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Abstract

Bayesian Nonparametric Gamma Mixtures for Mean Residual Life Inference

by

Valerie Poynor

In survival analysis interest lies in modeling data that describe the time to a particular
event. Informative functions, namely the hazard function and mean residual life func-
tion, can be obtained from the model’s distribution function. We focus on the mean
residual life function which provides the expected remaining life given that the subject
has survived (i.e., is event-free) up to a particular time. This function is of direct inter-
est in reliability, medical, and actuarial fields. In addition to its practical interpretation,
the mean residual life function characterizes the survival distribution. In terms of mean
residual life function inference, there are two shortcomings present in the current litera-
ture. First off, the shape of the functional is often restricted, which forces the researcher
to make an assumption that may not be appropriate. Secondly, in cases where the shape
of the functional is not parametrically specified, full inference is not obtained. The aim
of our research is to provide a modeling approach that yields full inference for the mean
residual life function, and is not restrictive on the shape of the functional. In particular,
we develop general Bayesian nonparametric modeling methods for inference for mean
residual life functions built from a mixture model for the associated survival distribu-
tion. Although the prior model is not placed on the mean residual life function directly,
our methods offer rich inference for the desired functional. We place a Dirichlet process

ix



mixture model on the survival function, and discuss the importance of careful kernel
selection to ensure desirable properties for the mean residual life function. We advocate
for a mixture model with a gamma kernel and dependent baseline distribution for the
Dirichlet process prior. We extend our model to the regression setting by modeling
the joint distribution for the survival response and random covariates. This approach
provides a flexible method for obtaining inference for the regression functionals when
the number of random covariates is small to moderate. We further extend our methods
to the scenario where interest lies in comparison of survival between two experimental
groups. Typically, we expect the range of survival in the two groups to be the same,
but exhibiting different characteristics over that range. Here, we develop a dependent
Dirichlet process prior for the mixing distributions having shared locations across the
two groups and varying weights to incorporate dependency between populations and
achieve richer inferential results. The final scenario we consider is the case in which
the researcher believes two populations have ordered mean residual life functions. For
such applications, a prior model that incorporates an ordering constraint on the mean
residual life functions is attractive. We introduce a mixture of Erlang distributions with
weights constructed using Dirichlet process priors that provides the mean residual life
ordering result. We demonstrate the utility of our modeling methods through simula-
tion and real data examples. In addition, we draw comparisons with both parametric

and semiparametric models.
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Chapter 1

Introduction

1.1 Background

Survival data describe the time to a particular event. This event is typically
referred to as the failure of some machine or death of a person. However, survival data
can also represent duration of unemployment, life expectancy of a product, the time
until a patient relapses, etc. Continuous-time survival data is more prevalent, however,
there are situations in which survival time lives on a discrete space. Situations in which
discrete-time survival data is more appropriate include time to graduation of students in
terms of semesters or quarters, the number of years of teachers serve before retirement,
and the number of menstrual cycles occurs until a couple conceives. Often discrete-time
survival data is the product of logistical and financial restrictions, such that the data
can only be collected at certain time periods. In our research, we will consider only

continuous survival data. For examples and methodologies involving discrete survival



data see, e.g., Singer & Willet (1993); Willet & Singer (1993); Scheike & Jensen (1997);
and Cox & Oakes (1984).

The survival function of a continuous positive random variable T defines the
probability of survival beyond time ¢, S(t) = Pr(T > t) = 1 — F(t), where F(t) is the
distribution function. The hazard rate function computes the probability of a failure in

the next instant given survival up to time ¢,

L Prit< T <t+AUT >t]  f(t)
) = lim At ~ S

where f(t) is the probability density function. The mean residual life (mrl) function
computes the expected remaining survival time of a subject given survival up to time
t. Suppose that F(0) = 0 and u = E(T) = [;~ S(t)dt < oo. Then the mrl function for

continuous 7T is defined as:

m(t) = BT > ) = d @ 0fdu_ J7 5w

and m(t) = 0 whenever S(¢f) = 0. The mrl function is of particular interest because
of its easy interpretability and large area of application (Guess & Proschan, 1985).
Moreover, it characterizes the survival distribution via the Inversion Formula (1.2).
Again for continuous T with finite mean, the survival function is defined through the

mrl function:

S(t) = ;Z((?)exp [— /Ot mzu)du] . (1.2)

The Inversion Formula is one of several defining properties of the mrl function. The
mrl function is also nonnegative and right continuous. More interesting is that the
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mrl function plus its argument, m(t) + ¢, is nondecreasing. These properties, in addi-
tion to a couple more formalities that are formally stated in Section 2.1.1, provide the
characterization theorem for the mrl function (Hall & Wellner, 1981).

As with the hazard function, it is possible to characterize the form of the
mrl function for standard parametric distributions. In Section 2.1.3, we explore mrl
functions for a number of commonly used parametric models for survival data. While
the shapes of these mrl functions are transparent there is a downfall. Unfortunately,
the shape of the mrl function is often limited to be monotonically increasing (INC)
or decreasing (DCR), which may be appropriate for some situations, but not suitable
for other populations. For instance, biological lifetime data tend to support lower mrl
during infancy and elderly age while there is a higher mrl during the middle ages.
The shape of this mrl function is unimodal and commonly referred to as upside-down
bathtub (UBT) shape. Modifications of the Weibull model have been explored in order
to develop more flexible parametric distributions with regard to the shapes of the hazard
and mrl functions; see, e.g., Pham & Lai (2007).

Several papers have investigated the shape of the mrl function in relation to the
hazard function. For instance, a well-known relationship for monotonically increasing
(decreasing) hazard functions is that the corresponding mrl function will be monoton-
ically decreasing (increasing); see Finkelstein (2002) for a review. Gupta & Akman
(1995) establish sufficient conditions for the mrl function to be decreasing (increasing)
or UBT (BT) given that the hazard is BT (UBT). Xie et al. (2004) look at the specific

change points of mrl function and hazard function.



Another point of interest lies in inference for the mrl function. The classical
survival analysis literature includes several estimation techniques for mrl functions. The
most basic estimator, being the empirical estimate, was first studied in Yang (1978). The
empirical estimate is defined by 7, (t) = (( [, Sn(u)du)/Sn(t)) 1o, (t) where Sp(t)
is the empirical survival function and 7{;) is the maximum observed survival time. It
is shown that under this fixed finite interval, the estimator is asymptotically unbiased,
is uniformly strong consistent, and as n goes to infinity it converges in distribution to a
Gaussian process. Hall & Wellner (1979) extend the empirical estimator by defining it
for values on the positive real line. Furthermore, they provide nonparametric confidence
bands for the estimate via transformations of the limiting process of the estimator into
Brownian motion. Abdous & Berred (2005) use a local linear fitting technique to find
a smooth estimate assuming only that the smoothing kernel is symmetric. A nonpara-
metric hypothesis testing procedure for comparing mrl functions from two independent
groups was introduced by Berger et al. (1988). A practical benefit of this procedure is
that mrl estimates of the two groups were allowed to cross, a pattern that is likely to
arise in applications.

Classical estimation for the mrl function began to have a semiparametric re-
gression flavor when Oakes & Dasu (1990) extended the class of distribution having
linear mrl functions (Hall & Wellner, 1981), to a family having proportional mrl func-
tions, my(t) = ¥Yma(t) for p > 0. Maguluri & Zhang (1994) further extended the
proportional mrl model to a regression setting, m(t|z) = exp(1z)mo(t), where z is a

vector of covariates, v is of vector of regression coefficients, and mg(t) is a baseline



mrl function. Chen & Cheng (2005) also extend the proportional mrl model to include
inference for the regression parameters with censored data.

In contrast to the classical literature, there has been very little work on mod-
eling and inference for mrl functions under the Bayesian framework. Lahiri & Park
(1991) present nonparametric Bayes and empirical Bayes estimators under a Dirichlet
process (Ferguson, 1973) prior for the probability distribution. They show that the
Bayes estimator becomes a weighted average of the prior guess for the mrl function and
the empirical mrl function of the data. Johnson (1999) discusses a Bayesian method
for estimation of the mrl function under interval and right censored data, also using a

Dirichlet process prior for the corresponding survival function.

1.2 Objectives and contributions

The wide range of application for the mrl function illustrates the practical
importance of this functional. Ideally, we would like to develop flexible Bayesian prior
models for the mrl function directly. Based on our literature search, such model struc-
tures do not exist. The reason for the lack of development on this topic may be due
to the difficulty in obtaining a likelihood. Obtaining the likelihood requires the use of
the inversion formula (1.2), which involves integration over the reciprocal of the mrl
function. Note that classical nonparametric estimation techniques do not face this issue
because they are not built from probabilistic modeling of the survival distribution of

mrl function. Forms of the mrl functions that lead to convenient integration are re-



strictive with respect to the shape of the mrl function. One possibility is to look at
a mixture of mrl functions for which the corresponding distribution function is easily
obtainable. It is easy to show that a linear combination of mrl functions produces a
valid mrl function. We have explored models for the mrl function by mixing over a
class of parametric mrl functions. We developed these classes by creating functions that
satisfy the characterization theorem for mrl functions. We were able to capture unique
skewness characteristics as well as some basic shapes for the mrl function, however, we
could not develop a class of mrl functions that allowed general (multimodal) shapes.
More critically, implementation of posterior inference suffers from the complicated way
the mrl function enters the likelihood.

The obstacles in modeling the mrl function directly have directed us to looking
at the inference for the mrl function that is implied by Bayesian nonparametric mixture
models for the density. The choice of kernel is important when the interest lies in mrl
inference. We investigate and report the implications of the mrl function under various
kernel mixture distributions, providing a basic set of criteria for kernel selection. In
particular, we lend a sufficiency condition that ensures finiteness of the mean of the
mixture distribution, a requirement for a well-defined mrl function. We also discuss the
limitations that some kernels imply for the tail behavior of the mrl function. Taking
these criteria and properties into consideration, we choose to work with a gamma kernel
distribution. The model we propose is a model for the density function, however, we
are still able to show that the model is dense, in the pointwise sense, on the space of mrl

functions. This result indicates that under flexible prior framework, we will be able to



closely estimate any mrl function. Details of the model formulation and kernel selection
can be found in Chapter 2.

In the case where predictor variables for the survival response distribution
are present, we provide a framework for obtaining inference for mrl functions. In this
context, fully nonparametric regression modeling is appealing as it can capture different
mrl function shapes for different parts of the covariate space. We convey the details
for joint modeling of survival times and random covariates, and provide a simulation
example with a single continuous covariate demonstrating a variety of mrl forms over
the space of covariate values. When the data consists of two experimental groups, the
dependent Dirichlet process (DDP) prior for the mixing distribution allows dependency
across the two populations to be incorporated in the model. In particular, we propose
a DDP in which the populations share the same locations, but the weights vary for
each group. This structure has not been developed in the literature as much as the
more commonly used structure of having the groups sharing the same weights and
varying locations. However, in the context of survival data, the former structure is
more natural. Specifically, we may expect the range of the survival times of the two
experimental groups to be the same, but exhibiting different prevalence across survival
time. Further discussion of our model development and implementation for Bayesian
nonparametric survival regression is divulged in Chapter 3.

When a researcher knows that the mrl of one population is higher than that
of another population across the entire support, then a Bayesian model that has this

ordering property in the prior is an attractive model for data obtained from these popu-



lations. Models that assume ordering between two distribution functions (i.e. stochastic
order) have been studied and formulated from both a Bayesian and frequentist perspec-
tive. On the other hand, there is not substantial literature on study for mrl ordering,
and to our knowledge, no work on model formulation from a Bayesian nonparametric
perspective. In Chapter 4, we develop and implement a Bayesian nonparametric model

for this setting.



Chapter 2

Nonparametric Bayesian inference for

Mean Residual Life functions

The focus of this chapter is the development of a Bayesian nonparametric mix-
ture model that achieves flexible inference for the mrl function. We begin by reviewing
important properties of the mrl function, and looking at the shapes of a number of
mrl functions that are associated with commonly used parametric models in survival
analysis (Section 2.1). These commonly used parametric model motivate the need for a
more flexible modeling approach to mrl inference. In Section 2.2, we present the gamma
DDP mixture model for mrl inference. In Section 2.3, we demonstrate the ability of the
model to capture unique features in the mrl function through data examples. We close

the chapter with our concluding remarks in Senction 2.4.



2.1 Theory and properties of MRL functions

In this section, we review some important properties and characteristics of
the mrl function and provide the form of the mrl function for several common distri-
butions. We begin with some elementary properties that are well-established in the
literature that either lead to the development of the Inversion Formula, presented in
Equation (1.2), or become of interest once the Inversion Formula is provided. We state
the characterization theorem for the mrl function (Hall & Wellner, 1981). Finally, we
provide alternative forms of the mrl function that aid in studying various shapes of the
mrl function for a number of commonly used distributions as well as the exponentiated

Weibull distribution.

2.1.1 Properties of mrl functions

We start out by recalling an elementary relationship between the survival func-
tion and the moments of the distribution. If the ** moment exists for a continuous

random variable T', we have:
E(T") = r/ LS (t)dt (2.1)
0

This expression is of interest, because once we establish the Inversion Formula (1.2),
we have a way of obtaining the moments (when they exist) from the mrl function.
Additionally, we have an expression for the variance in terms of the survival function:
Var(T) =2 [ tS(t)dt — [ [ S(t)dt]”.

We have already defined the mrl as the expectation of the remaining survival

10



time given survival up to time t. Here we derive the expression for the mrl function

through the survival function as stated in (1.1),

m(t) = /too(u—t)dP(Tgu|T>t):/too(u_t) (W)

limy oo (u — 6)S(u) — (¢ —)S(t) + [ S(u)du _ [ S(u)du
S(t) S(t)

where the first limit in the last step tends to 0 since we assume that the first moment
exists, and the second limit tends to 0 since F'(oco) = 1. It is now easily seen that the

first moment is equivalent to the mrl function at ¢t = 0.

m(0) = 2o ;(%))f Wi _ Jy v/l _, (2.2)

The following properties are also provided in Hall & Wellner (1981), and are
essential for the development of the characterization theorem for mrl functions: (a) m(t)
is a nonnegative and right-continuous, and m(0) = p > 0; (b) v(t) = m(t) + t is non-
decreasing; (¢) m(t~) > 0 for ¢t € (0,X), where X = inf{t : F(t) = 1} < oo. If
X < oo, m(X~) =0, and m is continuous at X, (m(t7) = lim,_,,— m(t)); (d) S(t) =
m(0)/m(t)exp [— f(f 1/m(u)du], for all ¢ < X (Inversion Formula); (e) fg 1/m(u)du —
oo as t — X. Property (d) is known as the Inversion Formula (1.2). See Appendix A
for proofs.

We conclude the review of properties for mrl functions with a key result that
provides necessary and sufficient conditions such that a function is the mrl function for

a survival distribution, and thus it characterizes mrl functions.
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Characterization Theorem: Suppose a function m(t) which maps RT™ — R* satisfies
(a) m(t) is right-continuous and m(0) > 0; (b) v(¢) = m(t) 4 ¢ is non-decreasing; (c)
if m(t~) = 0 for some t = tp, then m(t) = 0 for ¢ € [tg,00); (d) if m(¢~) > 0 for all ¢,
then [;°1/m(u)du = co. Let X = inf{t:m(t”) = 0} < oo, and define S(t) by (1.2)
for t < X and S(t) =0 for ¢t > X. Then F(t) =1 — S(¢) is a distribution function on

R* with F(0) =0, Xp = X, finite mean pp = m(0), and mrl function mp(t) = m(t).

2.1.2 Linear mrl function

Oakes & Dasu (1990) focus on linear mrl functions discussed in Hall & Wellner
(1981). The key result is that if the mrl function is linear, m(t) = At+ B (A > —1,B >
0), then by use of the Inversion Formula (1.2), the survival function has the form:

B } o (2.3)

S = [At—i—B .

When A = 0, the survival distribution is an exponential with mean B, however, for

AF#0:

S(t) = (%) exp {— fg ﬁdu} = (ﬁ) exp [—%ln(Au + B)H)

1
exp[ln(At-‘rB)_Z} B B % B %-&-1
= (At+B> (At+B> = (At+B>+

= (At+B) exp {ln(B)’?lY]
where the positive part is necessary to satisfy the nonnegative property of the survival

function.

For A > 0 the survival function is a Pareto distribution. The form of the
survival function of the Pareto distribution for random variable Z is, S(z) = (8/2)"
for B > 0 (scale), « > 0 (shape), and z € ,400). If we consider the transformation
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Z = AT + B where B = § and 1/A + 1 = «, then we have Z ~ Pareto(a, ). Note
that the first moment only exists for the Pareto distribution when @ > 1 therefore, since
1/A+1 > 1, the mean of the survival distribution exists for linear mrl with A, B > 0.
Finally, since Z > 5 > 0 = (/z > 0, the survival function is always positive, therefore,
no precautions need be made with regard to taking only the positive part of the function.

For —1 < A < 0 the survival function is a rescaled beta distribution. The pdf of
a rescaled beta distribution is f(z|a,b,p,q) = ((z—a)P~1(b—2)471)/(B(p, q)(b—a)PFi+l)
where a < z < b, p,q > 0, and B(.,.) is the beta function defined as B(p,q) =
fol =1 (1 — t)q_l dt. Start with the form of the survival function from the linear mrl,
S(t) = [B/(At + B)]}r/AH, note: that the positive part is obtained when —At < B —

t < —B/A. Then F(t) =1 — [B/(At + B)]Y4*!. Thus we have,

ft)=—-(1/A+1) [ B F‘ [ AB } C (A+)aBEt g ()
= At+B (At+B)*| — (At+B)(71¥+1)+1 - (%+1)713_(%+1) .

Let Z = —AT  f = % = j(z) = £4=9 UL (o Gort) ooy
" (%+1)7187(7Y+1) (75)3—11

Now we can see that B=0b,a =0,p=1. Whenp=1=B(p=1,9) = fol(l—t)qfldt =
~(1/q) we have, f(z) = ((= — 0)'"}(b — 2)11)/(B(1,q)(b — 0)*1~1) 0 < > < b. The

survival function is given by,

(w=0""—w

S(z) = _/0 B(1,q) (b—0)9t1~1 B(1, q)b1

J5(b—w) du _ (b ; z)q

which is precisely the transformed survival function.
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2.1.3 The form of the mrl function for some common distributions

In this section, we summarize our investigation of the forms of mrl functions
for a number of common distributions. In the previous section, we discussed the distri-
butions having a linear mean residual life function namely the exponential, Pareto, and
rescaled beta. These distributions share the convenient feature that they yield a closed
form for the mrl function. On the other hand, the linearity of the mrl is too limiting to
be of much practical use. There are a number of distributions having more flexible mrl
functions, such as increasing and decreasing curvatures as well as BT or UBT shapes.
The difficulty for these distributions lies in obtaining a closed form of the mrl. Recall
from (1.1) that the mrl is defined as [ S(u)du/S(t). Alternatively, the mrl can be

written as,

ftoo(u —t)f(u)du _ ftoo uf(u)du B tftoo flu)du _ ftoo uf(u)du B
S(t) S(t) S(t) S(t)

m(t) = t (24

Govilt & Aggarwal (1983) derive (2.4) by starting with ftoo f(uw)du and applying inte-
gration by parts and solving for [ S(u)du to obtain [ S(u)du = [ wf(u)du—tS(t),
then dividing both sides by S(t). This derivation requires that tS(t) — 0 as t — oo.
This limit converges to 0 as long as the distribution function is right continuous and
has finite mean. The distributions that we discuss meet these requirements. The mrl
can also be obtained, perhaps more directly, from the equality stated in Hall & Wellner
(1981) by subtracting ¢ from both sides.

The distributions discussed here have no known closed form for their associ-
ated mrl making them difficult to explore. However, through the use of (2.4) and/or

simple transformations of T', we are able to obtain forms of the mrl functions comprised
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of well-known integrals. Although these forms are far from an ideal closed form, they

are easy to evaluate with most statistical programming software.

Gamma Distribution

Govilt & Aggarwal (1983) use (2.4) to obtain a more convenient form of the mrl un-
der the gamma distribution. Using shape parameter o and scale parameter A, the
numerator in (2.4), [* wf(u)du, simplifies to 1/T(a) [ (w/X)*exp[—w/Adw. Under
the integration by parts with u = (w/A)® and dv = exp|—w/A|dw, the numerator is
becomes, (1/T())(t/A)* t%exp[—tA] + A [ fr(w)dw. Substituting this expression
to the numerator in (2.4), the mrl function is given by,

t%xp [—L
m(t) = /\a—lfi)a[)S;](t) + A —t (2.5)

Gompertz Distribution

The Gompertz distribution with shape and scale parameters «, A > 0 respectively has
survival function S(t) = exp[(A/a)(1 — e*)]. The numerator in (1.1) is written as:
[ S(wydu = [ exp[(A/a)(1—e*)]du = eMY) [ exp[—(\/a)e*]du. If we let z(u) =
z= (A a)e*™, then u = (1/a)ln[(A\/a)z] = du = (1/a)(1/z)dz. Denote the incomplete
gamma function as ine(a,t) = [ u* e “du for t,a > 0, and define z(t) = (A\/a)e™.

Substituting back into the survival function provides, S(t) = eV*(1/a) fzo(ot) 2 le %dz =

eA/a(l/a)ch(O, z(t)).

DTne0.20) o (1 p o
A ] - (CV) anc(oa (t)) (26)

Loglogistic Distribution
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Consider the survival function for the loglogistic distribution with shape and scale
parameters o, A > 0. The mean of the log-logistic distribution is only finite when
the shape parameter is greater than 1, thus the mrl is only defined when o > 1.
The mrl for the log-logistic distribution is easily obtained from by simplifying (1.1)
as is done by Gupta et al. (1999). The numerator in (1.1) is defined as [;[1 +
(w/N)*)"L Let z(u) = z = ((w/N)*)/(1 + (u/A)*). Then u = \z/(1 — 2))"/* and
du = (M a)(z/(1—2))MO=1(1/((1-2)2))dz. Applying the transformation, the integral
becomes (A/a)T'(1 — (1/a))T'(1/ax) le(t) r'l—(1/a)+ (1/a)/(T(1 — (1/a))T(1a)(1 —
z)(l_(l/a))_lz(l/o‘)_ldz. Note that the integral is over a Beta kernel, thus the mrl func-

tion is given by,

m(t) — (2) r <1 - ;) r <;> Sy <z(t); = é ;) (1 + (i)a) 2.7)
Lognormal Distribution
The lognormal distribution has no closed form for the survival function, so (2.4) will be
used to obtain the mrl function.

Using location p and scale ¢?,the numerator in (2.4) is (1/v/2m) /o)
exp[—(1/2)((In(u) — p)/o)?|du. Let z(u) = z = (In(u) — pu)/o, then u = exp[zo + p] and
du = oexp|zo+p]dz. The numerator becomes, (1/+/27) f;(i) exp[—(1/2)22 +zo+p|dz =
@D = B((In(t) — (1 + 02) /o).

