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ABSTRACT OF THE DISSERTATION
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various loads

by
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Doctor of Philosophy in Mechanical and Aerospace Engineering
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Professor Ajit Mal, Co-chair
Professor Robert M’Closkey, Co-chair

Ultrasonic guided waves offer an attractive cost effective tool for inspecting large
structures. This is due to the fact that guided waves can propagate a large distance
in plate like structural components and are strongly affected by the presence of
defects in their propagation path. Propagation characteristics of Lamb waves have
been studied extensively over many years, where the waves have been studied at
a large distance away from the source, independent of the source influence. The
literature on propagation of Lamb waves including the influence of the particular
source responsible for the wave motion in the plate is comparatively much more
sparse. In this dissertation the propagation of waves in a plate due to different
kinds of applied loads is studied. Two dimensional and axisymmetric models are
analyzed and the waves are studied both near the source and far away from it.
The energy carried by the waves and how they vary depending on the type of
applied load are studied. This provides the knowledge base to characterize and
ultimately minimize the energy loss in various engineered structures and devices,
including in the design of resonators by minimizing the “anchor loss” associated

with them.
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CHAPTER 1

Introduction

Current methods for the detection and characterization of hidden defects in com-
plex structural components are time consuming and costly, often requiring partial
disassembly of the structures. Ultrasonic guided waves offer an attractive cost
effective tool for inspecting large structures. This is due to the fact that guided
waves can propagate a large distance in plate like structural components and are
strongly affected by the presence of defects in their propagation path. However,
the waves are also affected by other geometrical features (e.g. stringers) in the
structure and their application in defects detection and characterization requires a
good understanding of the quantitative features of these interactions. While some
of these features can be determined through laboratory experiments, numerical
simulations can provide the solution for a larger class of problems at a much lower

cost.

The need for model-based studies is widely recognized in the NDE and SHM
communities and a great deal of work has indeed been carried out dealing with
a variety of models. A majority of these studies involve the propagation char-
acteristics of guided waves in plate-like structural components without without
externally applied loads and defects. The general features of elastic waves that
can be transmitted in isotropic and anisotropic solids have been investigated in
great detail [T, 2, [3, 4, B], motivated by the need to understand the nature of
ultrasonic guided waves for applications in both engineering and seismology. In

contrast, the literature on the response of anisotropic and multilayered plates to



surface or subsurface sources that are representative of impact or fatigue damage
is relatively sparse. The exact solution of three-dimensional problems consisting of
multilayered, angle-ply laminates of finite thickness and large lateral dimensions
subjected to various types of surface loads, has been given by Mal and Lih [6] and
Lih and Mal [7]. Approximate thin-plate theories have also been developed to
obtain the analytical solutions for the response of thin isotropic and anisotropic

plates to surface loads [§].

The finite element method (FEM) is a versatile tool to analyze this class of prob-
lems. In this dissertation a comprehensive approach including experimental and
numerical (finite element) methods are used to determine the interaction of ultra-
sonic guided waves with crack like defects in an aluminum plate and a honeycomb
composite sandwich plate. The simpler problem of the aluminum plate is con-
sidered for model validation and to understand the basic features of the wave
interaction with the defect. The results of the calculations are compared with

those obtained in laboratory experiments, showing excellent agreement.

Composite materials are highly susceptible to hidden flaws that may arise from
manufacturing flaws and service related defects caused by mechanical or ther-
mal fatigue, foreign object impact and other unexpected events. Hidden defects
in composite structures can grow to reach a critical size, become unstable and
cause catastrophic failure of the entire structure. An example of such a structural
component is a honeycomb composite sandwich panel in which thin composite
skins are bonded with adhesives to the two faces of an extremely lightweight and
relatively thick metallic honeycomb core. Hidden defects in critical load bearing
structural components require reliable and cost effective nondestructive inspection
and maintenance strategy for their safe operation. Most of the current inspection
techniques, e.g. visual, liquid penetrant, thermal, radiographic or electromag-
netic, are time consuming and often require partial disassembly of the structure,

resulting in significant expense and loss of service. In addition to acoustic emis-



sion monitoring, active ultrasonic nondestructive evaluation (NDE) is a relatively
cost effective technique for defect detection in structural components. The most
common ultrasonic method, using a single transducer in the pulse-echo mode, is
highly effective in detecting defects that are located directly under the transducer.
The method is, however, extremely time-consuming when inspecting large areas,
and also insensitive to certain types of defects. Guided waves offer a suitable
complementary method for inspecting large plate-like structural components due
to the fact that they can travel long distances. In addition, the propagation speed
and amplitude of guided waves are strongly influenced by the presence of defects
in their propagation path. A careful analysis of waves that are recorded by move-
able surface-mounted transducers can lead to significant improvement of the speed
and reliability of damage detection and characterization in aircraft and aerospace
structures. For successful application of these ultrasonic guided wave techniques
to locate and estimate the severity of damages, it is extremely important to un-
derstand the propagation characteristics of ultrasonic waves in commonly used
composite structural components. The characteristics of the waves are generally
quite complex and depend on the laminate layup, direction of wave propagation,

frequency, and interface conditions.

In one of his classic papers, Lamb [I] established the existence of guided elastic
waves in a plate of finite thickness and infinite lateral dimensions, and deter-
mined the theoretical relationship between the phase velocity and frequency of
the waves as well as the thickness and elastic properties of the plate. The prop-
agation characteristics of guided waves in more complex media, e.g. isotropic
multilayered plates and half spaces, have since been studied by numerous authors
[9, 2]. Approximate thin-plate theories, such as the classical plate theory un-
der Kirchoff-Love kinematic assumption, and shear deformation plate theory or
Mindlin theory, have been developed to obtain analytical solutions to a variety of

problems involving the dynamic response of thin isotropic and anisotropic plates



[10, 11]. Recently, theoretical studies in layered anisotropic media have been car-
ried out, primarily because of the increasing use of composites in aircraft and
aerospace structures. Most of these studies involve laminates consisting of a stack
of unidirectional fiber-reinforced layers that are modeled as transversely isotropic
solids with their symmetry axes on a plane parallel to the surface of the laminate.
The velocity of guided waves in such laminates is very sensitive to the thickness,
some of the stiffness constants and the condition of the interface between the
layers of the laminate. Thus the degradation of these properties can in principle
be monitored if the dispersion curves can be determined through nondestructive

testing (NDT).

An experimental method based on the so called the Leaky Lamb Wave (LLW)
phenomenon has been found to give highly accurate values of the phase veloc-
ity of guided waves in laboratory specimens. A nonlinear inversion algorithm
has been used to estimate the material properties of the waveguide so that the
theoretical dispersion function attains its minimum value in a multidimensional
space [12, [13]. Although the method is successful in characterizing relatively small
degradation in the material properties of both metallic and composite structural
components in laboratory experiments, the requirements of water immersion and
of matched pair of equally inclined transducers make the technique impractical
for field applications. Other experimental methods to determine the dispersion
curves require transducer placement on both faces [14] or on the edges of the
plate, or variable angle wedge transducers [I5], all of which suffer from various
drawbacks for field application. A comprehensive review of recent research on
guided waves in composite plates and their use in nondestructive material charac-
terization can be found in Banerjee et al.[16]. Almost all of the wave propagation
studies mentioned above involve angle-ply laminates consisting of a stack of unidi-
rectional fiber-reinforced materials with different orientations. In the theoretical

models, each ply is assumed to be transversely isotropic with its symmetry axis



on a plane parallel to the surface of the laminate. This homogenized model of the
ply has been shown to be adequate when the wavelengths are large compared to
the ply thickness. A reasonable homogenized model for the material of the whole
woven composite plate is also transversely isotropic but with its symmetry axis
normal to the plate surface. This is also true for the honeycomb material where

the symmetry axis is parallel to the axis of the cells of the core [17].

In addition to theoretical and experimental studies, the finite element (FE) method
is also a versatile tool to analyze this class of problems. For example, a dynamic fi-
nite element code has been developed for the calculation of acoustic emission (AE)
waveforms in isotropic and anisotropic plates [I8,[19]. This code has been for sym-
metric wave motion and by validated with both experimental measurements and
analytical predictions for a variety of source conditions and plate dimensions in
isotropic materials. However, although the FE method can handle complex ge-
ometries and has the capability to handle reflections from lateral boundaries, it
is computationally much more intensive than the analytical methods discussed
above, and the the physical properties of the waves are difficult to determine from
the numerical solutions. Alternatively, different semi-analytical methods have
been developed recently. The waveguide finite element (WFE) method [20] and
the spectral finite element (SFE) method [21], 22], are two such modeling tech-
niques. Due to their numerical efciency, these methods have been successfully
applied to various kinds of cylindrical structures [23], helical seven-wire cables
[24], and even in the presence of parameter uncertainty [25]. However, the WFE
method has not been applied to study wave propagation characteristics in com-
plex anisotropic composites and sandwich structures. This research focuses on
a woven composite laminate and an aluminum honeycomb sandwich panel with
composite face sheets. Due to aforementioned reasons, the theoretical problem
for a woven composite plate is a homogeneous plate composed of a transversely

isotropic material with symmetry axis normal to its surface. The model of the



honeycomb sandwich panel is a three layered transversely isotropic plate composed
of the honeycomb core bonded to the composite skins. Theoretical solutions of
the dispersion characteristics for these structures are not available in the liter-
ature, and are provided here. In addition to analytical solutions, also efficient
numerical solutions are provided using the WFE method. The elastic constants
of the two materials (woven composite and aluminum honeycomb) are determined
from mixture type theories, and from destructive and ultrasonic nondestructive
experiments. Furthermore, an experimental approach that is more amenable to
practical implementation in which guided waves are generated and recorded by
surface-mounted transducers is proposed and applied within this work. From the
experiments, the validity of the assumption of transverse isotropy in the consid-
ered frequency range is demonstrated. The experimentally determined dispersion
curves are compared with those calculated from theoretical models and from the
WFE method. In addition to a woven composite laminate and a honeycomb com-
posite sandwich structure, theory as well as numerical and experimental methods

are also applied to an aluminum plate for validation purposes.

