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2Department of Applied and Computational Mathematics and Statistics, University of Notre Dame,
Notre Dame, IN, 46556, USA

Abstract

Energetic Variational Approach is used to derive a novel thermodynamically consistent three-
phase model of a mixture of Newtonian and visco-elastic fluids. The model which automatically
satisfies the energy dissipation law and is Galilean invariant, consists of coupled Navier-Stokes
and Cahn-Hilliard equations. Modified General Navier Boundary Condition with fluid elasticity
taken into account is also introduced for using the model to study moving contact line problems.
Energy stable numerical scheme is developed to solve system of model equations efficiently.
Convergence of the numerical scheme is verified by simulating a droplet sliding on an inclined
plane under gravity. The model can be applied for studying various biological or biophysical
problems. Predictive abilities of the model are demonstrated by simulating deformation of venous
blood clots with different visco-elastic properties and experimentally observed internal structures
under different biologically relevant shear blood flow conditions.

Keywords

Phase field method; Energetic Variational Approach; multi-phase flow; visco-elasticity; variable
density; slip boundary condition; deformation of blood clot; thrombus

1. Introduction

Phase field models [3, 5, 19, 28, 29, 40, 44, 46, 84, 86, 87] derived using the energy-based
variational formulation, are widely used for studying multi-phase fluid flow problems.
Labeling function or phase function is used in a phase field model to represent each of the
phases. The sharp interface separating different species is replaced by narrow transition layer
in which species mix. Free energy density functional of the labeling functions is constructed
for coupling different phases. (See, among others, [3, 47, 41] for reviews of phase field
approach.) A careless design of the free energy density functional may lead to meta stable
states [11]. For instance, traditional pairwise combinations of double-well free energy
functionals for coupling multiple fluid components may give rise to non-physical results,

"Authors for correspondence: malber@ucr.edu (Mark Alber), zxu2@nd.edu (Zhiliang Xu).



1duosnuen Joyiny 1duosnuey Joyiny 1duosnuen Joyiny

1duosnuep Joyiny

Xu et al.

Page 2

such as growth of one phase due to the presence of saddle points inside the Gibbs triangle
[88].

Additional problems with deriving a phase field model arise when some fluid components
are non-Newtonian. Many existing non-Newtonian flow phase field models [2, 7, 10] do not
satisfy the energy dissipation law. This implies that numerical schemes designed for solving
system of equations of these models likely do not to satisfy the discrete energy dissipation
law either, and can result in large numerical errors [50]. These numerical errors significantly
undermine accuracy of numerical model solutions over long time periods.

While most of the existing models [1, 3, 5, 17, 18, 37, 47, 52, 86, 89] focus on two-phase or
Newtonian fluids, many biological and biophysical applications require multi-phase or non-
Newtonian fluid flow models. There are only few existing three (or more)-phase field
models [20, 45, 46, 79]. In particular, Wu and Xu [79] established the unisolvent property of
coefficient matrix involved in N-phase models based on pairwise surface tensions. By using
obtained matrix, authors derived an N-phase inherently invariant Cahn-Hillard model from
the free energy functional. Important properties of Wu and Xu models are that the dynamics
of concentrations are independent of the choice of phase variable, and the symmetric
positive-definite property of the coefficient matrix can be proved equivalent to some physical
condition for pairwise surface tensions. Among other multi-phase models, the model in [45]
does not include components representing hydrodynamics, and models in [20, 46, 79]
describe only Newtonian fluids. We use the Energy Variational Approach (EnVarA) [21, 83]
to derive in this paper a novel thermodynamically consistent phase field model of three-
phase incompressible fluid system with visco-elastic fluid components. Main novel
modeling and numerical contributions of the paper in comparison with existing models, are
as follows.

. A systematic approach is introduced to derive phase field model coupling
Newtonian and Non-Newtonian fluids with large variations in densities or
viscosities of individual fluid components. The Boussinesq approximation under
the assumption that density ratio between two fluids is relatively small [51, 50] is
not needed in our model. Components of the fluid mixture are combined in a
binary tree manner [12, 73]. The feasibility of this approach is demonstrated by
deriving a three-phase fluid flow model, in which two of the fluid components
are visco-elastic. The resulting model can be reduced in a physically consistent
manner to the two-phase model [51].

. The derived model is Galilean invariant and automatically satisfies the energy
dissipation law resulting in straightforward development of an efficient and
energy stable numerical scheme. All model equations are described in the
Eulerian coordinate system which makes computational implementation of the
model convenient. This is in contrast with many computational models coupling
Navier-Stokes equations and elastic equations for simulating fluid-structure
interaction problems, in which Navier-Stokes equations are solved on a fixed
mesh while elastic equations are solved on the Lagrangian mesh. Computational
implementation of interpolation between meshes to impose boundary condition
at the fluid-structure interface is not trivial.

Commun Comput Phys. Author manuscript; available in PMC 2021 April 15.



1duosnuen Joyiny 1duosnuey Joyiny 1duosnuen Joyiny

1duosnuep Joyiny

Xu et al.

2.

Page 3

. Modified General Navier Boundary Condition (GNBC) [58, 59, 60] with fluid
elasticity taken into account is used for solving the moving contact line problem
[40, 58, 63, 77] which describes movement of an interface separating visco-
elastic and pure Newtonian fluids on the solid wall.

. Efficient and energy stable numerical scheme is developed for solving the
obtained model system with large variations in densities or viscosities. The
model system which couples Navier-Stokes and Cahn-Hilliard equations, is
solved by using combination of the energy splitting method [22, 23] and the
pressure stabilization method [68].

Convergence study of the new energy stable scheme is accomplished by simulating
deformation and motion of visco-elastic droplets on solid surface. Creep-relaxation test of
complex fluid is used to validate the approach adopted by the model for representing visco-
elasticity of the fluid. Additionally, simulations of a droplet wetting process are used to
demonstrate differences between fluid visco-elasticity models which give fluid-like and
solid-like behaviors, respectively.

To demonstrate the feasibility of the new model for studying biological and biophysical
problems involving non-Newtonian fluids, it is applied for studying stability of venous blood
clots with specific multi-component structures observed in experiments [43, 82].
Simulations of deformation of hemophilic and normal blood clots, which consist of platelet
aggregates and fibrin network, under physiologically relevant shear blood flows, are shown
to be in good agreement with experimental observations.

The paper is organized as follows. Section 2 describes derivation of the three-phase field
model with variable densities and viscosities of fluid components. Moreover, two of the fluid
components in the model are visco-elastic. An energy stable numerical scheme is introduced
in Section 3 for solving model equations described in Section 2. Section 4 describes
simulation results. Conclusions are provided in Section 5.

Derivation of the Three-phase Model using EnVarA

A three-phase model describing mixture of Newtonian and non-Newtonian fluid components
is derived in this section by using binary tree approach and applying the EnVarA to ensure
that the derived model satisfies the energy dissipation law. We first outline below the general
idea of the EnVarA and then describe in detail steps employed to derive the three-phase
model.

The EnVarA is based on the energy dissipation law [21, 26, 60, 66, 83], the Least Action
Principle (LAP), the Maximum Dissipation Principle (MDP) [25, 30, 39, 53, 54, 76], and
Newton’s force balance law.

Under the assumption that the system is isothermal, the model derived using the EnVarA
should obey the energy dissipation law, which states that the entropy change balances with
the energy dissipation
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d d
EEIOI‘QI + A = O [=4 EEZOtal = - A . (21)

Here Ejprq = # + % — TS = K + % is the total energy of the system. % is the kinetic

energy, % is the internal energy, T is the temperature, § is the entropy, and # is the
Helmbholtz free energy. A is the dissipation functional which is usually represented as a
quadratic function of certain rates such as the fluid velocity u. (Other notations used in the
paper are explained in Appendix A.)

The action functional for a Hamiltonian (or conservative) system is defined as follows
A= /6* Jo(F — Z)dxdt. The LAP states that the action functional can be optimized with
respect to the flow map x(2) = x(X, § (with x(X, 0) = X(¢= 0)) by taking the variation with
respect to x. Here X stands for the Lagrangian coordinate system, which is called the
reference configuration, and x is the Eulerian coordinate, which is called deformed
configuration. This gives rise to the variational derivative 64 of the action functional

5A = /0’* JoolF con] - 6xdXdt, Where F ., is the conservative force, Qg is the Lagrangian

reference domain of Q, and the trajectory x(2 is the path that particle X moves from position
X(X, 0) at time ¢= 0 to position x(X, #) at time #= ¢*[4].

