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A Proof of the Asymptotic Radiance Hypothesis 

Rudolph W. Preisendorfer 

Scripps Institution of Oceanography, University of California 

La Jolla, California 
\ 

/ 

I. Introduction. The asymptotic radiance hypothesis was first for

mulated in the field of experimental radiative transfer dealing with 

the penetration of natural light into the oceans and deep lakes. It 

may be stated as follows: The form of the angular distribution of 

light (radiance, specific intensity) about a point in an optical 

medium approaches, with increasing depth, a characteristic form which 

is independent of the external lighting conditions at the upper boun

dary of the medium and which depends only on the Inherent optical 

properties of the medium. Some relatively recent references to fcho,hypo

thesis may be found in the experimental papers of Whitney [l] , [2] , 

and Lenoble [3] . Some recent theoretical discussions for particular 

cases may be found in Lenoblo [4] , and Poole [5] . Subsequently, 

the mathematical problem underlying the hypothesis took on meaning 

in a wider set of contexts such as astrbphysical optics and neutron 

transport theory. The statement of the hypothesis for these contexts 

is essentially the same, 

* Contribution from the Scripps Institution of Oceanography, New ' 

Series No„ . This paper represents research which has 

been supported by the Bureau of Ships, U. S. Navy. 
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In this note a proof of the hypothesis is given for a rather 

wide class of inhomogeneous spaces known as eventually separable spaces, 

a term which is defined in detail below* The discussion is designed 

so that the main results are also applicable to the astrophysical and 

/. noutron contexts. The approach used is direct in the sense that it is 

based on a study of the equation of transfer itself rather than first 

solving the equation for particular cases and then inspecting the 

properties of the resulting solutions. Furthermore, the quantities 

introduced in the study are for the most part directly observable quan

tities, a feature which reflects the experimental origins of the pro-

blow and which keeps sight of possible practical applications of the 

asymptotic radiance hypothesis. In this way the discussion complements 

a different approach to the problem, namely the formal-solution 

approach initiated by Chandrasekhar [6] and extended by Kufccer 

[7] in the radiative transfer context, and also considered, for 

example, by Davison. [8] in the neutron transport context. In par

ticular, the present discussion shows in terras of directly observable 

quantities that when an asymptotic radiance distribution exists in 

a medium, it is represented by a formal-solution distribution and is 

approached in a continuous way by the natural distributions in the 

medium. Two illustrations of this fact are given. One is based on 

tables compiled from theoretical calculations made in the neutron 

transport context, the other is drawn from an experiment which docu

mented the light field in a natural hydrbsoli 
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The practical consequences of the asymptotic radiance theorem 

are many. They take on especial utility in the field of geophysical 

optics. While an exhaustive discussion of these consequences is out 

of place here, we should observe that the classical two-flow equations 

of the light field [*9] , [lO] , are accurate and become exact 

with increasing depth whenever the hypothesis holds. This results in 

an enormous simplification of the standard experimental procedures 

dealing with the determination of the optical properties, of natural 

hydrosols. Finally, the present method allows a means of estimating, 

with repect to a given preassigned criterion, the optical depth at 

which the asymptotic distribution has been attained. 

2* Preliminary Definitions. We begin with the general equation of 

transfer for the radiance (specific intensity) function N o n a general 

space 'X* 2£ a o Hsed In geophysical optics fill % 
*• * mm S 

f£cff,t) 

and recast it into a form which will be most suitable for the present 

discussion, and which will insure the widest domain of applicability 

of the present results' to related fields such as astrophysics! optics 

and neutron transport theory. Here, 

MZ.I.t) - J <mr;J;|',±)N<*,I.O dilCl'J 
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defines the path function N + . <T is the volume scattering function, 

and 22 is the unit sphere of direction vectors J[ . Nj is the 

emission function, oc the volume attenuation function, ft is the 

index of refraction function, If the speed of light function, Dl'l/Ot 

the Lagrangian derivative operator on X*IEi. , "t denotes time, and 

JCI/ is the solid angle measure on 2ET . 

The present problem is meaningful only in the steady state case, 

and is most immediately concerned with emission-free arbitrarily. strati

fied plane-parallel media with constant index of refraction. Adopt

ing these conditions and applying them to (1), the resultant simple 

form is obtained: 

- F . - dwn.e.^t (2) 

d2 

where n i s the unit outward normal to the plane-parallel medium 

Z*X » where 2 i s a copy of the non negative real, numbers. 