NDT and SHM of structures using guided Lamb waves typically compare the
characteristics of the Lamb waves generated inside them while they are in service
to the characteristics of the Lamb waves generated inside them before they were
put into service and hence it could be safely assumed that the structures were
free of internal defects. The measurements taken in the damage free structure are
called the baseline data and the current measurements are compared against the
baseline data to look for signs of internal damages. A more practical approach
would be to use updated “baseline” data at a previous time and compare them
with current data using a damage index [26]. To eliminate the need of baseline
data, Fink [27] proposed the time-reversal process of Lamb waves to be used for
SHM. According to the concept of time-reversal process, the source signal, when

received at the sensor location is time reversed and emitted back to the source



transducer. In absence of internal defects in the path of propagation, the time-
reversed signal when received back at the original source can be reconstructed into
the original source signal. But in presence of internal defects, the reconstruction
is not possible and the difference in the signals indicate the presence of defects.
Time-reversal process of Lamb waves has been used for narrow-band excitation
signals are in [28, 29]. Unfortunately, the time-reversal process does not have
any advantages over other procedures due to the need to determine the “original

source” which is the undamaged structure.

The literature on the interaction of guided waves with cracks and other defects is
even sparser. Only a handful of problems of interest for the NDE of real struc-
tures have been studied [15], [30]. Often hybrid finite boundary element techniques
are employed to characterize guided wave scattering at defects [31], 32]. Shkerdin
and Glorieux [33] used an analytical method to study Lamb mode conversion at
delaminations in plates, focusing on the dependence of scattering coefficients on
size and location of the delamination. More recently, Chakrapani and Dayal [34]
studied Rayleigh to Lamb mode conversion in a glass-epoxy laminate numerically
and experimentally, and proposed that size and location of the delamination might
be identified through a comprehensive analysis of the propagating waves. How-
ever, the interaction of waves propagating in thick plate-like structures, such as
the aforementioned honeycomb sandwich panels, with delaminations is not well
understood, in particular the dependence of scattering coefficients on frequency of
the incident wave. In this thesis, a comprehensive approach is used to determine
the interaction of ultrasonic guided waves with delamination-like defects in a thick
aluminum plate, which is a continuation of the preliminary research work by Mal
et al. [30]. The simple problem of the aluminum plate is considered to understand
the basic features of the wave interaction with defects, in particular the mode con-
version effects at the leading and trailing edges of the defect if the crack is close to

the surface. In this case, the small region above the crack acts as a newly formed



waveguide, allowing for the propagation of Lamb waves. While Chakrapani and
Dayal [34] did not consider “wave trapping” in the damaged area, in this work, it
is shown that, under certain conditions, scattered Lamb waves might be trapped
within the delamination zone, since only low transmission of the waves occurs at

the trailing edge of the crack.

Support loss, also called anchor loss, has not been thoroughly studied for low-
frequency micro-scale resonators. Researchers have used analyzed energy lost in a
half-space by various tractions applied on the surface [35] 36 37]. The substrates
to which resonators are attached cannot be considered a half space due to the
wavelengths involved when the resonator natural frequencies are below 1 MHz.
In this case, the substrate is more accurately modeled as a plate. In this thesis,
closed-form expressions for the elastic energy carried away from a source acting
on the plate surface are obtained. The source can impart normal forces and
moments to the plate surface as an infinite strip (2-D analysis problem) or a
circular traction (2-D and 3-D analysis problems). The analysis yields expressions
for the far field Lamb wave energy due to the source. In an effort to correlate the
Lamb wave energy with the work done by the traction, near-field expressions are
also developed in order to derive the driving point impedance at the source. This
research attempts to make a connection between the work done by the source over
one cycle to the far-field Lamb wave energy. It is shown that these calculations
yield the same result. Thus, the far-field analysis represents a simplification for

the analytical energy loss computations.



CHAPTER 2

Propagation of Lamb waves in thin plates

subjected to surface loads - 2D analysis

In this chapter, the propagation of Lamb waves in an isotropic plate subjected
to surface loads is analyzed. It is shown that the wave propagation in the plate
can be decomposed into two independent wave motions namely symmetric and
antisymmetric about the mid plane of the plate. The dispersion relations and the
displacement and stress components for the symmetric and antisymmetric Lamb
modes are derived. Then power flow rate through a cross section due to the waves
is derived. The rate of power flow into the system by the applied load is calculated
and compared with the power carried by the Lamb waves propagating away from

the source.

Figure (2.1)) shows the plane strain model of the plate that is analyzed. The x

axis is positive to the right and the z axis positive upwards.

AZ

Figure 2.1: Plane strain model of plate

The analysis is done in the frequency-wavenumber domain, by taking double

Fourier transforms of the field variables with respect to time (¢) and the direction



of propagation of the wave (x). The original field variables f (x,z,t) are trans-
formed into frequency domain to F'(z, z,w) by taking the Fourier transform with

respect to time (¢) and then further transformed to F (k, z,w) according to

F(z,z,w) = /OO f(z,2,t)e“"dt (2.1)

F(k,z,w) :/ F(z,z,w)e " dg (2.2)

where w is the circular frequency and k is the wavenumber. The original variables

are obtained by taking the inverse Fourier transforms according to

f(x,z1) =1 2/ / (k, z,w) eF==<Y dk: dw (2.3)
7r

The analysis is done in the frequency domain that is on the integrand of Eq.([2.3)

for the field variables, shown as follows
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where, u(z, z,t) and w(z, z,t) are the displacements along the x and z directions
respectively, and o,.(x, 2,t), 0..(x, z,t) are the normal stresses along the = and z

directions respectively and o, (z, z,t) is the shear stress.

Hooke’s Law for an isotropic material for 2D plane strain in the xz plane is given

10



Opz = N (€gz + €22) + 2p€, (2.9)
Orr = A (€xz + €52) + 2p€,, (2.10)
Opr = WYax (2.11)

where €,,, €., are the normal strains in the x and the z directions respectively and
vz 18 the shear strain. A\ and p are Lamé constants. p is the shear modulus of

the material.

Using the strain displacement kinematic relations

_8u _8w

. du ) ow B ou Ow

and %Z_EJFE

(2.12)

the stresses can be expressed in terms of displacement components as

NI (2.13)

where p is the density of the material and ¢; and ¢, are the longitudinal and shear

wave speeds respectively and given by

I\ +2
o= 2 = \/E (2.14)
p p

11




Using the relations from Equations D into Equation ([2.13)), the stresses are

expressed as

Opw = P [c?ikU + (i — 263) 88—2/ eilka=wh) (2.15)
Toe =P |:(C% —2¢3) ikU + 6%58_1/: gilka—wt) (2.16)
Ope = PC3 [sz + E;—U eilka—ewt) (2.17)

2

The stress equations of motion in absence of body forces are given by

2

In z direction agf 380;2 = pgtg (2.18)
2

In z direction 00r: | 002 _ O (2.19)

or  0:  Por

Taking the derivatives of the stresses from Equations(2.1542.17)) and substituting

them in the equations of motion give

In z direction — kKU + cgagg +w’U + (] — ) zkaa—? =0 (2.20)

In z direction (¢ —c3) zk% — KW + ;j + oW =0 (221
Assuming,

Uk, z,w) = A(k,w)e* (2.22)

W (k,z,w) = B (k,w) e (2.23)

where A (k,w) and B (k,w) are unknown functions and ¢ is the unknown param-

eter describing the z-dependency of U, W.

Substituting Equations ([2.22} [2.23) into Equations (2.20 [2.21)), the following pair

of homogeneous equations are obtained

—Ak? 4+ 3+ — (2 - A)ike A(k,w) 0 (2.24)
— (=) ik§ -k + A48 +w?| | B(kw) 0 '

12



For non trivial solution of Equation([2.24]), the determinant of the coefficient ma-
trix is set equal to zero, leading to the following fourth order algebraic equation
for ¢

A+ (WP (6 + ) = 2ik? + Gkt — Wk (f+ ) 4w =0 (2.25)

which is a quadratic equation in £2. Solving the equation gives the unknown

parameter £ as follows

CU2
51: ]{72——2: k2—k%27]1 (226)
551
_ o W\ _ e
52 = ( k CQ> = k kl =—M (227)
1
w? 5
Ca
_ o W\ e
&= ( k C2> k? — k3 = —np (2.29)
2

From Equation (2.24)), the unknown functions A (k,w) and B (k,w) are related as

—c%kQ + 6352 + w?
(cf — c3) k¢

where the four values of o corresponding to the four values of £ are given by

B (k,w) = A(k,w) = aA(k,w) (2.30)

—Ak? 4+ En +w?r i

= = — 2.31
a (2 — 3)ikm k ( )
g = —% = —a (2.32)
- 2]{:2 2,2 2 ik
y= S TGHEY W (2.33)
(cf — c3) ikmy 2
k
= -2 = —ay (2.34)
12

13



Substituting the values of o from Equations (2.3112.34]) into Equation (2.30)),

B (k,w) = an Ay (k,w) = %Al (k,w) (2.35)

Ba (k,w) = —an A (k,w) = —%Al (k,w) (2.36)
By (k,w) = azAy (k,w) = %Ag (k, ) (2.37)

By (k,w) = —agAy (k,w) = _%A“ (k, ) (2.38)

Substituting Equations (2.2642.29] [2.3512.38)) in Equations ([2.22}2.23)) for the dis-

placements
U (k,z,w) = Ay (k,w) e ™% + Ay (k,w) e™*
(2.39)
+ As (k,w) e ™ + Ay (k,w) e™*
W (k,z,w) = %Al (k,w)e M= — @Ag (k,w)em?
k k
ik ik (2.40)
+ —As(k,w)e ™ — — Ay (k,w) e
T2 2

Using the relations between exponential and hyperbolic sine and cosine,
e = cosh (nz) +sinh (yz) e~ = cosh (nz) — sinh (n2)

the displacements and stresses in the frequency-wavenumber domain can be writ-

ten as

U (k,z,w) = Aj cosh (n,2) + Ay sinh (1, 2)
B B (2.41)

+ Ajs cosh (n22) + Ay sinh (122)

W (k,z,w) = —%Zl sinh (m,2) — %Zz cosh (1, 2)
ik il (2.42)
— —Agsinh (ng2) — — Ay cosh (122)
72 Up
See (B, 2,w) = % (kg + 277%) (ﬁl cosh (112) + Ay sinh (7]12))

(2.43)

+ 2k* (A5 cosh (1p2) + Ay sinh (n2))

