﬁb-
jected to an arbitrary stress distribution o is given by
4 S=1- é-?,where _ (25)
Jv £ (o) av. | | (26)
The function B = -ln (1-S) is called the risk of rupture. The

B

expression £ (o), the material function, expresses the strength propern'
ties of the material and must be determined experimentally. For a
uniformly stressed specimen f (o) is constant and we have B = V £(o).

In general ¢ represents a generalized stress, that is, some function
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of the state of stress similar to the failure criterion of classical
theory. Weibull and others have found that satisfactory agreement
between results of tests and theory for uniaxial states of stress
(tension or bending) in which case ¢ is the maximum stress, can be

obtained by choosing

A Y 7 B e P F -
o 2 %o (27)

‘where m, o, , and o, are material constants determined experi-

1
mentally. Substituting Eq. (27) into Eq. (26) gives
B= J (220 )"y (28)
%

It is clear from the above equation that the risk of rupture for a

given material is a function of the stressed volume of the specimen
as well as the spatial distribution of stresses within. For speei~-
mens of different volumes subjected to the same state of stress, the

relative strengths can be computed by equating the risks of rupture.

Thus,
1 _
(2o % 0m (2am (29)
O =0 vy
( 1)2

where subscripts 1 and 2 designate the two sizes of test specimen,
In the case of a test series with a large number of specimens

the value of o approaches a lower limiting valué. For a homo-

geneous material of relatively small strength dispersion,; m—eo2 and

Eq . (29) leads to

(G—Gl) = (o"'o'l)

1 2

in which case the size effect disappears.

Application to control cylinders

In evaluating the material constants, Weibull has suggested the

following procedure: for a uniformly stressed specimen we have from
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Due to the limited amount of test data (in a statistical sense) the re-
liability of the constants % and m for the different mixes must be
questioned. For example, the constant m, which is a measure of the
dispersion of strength about a mean, is independent of the type and
size of specimen, depending only upon material properties. The indi-
cated difference in the test values of m for the two cylinder sizes
may be dué to differences in the concrete as a result of curing or

in quality of concrete as a result of placement in the molds. No
definite conclusion can be made at present.

The relationship between the average values of strength of 3 x 6
and 6 x 12 comtrol cylinders for the three different mixes used in this
investigation is shown in Figure 13 ., It is seen that for nominal
concrete strength of 3,000 lbs. per square inch, the ratio of 3 x 6 to
6 x 12 strength is 1.07 for the 4,500 1bs. per square inch, this ratio
is 1,11 and for the 6 x 12 inch cylinder, this ratio is 1.20.

The ratios for 3000 and L4500 psi concrete fall within the range
of values reported by Blanks and McNamara (19). The value for 6,000
psi concrete is higher than previously reported values. However, it
should be noted that prior work has been limited to lower strength
concrete. Furthermore, the general trend of increase in the ratio
with strength is consistent with earlier results obtained by
Gonnerman (20).

Quantitative prediction of size effect for the control cylinders
used in this investigation using Weibull's method is not satisfactory.
For example, using the strength of 6 x 12 cylinders as a base, the
strengths of the 3 x 6 cylinders can be computed from Eqn. (29).

Designating the 3 x 6 cylinder by 1 and 6 x 12 cylinders by 2 we have
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(O‘-cr:l )1 - ,
o -0 , (32)
( 1) | | ;
2 .
Based upon the values of m obtained from 6 x 12 cylinders and values

of o, shown in the previous table, predicted strengths of 3 x 6

1
cylinders were obtéined using Eqn. (32). Results are shown in the

table below.‘

Nominal Mix Strength Expt. Strength, psi Predicted Strength, psi

3000 . 3120 38140
1500 | 4,820 5270

6000 6240 - | 6250

Comparison of Experimental and Predicted Strengths of 3 x 6 Cylinders

based on test results from 6 x 12 Cylinders

Lack of agreement between experimental and predicted values of
strength is attributable to several sources. As previously mentioned
fhe values of m andboi obtained are not sufficiently reliable to
justify~quantitive comparisons of'data. In addition; it is possible
that effects other than volume of specimen are 1ncorporated in the

tests. For example, the size effect due to curing and the dlfferences

in étates of stress duve to end restraint are not included; although
"fhey may be significant. No methods of including these effects are

available at present.

Discussion

1. Size Effect: Experiments related to the'determination of

size of cylinder on compressive sfrength as yet have not conclusively
.separated the importance of several factors: end restraint (stress

distribution effect) and volume of specimen (number of weakest links).