(%) [1 o (ln(t)ftguﬁ;?))}

T ()

—t (2.8)

Weibull Distribution
The Weibull distribution is closely related to the gamma distribution, so it is no
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surprise that their mrl functions also behave similarly. Consider the Weibull dis-
tribution with shape parameter a > 0 and scale parameter A\ > 0. The numera-
tor in (1.1) becomes [~ exp [— (%)a] du. Let z(u) = z = u®, then v = 2'/* and
du = ézé_ldz. Applying the transformation, we obtain, ! f;(ot) 2o =2/ A gy =
ot ' T(a™h) fzo(i)(zo‘_lflefz/(’\&))/((/\a)o‘_lf‘(afl)). The last integral is exactly

the survival function Sz (z(t)) with Z ~ T' (1, A%). Thus the mrl is given by,

(2) T (3) Sz(=(1))
St(t)

m(t) (2.9)

Table 2.1, provides a summary of the possible shapes of the hazard rate and mrl
functions for the distributions discussed in this section. The table shows how restricted
these commonly used distribution are in modeling the mrl function. The gamma and
Weibull are more versatile as they offer three potential shapes for the mrl function, but

none of these shapes consider change points in the mrl function.

Exponentiated Weibull Distribution

Modifications of the Weibull model have been explored in order to develop a more
flexible parametric model with regard to the shapes of the hazard and mrl functions;
see Pham & Lai (2007) for an extensive list. We chose to focus of the exponentiated
Weibull distribution which has closed form survival function and can take on a number
of various forms for the mrl, namely monotone INC, monotone DCR, constant, UBT,

or BT (Mudholkar & Strivasta, 1993). The distribution and mrl functions for the
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Distribution Density Function | Hazard Rate Mean Residual Life
Gamma(v, ) v < 1DCR v < 1INC

shape v > 0 Fﬁ(;)ﬂ_le_ﬁt v =1 constant 3 v =1 constant 1/3
rate 8 >0 v > 1INC ~v>1DCR
Gompertz(y, \)

shape v > 0 )\ve’\teWe(_VeM) Vv INC vy DCR

scale A > 0

;i)agll)(;g;st:g% A (V/A)(t/)\)v; ~v<1DCR ~v < 1 undefined
scale A > 0 [1+(t/A)] ~>1UBT v>1BT
Lognormal(u, o) () -2

location p € R | &2 — UBT BT

scale 02 > 0

Weibull(y, A) ~ < 1DCR ~v < 1INC

shape v > 0 % (%)7_1 e~WN" | 5 =1 constant 1/\ | =1 constant
scale A > 0 v > 1INC ~v>1DCR

Table 2.1: Shapes of the mean residual life function for common parametric distribu-
tions. Shapes are described as being increasing (INC), decreasing (DCR), upside down
bathtub (UBT), bathtub (BT), constant, or undefined.

exponentiated Weibull model are given by the following expressions:

F(t|a,0,0) = (2.10)

{1 — exp <— (;)aﬂe, t>0,a,0,0 >0
JE = —ew (- (9))°] du
1= [1—exp (= (4))])

where « and 6 are shape parameters and o is a scale parameter. Note that o, being a

m(t|a,0,0) =

scale, will not play a role in determining the form of the hazard and mrl functions. Table
2.2 provides the parameter sets that result in each distinct shape for the mrl function.

Mudholkar & Strivasta (1993) provide a table similar to Table 2.2 for the haz-
ard rate function for specific domains of o and 6. Xie et al. (2004) look at the role of
the product of the shape parameters on the form of the hazard rate. Gupta & Akman

(1995) prove that if the hazard rate function is BT and h(0) > 1/m(0), then the mrl is
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0 af  form of mrl function

1 1 exponential distribution — constant mrl

— 1 —  weibull distribution — monotone (inc, der or constant) mrl
<1 #1 <1 increasing

>1 #1 >1 decreasing

>1 <1 <1 UBT

<1l >1 >1 BT

Table 2.2: Forms of MRL for Exponentiated Weibull Distribution

UBT, while ~2(0) < 1/m(0) implies decreasing mrl function. Similarly if the hazard rate
function is UBT and A(0) > 1/m(0), then the mrl is BT, while ~A(0) > 1/m(0) implies
increasing function. Combining the aforementioned results, we are able to improve the
table in Mudholkar & Strivasta (1993) to specify the exact shape of the mrl function
for particular values of o and 6 in conjunction with the value of the product of the

parameters, yielding Table 2.2.

2.2 Nonparametric mixture model for MRL inference

In this section, we discuss our modeling methods for obtaining inference for
the mrl function. Section 2.2.1 motivates the use of a nonparametric Dirichlet process
mixture model (DPMM). We provide the model structure, and discuss the choice of
kernel distribution. In Section 2.2.2, we discuss prior specification. Section 2.2.3 pro-
vides the techniques used to obtain posterior inference for the mixture distribution and

functionals thereof.
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2.2.1 Model formulation

When the data exhibits unusual distributional features such as multi-modality
or skewness, parametric models tend to fail to capture these important features. A way
to go about this issue is to use a mixture model that combines a number of distributions
that we will refer to as components of the model. The question then becomes how many
components should be used and how should they be combined together? These concerns
can be addressed by bringing in a nonparametric aspect to the model, in particular, to
the weights of each component and to the number of components.

We use a Dirichlet process (DP) prior for the mixing distribution resulting
in a DP nonparametric mixture model, f(¢|G) = [k(t|@)dG(0), for the density of
the survival distribution. In practice, an appropriately supported kernel distribution,
k(t|@), is selected, and a DP(«,Gy) prior is assigned to G. The DP is a stochastic
process with random sample paths that are distributions (Ferguson, 1973). Thus a
realization from the DP provides a random cdf sample path. The Gg parameter is the
baseline or centering distribution, while « is a precision parameter; the larger the value
of a the closer the DP sample path is to the centering distribution. We use the stick-
breaking (SB) constructive definition of the DP defined by Sethuraman Sethuraman
(1994), which states that a sample G(-) from DP(«,Gp) is almost surely of the form
> o2, widg, () where dg,(+) is a point mass at 6;. The 6y, for all [ € {1,2,...}, are i.i.d.
samples from the baseline distribution, Gy, and the w; are the corresponding weights

constructed sampling i.i.d. latent variables v, ~ Beta(1,«), for all » € {1,2,...}, then
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w1 = v; and w; = vy Hff:ll(l —v,), forle{2,3,..}.

We use the truncated version of the SB constructive definition of the DP,
GL() = Zleplégl(-), where 6, %Y G for | = 1,...,L,and p1 = v1, p; = v Hi;ll(l — ),
where v, o Beta(1l,«) forr =1,..,L—1, and pp, =1 — ZIL:_ll p;. The model is given

by:

L
FHG) ~ / K(10)dG(0) = 3 pik(1]6)) (2.11)
=1

where p; for [ = 1,..., L are the weights obtained via the SB construction, described
above, corresponding to the component 8; and L is the total number of components in
the mixture model. Technically, since the number of components is predetermined there
is no nonparametric element to the number of components. However, L is generally cho-
sen to overestimate the true number of components, so that the number of components
suggested by the data is captured by the model. In fact, many of the components will
just be assigned a probability that is virtually zero. The number of components for the
finite sum DP approximation can be found using E(ZZL:1 p) =1—(a/(a+1))F, in
particular, solving for L in (a/(a + 1)) = € for small € > 0.

Our primary aim in this paper is to present a Bayesian model that provides
both flexible and practical inference for the mean residual life function. The mrl func-
tion is defined by the distribution function and vice versa, thus we advocate for the
nonparametric Dirichlet process mixture which provides flexible modeling on the distri-
bution function. We obtain inference for the mrl function via fitting a DPMM on the

distribution function. Since our interest is inference for the mrl function, it is necessary

21



that the mrl function of the DPMM exists and is finite. A sufficient condition for the
finiteness of the mrl function for a given kernel distribution is provided later in this
section. Although we do not place a prior directly on the mrl function, from the lemma
stated at the end of this section, we can use prior knowledge of the tail behavior to
select an agreeable kernel distribution. Essentially, we can induce a prior for the mrl
function through the tail behavior. We complete the model formulation by addressing
the aspect of dependency within 8. We consider modeling the dependence between the
kernel parameters by using a joint baseline distribution, G, in the DPMM.

Care is needed in selecting a kernel distribution to ensure the mean of the
DPMM is finite, E(T|G) < oo where T ~ f(t|G) = [ k(t|0)dG(0). We provide suffi-
cient conditions to ensure finiteness of the mean by following the argument in Theorem
3 of Ferguson (1973). Let Z = FE(T|G), where T is a R random valued. Recall that
it E(Z) < oo, then Z < oo almost surely. Hence we need to show E(Z) < co. Observe
that Z = [t [o k(t|0)dG(0)dt = [o E(T|0)dG(0) = > 272, w;W(0;) where the w; are
the weights arising from the stick-breaking process and W (6;) = E(T'|6;). Define the se-
quence of R™ valued random variables Z,, = >"_, w;W(0;), for n € {1,2,...}. Note that
Z, is an almost surely increasing sequence and Z,, “3 Z. Thus by the monotone conver-
gence theorem, F(Z,) “3 E(Z). Now, we can write E(Z) = E > 21 w;jW(8;)|. Using
the independence of w; and W (6;), the expectation becomes > 22, E(w;)E(W(0;)) =
> E(w)) (Jo W(0,)dGy(8;)). Upon integration over 8; in the last expression, the
resulting expression is free of the subscript j and is a function of the parameters of

the baseline distribution, Go, with parameters 1. Define A(¢) = [g W(0;)dGo(8;),
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then E(Z) becomes A(v) > 22, E(w;) = A(¢), since > 72, E(w;) = 1. Therefore, if
A(p) = [o W(0)dGo(0) < oo, then E(T|G) < oo almost surely. In words, the finiteness
of the expected value of the mean of the kernel distribution with respect to the baseline
distribution guarantees finiteness of the first moment of the DPMM.

Common kernel distributions in modeling survival data include the lognormal,
Weibull, and gamma distributions. First, consider the lognormal kernel with W () =
E(T|u,0) = exp(pu + 0?/2) and Go = N(u|\, 72)I'~(0?|a, p) where p denotes the scale
parameter. Here, we have A(¢) = [ exp(u)N (uX, 72)dp [° exp(c?/2)T " (o?|a, p)do?.
The first integral is clearly finite, but the second integral would require a bound on o2
that would depend on p in order to be finite. We can get around the restriction by
using a gamma baseline distribution, but the rate parameter of the gamma distribution
would have to be truncated below at 1/2. In either case, we will not have conjugacy.

If we use a Weibull kernel with W(0) = E(T|y,0) = ¢"/7T'(1 + 1/7) and
Go =T'(7]a, p (rate))T~L(alc, N), A(2p) is given by [ [5° o/ 7T (v|a, p)I ~(o]c, \)dody.
We can integrate out o without difficulty by recognizing another gamma distribution,
however, the finiteness of the first integral requires v > 1/c. This is not an unreason-
able restriction for ¢ > 1, allowing for decreasing and/or unimodal components in the
mixture, however, the second integral yields more restrictions. We can obtain finite-
ness by constructing a function, g(y) that is greater than I'(1 4+ 1/7)T'(c — 1/4)AY7 for
~v > 1/c, where the second part of the expression is a result of the first integral. Note
that I'(c — 1/7) goes to 0o as v — 1/¢, which causes problems in convergence. We can

get around this by making v bounded below by a value just slightly larger than 1/c.
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By showing E(g(7)) < oo with respect to the distribution I'"!(v|a, p), then we know
that E(T'(1 + 1/9)T(c — 1/9)AY7) < co. The idea is that E(g(y)) is easily computed,
so it is convenient to use a function of the form g(v) = AY(1/4* + I'(¢)) for v,w > 0.
Using this function form, will result in a restriction on the shape parameter, a, that
will depend on w. Since w and a are both fixed parameters, this is not an unreasonable
restriction, and slice sampling may be used in the MCMC for «y, but the sampling from
the posterior conditional of p will require a Metropolis-Hastings step.

Consider a gamma kernel distribution with W(0) = E(T|«a,8) = «/f and
Go = f(a|w)T(Ble, ). We can separate the integrals in A(%) to be [ af(alw)do
fooo BIT=1B7IT(B|c, \)dB, where the first integral is simply E(a) with respect to
f(a|w) and the second integral is F(5~!) where =1 ~ I'"!(B|c, \). Therefore as long
as we choose f(a|w) to have finite mean and set ¢ > 1, then A(¢) < co. We do not
have conjugacy in the MCMC for «, but our parameter restriction is minimal. The
mean and variance of the gamma distribution are not independent, so we might con-
sider a joint Gy. A convenient option would be to model using 8 = (0 = log(a), ¢ =
log(B)) and place a bivariate normal distribution on Gy = N2(0|u,X). Now, we have
A() = [ [e?PNa((0, ¢)'|p, £)d0de = E(e’~?), which can be obtained from the mo-
ment generating function of the bivariate normal, E(e?t), with ¢ = (1,—1)". Hence
A(D) = L= Dp+A/2)A=DE0-1) which is finite for any g € R? and any non-negative
definite 3 € R?*2,

Another important consideration in the choice of the mixture kernel is the

shape of the mixture mrl function relative to the mrl function of the kernel distribution.
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The following lemma, whose proof can be found in Appendix B.1, provides a result on

the tail behavior of the mrl function for the mixture distribution.

Lemma 1. Let m(t|@) be the parametric mrl function of the corresponding to the
DPMM kernel and m(t|Gr) be the mrl function of the mixture, where Gy, is the trun-
cated approximation to the mixing distribution. Then,

1. If limy_, oo m(t|@) = oo VO € O, then lim;_, o m(t|GL) = 0.

2. If limy_, oo m(t|@) = 0 VO € O, then lim;_,o m(t|GL) = 0.

Taking into account the condition for E(T|G) < oo and the lemma above,
the gamma distribution emerges as the more suitable choice for the kernel distribution.
Referring back to Table 2.1, we can see that a lognormal kernel will always result in a
mrl that goes to infinity in tail. A Gompertz kernel would result in a mrl that tends to
zero in the tail. If there is prior knowledge regarding the tail behavior of the mrl, then
it would make sense to choose a kernel that has a corresponding mrl with agreeable
tail behavior. However, in the case that prior knowledge of the mrl tail behavior is not
known, the gamma or Weibull kernel would be appropriate choices. Per our discussion
regarding the sufficient condition for existent and finite mrl, the Weibull requires more
restriction on the support of the model parameters.

Another important model property to investigate is the matter of denseness.
Let .7 represent the space of absolutely continuous distribution functions on R with

finite mean. Formally, a class of distributions, C, is said to be dense in %, if for any
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distribution function, F', there exists a sequence of distribution functions, {F,} C C,
that converges to F'. The type of convergence implies a measure of distance between the
limiting sequence and F. Johnson & Taaffe (1998) show denseness of infinite and finite
mixtures of Erlang distributions on the space of cumulative distribution functions hav-
ing support [0,00). They provide details for weak convergence and make an argument
for uniform convergence. A mixture of Erlang distributions is in the class of gamma
mixtures, so the result holds true for gamma mixtures as well. More interesting from
our prospective, however, is the denseness of the resulting mrl function. In appendix
B.2, we show that for any continuous mrl function, m(t), there exists a corresponding
sequence of mrl functions for a mixture of gamma distributions, {m,(¢)} such that for
any to > 0, limy, oo My (tg) = m(ty), converges pointwise, providing the denseness result

in Lemma 2.

Lemma 2. The set of mrl functions corresponding with the class of gamma mixture

distributions is dense, in the pointwise sense, in the space of continuous mrl functions.

Finally we turn to the choice of Gg. We seek to be more general in our mod-
eling by using a dependent Gq for the parameters of the gamma kernel. This allows
the model to capture correlations between the kernel parameters. Note that, once one
leaves the setting of normal mixtures, the kernel parameters are not naturally separated
as location and scale parameters, making the assumption of an independent GGy more

restrictive than in mixing with Gaussian kernels. Recall that modeling the shape and
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rate parameters of the gamma kernel on the log-scale allow us to use a bivariate normal
for Gg, and we only need a non-negative definite 2 x 2 covariance matrix in GGg to satisfy
the sufficient condition. In the remainder of this paper, we will refer to this model as
the gamma DPMM and assume a bivariate normal Gy on the log-scale of the gamma

kernel parameters.

2.2.2 Prior specification

When it comes to prior specification often there is not much prior knowledge
on the behavior of the population of interest, but typically the researcher will have at
least somewhat of an idea of the range and midpoint/midrange of the population. We
would want to set our priors to have a prior predictive distribution that encompasses
this range. One way to favor a prior predictive distribution that covers the range of
the data is to imagine one relatively dispersed kernel component that is centered at the
midrange with 2 standard deviations either way representing the prior range. In the
data illustrations in Section 2.3, we set the range to about 2 times the data range. We
can then divide the range by 4 and square that value to get the prior variance of the
data. Specifically, (range(T)/4)? ~ Var(T). This method can be implemented when
fitting a gamma DPMM. We place the following distributions on the hyperparameters:
n ~ Na(ay,B,) and ¥ ~ IWish(as, By). Making use of the moment generating
function of the bivariate normal distribution, the independence property of g and X,

and the first order Taylor expansion for exp((1/2)t'Xt.) centered around E((1/2)t'Xt.),
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we approximate Var(T') as follows:

Var(T) = Var(E(T|e’,e®)) + E(Var(T|e?,e?)) (2.12)
= E(Var(e’?\u, %)) + Var(E(??|u, ) + E(E(’2|u, X))
_ E(etlly')E(etllztl) + E(etgu)E(et’zEtg) _ EQ(etg”)EQ(etéztS)

(1/2)t] Byyty (1/2)th Bty
etiau‘*‘(l/?)tﬁButleﬁ + etéa‘“"_(l/z)téB“thW

%

(1/2)t5 Byt
_p2(thau+(1/2)th Buts) 2 ag—d—1

where t1 = (1,-2), t2 = (2,-2), t3 = (1,—1), and d x d is the dimension of X,
specifically, d = 2. We set ay = 4, which is the smallest degrees of freedom for the
inverse Wishart distribution that has finite mean. If we place priors of the form B, =
((6,,,0)",(0,8),)) and By = ((by;,0)', (0,05)) for b,,by, > 0, the expression is simplified,
however, we still have four parameters to specify. One solution would be to incorporate

the marginal expectation:

1 1
E(T) ~ etéau+§téBut3+§téBgt3 — e(aul _aH2)+b,lu+b,E (213)

where upon applying our earlier assumptions, we get the last expression in (2.13) with
ay = (au,au,)". We can further simplify by setting b, = by, resulting in two equations
with three unknowns. Next, we can allocate a percentage of the marginal expectation
(2.13) to exp(ayu, — ay,) and a percentage of the marginal variance (2.12) to exp(a,, —
2ay,), solving for a,, and a,,. Finally, we can return to (2.12) and solve for b, and by

Regarding the prior for a, we consider the relationship between the number

of distinct components, n*, and the value of a. In general, the number of distinct
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components is large for large o and small for small «. If the data set is moderately

large, E(n*|a) ~ alog (%) can be used to suggest an appropriate range of « values.
This approach to prior specification is based on a small amount of prior in-
formation regarding the survival distribution. In general, we recommend studying the

implied prior distribution for important survival functionals, including prior point and

interval estimates for the mrl function.

2.2.3 Posterior inference

Posterior simulation is simplified by truncating the mixing distribution G,(-) ~

G(-). Before we introduce 6y, the first two levels of the model are,

ind

CZ|p’0 %l GL7 1= 1))”

where p = (p1,...,pr) are the weights corresponding to the weights, 8 = (01, ...,07).
By marginalizing over the (; we obtain the finite mixture model in (2.11). Now we
can augment the model with configuration variables w = (wy, ..., wj,) such that w; =
iff (; = 6;. Using a gamma kernel (K) and bivariate normal baseline (Gy) with ; =

(61, @), the hierarchical model is given by,

t:10,w; % T(tile®i, ), i=1,..,n (2.14)

L
wi|p w Zpl5l(Wi), i=1,.,n
=1
pla ~ f(pla)
O o) s X No((0, ) | X), L=1,..., L
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where f(pla) = o 1p¢ 1 —p1) 1 — (p1+p2)) "t X x (1 S E72 )71 is a special
case of the generalized Dirichlet distribution (Conner & Mosemann, 1969). Here, we use
conjugate priors, o ~ I'(a|aq, bo(rate)), p ~ Nao(pl|ay, B,,), and 3 ~ IWish(X|ay, By,).

Now, we can utilize a blocked Gibbs sampler (Ishwaran & James, 2001) to ob-
tain samples from the posterior distribution p(6, w, p, ¥, o|data) where ¥ = (a,, B, By)).
We have Gibbs steps for all parameters except 8, for which we use a Metropolis-Hastings
step. The specifics of the posterior sampling method for the gamma DPMM are provided
in Appendix C.

The posterior samples for Gy, = (p, 0) can be used to obtain inference for the
density, survival, and hazard functions at any time point ¢, by directly evaluating the
expressions for these functions under the gamma DPMM. Obtaining the mrl function
must be done by numerical integration approximation for the integral over the survival
function. From (2.1) we know that the mrl function at 0 returns the expected survival

time, m(0) = p. Hence, the mrl function can be written alternatively as follows:

[ S (u)du _ Jo© S(u)du — fot S(u)du _ B fg S(u)du
S(t) S(t) S(t)

m(t) = (2.15)

We can avoid having to truncate the upper bound of the integration in the numerator in
(1.1) by using the form of the mrl function as described in (2.15). We obtain posterior
point and interval estimates for the mrl function by evaluating expression (2.15) at the
posterior samples from the MCMC. We do this over a grid of survival times, ty; for
j =1,...,m . The survival function is monotone decreasing so the trapezoid technique

is an appropriate method of approximating the integral in the mrl. We evaluate the mrl
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at the first grid point by m(t071|GL) =[E(T|GL) — 0.5(75071(1 + S(to,l‘GL))]/S(to,ﬂGL)

and use the following expression for j = 2,...,m:

E(T\GL)—%(to,l(1+S(t0,1|GL))+Z{:2(to,j—to,j—1)(S(to,j\GL)+S(to,j—1|GL)))
S(to,;1GL)

m(to;|GL) =

We save a lower and upper quantile along with the median at each grid point for each

mixture functional to obtain (point-wise) posterior point and interval estimates.

2.3 Data examples

In Section 2.3.1, we use simulated data to illustrate the ability of the gamma
DPMM to capture non-standard mrl function shapes as well as the correlation between
kernel parameters § and ¢. In Section 2.3.2, we fit a gamma DPMM as well as an
exponentiated Weibull model to a data set involving survival times for subjects from
two groups, including formal model comparison between the two models. In Section
2.3.3, we provide results of fitting the gamma DPMM to a data set of two groups both

containing right censored data values.

2.3.1 Simulation examples

In this section, we will work with two simulated data sets. The first data set
consists of 200 simulations from a mixture distribution of four gamma components in
which the shape and scale parameters are positively associated: T; ~ 0.35I'(10,0.5) +

0.41'(20,1) + 0.15I'(30,5) + 0.1I'(40,8). We fit a gamma DPMM with priors a, =
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(1.6,0.4), B, = B, = ((0.39,0)’,(0,0.39)), o = 2, by = 1, and L = 40. The effective

posterior sample size is 2000. Results are shown in Figure 2.1.