14



S.. (b, z,w0) = i (2k:2 — k%) (El cosh (1,2) + Ay sinh (7712))
+ 2k* (A5 cosh (1p2) + Ay sinh (7722))]
Sas (B, 2,0) = % 2111 (Xl sinh (1,2) + A cosh (nlz))
+ (2k2 — k‘g) (Zg sinh (122) + A4 cosh (7722))]
where

Z1 :Al (k’w>+A2 (kuw) ZQZAQ (k’("))_Al (kaw)
Zg = A3 (k:,w) + A4 (k,CU) Z4 = A4 (kf,W) — A3 (l{?,UJ)

2.1 Lamb wave dispersion relations

(2.44)

(2.45)

(2.46)

(2.47)

Next, the traction free boundary conditions are applied on the top (z = H) and

bottom (z = —H) faces of the plate.
At z = H, zero normal stress gives,
S.. (k,H,w) = (2k* — k3) (A; cosh (m H) + Ay sinh (n, H))
+ 2k* (A5 cosh (nyH) + Aysinh (1, H))
=0
At z = —H, zero normal stress gives,
S.. (k,—H,w) = (2k* — k3) (A; cosh (m H) — Ay sinh (m H))
+ 2k* (A3 cosh (nyH) — Ay sinh (n.H))
=0
From Equations ,
[(2k% — k3) Ay cosh (m H) + 2k* Az cosh (n. H)| +

[(2k* — k3) Assinh (i H) + 2k* Ay sinh (n2H)| = 0

15
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At z = H, zero shear stress gives,

Saz (k, Hyw) = 2110 (Zl sinh (n H) + A cosh (771H))

+ (2k* — k3) (Assinh (2 H) + Ay cosh (n.H)) (2.51)
=0
At z = —H, zero shear stress gives,

Sez (k, —H,w) = 21, (—Zl sinh (n, H) + A cosh (mH))
+ (2k* — k3) (—Assinh (o H) + Ay cosh (1 H)) (2.52)

=0

From Equations ([2.51}, )

[2m1m2 Ay cosh (m H) + (2k* — k3) Ay cosh (noH)| £ (253)
[277177221 sinh (m H) + (2k2 — kg) Aj sinh (772H)] =0

From Equations 1 , it is seen that A;, As are independent of Ay, A,. Hence
two independent motions of the plate can be obtained by setting A; = As = 0
and then A, = A, = 0.

First setting A, = A4 = 0 in Equations (2.50/{2.53)), the motion governed by A;, As
is derived. A;, A; satisfy

(2k% — k2) cosh (n, H) 2k? cosh (o H) A 0 (2.54)
2mimg sinh (m H) (2k? — k2)sinh (. H) | | A3 0 ‘

For nontrivial solution of Ay, A3, the determinant of the coefficient matrix in Equa-
tion (|2.54]) needs to be zero, which gives the dispersion relation for the symmetric

Lamb waves in the plate.

(22 — k2)? cosh (1, H) sinh (o H) — 4knms sinh (ny H) cosh (nH) =0 (2.55)

16



The displacements and stresses in the plate for the symmetric Lamb wave, gov-

erned by the coefficients A;, A3 are given in the frequency domain by

U (k, z,w) = Aj cosh (,2) + Az cosh (122) (2.56)
Wk, z,w) = —?Al sinh (9, 2) — n—Ag sinh (722) (2.57)
2
Sew (k, 2,w0) = % (k3 + 2n7) A; cosh (n12) + 2k*A; cosh (7]22)] (2.58)

S.. (k, z,w) = —% [(2k’2 — k3) Aj cosh (m12) + 2k* A5 cosh (ngz)] (2.59)

Sex (kyz,w) = a

I

2mm2 Ay sinh (,2) + (2]{32 - k;g) Ajsinh (7722)] (2.60)
Similarly, by setting A; = A; = 0 in Equations ([2.50} 2.53)), the motion governed
by As, Ay is derived. Ay, Ay satisfy

(2k? — k3) sinh (n, H) 2k? sinh (noH) A, 0 (2.61)
2mmnp cosh (m H)  (2k* — k2) cosh (nH) | | A4 0 '

For nontrivial solution of Ay, A, the determinant of the coefficient matrix in
Equation (2.61) needs to be zero, which gives the dispersion relation for the anti-

symmetric Lamb waves in the plate.
(2k* — k§)2 sinh (1, H) cosh (g H) — 4k*n1my cosh (n H) sinh (n,H) =0 (2.62)

The displacements and stresses in the plate due the antisymmetric Lamb wave,

governed by the coefficients A,, A4 are given in the frequency domain by

U (k, z,w) = Aysinh (n,2) + Aysinh (1y2) (2.63)

17



- 4
Wik, z,w) = —%Ag cosh (m12) — ;—A4 cosh (122) (2.64)
2

Sae (k,2,w) = % (k3 + 2n7) Aysinh (1,2) + 2k* Ay sinh (7722)] (2.65)
S.. (k,z,w) = —% [(21{:2 — k3) Ay sinh (m;2) 4+ 2k* A4 sinh (7722)] (2.66)
Sez (b, 2,w) = Uﬂ 2mnpAs cosh (m1z) + (2k% — k) Ay cosh (ngz)] (2.67)

2
A2 AZ
H — H —
R N
H — H —
Y Y

(a) (b)

Figure 2.2: (a) Symmetric and (b) Antisymmetric Lamb waves in a plate

Figure (2.2)) shows the two independent symmetric and antisymmetric Lamb wave
modes propagating in a plate indicating the symmetric and antisymmetric nature

of the horizontal and vertical displacements associated with them.

The graphical solutions of Equations (2.55( and [2.62)) for the phase velocity c,
which is generally a function of frequency, are called the dispersion curves. Figure

(2.3) shows the dispersion curves for the symmetric and the antisymmetric modes

1

of Lamb waves propagating in an aluminum plate of thickness 3.175 mm (g ).

The plate has a Young’s modulus £ = 69 MPa and Poisson’s ratio v = 0.3269.

18
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Figure 2.3: Dispersion curves for the phase velocity for an aluminum plate. Symmetric
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modes are shown as solid lines, antisymmetric as dashed lines

2.2 Cutoff frequencies for higher order symmetric and an-

tisymmetric Lamb wave modes

To determine the cutoff frequencies at which higher order Lamb wave modes start
propagating in the plate, the corresponding dispersion equation is solved for the

limiting value of the wavenumber k tending to zero, since at the cutoff frequencies

the wave speeds of the higher order modes become infinite.

Substituting £ = 0 in the dispersion relation for symmetric Lamb waves, Equation

(2.55]) becomes

cosh (n H) sinh (neH) =0

19




For k = 0, n H,m2H, cosh (n, H) , sinh (1, H) become

mH = \/k*—k?H = ik H (2.69)
ol = /K2 — K2H = iko H (2.70)
cosh (m H) = cosh (ikyH) = cos (k1 H) (2.71)
sinh (noH) = sinh (iko H) = isin (ko H) (2.72)
Substituting Equations (2.69H2.72) in Equation ([2.68])
cos (k1 H)sin (koH) =0 (2.73)
For, cos (k1H) = 0,
1
k'H = (n—ﬁ)w n=123,... (2.74)
Hence,
2rfH 1
= - = 2.
- (n 2) T (2.75)

where, f is the frequency in Hz and c¢; is the longitudinal wave speed. Therefore,

the cutoff frequencies for higher order symmetric Lamb wave modes are

1
n— 1L
f= %cl n=123,... (2.76)
For sin (ko H) = 0,
koH = nr n=1223,... (2.77)
Hence,
2w fH
P EC A (2.78)
Co

where, f is the frequency in Hz and ¢, is the shear wave speed. Therefore, the

cutoff frequencies for higher order symmetric Lamb wave modes are also given by

nco

I=3q

n=1,23,... (2.79)
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Similarly by substituting & = 0 in the dispersion relation for antisymmetric Lamb

waves, Equation (2.62)) becomes
sinh (9, H) cosh (neH) = 0 (2.80)
For k = 0, sinh (g, H) , cosh (9, H) become

sinh (9, H) = sinh (ik1H) = isin (k1 H) (2.81)

cosh (n9H) = cosh (ike H) = cos (ko H) (2.82)

Substituting Equations (2.692.70}2.81}2.82)) in Equation ([2.80))

sin (k1 H) cos (koH) = 0 (2.83)

For sin (k;H) = 0, the cutoff frequencies for higher order antisymmetric Lamb

wave modes are given by

ncy

I=3q

n=123,... (2.84)

For cos (koH) = 0, the cutoff frequencies for higher order antisymmetric Lamb

wave modes are are also given by

f‘:ﬂc2 n=1,23 (2.85)
57 .

2.3 Wave propagation in isotropic plates - Experiments

and Results

The general experimental setup for ultrasonic testing is shown in Figure .
Broadband transducers (Digital Wave B225 and B1025) with a fairly flat response
in the range of 50 kHz to 600 kHz are placed on the surface of the specimen with
the aid of a Plexiglas face sheet, which incorporates an array of holes drilled

with an accuracy of 0.1 mm and the diameter of the holes equal to that of the
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transducers. The Plexiglas sheet is placed on the surface of the specimen with
masking tapes and guarantees identical transducer locations in repeating experi-
ments. Thus only two transducers are needed to obtain data from an array with
prescribed positions. The transmission of ultrasound is aided by the application of
an ultrasonic gel couplant (Sonotech) between the transducers and the specimen.
A 5 cycle sinusoidal tone burst enclosed in a Hann window (also called Hanning
window) is generated by an arbitrary waveform generator (NI 5402) and applied
to one of the piezoelectric transducers. The sinusoidal tone burst voltage can be

expressed as

V(t):%{l—cos(

where f is the central frequency and n, = 5. A four channel signal conditioner

2m ft

Tp

)} sin (27 ft) (2.86)

(Digital Wave FM-1) is used to boost and filter the received signals in all exper-
iments. The ultrasonic signal is digitized and recorded in a four-channel digital
oscilloscope (Agilent 54624A) with up to 200 MHz sampling rate. In order to
determine the velocities of the waves, the signals are recorded at various distances
x from the source. The test region is thereby located at a sufficient distance away
from the edges of the plate structure to avoid superposition with reflected waves

from the edges.
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Figure 2.4: The ultrasonic experimental setup including oscilloscope, signal conditioner,

signal generator, transducers and Plexiglas face sheet on top of aluminum plate.