In addition to these, the effect of curing conditions and age of test
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must be considered. It seems to be the consensus that cylinder dia-
meter shouli be at least 3 to 4 times as large as maximum aggregate
size to eliminate aggregate sizeveffect. From a statistical view-
'point the dependence of the material parameﬁers (such as m, oy and
0o in Weibull's method) on the mix proportions has not been esta-
blished. Generally, the éveraging'prbcesses used in most prior

investigations have tended to suppress important effects noted above.

2.  Stress distribution and states of'streSS»effects:r Ideally,
tests should be conductéd on the ééme éize and type of specimen to
eliminate volume and shape effects,‘bﬁt this often poses severe
experimental difficulties. For uniaxial states of stresé such as
flexure, a number of tests have been performed but results are not .
conclusive. The important matter of coﬁbined stresses has not re-
ceived any attention from a statiStiéal poiﬁt-of view. The consider-
ation of polydimensional stress by Weibull (25) is not applicable to
.concrete in view of the importance of compressive stressrin fajilure
under combined stresses és demonstrated by classical thedry of
failure. Additional research is definitely needed in this area.

Relatively little research has been done for concrete of high
strength, a material which is incréasingly more importanto. Tt seems
possible that the behavior will be somewhat different d%?wto the
increasing importance of the role of the aggregate in the‘behavior°
Some tentative evidence is shoﬁn by tﬁe compressive tésts in ihis
investigation, in which case the relative strengths of 6,000 psi N
cylinders were much larger than the 3,000 psi cylinders;

3. _Application: Research has largely been limited to labora-

tory test specimens subjected to uniaxial states of stress, such as

tension, compression, and flexure. Relatively little attention has
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been focused dn the extrapolation of specimen results to full-sized
structural elements. In the latter case, it seems obvious that ﬁhe
ldéfinition of failure needs attention when applied‘to full-sized
elements, inasmuch as the weakest link theory predicts unreasonably
low allowable stresses for large members unless a suitable modifi-
cation is made. In view of the difficulty in developing-a statis-

tical theory of design of members it appears more feasible to concen-

trate on the correlation of the various test methods for laboratory
~controlled specimens in an effort to obtain a basis for comparison
" and correlation of results independent of the unique features of a

: particular test.
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VI SUMMARY
The objectives of this investigation were to establish a criterimm

for failure in plain concrete subjected to shearhcdmpression state of
stress and to apply this criterion to the determination of shearing
strength of structural elements, Sixty-five tubular specimens were
tested to failure under various combinations of shearing and com-
pressive stresses. The major variables were: three nomingl com-
pressive strengths of concrete, and five states of stress,4ranging
from pure shear to pure cbm.pression°

It was found that shéaring strength was a function of the applied
compressive stress varying from 0.,08with zero compression,and 0.2 fé
with compressive stress of about 0.5 to 0.6 fl.

Formulation of a failure criterion in terms of mean stresses
has an advantage in that it accounts for the intermediate principal
. stress, and ~is independent of the orientation of the reference planes
used in calculating the stresses, The mean normal and shearing
stresses at failure showed a definite correlation, and for the
range of data in this investigation, showed an almost linear increase
in mean Shearihg stress with increase of mean compressive stress.

The failure criterion obtained from the test program was applie@
to the determination of shearing strength of rectangular reinforced
concrete beams without web reinforcement. Excellent correlation was
obtained between calculated and observea shearing strength of a
limited group of simply supported beams for which the mechanism of
failure has been defined by other investigators. Aiso, excellent
correlation was obtained between calculated and observed shearing
strength of continuous reinforced concrete beams without web rein-

forcement, similar to the type in which recent failures have been
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reported,

The relationship between shearing strength and normal stress
demonstrated in this investigation has two importanﬁ implications
for design of reinforced concrete structures. |

| - Shearing strength depends on the normal stress developed on the
cross sectional areénresisting”the:shear;'TAvvalue"cftéheariﬂgﬁathength
which is defined independently of the normal stress is either exceedingly
conservative for sections subjected to compression, or unsafe for
sections with tenéilennofmal stress, such as at inflection poinﬁs,
with tension induced by shrinkage, restraint to contraction, or
settlement,

Evaluation of shearing stresses and normal stresses must be made
on the basis of a realistic mechanism of failure, and the areas
effective in resistive shearing and normal stresses must be defiﬁed
rationally. Thus, the conventional definition of nominal shearing
stress T = V/bjd is quite unsatisfactory for evaluation of ultimate
shearing strength of a beanm,

A method for determining ultimate shearing strength Vu of rein-
forced concrete structural elements is proposed as follows:

Vy :‘TfAe

where effective area A, depends on the mechanism of failﬁre ofvfhe
structural element, and average shearing strength - depends‘on thé
average normal stress 6 acting on the effective area Ag.

