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ABSTRACT

Calculation methods for fixed-bed and countercurrent column separations
are reviewed. The controlling factors in performance are shown to be the
equilibrium isotherm and the effective rate of mass fransfer (which may in-
clude longitudinal dispersion). A general correlation of experimental rate
data is given, and comparison is made between theory and experiment in a few

representative cases. Finally, moving-bed and fixed-bed columns are compared

to determine the conditions under which their behavior is identical.



PROGRESS IN SORPTION SEPARATIONS: -
ADSORPTION, DIALYSIS, AND ION EXCHAUGE

A, DESIGN PRINCIPLES FOR GRANULAR-MATERIAL OPERATIONS

T. Vermeulen

The appropriate design method to be followed depends mainly on
the process arrangement selected =~ that is, upon whether the gepa-
ration 18 to be carried out in batch (staged) equipment, or semi-
continuous {fixed-bed), or continuouz {countercurrent) equipment.
Once the ealculation method is determined, the most gensral factor
in design is the stolchiometry of the separatlng agsnt. In the case
of adsorpgtion or dialysis, the stolchiometry will be determined by
the equilibriuwm behavior betwesn the fluid and solid phases; for a
given fon~-sxchange material, thoe sorption eapacity is usually inde-
pendent of the exchanging lon-psir and 1tz particular eguilibrium,

With well-known operations such as water softening, praectical
design often involves only the sorption capaclity and an empirical
efficiency factor. In less routine separations, a more accurate
prediction of performance should be mrde, Here equilibrium data
are essentlal, along with actual rate values or values esbtimated
from general meas-transfer theory. A complete design wlll reguire
the use of at least three dimenslionless variables, which correspond
to a stolcehiometric throughput ratio (Z), an sguilibrium parameter

{r), and a number of transfer units (¥). In turn, ¥ depends upon

*Part of the work reported here was dons in the E. 0. Lawrence
Radiation Laboratory, under the auspices of the U.3., Atomic FEnergy
Commuission.
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the molecular-diffusion Péclet mumber (to be defined), upon the
distribution ratlo between phases (D), and upon what mess-transfer

mechanism is rate controlling.

1. Equilibrium Relationships

In systems with only two flulid~-phase components, & solvent and
one solute, & simple plot can be drawn of the solute coneentration
in the so0lid phase, as a function of its concentration (or partial
pressure) in the fluld phase. Each such curve holds at only onse
particulayr temperature, and hence 18 known as an "isotherm.”

Three types of eguilibrium are shown schematically in Figure 1,
with the solid-phass concentration as ordinate and the fluid-phase
concentration as absclssa, Different types of columm behavior will
be obtained, depending upon the curvature of the iscotherm, If the
plot is concave upward, adsorption is less favcrablé &t low contcen-
trations than at higher ones, and the equilivrium is elassed as
"unfavorable.” If the plot is convex upward, regardless of its
abgolute value, the adsorption is "favorable." A simple "linear”
curve is intermediate; and many dialysis equilibria are linear or
nearly so. More conplex isotherms are poassible which are made up
of both unfavorable and favorable portions,

Isotherms can also bo expressged Iin terwms of relative fluild- and
solid-concentrations (x and y respectively), based on the maxirmm
concentration levelsz encountered in a particular separationj here
x = a/G0 or p/p0 and y = q/qu where 00 or p, is feed concentration
or partiazl-pressure, and qj'ia the solid concentration in equilibrium
with 1t. This typse of plot 1s shown in Figure 2; in such a diagram,

uged Cirst for lon exchange, the reason for the terms "unfavorable”
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and "favorable" becomes more evident.

The design of fized-hed separations centers about the ecalcula-~
tion of breakthrough curves, and wherever possible this is done in
terms of algebraiec equations, Bescause the egquilibrium debermines
the type of breakthrough equation to use, efforts are made to
represent the lsotherm by eguations which fulfill thse following
lirdtations: Either the isotherm relation itself (for favorable
equilibria) or its derivative {(for unfavorable squilibria) mst be
in a form that 1s explieclt in ths fluid-phese comcentration. For

gas-phase adaorption, the equation proposed by Sips (34) and ex-

tended by Koble and Corrigsn (26) Ls ons that meets these condi-
tiong, and combines the propertlies of the welléknaWn,Langmuir and
Freundlioch isotherms.