Since Lamb waves are dispersive, a direct time-of-flight analysis of the recorded
signals to calculate the velocity of the waves would incorporate significant errors.
Therefore, the dispersive signals are analyzed using either the short time Fourier
transform (STFT) or wavelet transform [38]. In the later case, the digital sig-
nals are processed using the AGU-Vallen Wavelet program, allowing a particular
frequency component to be tracked in time to obtain its corresponding velocity.
The STFT is applied and evaluated in Matlab using the built-in function ”spec-

togram”.

In order to verify the velocities of the waves experimentally, measurements are
conducted as described above. Specifically, measurements are taken with a dis-
tance between actuator and sensor in the range of 7.62cm to 22.86cm (3in. to
9in.). Due to several limitations in the experimental setup (mostly the transduc-
ers), the experimentally analyzed frequency range is 350 kHz to 500 kHz for the
Sp wave and 50 kHz to 250 kHz for the Ay wave. Figure shows typical signals
obtained at some of the receiver locations and corresponding STFT plots. It can

be seen that in both cases, mostly one type of wave is excited with the laboratory
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setup at hand. Nevertheless, the STFT of the signals is only evaluated in the
highlighted time intervals to avoid false evaluation of other propagating waves in

the signal.

100

—100

Voltage [V]
IS
Voltage [mV]
IS

0 0.05 0.1 0.15 0 0.02 0.04 0.06 0.08
Time [ms] Time [ms]

(a) Time signal for f = 200kHz and Az = 9in  (b) Time signal for f = 460kHz and Az = 9in

800 800

E ~
=600 2 600
£ 400 £ 400
= =
g g
& 200 £ 200
0.05 0.1 0.15 0.02 0.04 0.06 0.08
Time [ms] Time [ms]

(¢) STFT plot for f =200kHz and Az =9in  (d) STFT plot for f = 460kHz and Az = 9in

Figure 2.5: Time signals and corresponding STFT plots recorded with pitch-catch sys-
tem at an aluminum plate. STFT is only evaluated in highlighted time interval to avoid

false evaluation of other propagating waves in the signal.

The group velocity ¢, = —Zz of a wave is the velocity at which energy is trans-

ported by the wave and is ctilwe velocity obtained in the above experiment. The
group velocities are determined by evaluating the center frequency of the excited
wave in the STFT datasets. Through a time-of-flight analysis for different dis-
tances between actuators and sensors, the velocities are determined from ¢, = %
and are represented by the symbol x in Figure . It is seen that the experi-
mental results are very close to analytical results. Hence, the pitch-catch system is

generally suitable for precise NDE and SHM studies. Experimental investigations

of higher order modes are not considered since typically low order modes are used
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in NDE systems.
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Figure 2.6: Dispersion curves for the group velocity for an aluminum plate. Symmetric
modes are shown as solid lines, antisymmetric as dashed lines. Experimental results are

marked by x.

2.4 Propagation of Lamb waves in plate for various dy-

namic surface loads

In this section, the propagation of Lamb waves, under various surface loads are
analyzed. The physical problem, with loading applied on the top surface of the
plate (z = H) is resolved into a corresponding symmetric and an antisymmetric
problem, in accordance with the results derived in the last section, (see Figure
(2.7)). The applied time-dependent load with intensity pg is resolved into the
antisymmetric and symmetric loading of intensity £ applied on the top and bot-
tom (z = —H) surfaces of the plate. The sum of the values of the different field

variables, for the symmetric and the antisymmetric models, give the total field.
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Figure 2.7: (a) Applied loading (b) Antisymmetric loading component and (c¢) Symmet-

ric loading component in a plate

Like the field variables, the time dependent load p (z, t) is transformed into Py (z,w)
in the frequency domain by applying Fourier transform with respect to time. It
is then further transformed into Py (k,w) by applying the Fourier transform with

respect to z-direction. Next, the appropriate boundary conditions are applied.

2.5 Antisymmetric Lamb wave propagation under dynamic

vertical load on the top surface of a plate

From Equations (2.66 -, zero shear stress at z = H gives,

Sz (k, H,w) = 2mna Ay cosh (m H) + (2k* — k3) Ay cosh (1p2) = 0 (2.87)
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which gives,
— 2k — k2 h(noH)—
y ) cosh (mH) . (2.88)
27’]17]2 cosh (ThH)

At z = H, the applied normal load gives,

— Py (k,w)

Szz k7H7w = - 289
2
which gives,
i 2 PAN 2 o _ Py
- (2k* — k3) Ay sinh (m H) + 2k* Ay sinh (. H) | = 5 (2.90)
Substituting A, from Equation (2.88)) into Equation ([2.90)
—  tkmnecosh (mH)—
Ay = Py (k 291
4 ,URa (k’) 0 ( 7w) ( )

where, R, (k) is the antisymmetric Lamb wave denominator and is given by

R, (k) = (2k* — k%)Q sinh (1, H) cosh (. H) — 4k*n1ny cosh (n, H) sinh (o H )
(2.92)
Substituting A, from Equation (2.91)) into Equation ([2.88)

— ik (2k* — k3) cosh (mH) =
A2 = — QuRa (kj) P[) (k?,bd) (293)

Using the above values of A, and A4, the displacements and the stresses in the

plate due to the antisymmetric Lamb wave in the frequency domain are given by

— . Zk?o (k, LU) 2 2\ -

Ulk,z,w)= EETRDE [(Zk — k3) sinh (1,2) cosh (. H) s
—2m 19 cosh (n; H) sinh (7722)]

574 . 771]_30 (K, w) 2 2

Wk, z,w) = TR, (B [(2]{: — k3) cosh (1,z) cosh (o H) o

—2k? cosh (n; H) cosh (7722)]
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- Py (k
Sy (b, z,w) = 2(};—(’;;) (k3 +2n7) (2k* — k3) sinh (11 2) cosh (o H )
’ (2.96)
—4k*n1m, cosh (n H) sinh (7722)]
— Py (k
Szz (ka Z, LU) = _2;}—(7]:;) [(2]62 - /{33)2 sinh (7712) cosh (772H)
’ (2.97)
—4k*n1ny cosh (n H) sinh (7722)]
. 2 2 1.2 ; F
Sy (kyz,w) = _ 2k sz)ﬁnzg o (kw) [cosh (n12) cosh (o H)
" (2.98)
— cosh (g H) cosh (1722)]
The inverse Fourier transform with respect to the wavenumber k
1 "
F(z,z,w) = By F(k, z,w)e™ dk (2.99)
™ —00

gives the field variables in z and the frequency (w) domain. The integral in
Equation (2.99) has simple poles at the roots of the antisymmetric Lamb wave

dispersion equation, obtained by equating R, (k) = 0.

Figure (2.8) shows a schematic of the roots in the complex k& plane. There are
real, imaginary and complex roots. The closed contour in the complex k£ plane

with the anticlockwise direction it is traversed is indicated.
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Figure 2.8: Closed contour in the upper half complex k plane enclosing positive real,

imaginary and complex poles

To satisfy the radiation boundary condition at x = oo, that is no incoming waves
from infinity, the negative real poles are avoided in the contour. All real, imaginary

and complex poles in the upper half complex k& plane are enclosed in the contour.
The field in Equation (2.99)) is then given by

1
F(x,z,w) = —2mi (Sum of the residues at the poles
2 (2.100)

ko of F (k,z,w) e™)
where, F'(z, z,w) is the field variable due to antisymmetric Lamb waves. k, are
the roots of the antisymmetric Lamb wave dispersion equation. The displacements
and the stresses can be written as
k. Py (ka, _
Ulx,z,w) = ;W [(21{;2 — k%) sinh (11,2) cosh (e, H )

a

(2.101)

ikax

— 211724 cosh (11, H ) sinh (maz)] e
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aPo (ka,w
Wz, z,w) = Z _ZT};M}%/—(U{?)) [(2/52 — k3) cosh (n1az) cosh (n2, H)
ka alra

(2.102)
— 2k2 cosh (1. H) cosh (ngaz)] e'kat

(k3 + 2n7,) (2k2 — k3) sinh (m122) cosh (1oa H )

Py (ka,w
S = Ty
k a \a

a

- 4k§771a772a cosh (11, H ) sinh (725 z)] pikat

(2.103)

Py (ka,w )

S (2, 2,w) = Z _223%(/—%)) [(2/{;2 - kg)Q sinh (11,2) cosh (19, H )
Fa i (2.104)
— 4k2n1a74 cosh (n1, H) sinh (ngaz)] ethat
2k2 — k2) makaPo (Ka, w
sz (.I', 2 W) = Z - ( - Q)thh(k, ) : ( ) [COSh (nlaz) cosh (nQaH)

ks i (2.105)

— cosh (1, H) cosh (ngaz)] eikat

where it is understood that the right hand sides of Equations (2.10142.105)) are
summed over for all positive real, imaginary and complex values of k,. R, (k,) is
the derivative of R, (k), the antisymmetric Lamb wave denominator with respect

to k, evaluated at the roots of the antisymmetric Lamb wave dispersion equation

30



k. and is given by

R, (ka) = 8 (2kZ — k3) kasinh (1, H) cosh (noa H )
9 ko H

Ma
2k, H

772a
— 8kan1an2a cosh (1, H) sinh (12, H)

+ (2K — k3)

cosh (11, H ) cosh (2. H )

+ (2 — K3)

sinh (11, H ) sinh (19, H )

” (2.106)
— 4k2 =2 cosh (12 H ) sinh (12, H)

Ma

— 4k§’% cosh (11, H ) sinh (19, H )
T2a

— 4k319, H sinh (1, H) sinh (o, H )

— 4k3n1.H cosh (n1,H) cosh (1y, H )

In Equations (2.101H2.106)), 71, and 72, are the values of n; and 7, evaluated at
k.

It is noted that at the top and the bottom surface of the plate (2 = £H), the
normal stress S, (z,z,w) from Equation becomes zero according to the
antisymmetric Lamb wave dispersion equation (Equation (2.62))), seemingly not
satisfying the boundary condition in Equation (2.89)). But actually, at the top
and bottom surfaces of the plate, the integral in Equation applied to the
normal stress S (k, z,w) in Equation do not have any singularities at the
roots of the antisymmetric Lamb wave dispersion equation (Equation (2.62))) and

satisfies the applied boundary condition in Equation ([2.89)).