The method outlined above, and the particular definitions of T ,
G , ard A, show satisfactory agreement with tests and field obser-
vations for a limited group of reinforced concrete beams without web ;
reinforcement, Generalization of the proposed mefhod and its applicatidn

to various type of structural elements with varying types of reinforcement
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or prestressing, and to members. subjected to various loading conditions

are outside the scope of the investigation reported here.
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TABLE 1A MINERAL COMPOSITIONS OF SANDS

Mineral Per Cent

Antioch Monterey #8 Monterey #20
Quarte 79.5 87.0 81.L
Green Horneblende 7.9 5.
Feldspar 5.4 10.8 ‘ 4.9
Magnetite 2.6 1.6 1.9
Miscellaneous L.6 0.6 5.9

Sieve Size

TABLE 1B SIBVE ANALYSIS OF SANDS

Per Cent Retained

Antioch  Monterey #8  Monterey #20  Blends

No. U
8 2.2 1.0
16 87.5 41.2
30 12.5 6.3 99.5 51.1
50 35.9 75.3 99.9 81.0
100 69.L 99.7 100.0 95.3
Fineness Modulus 1,18 1.81 3.89 2.70

%Blends 15 per cent Antioch; 38 per cent Monterey #20; L7 per cent
Monterey #8 » o

Tables 14,1B



TABLE 2A MINERAL COMPOSITION OF GRAVEL

Fair Osks Gravel

. Mineral , ; . Per Cent .

Basalt, Andesite, Dacite . ; b3

” - ' Quartz 35

T : Schist (Amphlbollte & Quartz Mlca) 9

. : Horneblende 9
Chert | ‘ . b

100

TABLE 2B SIEVE ANALYSIS OF GRAVEL

Sieve Size ' e Pér'Cent Retained
1/2 4n. .0
3/8 in. ' 2h.ly
No. L 99.4
No., 8 100

Fineness Modulus . 6.2l

Tables 24,28




TABLE 3 MIX PROPORTIONS

Series

Nominal Compressive Strength psi
Water/Cement Ratio, by Weight
Water/Cement Ratio, gal/sack
Sand/Cement Ratio, by Weight
Gravel/Cement Ratio, by Weight
Cement Content, Sacks/ cu., yd.

I,IT,IIT I II,IIT I II,III
3000 L4500 L500 6000 6000
0.69 0.51 0.52 o0.h2 o.l1
7.8 5.8 5.9 L7 h.6
h.o3 2.8y 2,92 1,98 1.98
h.36 3,46 3.57 2.72 2.73
L.26 5,58 5.58 T7.22 7.22

Table 3



TABLE L4A STRENGTH OF CONTROL SPECIMENS

3000 psi concrete

3 x 6 in, cylinders . 6 x 12 in, cylinders

Batch Ave, stress fé Ult.Load Ave.stress :E'g:
No. Ultimate load, kips ksi kips ksi
I 3C 22,1 21.7 22.0 3.1h 85.9 2,91
! 2303' 2102 2207 8300
II 3¢ - 19.8 20.6 20.8 2,89 86.8 3,02
20,2  20.7 20.6 8L.6
IT 3T 23.14 21.h 22,6 3.27 8L4.5 3.07
2h.0 22,7 2L.6 90.6
ITT 3T ol.2 25,1 23.5 3.4h 8l,9 2.96
23.6 - 24.7 2.5 83.6
I 3TC.2 22.1 - 21.7 3,13 83,7 2.99
22.1 22,2 22.6 86.6
ITT 3TC.2 19.8 18,k 21,3 2,83 81,0 2.82
19.8 20,0 20,7 79.8
1T 3TC.k 22,1 22,5 22.3 3,13 76,8 2.8l
22,1 22,1 21,3 8k.9
IIT 3TC.L 23,1  22.8 23,2 3.22 © 87.0 3.06
| 22.6 22,3 22.8 87.0
II 3TC.6 21.3 20.1 19.9 2,95 78.2 2,74
20.5 22.3 20.5 78.4
TII 3TC.6 22,8 22.3 21,7 3,13 83,7 2,95
21.5 22,2 22,5 84.2
IT 3TC.8 21.5 22.1 21.8 3.07 85.1 2.90
21,6 21.h 21.8 80.3
ITT 37€.8 23.1 2.8 23,2 3,22 87.0 3,06
- 22.6 22.3 22.8 87.0
Average . 3.12 2.9
6x 6 x 20 in. Beanms
Beanm Modulus of rupture, ksi
B3FA 0.438
B3FB 0.4h32
B3FC 0,431

