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01ti3ITS !N A PROPOSED SPHERICAL ELECTRQSTATIC SPECTROMETER 

Ao A. Garren 

Radiation Laboratory, Department of Physics 
University of California, Berkeley' CaJ.,if'o:rnia 

August 2 7, 19.51 

r. Introduction 

. It is proposed by F. L. }'{eynolds to construct an ion energy spectro-

meter out of a spheric!'l-1 condenser.. Following is a theoretical discussion 

o·f the orbits in and focussing properties of such an instrument, 

The idea is to place source and detector between the two spherical 

metal shells} which are at a potential differ~nce from each other. There 

will be a central, inverse square electric field in the annulus which will 

focus ions from the source into the detector if they do· not deviate 1xx> flu- fran 

circular orbits, and if the detector ~s aoout 18,0 degrees removed from the 

sol.lrce. The energy of the ions is then measured by adjusting the potential 
' .. . .. 

difference between the condenser plates until the ions ar~ caught by t~e 
' ' 

detector. The chief merit of this device iS the ·relative_ly large solid 

anr;le available for ions which can be focussed into the de,tector, compared 
. \ 

' to more usual apparatus which will only accept ion~ moving in or near to a 

given plane. 

II. Theory 

1. The Field 

We supp.ose the spherical shells have radii R1 and ~ and are at 

potentials v1 and V2o Then'the potential between the shells relative to 

ground is 



~ . 

( ) 
. . ll . 1 ') 

Vcr r · = v1 k,---
o r Rl 

! '.· 

where ' 

k = 

·:-f:·;:. 
l. •.· •. 

(la) 
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Figo 1 

slit 
ample 

If the zero of pote~tial is taken at infinity than the potential 

and electric field; are ., -' ... 

.. k + k 
· V(r) E(r) f. ·:-· = , = -7 r 

'. ~ .. ~ .... 

' 2. Orbits in the Field -

Suppose the sample ejecting the ions is at potential c'orresponding 
. ·. . . -~ . 

to radius a; i.e., 

v = v - ,1 1 \ s 1 . k \-; •. Rl i ,, .. 

, .. This sample will probably be located behind a circulaf slit which'. 3wi'i'L: 

actually define the source. l'ti is supposed that the field at the·: sift.: 

is undisturbed. One defines 
:. r ...... :-~·-,.. 

r = radius of ion 

T = kinetic energy 

'U = T + rest energy 

E = U + potential energy with zero at infinity 

Ze = charge of ion 

Subscript 0 refers to reference ion. 

Subscript 1 refers to ion as it leaves samp~e 
I !, ··:.' >.' 

Subscript 2 refers to ic;m just as it passes through the slit. 
: . ~ . 

By energy conservation, one has 
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a. 
(1) ,;'; Zek 

~-·- ... 

The ions will move in planeso Their motion is described in coordinates 

rg e, ~' where the slit is in the yz plane and the z axis is taken so that 

the ion is at the z axis -when it passes through the slite .. Then the'iori; 

moves in a plane defined by·. {lf "" consto 9 since it never experiences a 

force out of this plane" 

zo z 
I 
I 
\ 

------~~----+-r-~~~--T-----~--~~-y 
::·~ ,, . ;, '· ~ ~: . 

, 1st order image~--------~~~c~~~~ 
of P slit 

X 

Figo 2. 

·: .. 



The :I;a·grangian equations cif motion are 

d aL aL 
dt oq· - - ?Jq . 

. J. .· J. 
= 0 

L = - mc2 ) 1 .. ~2 + Zek 
r 

·:·· . :; . '; .... ' ~. ' ' 

In :th19- spherical coordinates taken as described above 

so from (2) 

m 

~ots indicate d/dt] 

oL mr2e 
= = = const. 

tr
. ;,.2 
-2-

r 
. e r!:.·?. ~ -r-.- .. tr 

0 
Zek 

+ --::2"" r 
= 0 

If (1), (3), and (4) are combined, eliminate time, and set 

u = 1/r 

then 

whose solution obviously is 

» [1 (e - e• >] 1 E cos Jl - (Zl~l u =·-= 
1 -(i~k)2 

+ 
r 
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(2) 

.· ... 

'· ' )- . . . .:~· 

(3} 

(4) 

(5) 

: ''(6) 

(7} 

where E and e' are determined by the initial conditions. This is the 
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27T 
expression £or a precessing ellipses since r is periodic in 4~ = ~ ·.. 2 0 . .. 1_.(_?;ek),. 