Density Correlation of Phi and Theta

000 002 004 006 008 010 012
|

Survival Distribution Hazard Function Mean Residual Life Function

Figure 2.1: Simulation example 1. Point (solid) and interval (dashed) estimates of life-
time for the density (top left) overlaying the sample histogram and actual population
density (dot-dashed), posterior (solid) and prior (dot-dashed) distribution of the corre-
lation between 6 and ¢ (top right), survival (lower left), hazard rate (lower middle), and
mrl (lower right) functions of the two experimental groups under the gamma DPMM.
The red dashed line represents the 95% interval estimates, the blue solid line
is the point estimate, and the black dot-dashed line is the truth of the appropriate
functional. We can see that truth is well within the interval estimate, moreover the

point estimate is close to the truth. The correlation shows that the model (black solid)

is able to capture the positive relationship between the parameters, even though the
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prior (black dot-dashed line) is evenly dispersed about the situation of zero correlation.
The second data set consists of 100 simulations from a distribution with nega-
tive correlation between the shape and rate parameters: T ~ 0.3['(15,0.2)+0.25T'(12,0.5)+
0.35I'(8,2) + 0.1I'(3,6). This population was chosen to test the model’s ability to
separate modes that are close together, as well as model a distribution with a long
tail. A gamma DPMM was fit to the data with priors a, = (2.4,-1), B, = B, =
((0.18,0),(0,0.18)"), aq = 2, by, = 1, and L = 40. The effective posterior sample size
is 2000. Results are shown in Figure 2.2. Once again the point estimates are close to
the truth even in the tail where less data is available. The uncertainty band in the mrl
plot has a large upper bound, which is likely an effect of the sparse data in the tail.
Numerical instability in the computation of the mrl function is also likely to contribute
to the large upper bound. The model picks up a strong negative correlation between

the parameters.

2.3.2 Analysis of survival times of rats (ad libitum vs restricted eating)

This data set, considered earlier in Berger et al. (1988), is used to illustrate
posterior inference under both an exponentiated Weibull model and the gamma DPMM.
The data consists of survival times of rats in two experimental groups. The first group
(Ad libitum group) is comprised of 90 rats who were allowed to eat freely as they
desired. The second group (Restricted group) is comprised of 106 rats that were placed
on a restricted diet.

Under the exponentiated Weibull model, we used the P, = 10%, P, = 50%,
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Figure 2.2: Simulation example 2. Point (solid) and interval (dashed) estimates of life-
time for the density (top left) overlaying the sample histogram and actual population
density (dot-dashed), posterior (solid) and prior (dot-dashed) distribution of the corre-
lation between € and ¢ (top right), survival (lower left), hazard rate (lower middle), and
mrl (lower right) functions of the two experimental groups under the gamma DPMM.

and P3 = 90% quantiles of the data to obtain a system of three equations from the
distribution function: P = [1 — exp(—(Q/c)*)]’ where P is the percentile and Q is
the survival time representing that quantile. The system of equations is solved to
obtain prior means for «, ¢ and 0. For simplicity, exponential priors were placed on
these parameters. The restricted group had respective quantile values of (Q1 = 1.55,
Q2 = 284, Q3 = 3.34). If we set « =2, 0 =5, and 0 = 2, then the corresponding

quantiles are given as Qll = 1.99, Q; = 2.85, and Qg = 4.07 which we considered to
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Figure 2.3: Relative frequency histogram and densities of lifetime (in days) of the two
experimental groups (Ad libitum is left and Restricted is right) along with posterior
mean and 95% interval estimates for the density functions under the exponentiated
Weibull model (top) and the gamma DPMM (bottom).

be reasonably close to the observed quantiles. Therefore, we set hyper-parameters as
o = 2, ag = 5, and a, = 2. Following the same methodology for the ad libitum
group, we set the hyper-parameters as a, = 4, ag = 1, and a, = 2. Posterior results
were obtained using a Metropolis-Hastings algorithm in the MCMC with a trivariate
normal proposal distribution on the log-scale. Point and interval estimates of the density
function are plotted in the top row of Figure 2.3.

Prior specification for the gamma DPMM were determined using methods

described in section 3.2 by allocating 60% of the marginal mean to exp(a,, — a,,) and

35



2.5% of the marginal variance to exp(a,, — 2a,,). For the restricted group, we use
a, = (4.1,3.6), B, = B, = ((0.1,0)",(0,0.1)"), aq = 2, by = 1, and L = 40. For the
ad libitum group, we use a, = (4.16,3.8), B, = B, = ((0.095,0)’, (0,0.095)"), aq = 2,
bo = 1, and L = 40. The effective posterior sample size under both models are 2000
for each group. The bottom row in Figure 2.3 depicts the posterior estimates for the
densities for the two groups under the DP mixture model.

In Figure 2.3, we note that the parametric model has some trouble capturing
some of the characteristics of the data. In the ad libitum group (upper left) a minor mode
is suggested just below the 200" day. The unimodality of the exponentiated Weibull
distribution makes it impossible for the parametric model to capture this shape. We
note that the model tries to by reaching the tail of the estimated density out to these
values, but this is at a cost of underestimating the density where most of the data exist,
and overestimating the density where there is no data at all. There are many regions
where the data and the density of the data (green dot-dashed) do not even fall within the
interval estimates (black dashed). If we compare to how well the nonparametric model
(lower left) performs we see quite a bit of improvement. The extra structure at the lower
survival times is now being captured without the consequences of modeling poorly in
other regions of the data. The data density remains within the interval estimates over
the entire range of the data. We see similar results for the restricted group, which
has a large left skew with a slight mode in the far tail. The exponentiated Weibull
model (upper right) is able to model some of the skewness, but again runs into trouble

by smoothing over obvious peaks and valleys. Again there are a number of regions in
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which the density of the data (red dot dashed) is not contained in the interval estimates
of the model. The gamma DPMM (lower right) is able to capture the peaks and valleys
that the exponentiated Weibull model could not. There is a slight discrepancy from the
point estimate (blue solid) and the density of the data around 1250 days. Nonetheless,

the data density remains within the interval estimates of the model.
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Figure 2.4: Point and 95% interval estimates of lifetime (in years) for the density (top
left), survival (top right), and hazard rate (lower left), and point and 80% interval
estimates for the mrl (lower right) functions of the two experimental groups under the
gamma DPMM.

By comparing the densities under the two models, there is clear evidence that

the nonparametric gamma DPMM is superior to the exponentiated Weibull model.

Therefore, we will use the results under the nonparametric gamma DPMM to compare
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the mrl functions under the two groups. In Figure , we plot point and interval estimates
of the posterior density functions (upper left), survival functions (upper right), hazard
functions (lower left), and mrl functions (lower right) for both the ad libitum (green)
and restricted (red) groups. Note that the interval estimates for the mrl function are
80% probability bands as opposed to the other interval estimates, which are 95% prob-
ability bands. The reason for this is to reduce the steepness for which the upper bound
shoots upward towards the tail of the data. This is likely due to the lower number of
observations towards the end of the range of the data and also the numerical instability
in computing the mrl function. Looking at the estimated densities survival functions we
can see that the majority of the ad libitum group have lower survival times compared
to the restricted group. The mrl functions are monotonically decreasing and do not
cross with regard to the point estimates. Moreover the interval estimates do not cross
until the we reach about 800 days. This leads us to conclude that the remaining life
expectancy of a rat in the restricted group is higher than the remaining life expectancy
of a rat in the ad libitum group until we reach about 800 days.

We use the minimum posterior predictive loss approach (Gelfand & Ghosh,
1998) to compare the exponentiated Weibull model to the nonparametric gamma DPMM.
Under this criterion the goal is to minimize, within the collection of models under
consideration, the expectation of a specified loss function under the posterior predic-
tive distribution of replicate responses t,., given the observed data t.,,. Here, we
use the square error loss function so that the general criterion is given by Dy(m) =

Yoy var(tirepltobs, m) + k—_’il Yo (E(tirepltobs, m) — ti7obs)2’ where t; rep is a replicate
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of the i*" observation, ti.0bs, under the posterior predictive distribution of the m model.
The first term is representative of a penalty measure P(m), and the second term is a
goodness-of-fit measure G(m). The value of k is specified as the relative regret for de-
parture from ¢;,.,. Note that as k tends to infinity, the criterion becomes the sum of

the penalty P(m) and goodness-of-fit G(m) measures.
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Figure 2.5: Values of the posterior predictive loss criterion for comparison between the
parametric exponentiated Weibull model (dot dashed lines) and nonparametric gamma
DPMM (solid lines).

For the exponentiated Weibull model (m1), obtaining E(t; rep|tops, m) and
var(ti rep|tops, m) is straightforward. The posterior predictive distribution is given by
P(tirepltors) = [ EW (tirep|c,0,0) x p(c, 0, 0|data)dadfdo and can thus be sampled
by taking the posterior samples (o, 60, 0p), for b = 1,....,B, and drawing t; ,epp
from the exponentiated Weibull distribution given each posterior parameter vector.
Next, we compute the mean and variance of the B replicates. Important to note is
that the mean and variance for one experimental group is going to be the same for
each observation in that group. We find the E(¢; ,epltobs, m1) and var(t; rep|tops, m1)
for the ad libitum group to be 671.2 and 17433.0, respectively, and for the the re-
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stricted group to be 949.5 and 74691.7, respectively. Thus the ad libitum group has
G(my)® = 3200 (671.2 — t; 0ps)> = 1615787 and P(m;)® = 90 = (17433.0) = 1568967.
The restricted group has G(my)" = 2128 (949.5 — t;,ps)% = 8542725 and P(my)" =
106 * (74691.7) = 7917319.

Evaluating Dy (m) under the nonparametric gamma DPMM (mg) takes a little
more care. Recall that ¢;|G ind J T(tilexp(0), exp($))dG (0, ¢) for i = 1,...,n. In order
to obtain replicates for each t;, we need to know the {*" component from which the ob-
served ¢; came from according to the model, & yep|tobs, m2 ~ [ Tt replexp(y;), exp(dy,))
p(exp(0,), exp(¢y,)|data)dd;,dgy,, for i = 1, ...,n, where the subscript /; is the i*" value of
the posterior sample of w and 6;, and ¢;, are the l;?h posterior samples of 8 and ¢. Essen-
tially a single ¢; r¢p is sampled from the gamma distribution at each posterior iteration
b =1, ..., B integrating out all possible values of ;, and ¢;,. After obtaining B t; y¢p, we
compute the mean (E(t; yep|tops, m2) ) and variance (var(t; rep|tobs, m2)) at each ith repli-
cate. For the ad libitum group we obtained G(mg)® = 318919.2 and P(mg)® = 684342.1,
and for the restricted group G(mg)" = 739435 and P(mg)" = 2247120. Figure 2.5 is
a plot of the criterion values over a grid of k values. For both groups the nonpara-
metric gamma DPMM performs significantly better than the exponentiated Weibull

model. The results of the formal model comparison support our earlier argument that

the nonparametric gamma DPMM is indeed a better model for these data.
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2.3.3 Analysis of survival times of patients with small cell lung cancer

As an example of obtaining inference in the presence of right censoring, we fit
a gamma DPMM to the survival times, in days, of two treatment groups of patients
with small cell lung cancer Ying et al. (1995). The patients were randomly assigned
to one of two treatments referred to as Arm A and Arm B. Arm A patients received
cisplatin (P) followed by etoposide (E), while Arm B patients received (E) followed
by (P). There were a total of 62 patients in Arm A with 15 right censored survival
times, while Arm B consisted of 59 patients with 8 right censored survival times. We
fit a gamma DPMM independently to the two groups. We allocated 60% of the mean
to exp(ay, — au,) and 2.25% to exp(a,, — 2ay,) resulting in the following priors for
Arm A: a, = (2.5,-3), B, = B, = ((0.21,0)’,(0,0.21)"). Analoguously, for Arm B:
a, = (2.6,-2.9), B, = B, = ((0.21,0)’,(0,0.21)"). We use aq =3, by =1, and N = 25.

The effective posterior sample size is 2000.
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Figure 2.6: Point estimates for the mrl functions of Arm A (blue dashed) and Arm B
(green solid).
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The point estimates for mrl functions of the two treatment groups show Arm
A to have a consistently higher mean residual life compared to Arm B in Figure 2.6.
The result leads us to believe that Arm A treatment is more effective than the Arm
B treatment. We take a closer look at the difference of the mean residual life survival

times at a number of fixed time points.
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Figure 2.7: Densities of the mrl of Arm A minus Arm B at a number of fixed time
points.

Specifically, we explore the posterior density of the mrl of Arm A minus Arm B at a
particular time point, Figure 2.7. At time zero, which is the estimated difference of
the overall mean of the two distributions, shows a strong difference between the two

treatments in favor of Arm A. The same is true at 100 days, and just a slightly less
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significance in the difference for day 250. At day 1600, there the difference becomes
much less significant. In conclusion, Arm A has a significantly higher mrl then Arm
B at lower time points. For larger time points, the difference is visible in the point

estimate, but there is much uncertainty surrounding the estimate.
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Figure 2.8: The posterior (black solid) and prior (red dashed) probability of the mrl
function of Arm A being higher than the mrl function of Arm B over a grid of survival
times (days).

A useful result to obtain for comparing the mrl functions of Arm A and Arm
B is the probability of the mrl function of one group being higher than that of the
other over a grid of survival times. In Figure 2.8, we look at the prior probability,
Pr(ma(t) > mp(t)), and posterior probability, Pr(ma(t) > mpg(t)|data), under the
gamma DPMM, where m4(t) and mp(t) are the mrl functions of Arm A and Arm
B, respectively. The prior shows no favoritism of one group being higher than the
other as the probability is relatively constant around 0.5 across the grid. The posterior

probabilities suggest Arm A as having the higher mrl function across all survival time.
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In particular, the probability of the mrl function of Arm A being higher than that
of Arm B is larger during the earlier time period, reaching nearly probability 1. The
probability decreases slightly around 500 days to about 0.8, followed by another peak
of about 0.9 around 1200 days. The probability remains above 0.7 across the range of

the data.

2.4 Discussion

We have reviewed basic properties and essential characteristics of the mrl func-
tion. We presented an easy-to-work with (yet limiting) class of distributions that corre-
spond to a linear mrl function. We provided methods for obtaining the mrl function of
several common distributions allowing us to study the various shapes of the mrl func-
tion. We find that the form of the mrl function for these distributions is again limited.
Knowledge of the form of the mrl function would need to be available in order to select a
proper model for mrl inference. The exponentiated Weibull model shows more promise
in inference for the mrl function. The mrl function corresponding to the exponentiated
Weibull distribution is able to take on several forms, namely constant, linear, increasing,
decreasing, BT, and UBT. Another benefit of the exponentiated Weibull distribution is
that it has a closed form for its survival function. This helps lower numerical error in
estimating the mrl function, and provides ease in inference methods for censored data.

We discussed the benefits of fitting a DPMM to obtain flexible inference for

the mrl function. However, when the focus is on inference for this particular functional,

44



the choice of the kernel plays an important role. Under the sufficient condition given
in Section 2.2.1, we studied restrictions that need be placed on the mixture model in
order to ensure the mrl function of the mixture distribution is well defined. In addition,
we provided a result on the tail behavior of the mixture mrl function based on the
corresponding property for the mrl function of the kernel distribution. The gamma
kernel was shown to possess the most desirable properties out of the distributions that
we investigated. We showed that under a gamma mixture, the resulting mrl function
is dense in the pointwise sense on the space of continuous mrl functions. The practical
utility of the proposed nonparametric mixture model was demonstrated through analysis
of simulated data examples and real data sets from the literature.

A practically important extension involves methods for inclusion of covari-
ates. Mean residual life regression modeling can be explored under either a structured
semiparametric setting, such as the proportional mrl setting, or a fully nonparametric
framework, for instance, based on mixture modeling for the joint response-covariate

distribution. Chapter 3 discloses the model structure for the later.
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Chapter 3

Bayesian nonparametric regression
modeling for survival response

distributions

In this chapter, we maintain the perspective of achieving sound inference for
the MRL function under a regression setting. Often, there are a number of covariates
associated with survival data. These covariates may be continuous (e.g., blood pressure,
weight, age, etc.) or discrete/categorical (e.g., gender, race, profession, etc.). The
researcher would like to model the survival times by incorporating the covariates, so
that they may predict measurements such as survival time of a new patient given a set of
covariates. In Section 3.2, we address this idea using the curve-fitting approach. Another
type of covariate frequently seen in survival analysis is a fixed covariate indicating the

subject was in a particular experimental group, for example, treatment and control
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settings. For data under this scenario, we might expect the experimental groups to have
underlining characteristics that tie them together, while still capturing the effect of the
treatment. In Section 3.3, we have developed a model that measures the dependency
between two experimental groups as well as incorporating individual group effect on
the survival times. In Section 3.4, we revisit the small cell lung cancer data analyzed
in Section 2.3.3. We compare the graphical results obtained under independent gamma
DPMMs for the two experimental groups with those obtained when dependency across
groups is incorporated within the model. The dependent model is compared formally,
via conditional predictive ordinate values, with two competing models. Combining the
idea of the curve fitting approach with modeling dependency across groups, we include
a continuous covariate in the small cell lung cancer dataset and present our inferential

results.

3.1 Literature review of Bayesian survival regression

The literature on Bayesian regression analysis can be categorized into three
sets, fully parametric, semiparametric, and nonparametric. In regards to fully paramet-
ric Bayesian regression models, the literature is quite extensive. A basic approach being
to consider a parametric model, such as the exponential, Weibull, gamma, or lognormal,
and use a link function on one of the parameters to equate a linear structure on the
set of covariates. For example, in the exponential model the rate parameter, A, can

be used to incorporate the set of covariates x with effects 3 by setting A = exp(x’'3).
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A multivariate normal prior or reference prior is typically placed on the 8 parameters.
Several commonly used parametric models also fall into the category of the proportional
hazards (PH) models, Cox (1972), such that the model can be separated into a baseline
distribution that is independent of covariates, ho(t), and a function of the covariates
independent of time, ¢(x'3). Hence, given a second set of covariates, the hazard func-
tion is proportional to that of the original set. Literature on fully parametric Bayesian
regression models for survival data include, but is not limited to, Achcarar et al. (1985),
Dellaportas & Smith (1993), Scurrah et al. (2000), Kuo et al. (1992), and Ibrahim et al.
(2001).

As Hendersoni (1995) points out, the PH model is not famous for it’s model
formation, but rather for the potential for a nonparametric element through the baseline
function. The PH model can be written in terms of the survival function by Sp(t)°*'#),
where Sy(t) is the baseline survival function (Klein & Moeschberger, 1997). Thus a
nonparametric prior may be placed on the baseline hazard, cumulative hazard, or sur-
vival function directly. Once prior processes such as the Dirichlet process prior for the
survival distribution (Ferguson, 1973) and the gamma process for the cumulative haz-
ard distribution (Kalbfleisch, 1978) entered the scene, a shift towards semiparametric
modeling occurred. While the DP is a stochastic process that produces realizations of
a distribution function (Section 2.2.1), a gamma process is a Lévy is stochastic process
with independent positive stationary increments. Specifically, the Lévy process can be
used as a prior for sequential differences of the cumulative hazard function. For a neu-

tral to the right Beta process, the differences follow a gamma distribution with mean
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and variance that are functions of the times that define the increments. Dystra & Laud
(1981) provide an absolutely continuous structure for the hazard function by extending
gamma, process prior with mixing over the reciprocal of a known continuous function
and giving the mixing distribution a gamma process prior. The nonparametric element
of PH structures can be extended by letting the link function and the baseline distribu-
tion be random. An interesting example is Gelfand & Mallick (1995), who utilize the
the monotonicity property of the cumulative hazard and the link function to model the
functions on a transformed scale of mixtures of beta distribution functions. They argue
for the use of beta mixtures, since they are dense in the space of positive supported and
valued monotonic functions. A DP prior is placed on the weights of the mixtures, while
using Jeffreys’ prior on the covariate effects given the weights.

Another approach in Bayesian semiparametric survival regression is to con-
sider the traditional linear regression structure on the responses, t;, and the covariates,
t;—x'(3 = €;, then place a nonparametric prior on the errors, €;. Accelerated failure time
(AFT) structures, log(t;) — x'3 = €;, have also been studied in the Bayesian semipara-
metric framework. In regards to median regression, the literature includes Walker &
Mallick (1999) and Hanson & Johnson (2002) place Pélya tree mixture on the distribu-
tion of the errors, while Kottas & Gelfand (2001) and use a DP prior. As an extension
to their median regression modeling, Gelfand & Kottas (2003) present a Bayesian semi-
parametric model for median residual life induced by a semiparametric AFT regression
model. A general semiparametric quantile regression model is developed in Kottas &

Krnjaji¢ (2009). A fully nonparametric quantile inference is constructed using DP priors
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in Hjort & Petrone (2007) with a discussion on the extension to the regression setting.

Although the Bayesian semiparametric literature has made great strides in
flexible Bayesian regression modeling, there is still a parametric assumption being made
that places restriction on the inferential potential of the model. In particular, an obvious
restriction is seen in PH and AFT models is the inability of the survival curves to cross
for any two sets of covariates. Also, up until now, priors for the covariate coefficients have
remained parametric. With this motivation, Delorio et al. (2004) presents the ANOVA
dependent Dirichlet process (DDP) model, which is later extended to include continuous
covariates to the linear DDP Delorio et al. (2009). The linear DDP uses a DP mixture
model for the log survival responses with a DDP prior on the mixing distribution. The
covariates enter the model in the centrality parameter of the kernel distribution, and
indexes the mixing distribution. Essentially, the model is a DP mixture of log linear
models. To date, the linear DDP is a leading model in Bayesian nonparametric survival
regression. A more detailed description and discussion on the linear DDP can be found
in Section 3.4.

A second fully nonparametric model that has been more recently developed
is the extension of DP mixture models to include random covariates in the kernel dis-
tribution. This modeling technique is referred to as curve fitting regression, and uses
a joint response-covariate kernel distribution (e.g. Taddy & Kottas (2010) and Kottas
et al. (2013)). The curve fitting regression has the ability to capture non-standard rela-
tionships across the covariate space, providing flexible inference across the conditional

survival and density functions. While the linear DDP possesses the novelty of inter-
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pretable parameters and a straight forward posterior sampling algorithm, it is limited
to a linear, or log linear, relationship across the covariates. The curve fitting regression
approach is a more robust model, but does run into trouble when the number of ran-
dom covariates becomes large. Typically survival data consists of a small to moderate
number of covariates, so the curve fitting regression is attractive model choice. In the
following section, we explore the curve fitting regression approach from the perspective

of inference for mrl regression.

3.2 Curve fitting with random covariates

When a covariate can be considered to be random, by which we mean the
covariate is not fixed such as a patient being assigned to treatment or control groups, it
makes sense to model the covariate jointly with the survival response variable. The ben-
efit of this modeling approach is the simplicity of obtaining any conditional or marginal
distributions and functionals that are desired by the researcher. In addition, we are not
restricted to any particular shape in regards to functionals of the survival responses,

given a set of covariates, within and across the covariate space.