The MDP states that variation of A with respect to certain rate (e.g., velocity u) in the
Eulerian coordinate system results in the dissipative force % ;,, which satisfies

6(%A) = [olZ 4is] - sudx. Note that the factor% is due to the underlying assumption that A is

a quadratic function of u. In the end, the equation of motion is obtained by using the force
balance law, i.e., .o = F4is-

The rest of this section is devoted to derivation of the three-phase model describing
Newtonian and non-Newtonian fluids mixture by using the EnVarA. A novel general Navier
boundary condition is also introduced for imposing the wall boundary condition for studying
moving contact line problem involving visco-elastic fluid. This boundary condition includes
contribution of the elasticity of the non-Newtonian fluid to the contact line slip velocity.

2.1. Three-phase model derivation

We consider in this section a complex fluid mixture consisting of visco-elastic fluids A and
B, and Newtonian fluid C. These three fluid components of the mixture are separated in two
groups: the visco-elastic fluids mixture AB composed of fluids A and B, and the Newtonian
fluid C. The volume fraction of the visco-elastic fluids mixture AB is denoted by ¢, (¢, €
[0, 1]), while the volume fraction of the fluid C is 1 — ¢,. Furthermore, ¢, (¢ € [0,1]) is
introduced to represent the volume fraction of fluid A in the mixture AB, and 1 — ¢ is the
volume fraction of fluid B in the mixture AB.

2.1.1. Definition of total energy and dissipation functionals—The total energy
functional of the modeled complex fluid is defined as

Commun Comput Phys. Author manuscript; available in PMC 2021 April 15.



1duosnue Joyiny 1duosnuey Joyiny 1duosnue Joyiny

1duosnuen Joyiny

Xu et al.

Page 5

Eiotat =  Ekin + Econ+ Eelq+ Ey, @2
—~ L e .
Macroscale Microscale

where Ey;p, is the kinetic energy, E.pis the mixing energy, £, 1S the elastic energy, and £,,
is the specific wall energy.

The kinetic energy accounts for the transport of the trinary fluid mixture and is defined as:

1
Eyin= f (gplulz)dx, (2.3)
Q

where p= p(X, ) = p(d1, $2, pa P& Po D is the mixture density with p;being the density of
phase /, / = A, B, C, and u the velocity of the fluid mixture, respectively.

According to the Cahn and Hilliard approach [13], the mixing energy £, represents
competition between a homogeneous bulk mixing energy density term G(¢) (‘*hydrophobic’
part) that establishes total separation of the phases into pure components, and a gradient

2
distortional term % (“hydrophilic’ part) that represents the nonlocal interactions between

different components and penalizes spatial heterogeneity. Therefore, the mixing energy is
defined as follows:

Econ = Econ1 + Econ2

2
= [adcien+ Sivar
Q

+/ﬂz
Q

where A;is the mixing energy density, y;is the capillary width of the interface,

dx
(2.4)

2
72 2
Go(h2) + 5| Vo fdx,

Gi(¢y) = ad)%(% — p) [73], which has a nonzero minimum, is the hydrophobic energy of the
visco-elastic mixture AB. The choice of this cohesion energy Gi(¢1) is for the purpose of
using this model to describe complex fluids such as hydro-gel in which polymer network

forms physical links and entanglements. The double well potential Go(¢;) = %dﬁ(l - ¢2)2

[86] is the hydrophobic energy of the Newtonian and visco-elastic fluid mixture. In the
mixing energy E..p, a factor qb% is included because this energy makes sense only when the

volume fraction of the visco-elastic mixture AB is not zero.

To account for the visco-elastic property of the fluid mixture AB, we introduce an elastic
free energy £/, In the present paper, the Kelvin-Voigt model [56] is used to describe the

fluid visco-elasticity. Following the results in [49], the deformation gradient tensor F(X, &
o0x;

defined by F;; = 3 in which x is the current (Eulerian) coordinate and X is the reference
J

(Lagrangian) coordinate, is introduced to write the elastic energy in the Eulerian framework,

Commun Comput Phys. Author manuscript; available in PMC 2021 April 15.
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2 2
o1 3 A
Eg= [ 2992 peax = [ 2192 (FF \ax, 25)
2 )
Q Q

where Ag1 = Ae1(d1, Aa, Ag) is the elastic energy density of non-Newtonian fluid mixture
AB. A and Ag are the elastic energy density of fluids A and B, respectively. qﬁ% is used to
ensure that only the elasticity of the mixture AB is considered, tr(FF 7) is the trace of FF .

If V- F(X,0)=0issatisfied at £=0, V - F =0 for £= 0 by the transport equation of F [49].
Moreover, there exists a vector ¥ = (¥, ¥5) 7 in the two-dimensional space [49], such that

- 6x2‘1’1 - ax2\{j2
F =

0x1‘{’1 0x1\P2

In the end, the elastic energy can be represented by using ¥ as

de o de |1
Eplg = fQT'F' dx=‘/g;7tr(FF Jax

A
= [276((6XI‘¥’1)2 + (0x2‘l’1)2 + (6x1‘l’2)2 + (sz‘l‘z)Z)dx

A
f—eIV‘Flzdx,
02

where A, = ¢34,

For numerical study of the moving contact line problem [29, 40, 58, 59, 63, 64] involving
the interface of fluids intersecting with the wall, a wall free energy £, is introduced into the
total energy functional to mimic the interaction between the fluid interface and the wall. The
moving contact line problem studied in this paper has an interface separating the non-
Newtonian fluids mixture AB from the Newtonian fluid C. The wall free energy £, in this
case is defined on the wall wand adopts the following form [84]

E,= szfw(s‘bz)ds, 2.6)

where £, is as follows:

2 — D)3 = 2y — 1)
Fuldy = =22 i 4( # ))cos(Hs). @7

Here o> is the surface tension of the visco-elastic mixture and 8 is the static contact angle
[63, 64].

For the purpose of using Cahn-Hilliard equations to describe evolution of ¢; and ¢, the
chemical potentials (4 and 1 are defined as the variational derivative of the Helmholtz free
energy functional # = E,.,;, + E,;, and are as follows:

Commun Comput Phys. Author manuscript; available in PMC 2021 April 15.
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1
i = % = h(#3Gi(d1) = 1TV - (63 Vb)) + 591 4) VP, (28)

and

oH , 2
n =G = 1(G5(¢) — AA)
(2.9)
+ 2/11(,1)2

2
Gi() + Vi | + 202001 VP

For the sake of simplicity, here and in the rest of the paper, d;denotes d, for /= 1,2.

Remark 2.1: There exist different definitions of the chemical potential. In papers [41, 50],
the chemical potential is defined as the variational derivative of the total energy. When the
p'l uI2
2
not Galilean invariant. However, as values of the mobility parameters in the Cahn-Hilliard
system approach zero, the whole system converges to a Galilean invariant system. The
chemical potential in [1, 34] is defined as the variational derivative of the mixing energy,

mixed fluids have variable densities, there is a term in the chemical potential, which is

p' Iul2
2

variational derivative of the sum of the mixing energy and elastic energy. This introduces the

which eliminates the term. In our work, we define the chemical potential as the

%( 0iAe)| VW term in the chemical potentials. The reason to include the elastic energy is to

ensure that the obtained system satisfies the enerqy dissipation law. When a complex fluid
with variable elasticities is considered, it is difficult, if not impossible, to prove that the
obtained system satisfies the energy dissipation law in case the elastic energy is not included
in the derivation of the chemical potential. We note that, in fact, the Cahn-Hilliard type of
aynamics should not be viewed strictly as a physics law. Rather, it is just a relaxation of the
pure transport equation [41].

The dissipation functional is defined as

A= L (gmﬂ + MUV gl + Mol V il + / (K|q'>2|2 + ﬁsluslz)ds, 2.10)

w

where n=n(¢1, ¢, n4a, 15 1C, ) is the viscosity of the mixture, with 7;being the viscosity
of phase /, i= A, B, and C. M;is the phenomenological mobility coefficient of the phase /.