Furthermore, B = at-ccos (£•£) , so that f e Z may be 

represented as usual by a pair of angles t'B. ^) e ~=* 

Finally, we adopt the parameters 

and 

TC2) as * ( 7 ' ) d ? ' , 
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m 

and observe that the phase function -p as used in astrophysics i s 

related to (T by 

With these notations, (2) takes the form 

dr • 

where 

defines the equilibrium radiance function No . Thus (l) reduces, 

under the above assumptions ~ which will be considered in force in 

the sequel — to the standard form for the equation of transfer in 

plane-parallel media. 

The discussion will require consideration of the scattering-order 

decomposition of (3): 

where 
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and where N 1 and f\L are positive valued functions on j ? X i 

which refer to radiant flux which has been scattered precisely -j 

times, so that 

As outlined in the introduction, the present discussion employs, 

whenever possible, directly observable quantities. From the point of 

view of the experimenter, the depth dependence of the radiance distri

bution N (.*, * j *) on.J=; y T ^ O ,is most conveniently 

studied by means of the associated functions hU*, • ; * ) on J=L 

defined by 

««., ,« - -=!__. <«5&i> • (7) 

The present discussion will also require consideration of the function 

&•<*,'•••) on S * T&O , defined by 

1 Nf^Ti/'i^) d r 
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Similarly, we define 

,r NUr^ / i ^ ) dv ' (9) 

and ' 

l*i,2> . . . , T » O. 

Finally, corresponding to 

N ^ C T ^ , * ) « j £ N ^ t T ^ ^ y , ( i i ) 

we define 

K«j» CTJA<M , _ L L rfNfcy,^) _ 3" r>/̂ v,*) K/tv» (12)( 
1 Nj'tV^' • dr ~ : , 

' - • T . . 

where, of course, 

, , m a - * ^ V ^ * NlCrt/t +) . (W) 

The equations which govern the behavior of the K -functions play 

a central role in what follows. The equations have the outward appearance 
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of Riccati differential equations, and it will actually be possible to 

use to advantage some of the well-known properties of such differen

tial equations. 

It is easy to verify the following formula with the help of (3) 

and the definitions of K and K« : 

Furthermore, from (k) and the definition of Kd'and K 1 

9 

<**" 6 K ' (15) 

We now can give the motivation for the adoption of the K -functions 

in the present approach to the asymptotic radiance problem. Suppose 

there i s same depth To in the medium.below which the functions 

KCr, • , • ) f x >i To are constant functions on ^ , and 

whose values are eqaal to a fixed number Ma . Then we may write, 

for a l l T s L , 

HLrtM>4>) = Hko,j>t4>) exp \ - iQKt<M)dx' - j ^ K C r ' ^ j d - r ' j 

Mr;J»,+) <5ap|-(T-r.)^.] Q 



SIO Ref, 58-57 9-

Thus if we set 

we have the following equivalent way of representing the distributions: 

W,M>*) ~ g<>",*) GXP {-T^«>]. (1£ 

Relation (16) is the starting point of the formal procedures which 

• lead to the determination of a specific radiance distribution d on 21 . 

From the point of view of the present approach, however, (16) is an 

incidental end rather than a means. That is, we will be concerned with 

the determination of a class of spaces in which the radiance distri

butions tend continuously to a structure of the kind summarized in 

(16), and thus as a matter of course, determine a class of spaces in 

which such a formal procedure for the asymptotic radiance distribu

tion is meaningful. 

The preceding heuristic,argument leading to (16) supplies the 

motivation for the following definition, of an asymptotic radiance 

distribution: An asymptotic radiance distribution is said to exist 

if (i) K«0>i^)S |imT_^a>l«T,,M,^) exists for each {y,+)l SL and 

(ii) Ko.(#, •) is a constant function on -H. ; 

It is quite possible for condition (i) of the preceding defi

nition to hold, while condition (ii) does not hold. This state of 
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affairs is encountered, for example, in spaces in which £U»(T)» 

ALx)/o(iz)=Ofor allTjo(^T)«Jrct5/fi/»j(/^') i#e#j in 

purely absorbing media. However, such spaces are clearly trivial 

from the present point of view, 

3. Formulation of the Problem. In order to keep the usual operations 

on sp* meaningful, we will assume, as a matter of course, that yo. is 

piecewise continuously differentiable with respect to x , and that^a 

is continuous on 2 ; X 21 for each T2&o . Furthermore, we 

will require that the boundary radiance function N°COj • ; •) 

on .2EL _ be a non negative valued, non trivial integrable func

tion with respect to the measure SL . Here 3LI- "^-JE ? £•£<• O J ~ 

-'f iP ^) : - l ^ « o l ' ^ addition, we define 2£ 4. as the complement 

of 3T _ with respect to 2=1 

A separable medium is one in which the phase function is inde

pendent of position. The term 'separable1 is used to suggest the 

multiplicative uncoupling of position and directional dependence that 

9~ undergoes in such spaces: crt* j J ; £') = ^ <XC£) -f-Lfi £') # 

V Separable media ferm a class of harmlessly inhomogeneous spaces. 