'sgiigp211

1+ KM

g = (1)
where p 1s the partial pressure of soclutej and a, EG, and M are
adjustable constants. If a = q,, the extent of adasorption in e

woncmolecular lJayer, this transforms to

M
T - (2)
1+ Kepﬁ

Y

To £it 8 "relative® isotherm, Equation (2) is rewritten for
q:'in terva of Py« Dividing this new relatlon into Equation (2),
ané zebting z = p/?e, gives

(1 + Kc')x‘“

Q
. M

ymwzﬂ

. (3)
9o 1+ Kc‘x
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where Kc’ = K,cpog. This result can also be obtained directly

from Equation (3), by a different cholce of aj that is, a =
q: (1 + KGpoM)/KoPaM' Unlike the preceding expressions, Equation
(3) also fits adsorption from a 1liquid phase. If M < 1 and also
M<(1l+ KC')/(l - Kg'), Bgquation (2) will represent an equilibrium
that is favorable throughout its rangej or, if M 1s greater than
each of these criteria, an equilibrium that iz unfavorable
throuzghout.

A guide to ilon-exchange equilibria is given by the Donnan

membrane-equilibrium relation (10). As observed by Bauman and

Eichhorn (L) and developed thecretically by others (18,33), there

13 a small uptake of fres slsctrolyte inte a resin, with equlvalent

R . ea , whlch provides an appreciable concen-

Ul

tration of oppositely charged ion. The equilibrium then provides

concentrations ¢

that the activity product {relative to a single standard state)
mist be equal in the sclution and in the resin phase:

R ognyn (R M (y)

(0 a (cxn")m Mo = G * O Ve O ne Ve
vhere y and v are solution and resin-phase activity coefficients,
rospectively. A second cation ME, exchanging with the first Ml’
will conform to a silmllar relation. The firat of these expressions
may be divided by the second, to eliminate the anlon concentrations;
with eg neglected relative to ¢, the quotient equation reduces to

the masas-action expressiont
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= ' —- = K {5)

As Rice and Harris (33) have shown, the Donman equilibrium indi-
cates a larger uptake of anlon by the resin when i1t contains more
of a higher-valence cationj; thus the activity coefficients for the
resin phase, in particular, will not remaln constant as exchange
progresses, and K will not approach a true constant except in the
homovalent case (my = mg). Empirically the effect of such factors
is to fit a mss-action expression with the exponent ratic m,/my
part way between unity and its true value. In general, Eguation
{4) is not explicitly soluble for ou, in the ways needed for
breakthrough ealeulation, and recourse mast be had to Equation (1).
As s practical mtter, the true isotherm will usually be fitted
approximately (whatever the valences involved) with a homovalent
type of mess-actlon equation. For a bipary equilibrium involving

pure resin B and pure solution A at the start (23),

QA (Q - qA) y rAB

vhere r is the squilibrium parameter or separation factor, analogous
to the relative volatility in distillation calculationsj and Q 1s
the total equivalent cgncentv&tion of all ions in ths resin phase,.
This relation 1s convenient to use and gives sufficlient accuracy

in most cases, even wheon m; ¥ .
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The type of fit which may be cobtained in a relatively extrome
case is shown in Filgure 3 for the data of Vasishth and David (40)

on the exchange reaction

Fe'*" ¢+ 3R == Fer, + 3H'

where R represents Dowex S50 resin, and the anion present is 010, .
The solid curve corresponds to Equation (5), with M, = Fs, My = H,
ey = 3, and mg = 1, The value of (KII)FQ/H determined from
Equation (6) will range from 52.3 to 3.74. However, a satisfactory
average is given by the point where y = 1 = x; namely, k¥ = §.0.
For blmary ion exchange invelving resin that initially contains

a uniform mixbure of ions A and B, and a feed solution also com~

%
o

and X, &8 the relative concentration (now, A) increases from zero

prising A and B, the solution coneentration will range between x

to unity; likewlse, for the resin phase, the relative concentration
W= 0 ecorresponds to y, = Voo and w = 1 correaponds to y, = y:.