D = Vu+(Vu)! . «is the phenomenological relaxation time of ¢ on the wall. Bsis the slip
friction coefficient, and u; is the slip speed on the wall.

2.1.2. Microscale transport of ¢ and g,—We assume that ¢, and ¢, satisfy the
following conservation laws:

01+ V- (uVey) =0, (211)

Commun Comput Phys. Author manuscript; available in PMC 2021 April 15.
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Oipry+ V- (uVgy) =0. (2.12)
Equations (2.11) and (2.12) are approximated in the phase field method by the following

Cahn-Hilliard equations

0ip1+ V- (uVey) = V- (M Vpu), (2.13)

O+ V- (uVgy) =V -(Ma2Vpy). (2.14)

In addition, ¢, satisfies the following relaxation boundary condition on the solid wall
boundary w:

Ky + L(¢hp) = 0, (2.15)

where L(¢,) = Azy% Vo + fipn and ¢ = 0, + u - V by is the material derivative of ¢, on the

wall.

2.1.3. Macroscale momentum equation—The conservative and dissipative forces are
obtained by applying the LAP to the Hamiltonian part of the system and the MDP to the
dissipative part of the system, respectively.

Application of the LAP yields that

Fen = —(3lo(0u+u Vu) + (2w + V- (u @ )] +

+ 3V - (Vr ® Vo) + MiyiV - (¢ Ve ® Vb)) (2.16)
+V- (ﬁe(VT)TV‘I‘) + VP]) .

By using the MDP and the flow incompressibility constraint, we obtain the following
dissipative force for deriving the equation of motion in the bulk flow region

Fagis= — V- -(#D)+ VP, (2.17)
and the dissipative force on the wall w

Fais.w =7 (D) - n+ k0, + Pt (2.18)

Finally, the Navier-Stokes type of equation of motion for the macroscopic trinary fluid
mixture is obtained as a result of the macroscopic force balance, i.e., .., = F4is:

Commun Comput Phys. Author manuscript; available in PMC 2021 April 15.
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slo(0u+u- Vu)+ (9,(pu) + V - (pu@w)] = V - (D) - VP

— AV (Ve ® Vo) — iyt V - (2 Vb1 ® Veby)
-V (VP VYY)

where P = P + P,.
The following slip boundary condition is used for the equation (2.19),

Pssts = =7 (1D~ A(VE)" V) - n+ L{h2) Or¢hy.

Page 9

(2.19)

(2.20)

If the elastic property of fluid is not considered, i.e., A¢ = 0, then the above slip boundary
condition is reduced to the General Navier Boundary Condition (GNBC) [58, 59, 60]. In

other words, the boundary condition (2.20) is a generalized form of the GNBC for the

moving contact line problem involving visco-elastic fluid.

Remark 2.2: Details of using the LAP and MDP to derive the three-phase fluid model are

described in Appendix B.

After the right hand side of the Navier-Stokes equation (2.19) is simplified by using the

method described in Appendix B, we obtain the following three-phase Navier-Stokes Cahn-

Hilliard model

Lo(au+u- Vu)+ (9w + V - (pu@w)] + VP = V - (D)

~ Vi = Vindy = (V) V - (2, V),
V-u=0,
W +u- V¥ =0,
0ip1+ V- (ugy) = V- (M V),
0+ V- (ugy) = V- (MyV ),
1

i = A ($3Gi(B1) — 1TV - (63 V) + 591 4) VHP,

2
42 = 1o GH(h2) — 130) + 216 Gi(b1) + 21V

+%(02/1€)| VP,

The initial and the wall boundary conditions are given as follows:

Commun Comput Phys. Author manuscript; available in PMC 2021 April 15.
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u-n=0,Vyu = Vyuy=0,0,¢1 =0

k= = L) = = (€ Vah2 + fi0).

Boutg = =7+ [1D = A V) V|- n+ L(¢hy) 0 b2,
$1(-,0) = @10, $2( -, 0) = oo, ¥(-,0) =¥y

(2.22)

Remark 2.3: This three-phase model satisfies the following conditions proposed in [11, 88]:

. When a phase does not present in the mixture at the initial time, this phase
should not appear during the time evolution of the system. E.g., if ¢(-, t=0) =0,
then ¢{-, H =0, V>0, 7= 1 or2. This is to make sure that each phase does not
appear without basis.

. The three-phase model should be reduced to the two-phase model by setting one
of the phase to be equal to zero. For example, if let ¢y =1 and A, = 0, the system
(2.21) 7s reduced to the two-phase model proposed in [50].

Energy dissipation law

The following dimensionless form of the system (2.21)—(2.22) for convenience of discussion
is obtained by scaling the density, viscosity, elasticity, length and velocity by p, 172, Az L
and U, respectively,

Re%[p(atu +u-Vu)+ (0:(pu)+ V - (pu@u))|+ VP

= V-D) = 1 Vi — Vo — ao(VE) V- (4, V'¥),

V-u=0, (2.23)
oY +u- V¥ =0,

Orpr+u- Vo=V - (M V),

Op+u- Vo=V - (MyVp),

where

L, .2 2 IV
= SGidr - eV - ($2V1)| + a—g— 01 (224)

and

1 ., 1 3|
i = @G5 — eando) + b G + 1V

|V
2

(2.25)

+ a, 022 .

The initial and the wall boundary conditions for the system (2.23) are given by

Commun Comput Phys. Author manuscript; available in PMC 2021 April 15.
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u-n=0, Vyu =Vuup=0,0,¢1=0

Ky = — L),

Iy = =7+ [1D = agdo (V) V|- 1+ arL(eh) 0rhr,
$1(-,0) = @10, ha( -, 0) = ¢, ¥(-,0) = ¥y,

(2.26)

: : pALU 71 12 AMr1 212
where the dimensionless constants are Re = eI T = A= o m =
o = AL _ Myny _ M e K

e T st V1T T a0 2T T e SRR T iU

One advantage of using the EnVarA is that the obtained system automatically satisfies the
energy dissipation law. Theorem 2.4 states the energy dissipation law that the system (2.23)—
(2.26) satisfies.

Theorem 2.4—/f ¢, ¢, 'Y, u and P are smooth solutions of the above system (2.23)—
(2.26), then the following energy law is satisfied:

d d
E%toml = E(gkin + gcoh + gela + gw)

1/2p||? ) )
T R T e AR an)

. 2
- Ka2||¢2||2w — (11 2ugl5,

where ¢ = \p, &y, = %”Cu”z,

€1

G(o1) €1
Beoh = [zam%( + 1V o

G £
dx + L az( @), 72|v¢2|2 dx,

Cola= ae/ %M V¥ dx, and €, = a2/ Fuds .
Q w

Proof—The main idea of the proof is to show how the left hand side of the equation (2.27)
can be obtained by multiplying the Navier-Stokes equation by u, the phase transport
equations by 4 the chemical potentials by ¢,/= 1, 2, and the gradient of the equation for ¥;
by a AV ¥} and summing them up. The dissipation terms on the right hand side of the
equation (2.27) are obtained by using integration by parts and the boundary conditions
specified in equations (2.26).

By using the fact that [o(V - (ou ® u) + pu Vu,u)dx = 0, if we multiply the first equation of

the system (2.23) by u and use integration by parts, the rate of change of kinetic energy
%%kin is calculated

d d Re 2 1 2
E%kin = ETHC“” = - 5”’11/21)” — (b1 Vur,u) — (2 Viup,u)

(2.28)
- ae((V‘I’)Ta), u) +(n7-D - n,ug),,

Commun Comput Phys. Author manuscript; available in PMC 2021 April 15.
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where w=V - (A VY).