3.2.1 Model formulation

Let & be a vector of random covariates and ¢ > 0 the survival time of a
subject. We model the joint response-covariate density using a DPMM, f(t,z|G) =

Jo k(t,z|0)dG(0). We will work with the truncated version of the SB constructive
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definition of the DP,

flt2]G) = /e k(t, 2|0)dG (0 Zplk: (t,2|6)) (3.1)

In Section 2.2.1, we demonstrate the importance of the kernel choice in ensuring the
finiteness of the mean. In the regression setting, we are interested in the conditional
mrl at any fixed set of covariates, m(t|xo|Gr). The sufficiency condition that ensures
the finiteness for the mean, see Section 2.2.1, can be extended for E(t|x|GL). Let

T(xo,0) = [;° th(t|zo|@)dt where k(t,x0|0) = k(t|xo|0)k(x0|6). The condition states
that if A(zo,) = [gT(x0,0)dGo(0) < oo for all 8, then E(t|zo|GL) < oo, almost

surely. The form of the mean regression is given by:

JoStf (t 0| GL)dt fo t [ k(t,20|0)dGL(0)dt

E(t|xo|Gr) FlxoGr) F(zolG1)
_ JoJoT th(t,xol0)dtdGL(8) Yoy p fi th(t o|6r)dt
f(xolGL) S pik(20|0))
L
= > qlxol6)E(t|xo|6)) (32)

where q(0/0;) = pik(x0]6;) /{31, pik(x0|6;)} are covariate dependent weights (Miiller
et al., 1996). If we chose independent kernel distributions for 7" and X, then k(¢, ¢|0) =
k(t|xo|0)k(xo|0) = k(t|0)k(x0|0). We need only choose k(x) such that the support is
consistent with the support of the covariates. In the case where the covariates are con-
tinuous and take values on the real line (possibly after transformation), the multivariate
normal distribution for k() is a natural choice. Turning to k(t), under the independent
scenario, A(xg,1p) becomes the same with A(t)) in Section 2.2.1. In that discussion,
the gamma distribution was the clear winner for the kernel choice, completing justifica-
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tion for the following kernel distribution: k(t,z|@) = T'(t|, ) Ny(z|B, x2), where d is
the number of covariates. In our simulation example, we consider a single continuous
real-valued covariate (d = 1). Let ¢; be the survival time and z; be the corresponding

real valued covariate for subject i, for i = 1,...,n. We consider the following DPMM,

b wil0,wi R T (L™ e )N (i By, K (3-3)

L
.
wilp ) pidi(wi)
=1

id _
(01 1, B, 67) |1, BN, 720 X No((01, 00)' |1, B)N (By| A, 750~ (K7 |a, p)

where the DP implied prior for p is the same with model (2.14). We place the fol-
lowing priors: a ~ TI'(a|aq,ba(rate)), p ~ No(play, B,), ¥ ~ IWish(X|ayx, By),
A ~ N(May,by), 72 ~ I'"Y7%ar,b;), and p ~ I'(pla,,b,). The MCMC is relatively
straight forward, only requiring one Metropolis-Hastings step for the parameters of the
gamma kernel, just as in the model with no covariates. The rest of the parameters can
be sampled via Gibbs steps.

Note that under the under the curve fitting approach, as the number of covari-
ates increases, the more computationally expensive fitting the model becomes. This is
due mainly to the dimension of the covariance matrix for the random covariates in the
kernel X. If d is the number of random covariates, the number of parameters in 3 that
will have to be updated is Ld(d 4 1)/2. One can see how quickly this number can grow
with growing d. Thus, curve fitting under the DP mixture framework is best suited for

situations in which the number of random covariates is small to moderate.
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3.2.2 Prior selection and posterior inference

For prior specification, we use the same ideas discussed in Section 2.2.2. In
particular, by means of imagining one component covering the prior range believed by
the expert, here, for both the survival responses and the covariates. Under the product
kernel, we specify the prior parameters associated with the survival times independently
of the prior parameters for the covariate values.

We can obtain posterior point and interval estimates for the desired survival
functionals using the same methodology as in Section 2.2.3. We compute the value of
the functional at each posterior sample of the parameters over a grid of survival times at
a particular value of the covariate, x(y, and save the desired quantiles. The expressions

of the density, survival, hazard, and mrl functions are given respectively below:
F(t.@olGL) _ S pik(t ol6))
f(zolGr) S pik(o|6))

t L
0K o
S(t’m(),GL) _ 1_/ f(U|$(),GL)dU: 1 — Zl:lpllz(m()’ l) (t|m07 l)
0 2121 pik(xol01)

f(t|zo, GL)

f(t|lxo, G
htlo,G) = SEJ@E Gii
B LOOS(U‘:Bo,GL)d t|930,GL fO u\mo,GL)du
mtleo. GL) = g Gy S(tlwo, Gr)

where K (t|xo|0;) is the conditional kernel distribution function (a gamma cdf under the
product kernel of model (3.3)).

Of important note is the regression structure of the functionals under this
model. Looking back to the structure for the conditional mean of survival (3.2), the

qi(+) functions can be thought of as a new set of weights, such that the functional is
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a weighted mixture of the mean of the conditional kernel components. The structure
provides a convenient interpretation of the functional. Moreover, the new weights, ¢;(+)
are functions of the covariate. This property illustrates the potential for seeing a non-
standard relationship of the mean regression across the covariate space. Similarly, the

mrl function can be written as,

L
m(tlwo, GL) = D ailt, zo|6)m(tlwo, 6;) (3.4)
=1

where q,(0]0;) = pik(x0|0;)S (t|xo, 01) /{31, pik(20]6;)S(t|x0, 8;)}. Therefore, we can
think of the mrl regression function as a finite weighted sum of the mrl functions as-
sociated with the conditional kernel components, with weights that are dependent on
time as well at the covariate values. Aside from the nice interpretation on the form of
the mrl regression function under this model, (3.4) shows the potential of the model to
capture non-standard relationships across the covariate space as well as unique features

within the mrl regression function.

3.2.3 Simulation example

We simulate 1500 data values from a population having the following den-
sity: f(t,x) = le\il qT(t|a, b)) N (z|my, s7), where M = 6, a = (45,3,125,0.4,0.5,4)’,
b= (3,0238,02035), m = (—12,-8,0,12,18,21), s = (6,5,4,5,3,2)', and q =
(0.28,0.1,0.25,0.21,0.11,0.05)". The simulated data is shown in the left panel of Figure

3.1.

This population was constructed to have various shapes of the mrl function
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Figure 3.1: Simulated data (left), and point (purple solid) and interval estimates (light
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Figure 3.2: Point (blue solid) and 95% interval estimates (red dashed) of the mrl function
for the specified covariate value overlaying the true mrl function of the population (black
solid).

across different covariate values. The shapes include mrl functions with multiple change

points, nonlinearly decreasing, UBT, and nonlinearly increasing. We demonstrate the
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ability of the joint DPMM in (3.3) to capture these various mrl functional forms at
appropriate covariate values. The following priors were used: a, = (0.59,-2.12), B, =
B, = ((0.019,0.019)', (0.019,0.019)), ax = 0, ar =2, a, = 1, by = by = 88, b, = 1/88,
o = 3, bo = 0.1. The DP truncation level was set at L = 80.

The mean of the survival times across a grid of covariate values is shown in
Figure 3.1 (right panel). In general, the model is able to capture the non-linear trend
of the mean over the covariate values. The point estimate is almost on top of the truth
for a large portion of the grid.

The results for mrl functional inference is shown in Figure 3.2. We provide
point and interval estimates for the mrl function at six different covariate values. The
model is able to capture the overall shape of the true mrl functions, despite the variety
of shapes. At covariate values where the data is most dense, such as x = —5, x = 0,
and x = 5, the inference is more precise as is seen in the narrow interval bands. As we
move to covariate values away from zero, where data is more sparse, the wide interval

bands reflect the uncertainty of the mrl functional shape.

3.3 Dependent Dirichlet Process Mixture Model Across

Experimental Groups

Often in clinical trials, researchers are interested in modeling survival times
of patients under treatment and control groups. In Section 2.4, we model the survival

times of rats data under two experimental conditions, ad libitum and restricted. The
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inference for the groups was obtained independently. An extension would be to model
the groups jointly. The benefit of modeling the groups jointly is to be able to capture
dependencies amongst groups, and to borrow strength from the group with a larger

sample size for more precise inference.

3.3.1 Dirichlet process prior with dependent weights

Let s € S represent in general the index of dependence. In our case, this
indicates the experimental group, that is S = {7, C'} where (T) is the treatment group
and (C) is the control group. The DPMM under the regression setting in (3.3) can be
extended to f(t,z|Gs) = [g k(t,x|0)dG(0) for s € S, where now we are modeling a
pair of dependent random mixing distributions {Gs : s € S}. We desire to model the
distributions in such a way as to incorporate dependencies across experimental groups,
while maintaining marginally the DP prior, Gs; ~ DP, for each s € S. MacEachern
(2000) develops the dependent DP prior in generality with both the weights and loca-
tions in the DP SB definition dependent on experimental group: G4(-) = Y 72, wisde,. (+).
Marginally, G5 ~ DP(as, Gos) for each s € S. MacEachern (2000) goes on to describe
the computational difficulties in modeling dependencies in the weights across groups,
thus motivating development of the “single p” model. In this model, the weights do
not change over the groups, only the locations vary, Gs(-) = > ;2 wide,. (). We have
studied such dependent DP mixture modeling for comparison of neuronal intensities
under distinct experimental conditions in Kottas et al. (2012). Applications of “single

p” dependent DP models include Delorio et al. (2004), Gelfand et al. (2005), Rodriguez
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& ter Horst (2008), Kottas & Krnjaji¢ (2009), Delorio et al. (2009), and Fronczyk &
Kottas (2010).

While computationally convenient and a useful extension from the basic DP
prior, assuming the same weights has potential disadvantages in our setting. A practical
disadvantage of the “single p” dependent DP construction involves applications with a
moderate to large number of covariates. For such cases, the “single p” prior requires
building dependence across s € S for a large number of kernel parameters, whereas
modeling dependency through the weights is not affected by the dimensionality of the
mixture kernel. In situations where we might expect similar locations across groups,
modeling dependency through the weights is more attractive.

Recall that we are interested in the case where we have two groups, treatment
and control. In the mixture modeling, we might expect the two groups to be comprised
of similar components, but these components may have varying prevalence. Thus we
want the mixing distribution to have the form G4(-) = > 2, wisdg,(-). We will again
use the truncated version of G ~ Zle pisde, for s € {T, C'} representing the treatment

and control groups, respectively. Therefore, we propose the following model:

L
f(t.z|Gs) = /@k(t,m@)dGS(O)%Zplsk(t,xwl) for s € {T,C}  (3.5)
=1

Under the stick-breaking method in obtaining the weights, we sample inde-
pendently the latent parameters, v, ~ Beta(1,«), which is equivalent to using ¢, =
(1 —v,) ~ Beta(a,1) for r = 1,...,L — 1. If we use a bivariate beta distribution for

(Crry Cor), we can incorporate the dependency between the two groups. Minimally, we
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need the marginals to be (. ~ Beta(a, 1) for s € {T,C}. By applying a bivariate beta
distribution to the dependent DPMM with common locations and dependent weights,
the following model for survival regression data that specify two experimental groups is
presented,

ind

tic,zic|Ge '~ f(tic,zic|Ge) = | k(tic, zic|0)dGc(0), i=1,.,nc

@\

ind .
tir, ziv|Gr ~  f(tir, zir|GT) =/ k(tir, zir|0)dGr(0), i=1,..,np

@

(Ge,Gr)lg, Y~ DDP(¢,Go(-[4))

o L
where Gg = Zwlgées ~ Zpls5ol
=1 =1

itd
~Y

01,9 o(-l), 1=1,2,...

-1

wis =1— Cls’ Wis = (1 - Cls) HC?“S [=2,3,..

r=1
with (G, Gr)lé ™ biv-beta(-[¢),1 = 1,2, ...

such that marginally, (o ~ beta(ac,1) and (p ~ beta(ar,1)

There are a number of bivariate beta distributions to consider, however, some
exhibit more favorable properties for our purposes than others. In particular, more
flexible marginals would allow for different « values, i.e., (1, ~ Beta(ar,1) and (o ~
Beta(ae,1). Naturally, we also want the bivariate beta to correspond to reasonable
computation of the MCMC, have a relatively simple density form, full support for the
correlation between (¢, and (r,, and ideally an analytic expression for the correlation.
The correlation of the bivariate beta distribution for ({7, () will be important for the
study of the implied dependence structure in the dependent DP prior for (G, G¢).

The bivariate beta distribution presented by Michael & Schucany (2011) has
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a simple analytic form for the correlation structure and while the density does not have
an easily obtainable form, sampling from the density is straight forward. A bigger
problem is that we can not obtain marginal distributions for (¢, and (p, with different
« parameters. Another possible bivariate beta is provided by Olkin & Liu (2003). This
bivariate beta has a reasonable density form and the appropriate beta marginals for (¢,
and (7, allowing different o values. However, the correlation does not have an analytic
form, and the support of the correlation is restricted to positive values.

The bivariate beta that we chose to implement in our model is that of Nadara-
jah & Kotz (2005). They construct a bivariate beta distribution through products
of beta distributions. Start with beta random variables, U ~ Beta(ai,bi), V ~
Beta(ag, by), and W ~ Beta(b, c), subject to the constraint, ¢ = ay + by = ag + ba.
The bivariate beta distribution we are interested in is defined for random variables, X
and Y, where X = UW and Y = VIWW. The marginals are given by X ~ Beta(ai, b1 +b)
and Y ~ Beta(ag,ba +b). We can obtain the desired beta marginals for (¢, and (py
by setting b1 + b = ba + b = 1, although the marginals will have the same « parameter.
The density has a complicated form, but it can be sampled from using latent variables.
The correlation has an analytic expression, however, has positive support, which may
or may not be a reasonable assumption. Induced correlations in the model under this

bivariate beta distribution is discussed in Section 3.3.2.
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3.3.2 Properties of the DDP mixture model

In what follows, we explore what correlation structures are induced by the
Nadarajah & Kotz (2005) bivariate beta distribution. At the end of the section, we
provide the full hierarchical DDP mixture model. Under this bivariate beta construc-
tion, the groups have a common o = a¢c = ap, and the correlation is driven by both
parameters, o and b. The construction is based off of the product of independent beta
distributions. Start with sampling the independent latent variables: U ~ B(a,1 — b),
V~B(a,1 —b), W~ B(a+1—0,b). Let (¢ = UW and {r = VIW. The weights are

defined by ws1 =1 — (15, wis = (1 — (s) Hi_:ll Crs, for 1€ {2,3,...}.

We are interested in obtaining the correlation between the two mixing dis-
tributions, G¢o and Gp, implied under this bivariate beta distribution. We first start
with the correlation between (¢ and (p, Cor({c,{r). We omit the component subscript
in the latent variables, since results are the same for each [ € {1,2,...}. The covari-
ance can be written as, Cov((c,(r) = E(¢cCr) — E(Cc)E(¢r) = E(UW)(VW)) —
E(UW)E(VW). Using the fact that U, V, W are independent the covariance becomes,
EWU)EV)EW?)—E(U)E(V)E*(W) = E(U)E(V)Var(W), which gives the following

resulting covariance,

2
B ! (a+1-=0b)b \ a?b
CovlCe,Cr) = <a+lb) ((a+1)(a+2)>_(a+1b)(a+1)2(a+2) (3.6)

By definition, the correlation is Cor((c, (1) = Cov((e, (r)/\/Var((c)Var(Cr).
Note that (¢ and (p have the same marginal distribution, Beta(«, 1), so they have the

same expression for the variance. The correlation is therefor given by,

B a?b (a+1)2*(a+2)\  ab
Corl¢e,¢r) = <(a+1—b)(a+1)2(a+2)>< a >_a+1—b (87)
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The correlation between (¢ and (7 can take values on the interval (0,1). As b — 0
and/or o — 0, the correlation goes to 0. As b — 1 and/or a — 00, the correlation tends
to 1. Figure 3.3 below shows a surface plot of the correlation over a grid of a and b

values.

Correlation between Tc and r

Figure 3.3: Correlation between (¢ and {7 over a grid of o and b values.

The next step is to explore the correlation of the weights, Cor(wic,wyr) for
le€{1,2,...}. When ! =1, wis =1 — (15, which is simply a linear operation, hence the
covariance and correlation are the same as before. The Cov(wic,wir) = Cov({c, (1)
and Cor(wic,wir) = Cor({c,(r) are given by (3.6) and (3.7), respectively. The case
is different for [ = {2,3,...}. In this case, the covariance is defined as
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Cov(wic,wr) = F {((1 — Go) T2 Crc) ((1 =) 124 CrT)} -
B (1= Go) T2 Go| B[ - an) T2 Gor -
Using the fact that ;s are independent across | = 1,..., L, for each s € {C,T} (see

Appendix for details), the covariance, for [ € {2,3,...}, can be expressed as,

Conl - (a+1—b)(a+2)+ a2 (a25+a2(a+1—b)(a+2)>“
oI, IT) = ¥ 1-b)a+1)2(@+2) \(a+1-0b)(a+1)(at2)
1 a? 1
C(a+1)2 ((a+1)2> (38)

The variance for the weights are independent of group, see Appendix, and can be

) -1 -1
expressed as Var(wys) = @ +1)2(a ) ((21?)2((62;22))) — W (ﬁ) . Therefore,

the correlation, for [ € {2,3,...}, can be expressed as,

- 2 2 2 _ -1
Cor(wic,wir) = larl1-blat? o <ab+a(a+1 b)(a+2))

(a+1-0)(a+1)?(a+2) \ (a+1-0b)(a+1)2(a+2

‘<a+11>2 ((a fl)?)l_l] / 2 ( QMQ(QH)))Z_I

(a+D(a+2) \(a+1)?(a+2
1 a? =1
“(a+1)2 ((a—f— 1)2) ] (3:9)

The correlation between the weights for I € {2,3,...} also takes values on the interval

(0,1) and behaves the same in terms of the limits of « and b as in the case when [ = 1.
The component value, [, plays a slight role in the correlation, specifically as [ get larger,
the rate of change for smaller o values becomes less extreme. Figure 3.4 provides surface

plots of the correlation for components 20 and 80.

We can now address the covariance and correlation between the two mixing
distributions, Cov(G¢, Gr) and Cor(Ge,Gr). Let B € © represent a subset of the
space of the mixing parameters. In the model we present, ® is equivalent to R?, so

B is simply a subset of R?. Recall that the mixing distribution for group s has form
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Figure 3.4: Correlation between wopc and wogr (left) and wgpo and wgor (right) over a
grid of o and b values.

Gs(B) = Y 12, wisbe,(B). Marginally, Gs(B) follows a DP, so the expectation and
variance of G4(B) is Go(B) and Go(B)[1 —Go(B)]/(a+1), respectively. The covariance
between G¢(B) and Gr(B) is given by Cov (3,2, wicde,(B), > =1 wirde,(B)), which
boils down to the expression, Go(B) Y72, wicwir + 2G3(B) Y721 Y oee_ 111 WicWmt —
G2(B). The infinite series converges under geometric series (see appendix for details),

and the covariance simplifies to be:

(3.10)

Cov(Geo(B),Gr(B)) = Go(B)(1 - Gy(B)) (a (a—2)b+a+2 )

(20— 3b+5) — 2b + 2
The correlation, therefore, does not depend on the choice of B or Gy, it is driven by «
and b alone:

The correlation of the mixing distribution lives on the interval (1/2,1), see
Figure 3.5 for a visual. As @ — 0 and/or b — 1, the correlation tends to 1. When av — oo
the correlation tends to (b+1)/2 and as b — 0 the correlation tends to (a+1)/(2a+1),

so when o« — oo and b — 0 the correlation goes to 1/2. Although this correlation space
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Figure 3.5: Correlation between G¢(B) and G (B) over a grid of « and b values.

is limited, it is a typical range seen in the literature (e.g. McKenzie (1985)). It can easily
be shown that the correlation of the survival distributions between the two groups given
G¢ and Gr also live on (1/2,1), which demonstrates the importance of prior knowledge
of the relationship between the distributions of the two group survival times. While the
possible values of correlation on the distributions of the survival times are restricted to
(1/2,1), the correlation between the survival times across the two groups, Cor(T¢, Tr),
takes on values in (0, 1). The correlation between T and T'r is found by marginalizing
over the mixing distributions (full details available in appendix), G¢ and Gp. Starting
with the covariance, Cov(T¢,Tr) = E[TcTr] — E[Tc)E[Tr] = E[E[Tc|Ge|E[Tr|Gr]] —
E[E[Tc|Ge)|E[E[Tr|Gr]]. Under the gamma kernel with bivariate normal Gy that we

have previously discussed, the covariance is given by the following,

L Ly L1y —2b+a+2
Cov(To, T _ ( thu+SthSts 2(t3u+}t32t3) (a 3.12
ov(To, Tr) e ¢ i a(2a —3b+5) — 2b + 2 (3.12)
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where to = (2,—2)" and t3 = (1, —1)". The variance of Ty, for both s € {C, T}, is given
by, ikt 5t St +et’2p+%t’22t2

25 H3153) - Recall that ¢ = (1,—2)". Therefore the
correlation is given by,

(a=2)b+a+2

Cor(Tr. T _ ( thutith Sty 2(tgu+§tgzt3))
or(Te, Tr) [e ¢ oo —3b+5) —w12)|/
|:et'1p,+%t'12t1 NS 1A 62(t3p+%tg2t3)}

/ 1y
As the e#T2t1Zh

(3.13)
E[e?72%] — 0 the correlation simplifies to ((a—2)b+a+2)/(a (20—

3b+5) —2b+ 2). In this case, as a — 0 the correlation tends to 1 and as a — oo the

correlation tends to 0. Also, as b — 0 the correlation tends to 1/(2a + 1) and as
b — 1 the correlation tends to 1/(a + 1). These results are scaled down as E[e?~2%],

the expectation of the kernel variance, gets larger. In Figure 3.6, the surface plot of

the correlation between the survival times are shown for different values of p and 3 are
shown over a grid of values for b and a.
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Figure 3.6: Correlation between T and T when p = (0,0) and ¥ = ((1,0)/(0,1)")
(left) and when p = (3.09,0.5)" and ¥ = ((1.5,0.2)'(0.2,0.25)") (right) over a grid of «
and b values.

Having thoroughly explored the DDP prior, we now present the full hierarchical

version of the proposed mixture model (3.14). The full hierarchical model can be written
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upon introducing the latent configuration variables, w = {w;s : i = 1,...,n4|s = C, T},
such that w;s = [ if the i*" observation at group s is assigned to mixture component
[. Keeping the same kernel structure, baseline distribution, and priors as in (3.3), the
hierarchical version of the model with the chosen bivariate beta distribution may be
written as follows,

{tdlw, {0 ~ [ T[T (sl eoe) (3.14)

se{C,T}1:i=1

{zistlw, {0} ~ H H N (@is| B, » "33\”5)

se{C,T}1i=1
L -1
WisH((ls)} "~ Z{(l - Cls) H CTS}(SZ(WiS)a
=1 r=1
fori=1,...,ns and s € {C, T}
{(CZC7CIT)}|O[)b ~ Biv — Beta({(C107ClT)Haub)
Go=UW, (Gr=VW, forl=1,.., L,
U Beta(a,1—0), V d Beta(a,1 —b),

W ¢ Beta(1+ a — b,b)

iid —
(01, &1, Bro k) |1, A 720 = Na((6r, 00|, B)N (BN, 70~ (7 a, p)

We place the following priors: a ~ I'(t|aq, ba(rate)), b ~ Unif(0,1), p ~ No(pla,, Bu),
¥ ~ IWish(Zl|as, Bs), A ~ N(May, by), 7 ~ T=Y(r%ar,b;), and p ~ I'(pla,, b,). The

posterior sampling algorithm details are provided in Appendix D.1.
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3.3.3 Simulation

In this section, we construct two sets of populations from which to sample from.
The first set of populations is were constructed using a mixture of Weibull distributions
that shared the same set of locations, but having different weights. Given that model
(3.14) has DDP prior has the same construction, we would expect the model perform
well under this situation. The populations for the first simulation is shown in the left
panel in Figure 3.7. The panel shows how the two populations look similar having
modes at the same locations, just differing prevalences for each mode. The second set
of populations is also constructed using a mixture of Weibull distributions, however,
this time we use different weights as well as locations. The intention is to test the
model’s inferential ability for populations that have quite different features. Figure 3.7
shows the density populations of the second simulation in the right panel. The second
population exhibits a single mode in between the two modes of the first population.

The panel indicates the that the two densities are quite dissimilar.