From the point of view of the equation of transfer (3), such spaces 

are homogeneous. The present discussion can be carried out in a 

rather wide class of non-separable spaces which we will call 

eventually separable^ - We will say that a semi-infinite stratified 

plane parallel medium is eventually separable if, (i) the phase func

tion -J3 on j? X.2LxZr.has the form j/H*iPi+i/i't+')mnpm(j>$ + }/iW) -*-
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such t ha t jXe, i s independent of T and not i den t i ca l l y zero on / 

2£ X 21 , and ( i i ) <f>—^0 (the zero function) uniformly on 

*£L X-S . * a£» T->oo . 

We can now s ta te the main r e su l t : 

An asymptotic radiance d i s t r ibu t ion ex i s t s in every p iano-para l le l 

medium i f and only i f the medium i s eventually separable. This s t a t e 

ment i s understood to hold i n media whose equation of t ransfer i s 

given by (3 ) , and whose boundary conditions are given as above. Al l 

of the effor t below wi l l be devoted t o proving the sufficiency of the 

eventually separable condition. Simple counterexamples show tha t i f 

a space i s not eventually separable, the asymptotic radiance d i s t r i b u t i o n 

necossari ly does not e x i s t . 

We close t h i s preliminary discussion by making some observations i 

on the K-functions which wi l l be required below. F i r s t we observe 

' tha t from ( 3 ) , i f U-O , then UC?tOj#)a* ri-iT,o,4>)* Hence, for 

a U T > 0 , KtTto,<p)=s K « t r , o y ^J . Secondly, for 

each T > O j NCT, • ,*) i s bounded away from zero , i s continuous 

on the compact se t 2E , and hence i s uniformly continuous 
4 s 

on _r. and JZ • A similar observation holds for N« IT, * t*)y 

•j as i, 2 j .. •' . It follows that K« CT, •; • ) and KJ i r, • , •) 

are uniformly continuous on 3T and 31 _• £°* a H "C ̂  ? ;' 

and j - 1, 2, ,.. ,. . Finally, from (3) and (4) and the definitions 
of K and Ki , 

K<T,/,*) + j ; < O ,•"-./ . . (17) 
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K W ^ ) •*• 17 < ° ? 1" -°' '» •'•• > (18) 

for all fyi.i*) € 3T_ and all T > 0 . Properties (17) 

and (18) are particularly useful in conjunction with (14) and (15). 

For example if KCT,^,^) > Kj (T,/, ̂ t h en by (14) and (17) it 

follows that 4KCV*,^)/dr ^ ^ * showing that in general K always 

tends toward the equilibrium function Ko . This is a particularly 

useful fact in practice. Whether or not K—*• K. as T-*-<» 

depends on the relative sizes of K, (/»,*)•* '"*T-»o>'^'V^. It follows 

directly from the properties of the Riccati equation [l2*] , that 

K-^minJ Kjf/jf1) , ~ p ] assuming of course that k-(/» exists, A 

similar set of remarks holds for (15) and (18)k 

b» The.Functions P. Q. and.R. In order to insure that the main sequence 

of arguments is uninterrupted by the development of certain required 

auxiliary relations, these auxiliary relations are gathered here for 

ready reference, 

/ 

The first relation needed below gives the connection between the 

downwelling -j -scattered flux at level T > 0 and the upwelling 

scattered flux at level T : 

. rt^'CT^,*) « 4- J PCf,/^^/') NHrfMtydf (19) 
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for a l l ()>,+) B 2C+ , and where 

.oo 

If the space were separable, i.e., ̂  were independent of T (or, in 

the present case, <^ao ) then (20) reduces to 

where ^ , ^ ) C 3 : + , </', *'J c S _ . . 

We observe that for eventually separable spaces, 

, d PC* }/'»*•,/»'»*') 
T*<» Jr = ° (22> 

uniformly on 3 i 4 X 3 T _ , and that 

•"*T-*» ?<*>*>+>*'>+') - P a , ^ ^ ' , ^ ) 

uniformly o n ! + v r < > a n d f i n a l l y ^ t h a t . 