By taking the gradient of each component of the third equation of (2.23), the following
equation is obtained

0 (0;¥;) + 0y (u;0;¥;) = 0. (2.29)

Inner product of above equation with a A 0 ¥;has the form

(A, VP: V(0,¥))
(A 0k Wi, 0k (0,¥)))
- ae(leak‘l‘,-, ak(uj()j‘l‘,-))
ae( ()k(/le akll"i), uj aj\IJ,-) - ae(ﬂe( ak‘l’,- 0j‘1‘,-)nk, uj)w

e Vo) o, u) — a7+ (el V‘I‘)TV‘I’) - uy)

(2.30)

w’

Adding equation (2.28) to (2.30) and using the third boundary condition in (2.26) result in
the following equation

d

E%kin
1 2
= —5lln"*DI" = (&1 V1. u) = (2 V 2. u)
_ 2
— a(4. V¥, V(9,'¥)) - ”ls 1/zus”w + ax(L(¢2) 02, us) (2:31)

1 2
—5”71”2])” — (b1 Vur,u) = (2 Vip,u)
_ 2 .
— a,(4. V¥, V(0,¥)) - ”ls l/2us||w - a2(K¢2’ Us ar¢2)

w’

Taking inner product of the fourth and fifth equations in system (2.23) with /4 and b,
respectively, results in the following system

(01, 1) — (upy, Vpg) + My|| V|| * =0, (2:32)

(0. o) — (uha, V o) + My || Vo) = 0. (233

Inner product of the chemical potential (2.24) with —0¢; yields

G/
—(ip1, ) = — al(cp%g—ll, atcbl) —ai(e143 Vb1, V(i)

(2.34)
VW1
- ae(T 01 Ze at‘l’l) .

Inner product of the chemical potential (2.25) with —0y¢, and integration by parts, together
with the dynamics boundary condition of ¢, on the wall, result in the following equation
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d G, ¢
=02 2) = = Ecomy = al(g_l +3 Vil 260,

|V

. (2.35)
- ae(azzeT, a,qbz) — ay(kpy + fis O b2) -

Summing up the equations (2.31)—(2.35) gives rise to

d d
Egtatal = E(gkm +&coht+ Eela+ Ew)

- —w-m IV utll? = M2 Vi)
— (. dr2)yy — (s e), ~ 1120
_M_Ml |Vt l? = M)l V
~ xalldally — 142

3. Numerical Scheme for Solving Model Equations

Many techniques were proposed to improve stability and efficiency of numerical schemes
for solving the Cahn-Hilliard equation [24, 35, 44, 73]. Here we use the energy convex
splitting method [22, 23, 28, 29, 67, 69], which discretizes the chemical potentials related to
the convex energy implicitly and the rest explicitly. Traditional projection-like methods [8,
15, 33, 72] for the variable density Navier-Stokes equations require solving an elliptic
equation with variable coefficient to obtain the pressure or related scalar quantity. This is
time consuming, especially when there is a large variation in fluid density. To overcome this
difficulty, we choose the pressure stabilization method [29, 32, 50, 68] to solve the Navier-
Stokes equation, which only involves solving pressure Poisson equation with constant
coefficient and treats the divergence free condition as a penalty.

In [50], the authors proposed a decoupled scheme by introducing a half-step velocity when
solving the Navier-Stokes Cahn-Hilliard system numerically. If we ignore the elastic terms
in the system (2.23)—(2.26), the decoupled scheme can also be used for solving the Cahn-
Hilliard equations in our model by setting the half-step velocity

w* = u" - #(dbfv;/f 14+ @3 vu5 T 1), For solving the system (2.23)~(2.26), the half-
ep
step velocity should be set to be
At 1 1 T +1 :
wt = — W(dﬂfvﬂ{’ Tl vt - a (V") V- (/leV‘I‘" )) However, according

to the boundary conditions (2.26), it can be found that u*- n is not zero. This means the
decoupled scheme developed in [50] might not work for the system (2.23)—(2.26).

We propose in this section an efficient and energy stable scheme based on the convex
splitting method [28, 29] for solving the coupled system (2.23)—(2.26) without using the
half-step velocity. The first-order accurate version of the scheme is described here. Stability
analysis of the scheme is described in Appendix C.
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The first-order accurate energy stable scheme is constructed as follows. Given initial
condition (d;?, #3, PO, u0, TO), numerical solution (qb{’ FLgptl yn+l prtl gn+ 1) is

updated for 7= 1 by

¢n+1_¢?
1T+v'(un+l¢}f+l)=V'(MIV[/I?-'—I),
n+1 n
¥+v.(un+1¢§’+l)=V.(szﬂéwl),
it =0,

n+1 n
K¢SZ+I=K¥+M§’+IGT¢3H)= _L<¢g+l),

n+l,n+1_ n.n
Re(p uzAt P'u +%v.(pn+1un+l®un))
n+1 n n+1
n —u P n, n+1
+Re(p AT + 5 U Vu )

= - V2P =P )+ V(D) - g TVt

_¢g+lvﬂg+l —ae(V\Pn)TV -(lZ“V\P”“)

+ap (@5 * ops t

\Pn+1_\Pn

n+1, n _
A7 +u \A 4 0,

A(P"+1—P")=A£tReV~u”+1

anPn-‘rl:O’
where
n+1 1\2 1
T —a1£1V~((¢'21+ ) ver Tt

2 2
+ ae%((ﬁ + 1) (- alz))IV‘I‘nl ,
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n+1 1 2

yg+1 = azﬂg-'- —azezAd)g +a1d)§l+ £1|V¢?I
1
+ae(¢§+ (67 +(1 - #)ar2 ))IV‘P"
n+1 _ 51 ,n+1 (51 ,n 21
A= D (el - (8 Lol
n

_n+1 S n+1 [S2 1, m 2#2 n
o= gt —(¢§'—Gz(4’z)—61(¢1)v

p"+1 _ p13(1—¢’21 )+¢n+l(¢n+l (1—¢?+1)p12),
AR 1)2(¢1’ e (t=¢1 " Yana)

(¢£’+ 1) = 526n¢§l+ ! +ffy(¢él)+“w(¢£’+ ! 4”5)’

Py _

. ”n . 4B
with pyp = 2%, p13 = - 7 = min(1, p12, py3) and ayp = 7.

The following theorem with proof provided in Appendix C shows that the above discrete
system satisfies discrete energy law.

Theorem 3.1
Let ¥ = maxgl| “/—(2¢2 = 1)cos(Os)l|- Ifay, > ¥, and sy and s, satisfy the condition in the

lemma described in Appendix C.1, then the solution (¢’f FLgptl yn+1 prtl g+ 1) of

the scheme (3.1) satisfies the following discrete energy law for any At> 0:

2
gn+l (2%t) ||VPn+1||2+At(%||n1/2])(un+l)”2)

#8312+ 2V )
(32)
+At(||r”2 1+ ol g+

< &+ ;A” v PP

Remark 3.2
In the actual numerical implementation, we use finite element method to discretize the
space. The nonlinear termsVN - (ug,) are discretized in time as v - (u"d;{' + 1) to make the
resulting numerical equations easy to solve [29]. Even though this treatment introduces a
CFL-like constraint for choosing the time step size At, it decouples the system (3.1) into

three independent subsystems. This makes the numerical implementation much easier than
implementation which involves solving a large nonlinear system by iteration method.

Moreover, (¢§’ + Wt 1) is updated by using the nth step information on the numerical

implementation before computing other unknowns. Then they are used to update
(¢I’ AT s 1). (™ um™l o™y are calculated in the end.

Commun Comput Phys. Author manuscript; available in PMC 2021 April 15.



1duosnuen Joyiny 1duosnuey Joyiny 1duosnuen Joyiny

1duosnuep Joyiny

Xu et al. Page 16

4. Simulation Results

4.1. Droplet sliding on an inclined plane under gravity

Dynamics of a droplet sliding on an inclined plane under gravity [64, 65, 80] is used in this
subsection to demonstrate convergence of the numerical scheme proposed in the previous
section. The gravitational force pG is added to the right hand side of the Navier-Stokes
equation. Initial profile of the droplet is chosen in the form of a circular cap with contact
angle 90°. Computational domain is chosen to be [0, 1.5] x [0, 0.5]. (See also Fig. 1.)

Droplet in this study is treated as a two-phase fluid. The droplet and the ambient fluid
surrounding the droplet make the three-phase system. Densities of the two fluid components
of the droplet are p4 = pg = 103kg/mP, their viscosities are 74 = ng= 100cP, and elasticities
are A4 = 1Pa, A 4 = 0.5Parespectively. The density ratio of the droplet to the ambient fluid
is 1000 and the viscosity ratio is 10. Values of non-dimensional parameters corresponding to
the characteristic length £ = 1 x 10~3mand velocity U= 1 x 1072m/s, are listed in Table 1.
The static contact angle of the droplet is 90°, and the inclination angle of the wall is a = 45°.
Evolution of the advancing contact point x, and the receding contact point x, of the droplet
from the initial time #= 0 to the time #=5 was computed using three different meshes with
mesh sizes /1= 1/64, 1/128 and 1/256, respectively. Fig. 2 demonstrates convergence of the
numerical solution computed by the proposed numerical scheme.