From Equations (2.101H2.105)), it is seen that for the imaginary roots ¢k, of the

dispersion equations, the various field variables have the form

ka,z,w) _
G( z w)e kax

F(z,z,w) = R ()

(2.107)

which exponentially decreases for increasing values of x. The complex roots in

the upper half complex k plane come in pairs of the the form k, = a + b, —a + ib.

31



For the complex roots, the various field variables have the form

G (ka, z,w)

+iax —bx 2.108
Rk (2109

F(z,z,w) =

which too exponentially decrease for increasing value of . The antisymmetric
Lamb waves propagating to large distances in the plate are the propagating waves

given by the residues of the real positive roots.

2.6 Symmetric Lamb wave propagation under dynamic

vertical load on the top surface of a plate
From Equations ([2.59] , zero shear stress at z = H gives,

Sa. (k, H,w) = 2mno Ay sinh (n H) + (2k2 — k%) Assinh (n22) = 0 (2.109)

which gives,
— (2k? — k2)sinh (no H ) —
A =— - A 2.110
! 2mmy sinh (m H) s ( )

At z = H, the applied normal load gives,

S.. (k, H,w) = —M (2.111)
which gives,
i 2 12\ 7 277 Py
i’ (2k* — k3) A; cosh (m H) + 2k* Az cosh (. H) | = 5 (2.112)
Substituting A; from Equation ([2.110)) into Equation (2.112)
—  dkmmnesinh (m H)—
Az = Py (k 2.113
3 ,URS (k’) 0 ( ,W) ( )

where, R (k) is the symmetric Lamb wave denominator and is given by

Ry (k) = (2k* — kS)Q cosh (n1 H) sinh (nyH) — 4k*nyny sinh (n H) cosh (n. H)
(2.114)
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Substituting As from Equation (2.113) into Equation (2.110))

ik (2k® — &3) sinh (o H )

A = 2nR. () Py (k,w) (2.115)

Using the above values of A; and Aj, the displacements and the stresses in the

plate due to the symmetric Lamb wave in the frequency domain are given by

— ik Py (k
Uk, zw) = —% [(2k2 — k3) cosh (n;2) sinh (2 H)
(2.116)
—2m 1y sinh (n; H) cosh (7722)]
— P,
Wk, z,w) = _%M;—ik(}:;) [(2k2 — k3) sinh (n;2) sinh (n. H)
(2.117)
—2k? sinh (1, H) sinh (ngz)]
_ Py (k
Sy (kyz,w) = %(’]:;) (k3 + 2n7) (2k* — k3) cosh (n12) sinh (o H )
i (2.118)
—4k*n1ny sinh (n, H) cosh (7)22)]
_ Py (k
Szz (ka 2, W) = _% [(2]€2 - k’g)2 cosh (7712) sinh (772H)
i (2.119)
—4k*nmy sinh (9, H) cosh (7722)]
— 2k? — k2) mik Py (k
Sy (ky 2, w) = ! Q})znz;) o (k) [sinh (n12) sinh (no H )
i (2.120)
— sinh (g H) sinh (mz)]
The inverse Fourier transform with respect to the wavenumber k
1 * = ikx
F(z,z,w) = — F(k, z,w)e™ dk (2.121)
™ —0o0
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gives the field variables in z and the frequency (w) domain. The integral in Equa-
tion ([2.121)) has simple poles at the roots of the symmetric Lamb wave dispersion

equation obtained by equating R (k) = 0.

Figure shows a schematic of the roots in the complex k plane. There are
real, imaginary and complex roots. The closed contour in the complex k£ plane
with the anticlockwise direction it is traversed is indicated. To satisfy the radia-
tion boundary condition at x = oo, that is no incoming waves from infinity, the
negative real poles are avoided in the contour. All real, imaginary and complex

poles in the upper half complex k plane are enclosed in the contour. The field in

Equation ([2.121)) is then given by

1
F(x,z,w) = —2mi (Sum of the residues at the poles
2m (2.122)

ks of F (k, z,w) e™)

where, F (z,z,w) is the field variable due to symmetric Lamb waves. kg is the
root of the symmetric Lamb wave dispersion equation. The displacements and

the stresses can be written as

kP (ks, .
Ul(x,z,w) = ZM [(2]@3 — k3) cosh (n152) sinh (o H)

20k (k) (2123)
— 2m15Ms sinh (n1sH ) cosh (77252)] ek
SF ksu . .
W (z,z,w) = Z —i% [(2/{3 — k3) sinh (1152) sinh (o H)
s (2.124)

— 2k?sinh (m;.H) sinh (7’]252)] e'ks®
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Py (k.
Sez (2, 2,w0) = Z iM (k3 + 2n7,) (2k2 — k3) cosh (m152) sinh (o5 H)
ks

2R, (k)

— 4kImsns sinh (1 H ) cosh (77252)] piksz

(2.125)
Py (ks
S.. (x,z,w) = Z —iz(g/—(l’;;) [(Qkf — k§)2 cosh (1m152) sinh (795 H)
ks ; (2.126)
— 4k2n15mas sinh (15 H ) cosh (7’]252)] eiks®
(2k2 — k2) misks Py (ks
S (T, 2, w) Z R7/71(k) Po (ks w) [sinh (ms2) sinh (s H)
ke (2.127)

— sinh (s H ) sinh (77252)] eks®

where it is understood that the right hand side of Equations are
summed over for all positive real, imaginary and complex values of ks. R (ks) is
the derivative of Ry (k), the symmetric Lamb wave denominator with respect to
k, evaluated at the roots of the symmetric Lamb wave dispersion equation ks and
is given by

R. (k) = 8 (2k? — k2) ky cosh (1. H) sinh (1. H)

(2K — 1) ka inh (1o H) sinh (e H)

+ (2k2 - kS)Q ]{;;21{ cosh (msH) cosh (s H)

— 8ksM1sn2s sinh (15 H ) cosh (s H) (2.128)
— 4k3% sinh (msH ) cosh (s H)

— 4k3 772 > sinh (s H) cosh (nys H)

— 4k 19 H cosh (i H) cosh (1 H )

- 4k§nlsH sinh (nlsH) sinh (UQSH)
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In Equations (2.12342.128)), 115 and 755 are the values of n; and 7, evaluated at k.

As described for the antisymmetric Lamb waves, at the top and bottom surfaces of
the plate, the integral in Equation applied to the normal stress S, (k, z, w)
in Equation do not have any singularities at the roots of the symmetric
Lamb wave dispersion equation (Equation (2.55))). Hence the normal stress at the

top surface of the plate satisfies the boundary condition in Equation (2.111])).

From Equations (2.12342.127)), it is seen that for the imaginary roots iks of the
dispersion equations, the various field variables have the form

G<k87 % w) e—ksx

F(z,z,w) = R (k)

(2.129)

which exponentially decreases for increasing values of x. The complex roots in
the upper half complex k plane come in pairs of the the form ks = a + ib, —a + ib.
For the complex roots, the various field variables have the form

G (ks, z,w)

F(z,z,w) = R (k)

etiare=be (2.130)

which too exponentially decrease for increasing value of . The symmetric Lamb
waves traveling large distances in the plate are the propagating waves given by

the residues of the real positive roots.

2.7 Displacement fields in the plate under applied tran-

sient load

The total horizontal and vertical displacements in the plate are given by the
corresponding sum of the symmetric and antisymmetric displacements. The dis-
placements are calculated by taking the inverse Fourier transform with respect
to frequency (w) of the sum of Equation and Equation for the
horizontal displacement u (x, z,t) and the sum of Equation and Equation
for the vertical displacement w (z, z, t).
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Comparisons of the horizontal displacement u (x, z, t) from the above equations,in
an aluminum plate of thickness 1.78 mm, with that calculated by finite element
analysis using the commercial software package Abaqus are given below. The
loading applied on the top surface of the aluminum plate is a 5 cycle sine load
with a frequency of 200 kH z, with amplitude 1 million N/m enclosed in a Hann
window given by the form

V(t) = % [1 — cos (QthH sin (27 ft)

p

The load is uniformly distributed over a length of 1 mm centered at the z axis.

Figure (22.9) shows the applied load.

x 10°

0.6

0.2

Traction [N/m)]

0 20 40 60 80 100
Time [ps]

Figure 2.9: Applied tone burst load with center frequency f = 200 kHz

Figure shows the excellent match between the horizontal displacement at
50 mm distance to the right of the z axis calculated from the above equations to
the results from finite element analysis. The results are shown at various depths
along the thickness of the plate. The red curves are the results from the finite
element analysis using the commercial software package Abaqus. The blue curves
are the horizontal displacements computed using 29 modes including the positive
real, imaginary and the complex modes. The green curves are the horizontal
displacements computed using only the real positive or the right propagating

modes. The analytical results using positive real, complex and imaginary modes
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are nearly identical to those computed using only the real positive modes as the
complex and imaginary modes decay exponentially with distance as discussed
earlier. The finite element solutions include reflections from the edge of the plate,
which are absent in the analytical solutions for a plate of infinite length. Figure

(2.11]) shows similar comparisons for the vertical displacements in the plate.
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Figure 2.10: Horizonal displacements in the aluminum plate. The red curves are the
results from finite element analysis using the commercial software package Abaqus. The
blue curves are the horizontal displacements computed using 29 modes including the
positive real, imaginary and the complex modes. The green curves are the horizontal

displacements computed using only the positive real or the right propagating modes.
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Figure 2.11: Vertical displacements in the aluminum plate. The red curves are the
results from the finite element analysis using the commercial package Abaqus. The blue
curves are the vertical displacements computed using 29 modes including the positive
real, imaginary and the complex modes. The green curves are the vertical displacements

computed using only the positive real or the right propagating modes.