The equilibrium parameter (45) then becomes

1X &%
po M1 -w) (KT - Dxo 41

(7)
e S N |

For adsorption in a colurm initially solute free, the same separa-~
tion factor r can be defined for the "relative” isotherm, Equation
{3), but only with M = 1, Then,

o x(1-3) - 1
ST S N B R 3 (&)




2. Kinetics

The effective rate of oexchange or adsorption is determined by
one or more of several alternate diffusiomal steps, as follows:

1. Mass tranafer fron the flowling phase te the external
surfaces of the sorbent particles,

2. Pore diffusion in the fluid phase, within the particles
(for most adsorbents, inorganic zeolites, and certaln newly
developed ion-exchange resins),

3. Reaction at the phase boundaries (usually lmmeasurably
fast).

. Diffusion in the solid phase {(or, for an adsorbent,
diffusion in the adsorbed surface layer).

5. In cases of moderately high mass transfer with extremely
alow flow rates, the breakthrough curves may be broadened by
eithey eddy dlspersion or molecular diffusion in the longltudinal
direction.

| The various modes of mass transfer are often handled in an
apparsnt-reaction-rate treatment, for mat hematlical simplicity.
The driving-potential expression, when combined with one of the
equilibrium-parameter relations {(Bquations 6-8), is converted
into a reacilon~kinetic form exhiriting sscond-order behavior in
both the forward and the reverse directions:

Kb
?:1'; ==T‘[x(1 -y) =~ ry(l ~ x)] (9)

where < iz time; D is the distributlon ratio of solute between
3011d and fluid (g} py/Ge), with p the bulk density of the
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packing, and € the vold fractiorn in the column exterior to the
partlcles; and b is a correction faetor which is often near unity
(22), and nearly conatant except for highly favorable equilibria

{(r ~0), {(When r is small, more exact rate equations are used
which do not introduce b, and a different approximation is intro-
duced to render such expressions integrabls.) The conductance
term, & , is the product of the effectlve muss~-transfer coefficient
and an interfacial area per unit volume, and has dimensions of

reciprocal time,

3, Flzed-Bed Performance

Performance astudies for fixed-bed columms are concerned with
the concentration history of the columm effluent ~~ that is, with
the varistion in concentration as a function of time or of volume
of effluent. Concentration calaulations mst make use of one or
another of a group of specialized resulits which take the place ef
a goneral sclution to the problem, The spscialized results can
be identified on the basis of conirolling mechanism (from among
those listed above) and of eguilibrium behavier (unfavorable,
linear, favorable, or completely irreversible).

Often it i3 & major problem to locate ths particular case
that appliea to a specific situation. Because of the variety of
possible mechanlsmas, rates determined experimentally camnot safely
be extrapolated %o other operating conditions except with full
knowlsdge of the theoretical behavior. A4 trial classification of

the various speclal casesa in columm-performnce theory, in terms

of the equilibrium and rate conditlions involved, has been glven
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in a recent review paper (43).

To achieve a reasopable generallty in the mathematical anal-
ysis, dimensionless graups/nms% be Tormed {rom the mumerous
variables, as has already been indicated, Among these groups is the
nurber of transfer units; N, or the mumber of apparent reaction

units, Np, defined as follows:

N, Kh
= _B= {(10)
b T

vhere h is the colum height, and U is the linear {low rate

through the columm (superficial veloeity divided by porosity).