. \~a· 
By setting 

'r = J 1 -0;~)2 (e - a•) (8) 

Equation (7) is written in the standard forms £or a conic section' 

.,'· a' (1 - E2} 
r = 

l + ~cosY' 

.Here a 1 ··is the semimajor axis and· ~ the eccentricit~ o£ the 

ellipse. Comparing (7) and (7 1 ) it is seen that 
I 

a I (1 .. E 2 5 = z;k [Efe~ { - ~ (9) 

Now suppose. as shown in Fig. 3. the :l,on traverses the slit at point 

P. at radius r = r2, energy E and is going at an angle q tothe ~phere 

about 0 o£ radius r2, The orbit may be· expressed entirely ~n .terms o£ 

In the first place the angular momentum 
~..., 

l has magnitude 

Fig, 3. 

Putting 

m 
2 

·~ 

and £rom (1) 

£c2 Zek • t~~ 
E = -::'21:' .. __ , e = 

2 r e r Er +Zekr 

'2 . 
= e2 (i;a2 + t-2) 

c 

= Q3 c2 (r '2 + ~ }l 

(Er2 ·+·Zekr)2 

/ 
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' ~·' 

~::?:;J:~}lpJtti~g;fhis :~ack:' 'into (1) one obtains· 
.- ~ .. 

'J: ·,· L,." 1 t :· '• ~ .. \: f l•' : ' 

. . 

E 
Zek 

r 
(10) 

, The turning points (points where r is a. maximum. or ~ihimum). are'. 

points where r' = 0. If in (10} one sets r' ='0and.so1ves for r, the 

turning points are obtained which turn out in this way to be 

~~ . :' f, 

: ..... · ·: . . · 

where K = Zek 

2 
E = me 

r 

~: ·~ ; 0 

Th~ .s,tiln of<the two turning points is equal to the major a~i$'·'ot ih~ ' 

eliipse, 28.~, wh~nce .· 

·- . ~ 

. (11) 

(12) 

Note that the :inajor axis depends oniy on the energ;. From (9) ·and (12) 

one gets the eccentricity 

+ ( _!c_y _ (!x:. i<:)2 
. K E K ' 

(13) 

where the energy E has the value E0 when a' = a • 

Now · ., -~· 

cos a (14) 



If one sets-

,T.=,T0 (l +A) 

r 2 = a(l + p) 

f = To/Eo 

E 2 -- E 2 
A= r o 

E 2 
0 
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(15) 

:' Th.en from (1), (8), (12), (13), (14),' and (15) it can be sl;lowri by tedious 

but straightforward algebra that to 2nd orcler .. in A , ;o , and o.: · · 

[1 2 + A FA a' = a + + 
A. 

'f 
1 [1 + F )I = 'Jf7A 

.From (l) and (12) it may be shovm that 

F = J1 + if- .. - 1 + (j' 

jl + 02 • cT 

. A =- (j' [_fi + 1;2_ "' 2o-] 

1 ... <TIJ + <~- < :.. :?-~ 

where · 

Zek · 
O'rtl = 

-Ze fl. V 

2aEr 

T 

3A + 4 
~~2 

A2 .. 

~2+A)F_A - Af>] 
2 

2A(1 + A) 

' . 

nonrelativistically 

J + • . 
•' 

.. A 2 

~2 (t * • 

tS' is the ratio of half the potential energy to the ,rest energy. 
\ ' 

'. 

(13') 

(12 ·') 

• 

(15 1 ) 



.~.' .. '. 

' . ·' 
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It may now be shown that a first order foc:usr e,xist_s: .~t: ~h~i'.!r1~:~1.f:1-or 

which 1f has increased by 1T from the source.. Froni ( 7 ') and ( 12 ' ) 

r ( 1.jJ o) +· r (Yo +1T) 

2a 

which is of the form 

= (1 +~FA+¥ ~A2 )(1 ~ ~2) 

1 - E 2 cos2 'r 
0 

G e 0 

•• rhus -to 2nd order in a a perfect focus exis.ts for f1 'f = tr. Froni.. (8'), this 

means where 

= 
1 + F)\ 

.·._: 

_ [(2 + A) F_;\ - Af? } 2 

2A(1. + A) 