4.2. Creep-recovery test

The Kelvin-Voigt model [42, 56] is used to represent behavior of a solid-like material
undergoing reversible, visco-elastic deformation. Namely, the material described by the
Kelvin-Voigt model deforms at a decreasing rate, and approaches asymptotically the steady-
state strain under a constant stress. When the stress is released, the material gradually relaxes
towards it initial un-deformed configuration. However, complete recovery to the initial
configuration is never achieved in finite time. This is called creep-recovery.

In this section, we use a half circular-shaped droplet on a plane to do the creep-recovery test
numerically. The droplet is surrounded by a constant shear Newtonian flow. Values of non-
dimensional parameters corresponding to the characteristic length £ = 1 x 10~3mand
velocity U= 1 x 1072/m/sare the same as ones listed in Table 1. Computational domain is
chosen to be [0, 1.5] x [0, 0.5]. From the time #= Oto#= 1, a constant inlet flow condition
with velocity v=20(0.5 - ))yis added on the left of the boundary. After £= 1, the inlet flow
is stopped and the droplet gradually recovers.

In Fig. 3, we show the creep-recovery test result. It shows that before 7= 1, the droplet strain
increases monotonically, i.e., the droplet undergoes creep process. After =1, the droplet
strain decreases with time to a constant value, which is called permanent deformation due to
dissipation of the system. Snapshots of the droplet profiles are presented in Fig. 4. The
largest permanent deformation is around the left comer of the droplet. This is caused by the

dissipation on the boundary with rate m2|<j>2|2 See also Theorem 2.4. This numerical study

confirms that our model produces visco-elastic behavior of the fluid described by the
Kelvin-Voigt model.
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In the next section, we compare simulations by using the Oldroyd-B and Kelvin-\Voigt
models for describing fluid visco-elasticity to reveal their differences.

4.3. Droplet spreading test for Oldroyd-B and Kelvin-Voigt models

As we mentioned in the previous section, the Kelvin-\Voigt model is used for describing
behavior of solid-like visco-elastic materials. For fluid-like visco-elastic materials, one of
the most popular model is the Oldroyd-B model [9, 27, 77, 85, 90]. Conceptually, the
Oldroy-B model is constructed by connecting a spring and a dashpot sequentially. The
deformation of the spring is finite, while the dashpot retains deformation when the load is
removed. Therefore, a material described by the Oldroyd-B model is more like a fluid than a
solid.

In this section, we describe simulations of a droplet spreading on a plane, with its visco-
elastic property described by the Kelvin-Voigt model and the Oldroy-B model, respectively.
We also simulate a pure Newtonian droplet spreading for comparison. Initial shapes of these
droplets are all chosen to be a half circle with radius 0.2 and center (0.75, 0). Other
parameters values are the same as those in [77]. Computational domain is chosen to be [0,
1.5] x [0, 0.5]. For the Oldroyd-B model simulation, we use the equation (6) in [77] to
describe evolution of the visco-elastic tensor, and couple it with the Cahn-Hilliard Navier-
Stokes equations in our model.

Fig. 5 shows the interface profiles of these droplets at different times. It can be seen that the
Oldroyd-B droplet (blue dash line) spreads much faster than the pure Newtonian droplet
(black line) before ¢=1.5. After that, the spreading speed of the pure Newtonian droplet is
greater than the Oldroyd-B droplet as observed in [77]. The Kevin-Voigt droplet (red dash
dot line) spreads slower than the pure Newtonian droplet as expected.

The dynamics of contact angles of different type droplets are shown in Fig. 6(a). The results
shows the contact angles quickly decay from initial 150° to 60° and then slowly approach
equilibrium angle 45°. Fig. 6(b) describes evolution of spreading radius, which is defined as
the distance between two contact points. The Oldroyd-B droplet and the pure Newtonian
droplet achieve the same spreading radius (d = 0.8146) when they reach steady state. While
the spreading radius of the Kelvin-Voigt droplet (d = 0.776) is 5% smaller than the pure
Newtonian droplet. This result is consistent with the findings in [77]. Thus our simulations
also showed importance of including physical properties of fluids when studying its
dynamics. Moreover, when the Weissenberg number Wi = A oU/L, which compares elastic
force to viscous force, where A is the relaxation time in the Oldroyd-B model, increases
from 2 to 5, the Oldroyd-B droplet spreading speed also increases. For the Kevin-Voigt
droplets, the spreading speeds decrease with increasing shear modulus.

4.4. Deformation of Venous Blood Clot under Shear Flow

To demonstrate applicability and relevance of the novel three-phase model introduced in this
paper for studying variety of problems in science and engineering, the model has been
applied for studying the role of mechanical properties of a blood clot formed in a vein [82]
in determining its stability under biologically relevant flow conditions. This is an important
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biomedical problem for many reasons. For example, fragile blood clot may break to form
several large pieces, or emboli, which can end up in lungs and subsequently cause fatal
outcomes for patients [14]. Also, hemophilia patients suffer from bleeding disorder, which is
partially attributed to the mechanical properties of the clots. Fibrin networks in a hemophilic
clot are more sparse than in a clot formed in normal blood, and they are less resistent to the
shear stress generated by the blood flow [43]. The three-phase model simulations presented
here reveal how changes in bulk properties of blood clots result in different responses of
normal and hemophilic blood clots to the blood flow. Parameter values of elasticities of
blood clot components in our simulations used the experimental data provided in Tables 4
and 5 of Section 3 of reference [43].

For simplicity, we consider stability of small blood clots formed in micron size blood
venules. We assume that a blood clot, which is a porous and visco-elastic gel type substance,
consists of three major components: plasma, fibrin network and platelet aggregates. (See
Fig. 7(a) for an example of its structure.) Fibrin network is composed of thin fibers [31, 75].
Platelet aggregates are formed by the activated platelets, which change their shapes after
activation and tightly adhere with each other [36, 91]. Experimental image Fig. 7(b) shows
that stabilized non-occluding blood clot formed in vein has a dense core (in yellow color)
consisting mainly of aggregates of activated platelets and fibrin network. A porous shell (in
green color) which covers the core, has high concentration of fibrin network and low
concentration of platelets. This clot structure was used as the initial structure for clot
simulations presented in this section.

Fibrin network and platelet aggregates are treated in the model as visco-elastic fluids, and
plasma is treated as a Newtonian fluid. The initial value of the volume fraction of the
simulated blood clot (¢,) is set to be close to 1 and 0.7 in the core and shell regions,
respectively. Initial values of the volume fraction of platelets (¢;) are 0.7 and 0.5 in the core
and shell regions of the simulated blood clot, respectively. The maximum volume fraction of
the fibrin network is assumed to occur near the surface of the clot (Fig. 7(f)) to mimic the
fiber cap observed in the experiments [43, 48]. Fig. 7(d—f) shows the initial distributions of
the volume fractions of components of the simulated clot, which correspond to the
experimental observations described in [48]. Small spike-like extensions on the surface of
the clot, which are similar to the ones seen in experimental figures (8-9) from [81], are
added to the initial surface of the simulated blood clot to represent its surface in more
realistic way.

Computational domain is chosen to be [0, L,] x [0, L], where L, =800 x 10~8mand L,=
320 x 10~8m are the length and width of the domain, respectively. The inlet flow velocity
WLy-v)
L3
= 3.2 x 1072m/s. (See also Fig. 7(c).) Based on the experimental results in [57, 74], we
assume that densities of the plasma and the blood clot are both p = 1.025 x 103kg/mP.
Adhesion between blood clot and vessel wall [70, 71, 78] prevents the blood clot from
moving on the vessel wall. Therefore, the no-slip boundary condition is used for the Navier-

Stokes equations in the simulations.

imposed on the left boundary of the domain is given by u;, = [4umax ,0), where Upax
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The viscosity of the fibrin network 7, in a hemophilia clot is varied in simulations between
4cPand 40cP[55]. The viscosity of the platelet aggregate 7, is chosen to be 40¢P [38].
Also, the viscosity of the fibrin network in a normal clot is set to be 400¢/A, and the viscosity
of the platelet aggregate is varied between 40cPand 400¢P[38, 62]. The viscosity of the
plasma is assumed to be 7s=4cP[81]. The elastic modulus A, of the fibrin network of
hemophilia clots is about 6(1 Pa) [43]. The elastic modulus of the fibrin network generated
by using normal blood varies between 6(10Pa) and 6(100Pa) [43]. Simulations are stopped
when no blood clot deformation is detected.