Figure (2.12)shows the horizontal displacement in the same 1.78 mm thick alu-

minum plate with the same applied load as above at a distance of 1 mm to the
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right of the 2z axis. The red curves are the results from the finite element analysis
using the commercial software package Abaqus. The blue curves are the vertical
displacements computed using 29 modes including the positive real, imaginary and
the complex modes. The green curves are the vertical displacements computed
using only the real positive or the right propagating modes. It can be clearly seen
that very near the source, the complex and imaginary modes contribute signifi-
cantly to the displacements. There is excellent match between the results from
finite element analysis and those computed analytically using positive real, imagi-
nary and complex modes. Whereas, the green curves computed analytically using
only the real positive or the right propagating modes differ significantly from the
finite element results. The finite element solutions include reflections from the
edge of the plate, which are absent in the analytical solutions for a plate of infi-
nite length. Figure shows similar comparisons for the vertical displacements
in the plate.
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Figure 2.12: Horizonal displacements in the aluminum plate. The red curves are the
results from the finite element analysis using the commercial software package Abaqus.
The blue curves are the horizontal displacements computed using 29 modes including
the positive real, imaginary and the complex modes. The green curves are the horizontal

displacements computed using only the positive real or the right propagating modes.
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Figure 2.13: Vertical displacements in the aluminum plate. The red curves are the
results from the finite element analysis using the commercial software package Abaqus.
The blue curves are the vertical displacements computed using 29 modes including the
positive real, imaginary and the complex modes. The green curves are the vertical

displacements computed using only the positive real or the right propagating modes.

The distance in terms of plate thicknesses away from the origin, when the solution
due to real, imaginary and complex modes is almost equivalent to the solution due

to the positive real (propagating) modes is determined. Figure (2.15)) shows the
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vertical displacement (V) at the top surface of the same 1.78 mm thick aluminum
plate with the same applied loading as stated above. The blue curves are the verti-
cal displacements computed using 29 modes including the positive real, imaginary
and the complex modes. The red curves are the vertical displacements computed
using only the positive real or the right propagating modes. The displacements
are plotted at a distance when the two vertical displacements differ by less than
1% in their maximum amplitude. It is seen that as the frequency increases, the
two solutions converge at lesser distances away from the origin. Figure plots
the percentage error in the maximum amplitude of the vertical displacement at
the top surface for various frequencies against the distance away from the origin
in terms of plate thickness. Table lists the distance away from the origin
in terms of plate thicknesses when the two solutions converge for different fre-
quencies. It also lists the percentage difference in the maximum amplitude of the

vertical displacement in the two solutions at that distance.
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Figure 2.14: Percentage error in maximum amplitude of vertical displacement on the
top surface of plate for various frequencies when only the positive real (propagating)

modes are considered instead of 29 complex modes.
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Table 2.1: Distance away from origin in terms of plate thicknesses when the vertical
displacement due to complex, positive real and imaginary modes converge to that due

to real positive (propagating) modes

Frequency [kHz] | Distance from origin/plate thickness | Difference in max amplitude (%)
100 5.5 0.91
200 4 0.82
300 3.5 0.14
400 3 0.3
500 2.5 0.72
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Figure 2.15: Vertical displacements on the top surface of the aluminum plate. The blue
curves are the vertical displacements computed using 29 modes including the positive
real, imaginary and the complex modes. The red curves are the vertical displacements

computed using only the positive real or the right propagating modes.

2.8 Power flow through a plate under applied vertical load

The power that is the rate of energy flow carried by the propagating Lamb waves
through a cross section whose unit outward normal is along the positive x axis is

calculated. The energy flow per time period (T = %’T) of a wave in x direction is

given by

I t

(P) = ——/ Real (0, (z, 2, 1)) ReadM
o ot (2.131)
. )
+Real (0, (2, 2,1)) Real%) dt

The displacements and the stresses are of the form

w(z,z,t) = U (z, z,w) ko=t

(2.132)

= (Ur +iUp) e™™*
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o(x,2,t) =S (x,2,w) ke

(2.133)
= (SR + ZS[) et

In Equations ([2.132)2.133)) u, o represent generic displacement and stress in the

time (¢) domain, while Ug, U;, Sg, S; represent the real and imaginary parts
respectively of generic displacement and stress in the frequency (w) domain. Using

Euler’s relation e*™! = cos (wt) & i sin (wt)

Real () Real (%) = (Sgcos (wt) + Sysin (wt)) (—wUg sin (wt) + wU| cos (wt))

% (S[U] — SRUR) sin (th)
+ w (SrU; cos? (wt) — S;Ugsin® (wt)) (2.134)

Then,

27

1 T 8U w wow .
_T/O <Real (0') Real <E)) dt = —% ; E (S[U] — SRUR) Sin (2wt) dt

2
—; / T (SrU; cos® (wt) — SUgsin® (wt)) dt
T Jo

(2.135)

—l/T Real (o) Real (24 ) dt = —% (SaU; — SyUx) (2.136)
T . cal (0 ca. ot == 9 RYT IYR :

= —%Imaginary(US*) (2.137)

In the above equation, S* denotes the complex conjugate of S.

Using the result from Equation (2.137]) in Equation (2.131]), the power flow in the

x direction in the frequency domain is given by
(P (w)) = —glmagmary (US:, + WS.) (2.138)
The power flow through a cross section in the plate, whose normal is along the x

axis is then obtained by integrating Equation (2.138]) along the thickness of the

52



plate. For a plate with thickness 2H along the z axis, the power flow through a

section is given by

H
(P(w)) = —E/ Imaginary (US;, + WS,) dz (2.139)

2 ) m

For antisymmetric Lamb wave motion in a plate subjected to a vertical dynamic

load on the top surface, the power flow through a cross section is given by

(Pa (w)) = (Par () + (Paz (w)) (2.140)

where,

w [
(P (w)) = —5/ Imaginary (US},) dz
H

_ wk, |Pg (ky,w)|?

B[R, (ka)]”
inh (2n,. H
[(%i C k)% (K2 + 22,) cosh? (naaH) (sz(n# _ H) -
la

2114724 (2/{:2 — k:%) (21{:2 + k:% + 277%a) cosh (m1,H ) cosh (19, H)

(Smh ((171a + 72a) H) _ sinh ((71a — 72a) H)) +
Ma + 12a Ma — T2a

sinh (202,H) H) (2.141)

277221

S k2 cosh? (nya H) (

and

H
(P (w)) = —%/ Imaginary (WS},) dz
—H

_ whafy (2k2 = K3) [Po (ka, )|
Apu (R, (ka))?

[(21{2 — k3) cosh® (1o, H) (M + H) -

27713,
(4k? — k3) cosh (n1.H) cosh (np.H)

(Sinh ((M1a + m2a) H) 1 sinh ((71a — 72a) H)) i
Ma + 24 Ma — 12a

b (21700 H
2k2 cosh? (11, H) <M + H) (2.142)

2772a
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In Equations (2.141))2.142)), U, W, S, and S, are the displacements and stresses
for antisymmetric Lamb wave, given by Equations (2.10112.105]).

For symmetric Lamb wave motion in a plate subjected to a vertical dynamic load

on the top surface, the power flow through a cross section is given by

(P (w)) = (P (w)) + (P2 (w)) (2.143)

where,

H
(Pg (w)) = ——/ Imaginary (US},) dz
—H

 whk [P (ka,w)]?
B [RL (k)]

sinh (2n;sH) N H) B

[(zks ) (0 207 s ) (2
1s
215728 (2/{52 — k%) (2/€S2 + k% + 277%5) sinh (msH ) sinh (s H)

(Sinh ((ms + mos) H) . sinh (1915 — 7as) H)) N
Mas + T)2s s — Ma2s

inh (2ns H
8n? k2 sinh? (m H) (Smé—nz) + H)] (2.144)
Tos

and

H
(Po (w)) = —%/ Imaginary (WS},) dz
~H
_ whani, (2k2 — k3) [Po (ks w)?
p (R (k)]

inh (2ns H
- o (L2220 )
Ms

(4k2 — k3) sinh (i H ) sinh (15 H)

(Sinh ((ms + m2s) H)  sinh (715 — 72) H)> n
MNis + T)2s Mis — M2s

(2.145)

2k? sinh® (1. H ) <M — H)

27725

In Equations (2.144))2.145), U, W, S, and S, are the displacements and stresses
for symmetric Lamb wave, given by Equations ([2.12312.127)).
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2.9 Work done per cycle by the applied dynamic vertical
load

The work done per cycle by the load applied on the top surface of the plate is
calculated. The energy flowing across the region on the top surface in the vertical
z direction in one cycle is calculated. It is averaged over the time period to given
the power. The power flow is integrated over the width (2a) of the region across
which the vertical loading is applied, and is compared with the power flow across a
vertical section derived already. Similar to before, the power flow in the frequency

(w) domain, in the z direction is now is given by
(P(w)) = —%Imaginary (W (2, Hyw) S,. (z, H,w)) (2.146)

where, S,. (z, H,w) = — P (w) the applied stress in frequency domain. Since, it
is just real, there is no need of the complex conjugate.
Near the source, the contribution of the pure imaginary and the complex roots

of the the dispersion equation needs to be added together with the contribution

of the real positive roots. The vertical displacement W (z, z,w) has the form (see

Equations ([2.102}2.124)))

Wiz, z,w) = im;/’—:l;)meik“ (2.147)

where G (k, z,w) is an even function of k, while R’ (k) is an odd function of k.

For pure imaginary roots of the dispersion equations, of the form k = ik, the

vertical displacement becomes

.G (ik, z,w)e_kx

Wiz, z,w) =1 R (ik) (2.148)
And since, G](;,k(’;f) is an odd function of ik, it has the form
G (ik,z,w) .
—= =M (k 2.14
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where, M (k, z,w) is a real function. Substituting Equation (2.149)) in Equation
[@.113)
Wz, z,w) = —M (k,z,w)e " (2.150)

which is real together with the applied stress on the top surface. Therefore from
Equation (2.146|), there is no contribution in the power flow through the top

surface from the imaginary roots.

As stated before, the complex roots of the dispersion equations come in pairs of

the form & = a + ib, —a + b in the upper half of the complex k plane. For the

complex root k = a + ib , the vertical displacement becomes

G (a+1b,z,w)
R (a + ib)

=i (r(a,b) +1is (a,b)) e " (2.151)

iaxr  —bx

Wiz, z,w) =1

= — (s (a,b) cos (azx) + 7 (a,b) sin (ax)) e ™"

+i (1 (a, b) cos (az) — s (a,b) sin (ax)) e ™" (2.152)
where 7 (a,b) and s (a, b) are real functions. And since, % is a real and odd
function of £ = a+1b, the vertical displacement from the complex root k = —a+1ib
becomes

G(—a+ib,z,w)

W,z w) = i—pr = e
=i (—r(a,b) +is(a,b)) e e t" (2.153)

= — (s(a,b) cos (ax) + 1 (a, b) sin (azx)) e
—i(r (a,b) cos (ax) — s (a, b) sin (ax)) e™** (2.154)

The contribution to power flow through the top surface due to the root k = a+1b,

then becomes, from Equation (2.146)2.152)

(P (w)) = % (r (a,b) cos (ax) — s (a,b)sin (ax)) e " Py (w) (2.155)
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And the contribution to power flow through the top surface due to the root k =

—a + tb, then becomes, from Equation ([2.1462.154])

(P (w)) = —g (r (a,b) cos (ax) — s (a,b)sin (ax)) e Py (w) (2.156)

From Equations, (2.155) and (2.156)), (P (w)) is negative of (P (w)) and their

sum is zero. Therefore, the complex roots of the dispersion equation do not have

any net contribution to the power flow through the top surface of the plate.