The ¥.T7,U., and K.R.U. have been c¢alled "columm-capacity parameters"

(Z and s respectively) in earlfer work by one of the present

authors (22,23}; and"thickness modulus” by Hougen and Marshall (24).
The H.T.U, {(HE = h/W) is generally a function of the Reynolds

and Schrddt groups. BLmplirically, these bwo groups enter to nearly

the same power; hence their product, the Péclet group for mess

transfer, can be useds

a_Tue
Npy = P (11)

where Df is the molecular-diffusion cosfficient for the fluid
phagse. The H,T,U. is made dimensionless by dividing it into pare
ticle diameter to give the Colburn group (Eee = dp/H).

Use has been made of a large body of published breakthrough
datea, to arrive at correlations which isolate the separate effects
of external and internal diffusion and indlecate the experimental

onsot of eddy dispersion at low flow rates (22, §6). One such



«10-

correlation 1z shown in Fipure 4.
Addition of resistances, l.s. of reciprocals of the conduc-
tances, can be carried out with the ald of the b factors (22, 43)

to zive the effective over-all rate coeflficient K for Egquation (9):

Kb bef K?OI"QDf ijbp KLb

Here, subscript f designates ths fluid phase, p the particle phase,
and L the contributions of longitudinal eddy dispersion and/or
molecular diffusion. This method of corkining various mess-transfer
registances has long been known (cf. 1, 34); and in recent years
their additivity with the longitudinal-dispersion effects has been
established by Lapidus and Amindson (25) and Van Deemter and co-
workers (38).

The mes-transfer coefficlent for external diffusion, with
spherical particles having € = 0.4}, provides the following valuse

for the cosfficient Kia

0.5
D.Ue V°
Ke = %(L) (13)
he) d
P
The coefficlent for solid-phase internal diffusion is a
direct function of the particle-phose diffusivity:

60 D
P -}3%

For lon cxchange, in particular, Boyd and co-workers (7,8) have
reported extonsive basie data on resin-phase diffusivities,
A 8irllar equation applies for fluld-phase pore diffusion

within the solid atructure;



«ll-

60 D

Kpore = a—— (15)

with the diffusivity D always less than D, for the corres-

pore
ponding bulk fiuld,
The apparent conductance for longitudinal disperszion, chane

neling, and melecular-diffusion effects is

k, = U%/8 = u/L (16)

where E is the dispersion coefficient or diffusivity that dezcribes
thils process; and L iz an effective mixing length., Experimental
studiss yioeld

a €
= 2 — (17)
[y, )pel(R + 1)

The Péelet-group term for dispersion, (Nye)ﬁé, 18 asproximaiely
1/6 for 1iqui&s in laminar flow (9, 13, 25); and about 2/3 for
liguids in turbulent flow {25) or for gases in cilther Llow regims
(30).

Experimental data for H.Y.U, can be compared wlth Figure i
in order to provide numerical values for the diffusivities Df and
Dp {with Dpcrﬁ ineluded {mplicitly in the latbter), Once these
two diffusivities are known, together with easential squilibrium
and concentration data, Figure L i3 of gensral use for predlcting
the N ~=- apd hence the breakthrough curve -« for any proposed
operating condltion.

In recording the concentration history for a column effluent,

the independent variable is the total time of passage of solution,

or the total volume of zolution passed through the columm, or some



function proportionil to each of these two terms. A Sirouzhpul

ratio can be defined which expresses thse total moles of golule

fed, ag a function of the atoichiomstric capacity of the columm:

V- hS¢
v

=

2

Y - bS¢ | (18)

stoic Dha

Here V is the volume of feed solution introduced, hS iz the void-

volume of the columm, and V is the volume of feed which would

stolic
Just saturate the colurm if exchange were complete, The product

NZ or NpZ 1s used frequently; it has been called a "solution-
capacity parameter” or a %time modulus® and is also designuted by

® or t.