Panels (a-b) of the Fig. 8 demonstrate that small spike-like extensions, which mainly consist
of fibrin, on the surface of a hemophilia clot develop into extensively elongated thin
structures (emboli) (breakup of the emboli is not shown); while panels (c-d) of the Fig. 8
show that normal clots deform only slightly. The simulations reveal a possible novel
mechanism of destabilization of a hemophilia clot. Since surfaces of clots in general are not
smooth, emboli can develop by the fibrin network on hemophilia clot surface even under
normal blood flow conditions, and subsequently detach from the clot. This makes formation
of a stable clot in hemophilia blood much harder than in normal blood. Simulations also
predict that size of hemophilia clot was significantly smaller than normal clot. Volume
changes of normal (red circles) and hemophilia (blue triangles) clots with respect to time are
shown in Fig. 8e. The volume of the hemophilia clot gradually decreases after 0.5s by flow
removal of the emboli and reaches a constant value around 1s, which is about 28.9% of its
initial volume. On the other hand, the volume of the normal clot almost does not change.
This is consistent with the experimentally observed clots [55]. Note that our simulation did
not consider blood clot growth. This is why size of the simulated hemophilia clot reaches a
constant value around 1s.

Simulations were used to study effects of changes in elasticity of the fibrin network on clot
stability. The following values of the elasticity modulus of the fibrin network [43] are used
in simulations: 0.1Pa, 1Pa, 10Paand 50/Pa. Viscosities of the fibrin network and platelet
aggregate are fixed at 40¢P. Fig. 9 shows that the clot with 0.1z elasticity modulus of the
fibrin network is stretched to form a long and thin tail. When value of the elasticity modulus
of the fibrin network increases, the clot becomes less deformable. This is consistent with the
results in [43], and shows how elasticity of fibrin network affects clot deformation. Note that
viscosities of the fibrin network and platelet aggregate used in these simulations are for
hemophilia clots. Our simulations predicted that compared with viscosities of the fibrin
network and platelet aggregate, the elasticity of the fibrin network played major role in
resisting clot deformation induced by blood flow.

Fig. 10 shows that increase of fibrin network elasticity decreases the average speed of the
intrathrombous flow, which also indicates that clot is less deformable. Simulations described
in this section suggest that clots forming in hemophilia patients can develop emboli resulting
in them being much less stable then clots developing in healthy individuals.
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5. Conclusions

Novel thermodynamically consistent three-phase Navier-Stokes Cahn-Hilliard model for
simulating complex fluids is presented in the paper. The new model which is derived by
using the EnVarA, is shown to be capable of simulating fluids with large density and
viscosity ratios, and satisfy the energy dissipation law. Energy stable numerical scheme is
also developed to solve obtained system of model equations. Convergence of the numerical
scheme is demonstrated by simulating droplet sliding on an inclined plane. Modified
General Navier Boundary Condition with fluid elasticity taken into account is introduced for
purpose of simulating contact line problems.

Differences between outcomes obtained using Kelvin-Voigt and Oldroyd- B models
representing visco-elasticity of complex fluids axe studied by using creep-recovery test for
fluids and droplet spreading. Simulations suggest that the Kelvin-Voigt model is suitable for
modeling complex fluid with reversible, visco-elastic deformation. While the Oldroyd-B
model is more suitable for modeling complex fluid with fluid-like behavior.

Obtained model was used for studying deformation and stability of micron size blood clots
under physiologically relevant blood flow conditions. Blood clot simulations showed that
hemophilia clots are more deformable and unstable than blood clots obtained using normal
blood [55]. Model simulations revealed that different responses of hemophilia and normal
clots to blood flow are partially due to different structures and densities of fibrin networks.
Notice that the viscosity and elasticity of platelet aggregates were varied in simulations as
well.

The three-phase model can be generalized to study lysis (disintegration) of a blood clot due
to activity of thrombolytic agents. It has been shown in [70, 71] that intra-thrombus
molecular transport is affected by the structure of the blood clot. Therefore the model
described in this paper can be coupled with the anti-coagulation transport sub-models to
predict conditions of the gradual resolution of a blood clot [6].

Our model includes three phases. It can be viewed as a special case of the models described
in the reference [79] with additional modification. This modification was motivated by the
fact that for A-phase (/N > 3) system, the surface tension between two phases cannot be
uniquely represented by phase specific surface tension. Many previous works let surface
tensions be homogeneous in this situation. In order to include non-homogeneous surface
tensions and ensure no phase appears artificially, we couple phases hierarchically. Namely,
the phase function in our model is treated not in a pairwise way but by using the binary tree
approach. The binary tree approach is used to avoid deriving complicated algebraic relations
between pairwise surface tension and phase specific surface tension for V= 3 phases. Note
that our model also satisfies Assumptions 2 and 3 in [79]. Moreover, the mixing energy as
$3 0
01
Therefore, our binary tree approach provides a simple alternative for coupling N-phase (V=
3) fluids.

A= described in our paper is a generation of the case A = /described in [79].
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Appendix A. Mathematical notations used in the paper

Mathematical notations used in this paper are as follows. Suppose a 2-rank tensor is denoted
asF, its ,norm is [F > = Yij= 1,2F,~2j. If Aand Bare two 2-rank tensors, then

(AB);j = Y AjrByj and the double dot product of these two tensors is A:B = Y, 4;;B;;. If a
and b are two vectors, the outer product a® b means (a ® b);;= ajbj. L2 norm of the smooth

function fin the domain Q, (/Qlflzdx)”z, is denoted by //f and the £Z norm on the

boundary w, (/Flflzds)l/z, is denoted by //#,. If fand gare two smooth functions in Q, (£ g)

stands for the inner product of these two functions and it is defined by (f,g) = [q fgdx.

Appendix B. Derivation of the three-phase model

We first use LAP to derive the conservative force. The action functional is defined as

follows:
1% 1 *
o = f /%plulz—/ fmb%
0 Q 0 Q
I 2 1% J)
—f /,12 Galdhy) + 221V g dx—f /—eIV‘I‘Ide.
o Ja 2 0o Ja?2

We use 1-parameter family of volume preserving diffeomorphisms to perform the variation

2
Gi(¢r) + %|v¢1|2 dx

(B.1)

x¢, such that x° = x and dd—’flg _o=V where y is smooth function with compact support and

satisfies y(X; 0) = y(X, #) = 0 for any X e Qq. For any e, x€ is required to satisfy det

E
% = 1. This leads to the divergence free condition for y(X, ) = 3(x(X,1),7), i.e. V. - y = 0.

For LAP, we use the variations x¢€ of x as described above. The variation of action functional
4 is calculated as follows:

Commun Comput Phys. Author manuscript; available in PMC 2021 April 15.



1duosnuepy Joyiny 1duosnuely Joyiny 1duosnuey Joyiny

1duosnue Joyiny

Xu et al.

Page 22

d p
%lg _ OA(X )
t*
_ 4, / (ﬂ(¢1o(X), ¢20(X))!xt|2)dth
de e=0f, Q) 2

d o
. - 0£ Lo(ilfl’zo(x)

4, : Ga(¢p (X))+y—%|F‘TV b7 | laxat
dec=0f, Joo 2(¢20 > X$20

d " 1 12
-4, l [) 0(5,19(¢0(X))|VXTOF | )dth
= h+hL+1z3+14.

2

Y _ 2
Gi(b10) + o F TV xhio(X)I" | [dX dr

2 (B2)

A

$i,0

Here ¢;(x) = o F

[83], for i=1, 2, is used, det F = 1 for the incompressible fluid.