Average 0,434

Modulus of rupture = 0.3k 0.148
! i 209)-1 .
Table LA



TABLE /B STRENGTH OF CONTROL SPECIMENS

4500 psi concrete

: 3 x 6 in, cylinders . 6 x 12 in, cylinders
Batch ' Ave, stress fg Ult.Load Ave.stress fé
- No.. Ultimate load, kips ksi kips ksi

I L.5C 3L.9 33.5  3h.3 L.85 119.8 4.07
3L.h 3h.h 3L.7 115.2
IT ).5C 36.3  36.6 35.7 5.08 131.0 h.61
37.0 36.2 3L.0 133.8 |
IT L.5T 35,1  35.5 351 5,03 12,5 L.35
_ S 35.7 36.2 35.7 2hl
ITT L,57 3.0 3.3 . 35.3  L.oL 128.8 l.51
- 34.3 35.h 35.0 127.5
IT L.57C.2  33.9 354  33.2  L.8% 117.7 h.25
3L.6 33.6 35.0 126,2
II L.5TC.h 3h3 35,1 35.6  L.23 123.8 h.31
3kh.h 35.1 34.6 122.2
III 4.5TC., 32,2 32.5 32,6 h,62 125,.6 L.36
33.0 32.7 33.0 122,7
IIT h.5TC.L  3h.5 33.7 33.5 11,90 122,2 1.33
3k4.9 35.5 35.9 12h.0
IT L.5TC.6 32.4 32.0 33.2 L.58 116.6 .10
o 32,5  31.8 32.2 117.h
IIT 4.57C.6  35.6  35.3  35.8  L.99 125.6 Lok5
34.7 35.1 35.0 128,0
II 4.57C.8  3kL.9 35.9 . 35,1  L.98 117.0 L.15
. 35.8 348  3L.9 | 119.8
III L.5TC.8  35.6 - 35.3 35,8 .99 - 125.6 N
34.7 35.1 35,0 128.0
IIT L4.57C.8P 32,2 32,5 | 32,6 L. 62 125.6 h.36
33.0 32,7 33.0 122.7
Average L.82 - b3
6 x 6 x 20 in, Beams
Beam . Modulus of rupture, ksi
Bl ,5FA 0.650
BlL.5FB 0.702
Bl.5FC 0.619

Average 0.660

Modulus of rupture = 0.660 = 0,152 _
4,33 Table LB




TABLE LC STRENGTH OF CONTROL SPECIMENS

6000 psi concrete

. 3 x 6 in, cylinders ;ﬁ x 12 in, cylinders
Batch . Ave.stress f§ Ult.load Ave,.stress f}
No, . Ultimate load, kips - ksi kips ksi
I 6C 46,1 Wk 7.8 6.52 © o 152.7  5.28
h3.3 L6.9 L8.0 149.2 '
II & 48.0 116.0 46.3 6,56 166.3 - 5.77
7, 8.2 k3.0  L6.6 - 165.3
IIT 6C h2.5 41,9 43.1 6,13 151,7  B.30
Who3 Lh.5 L3.6 ' 15008 .
IT 6T L6.7 k5.0 465 6.0 0 1L9.8 5.38
‘ h5.2 5.8 6.5 ~ 157.3 s
IIT 6T L5 k2,9 L5.3 6,31 140.0 5.06
| Lh.7 Lk .8 L5,.7 - 1hk8.7 '
IT 6TC.2 L. 2 hh.3 Lé.L 6.35 12,6 5.02
hh.9 Wil h5.3 1hh°o
II 6TC.h h2.9 h2.9 h3.9 6.21 138.5 .96
43.8 hh.7 I5.2 3.8
IIT 6IC.L 39.6 423 L3 5.9 7.9 5,23
b1 k2.1 k3.5 | 0.k
II 6TC.6 ho.h 40.3 h2.7 5.98 140.9 | 5.0k
)-I-BOO }4305 ,-lloé 1&603
IIT 61C.6 13,9 W3.h h1.7 6.01 140.0 L.8L
k2.0 he.h 41,1 135.7
' IT 6TC.8 L1 W8 k.9 6.3 155.9 5,12
bh.7 L5.L L5.2 152.8
IIT 61C.8 b3.9 k3.9 L7 6,01 140.0 .8l
42.0 h2.h 1.1 135.7
Average o 6.2l - 5,18
' 6 x 6 x 20 in, Beams
Beam Modulus of rupture, ksi
B6FA ' 0.792
BGFB 0.748
BGFC -~ 0.7h3