The relative ateepness {or "shurpness") of breakihrough curves
inereases with decreasing r, and with increasing W. Typical be-
havior is indicated in Plgure 5, for a corxblnatlion of three values
of r and three values of N. The curves for r = 0.5 corrsspond to
& Pavorabls equilibrium, and exhibit & “constant-exchange-zone"
shape or "constant pattern™. Such curves are termed "self-gharpening"
bhecause their‘slope increassg 1 thg absclissa ls expressed on a
stolchiometric basisg; f.e., on a 4 scals., Experimental data illus~
trating this case will be siven below. The essentlal derivations
have besn published by Drew, Spooner, and Douglas (12) and iichaels
(31) for external diffusion controllings by Wicke (4&), Glusckauf
and Coates (17), and Vermeulen (42) for Internal diffusiom; by
Acrivos (1) for pore diffusion; and by Bohart and Adams (5) and
3i11én (35) for the reaction-kinetic method.

The other extreme of behavlor is shown by the curves for o
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= 2 (an unfavorable equilibrium) which follow s “proportionate pat-
tern.” Relative to the stoichlometric breakthrough polnt, these
curves show no tendsency to incresse in sharpness. This case has
been treated by DeVault (10), Walter (46}, Wilson (49), and Weiss
(47).

The behavior of the linear~equilibrium curves (r = 1) iz seen
to fall bstween the other two limiting cases. The avalleble solu-
tion for the analogous case of regenerative heat tranafer was {irst
applied to ion exchange and adsorption by Beaton and Furnas (5),
Boyd, Myers, and Adamson (7), end Hougen and Marshall (24).

Breakthrough equations are obtained by solving a rate expression

simultaneocusly with the material-balance (or "continuity") relation,

(.9&) (9_) (10}
LN /g N /g

Por the general csae of a non-~linear equilibrium, the rate is

given by Equation (9) which can be rewritten in dimensionless terms:

)}

L\ = x%(1 - y) - -
(BZH> 2 X(1 = ) - ry(l - x) (20)

At any one value of r, an entire family of breskthrough curves 1is
needed to describe the solutions of Equation (22) for different
veluea of N. Pigure 6 shows such a femily plotted for r = 1. This
result, originally cbtained by Anzelius (2) for heat transfer, is

useful in solving analytically for non-linear equilibris (r # 1)

end is therefore designated as & apeclal function g. By comparison
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with Pigure B, it i3 seen that these curves would be S-shaped if
they were plotted on linear coordinates.

The expliclt sclution of the general non-linsar case was first
obtained by H, C. Thomas (38). It can bebexprasaed es

J(r¥p,28g )

x = (r=I W, (21 ”
J{r¥p,2ZN,) + o 1 - g(nﬁ,rZNR)j

(21)

Crosa-plots and numericel tables for this solution have been com-~
puted by Hiester and coworkers (22,32). A rapid approximete method
for breskthrough-curve estimation, applying to this situation as
well as to the others considersd sbove, has been given recently by
Vermeulen and Hiester (43). Por r < 0.5 and r > 2, Equastion (21)
gensrally reduces to simpler forms that represent the constant-
pattern ca%e and the proportionate-pattern case, respeetively.
Constant-pattern behavior is shown in Figure 7 by two ¢urves
for ferrie-ion breakthrough, from Dowex-50 beds initislly in the
hydrogen form, as reported by Vasishth and David (40). The lefi-
hand curve corresponds teva shorter column (45.5 cm.) and higher
concentration level (0.51 N); the right-hand curve 1s for a 61 cm.
column, at 0.40 N. The principel rate-determining mschanism is
solid-phase diffusien, as shown by the f£it of the s0l1id curves.
The deshed curvaes, for external diffusion and for pore diffusion
(which 1s eertsinly inapplicebls) have entirsly different shapes.
The breskthrough equation applicsble teo solid-phase diffusion (42)

ls



In plotting theas curvses, it has besn assumed that r» = 0. The
observed deviations in shape may ba due partly to this assumption,
partly to the presence of channeling and longltudinal dispersien,
and partly to thé renge of particle sizes used (20-50 mesh, rather

than & single wniform dismeter ).