This yields the following form of the first term of the right hand side of equation (B.2)

t*
11=f /P(¢10,¢20)xzythdf
0 J
t*
= - / / p($10. $20)(x;1y)d X dt (B.3)
0 J

t*
—f fﬂ(¢1,¢2)(51u+u' Vu,y)dxdt .
0 Jo

At the same time,if we draw back from Lagrangian to Eulerian and then do the integration
by parts, we have

t*
11=/ /P(¢1o,¢2o)xzythdf
0 J
t*
A A p(p1, d2)(u, y; + u - y)dxdt (B.4)

t*
- f /(at(pu) + V- (pu @ w), y)dxdt .
0 Q

In this work, we combine above two formula as shown in [41]

I = —/t*/(lp(6u+u- Vu) i)dxdt
1 0 o 2 t ’
t*
- [ 5@+ v - puwuw) s
0 Jo\2

(B.5)

d;:lg 0=~ F‘l(vxy)F‘l[ZG] results in the following form of the second and third terms
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¥
L= - /0 [20/11Y%¢20(F_TVX¢10(X),(—F_T(ny)TF_TVqulo))dth
¥
= _A /9'117/%(¢2V¢1,(—Vde)l))dxdt ©5)
¥
- A fg(/11Y%V-(¢zV¢1® V1)) ydxd .

t*
Iy= — /(; [z(aﬂgv (Vo ® Vebo))idxdt . (B.7)
The fourth term are transformed in a similar way as follows
l*
Iy= - A Loﬂe(dhov $20)((Vx W) F~ s (—(VxP)F~(Vxy)F~'))dXar

t*
- - f f Jel 1, G2)(VE:(— VY F))dxde )
0 Q

t*
T ~
- A /Q (V-(/le(qS)(V‘I‘) V‘I‘), y)dxdt.

Combining formula from (B.5) to (B.8), and taking into account of the incompressibility and
the Weyl’s decomposition or Helmholtz’s decomposition, for some P, € WA2(Q) yields

Feon = — (Bp(a,u +u- Vu)+%(d,(pu)+ V- (pu@u)|+
+ 13V - (Vb ® Vo) + A7V - (b2 V1 ® Veby)

+V - (A(VOT V) + VPy).

Variation of the dissipation functional with respectto u®=u+ evwithVe v=0inQand ve
n =0 on the wall w, where n is an outer normal vector of the wall, in the Eulerian coordinate
system is as follows

%% = [2( - V- (D))vdx + /(T (D) - n + K¢y V. + ﬂsus)UrdS, (B.9)

w

where v, =V - rand tis a tangential vector to the wall. The following expressions are also
taken into account u - £= tsand ¢ = d,¢ + uy9,¢,. The following expression for the

dissipative force in the equation of motion in the bulk region is obtained using MDP and the
incompressible constraint

Fis= — V- -@D)+ VP,. (B.10)

Finally, after using the force balance in the bulk region, 7.e., % .., = F 4i5,» We obtain the
equation of motion for the macroscopic fluid mixture
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21Ot u- Vi) + (3y(ouw) + V - (pu ® w)]

= V-D)- VP 153V - (V$r ® Vo)
— RV - (52V 1 ® Vo) = V - (V) V),

where P = P; — P,. The right hand side terms of the previous equation can be written

MY - (@Y1 ® V1))
2

"1
MV%V (V) Vo1 + 7Alqsszqsuz

2
14
= (=Y - (2V 1) + $2Gi (1)) Vb1 + MnV(Gl(qsl) + lewnlz]
2

71
- V1 + 4192 V|Gi(d1) + 7|V¢1|2

+ (alaeél V\PIZ)Vq.’)l,

DAY - (Vép ® Vi)

2
2 242 2
= QryAdrVér + ——VIVe)l

2
v
— Jo(~138 + Gy(#)) Ve + i V 72| Vol + Gal)

2
16} 2 "1 2
— iV 2+ V| FIVhl® + Ga(dn) |+ 41| G1 + 51V 11| Veba

+(0213%| V\P|2)v¢2

with the form of the elastic force term

p
V- (2V V) = (v 0+ TV v

where w = V - (4, VW¥). This results in the following form of the equation (B.11)
V(1Y V) + 113V (Ve ® Vo) + ArTV - (92V1 © Vo))
= —u Vg1 - Ve + (V) 0+ VP

with

2 2
~ ¥ A1y !
P= /1272|V¢2|2+,1262(¢2)+ AIG1+T1IV¢1|2 g+ IV

Finally, this yields the macroscale momentum equation of the three-phase model
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%[p(atu +u- Vu)+ (0;(puw) + V - (pu @ u))|

= V(D) - VP - Vuid1 - Vidy - (V) 0,

where P = P — 11 — iy

Remark Appendix B.1

Notice that w the variation fs taken in the Lagrangian coordinate system when using LAP
approach and it is taken in the Eulerian coordinate system in the MDP method. This is done
because the variation of the action functional is taken with respect to the flow map (or
trafectory x(X,0)) and it is more convenient to use the LAP in the Lagrangian coordinates.

Appendix C. Stability analysis of the numerical scheme

We present in this section the stability analysis of the numerical scheme (3.1). We start by
proving the following lemma similar to the one in [29]. This lemma will be used in proving
Theorem 3.1.

Lemma Appendix C.1

LetE = E,— E,, where E, = /Q( Iy + S—|¢2I2)dx,

2

S 01 + 5 ltal” = ZGale) - —61(4)1) dx. If

Ee= [o|5;

n n 2 " n n 2 ’ n
512 max( G (¢1)(68)". GY (#1)(#5) - 2026141
2e 2e .
522 max(Gé’(qbé') + 5—1261, Gy (¢7) + E—lz(Gl - d)zGi(q,’:’f))), and supy. ¢ of{l1l. 151} < C witha

constant C> 0 then for given ¢{ and ¢5, we have
E(¢111+1,¢n+1) (d)l ¢2) (—n+l ¢n+1 ¢il) (—n+1 ¢n+1 d)g)’ (C.1)

Sl¢1

(¢2)

N
where iy = %qﬁ’f +1_

n ’ n
o= Zgntl_ 203 Gy(¢3)
T2 2 &

mGl(¢’f))_

- (2¢3) o1

Proof

By mean value theorem, we have

E{o1,05) - E{oi 5" ") 2 (d, S - ¢>"“) (¢ ¢2—¢"“)

2 2 (€2)
+ 2N g 2 g1
€1 0]

Similarly, we can get
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Ef¢1 ™, ¢g+ ') - Edaf, 43)

(615 o1, 5 ot ¢1) (Ee(qb?,qsz) H ¢3)
¢

5 (C3)
(Hl n+1 n)) (2H12,(¢> +1_¢)(¢n+1 ¢3))
(sz, ¢"+1 5’)2)
where
5
%—— 1'(¢1) —ﬂ(ﬁ(d’l)
YN n G 2G| “
, 2 Gy 11
—6—101(¢1) % o &

n n 2 1 4N n 2 i n
If 51 > max(ci'(qs])(@) GY(#)(H) - 20261 (91)),
s > max(G(47) + Gl, Gy (¢7) + 2—(G1 ¢2G’1(¢1’))), then matrix A is a positive defined
matrix.

Then, there exist two constants C; and C, such that

E(oi* 05" ) - E¢1. 43)
(SEe(d)fv ¢2) n+1 n 5Ee(¢il’ ¢2)
T b1 ¢1) + ( 5bn

2
+ O — "I ol — g I

(]53 +1 ¢n) (C.5)

Adding (C.2) with (C.5) together gives

n+1

1
n+ 7¢2

E# - Elof o) < (Lot T - o)+ (B Las T - g8).

By using above Lemma and multiplying each equation in system (3.1) with proper function,
we can prove the energy stable Theorem (3.1) in Section 3.