Iim T - * - ' K ^ ' C T , ^ , ^ ) ' - Kmr 

$^ fai^iiS,*1) /v;cv»^j K^Xrf ' j cV</rf' 

«*» 

- . . " ' • (23) 

for f^,*) i x . * . 
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N A similar expression holds for K% CrtJt, +) , which follows from 

(5) and (10): 

Ux*»\ (V'*>- K — ~ (24) 

The next re la t ion required below makes use of the forms of the 

pr inciples of invariance in generally non-separable media, in pa r t i cu l a r , 

use wi l l be made of: 

N(V,?)= -^J_ R C T ( « , 7 ^ ^ ' ^ ' ) W( V , / ' ; ^ ^ / (25) 

where ( / j * ) e 2C+ and ££* ,«$ > ; . ) on 3 L + X 2 L -

i s the diffuse reflectance function associated with the subset of F K ^ I 

below leve l T 2 O , [ 13 ] , i f the medium were separable, then 

for a l l pa i rs £ r , , T 2 ) of depths, 

In the present case i t i s easy to verify ( £13] , equation I») t ha t , 

l , mTr^« "" • " — ° 

uniformly on 3:^. x ^r_ , and that 

uniformly on ^ + X Z - , where R* o n s + ) « 5 . is defined 

by the phase function jp.^ , 
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F ina l ly , the i n t e g r a l operator 

$_$<• .•} /» ,* 3/ ' ,*') E J d^df ( 2 6 ) 

will be used. This operator maps the function NCx, • , •") on 3"_ 

into the function NL Ct, • , •) on ^ _ . The kernel Q is the form: 

The operator (26) is a positive operator . From the definition of Q, 

it follows ( [l3^ , equation I') that 

lim T ^ : =• O 
dc 

and that 

both uniformly on 3 T _ x ZET__ 

5. The limit of Ky {' jj*> 4>) We now begin the main steps 

of the proof. The object of this section is to show that the function 

Ko(';/Mj^) on 7 defined by 

exists and is continuous almost everywhere on. 3L . The discussion 

begins with some observations on the functions K3 , K« K/"' . I n 

particular, we observe that for (/»,^M 2£- and every T ^ O 

* For the present discussion, an operator T is said to be positive if 
Ti sa o (the zero function) implies {• is the zero function, where 
is a non negative valued function on 2T- , and the vanishing of £ is 
taken in the sense of Lebesgue (cf., e.g., [14"] , p. 25), 
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(27) 

where </* denotes the der ivat ive of j2. with respect to T , The function 

N*£T, ' , * ) on 32" - i s re lated to the boundary radiance d i s t r i 

bution by 

Hence each integrand i n (27) i s in tegrable on 2 T - , so t h a t 

K. (Tifif\ ex i s t s and i s well defined for every r j o and • . 

(fi^)e^- • Furthermore each integrand in (27) s a t i s f i e s the hypothesis 

of Lebesgue's bounded convergence theorem, so that by (24) ', <• 

KU/,i>) = hmT^to K^cr,/.*) 
(28) 

exists for every (//,4) « 3 and in fact k« ( -̂  * ) is 

continuous and therefore bounded on 2EL . The values of K. ( *j * ) 

are readily determinable for specific choices of ^0(O} « t » ) . For 

example, if we adopt the standard discrete boundary radiance distri

bution defined by 
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then 

- 1 7 -

* * < / . * ) . - - L , {jiA) £ -=-
p; i i /».*/ £ .=. . (29) 

Slightly more generally, if 

n 

N*Co,/»>)= Z tfV//) *<>->-•) ̂ * - £ ) , -/<A<-<o„ 

and if 

//u 55 Anin ^ ̂  f *•- °>l, • - '., n j 

then 

K ?C/4,4)« - - p ; » C / * i ^ ) r - = - . (30) 

Other simple examples of N°(<V,') may be given, such as 

step-function representations, various simple continuous functions on 

" H _ but (29) and (30) will suffice/to illustrate the general pro-

cedure.. In particular they help to illustrate the use of (15) which 

is required in the next step of the proof and which runs as follows: 

By means of (15) and (28), we see that for each (jjt4>) f 2T-- such that 

K£</.f) >• - ± (3D 
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we have 

l""r*. * % * > - -77 

Since K^ ( • , • ) i s bounded, the subset of J>'s for which 

(3D holds i s a r e l a t i v e l y open subset of f o , l"] excluding 0^ 

Fina l ly , from (15) and (28), for each (jt,4) e 3 T _ such t ha t 

we have 

Hence tho function '!<£(•,•) on 3 T ^ defined by 

exists for all t/,4>) e "HT. and is continuous on :=:_ . A 

particular illustration of a tf.1 (. , . ) is given by means of (29). 