4. Chromatography

"In chromstography, only s small amount of fesd solution, con-
taining the components to be separated, l2 admitted to the column.
These solute components are then cerried through {eluted) by a
cgrrier phase (the elutant) that initielly is free of them. The
solutes travel through the column as “ands or zonzs at slightly
different velocities. 1If the column is long enocugh, the zZones
will draw apart completely from one another, and may be rscovered
in the effluent as separate solutions of easch individual solute.

The term "chromatography” stems from the fact that colored
plant sxtracts were the flrat materinls tc be separated by this
method. It now applies to any situatlion in which two or more
mixed solutes are fed to & column, and are then eluted under con-
ditions which provide at least a partiasl separation.

Movenent of each zone through the adsorbent occurs by the
following mechanlam: Fluid on the upstream (traillng) side of a
zone is underaaturated with reapect to the adsorbed component and
continually takes it into solutlion. Passing bsyond the peak of
the zone to the downstream (lesding) side, the same fluild is super~
saturated relative to coexlsting adsorbent and hence gradually

redeposits the sclute component.



1B

A zone obeying a linear equilibrium would rstain s conatant
" rectangular shape, in the event that complete equilibrium could be
maintained between solution and resin at each peint in the column
at all times during its slution. Actuamlly, equilibrium cannot be
maintsined, bscause of the mags~transflfer resistances and also
longitudinel dispersion, and hence the zone undergoes a continual
spreading. An initislly reetangular shaps changses to a flattened~
top bell shape, and this in turn develops into a fully peaked ball
shapsa.

A linear equilibrium (r = 1) is approsched in many c¢aass.
The equilibrium parameter given by Eguation (7) is applicable to
nearly all chromatographic ssparations, with x:ia 0. Thua, as Xo
(the effective fesd concentration of the solute in its mixture
with carrier component) is decrsased, r changes from its refersnce
value of l/K.II end becomes progressively nesrsr to unity. For
"trace" chromatograms where r is within sbout 10% of unity, with
Np >50 and 2__, < \/EZ§; , & Gsuasisn-distribution equation is

obtained (15,23,44):

~(R./8)(z' +0.52 . -1)°
dA/(OA )max = 8 R gat (23)

where z' is measured from the start of the elution peried. This
same result is obtained from the "plate theory" (28,20), with the
number of thsoretical plates equal to cns-half the N.T.U. or ¥.R.U.
A reolative sharpening of each zZone occurs as ths length of
column traversed increases, becsuse the spreading of the zone is

approximately proportliconal to the square root of the eclumn lengthy
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whereas the totel volume of elutant required, for complete elution
of the zsone, i3 almost directly proportional to the column lsength.
Thug, the longer the column (or, more spacifically, the greater
the N.T.U. ), the more complete 1s ths isolation of the separate
golutes.

Asymmetric elutlon curves are common and can often be attributed
to deviationg of r from unity -~ i.e., to non-"trace" conditions.
With a favorable eguilibrium for saturastion (r < 1), the leading
edge of the zone ~~ the firat to emerge in the effluent -« will be
steeper than the trelling edgej if r > 1 for saturation, the lsading
edge will be more sloping than the trailing edge. Representative
zong shapes for r <« 1, r = 1, and r > 1 are given in Figure 8,
where concentration 1s the ordinate and effluent volume is the

absclssa.

A typical non-Gsussian chromatogram, from data of Baddour and
Hawthorn (3), is given in Pigure 9. The 80l1id curve shows the fit
obtained with the exact equatlion (3,23), using a value of r = 0,589,
The dashed curve is the Gsussian spproximation, obtained from
Equation (23), with the change that Z and Z_ ot 8re each multiplied
by r.

it ia‘eeen thet the overlap betwaen consecutive chromatograms
will not be predicted correctly by the Gaussilan-equation treatment.
However, the more detalled mass transfer theory has been used to
sglect systematically the optimum values of elutant concentration,
pressure drop through the column, flow rate, total cycle period,
charge period, racycie foed rete, multiple cyeling, concentration

of complexing agent, and number of stages of operation, for



reopresentative systems.