Therefore, only the real roots of the dispersion equations contribute to the energy
flow per time period, in the vertical direction through the top surface. The power
flowing vertically through the region on which the loading is applied, is obtained
by integrating Equation along the length of the region from x = —a to
r = a. It consists of antisymmetric and symmetric components from the real

positive roots of the antisymmetric and symmetric dispersion equations.

The power flow through the top surface due to the right propagating antisymmet-

ric Lamb wave motion in a plate subjected to uniform vertical load is given by

 wkdna Py (ka,w)

P (@) = sin (k,a)

o Ry (k) 0T

cosh (1. H ) cosh (e H)  (2.157)

The power flow through the top surface due to the right propagating symmetric

Lamb wave motion in a plate subjected to uniform vertical load is given by

 wkdm Po (ks,w)
~ 4p RU(k)

sin (ksa)
ks

(Poy (w)) Py (w) sinh (mgH ) sinh (nesH)  (2.158)

The power flow through the top surface due to the right propagating antisymmet-

ric Lamb wave motion in a plate subjected to a linearly varying load is given by

.Wkgnla P0 (kau w)

G ARl

cos (kaa)  sin (kaa)
ka k2a

cosh (1, H ) cosh (e, H )

(2.159)
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The power flow through the top surface due to the right propagating symmetric

Lamb wave motion in a plate subjected to a linearly varying load is given by

e T P () (cos z(fsa) B smk(glzsa))

sinh (s H ) sinh (nesH)

Pt (o)) = _iwkgms Py (kg,w)

(2.160)

The power flow through the top surface due to the left and the right propagat-
ing Lamb waves is twice the value given by Equations for uniform
vertical load and by Equations for a linearly varying rocking load .
And this power flow through the top surface induced by the applied load equals
the power flow through two vertical sections left and right of the origin, which
again is twice that given by Equations . Figure compares the
above two power flow spectrum in a 1.78 mm thick aluminum plate subjected to
a uniform vertical load of intensity 1 N/m over a 1mm wide region on its top
surface. The Young’s modulus of the aluminum plate is 69 GPa and its Poisson’s
ratio is 0.3269. Figure compares the above two power flow spectrum in a
1.78 mm thick aluminum plate subjected to a linearly varying load with intensity
varying from —v/3N/m to v/3N/m over a 1 mm wide region on its top surface.
The Young’s modulus of the aluminum plate is 69 GPa and its Poisson’s ratio is

0.3269.
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Figure 2.16: Power flow spectrum due to Lamb waves in a plate subjected to uniform
vertical load on its top surface. The red solid curve denotes power flow through vertical
cross sections left and right of the origin. The dashed blue curve denotes the power flow

through the region on the top surface on which the external load is applied.
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Figure 2.17: Power flow spectrum due to Lamb waves in a plate subjected to a linearly
varying load on its top surface. The red solid curve denotes power flow through vertical
cross sections left and right of the origin. The dashed blue curve denotes the power flow

through the region on the top surface on which the external load is applied.
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2.10 Various vertical loadings applied on the top surface

of a plate

The Py (k,w) in the above analysis, denotes the the double Fourier transform
of the time dependent applied load pg (z,t). Next, the different Py (k,w) that
appear for different vertical surface loads and should be used in the formulas for
the displacement and stress fields due to the symmetric and antisymmetric Lamb

waves are given.

2.10.1 Uniform vertical load

For a vertical loading p (z,¢) with intensity p(z) over a length 2a on the top

surface of the plate, centered at the vertical z-axis,

plx,t) =p(x) f(t) (2.161)

where f (t) is the time-dependence of the load. For an uniform intensity py over

a length 2a on the top surface of the plate, centered at the vertical z-axis,

~

p(x)=p0 |z[<a (2.162)

—0  |z[>a (2.163)

Po(x,w)—/ p(x,t)e™dt |z] <a,t>0
0

= po /0 b f(t) e~ dt (2.164)
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Py (k,w) :/ Py (z,w) e da (2.165)

:/ / poe” e dx} f(t)e™tdt
0 LS —a

_/ _@ (eika . e—ika):| f (t) eiwt dt
. K

/ h w F () et dt (2.166)
0

2.10.2 Rocking load

For a continuous linearly varying load (see Figure (2.18)) with intensity —pg at
x = —a to intensity py at x = a on the top surface of the plate, centered at the

vertical z-axis

Po )
n e >
_H_ g .

Figure 2.18: Linearly varying (rocking) load

pa) =22 |z <a (2.167)
a

=0 lz| > a (2.168)
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Po(x,w):/ PEF @)t el <a (2.169)

oo

Py (k,w) :/ Py (w,w) e da lz] <a (2.170)

o0

:/ {/ @e_ikx dx} f(t) et dt
0 —a @

B a 67ikxd f(t) it i@t
e c

:/0 [_i’_/z (eika_i_efilm) —i—% (efika _eika)i| F () et dt

_ /0 h % [cos (ka) — Smk(ka)] ()t dt (2.171)

a

2.11 Antisymmetric Lamb wave propagation under dy-

namic shear load on the top surface of a plate

A described in Section (2.4), Figure (2.19) shows the the physical problem with
the applied shear load of intensity py on the top surface of the plate, resolved into
the antisymmetric and symmetric loading of intensity £ applied on the top and

bottom surfaces of the plate
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Figure 2.19: (a) Applied loading (b) Antisymmetric loading component and (c¢) Sym-

metric loading component in a plate

From Equations (2.66] [2.67)), zero normal stress at z = H gives,
S.. (k, H,w) = (2k* — k3) Ay sinh (m H) + 2k* Ay sinh (n,H) = 0 (2.172)

which gives,
— (2k? — k2)sinh (n, H)—
Ay =— A 2.173
* 2k2 sinh (neH) 2 ( )

At z = H, the applied shear load gives,

- Py (k
S,. (k, H,w) = —% (2.174)
which gives,
K =5 2 N 7 Py
— |2mm2 Ay cosh (m H) + (2k* — k3) Agcosh (n2H) | = 5 (2.175)
T2
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Substituting A, from Equation (2.173)) into Equation (2.175)

— k%ny sinh (ny H ) —
Ay =— Py (k 2.1
2 MRa (k?) 0 ( ) W) ( 76)

where, R, (k) is the antisymmetric Lamb wave denominator and is given by

R, (k) = (2k* — k%)2 sinh (1, H) cosh (noH) — 4k*nmy cosh (n H) sinh (n, H)

(2.177)
Substituting A, from Equation (2.176|) into Equation (2.173)
— 2k? — k2 inh (m H)—
A, - ) mesiuh (mH) (2.178)

2R, (k)

Using the above values of A, and A4, the displacements and the stresses in the

plate due to the antisymmetric Lamb wave in the frequency domain are given by

77 12 Po (k, w) 2 2\ o :
Uk, z,w) = EAGE [(% — k3) sinh (n; H) sinh (12)
(2.179)
—2k? sinh (1;2) sinh (UQH)]
W (k,z,w) = % [2771772 cosh (1;2) sinh (n. H)
’ (2.180)
— (2k* — k3) sinh (1. H) cosh (1722)]
Sz (ky 2, w) = ik??fo(g;, “) [(2k2 — k3) sinh (n H) sinh (n2)
" (2.181)
— (k3 4 2n7) sinh (m;2) sinh (nQH)]
S.. (k,z,w) = ikt (2/{2—5 ]Zi)) Po (kw) [sinh (m12) sinh (no H)
) (2.182)
— sinh (n H) sinh (7722)]
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- P,
Sux (ky2,w) = Q%—k(’]:;) [ (2k* — k§)2 sinh (n; H) cosh (122)
" (2.183)
— 4mimak? cosh (1, 2) sinh (ny H)
The inverse Fourier transform with respect to the wavenumber k
1 ® = ikx
F(z,z,w) = Py F(k,z,w)e™dk (2.184)
™ —0o0

gives the field variables in z and the frequency (w) domain. The integral in
Equation (2.182)) has simple poles at the roots of the antisymmetric Lamb wave

dispersion equation obtained by setting R, (k) = 0.

Figure shows a schematic of the roots in the complex k plane. There are
real, imaginary and complex roots. The closed contour in the complex k£ plane
with the anticlockwise direction it is traversed is indicated. To satisfy the radia-
tion boundary condition at x = oo, that is no incoming waves from infinity, the
negative real poles are avoided in the contour. All real, imaginary and complex
poles in the upper half complex k plane are enclosed in the contour. The field in
Equation (2.184]) is then given by

F(x,z,w) = —2mi (Sum of the residues at the poles
21 (2.185)

ko of F (k,z,w) e™)
where, F'(x, z,w) is the field variable due to antisymmetric Lamb waves. k, are
the roots of the antisymmetric Lamb wave dispersion equation. The displacements
and the stresses can be written as

in2a Po (Ko, w) . ,
Ulx,z,w) = Z;/ﬁg’ﬁ (2k7 — k3) sinh (1, H) sinh (1,2)

(2.186)
— 2k2 sinh (11,2) sinh (ngaH)] e'kat
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k. P (Ka,w '
(z,2z,w) Z 21&2{/ ) [2771a772a cosh (n1,2) sinh (2. H)
ka

(2.187)
— (2k} — k3) sinh (maH ) cosh (ngaz)] e'kat

ka aF ka; . .
Sz (2, 2,w) = Z — UQR/ (Eli ) “) [(2]{2 — k3) sinh (1, H) sinh (1,2)

(2.188)
— (k3 + 2n7,) sinh (n122) sinh (1, H)] pikaz

Z _ ]{?anga (2]@’2 — k?%) F[) (l{/’a, LU)

Ser (22,00) = R, (k)

[sinh (M1a2) sinh (19, H)

Fa (2.189)

