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ORBITS IN A PROPOSED SPHERICAL ELECTROSTATIC SPECTROMETER
Ao A, Garren

Radiation Laboratory, Department of Physics
University of California, Berkeleyj California

August 27, 1951
| Ie Introduction
.. It is proposed by F, L.vReynolds to coestructfen ienvenergy‘spectro-
meter out ofia sphericelkcoedeﬁeer, Following is a'theoretical‘discussionv

df the Orbits.in and focussing properties of such an instrument,'

The idea 1s to place source and detector befween the £wo spher1cal
metal shells’whlch are at a potential dlffergnce from each other.‘ There
will be a central, inverse square electrlc field in the annulus whlch will
foous 1ens ‘from the source into the deteetor ir they do’'not deviate too far fram
\ cifcular orbits,4and if the detector fs about 180 degrees removed from\the

sourcee. The energy of the 1ons 1s then measured by adgustlng the potentlal
:dlfference between the condenser plates untll the 1ons are caught by the
detector. The chief merit of this device is the relatlve;yflerge SOlld
angle available for ions which can be fpcussedvinto‘theieeﬁector, oomparea
'te more usual apparetus which will only\aeceﬁt‘ione meving_in or near to a

given plehe;

II. Theory
| ~ls The Field

We suppbse.the spherical shells have radii R; and R2 end are at
pdféntials V; end V2. Then ‘the potential between the shells relative to

grouﬁd is

-
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vg(r). = Vv - k€;<-'§1
where - oo A . o
P L | T N
ko= (V2 - )/ -R5) (1a)

Fige 1

If the zero of potential is taken at infinity than the potential

apd electric field are

ROTRIENE R

2. Orbits in the Field
Suppose the sample egectlng the 1ons is at potentlal correspondlng

to radlus a, 1.e.,

Vg = VM mkGexd

‘“.Thls sample w111 probably be 1ocated behind a c1rcu1ar sIit whlch wilt
: actually deflne the source. It is supposed “that the field at the s1it”

'1s undlsturbed. One defines

r = radlus of ion

T klnetlc‘energy
'U'=T + rest energy
E = U+ potential energy with zero at infinity

Ze = charge of ion
Subscript O refers to reference ion

. Subscript 1 refers to ion .gs_it leaygs_samp;g e
‘Subscript 2 refers to ion. Jjust as it pgssquth;éﬁgh thé;%l%tf%

By energy conservation, one has
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- _ » Zek ‘ i Zek _ a o oqr- Zek__ . . Lo
El —~U1 - . = EZ = UZ ='—;;; = B = U a‘—;+ I i ,(1)‘,

The ions will move in planes. Their motion is described in coordinates

r, 6, ﬁ,'where the slit is in fﬁe'yz_pléné and tﬂé ; axié is taken so that
the ion is at the z axis when it passes through the slit. .Then the*ion:
moves i@ra‘plgne defined by"ﬁ = const., since it never expérienoes a

force out of this plane.

source

. 1st order image : i AP S
7 of P ///77 S 'J*\deteqtor”slif
X ‘ : _

Lo Te T Pge2
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The Lagrangian equations of motion ere . - Gho i u}ﬁii.ugﬁff&.?ﬁ.,,g
11; EZE__ - oL =0 v
dt béi §Qi : _ N

‘VL‘: .=‘.. 2 l = 2 _"__Zek
8 me* \z: pv | .
In the spherical coordinates taken as described above
el L2 2a2
ﬁ csz (r + r<o )

so from (2) [éofs indicate d/a#]

L 2
= el = "ﬁL const. (3}
o4  [1-p . ‘ :
S P S S R . . (4)

ir (1), (3), and (4):aré combined, eliminaﬁé timé, and set

u =1/ , S, (5)
then ' ' o
d“u <Zek u = ngg _— . ‘.'(6)

ie® Le ‘

whose solution obviously is

L@)—- [l + € cos [1 - @Z—]z—)z (e - 9')} ‘ (7)

1.
g s—=
r

where € and @' are determined by the initial conditions. This is the .
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expression for a precessing ellipse, since r is periodic in A® =

Byvsetting _ _
- 1”%«5) (e -e) - 2 (8)

Equation (7) is written in the standard forms for & conic section;

ez |
- a(l - €7 T EO TR oo
lkfig‘goéﬁf ' . ‘ .