8. Countsrcurrent Separations

A sonnseting link between fixed-~bed and moving-bed ssparations
is provided by the constant-pattern case of fixed-bed operation
which arisss with fevorable equilibria (r < 0.5). As Michaels (31)
has shown, the breaskthrough curve for this case can be derived by
considering the asdsorption weve or exchangs zons as a statlonary
pattefn, with the resin phase and the fluid phase in countercurrent
motion at the requisite velocitles. Almost without regard to the
mechanism that 1s assumed, sither a derivation by the usual mass-
tranafer methods for countercurrsnt operations or a simultaneous
solution of Equations (19) and (20) for this cass will yleld an

equation in the general form:
f(x) = HBZ - K (24)

to express the constant-pattern curve for affluent concentration
from a fixed bed. PFor solld diffusion controlling at r = 0, for
example, f(x) from BEquation (22) is -« 1n(l - x°) - 0.814; for
external diffusion at r = 0, £{x} = 1 + 1ln x.

To solve Equation (24) for constant time, a new variasble must
be introduced: (NZ) , the dimensionless throughput volume (or time)
mepsured at the colurm inlet. Then (I%Z)ﬁ = (HZ)c - (§/D); and, at
any single time,

D +1
tlxg) gy = £y ) ) = S (Ny- Hp) (25)
where subscripts 1 and 2 designate two different heights in the

column.
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A practical fixed~bed column always contains a height of
sorbent that is substantially greeter than ths helght of the ex-
change zone. Hence the 30lid at the point of feed entrance is used
virtuslly to capseity: and stolchiometry determines the rate of
movament of the adsgorption wave relative to ths solid. In the par-
ticular moving-bed case that is analogous to the fixed bed, ths

"extraction factor"™ E, defined as follows, is unity:

E ﬂEFp/?f | (26)
where Fp and Ff are scalar volumetric flowrates of solid and fluid,
respectively, messured relative to & stationary column-wally and
Fp + Fo(= P) gives the flow of either phase relative to the other;
also, Fp = UPS(I - €) and Ff = Ufse, where the U's ere linser
valoeities and 3 is the supsrficisl cross-sectionsl area of the
column.

For a moving bed, the mass-trensfer derivstion at E = 1 with

the fluld-phase resistance controlling serves as a model for any E

" and any mechanism:

]

dq % dy
: V4
it " % Pp % dn (27)
or
4 ax #

In genersl, x* 18 known in terms of y; and y, through material
balsncs, can be replaced by o function of x. In the present ir-

reversible cass, x = 0, and Eguation (28) leads to the solution:
f{(x) =1 + 1n x = congt. - ﬁF (o)

where Np(= th/Uf) fa the N.T.U. for a moving bed, based upon the
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fluld phase. By reference to Equation (10), with U/Uf = (D + 1)/§
when E = 1, the results of Equations (25) and (29) ere ssen to
¢oincide.

Ag a more gensral relstion, these considerations ylsld
N, = N U/U, {30)

Whan NP is lerge, NF approaches the over-all number of fluid-~phsase
transfer units HOF' Likewise, when NF is large, NP """HOP' The
NOF or NOP for a given separation can be svalusted by eithsr
anelytical or grephlical methods, in the same way aa for sbsorption
or extraction.

For design purposes, the column height h for a given separation
¢an be predicted from the product of the over-all N.T.U, end the
corresponding H.T.U. (Hyp or KOP)‘ These in turn must be obtained
from correlstional values for ths separate phases; under non-linsar
equilibria, at a constant r, these H.7.U.'s can be added in the

following way:

B
for = 2 |1 +

Bacause of the lack of asccurate rate date for moving~bed
systems up to the present time, a stagewiss graphical caleulation
of the number of eguivalent theorsticsl contacts He will often be
a3 ugseful as a more precise computation of NGF' Figure 10, from
work of Hisster and assoclistes, 1llustrates a hypothetical separa-
tion of two trace ions A end B In the presence of e "gross" com-
ponent, for a saturation section having two theoretical contacts.