Densities of Populations for Simulation 1 Densities of Populations for Simulation 2

Figure 3.7: Simulation 1 population densities (left) and Simulation 2 population densi-
ties (right). The green curve represents the first population (77) while the blue repre-
sents the second (T3) in each simulation.
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Simulation 1
In Simulation 1, we demonstrate the models’ ability to perform under circum-
stances in which resembles the structure of our model. Specifically, we simulate from two

Weibull mixture distributions that share mixture locations, but have different weights:

Ty ~ 0.7Weib(2,8) + 0.1Weib(3, 10) + 0.05W eib(4, 30) + 0.15W eib(8, 40)

Ty ~ 0.5Weib(2,8) + 0.05Weib(3, 10) + 0.025W eib(4, 30) + 0.425W eib(8, 40)

The populations are comprised of four components each. We sample 250 survival times
from the first population and 100 survival times from the second population. We do
not consider censoring or covariates here. The histogram of the simulated survival data

is shown in Figure 3.8

Figure 3.8: Simulation 1. Simulated survival times from mixture of Weibull having the
same locations and different weights.

We place a Uniform prior on the b parameter and a Gamma prior on « with
shape parameter 2 and rate parameter 0.8. The number of components is conserva-
tively set at 40. Using prior specification methods discussed in Section 2.2.2, we place
a bivariate normal prior on p with mean vector (1.87,0.25)" and covariance matrix
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((0.27,0)",(0,0.27)"), and an inverse Wishart with 4 degrees of freedom and scale ma-
trix ((0.27,0),(0,0.27)"). We update b and « together using a bivariate normal on the
logit and log scale, respectively. The proposal is centered around the previous iteration,
and initial MCMC runs are done to obtain an appropriate covariance matrix. After

burn in and thinning, we obtain 2000 independent posterior samples.

Density Function Group 1 Survival Function Group 1 MRL Function Group 1

| | I
1

7

2

2 004 006 008 010 012

Density Function Group 2 Survival Function Group 2 MRL Function Group 2

0.00 002 004 006 008 010 0.12
I

Figure 3.9: Simulation 1. Posterior point and 95% interval estimates for density (left),
survival (middle), and mrl (right) functions. The truth is given by the black dashed
curves.

Inference for the density, survival, and mrl functions are provided in Figure

3.9. The top panels are results for Group 1, while the bottom panels are that of Group

2. The colored solid and dashed curves represent the poster point and 95% interval
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estimates. The truth is plotted, in a dashed black curve, over the posterior results. The
model is able to express the features of the functionals, and the true population density
is captured within the 95% interval estimates. In particular, the flexibility of the model
is demonstrated in the mrl function. The true mrl is non-standard in both groups: ini-
tially decreasing, followed by an increase after about time 5, and then decreasing again
after about time 12. The difference in sample size between the two groups is indicated
by the slightly larger interval bands in Group 2 for the majority of the support of the

data.

Simulation 2

The second simulation example is intended to be more of a challenge to the
model. The populations consist of mixtures of Weibull distributions, however, here we
use different weights, locations, and number of components. Group 1 is comprised of

four components, while Group 2 is comprised of five:

Ty ~ 0.5Weib(2,4) + 0.05Weib(0.6,4) + 0.025W eib(5, 15) + 0.425W eib(8, 30)

Ty ~ 0.02Weib(0.6,1)+0.02Weib(2, 4)+0.66W eib(5, 15)+0.2Weib(2, 8)+0.1W eib(4, 30)

We simulate 250 observations from each population. All observations are fully
observed, and no covariates are considered. The histogram of the simulated survival
data is shown in Figure 3.10.

Once again, we use a uniform prior on b, and gamma prior on « with shape

parameter 2 and rate parameter 0.8. The number of components is set at 40, which is a
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Group 1 Group 2

Figure 3.10: Simulation 2. Simulated survival times from mixture of Weibull having the
same locations and different weights.

conservative value for these data. Using the same prior specification approach discussed
in Section 2.2.2, a bivariate normal prior is placed on g with mean vector (3.02,0.54)’
and covariance matrix ((0.1,0)’,(0,0.1)"). We update « and b the same way as in the
first simulation. After burn in and thinning, we obtain 2000 independent posterior
samples.

The posterior results for «, b, and the correlation between the mixing distri-
butions are shown in Figure 3.12. The prior densities are shown in the plots as the
red dashed line. The model favors smaller « values, which is not surprising since the
number of components in the populations are small. The posterior for b also favors
smaller values. Recall that in general, smaller b indicates smaller correlation. The
model is likely trying to reflect the difference between the populations. On the other
hand, smaller « values lead to a higher correlation. The posterior correlation between
the mixing distributions seemw to settle between the competing values of a and b at

around 0.7. The 95% credible interval for the correlation is given by (0.619,0.855).
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Posterior for alpha Posterior for b Correlation of Mixing Distributions

Figure 3.11: Simulation 2. Posterior point and 95% interval estimates for « (left), b
(middle), and the correlation between the mixing distributions (right). The priors for
«a and b are given by the red dashed line.

The posterior results for the density, survival, and mrl functions are shown in
Figure 3.12. Despite the difference in the features of the functionals between the two
groups, the model is able to capture the features of each group with accuracy. This
is especially exciting for the mrl functions. The mrl functions are quite different from
one another, and both are non-standard shapes. The model has no problem capturing
both shapes of the mrl functions. The only area where we can see struggle in the model
for the mrl function inference is in the tails of the functionals. The true mrl function
of Group 1 is slightly above the upper interval estimate of the model. This may be
just due to the random nature of simulated data; this simulated data may suggest a
lower mrl function in the tail. Another possibility is the extreme difference between the
mrl functions of the two groups in the tails. Group 1 shoots up sharply, while Group
2 remains gradually decreasing. A third contributor to the tail struggle is that the
sparsity of the data in this area, so models in general a have a tougher time achieving

accuracy. Even with these elements against the model, the struggle is not significant.
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Figure 3.12: Simulation 2. Posterior point and 95% interval estimates for density (left),
survival (middle), and mrl (right) functions. The truth is given by the black dashed
curves.

The results from the two simulations demonstrates the utility of the gamma
DDPMM. The model is able to incorporate dependency across two populations to
achieve accurate inference in the functionals of each population. In particular, the
model is able to capture provide flexible mrl inference for two groups that exhibit mrl
functions having different features across the range of survival. In the following section,

we apply the gamma DDPMM to a real dataset, and provide inferential results.
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3.4 Data example: small sell lung cancer

We revisit the data set analyzed in Section 2.3.3 under the gamma DPMM.
These data describe the survival times of patients with small cell lung cancer under two
treatment groups, Arm A and Arm B. Arm A consists of 62 survival times, 15 of which
are right censored. Arm B consists of 59 survival times, 8 of which are right censored.
The age of each patient upon entry is also available, however, in Section 3.4.1, we work
with the treatment as the only covariate. The age covariate is later incorporated in

Section 3.4.2 by combining both methodologies described in Sections 3.2 and 3.3.

3.4.1 Dependency across treatment groups

We fit a DDPMM using a gamma kernel to these data. Priors were specified
using an analogous approach as described in Section 2.2.2, i.e., using the range and
midrange of the observed survival times, which, in practice, would be specified by the
expert. We place a uniform prior on b and a gamma prior with shape parameter 2
and rate parameter 0.5 is placed on «, and set L = 80. In Figure 3.13, the prior
and posterior densities are overlaid for «, b, and the correlation between the mixing
distributions, Cor(G¢, Gr). The posterior densities for both o and b indicate learning
for these parameters. Consequently, the model is able to learn about the correlation
between the Go and Gp. These data imply a fairly strong correlation between the
mixing distributions as well as between the population distributions of the survival

times under Arm A and Arm B.
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Figure 3.13: Prior (red dashed) and posterior (black solid) densities for a (left), b
(middle), and Cor(G¢,Gr) (right).

Inference for the density, survival, and mrl functions are provided in Figure
3.14. The point estimates for the density have the same general shape to the point esti-
mates obtained by Kottas & Krnjaji¢ (2009), who employ a semiparametric regression
model. Both models indicate a mode at about 450 days for Arm A and 350 days for
Arm B. However, the point estimates under the gamma DDPMM are smoother than un-
der the semi-parametric regression model for both groups. The difference is seen more
obviously in the Arm B treatment. The point estimates for the two survival curves
indicates that Arm A has a higher survival rate across the range of the data starting
from about 200 days. When comparing the results under the gamma DDPMM from
under the independent gamma DPMM, the general conclusion regarding favorability of
Arm A over Arm B remains the same, however, there an obvious change in the mrl
functions. Although, the point estimates for the mrl functions maintain the same non-
standard shape under both models, the separation between the two groups is far less

under DDPMM compared to the DPMM (Figure 2.6). Arm B is the group that appears
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to be most affected by the model change. Specifically, the point estimate for Arm B is

shifted up. The shift is most drastic in the tail where data become more sparse.

Arm A
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Figure 3.14: Posterior point and 95% interval estimates of the density function for
Arm A (upper left) and Arm B (upper right). Posterior point estimate of the survival
function (bottom left) and the mean residual life function (bottom right) for Arm A
(blue dashed) and Arm B (green solid).

In Figure 3.15, we look at the prior probability, Pr(ma(t) > mp(t)), and pos-
terior probability, Pr(ma(t) > mp(t)|data), under the gamma DDPMM. This Figure is
analogous to Figure 2.8, which provides results under the independent gamma DPMM.
The prior probabilities under both models do not favor one mrl function over the other

at any time point. We also see from Figure 2.8 and Figure 3.15 that the posterior prob-

ability changes in a similar fashion as we move across the time space. Specifically, the
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probability is highest at smaller survival times then dips down followed by an increase
and then then tapers back down. The range in probabilities is larger in Figure 3.15,
with some probabilities reaching below 0.6. In particular, Figure 3.15 indicates a lower
probability of the mrl function of Arm A being higher than the mrl function of Arm B

after about 500 days when compared to Figure 2.8.
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Figure 3.15: The posterior (black solid) and prior (red dashed) probability of the mrl
function of Arm A being higher than the mrl function of Arm B over a grid of survival
times (days).

We formally compare the performance of the gamma DDPMM to a parametric
regression model that is able to obtain constant, increasing, decreasing, UBT, and BT
shaped mrl functions. Namely, we extend the Exponentiated Weibull model (EWM), see
Section 2.1.3, to a regression model through the scale parameter, o, by setting log(c) =
Bo+ Biz. The survival function thus becomes, S(t) = 1—[1 — exp (—t%exp (Bo + f1z))]’.
Here x takes value 0 when the survival time corresponds to Arm A, and a 1 when the

survival time corresponds to Arm B. A normal prior with mean —10 and standard
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deviation 10 was placed on 3y, and a normal prior with mean(0 and standard deviation
10 was placed on f;. Exponential priors with rate parameters 1/1.1 and 1/0.9 were
placed on « and @, respectively. Prior parameters were specified by taking advantage
of the closed form survival function of the EWM. The 10, 50**, and 90" quantiles of
the data, which in practice would be specified by an expert, were used as arguments of
the inverse survival function to obtain prior point estimates of the parameters.

The Conditional Predictive Ordinate (CPO), originally proposed as the leave-
one-out cross-validation predictive density by Geisser & Eddy (1979), is a useful tool
is assessing the performance of a model for a particular dataset. The CPO value of
the i*" observation, CPO;, is the marginal posterior probability of observing the i

observation, t;, when the model is fit to the data with ¢; omitted:
CPOz = f(ti|data(_i)) = f f(ti|\Il,xi)w(\Il|data(_i))d\Il

where data_;) represents the data with the ith observation removed, ¥ are the parame-
ters of the model, z; is the set of covariates associated with ¢;, f(-) is the likelihood, and
7(-) is the joint posterior distribution of the model parameters. A higher CPO value
indicates a better model fit. A benefit of omitting the data value is that the data is
only used once in assessing the model. The downfall, having to fit the model for each
desired CPO value. However, C PO; can be expressed in terms of the joint posterior

distribution of the model parameters given ALL the observations:
-1
CPO; = ([ iy m(Wldata)d®)

In either case, the expression for C'PO; often does not have a closed form, so the MCMC
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approximation is used (see, for example, Chen et al. (2000)). The approximation must
be monitored to ensure convergence is obtained. In some cases, the inverted likelihood
can cause the estimator to be unstable. For these CPO values, the original definition
must be used for the MCMC approximation. If the number of values of instability is
small, this is not a large inconvenience, but if there are numerous instability cases, this
model assessment technique may be practically unfeasible.

Obtaining the CPO values for the EWM is straight forward. The likelihood is
given by f(ti|a, 0, Bo, B1,2;) = Oats Lexp{Bo + Brzi} [ — ewp (—tFexp{Bo + Pz }))" "
lexp (—tSexp{Bo + fizi})]. Recall that x; is 0 if ¢; is an observation from Arm A and 1
if ¢; is an observation from Arm B. Let M represent the number of MCMC iterations,
then the CPO values for the EWM are estimated using the posterior samples of the

parameters via the Harmonic mean estimator:

ur 1
1
jz::l f(tilay, 05, Boj, Bj, i)

(3.15)

If the i*" observation is right censored, the likelihood is replaced by the survival function.
The MCMC for the EWM was ran for 500000 iterations with a burn in of 10000 for
an effective posterior sample size of 2000. The CPO values are plotted in red in Figure
3.14.

The DDPMM requires a slightly different expression for the CPO values. Un-
der the DDPMM, each observation is believed to come from a particular component of
the mixture, so while the density function is a mixture, the likelihood contribution of

the it" observation is a single component. Recall that the full posterior distribution from
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which we obtain samples from is p(6, w, p, ¥), where ¥ = (p, ). In the small cell lung
cancer dataset, we have two experimental groups indexedby s € {C, T}, thus for these
data we compute CPO values for the i*" observation in group s, CPO;,. Again, let M
represent the number of MCMC iterations, then the expression we need to approximate

the CPO values using the posterior parameter samples is given by:

A L T(ti|0
CPO;s =~ ZZZ 1 0 | )“) (3.16)
zs Wisj
M
A 1
h — = -
whnere Bis ; F(t7,5|9wlsj)

The details of this derivation is provided in Appendix D.2. The CPO values of the
gamma DDPMM are plotted in blue (Arm A) and green (Arm B) in Figure 3.16.
With respect to the CPO values, the gamma DDPMM performs better than
the EWM around the mode and the far tail of each density, but collectively it’s a close
race between the models. The shape of densities of each group are fairly standard,
S0 it is not surprising that a flexible parametric model performs well. The EWM has
higher CPO values in the tail of the fully observed data values, but struggles once the
it enters the territory of the right censored values. This feature along with the lower
CPO values around the mode is indicative of parametric nature of the EWM. Although
the EWM performs well, it unable to capture the curvature of the mode while at the
same time accurately estimating the skewness of the tail. An obvious compromise is
made between capturing features of one aspect and not the other versus losing a little
on both but not doing bad on either. The gamma DDPMM does not perform as well
as the EWM in the tail of the observed data values, which may be attributed to the
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Figure 3.16: The CPO values under the EWM (red) and gamma DDPMM (blue and
green) for the small cel lung cancer data. The top panels represent Arm A, and the
bottom represent Arm B. The right column are the right censored survival times, and
the left column are the fully observed survival times.

right censored observations that share some of the same time space as some of the last
few fully observed survival times. A summary of the CPO values were obtained by

averaging over the log of the CPO values, ALPML, in each group s:
ALPMLs = - 31 log(CPO;s)

The same rubric applies, meaning a higher ALPML indicates better model performance.
The EWM scored a —6.09, while the gamma DDPMM scored a —6.05. The gamma

DDPMM performs slightly better than the EWM. We are not too surprised the EWM
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scored so close to the gamma DDPMM being as the parametric model was selected
after seeing previous inferential results for these data, and was chosen based off the
posterior shape exhibited in the density. Kottas & Krnjaji¢ (2009), provide a Bayesian
semiparametric model for quantile regression that is a DP scale mixture of uniform
densities. The model is fitted to the linear regression errors of the survival times,
e =t — a3, assuming that the median and the mode of the error density is 0. They fit
the model to the small cell lung cancer data, without the age covariate, and compute
the CPO values. The ALPML that they reported is —6.91. Kottas and Krnjaji¢ also
consider a DP scale mixture of Laplace densities and a basic Weibull model for these

data. Table 3.1 shows the ALPML value under each of the models.

Model Summary Value
EWM —6.09
DP scale mixture of uniform densities —6.91
gamma DDPMM —6.05
DP scale mixture of Laplace densities —8.01
Weibull Model —11.56

Table 3.1: Summary of the CPO values.

3.4.2 Incorporating the age covariate

Here, we incorporate the age (in years) of the subjects, upon entrance into
the study, that is available to us in the small cell lung cancer dataset. The researchers
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did not select subjects from particular ages, so it is not a fixed covariate, and can be
thought of as being random. Therefore, we model the age covariate on the log scale
jointly with the survival response. Specifically, we used independent gamma and normal
distributions for the survival times and age, respectively, see model (3.13). We use prior
specifications methods discussed in 3.2.2 for parameters associated with the survival
times, and use a similar idea to specify parameters associated with the age covariate
(see, e.g., Poynor (2010) for details). Appendix D.1 show the details of the posterior
sampling algorithm. We run the MCMC to obtain an effective posterior sample size of
2000.

In Figure 3.17, we plot the conditional mean of survival across a grid of ages.
This inference was obtained by computing (3.2) at each posterior sample of the parame-
ters for each experimental group. Specifically, the form of the mean regression for group
s € {A, B} (A representing Arm A and B representing Arm B) at age o under the

gamma DDPMM, is given by,

LN($0|ﬁla 512) ) = (3.17)

5:1 prsLN(xo |5ra ’fqzn)

as (w0 |B1,K7)

L
E(ts|ro, GE) = pis (
= \X

Recall from Section 3.2, the set of functions ¢;s(-) can be thought of as a new set of
weights such that the mean regression is a finite weighted sum of the kernel component
means. Moreover, the weights are functions of the covariate, indicating the potential of
the model to capture non-standard relationships across the covariate space. This ability
is demonstrated in Figure 3.17 where we an increase in the mean survival from about 36
to just after 50, followed by a steeper decline, particularly in Arm B, and then leveling
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out at higher ages.
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Figure 3.17: Point and 80% interval estimates of the conditional mean of the survival
distribution of Arm A (blue) and Arm B (green) across a grid of age values (in years).

We also look at the mrl function at age 50, 60, and 78, see Figure 3.18. At
age 50, the mrl function for Arm A appear monotonic while the mrl of Arm B has a
very shallow dip at about 400 days then becomes indistinguishable from Arm A. At
age 60, the separation becomes more apparent towards in the earlier survival range,
and the dips are more pronounced and present in both groups. At age 78, we see a
similar curvature as in our past analysis: a dip around 300 — 400 and a shallow mode
around 1000 — 1200. While the shapes and range of the mrl functions change across the
covariate space, Arm A remains as high or higher than Arm B.

The linear DDP by Delorio et al. (2009) is a leading model for Bayesian non-
parametric survival regression. The linear DDP model works with a dependent DP
structure for which the collection of random distributions, indexed by a set of covari-
ates, x, denoted {G, x € X}, is almost surely have the form of G,(-) = > ;2 widg,, (+).

Thus, the weights are shared across the covariate space while the locations differ. One

86



At age 50 At age 60 Atage 78

1200
1200
1200

1000
1000
1000

\)f
\>

800
L

g g g -
@ @ N @ /
g g 2 \

g g g \ /

2 2 < N

0 500 1000 1500 2000 0 500 1000 1500 2000 0 500 1000 1500 2000

sunvival time (days) sunvival time (days) survival time (days)

Figure 3.18: Estimates of the mrl function of Arm A (blue) and Arm B (green) for ages
50 (left), 60 (middle), and 78 (right), age is in years.

of difference to note is that under the linear DDP, the covariates are not random, such
that in the small cell lung cancer data set, the experimental group and the age would
both be part of the set of covariates x. Specifically, under the linear DDP, if we let
d; be the design vector of the i** survival time and « is the vector of coefficients, then
0z, = oqd; = my + Ay + Biz. Here, m; can be thought of the baseline effect, A,; rep-
resents the effect of a categorical covariate with outcome indicated by v (experimental
group indicated by s in our case), and [; represents the effect of a continuous covariate

2

z. They chose a normal kernel with mean ad; and variance o<, mixing on both param-

eters. For R™ valued responses, modeling is performed on the log transformed data,
which is the same as using a lognormal kernel (Poynor, 2010). Thus the model is given

by,

fo,(t:]G)  ~ /LN(ti\adi,a2)dG(a,a2) (3.18)

G ~ DP(M,Gy)

where we can write G ~ DP(M,Gy) since § = ad; implies (0, 02) ~ Gy, by definition of
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base measure. Now, if we look at the implications of the mean regression function using

the truncated version of the stick-breaking definition, we obtain (3.19) shown below.
= 2
E,(t|GL) = > peltto/?) (3.19)
=1

The set of covariates only enters into the function as an exponential power, so the
mean regression is a strictly increasing function in z (or equivalently d). While the
linear DDP provides flexible inference for the survival and density functions, it may
not be appropriate in case for which the regression mean or mrl is of interest. Even
under a gamma kernel, which is a more appropriate kernel choice for mrl inference,
reparameterizing to set the mean to ad would result in a regression mean function that is
a weighted sum of linear functions: E,(t|GL) = ZZL: | prad. Here, the relationship across
the covariate space is subject to a linear trend. Therefore, under such circumstances, the
gamma DDPMM would be preferable. In the discussion below, we describe extensions
to include potential categorical covariates, however, if the number of experimental group

exceeds two, a multivariate beta would have to be explored to extend the DDP.

3.5 Discussion

We have provided an example of a product kernel for a DPMM that jointly
models survival times with a continuous covariate, and discussed the model in generality
in the case of multiple continuous covariates. We provided a simulation study for a
single continuous covariate to demonstrate the utility of the model. We developed
a DDP prior using a bivariate beta distribution to model dependency between two
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experimental groups. Below we discuss a couple further considerations/extensions to
our modeling structure.

Discrete covariates, such as indication of male or female, number of cystic
masses, level of pain intensity, are very common in survival analysis. One way to extend
the model to include discrete covariates, w;, is to introduce an appropriate density for
the kernel product, such that the product kernel becomes k(t|07)k(x|0x)k(w|Ow),
where k(w|0yw ) can be a product of densities such that the categorical covariates are
assumed independent in the kernel. In the case where the covariate has a finite upper
bound, such as a pain level scale, the binomial is the obvious choice. When the covariate
support has no upper bound, the Poisson or negative binomial distribution may be
considered.

For added model flexibility, we may seek to incorporate a dependency between
the covariates and the survival times within the kernel. A structured approach to build
dependence would be to write the kernel as a product of the conditional distribution
of the survival times on the covariate and the marginal of the covariates, k(t|x)k(x).
We have made a clear argument for modeling the survival times with a gamma kernel,
so one possibility is to incorporate the covariates in one of the parameters of a gamma
distribution for k(t|x). For example we can write the covariates as a linear combina-
tion such as k(t|x) = I'(tlexp(d), exp(x’B)), such that E(T|x) = exp(d — =7 3). An

appropriate marginal kernel, k(x), will then complete the joint kernel.
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Chapter 4

Modeling and inference for order

constrained MRL functions

When a researcher believes that the mean residual life function of one pop-
ulation is higher than the other across the survival domain, then it is desirable to
incorporate a mrl order constraint in the model. In this chapter, we present a Bayesian
nonparametric model for mrl ordering inference. In Section 4.1, we provide background
and motivation for mrl ordering, including a brief literature review on Bayesian work
involving ordering constraints. Section 4.2 presents the model formulation and prop-
erties. Section 4.3 illustrates the capacity of the model through a data analysis that

includes right censored observations.
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4.1 Motivation and background

There are certain applications in comparison of survival distributions in which
the researcher expects that the average remaining lifetime for one population is higher
than that of the other population given survival up to time ¢, for every ¢ in the domain.
For instance, ordered mrl functions may arise in treatment and control groups, in which
the population that receives the treatment has a longer remaining life expectancy at all
times.