Here a‘?is‘ﬁhé-semimajor‘aiis and’ E'-the'eccentriCity of the

.';éllipse. Comparing (7) and (7') it is seen that

wa-e B et o) @

‘Now ‘suppose, as shown in Fig, 3, the ion traverses the slit at point

i

P, at radius r = r,, energy E and is going at an angle a to the sphere
about O of radius rz, The orbit may be expressed entirely in terms of
E’rz’ a.nd Qe

A}

In the first place the angular momentum ]? hes magnitude
v , o

w26 M ryVp cos o

P

and from (1)

Fig, 3 lcz Zek N ﬂc
. E = Ta - e =
; rte r ° Er2.Zekr
’ 2, 26y - 2, 2
“Putting 1 = d/de s B2 = ; (#2 + r28°) == (r'2 + £2)

= 8P (r12 4 2) -
(Er2’+_‘Zekr)2
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;.uﬁ%iﬁg?ghishﬁadﬁwgﬁtéx(ij one obtains

2
mo Zek

. E =\/1 QLZG-Z(rgZ + r2) = - | ) (10)

"The turning points (points where r is a maximum or minimum) are
. -points where r' = 0. If in (lO} one sets r'v;}Ovanduéélves for r, the

tﬁrning points are obtained which turn out in ﬁhis'wéy'to be

o EK s JBARE & (B - B AN
t }
222 e (21D
r
where K = Zek

vEm -f--f'mc2
r - .
Tﬁévéﬁm ofifﬁé two fufning’pOinfs isiequal.to'fhe'majsr>a§iémdf”%héi o

eifiééé,'2aé,vﬁhéncé“

;,,;,ﬂ,a' =——-——'—2—' ) ' L ) I - . . (12)

Note that the_majér;axis depends only on the ener§§¢'fFf6m (9) -and (12)

one gets the eécentricity

€ =/(§L>2 *‘A(ix‘)z - ('z“'l %{) S o (13)

where the .energy & has the value E, when a' = a .

Now

L = __EEE_T rzﬁz' cos a | ' (14)
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If one sets.

Tt N)

rg = a(l +0) | ,
F=1T/8, | ' o S (1s)

" Then from (1), (8), (12), (13), (14), and (15) it can be shown by tedious

but straigh{:forward aigéﬁré t};atfoAan or('ier{in A ,p , and as - F

€ =\/(,¢‘ ,iii.FA)z.+'(1 .+‘A)a? o (131)

al

2 + A 3A + 4 R '
8 {1 + 1: FA A Fz)\z + . .] ) (121)

A

. . 2 ' L -,” -
| L+a | 2A(1 # A) S o
.Froﬁ (1) and (12) it méy be s.}10w1:1 that |
_\/14-5_24‘_ ~1+0 |
,l +;§ - o
_'A";','o—' [ﬁ + &2 - - 20’]

1 - cr-‘;"l PP - 2021 B

(151)

" where

. 2aE B L1
T s s
=3 nonrelativistically

o is the ratio of half the potential energy to the(reét energy. |
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It fay now be shown that a first order:focusiexists-at % §l§5§ﬁ€ﬁ%or

which HV has increased by T  from the sourcé. From (7‘) and (12')

r(¥,) + r(’i’q’ﬁr)_ _ (s 2ZA FA+ 32";4 FZ)\Z)(l ~€2)

28, 9 W
1 -¢? cos ‘1‘;0
which is of the form 1 + g(A) + h(AWp)az * o o o
*TThus=%o>2ndiordef¥in aa pefféct fécus‘exists_ﬂor ZXjH =T, Frqm“(Bj)hthis
means where .. .
, R Vi« A T L
1+FA - [(2 + &) FA A’?] P
2A(1 + A) -

hi
@

Slnce.ﬂ'ln flée 2 can have any value from O.to ﬁ‘\thié first order
focus w111 be a semlclrcular ring at 6 = C). One could use a detecting
wire at.thls.pla;e except that CD w1ll vary w1th the energy of source
used, so the instrument would get rather complicated. However, 1f o is
fairly small as well as the annulérnépéée befﬁeén:tﬁé gpﬁéres; é‘;ﬁ%¥i&iently
- good focus can be obtalned at the 51ngle p01nt Q (l)e =), In fact from
(7'}, (8'), (13*), and (15%) it can be shown that ‘
:: t?Q _ r(e ) * r(eo +T) - .
2a 2a