~ Average 0.761

Modulus of rupture = 0,761 . 0.147

5,18
Table LG
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TABLE 8 SELECTED BEAM TEST DATA

Criteria: (1) 1.00 ) Pi'y> 0.60
(2) f4" % 3000 psi
Ref. piy i Ve /v, . .. Ref. pfy i Vc/v
Beam Table ksi psi T Beam Table ksi psi T

S-1 TA  0.65 3940 0,90 1 76 0.86 5320 0,95

CTMa ™ 0.66 14320 0.87 15 o " 5420  1.05

y TOMb " 0.67 LO20 0,79 13 v v 5hgo 0,98
" B~1 7B 0.72 3060 0.64 11 " " 5530 0,91
B-2 " 0.72 3125 0.61 7 " " W80 0.93

EL 7D 0.77 L4120 1.02 9 " 5970 1,04

I} 7C  0.86 3270 0.88 T2Me A 0.89 L470  0.89

10 n " 3470  0.84 Bl13 BLR 7D 0.93 L160 1,59

3 " W 3730 0.81 A2 7B 097 L300 - 0.9L

s-2 7A " 3900 1.04 A 7B 0.98 L4oo 1.02

5 7C " Lh50  0.92 A3 7B 0.99 L500 0,88

Total number of beams = 22

(Ve v Lowest value 0.61
(Ve/vr) Highest value 1.59
(Ve/yrp) Average value 0.9L

;- ., ‘ Table 8




METAL MOLD

WOODEN CORE IN A RUBBER TUBE

VIBRATING TABLE

SPECIMEN CASTING SET-UP

FIG |

FIG |
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FIG.7 MODES OF FAILURE
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PLANE OF RUPTURE ' 4

(A o

. A

{O’r = O'y Sin2,8+ -0y Cosz,B + T Sin ZB

C T = Oy Sin,BCos,B- Oy sin,BCos,B-!- T (Cosz,B-Sinz,B)

1
i

FIG 10 STRESSES ON THE RUPTURE PLANE

SHEAR-COMPRESSION ZONE

OF FAILURE
J, v
kd J=——cC
d | -
N———CRITICAL CRACK
_— LT

FIG. |1 SHEAR FAILURE IN A SIMPLY SUPPORTED BEAM

‘/ SECTION OF ZERO MOMENT
| \' ‘

__.__5__ — -
! —F NE
—— 10
. FA\LUBE/ —
. —t
B N S

CONTINUOUS BEAM

FIG. 12 SHEAR FAILURE IN A CONTINUOUS BEAM
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| © 3x6IN. CYLINDERS, AVERAGE OF 60 SPECIMENS
_ (10 CASTINGS, 6 CYLINDERS FROM EACH )
w .
2 _000LS 6%12 IN.CYLINDERS, AVERAGE OF 20 SPECIMENS
- (10 CASTINGS, 2 CYLINDERS FROM EACH)
'—-
S MAXIMUM
(51 :
@ 6000 PN\ 3x6 IN. CYLINDERS
i 2\ .4 MINIMUM
e N,
> . X
& 5000 - ///) )

N " D
w XKAN)
GNIN
= 4000 L MAXIMUM AN N
Q | S o\.
o | e |
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FIG.13 COMPRESSIVE STRENGTH OF 3 x 6 IN. AND
6x12 IN. CONCRETE CONTROL CYLINDERS
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O 3000 psi mix
-0 4500 psi mix
O 6000 psi mix L

3.1 3.3 3.5 3.7 3.8 4.1
log (F-Fy)

_FIG. 14 STATISTICAL PLOT OF COMPRESSION.
- TEST DATA FOR 3 x6 CYLINDERS
FIG. 14
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O 4500 psi mix
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FIG 15 STATISTICAL PLOT OF COMPRESSION

TEST DATA FOR 6x12 CYLINDERS

FIG. 15