Let T} and T» represent two continuous random variables on RT with mrl
functions my and mo and distribution functions F; and Fy, respectively. We say that T3
is smaller then 75 in the mrl order, denoted by 17 <,,,; 1o, if and only if m1(t) < ma(t),
for all t. For modeling purposes, a useful characterization of the mrl order is the

following: 11 <, T3 if and only if,

(1 - Fi(u))du
M(t) = Ji 1(w) is decreasing in ¢, (4.1)
ft (1 = Fy(u))du

for all t such that [°(1 — Fy(u))du > 0.

Stochastic and hazard rate orders are also of interest in survival analysis. We
say that 77 is stochastically smaller than T5, denoted by T <y Ts, if Fi(t) > Fy(t), for
all t. Similarly, T} is smaller than T in the hazard rate order (denoted by T} <p, T3)
if the respective hazard rate functions satisfy hi(t) > ha(t), for all ¢. Relationships
between the three orders are summarized by Nanda et al. (2010). The hazard rate
order is the strongest of the three stochastic constraints, that is, if 77 <p, 15, then
T <g Tp and T <,,1 To. The converse is not true with respect to either mrl ordering
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nor stochastic ordering. Also, it is not necessarily the case that mrl order implies
stochastic order or vice versa. Therefore, mrl ordering is of interest independently of
the more commonly studied stochastic order.

Probability orders have been extensively studied with respect to theoretical
properties and classical nonparametric methods for estimation and hypothesis testing
(e.g., Shaked & Shanthikumar, 2007). However, when placing an order restriction in a
model is appropriate, the Bayesian framework has many advantages. A primary benefit
is reduced uncertainty and improved precision in inferential results. In cases where the
sample size is small to moderate, there is potential for the data to not accurately reflect
the ordering between the two populations. For such cases, there is much to benefit from
by incorporating the order constraint in the model. In general, the Bayesian modeling
framework is appealing for situations in which ordering constraints are believed, because
any probability constraint placed on the prior is carried through to the posterior.

In terms of both probabilistic exploration and statistical modeling, the stochas-
tic order constraint has been the most widely studied in the Bayesian literature. Arjas &
Gasbarra (1996) develop a model for stochastically order survival functions by working
with a nonparametric specification for the hazard rate functions. Evans et al. (1997)
provide a Bayesian testing method for assessing evidence of stochastic ordering in dis-
tributions of categorical variables. For stochastic order and partial stochastic order
constraints in the Bayesian nonparametric framework, including use of DP priors, see
Gelfand & Kottas (2001); Hoff (2003); and Dunson & Peddada (2008). Pélya tree based

priors in stochastic ordering have also been explored (Karabatsos & Walker, 2007 and

92



Hanson et al., 2008). The weaker restriction of stochastic precedence order, introduced
by Arcones et al. (2002), has more recently been explored by Chen & Dunson (2004)
and Kottas (2011). To our knowledge, nonparametric prior models for mrl order have

not been studied in the literature.

4.2 Model formulation

In this section, we walk the reader through our process of developing a prior
probability model that provides inference for ordered mrl functions. We begin Section
4.2.1 by further discussing the need to develop a model for mrl ordering specifically, as
opposed to usage of models for hazard rate and/or stochastic ordering inferences. We
introduce a structured mixture of Erlang distributions and discuss its benefits for our
model development. In Section 4.2.2, we develop a hazard rate order constraint using
DP priors, which forms a key component of our model for mrl ordering. Finally, in
Section 4.2.3, we present the full hierarchical version of the model, and discuss prior

specification and posterior inference.

4.2.1 Model properties

As mentioned in Section 4.1, hazard rate order implies mrl order, hence, models
that infer hazard rate order also infer mrl order. However, hazard rate order is a stronger
constraint, so achieving mrl order through such models is more restrictive than needed
for our intentions. Namely, these models will only have support in the space of ordered
mrl functions that are also ordered in the hazard rate sense. We have also pointed out
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the relationship between stochastic order and mrl order; while hazard rate order implies
both stochastic and mrl order, it is not the case that either of the latter two imply the
other. Models that have been developed for stochastic order are thus not guaranteed to
satisfy the mrl order. Hence, we seek to develop a Bayesian nonparametric model for
inference on two mrl ordered populations.

First, we review some equivalence relationships that will be useful tools for
our model development (e.g., Shaked & Shanthikumar (2007)). Let Y; and Y5 be non-
negative random variables with absolutely continuous distribution functions, G; and
G, survival functions, G; and Gs, and density functions, g; and go, respectively. The

following are equivalent definitions for the hazard rate order:

Vi<p Y2 & gi(t)Ga(t) > g2(t)Gi(t), VteR (4.2)
& %(t) is in increasing in t, Vt € R (4.3)

Gi(t)
& Gi(2)Ga(y) > Gi(y)Ga(x), Vo <y (4.4)

By taking the derivative of (4.1), we obtain an equivalent criteria for mrl ordering:
Yi <o Yo & —Gilt) / Ga(u)du + Ca(t) / Gr(w)du <0, Vt>0 (4.5)
t t

We take our model inspiration from the structure of the Bernstein polynomial
prior model (Petrone, 1999; Petrone & Wasserman, 2002). The Bernstein polynomial

model for the density function, f;(¢), where ¢t € [0, 1], of population 7}, for | = 1,2, is

94



given by
M
A = Y wPbetl, M —j+1) (4.6)
j=1

o _ J Jj—1 o
w;’ = Hl(M) Hl< i ),]—1,...M.

Here, M may be fixed or random, be(t|j, M —j+1) is the density of the beta distribution
with mean j/(M+1), and H;(-) are random distribution functions over [0, 1], for i = 1, 2.
The key feature of Bernstein priors for our purposes is that the parameters of the beta
density basis functions are fixed, which facilitates study of conditions to obtain the mrl
order under the prior structure. The implicit restriction is that of an upper bound for

the support of the survival distributions.

To overcome the limitation of bounded support for the survival distributions,
we consider a mixture of Erlang distributions with fixed shape parameter and random
scale parameter. Specifically, if we denote the density of the Erlang distribution with
shape parameter m € Z7T, and scale § > 0 as e, (t|0) = "™ Le /9 /((m — 1)!§™), and
survival function as E5 (t0) = [ tm=le=t0 /(m — 1)19™)dt = St e 0/ (r107).
The model for the density and survival functions for ¢t € R™, fi(t) = f;(t|0, M, H;) and

Si(t) = Si(t|0, M, Hy), respectively, with [ = 1,2 is given by

fi(t)

{1 = Hi((M = 1)0)fenr(t]0) + Z{Hz mb) — H;((m —1)0) yem(t[0)

Si(t) {1 = Hi((M = 1)0)}E}; (t16) + Z{Hz mb) — Hy((m — 1)0)} 5, (t]0).  (4.7)

Another benefit of using Erlang mixture is that we have a result for denseness,
in the weak sense, on the space of continuous mrl functions, see Lemma 2 in Chapter 2.
The Bernstein prior has the property of being weakly dense on the space of densities on
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[0,1] (Petrone, 1999), but after a transformation, the result is not guaranteed to hold.
Furthermore, one would need to obtain a denseness result for space of mrl functions
under this prior. Having the denseness result for the Erlang mixture guarantees flexible
mrl inference provided M is allowed to be large enough and 6 small enough.
Karabatsos & Walker (2007) show that the Bernstein prior can accommodate
stochastic ordering for two populations when the distributions that drive the weights
are stochastically ordered. Namely, if Hy <4 Hs = F} <4 F>. An analogous result
can be obtained for the mixture of Erlang distributions. In particular, assume that
Hy <4 Hs. Then using the stochastic order property of Erlang distributions, that is,

ES(t10) < ES 1(t|0) (Marshall & Olkin, 2007), we obtain:

Si(t) = {1—Hi((M 1))} E5(118) + Z{Hl (mf) — Hi((m — 1)8)} E,(¢]6)
= Ey(t)0) — Hi((M — 1)0)ER(8]0) + Hi((M — 1)0)ER;_(t]6)
—H (M = 2)0)Ey_1(110) £ ... + Hi(20) E3 (£]0) — H1(6) E5 (¢]6)

+H1(0) Y (1]9) —

M-1
= B5(10)+ 3 {ES(H0) — ES ., (0)} Hi(m0)
m=1 <
M—-1 =
< E5(H0)+ SO {ES(H0) = ES 1 (t6)} Ha(mb)
m=1
= Sy(t). (4.8)

Therefore, S1(t) < Sa(t),V t, and thus F; < F», where F} and F, are the distributions
represented through the Erlang mixture structure in (4.7).

We next turn our attention to the desired model for mrl ordering. In what
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follows we explore the mixture of Erlang distributions in (4.7) to see what restrictions
can be placed to develop a prior that has the mrl ordering constraint. Using defintion
(4.5), we need to show —Sy (¢ ft Sa(u)du+Sa(t ft Si(u)du <0 for allt > 0. To help
simplify this expression, we provide an alternative form for the survival distributions in

(4.7). Let m be a generic value in the set {2,3,.., M — 1}. Then,

M-l \r M-1
ES (1]6) = w(e) e = 5 Ge,1(1]0) (4.9)
r=0 ' r=0
m—1 r m r
1 /¢t 1 /¢t
S 119\ _ S _ LN e Tt e
B0 Bt = X5 (5) <=2 5 (5)
L (E\N™ i

Using the substitutions (4.9) and (4.10), we obtain,

M-—1
Si(t) = Ex(t0) + Y {En(t0) — En i (116)}Hi(mb)

M-1 e M-1

= 0> era(tl0) — 0> emya(tld)
r=0 v m=1

= 0e1(t|0) +0 > empa1(t0)(1 — Hy(mb))
Yt m=1

= 0 emy1(t|)(1 — Hy(m0)). (4.11)
m=0

Now, using (4.11) we can write the expression in (4.5) as follows,

e /t G lu)du + Ca(t) / G (wdu (4.12)

0o M—1

_ (9 S i (H6)(1 — H, (b)) ) ( / Z emsr (ul0)(1 — Ha(m0))d )

OOM 1
4 (9 ems (£10)(1 = Hg(me))> (9/ S i (ul0)(1 —Hl(ma))du>
t m=0

< 3
Dy

=0

3
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M-1 M-1
- <9 em+1(t]0)(1 — Hy(m#) > <9 > Ei+1(ta)(1H2(m9))>

+ 10 Z em1(t0)(1 — Hg(me))> <9 ES ()1 - Hl(me))>
Y "
= ¢ [—em+1(t10)(1 — Hi(m0)) By (8]0)(1 — Ha(nb))
m=0 n=0
+ em1(8]0)(1 — Ha(m8))Ey 1 (t10)(1 — Hi(nf))]
M—-1M-1
= 0* > Y empa(tO)Eqy (H0)[(1 — Hi(n0))(1 — Hy(m)) — (1 — Hi(mb))(1 — Hz(n))]
m=0 n=0

(Note: when m = n, the terms are equal to zero)

M-2 M-1
= Y Y e (OB (U0)[(1 — Hy(n8))(1 — Ha(mb)) — (1~ Hy(m))(1 — Ha(n))]
m=0 n=m+1
M—-2 ]\t[fl
+ 62 D emni(t0)E L (UO)[(1 — Hi(nh))(1 — Ha(m)) — (1 — Hy(m8))(1 — Ha(nh))]

n=0 m=n+1

M-2 M-1
= 0’ [emr1(t10) By 1 (16) — ens1(]0) Er 4 (£16)]
m=0 n=m+1 e
% [(1 = Hy(n8))(1 — Ha(m8)) — (1 — Hy(m0))(1 — Ha(n))] (4.13)

(C))

The Erlang distribution has increasing hazard rate in the shape parameter
(Marshall & Olkin, 2007), so from the definition in (4.2) we know that (x) > 0 for ¢ > 0.
For the expression denoted by (¥x), we consider what structure on H; and Hj results
in nonpositive summands. Conveniently, (xx) is of the same form of the hazard rate
ordering definition in (4.4), so if we place the hazard rate ordering constraint on the H
functions, namely, Hy <p, Ha, then (xx) < 0. With (x) > 0 and (x%) < 0, each term of
the sum is nonpositve, thus the sum of the terms is less than or equal to zero, giving us

the desired probabilistic result for mrl ordering under the Erlang mixture model. In the
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next section, we develop the full Bayesian model based on the Erlang mixture structure

with a nonparametric prior for {Hy, Hy} that satisfies the hazard rate order restriction.

4.2.2 DP-based prior for hazard rate order

In this section, we construct a prior for { H1, Hy} through two independent DP
priors that ensures Hy <p, Ho. The use of independent DP priors is stimulated by the
stochastic ordering result that has been established via independent DP priors (Gelfand
& Kottas, 2001; Hanson et al., 2008; Kottas, 2011). In particular, consider two latent
distribution functions, G; and Gs. If we define Hy(-) = G1(-) and Ha(-) = G1(-)Ga(+),
then Hy <g; Hs. It is convenient to think of H; and Hy as the distribution of w
and max{w, z}, respectively, where w ~ G and, independently, z ~ G2. By placing
independent DP priors on (G; and G5, we have a nonparametric prior for stochastic
ordering .

Note that this prior model for stochastic ordering does not guarantee hazard
rate ordering. A counterexample is obtained when G; and G2 are defined as independent
exponential distributions. Let G1(t) = Exp(t|\) and independently, G1(t) = Exp(t|p),
and define Hy and H» as discussed in the previous paragraph. The ratio of the survival

functions for H1 and Hy is written as,

(1-Hy(t) _ (1-Ga(t)) — e rt _ e—rt _
(I=H1(t)) — (1=Gi(1))(1-G2(t)) — 1-(1—e M)(I—e r!) = emntpe A=At
1 d ((A—Ha@®)\ _ e ((A—p)ert—X)

The derivative shows that the ratio of survival functions is increasing for 0 < A < p,
however, the function is non-monotonic for A > u. For example, the ratio is decreasing
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for t > log[A/(A — p)]/p when 1 <y < A, hence, (4.3) does not hold so we do not have
hazard rate ordering.

As an alternative (albeit related) construction, consider the following. Let
U = min{w, z} where, again, w ~ G1 and z ~ G2 for generic distributions, G; and Gba,
on R*. The distribution function on U is given by Hi(u) = Pr(U <wu) =1- Pr(U >
u)=1-Pr({w>u}n{z >u}) =1-Pr(w > u)Pr(z >u) = 1-(1-G1(u))(1—Ga2(u)).
Therefore, the survival distribution of U is given by the product of the of the survival
distributions of G; and G, namely, (1 — Hi(u)) = (1 — G1(u))(1 — G2(u)). Define
Ha(-) = Ga().
We now look at the ratio of the survival functions,

(1_H2(t)) _ (1_G2(t)) _ 1 (4 14)
(I—Hi(t))  (1-Gi1)(1=Ga(t)  (1=Gu(t)) '

which is an increasing function of t € R, since the survival function of G is by definition
a decreasing function in ¢t. Therefore, by (4.3), Hy <p, Hy. Finally, if we let G1 ~
DP(a1,Gp1) and Gy ~ DP(ag,Gop2), then we have a nonparametric prior model for
hazard rate ordering.

An important theoretical aspect to point out is that this model is also a prior
model for stochastic ordering since Hy <p, Hy = H; <4 Hy (however, we provided a
counterexample under our construction for which the reverse relation is not true). In
general, mrl ordering does not imply stochastic ordering, thus this model is restricted
to the space of set of ordered mrl functions that have corresponding stochastically order

distributions. A more general prior model for mrl order would not imply stochastic
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order as well.

4.2.3 Implementation details

Let tq;, for j = 1,...,n1, be the observed survival times of one population,

and t9r, for k = 1,...,n9, be the observed survival times of another population. By

introducing two sets of latent variables, w = {wy : k =1,...,n2}, z ={z;: j = 1,...,n1},

we can write the hierarchical version of our fully nonparametric Bayesian model for

inference for mrl ordering between to groups (4.14).

t1j|Wj,Zja‘9

tok | W, +k, 0

zj|Gy
wi| G2
Giloy, ¢
o

11

of

ind

ind
~Y

iid
iid
ind
iQJd
ind

ind

M—-1

Z Em(t1j|0)]]-((m—1)0,m9] (min{Wj, Zj}) (415)
m=1

+E (t1510) 1 ((ar-1)0,00) (miin{w;, z}), j=1,....m

M-1
Z E,, (t2k |9) 11((mfl)G,mQ] (Wn1+k)

m=1

+En (t2k10) L (0 -1)0,00) (Wna k), K =1,...,n2
Gy, j=1,...,m

Go, k=1,....,n1+no

DP(ay,Goy = LN(py,07)), 1=1,2

[(aay, bey), 1=1,2

N(ay,by), 1=1,2

I Yag,,bs,), 1=1,2

r—! (a,g, b@)

Unif(2, Mmaz)
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We obtain posterior inference by writing the full posterior distribution is the represen-
tation of Antoniak (1974):
p(G1,Ga, 2z, W, 0, a1, az, @1, P2, M|data) =
p(G1|z, a1, ¢1,0, data)p(Ga|w, ag, ¢2, 0, data)p(z, w, 0, a1, aa, 1, p2, M|data). The marginal
posterior is obtained upon marginalizing GG; and G over their respective DP priors
(Blackwell & MacQueen, 1973). Appendix E provides the details of the posterior sam-
pling algorithm.

The posterior conditional distributions for Gy and G5 follow an updated DP.

Specifically, p(G1|z, a1, 1, 02,0, data) = DP(ay, Gm) where &1 = a1 +n1 and

Go1 = =2 LN(pu1,0%)) + — >ty 02,()

aj+ny ai+ny

Similarly, p(Ga|w, g, pa, 03,0, data) = DP(as, éog) where a9 = a9 +n1 + ng and

~ 1 +
Go2 = gty LN (12, 03)) + oo ket O ()

Therefore, once we obtain samples from the marginal posterior,
p(z,w,0,a1,as, 1, pi2, 03,05, M|data), we can obtain the posterior distribution for the
weights in (4.7). Specifically, we sample from a Dirichlet distribution, using the associ-

ated cdf, for [ = 1,2, at each posterior iteration of M and 6:

(i1, Wiz, s Wy(ar—1), Wids)

~ Dir(61Go(0), & (G (20) — Go(0)), & (G (30) — Gou(26)), ..., du(1 — Goy (M — 1))

For the second population, the vector (ug1,ugs...,u2ps) is all we need since the vector

represents the successive differences of the cdf, Hs, over the grid set {06, 16,20, ..., (M —
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1)6,lim;_,~ t}. However, to obtain the desired differences from the cdf, H;, we have to
construct the cdf through the product of the survival functions of G; and G2. Essentially,

we compute:
Hi(nf) =1— (1= G1(nf))(1 — Ga(nf)) =1 — (L= 3251 trm)(1 = 3201 uzm)

forn=1,2,..., M — 1. Once we have the values of the cdf, then we can plug the values
into (4.7), and obtain inference for the desired functionals.

For prior specification, we continue the theme of specifying the prior param-
eters using a range of survival specified by the expert. Let L denote the lower range
value and U denote the upper. The most difficult aspect is specifying an appropriate
upper bound for the uniform prior on M. One can think about specifying M, based
on how fine of a grid might be desirable over the range specified by the expert. Being
that 8 and M are closely related, one may specify M,,q, while also considering a prior
point estimate for 6. If we consider the means of the Erlang components, the lowest
mean 6 and the highest mean (M — 1)6 should be inclusive of L and U, i.e., § < L and
(M —1)8 > U. Thus, consider E(f) < L and M4, E(0) > U. Once these values have
been conservatively chosen, we can specify by via E(0) = byg/(ag — 1). Using ag = 2 to
provide an infinite prior variance for 6, by simply becomes the prior point estimate for
0.

A range and midpoint can be used to specify the parameters of the prior
distributions for u; and al2 for [ = 1,2. If the approximate mean or median is known,

then those values could be used instead. Let C represent the prior centering estimate
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of the survival responses. Since the latent variables will correspond with a Erlang
component with mean equal to the ceiling value of the latent value, we can use C
as prior point estimate for the latent values. In another words we can use the rough

estimate similar to the prior specification technique discussed in Chapter 2,

C = Eg,(u) = B(E(ulw, o)) = E(e" 097 = B(e) B(e™5)

~ el +0.5b) o (0.5b0; /(a5 1)) (4.16)

Again, similar to techniques provided in Chapter 2, the variance of the latent values,
Var(u), can be approximated using ([U — L]/4)®. The variance in terms of the hyper-

parameters can in turn be approximated by the following,

Var(u) = Var(E(ulu, 012)) + E(Va?“(u!/il,Ulz)) (4.17)
= Var(eMt057%) 4 B((e71 — 1)e¥r)
= B(eM)E(e7) — B (M) E*("570) + E((e7F — 1)e”1) E(e?)
= B(e*T)B(e) — B () B2 (e257)

€2bgl/(aglfl)e2aul+2bul _ o2 +by, ebgl/(agl—l)

Q

To make this expression obtainable, yet conservative, set a,, = a5, = 2. By setting
bo, = bgy, = by, = by, and a,, = ay,, all the hyperparameters in (4.15) and (4.16) can
be specified.

The prior parameters for c; and as can be specified using the same expression
in Chapter 2, provided that the data set is moderately large. Specifically, an appropriate
range for a; can be obtained by considering the number of distinct latent variables in
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a1tny
aq

{z1, 22, ..., zn, } and using the approximation, E(n}|a;) ~ a; log ( ) Similarly, for

az+ni+ng
az

ay we can use E(nf|as) ~ o log( ) Note that the sample size associated
with ao is necessarily larger than that of ay, so specifying priors for each makes more

sense than assuming the same prior on both.

4.3 Data example: small cell lung cancer

The small size and relatively high number of right censored values, makes the
small cell lung cancer data set an especially interesting data set for which to apply our
model for mrl ordering. Small sample sizes and right censoring yield larger uncertainty
in the mrl function estimates. By incorporating the mrl order constraint, we anticipate
a reduction in the uncertainty in the functional inference when compared to the uncer-
tainty we obtained under fitting independent gamma DPMMs (Chapter 2) as well as
the results obtained in the gamma DDPMM (Chapter 3).

Using the prior specification discussed in the previous section as a guide, we
analyze the data under a number of priors to gage its sensitivity. Under priors that
provided less information, we found that the model struggled to learn about the «
parameters and 6, which is likely due to the smaller sample size and larger number of
censoring in this dataset. Therefore, we considered fixed o parameters and . We also
implemented the model under informative priors on a7, ag, and 6 centered about the
fixed values we report here. The inferential results under the informative priors were

analogous to those obtain under the fixed values. Here, we report our results under
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fixed values for ay, ag, and #. Priors were specified by considering a conservative range

of the data since there a high number of right censored values. Under the fixed prior set,

we set Mq. = 700, and fixed # = 15. For the o parameters we set &y = 5 and ag = 20.

The hyperparameters of the DP priors were set to be the following, a,, = a,, = 6.3,

by, = by, = 0.5, ag,

independent posterior samples.