1 + 2A+ 60’/\ + 4:A2+ %6&"@2 +‘ e o o (16)

+ 3rd order terms in o, A 35 . G
(16) measures the distance PQ where Q. is the intersection of the orbit with

the dismeter through P, the'point at which the ion traverses the source slit,

III. Spectrometer Design

The. points to be kept in mind -in designing-the instrument are the

desirability of reasonably small dimeﬁsions, good resoiution, high intensity,
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end ldrge range of measurable epérgieso 4quéver, most of these g9¢qlféa£&fés

conflict with each other. Probably the most fﬁndaﬁeﬁtél‘physical limifation

is the electric field whiéh cen be sustained in the gap without bréakdown,
Now of course thé-enérgies will éptually be'megsuredApy changing the

voltage differepge until thg.iéns are focussed_into the'detector Slit. It

is easy to show from (1) aﬁd (lé) that

—;—!-'z ’l +62 -1+ 0 .. ' (17)

where o is given by (15'), and is proportional to the voltage difference
between the electrodeé, ZSV. The instrument should be desﬁgned for the

maximum enérgy‘whidh‘one’WHhtséfo'dbservéy ‘In order to meke it ‘as small
'as:possibie the field in the gap should be as large as possible, perhaps

as large as the sparking field. Let the maximum field be B and - the ‘maximum

energy (kinetic + rest) be U, If us=— =-——no
. ) o . .': y Er -‘éz
B =k_2_ -
Ry .
noff? _ _zek T
_ 2 S - :
a/l-pz &
a = 'M_Z_
2
Combining these with (la) one gets b
R o
1 . v
Ry
B2 - R,2 22e AV
2 - ™ € u
B E W =1

~
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'If thesears solved for Ry snd R "ome obbains . f ;0 il L0
= et b+ ;_,-[0;2,‘ + b2 : = e W g
o s 2 b T
=¢c4+ b + ’CZ + bl 4= + 2;— o & b2 L (18)
C .

c + b+ c +b2+;°--(b,+ b +02}
e o O b

o
L [}

o
1l

By w -1 )
" 2ZeB u

AV o e ! - ' . AP
N

[+
|

It is seen that b, or A_V. controls _t_he separation of the electrodes,
which- in turn defines the angular spread at the source seen by the detector.

. In fact from (7')

a(l -Q2) o
Tnax = 1-gi' =a(l +€) =a(l * GagV1 +A)

Coox ~ 8 =a\l + A o'max=—'—2— -

Aa=2q,, =271
a\/l + A
%(b+ 2 4 &%)

a = : : .
max T+ A E +c +\/bz + c? +% (v '4‘-,/[];2 + cvzﬂt - (19)

From (16') the spread from the image center is

S = 2a(2A + 60N + oA 4 %da-a @ +0le s )

so the dispersion

T = 4a(l + 30) o o (20)
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The resolution is

§s

A 43(1 + 30)

where &8 is the total uncertainty in S, This is the sum of the uncer=-
tainty in the source slit, the detector slit size and the uncertainty due
to the angular spread. Let

radiai width of source slit

o
L}

radial width of detector slit

g
TR
]

scatt = FemeS. deviation due to gas scattering

)
(7}
[

= - (I ' '
hy + hy 2aq ( i amax) * hy ot

7 h, +h, +h +2a(z o + ) S
SA . s d scatt %ax * %nax (21)

4a(l + 30)

Numerical ~example

8 Mev o=particles -

Let B be the sparking potential <~ 30kv/om = 3 x 10% v/cm
N 6

E, = 3727 x 10° ev
sBxlOs__ev
2 .1 (g -
u=1=(u 1)(u+l)N2%
u u . r
. B 2T v gy 106 '
¢ = 2ZcB E, - ZeB 2x3x10% 185 om

a . =2¢c = 266 cm ~ 100 in. ~ 9 ft. or 18 ft, diameter .

T 8
Also o ~ T

& ~ 0
2E, 2 x 3727 =001

b and hence 'Rl = R_ and a may be chosen at will,
_ : 2 max

Information Division
scb/8=29=51
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