The main observation to make at this point is the following: in 

addition to being bounded on IT. , the function K J " C V V has the 

property that 

K*lj>>*) ± - J L . • • (32) 

°n JL _ 
1 

Observe also t ha t K^ ( ' , • ) does not general ly 

have t h i s property. The discussion of K £ C«, • ) i s completed by 

showing tha t i t exis ts .and i s continuous on £ + . This i s done 

by applying the preceding arguments to (23) . As an example, one may 



SIO Ref. 58-57 - 19 -

1 I 
consider (29) once again, which yields K& CM) 4*) — ""7J. f°r all 

We now consider the general inductive step, that is, assume that 

K» (•' ) * )j_J5| is continuous on HL and in particular, K»(/(fM ^ ""-p 

for every (y>$) c ̂ - . Then by means of (24) and the previously cited 

convergence arguments, we find that 

exists for every (/>,<£) £ "H_ , and K'J*'(•',•) is continuous 

on 3 1 . I and in particular , 

k^' (/i» « " p , <</>+) £ ̂ . . (35) 

Furthermore, by (15) , 

K«*' (/,*) - !•<»„«, K '̂U/..*).- Kf' (/,*) (36) 

* Implici t use has been made of the fact t h a t i f FOe) =fA(x)atx> + 8c*> b ( * 0 / 

/CfU*) •+• 8 < * ) 3 > and i f we have cux) —»• a<:r„)-S CLo along 

with Be*) — °(A6*» as JC-*-3CO , then Fc*) — • a o r . ) & a e a s or-^oc© 
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o n c _ . Finally, from (23) k J + ' ( •, • ) exists and i s con

tinuous on ;—^ ̂  and moreover, 

KrC/,+) * -jj > (f, + )e - + ' . w 

Since the induction hypothesis is true for j'sr| , the conclusions 

(34) - (37) then hold for all integers ̂  = 1, 2, ... . It follows 

from (12) and the preceding results that 

kJ'V,*)*: Imr^^K^v,^ ̂  -p , n- *,3,r (38) 

exists and is continuous on ."—~ . 

Now consider the function 3<°'(,i>'>^) o n Z defined for every 

G>,<£) e ~I by 

/ . (39) 

Clearly j J.!"'(•;/,*) C ^ is an increasing sequence of functions on 

Z, such that for every (/•,<£) e JEI i ' • •• 
i 

I 
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the uni t function on 2 . From t h i s and the def in i t ions of K« 

and K^ , we conclude, f i r s t of a l l , tha t the sequence ^ K J " ' ( •,/*,*»)! 

of functions converge in the mean to K.i',/1! f) on Z . This i n 

turn implies tha t the convergence to K . f ' i / ' j ^ ) i s almost 

uniform on £ for some subsequence | Id""* ( • , / , 4>) \ . Hence 

for every € > O , 

on ^ a £ - jf D , where f o/r ' <; 6 . I t follows t ha t 

the function K - C ' , - 0 on JEL , defined by 

*•(/>+) - U T ^ ^ V ^ ) . I V . ^ t M ^ , * > < - p (40) 

exists on 3 . Finally, from (24), (15), (23), and (12), (in that 

order) we establish the fact that' (K|"Y' >•) } is a sequence of •'.. 

continuous functions whose essential suprema form a non increasing 

sequence of real numbers. It follows'that { ̂ "V* >')\ converges 

uniformly a.e. on Z=T to. Kj (•,'•) , and that K*(m r \ is 

continuous on ZEL - ~^Z0 ,,•'.. where "H"© is a subset of 2£ 

such that NTL ( ^o) •=* 0. ' - • ' 

\ 
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6, The limit of K(*)t*t4) . The proof i s now concluded by showing 

that K(*j/«,40 satisfies the definition of asymptoticity. By 

(14) and the result summarized in (40), we have 

K«>C/,+) = ] I M T ^ B i a r , / i , * ) « K ? ( / ^ ) (41) 

for a l l ( nt<f>) e lET- . Let (/>, , ^ , ) be determined by 

the condition 

then set 

a r - isj IT,/,, +,) 

and observe that q > on IET_ defined by 

is at least bounded and measurable (hence integrable) on 22 — . 