Independent DP Mixture Model (Arm A)

Dependent DP Mixture Model (Arm A)

= Gy, = 2, and by, = by, = 0.5. We ran the model and obtain 2000

MRL Ordered Mixture Model (Arm A)

Independent DP Mixture Model (Arm B)

Dependent DP Mixture Model (Arm B)

MRL Ordered Mixture Model (Arm B)

0 50 1000 1500

Time (days)

2000

50 1000 1500

Time (days)

2000

50 1000 1500 2000

Figure 4.1: Posterior point estimate and 95% interval bands for the mrl functions of
Arm A (green) and Arm B (blue) under two independent gamma DPMMs (left), the

gamma DDPMM (middle), and the ordered mrl model (right)

The posterior point estimate and 95% interval bands for the mrl functions of

Arm A and Arm B, for our three comparison models are shown in Figure 4.1. Results

for Arm A are displayed across the top panels and results for Arm B are displayed across

the bottom. The point estimates across the three models are very similar in terms of the

range and, more importantly, the shape. The order constrained model maintains the

106



same dip and mode over the same range that we have seen in the gamma DPMM and
the gamma DDPMM. The apparent difference between the order constrained model and
the other two is the significant reduction in uncertainty for both groups. Incorporating
the mrl ordering in the prior provides for narrower posterior interval bands in the mrl

functions.

Atage 250 (days) Atage 500 (days)

Figure 4.2: Densities of the difference between the mrl functions of Arm A and Arm
B under independent gamma DPMMs (dotted), gamma DDPMM (dashed), and the
ordered mrl model (solid), are provided at 0 days (top left), 250 days (top middle),
500 days (top right), 750 days (bottom left),1000 days (bottom middle), and 1250 days
(bottom right).

In Figure 4.2, we look at the posterior densities of the difference between mrl
functions for the two experimental groups at particular time points. For early time
points such 0 days and 250 days, the difference appears to be significant across all
three models, however, as time goes on, the non-constrained models are not indicating

a significant difference between the treatment groups. The variance in the density of
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the differences for particularly under the independent gammaDPMMS gets increasingly
large as we move to later time periods. The ability to captures dependency groups in the
gamma DDPMM seems to help the variance from getting as large as the independent
gamma DPMMs. The mrl constraint in the ordered mrl model reduces this variance even
further. In fact, across all time points shown in Figure 4.2, the variance in the density of
the difference is smaller for the constrained mrl model compared to the variance under
the other two models. From these results, we can see the benefits of using the ordered

mrl model when assuming the constraint is appropriate.
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Chapter 5

Conclusions

The mean residual life function is a valuable functional for multiple fields of
research. In the medical field, the mrl function can be used to determine the more
effective treatment in two experimental groups. In actuarial studies, insurance com-
panies utilize the mrl function given a set of covariates to help develop different types
of policies. The mrl function can also be useful in marketing and setting up warranty
policies in selling electronic devices or appliances. Another interesting area in applica-
tion is in the field of econometrics, where, for example, one could may be interested in
model the expected remaining of time of unemployment given that a person is currently
unemployed. However, despite the utility of the mrl function, current models in the
literature either present restrictions on the shape of the mrl functional, or inference on
the mrl function is not even considered. When approached with the mindset of mrl
inference, Bayesian nonparametric mixture models for the survival density (or distribu-

tion) induce very flexible priors for mrl functions that result in rich posterior functional
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inference. Our work provides a comprehensive study of mrl functional inference under
the Bayesian nonparametric framework.

Of both methodological and practical interest is development of nonparametric
prior models directly for the mrl function. The support of the nonparametric prior
would have to be functions that satisfy the properties in the characterization theorem
of the mrl function. Under such a prior, inference for the entire distribution would
be obtainable by using the inversion formula. Although not a direct prior model for
the mrl function, the gamma DP mixture model for the survival density, in Chapter 2,
yields desirable results for mrl inference. We defend our choice of kernel by providing
key results with respect to the mrl function under various kernels. In particular, we
offer a set of criteria based implications of tail behavior for the mrl function, as well as
ensuring existence of the posterior mean of the distribution, in kernel selection. Another
key result that we present is the denseness of mixtures of gamma distributions on the
space of mrl functions. This result implies that under a flexible framework, such as
Bayesian nonparametric methods, a mixture of gamma distributions will be able to
accurately estimate any form of mrl functions. We demonstrate this capability in both
simulated and real data examples.

We extended our flexible inferential results to the regression setting using the
curve fitting approach. The curve fitting approach is an attractive framework for the
regression setting because by modeling the random covariates jointly with the response
we can easily obtain inference the regression functionals. Moreover, we are able to

capture nonlinear or nonstandard relationships between the regression functions as we
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move across the covariate space. In terms of mrl inference, this has not been achieved
under any modeling framework in the literature.

The treatment control setting is common scene in survival analysis. The curve
fitting approach is not applicable for fixed covariates such as experimental groups, thus
we develop a dependent DP prior that allows use to model the effect of each group in
addition to modeling the correlation between the groups. We construct the DDP prior
using a bivariate beta distribution that drives the weights of the mixture components for
each group. The locations are shared across the experimental groups. This construction
is different from most DDP constructions in the literature, where the weights are shared
across the groups and locations differ. However, in treatment control settings the range
of survival is usually the about the same. Differences in the populations are generally
seen in the form of varying prevalence over the range. Thus, the shared locations and
differing weights construction for the DDP is more appropriate for the treatment control
setting. The DDP prior and the curve fitting regression approach can be combined in
a single model to obtain to incorporate both types of covariates, and achieve flexible
inferential results for mrl regression functions for two correlated populations.

Contrary to stochastic, hazard rate, and a number of other types of ordering
constraints, modeling under mrl order constraint has been comparably neglected. In
settings where the researcher believe that the remaining life expectancy of one popula-
tion is higher than that of another, then this information should surely be incorporated
with the model. Particularly in the presence of right censoring and/or a small sample

size, the mrl order may not be suggested by the data and uncertainty bands can be
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quite large. Using a prior model for mrl ordering can substantially improve inferential
accuracy and certainty. In Chapter 4, we present a Bayesian nonparametric model for
inference on mrl ordered populations. We use a mixture of Erlang distributions which
is a gamma mixture, so our earlier results for mrl inference under gamma mixtures
holds for our Erlang mixture model for mrl ordering as well. The Erlang mixture as
the same structural idea of the DDP prior model we developed, with having the same
kernel locations (although fixed in the mrl ordering case) with weights dependent on the
population. The weights in the Erlang mixture are constructed using two independent
DP priors. We are able to demonstrate the posterior benefits of our model by comparing

results for the same data set under the gamma DPMM and the gamma DDPMM.
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Appendix A

Proof of Properties of MRL

Below we provide the proofs for the properties of the mrl function stated in Section 2.1.
(a) m is a nonnegative and right-continuous, and m(0) = p > 0:
NON-NEGATIVE: Since 0 < F(t) <1=0<1-.5(t) <1=0<S5(t) <1. Therefore, S(t)

is non-negative. Now consider when ¢ > X, then S(t) =0, so m(t) =0. For t < X = S(¢t) >0

£ S(u)du
500

thus [ S(u)du > 0. Hence m(t) = > 0.

RIGHT-CONTINUITY: We know that F(t) is right-continuous (ie. limj_o+ F(t + h) =
F(t)). Now, limy_,o+ S(t+h) =lim,_,o+ (1 —F(t+h))=1—limpo+ F(t+h)=1—-F(t) =
S(t). Hence S(t) is right-continuous as well. If S(¢) is right-continuous, then its integral

must also be right-continuous (i.e., the limit, limj,_q+ [];th S(u)du} = [ S(u)du). Finally,

limy,_so+m(t + h) = limy,_o+ [ “/E"(i(z;du} = ftwg((tl)t)du = m(t), thus m(t) is right-continuous.

FIRST MOMENT STRICTLY POSITIVE: From equation (4) we have established that
w = m(0). Further, m(0) = W = fooc S(u)du, which must be greater than 0 because

S(u) is nonnegative for all 0 < u < oo and S(u+€) — S(u — €) > 0 for at least one value of u

and € > 0 in the domain. Therefore, m(0) = p > 0.
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(b) w(t) =m(t) +t is non-decreasing:
Let h >0. Case 1 (t+h < X): =v(t+h)—v@t)=mE+h)+(E+h)—mE)—t=m(t+h)—

m(t)+h = f”;(iggdu - ftoog(%)du +h. Since S(t) is monotone decreasing then S(t+h) < S(t) so

>0 > S(u)du t+h g (u)du
the former expression is > ft+h3i§;)du — L SS((t))d +h= —I‘S# + h we need to show that

t+h
this expression is nonnegative. Assume that it is, < h > f‘%t()u)du & j;tJrh S(u)du < hS(t)

this is true since the survival function is non-increasing. Hence, v(t+h)—v(t) > 0 = v(t) is non-

from gase 1 [, 8wdu [ S(u)du

decreasing. Case 2 (t < X <t+h): = v(t+h)—ov(t) s~ sy T
but the first integral is 0 since ¢t + h > X. Thus, the expression becomes —W +h =

X
_ 7 Swdu + h. Assuming that it is & ft+h

50 . S(u)du < hS(u), which is true since the survival

function in non-increasing. Therefore, v(¢t + h) — v(t) > 0 = v(¢) is non-decreasing. Case 3
(X <t <t+h): =uv(t+h)—v(t)=m(t+h)+ ({E+h)—m(t)—t, but since X <t <t+h=
m(t+ h) = m(¢) = 0. Thus, v(t + h) — v(t) = h > 0 = v(t) is non-decreasing.

() m(t~™) >0 for t € (0,X);ifX <oom(X~)=0 and m is continuous at X:

o ft}i S(u)du

X
Part 1: Let ¢t € (0,X), then m(t7) = <= Ji= Swdu

- Since S(t7) < S(X) <1 = S5

ft)f S(u)du which is > 0. Therefore, m(t~) > 0.
from (b)
Part 2: Let t < X < o0 = v(t) < v X)=m(X)+ X =X=vt)=m@lt)+t< X &
m(t) < X —t=lim,x-mt) <lim_x-(X—t) =X-X" =0=mX")=mX)=0
proving that m(t) is continuous at X.
t
e) f, —m%u) du— oo as t — X:

Using (e) lim;_, x fot #du = —lim;_, x [log(k(t)) — log(k(0))] = — lim;—, x log ]Z(—tg = log
(u) (k(0)

limy_ x k‘(t)

[m]. The limit of the numerator can be found by, lim;—, xk(t) = lims— x S(t)lim:— x

m(t) = 0, and the denominator is k£(0) = p which is strictly positive from (a), so the limit
inside the log function is 0 with convergence from the right. = lim,_g+109) = —00, hence

limy_, x fot #u)du = —(—00) = o0.
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Appendix B

Proof of the Lemmas

B.1 Proof of the Lemma 1

Let f(-) and S(-) be the kernel density and survival functions, respectively, of
a DPMM. Assume that f-) > 0 for all t> 0 or for all ¢ > ¢, where ty > 0 is some finite

value. The corresponding mrl function of the DPMM with L components is given by:

_ fzoo ZZL:1 plS(u\Gl)du _ Zlel P ftoo S(u|0;)du
m(t|Gr) = SEimSHe) T S mS(te))

Note that lim;_.oo Zlepl ftoo S(ul@;)du = 0 and limy_,o ZleplS(t\Ol) = 0, so by
L’Hopital’s Rule we have:

4ol o [0 S(ul8;)du
4 S pS(tley)

= > S(t6y)
- Zlel plf(t|0l)

limy oo m(t|Gr) = limy—s o0 = lim¢_y00

Once again the limit as ¢ goes to infinity of both the numerator and denominator is

zero, so applying L’Hopital once more we have the following:

— Xy nf(H6)

limy—oo m(t|Gr) = limy—e0 St (t6))
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Suppose that the mrl function, m(¢|@) of the kernel distribution tends to infinity as
t — o0o. Then, we have:

—f(t161)

77 S (u|@)du . —S(t0) _ . _
t = lims 00 Ttl‘@) = limy 00 77779 = ©

In other words, lim;—.o(—f(t|0)/f'(t|0)) = 0, so —f(x]|@) grows at a much faster rate
the f/(t|@). Hence f'(t|0) is “ little-o ” of —f(¢|@): f'(t|@) € o(—f(t]@)). Returning
now to the mrl function of the DPMM, for each component | = 1,...,L: f'(t|6;) €
o(—f(t16;)) < pif'(t]0;) € o(—pif(t]0;)) since by definition of “little - 0” Ve > 0 there
exists to; € R such that |f/(¢|0;)| < €| — f(t|0;)|Vt > to for | = 1,...L. Multiplying by
pr > 0 on either side gives py|f'(¢[01)] < epi| — f(t|00)] < |pof'(t]00)] < €] — puf(00)]-
Since this last inequality holds for all [ = 1,..., L we can apply the sum over [ on both
sides obtaining Zle lpof!(t10;)] < Zle €| — pif(t|6;)]. We can bound the left side of
the inequality below using the triangle inequality, | Zlel pf'(t0))] < ZZL:1 lpif!()6y)]-
Meanwhile, the right side of the inequality can be written as Zlel el — pif(t)6))| =
€| —Z{‘lelf(t|0l)| since —p; f(t]6;) < 0 for each [ = 1, ..., L. Thus, we can make the fol-
lowing statement: Ve > 03ty € R such that | S35 prf(£0))] < €| — Sor, pif(t|6)) |9t >
maz{to1, Loz, .-, tor.}. In other words, 331, pif'(t10;) € o(— S 1=, pif(]8;)), and there-
fore,

— S mf(t6)
Sy pif!(t16))

limy— oo m(z|Gr) = limy_s 00
Now suppose that the mrl function of the kernel distribution tends to zero as

t — oo. Hence, we can say that S(t|0) € o(f(t]0)), since we have the following:

limy oo m(t|GL) = limg0 ?éf{gi =0
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Thus, in the DPMM we have for each component, | = 1,...,L, S(¢|0;) € o(f(t|0;)) <

»S(t16;) € o(pif(t|0;)). From the definition Ve > 03ty; € R such that |p;S(t6;)]

IN

IN

elpif(t|6;))|Vt > to;. Applying the sum over the components gives us Zlel |p1.S(t)6)]
Zlel e|lpif(t|6;))].- The left side of the inequality can be written as Zle |pS(t6;)| =
| S°F  p1S(t|6))], similarly, the right side can be written as S, e[p f(t18)))] = €| 1,
pf(t|6,))]. Hence, Ve > 03ty € R such that | 1, piS(¢|6))| < e Sf2, pif(t0)))|vt >

maz{to1, to2, ..., tor. }. In other words, ZlelplS(t\Hl) € O(Elel pif(t]6;)), and therefore,

S mS(He) _

limg o0 m(t|GL) = lims oo SEomfte)

B.2 Proof of the Lemma 2

Let .# be the space of absolutely continuous distribution functions on R with
finite mean, p < co. Let .# be the space of continuous mrl functions. Consider the
class of gamma mixture distributions, C. Now, let m(t), for ¢ > 0, be any mrl function
in .#. We can obtain the survival function corresponding to m(t) via the Inversion

Formula:

S(t) = %emp <_ f(; m%u)du)

Hence the corresponding distribution function is defined by F(¢t) = 1 — S(t). Now, we
know that C is dense in .%. Particularly, if we define a sequence of distribution functions,

{F.(t)} CC, as follows:

Fo(t) = X5 [F () = F ()] Fr(Elt,n)
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where [F (%) - F (l%)] are the corresponding weights of the gamma cumulative dis-
tributions functions, Fr(t|l,n), with shape parameter [ and rate parameter n.. Johnson
& Taaffe (1998) show that for any ¢ > 0, lim,,— F,(to) = F(to). That is the sequence
{F,(t)} converges weakly (or pointwise) to F'(t). For the case of a finite mixture, the
sequence is defined such that the limit of the sequence as the number of mixture com-
ponents tends to infinity is also taken. Note that since {F),(t)} converges weakly (or
pointwise) to F'(t), then the sequence of survival functions, {5, (t)} converges pointwise
to S(t), since limy, ;00 Sy (t) = limy, 00 (1= F,,(t)) = 1 —lim, o0 Fi(t) = 1—F(t) = S(t).

Define the sequence of mrl functions, {m,(t)}, through the sequence of survival

function, {S,(t)} by the following,

S (u)du
mp(t) = L Sn((t))

Consider any tg > 0, then take the limit of the sequence,

i " i ftzo Sn(u)du lim,, s o0 ftzo Sn(u)du
A mate) = lim e = e )

The limit can be distributed in the last step as a basic property of limits provided the
limits exist and the limit of the denominator is not zero. Upon evaluating these limits,
we will show all these requirements are met. The bottom limit is trivial since {Sy(¢)}
converges pointwise to S(t) which is bounded by 0 < S(t) < 1. The nontrivial step
is being able to move the limit inside the integral in the numerator. We can rewrite
[ Sp(u)du as pn, — fot Sp(u)du, where p, is the mean of the nth distribution in the

sequence.

I _ [t . . .
= lim m,(ty) = Hhin o0 [M” 0 S"<u)d“} R e 30 Sy (w)du

n—o0 lim,, 00 Sp(to) limy, o0 Sn(to)
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Now, we will establish that pu,, is finite for every n, and that lim, oo ttn, = u:

fin

'y

Iy

r

1
21

|

l

n

l

n

l

n

/OOOSn(u)du/Oool

)
R
R

o= 713 (5)
)
)
Vs

| —

n

-1

n

-1

n

[ ()

(ul|l,n)du

p (!
(5

(1= Fr(u|l,n))du

ﬂ Fr(ull, n)du

I,n)du

where Sr(u|l,n) is the survival function of the Gamma distribution with shape [ and

l

rate n. Now, since [F (5) - F (Z_Tl)] Sr(u|l,n) > 0, by Tonelli’s Theorem, we can

= Hn

&h

u) du

du+2/

l/n

IN

EEORICHIG
/uf)/nf(u ](> Z//:/n
>

exchange the summation and integral:
[ ()] [ s
=1
> (Z)
n
=1
< Z l/n

u + ) /

=1 1)/"
e 1
[ usans [ s
0 0

(¢)om

1)/n

,u—|—f<oo

where the last inequality holds since we are assuming F' has finite mean. The inequality,

tn < 1+ (1/n), also provides the following upper bound for the limit:

)

We can also establish the following lower bound for the limit,

2 o () 000z 2

1)/n
Therefore, by Squeeze Theorem, lim,,_ tn, = u.

= lim p, < lim

n—oo n—oo

h wf(u)du =

0

w)du > lim

n— oo

u)du = lim
n—oo

lim g, = lim
n—oo n—roo
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Using the fact that S, () < 1 and S, (¢) converges pointwise as n — oo to S(t),

by the dominated convergence theorem,

to to to
lim Sp(u)du = / lim S, (u)du = S(u)du
0

n—oo 0 n—oo 0

Returning to the limit of the sequence of mrl functions,

li n—00 n_l. n— 00 tOSn d - tOS d
= lim m,(ty) = n— “' e fo (u)du _ K fo (u)du
n—o0 lim,, o0 Sy (to) S(to)

ft(;o S(u)du

= T St m(to)

Hence, {my(t)} convergence pointwise to m(t), providing the denseness result for con-

tinuous mrl functions under gamma mixture distributions.
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Appendix C

Posterior sampling from the gamma

DPMM

As we stated in the text, posterior samples of the unknown parameters can
easily be obtained using the block Gibbs sampler for DP mixtures described in Ishwaran

& James (2001). Recall that our full hierarchical model is given by,

110, w; " D(ti|efi, ePv)
wilp ) pidi(ws)
=1
pla ~ f(pla) (SB)

91 = (0l7¢l)/‘lj’72 Z’Z\el N2(<9l7¢l)/‘p’72)

with priors: a ~ I'(a|aq,ba(rate)), u ~ No(play, By), and X ~ IWish(X|ax, By),

where f(pla) = oL~ 150 (1 = p1) 11 = (p1 +p2)) "L X oo x (1= X7 p) L is a spe-

cial case of the generalized Dirichlet distribution as is Connor and Mosimann Con-
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ner & Mosemann (1969). Let n* be the number of distinct components of w where
w = {W;‘ : j = 1,...,n*} are the distinct components. Let ¥ represent the vector
of the most recent iteration of all other parameters. For ¢ = 1,...,n, let §; = 0 if ¢;
is observed and §; = 1 if ¢; is right censored. Finally, let b = 1,..., B be the num-

ber of iterations in the MCMC. Then B samples from the joint posterior distribution,

p(p, 02, w,p, \, 72, p,a)|data) are obtained for b=1,..., B + 1:

Sample from the posterior conditional distribution for 8; for [ = 1,...,L: If [ is not

already a component: [ ¢ {W;(b) cj=1,..,n0}
p(B, 6" Vldata, W) B Ny(u®, £0))
If [ is an active component: [ € {W;(b) j=1, ...,n*(b)}

—6; [ roo s
P61, duldata, ) o No((01, 61’110, %) Timssy [DCEle?, e2)] % [ [ Duile®, ) du,

We use a Metropolis-Hastings step for this update. We sample from the proposal distri-
bution (0], ;)" ~ Nz((Hl(b), gbl(b))’,cSQ), where S? is updated from the average posterior

samples of 3 under initial runs, and ¢ > 1. Draw n ~ Unif(0,1).
Na((67:07) 1 ® 2T, [0ei1e 0] [f° Dusle% o]

(b)
M«%W@“NMMZ@UHWh¢mJNm¥la

set (6", 0" "VY = (6], 67

5
=w®)y

Ifn <min< 1, o

b 5
5! D) ]

=3, 0
)} |:f;: T'(usle’ ,e¢l )du;

else (91(b+1)’¢l(b+1))/ _ (Q;b)a¢§b))/'
Turning to the update for p, we have:
p(p|data, ¥) x f(p|a) Hlelpfwl My =W{i:w; =1} ,l=1,...,.L
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p(ptY|data, ) &Y Generalized Dirichlet Distribution

To sample from this distribution, for [ = 1,...,L draw latent variable: Vl*(bﬂ) ind

Beta(1+ M, a® 2L M), Now set p"t!) = v ®+D) poHD) — e @HD 17t (q

r=1
vy 1=2,., L= 1), and pPY = 1 = LY,

Now we update w; for 1 =1,..,n:

d _
p(wgbﬂ) |data, ) v Zle Prid)(-)

g1 4 (b+1) 1-4; (b+1)  (b+1)
S|

6'L
pl(b+1> [F(ti|e l I [(u;le?t e )duz:|

(b+1) [

t

l=1,..,L.

where p;; =

(b+1) (b+1) 11 (b+1)
Elelngl) F(ti|eel 7e(bl ) [ftio F(ui\eel ,e¢l

For the update for p we have:

p(pldata, ¥) o H{lew*} No((0r, ¢l)/‘ﬂ7 2)N2(””al“ BM)

draw

p(p®tD|data, W) ©< Ng(mM,SZ)

-1
where m,, = SZ (B/jla“ + 3! Z{lew*(b+1)} Ol(b“)) , 5’2 = (B;1 + n*(b+1)2—1(b)> )

Turning to the update of 3, we have:

p(Xldata, V) o< [Tgewey No((01, ¢1)' |, 2)IWish(Z|ax, By)
p(ZtD|data, ) draw

IWish(n*®) +ag, By + 3 egeoiy (0 — p0 D)@ ) — 0y
Lastly, the update for « is given by:

plaldata, W) oc I'(@aa, ba) f(pla)

pla*Vldata, ) YT (L + ao — 1, - L log(1 — V) 4,
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Appendix D

Posterior sampling and Conditional

Predictive Ordinate for gamma

DDPMM

D.1 Posterior sampling from the gamma DDPMM with

random covariates

Here we show the algorithm used to obtain the posterior samples of the param-
eters in a gamma DDPMM is the presence of a single random continuous real-valued
covariate. We use the blocked Gibbs sampler described in Ishwaran & James (2001),
with Metropolis-Hastings steps when conjugacy is not obtainable. The full hierarchical

version of the model is written as,
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(tis, Tis)|Wis, 0;

WisH(Cls)}

{(Ge, Gr) e b

(91,@)/‘#:2

u

>
BilA, 72

Kila, p

ind
kS F(tis ‘eewis ) ePvis )N('ris‘ﬁwis7 K )’

Wis

fori=1,...ns and s € {C, T}

L -1
2SN = Go) [ Gsdou(wis),  fori=1,..,ns and s € {C, T}
=1 r=1

~

itd

iid
~Y

Biv — Beta({(Gc, Q1) }Hev, b)

Go=UW, CGr=VW, forl=1,.. L

v Beta(a,1 —b), V i Beta(a,1 —b),

W % Beta(1 + a — b,b)

I'alaq, ba)

Unif(b|0,1)

No((0, ) |1, X)), forl=1,..,L
No(play, By)

IWish(X|ayx, By)

N(B|\ 72), forl=1,....L

I Y(k?%a,p), forl=1,..,L
N(Aax, b3)

r72|a;,by)

F(pa apa bp)

Let Lj be the number of distinct components, and wi = {wj, : j =1,..., L} be

the vector of distinct components for group s € {C,T'}. Fori = 1,...,ng, let §;5s = 0 if t;5
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is observed and ;s = 1 if ¢;5 is right censored for s € {C,T'}. Let ¥ represent the vector
of the most recent iteration of all other parameters. Let b = 1, ..., B be the number of it-
erations in the MCMC. The posterior samples of p(0, ¢, B, k%, w, ¢, u, 2, A\, 72, p, a, bl data)
can be obtained by the following algorithm:

Sample from the posterior conditional distribution for (6;, ¢;),8;, and 7 for [ = 1,..., L:

If [ is not already a component: [ ¢ wg(b) U w;(b)

p(9§b+1),¢§b+l)|data,\ll) draw No(u®, 50
p(8% V| data, w) B NAO), £20))

p(52* data, ) P2V 0-1(q, p0))
If [ is an active component in either or both: [ € W*C(b) ule W;(b)

p(elv gbl‘datav ‘IJ) X

1—6;5 oo dis
Ng((@l, le),“ln E) HsG{C,T} H{i:lzwig} [F(tis|€91, e¢l)] |:ft%S F(ui|691 , €¢l)dti

We use a Metropolis-Hastings step for this update. We sample from the proposal distri-
bution (0], ;)" ~ Nz((Hl(b), ¢l(b))’,052), where S? is updated from the average posterior
samples of 3 under initial runs, and ¢ > 1. Draw n ~ Unif(0,1).