Theorem 3.1
Let./" = maxg! |§(2¢’2’ - 1)cos(0s)l). If 51 and s, satisfy the condition in Lemma Appendix

C.1and a,, > .#, then the solution (gb{' Hlgatl o+l pntl gt 1) of the scheme (3.1)

satisfies the following discrete energy law for any Af >0:
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(A D 2 1 2
R R bl Ry L IE

+At(IIM%’2Vm|| + ||M%’2Vuz||2)

(C.6)
+m(||z;“2 1+ xalls )
(A1) 2
< &+ oep IVl

Proof of Theorem 3.1

1IV‘I‘I

By the definition of A, in Section 3, inner product of ;4% * and ¢! Tl gl i=1,2,

respectively, and summing them up, result in the following

;(( n+1) (1-q )¢n+l_¢?,|v\yn|2)

+(¢5 3 (o + (1 - ¢1)a12))¢§'+ — ¢, IV )
1((¢n+1) (¢n+1 (1 _¢n+1)a12) IV )

%(( ¢1 +(1 = ¢1)arz), I VI )

+%((¢ 21+ (1 = ). | VH ) ©7)
%(( V(@ + (1= ¢f)aro). IV

(087 - @t + (1 - @) v

- gl vl

(( 2L gY@ + (1= @) I VW |)

— 1|/1n+1 I/ZV\Pn

And for the hydrophilic term, inner product of V - ((qﬁé’ + 1) Vol t 1) and ¢+ livn’ by

St gl and ¢4 T 1 - ¢4, respectively, and summing them up have the form

—e( V(@8 Vet o - ¢1)+el(¢§’“lwn - g4)
= (@8 VL Vet - Vol |+ a(IVaires T es ! - )
= (@5 Vavert vt +1v(git ! - var))

(vt (@) - @)+ (08 - )

y

St var I - Sesver’
(et vt o)+ (08 - e vet]”

(C8)
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Combining equations (C.7)—(C.8) and Lemma Appendix C.1, results in the following
inequality
eoh + &l = (Elon+ Elh)
a, nin2 2 w172 2
w5l el - ey vel
< (qu+1,¢?+1 _¢?)+(H£z+l’¢g+l _d)g)
+o(L(¢5 )5t - gB)w.

(C.9)

After taking the inner product of the first and second equations in (3.1a) with Az * land

A+ 1, respectively, we have

A N B i T 7 A VANV 77 A IS R0
(¢§’+ Lol b 1) - At(u”+ L Vi) + A || Vgt "°=o. (€.11)

Taking the inner product of the first equation in (3.1b) with Atu™*1 yields

Re(pn ’ 1"'12: —ou P n(un; Alt_ w) unt 1) (C12)
— Re(%(p" +1 + pn)ll” +1_ ", u” + 1) (€.13)
= S {ller s P = e e - w)|) c14

= - %| (n(qﬁ" + 1))1/2D<u" + 1)H2 + Az(v(—zpn + P 1), u+ 1)

—At(¢?+lv,u?+1,u"+l)— At(¢§'+1VM§'+l,u"+1)

_ %A,(W.I,n)Twn +1 e+ 1) + A,<”(¢n + 1)T ) D(¢n + 1) ¥ 1)w,

where o+ 1= v . (/12’ +lygypnt 1). Here we use the fact that

/Q(V-(pn+1u"+1®u”)+pn+lu”- Vu”+1,u"+1)dx=0.

By using the same argument as in [29], the pressure can be estimated as follows
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Ar(u+ 1, v(-2P" 4+ PY)
< Qv -y p P v e
G

Taking gradient of each component of the third equation in (3.1b), yields

1
0¥ — 0,

N +0;(uf " 1o W]) = 0.

The inner product of above equation with a,Ara” + 19, %"+ ! results in
A (|l(,n+1\1/2 n+1||2 | 2
Sl e

< aeAt(( V‘I’")Tw" +1gn+l

- ae(r (S (v vttt 1) .
w

(ﬂZJr 1)1/2‘1,,1

Adding equation (C.12) to the equation (C.17) yields

Bl a1 < w4 e+ = w) )

R N e

IA

—At(¢f+1Vﬂ{'+l,u"+1)— At(¢§+lv,u§’+l,u”+l)

— 8w i+ o L5 * o Lur ),

Combing equations (C.9)—(C.11), (C.18) with pressure estimation (C.15) results in the

equation (3.2). ®
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(C.15)

(C.16)

(C.17)

(C.18)



1duosnuepy Joyiny 1duosnuely Joyiny 1duosnuey Joyiny

1duosnue Joyiny

Xu et al. Page 30

Appendix D. Additional Simulation Figures

Figure D.11:

Profiles of velocity norm at steady state with different values of elasticity for fibrin network
and platelet aggregate. (a) A,=0.1Pa, A, = 1Pa. (b) A,=1Pa, A,=10Pa. (c) 1,=10Pa A,
=10Pa. (d) A,=50Pa Ap=10Pa.
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Figure 1:

Diagram of the droplet sliding on an inclined plane under gravitational force.
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Convergence study of the numerical scheme by simulating droplet sliding on an inclined
plane, (a) Motion of the receding contact point x, by using different meshes, (b) Motion of
the advancing contact point x;, with different meshes, (c) Velocity of the receding contact
point x, by using different meshes.
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Figure 3:
Creep and Recovery. The inlet flow velocity specified by v= 20(0.5 - J)yis added until ¢=

1 on the left boundary of the domain. Then the inlet flow velocity is set to be zero.
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Interface of the droplet at time (a) = 0.1, (b) =1, (c) =2, and (d) ¢= 3 for creep-recovery

test. The Kelvin-Voigt model is used for describing droplet visco-elasticity.
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Spontaneous plot of interface profiles of the simulated droplets when they spread on the
plane. Due to symmetry, only parts of the interfaces in x> 0 plane are plotted. (a) = 0.5; (b)
t=1; (c) t=1.5; and (d) = 5. Black line: Pure Newtonian droplet. Blue dash line: Droplet
with the Oldroyd-B model. Red dash dot line: Droplet with the Kelvin-Voigt model.
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Figure 6:
(a) Contact angles and (b) radius of simulated spreading droplets. Black line corresponds to

the pure Newtonian droplet. Red, brown and purple dash dot lines correspond to the Kelvin-
\oigt type visco-elastic droplet with different shear modulus, a,= 2, 5, 10, respectively.
Blue and green dash lines indicate data for the Oldroyd-B visco-elastic droplets with
different relaxation times W;= 2, 5, respectively.
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Figure 7:
Initial structure of the blood clot in a vein, (a) Reconstructed three-dimensional image of a

venule blood clot from /n vivo experiments in mice. (Original image was published in [43,
82].) Platelets are indicated in red, fibrin is in green, yellow indicates combination of
platelets and fibrin, and black is used for other blood cells. Images show that platelet
aggregate in the middle of the clot is covered by the fibrin network and that the surface of
the blood clot consists mainly of the fiber network, (b) )z cross section of the reconstructed
image of the blood clot; (¢) Schematic diagram of the clot structure used in simulations of a
blood clot deformation under shear flow. Blood flow enters on the left side of the simulation
domain with a parabolic profile and exits on the right side of the domain, (d) Initial
distribution of the volume fraction of the blood clot represented by the phase function g,(f=
0). (e) Initial distribution of the volume fraction of platelets represented by ¢;(¢= 0). (f)
Initial distribution of the volume fraction of the fibrin network represented by (1 — ¢1(¢= 0)).
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Figure 8:
Shapes of clots with different values of viscosity described by steady state solutions of the

model system of equations with fixed elasticity modulus A, = 1Pa, A, = 10Pa. (a) n,= 4¢P,
np=40cP, (b) n,=40¢P, np=40¢P, () n,=400cP, n,=40cP, (d) n,=400cP, n,=
400¢P. npand n,are the viscosities of the platelet aggregate and fibrin network,
respectively, (e) Dynamics of total volumes of the clot. Blue triangle: 7, = 4¢P, n,=40cP.
Red circle: n,=400¢P, n,=400cP.
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Figure 9:

Sr?apes of clots with different values of elasticity modulus described by steady state
solutions of the model system of equations, (a) A,=0.1P2, A,=1Pa. (b) A,=1Pa, Ap=
10Pa. (¢) Ap=10Pa, Ap=10Pa. (d) A, = 50Pa, A, = 10Pa. A pand A , are elasticity moduli
of the platelet aggregates and fibrin networks, respectively.
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Figure 10:
Evolution of averaged velocity inside clot /o xciorluldx/ o xciodx. Apand A, are elasticity

moduli of the platelet aggregates and fibrin networks, respectively.
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Table 1:

The parameters used in convergence study.

Re I e a | By

0.1 | 0.005 | 0.01 | 10 | 20

ApqL
Here Reis the Reynolds number; /sis the slip length; e = 0.01 is the capillary width; a = nj—U is the mixture energy coefficient;

B pagl?

bg = ny

= 20 is the gravitational force.
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