Then, by means of the operator defined in (26), we have 

[__ Q~(j',4';/>,*+,)/2</>',+') K»(/i't+') Jfj'dfi' 

Kj */?'*>"- - Z Z . ' , ( a ) 

for a l l ^,«f») c 3 _ . . I n particular, (41) holds for Oh , 4>, ) e H -



SIO Ref. 58-57 - 2 3-

Using (41), (42) may be rewritten as: 

$__ Q-^.h-.K*') g^'>^)[koo(/1̂ )-K«(/,^,'>] dfd4>*. > 

This operator, as that in (26), being a positive operator, requires that 

the non negative valued function 

Kmt',')- K-(/'l*.). 

on 1E"_ be the aero function, i.e., . ' 

Ka> (/,«H = Ko>(/«^,) s?JL 

for all Cf,4>) f 2T. . A n application of (25) to the definitions 

of kcr,^,^) and K*>(ft4) , yields the result that 

on ~~L + , so that K»(' )•) is a constant function on 3 1 , v 

This concludes the proof. We observe finally, that, by means of the 

definition of N« and (8), 

Kz(/>>4>) « IC.C/,*) • >JL . 

on _=. 

7o Notes, (i) The physical significance of £„ is readily 

determined. We observe that the scalar irradiance function H on Z 

defined by 

has, in analogy to M , a f<-function defined as: 

^ " her) ~ d F ' 
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which i s represented in terms of « ( * , » , ' • ) by the formula: s 

,• L . HCr,/i,4») KCr,/*,*) dud4> 

\__^C^,/\i>) d\}^4 

From t h i s and the preceding r e s u l t s , we see t h a t : 

',mr-o» A& = - ^ J = &co -

Hence J t a i s the l imi t^as -c-+<*> } of >&(.) , the K-function for scalar 

i r rad iance . The function /) i s related t o the radiant energy densi ty 

function I t by b =Tr>U ."" ( i i ) The equation of t ransfe r (3) may be 

wri t ten in terms of KCT, • , • ) as follows: 

which i s the canonical form of the equation of t r ans fe r for the slab 

geometry. The l imi t of the canonical form as T-*<*» i s , by the 

preceding r e s u l t s , 

(Jti4) ^ 4rf2 +-(*+•>?'.+') ? (/*'*+') WW 

which is the general form used in the/formal-solution procedures dis

cussed in the introduction. The real number Jkn now takes on the 

additional significance of being an eigenvalue of a non-linear eigenvalue 

problem associated with the above integral equation for 4 on 2£L i- '" 

For the kind of boundary conditions adopted in the present paper — 

which as we have noted before, stem from the geophysical origins of 
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the asymptotic radiance problem — the resultant values of Jtw 

are non negative, and in fact, 0s& &„ < / (cf. (17) and the dof. of «, ). 

(iii)- Figure 1 shows the depth dependence of KC*,/^, <p) for several 

directions (i/^)f S . The associated medium is an hypothetical 

separable half-space, irradiated by normally incident collimated neu

tron flux, in which scattering is isotropic and €J0= 0.9. These plots 

are based on theoretical computations of W ( T ( ^ , ^ ) (for neutron 

flux) compiled in [15I . The plots show clearly that asymptoticity 

has been essentially attained atr-=|0,for at this depth the function 

kCJOj • , • ) is essentially constant on 3j~ . 

Figure 2 shows the depth dependence of \<C* ,/i4>) for several 

directions i/,4) f 2£ . The associated medium is a natural hydrosol, 

namely Lake Pend Oreille,Idaho, which at the time of measurement of 

NCT,/1,^) (for photon flux).was irradiated by light from a clear sunny 
o 

sky (angle of sun from zenith was about 40, hence the associated 

/k=-0.77); scattering was found to be highly anisotropic and £ > » C T ) 

approached with increasing T" a constant value of about 0«7, indi

cating the medium was eventually separable. These plots are based on 

experimental determinations of M(T'i/l)^>) by J. E. Tyler of Scripps 

Institution of Oceanography £16^ . All N -measurements were made 

at 478 millimicrons. The plots show that asymptoticity is being 

approached at depths T = 30, The azimuth angle j> has been fixed at 
o 
0 , which denotes the vertical plane through the sun. Plots for 

f 0 indicate similar trends to asymptoticity for depths at T = 30. 

The vertical K-scale has been exaggerated (relative to that of 

Figure 1) in order to more clearly show the details of the transition 

to asymptoticity. 

4 
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