If n < min {1,

/ r 11=0;¢ o / / Sis
No((6],6)) |n®, 5 ®) eeiory H{i:l [F(tis\eel el )] [ftis T (uislefl el )dti]

=w(b)}
(®) (b) 11 7%s () ()
b b 0 %) 0
N2((91( >v¢z( ))'W(b)’z(b))nse{c,ﬂ H{i:z:w(b)} {F(tisle Lt )} [ftis Puise’t e )dtz}

set (6,1, 0"y = (6], ¢})’

4

is

else (91(b+1),¢l(b+1))/ _ (Ql(b)’gbl(b)),
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p(Bildata, W) oc N(BiIA, 72) [aeqory Hipimw,,y N (@isl B 67)

b1 draw
p(B"V|data, ¥) T2V N(mg, 52)

—2(b -
where mg = 5% (“z () {ZSG{C,T} D fid=wia) mis] T Q(b))‘(b)>’

and s% = (TﬁZ(b) + Hl_Q(b) [ZSG{QT} 2 (i=wir) 1D_1'

p(m?\data, \Ij> X F_l(ﬁl2|a7 ,0) HSE{C,T} H{i:l:wis} N(xi8’ﬁ17 K‘l2)

p(/i?(bﬂ) |data, ) draw

rt (0'5 {Zse{C,T} Z{i:lzwis} 1} +a,0.5 {Zse{C,T} Z{i:l:wiS}(xiS — l(b'H))Q} + p(b)>

To obtain samples from p(¢|¥.data) we work with the latent variables {Uj, V;, W;}. The

posterior p({(U;, Vi, W;) }|¥, data) is proportional to,

(U, Vi, W)}V, data) o

L _ L _
HZL:fll UZ(ZT-:HA Myc)+a 1(1 . Ul)_b(l _ UZVVZ)MZCVE(ZT:Hl Myr)+a 1(1 _ W)_b(l _

(Zf:l+1 M'rC +MTT)+a_b

‘/IVVI)MZTVVl (1 _ VVl)b_l

Using slice sampling, we can introduce latent variables v; and ~; for [ = 1,..., L, such

that we have Gibbs steps for for each parameter. The joint posterior of interest becomes:

p({(Us, Vi, Wi, v, m) |, data) o

—1 (i M) +a-1 _ (SE,, Mop)+a—1 B
N it -0 b1(0<Vz§(1—Usz)MlC)Vl e 1-v)=

(qu:: MrC+MrT)+Oé—b b—1
“(gamza-viwpmr) Wi = (1-w)

Therefore, we have the following Gibbs steps for [ =1,..., L — 1

p(l/l(b+1)|\1,’ data) ~ Unif (07 (1-— Ul(b)w/l(b))Ml(g))
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p( (b+1) |\If data) ~ Unif (O, W(b))M(b>

(b+1)
p(

]\Il data) ~ Beta ( (>, l+1 ) +o,1— b) < { (loq(uwﬂ)))D
0,—1% l—exp| —H=~—
" ® O]

W ic

p(W, bH |‘11 data) ~ Beta ( (D>, l+1 TT )+ qu?,) +a+1-b, b) 10, m*)

(WD (b+1)

. l l

where m* = mzn{ T [1 —exp < o9/ V<b> )>] ) V(bl*l) {1 —exp <Og(<b))>} }
l

Set Clb+1 Ul(b+1 Wlbﬂ

(b+1)
p( \\Il data) Beta( i1 M, )—i—a 1 —b) o, tog ()
"w® —erp 7%(?

Cl (b+1) (b+1) Wl(b+1)

For the update for w;s for i = 1,...,ns and s € {C, T} we have:

p(wis|data, ¥) oc F(ti8|€gwis , ePvis )N (ws| B K’\zzvis) Zlel{(l —Qis) Hf;ll Crs }Or(Wis)

d -
p(“’g“) |data7 \Il) IEW Zlel plisd(l) (Wzs)

where pj;s =
(b+1) (b+1) 71— %is (b+1) $0+D) Sis
pls[r<ns|e91 el )] [f;jr(uiqe"z “ )duis] Nais|8" 17 F0)
(b+1)  (b+1) 71-%s o0+ L (b+1) dis
zlepzS[F<tis|eez ) [ft (st el )duis} N(aisl 8" 17 H1)

with prs = 1 — s and ps = (1 — G) [I12 Grs for 1 =2, .., L — 1.
For the update for pu we have:

p(pldata, ¥) o< No(play, By) [Ty No((61, &1)' |12, )

dr raw
)

p(u(b) |data, U No(my, Sﬁ)

-1
where my, = SZ (B ay + 3 1 ZL e(b)) Sﬁ, — (Bljl + LZ_l(b))

Turning to the update of 3, we have:
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p(S|data, ¥) o [T}, No((61, &) |11, =) IWish(Z|as, Bs)

p(ZV|data, ) draw IWish(L + ax, By, + ZZLZI(OZ(bH) — ,u(bH))(Ol(bH) — pbFDY)

For the update for A we have:

p(Adata, W) o< N(Aay, b3) [T N(Bi|A, 72)

p()\(b“) |data, ) draw N(my, s%\)

where my = s3 (5;2@\ +777 Zlel 51)

and s3 = (b;2 + T*Q(b)L)fl.

For the update for 72 we have:

p(r?|data, ©) < T~ (7%|ar, b,) [T, N(Bi|A, 72)

p(72+V|data, w) B2V 01 (0.5L +a7,05 | S, (8 - /\(bﬂ)ﬂ + bT)

For the update for p we have:

ppldata, ¥) o T(pla,, b,) [T, T~ (x7|a, p)

p(ptV|data, ¥) draw r (aL + ay, [ZZLZI K;Q(b+1)} + bp)

We do not have conjugacy for a and b, so we turn to the Metropolis-Hastings algorithm
to update these parameters. The Bivariate Beta density of (., (r), has a complicated

form, however, we can work with the density of the latent variables, (U, V, W):
p(a, bldata, ¥)

Unif (00, )T (a|an, bo) [T 5" Beta(Uy|a, 1 — b)Beta(Vja, 1 — b) Beta(W;|1 4 a — b, b)
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We sample from the proposal distribution,
(log('),logit(t))" ~ Na((log(a®)),logit(b®)),cS?,), where S?, is updated from the
average variances and covariance of posterior samples of ((log(«),logit(b)) under initial

runs, and ¢ is updated from initial runs to optimize mixing. Draw n ~ Unif(0,1).

If n < min {1,
I(e/|aa.ba) [177) Beta(Ui|o! ,1-b') Beta(Vi|o/ 1-b") Beta(Wy|1+a’ —b' b )a'b (1-b')
I(a®aa,ba) [T} Beta(Uy|a®),1-b®)) Beta(Vi|a®) 1-b®)) Beta(W;|1+a®) —b®) b)) a®)b®) (1-b(1))

set (a(b-ﬁ-l)’ b(b+1))/ — (a/, b/)/

else (a®+D, p+DY = (a®) p®)y

D.2 Conditional Predictive Ordinate for gamma DDPMM

Here we provide the details of how we arrived to the expression necessary for
computing the CPO values under the gamma DDPMM. As our data example in Section
3.4.1 does not contain any random covariates, we will derive the expression without
covariates, however, the derivation can easily be extended to include random covariates
in the curve-fitting setting.

Recall that the model, under the truncated version, can be written in hierar-
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chical form as,

ticfwic,e ind F(tic\é)wm) fori=1,...,n¢

tir|wir, 0 ind I'(tir|Ow,,) fori=1,...np

wi{Ge. ary ~ ] HZ [ (1—Gs) HCrs] 81(wWis)

se{C,T}i=11=1

iid
0l|l~l/72 ~ NQ(OI‘IJHE)
iid )
(Go, Gr)|a, b~ Biv — Beta((¢o, Gr)|e,b) forl =1,...,L —1

with priors, a ~ I'(a|aq, ba), b ~ Unif(b[0,1), p ~ No(p|a,, Bu),
and X ~ [Wish(X|ayx, By).
Let ¥ = (a, b, u, X). The predictive density for a new survival time from group

s € {C, T}, tos, is given by:

p(tos\data) = f fr(tOswwoS) (ZlL:1 pls(sl(WOs)) p(e,p,w, \P‘data)dWOSdedepd\I’

= (ZZL plSF(tos|01)) (8, p, w, ¥|data)dOdwdpd ¥

Let s’ be the experimental group that s is not, data = {ts,ts}, and A be the

normalizing constant for p(0, p,w, ¥|data). Namely, p(0, p, w, ¥|data) =

{T172, T(tis16w,,) }{H" D (t 10w, }p 0.p,w,0)
J{TLE, Tl ) HIT T, /|0ww,)}p (0,p,w,¥)d0dwdpd¥

Note that p(0, p, w, ¥) = Na(6]. ) (122 X1 predilwis) ) (T2 SSE prodi(wie)

Biv — Beta(p = ((s, (s)|a, b)I'(a]aq, ba)Uni f(b|0, 1) No(p|ay, Bu)IWish(X|ay, By).

The CPO of the ith survival time in group s is defined as,
CPO;s = p(tis‘t(fi)sv ts’)
= [T (tislOwo.) (Fs 1ot (w05) ) DO, D Wiy, W)dOAW ) ApdWdwo,
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where w(_;), is the vector w with the it" member of group s removed. Similarly,
data(_;), represents data with the it" member in group s removed.
Now, consider p(8, p, w(_;),, ¥|data ;) =

(data |9 W( z)s) (avw(—i)svpa \I")
f (data ‘0 W(- ) (0 W(fi)svp)\lj)dw(fi)sdpd\lj
{Hm (ts164,.) }{H"s’ D(tig |0, } PO, P, W(_i)s ¥)
f {H?yéz ]S|0WJ6 } {H 18’|0W¢S/)}p(07p7w(7i)sv\Ij)dOdW(fi)sdpd\Il

Let Bjs be the normalizing constant of p(8, p, w(_;),, ¥|data(_;),):

Bis = f { J?éz ]S|0W]S } {1—[;1;/1 F(ti8l|0Wisl)}p(0’p7 Wi(—i)s» \I’)dadw(—i)sdpd\l’

Then, we can write

{I1721 T (tis| 0w )} {TT2) T (tis 10w, ) } p(0, P, W, ©)
str( zs|0Wis) (Wis‘p)

A p(6,p, w, U|data)

Bis F(tis|0Wis )p(Wz’s ’p)

p(07p7w(—i)s7 \P‘data’(—i)s> -

Thus,

CPO;s = /F(ti5|0WOs)p(W05|p)p(05p7W(—i)sv\Il)dedw(—i)sdpdqjdwos

= /F(tis|9w05) </p(W037Wis’p)dWis) p(evpaw( i)s» )dOdW( i)s dpd¥dwos

A / F(tis ‘OWOS )p(W0$7 Wis |p)
Bis F(tis |0Wi5 )p(wis ‘p)

(Note: p(wos|wisp) = p(wos|p))

A ZlL—l plsr(tis|9l)
= = 0 U |data)dwosdOdwdpdV
B O p(0,p,w,¥|data)dwo,dOdwdp

p(0,p,w, Vl|data)dwosd@dwdpdV
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All that is left is to be able to evaluate A/B;s:

) >_1 = /{HF tjs|Ow,,) }{ﬁr(tis’ewmf)} </p(wis’w(—i)sap)dwis>

J#i

1
xp(W(—i)s|p)p(p, 0, ¥)dOdw ;) dpd¥

- A/{HF tjs|6w;. ) }{Hr(tis’aww,)}p(e,p,w,\I/)dﬁdwdpd\ll
i=1

J#i
1 {Hj;éz J8|0Wgé }{H zs’|0WiS/)}
N A/ T (tis]Ow..)

1
= - (0 U)dOdwdpd¥
/F(twwwm)p( ,p, W, ¥)dOdwdp

p(0,p,w, V)dOdwdpd¥
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Appendix E

Posterior sampling for model for mrl

ordered populations

Here we show the algorithm used to obtain the posterior samples of the pa-
rameters under the nonparametric Erlang mixture model for mrl ordered populations.
We use a Pélya-urn based MCMC, with Metropolis-Hastings steps when conjugacy is
not obtainable. By introducing two sets of latent variables, w = {wy : k = 1,...,na},
z={z;:j=1,...,n1}, we can write the hierarchical version of our fully nonparametric

Bayesian model for inference for mrl ordering between to groups,
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M—
ind
t1j|Wj,Zj,¢9 S Z t1]|0 ]l(m 1)6, mG](mzn{W]VZJ})

+En (t1510) L((ar-1)0,00) (Min{wj, 2;}), G =1,....,n
oM
tok| Wy 4k, 0 N ZEm(t2k|9)11((m—1)0,m9](Wn1+k)
m=1

+En (2] 0) L ((am=1)0,00) (Wna k), K =1,...,n2

iid .
zi|lGh ~ Gi, j=1,...m
iid
Wk|G2 ~ G, k=1,...,n1 + no

ind
Gilan, ¢ '~ DP(oy,Go = LN(w,07)), 1=1,2

ind ind

with the following priors M ~ Unif(2, Myaz),cu ~ I'(@arba), i~ N(au,,by),
o} ind I Y(ag;,bs,), for I = 1,2, and 6 ~ T"Y(ag,bg). Let a = {ay,az}, and ¢ =
{11, po, a%, ag}. We need to obtain samples from the full posterior distribution,
p(G1,Ga, z,w,0,a, ¢, M|data). In order to do so, we break the full posterior distri-
bution into the posterior joint marginal of the posterior parameters and the poste-
rior conditional of the random distributions given the parameters Antoniak (1974):
p(G1,Ga,z,w,0, x, p, M|data)
= p(G1|z, a1, 1,02, 0, data)p(Ga|w, g, pa, 03,0, data)p(z, w, 0, o, ¢, M|data).
Repeated sequential sampling from the following conditionals yields the algo-
rithm used to obtain posterior samples from p(z,w, 0, o, ¢, M|data). For i = 1,....,m
let 6;; = 0 if ¢;; is observed and d0;; = 1 if ¢;; is right censored for [ € {1,2}. Let n}, be
the number of distinct components in w, and w; = {w} : k = 1,...,n2} be the vector

of distinct components in w. Let n} be the number of distinct components in z, and
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= {z;‘ :j =1,...,n1} be the vector of distinct components in z For i = 1, ..., ng, let
dis = 0if t;5 is observed and §;5 = 1 if ¢;5 is right censored for s € {1,2}. Let ¥ represent
the vector of the most recent iteration of all other parameters. Let b = 1,..., B index
the iterations of the MCMC.

Define the function k(t|0, M, min{w, z}) =
>t €m(t110) L (m1y0.me) (min{wy, 2;}) + enr (t1510) L (s 1)0,00) (Min{w;, 25}),
and define K°(t|0, M, min{w, z}) =
Yoot B (t110) 1 (m—1)0,me) (mind{w;, 2 }) + B3y (t1510) (01— 1)0,00) (min{w;, z;}).

For j =1,...,n1, we update {wj, z;} by:

p({Wj,Zj}‘{WT,ZT ir #j},q/,data) X

(11510, M, min{w;, 2 DI (K5 (14510, M, min{w;, 2 })%5p(z|{z : v #

j}vqj)p(ijWr T 75.7}"1])

. 1
where p(z;|{z : 7 # j}, ¥) = ﬁLN(Zj’MbU%) + ﬁ ZE&] 6z, (2))

. -1
and p(w;|{w, : 7 # j}, ¥) = WLN(WJW%%) a2+7111,1 Zg&] Sy, (W)
We use a Metropolis-Hastings step for this update. We sample from the
prior as a proposal distribution, w; ~ p( |{W( < j},{wgb) :r > j1V¥) and

z; ~ p( |{z(b—H r<j} {ng) :r > j}W). Draw n ~ Unif(0,1).

If i d 1 ks 100, M) min{w’,2/ )] 13 [KS (115100, M) min{w’ 2/ })]°1i
s man L [ (t1510®), M®) min{w® 2P )10 (K5 (t;00), M®) min{w® 2()1)]°1s
J 7 J ’ ’ %
(b+1).
Set {W] } - { J? ]

else {W§b+l)’z§b+l)} :{ W, Jb)}
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For k =1, ...,n2, we update wy,, 11 by:

P(Way 4k [{wr : 7 # n1 + k}, ¥, data) =

-1 —
qoh(Wn1+k|9,M70427M2,0'§)+Z:¥n1+k nc"e’“ps ([k(t2k|97M7Wn1+k}1 2k [Ks(t2k|97M»Wn1+k)]62k )Jwﬁ (Wn1+k)

-1 —
610+Z:L§Zn1+k P ([ (tan 0, M w1 k)"~ 02k [KS (tok |0,M,Wn 4 1)]°2k )6\ (W k)

where g =

0 (21 e (tan )12 3 (42 10)]52 [N (mlj. 03) — LN ((m — 16z, o3)] )

+ag ([ear (bax]0)] 02 [ER; (t2k]0)]°2% [1 — LN((M — 1)8| 2, 03)]), with LN(-) represent-
ing the cdf of the gamma distribution), and h(w,, |0, M, az, pg, 03) =

Qg [k(tor |0, M, W, 14)] 0% [KS (o]0, M, Wn1+k)]62k 90(Wny +k| 12, 03) /qo, (where go(-) is
the lognormal density function).

We update M and 6 together, since the two parameter are highly correlated:

P(M, 01, data) ox (T3 K(t1516, M, mindwss, 25 D' (K5 (11510, M, min vy, ) )

X ( 22:1 [k(t2k|97 M, Wn1+k’)}1_52k [Ks(t2k|07 M, Wn1+k)]52k) F_1(9|a97 b9)

We use a Metropolis-Hastings step for this update. We sample M’ ~ Uni f(max{2, M ®) —

S}, min{ Mypaz, M®) + Spy), and log(6') ~ N(log(0®), S2). Draw n ~ Unif(0,1)

(T2 k(1102 i {0 2D =003 (K0S 4007 M7 i {0 2070 )0

Ifn <min<1 - :
" (T2 k(1 10® MO i {0 20D D015 K (4100 MO i {we D 20D )17

(T2, oCtar 0/ M )02k S (a0, w0 )]920 ) D1 (8 g by )0/
(HZi1[k(t2k|9(b>vM(b> (b+1))}1 ‘52k[KS(t2k|9(b> M®) W(b+l))}52k> ( b)|a9,b9)9(b)

set {M(b+1), 9(b+1)} — {]\4/7 6’,}

else {M O+ g+ — Lp1(0) g(b)}
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For the update of a;:

> T
p(ai|nk, ¥, data) x I'(aq]aq, ba)a? F(a(f:fr)n)

Introducing the latent variable 71, we can update o via:

Sample n; ~ Beta(agb) +1,n1)

(b+1) #(b+1) 5 (b+1)

Sample oy ~ pl(aq +nz ybo —log(m)) + (1 —p)T(aq + ns —1,bq —log(m))

where p = (aq +n""" = 1)/{n1(ba = log(m)) + aq + 2" =1}

For the update of ag:

” r
p(aalni, ¥, data) o< T'(cz|aq, ba)ay %

Introducing the latent variable 79, we can update oy via:

Sample 7y ~ Beta(agb) +1,n1 + ng)

(b+1) #(b+1)

Sample a ~ pl(aq + nyw ybo —log(m2)) + (1 —p)T'(aq + n:,(bﬂ) —1,bq —log(n2))
where p = (aq +na " = 1)/{(m + n2)(ba — log(m)) + ae +ni" ™ =1}

For the update of py:

P =", n%, W, data) o< N(jutlay,, by) (T2 EN(2 s, 03))

Sample ugbﬂ) ~ N(my,s?)
n 0+

-1 #(b+1)
*(b+1) Sz log(2tPTY)
2 _ 1 ne — | 9 j=1 9% 2
where s7 = <bu1 + >20) ) and m = (bm + 220 57

For the update of us:
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p(¢2‘W*v n:vv v, data) X N(/‘Q‘auz’ b,uz) (sz1 LN(WZ‘:UJ% U%))

Sample ugbﬂ) ~ N(mg,s3)

(54+1) -1 20D log( *(,]H))
2 1 nw Qg k=1 09w, 2
where s5 = <bu2 + oI ) and m = b+ I 51

For the update of o3:
2] % % —1(.2 n; * 2
p(ot|z*,nk, ¥, data) x T~ (07|ao,, boy ) <| [;21 LN(zj|u1,al))

" n*(b+1)
Sample a?(bﬂ) ~ T Yay, + O.Emz(bﬂ), bo, +0.53 57, log(z*(0+1) — ,ugbﬂ))g)

For the update of o3:
p(o3|W*, ny, W, data) o T~ (030, b)) (T, LN (wilua,03))

) TTW

* *(b+1)
Sample o3 ~ T (ag, + 0505, by, + 050 log(w ) — p$0)2)
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