® 
+ • 

Since i i~ Fig., 2 can have any value from 0. to 11 this first order 

focus will be a semicircular ring at e = ® • One could use a detecting 
'< ' I .~·· 

wire at this place except that ® will vary wi.th the energy of source 

used, so the instrument would get rather complicated. However, if <J is 

fairly small as well as the annular space between the spheres~ a sui'·fi~iently 

good focus can be obtained at the singl~ point Q .( l\ 9, :.-rr). In fact from 

(7 1 ), (8 1), (13 1 ), and. (15') it can be sho,.ffi that 

·· ·· 'PA = r(90 ) + r(80 +11) · ·· 1T .·. t· 
~ -------- = 1 + 2A + 60'A + 9:'>--2 + -da- a + 

2a 2a 4 · • 
e o o (16) 

+ 3rd order terms in (!'9 'A :~f!,:1 . a 

(16) measures the distance PQ where Q..is the i,nters~c:t;ion of the orbit with 

the diruneter through P, the point at which the ion traverses the source slit. 

III. Spectrometer Design 

The, points to be kept in mind in designing the instrument ~?.re ,tll,e 

desirability of reasonably small dimensions, good resolution~ high intensity, 
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and large range .of. measurable energies o However" most of these good featu±-es 
' 

conflict with each othero Probably the most rundamental'physical limitation 

is the electric field which can be sustained in the·gap·without brJakdown~ 

Now of course the energies will actually be measured by changing the 

voltage difference until the ions are focussed into the detector 'Slit. · It 

is easy to show from (1) and (12) that 

1 + ($' (17} 

where ~ is given by (15 1 ), and is proportional to the voltage difference 

between the electrodes, /iv. The instrument should be designed for the 

maximum energy which one wants.· to observe~ 'In orde·r to.make ft as smali 

as possible the field in the gap should be as large as possible, pei-he.ps 

as large as the sparking field. Let the maximum field be·B and·the'maximum 

energy (kinetic + rest) be U , 

mc2~2 = 

a j1-~2 

a 

If 

Combining these with (la) one gets 

= 

u 1 
u = - = -;:::=:::;-

Er Ji· ~2 ·· .. 

\ 

u 
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:' :' .o tl' 'i!: ,''t ~ /: . ; ,\ . .• ·;, i ', ;I : ' • :, ·• \ ' • ' ' ; 

,. If these' ·a}e' soi ved fbr R
1 

'and R
2

: one obtains' :. ··:1 .. , .: /(I 

·.where 

~ . . . 

Er 
0 = 2ZeB 

b = ~v 
2B 

u2 - 1 

u 

. • ; ' '~' !' ' , 

2b2 . b ~c2 + b2 + ·- + 2:,_ 
c c 
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' . . ~ . . ., -

(18) 

t:')}! 

It ·As s.een that b,, or ~. V. controls the se:parati(:m of the electrode~., 

whj,c}1>in tur,n defines the angular spread at the :;>ource seen. by the detector. 

, Ix:+, fact. from (7 1.} 

rmax- a =·a~ 

a 
max 

Fro.m (16 1 } the spread from the image center is 

S = 2a(2A + 6o-.A + 4.A2 + :!!cfa- a2 +· •· •• ) 
4 

so the dispersion 

as 
0 A = 4a(1 + 3c:r) 

(19) 

(20) 
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The resolution is 

&s 
4a(l +· 36) 

where $ S is the total uncertainty in So This is the sum of the uncer-
r 

tainty in the source slit 0 the detector slit size and the uncertainty due 

to the angular spreado Let 

h "' radial width of source slit s 

hd "' radial width of detector slit 

hscatt = r .. m .. s .. deviation due to gas scattering 

Ss = hs + hd ~ 2a<lmax (1L CJ'-a ) + hscatt. 4 max 

hs + hd + hscatt + 2a ci (f Omax + a!e.x> 
4a(l + 3<1') 

Numerical example 

8 Mev a=particles 

Let B be the sparking potential rv 30kv/cm = 3 x 104 v/cm 
Er = 3727 x 106 ev 

Also 

T "" 8 x 106 ev 

a min "' 2.c 

T 
cf rv·-

2E 
r 

2T 
o-"" 

T 

ZeB 

= 266 em r.../ 100 

8 ,..J = 2 X 3727 

8 X 106 
-v 133 em 

ino ~ 9 fto or 18 f'to 

OoOOl 

b and hence R1 = R
2 

and a may be chosen at wi1lo · max 

Information Division 
scb/8=29=51 

diameter 

(21) 

0 