"The two ions are present in equimolar concentrations in thse fesd,



and the entering resin is fres of A agnd B. The operating lines
for the two iong are parallsl. DBecause the slope of ths eguilib-
rium line for B is grester than for A, the concentration of the
gsolution 1a reduced much further 1n B than in A, Thus ths effluent
solution 1s enriched in A, end the afflusnt resin is enriched in
B (21).

As pointed out by thoss suthors, & simpls relation exists

betwesn ﬁe and over-all N.T.U. in those ¢agns where § is constant:

Hop = N, E @ EY(B - 1) (32)

Py ]

Hop =
In a tapped~se¢reen moving-bsed contsctor, apparent H.T,.U.'s were
msasurad by Hiester, Fields, Phillips, and Redding (21), which
included large sffects due to longlitudinal dispsraion; their results

£it the relations

(33)

% _as % (f_g_)l/z

a %y, ¢/% D¢ \Udg

and

B _0.60

‘ T D(1-€)
dp‘vp D(

(54)

Purther theoretical intsrpretstion of these results can be expected

in the future.
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NOTATION

correction factor for computing apparent kinetic rate from

mosg-transfer rates, or for combining mess-transfer resistances

concentration of solute in the fluld phese

total concentration of seolutes in the fluld phase} or concen-

tration of soltuts in the fseed

distribution paramster, or ratioc of concen trations in the
particle and fluld phases e

'
diffusivity

particle diameter

extraction factor; D F /¥y .
volumetric flow rate

function

column hseight

H, T. U, (or H. K. U, )

colum=gaturation function [;7“ 4m]
equilibrium constant

valences

nurmber of trangfer - units, or column-capacity perameter for
nass transfer -

number of equilibrium contaects, Equation (32)

number of reaction units, or columm-capacity parameter for
reaction~kinetic- trcatment

partlal pressurs

¢oncentration of solute in ths perticle phase
ultimate exchange eapacity of the perticle phase
equlilibrivwn parameter

crogs-sectional area of column

coclumn-capacity paramster, for reaction-kinetisc treatments Hﬁ



“23=
solution=capaclity parameter, for reaction~kinetic treatment;
N2

R

gctiaal mean linear flowrate of fiuid phase relative to solidy
Uf, Uﬁ are flow ratee relative to column wall

volume of feed sclution entering column
dimensionless solution concentrationj ¢/0
dimenaionless solid-vhase ccneentration; q/qoﬁ, or ¢/Q

throughput parameter, or ratio of actual volums of efflusent to
the stoichiometric volume

gctivity aoefficisnt for sclution phaae

reatio of voild space outside particles to total volume of column
mechanism parameter; Qk'p//(f, in Pigure 4

golutlen~capacity parameter, for maess-transfer treatment; N&
rate coefficient:

extent of ssturation of sclution phase, with reference to
initial end final concentrations

activity coefficient for resin phase

bulk packed density of airedried particles
coluwmn-capacity paremeter for masa-transfer treatment; ¥
time

sxZtent of saturation of particle phsse, with refersnce to
initial and final concentrationa

equilibriunm
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CAPTIORS ['OR FIJURES

Representative types of sorption eguilibria.
Sorption isotherms plotted on relative-concentration scales,

Equilibrium for Pe' & replacing H on Dowex-50 resin (4o},
showing separation-factor £it (r = 1/K = 0,125),

#ffects of Peclet group, distridution ratio, and diffusivity
ratio on H.T.U, (= ¥/h) or B.R.U. (”ﬁg/h)‘ |

Effect of equilibrium paramcter and K.T.U. on breakthrough
history.

Dimensionlaess breakthrough behavior at r = 1; the J function.
-+ -
Broeakthrough curves for Fe * replacing Bt on Dovex«50 columns.

Typical elution curves, concentration vs, time, showlng the
influence of eguilibrium parameter.

Chroma togram for K* displaced by N&*, using Dowex«50 resin Qg).

MeCabe-Thicele dlazram for separation of trace components with
two theorstical contacis,
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