— sinh (11, H) sinh (ngaz)] 'ha®

iPo (ka,w 2 .
Se. (T, 2,w) = 22;%/(—(]{)) [(Zkg — k3)” sinh (91, H) cosh (12.2)
ka a i

(2.190)
— 4n1anak? cosh (n1,2) sinh (724 H)] pikaz

where it is understood that the right hand side of Equations (2.186{2.190)) are
summed over for all positive real, imaginary and complex values of k,. R (k,) is
the derivative of R, (k), the antisymmetric Lamb wave denominator with respect
to k, evaluated at the roots of the antisymmetric Lamb wave dispersion equation
k., and is given by Equation. Like before, the antisymmetric Lamb waves

are the propagating waves given by residues at the real positive roots.
2.12 Symmetric Lamb wave propagation under dynamic
shear load on the top surface of a plate

From Equations (2.59} [2.60)), zero normal stress at z = H gives,

S.. (k,H,w) = (2k* — k3) A cosh (m H) + 2k* A5 cosh (. H) = 0 (2.191)
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which gives,
— (2k* — k3) cosh (n H) —
Ay = — A 2.192
’ 2k2 cosh (no H) ! (2.192)

At z = H, the applied shear load gives,

— Py (k,w)

Se. (k, Hyw) = 5 (2.193)
which gives,
% 9 Z . 2 N\ T . o FO
— | 2mmeA; sinh (1 H) + (2k* — k3) Azsinh (o H) | = 5 (2.194)
2
Substituting As from Equation (2.192) into Equation (2.194)
— k*nq cosh (o H) —
A =— Py (k 2.195
1 ,URb (k?) 0 ( 7(,0) ( )

where, R (k) is the symmetric Lamb wave denominator and is given by

R, (k) = (2k* — k‘%)2 cosh (n H) sinh (nyH) — 4k*nyny sinh (9, H) cosh (neH )

(2.196)
Substituting A; from Equation ([2.195)) into Equation (2.192)
— 2k% — k2 h(mH)—=
A, = 2 cosh(mi) 5y (2.197)

21 R (k)
Using the above values of A; and Aj, the displacements and the stresses in the

plate due to the symmetric Lamb wave in the frequency domain are given by

77 772?0 (k,w) 2 2
= —F | (2k" — h(mH h
Uk, zw) 2R, (F) (2k* — k3) cosh (n H) cosh (n22)
(2.198)
—2k? cosh (1,2) cosh (ngH)]
— ik Py (k, ,
Wik, z,w) = % [2171772 sinh (7, z) cosh (n.H)
(2.199)

— (2k* — k3) cosh (n; H) sinh (1722)]
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kno P,
See (K, z,w) = anQR O(I(;;’w) [(2k2 — k3) cosh (1 H) cosh (12)
i (2.200)
— (k:% + 277%) cosh (7, z) cosh (ngH)]
_ ikna (2k2 — k2) Py (k
S.. (k,z,w) = ik 7 (IQ{:)) o (kw) [cosh (n12) cosh (noH)
i (2.201)
— cosh (n; H) cosh (7722)]
_ Py (k
sz (k7 Z, w) = %(’ku;) [ (2k2 — k§)2 cosh (?hH) sinh (T]QZ)
i (2.202)
— 4mymak? sinh (1, 2) cosh (TIQH)]
The inverse Fourier transform with respect to the wavenumber k
1o .
F(z,z,w) = — F(k,z,w)e™ dk (2.203)
™ —00

gives the field variables in z and the frequency (w) domain. The integral in Equa-
tion ([2.203)) has simple poles at the roots of the symmetric Lamb wave dispersion

equation obtained by equating R (k) = 0.

Figure shows a schematic of the roots in the complex k plane. There are
real, imaginary and complex roots. The closed contour in the complex k£ plane
with the anticlockwise direction it is traversed is indicated. To satisfy the radia-
tion boundary condition at x = oo, that is no incoming waves from infinity, the
negative real poles are avoided in the contour. All real, imaginary and complex
poles in the upper half complex k plane are enclosed in the contour. The field in
Equation ([2.203]) is then given by

1
F(x,z,w) = —2mi (Sum of the residues at the poles
2m (2.204)

ks of F (k, z,w) e™)
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where, F' (z,z,w) is the field variable due to symmetric Lamb waves. kg is the
root of the symmetric Lamb wave dispersion equation. The displacements and

the stresses can be written as

s Po (ks
Ulx,z,w) = Zw [(Zkf — k3) cosh (msH ) cosh (n252)
ks

20 R (k)
(2.205)
— 2k? cosh (1152) cosh (ngsH)] ks
ksﬁo (ksa (A}) .
Wiz, z,w) = ——————— | 2n1572s Sinh (9152) cosh (s H
o) =3 QMRH,%)[m (122) cosh (s H)
: (2.206)
— (2kZ — k3) cosh (msH) cosh (77252’)] e'ks®
ks Po (s,
Sex (X, 2,w) = Z - 772R/ (E]i ) w) [(21{;82 — k3) cosh (n1sH ) cosh (12)
b i (2.207)
— (k3 + 2n3,) cosh (m152) cosh (nQSH)] eks®
kotioe (252 — k2) Py (ko w
S.. (x,z,w) = Z K ( = (;)) o ) [cosh (m152) cosh (nos H )
ks ; (2.208)
— cosh (m1sH ) cosh (77252)] P
iPy (ks,w .
Sex (2, 2,w) = Z% [(Qkf — k§)2 cosh (msH ) sinh (1952)
; (2.209)

— 47’]157725141'52 sinh (771&2) cosh (nst)] eiksx

where it is understood that the right hand side of Equations are
summed over for all positive real, imaginary and complex values of ks. R. (ks)
is the derivative of Ry (k), the symmetric Lamb wave denominator with respect
to k, evaluated at the roots of the symmetric Lamb wave dispersion equation k;
and is given by Equation . Like before, the symmetric Lamb waves are the

propagating waves given by residues at the real positive roots.
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2.13 Power flow through a plate under applied shear load

The power flow through a cross section in the plate, whose normal is along the x
axis is then obtained by integrating Equation (2.138]) along the thickness of the
plate. For a plate with thickness 2H along the z axis, the power flow though a

section is given by

H
(P(w)) = —%/ Imaginary (US}, + WS>.) dz (2.210)
-H

For antisymmetric Lamb wave motion in a plate subjected to a dynamic shear

load on the top surface, the power flow through a cross section is given by

(Pa (@) = (Par (w)) + (Paz (w)) (2.211)

where,

_ anaka ‘FO (Ka, W)‘Q
4 (R (k)

sinh (2n9, H) H)
2772a

<Pa1>

[(%g — k2)” sinh? (1, H) (

(2k% — k3) (2K% + K3 + 273, sinh (91, H) sinh (2, H)

(Sinh ((ma +720) H)  sinh ((71a — 72a) H)) N
Ma + M2 Ma — 72a

inh (20, H
2k (k2 + 202, sinh? (s, H) (w - H) (2.212)
771a
(P = _ wh, | Po (Ka, w)|?
i [RY (k)
[2771a772a (ka - kg) (4k2 - kg) sinh (11, ) sinh (12, H)
<smh (o m20) H) __ i (10— ) H)) )
Ma + 122 Ma — 72a
inh (20, H
St st () (20 )
27]1a
inh (205, H
(2k2 — k2)” sinb? (., H) <sz(n¢) + H) (2.213)
2a
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For symmetric Lamb wave motion in a plate subjected to a dynamic shear load

on the top surface, the power flow through a cross section is given by

(P (w)) = (P (w)) + (P2 (w)) (2.214)

where,

_ ansks ’?0 (s, w)|2
A [RL (k)]

inh (21, H
h%&maam%%nwﬁiuﬁl+ﬂ)—

<Psl>

27723
(22 — k3) (2kZ + k3 + 2n3,) cosh (s H ) cosh (15 H)
(Sinh (s + 725) H) . Sinh (115 — m25) H)) n

M1s + T)2s s — M2s
inh (2ms H
2h2 (K2 + 2n2) cosh® (1. H) (Smé—m) + H)] (2.215)
M1s

~ whs [Po (ks,w)|?
S [RL (k)

<Ps2> =

[2771s772s (2]‘35 - kg) (4]%2 - k%) cosh (msH) cosh (s H)

<sinh ((ms + mas) H) _ sinh (715 — 726) H)) _
Ths + T)2s s — T2s

inh (2mH
8@@@w%%mm(ﬂLQLl—H)—

27715

sinh (25 H) H) ]

(2k2 — k2)° cosh? (. H) < (2.216)

27]25

2.14 Work done per cycle by the applied dynamic shear
load

As discussed previously, the power flow through the region on the top surface
of the plate, where the shear load is applied, is due to the contribution of the
real roots of the dispersion equation that is due to the propagating Lamb waves

through the plate.
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The power flow through the top surface due to the right propagating antisymmet-

ric Lamb wave motion is given by

 wkdna Py (ka,w)

_ sin (kaa)
e R AN

Py (w) — sinh (. H ) sinh (e H)  (2.217)

The power flow through the top surface due to the right propagating symmetric

Lamb wave motion is given by

wk31as Py (kg,w)
dp R (k)

sin (ksa)

Py (w) — cosh (msH) cosh (s H)  (2.218)

(Pt (w)) =

The power flow through the top surface due to the left and the right propagating
Lamb waves is twice the value given by Equations . And this power
flow through the top surface induced by the applied load equals the power flow
through two vertical sections left and right of the origin, which again is twice that
given by Equations . Figure compares the above two power
flow spectrum in a 1.78 mm thick aluminum plate subjected to a uniform shear
load of intensity 1 % over a 1 mm wide region on its top surface. The Young’s

modulus of the aluminum plate is 69 GPa and its Poisson’s ratio is 0.3269.
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(a) Power flow spectrum (b) Power flow specttrum in log scale

Figure 2.20: Power flow spectrum due to Lamb waves in a plate subjected to uniform
shear load on its top surface. The red solid curve denotes power flow through vertical
cross sections left and right of the origin. The dashed blue curve denotes the power flow

through the region on the top surface on which the external load is applied.
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2.14.1 Uniform shear load

For a shear loading p (x,t) with intensity p (x) over a length 2a on the top surface

of the plate, centered at the vertical z-axis,

plz,t) =p(x) f () (2.219)

where f (¢) is the time-dependence of the load. For an uniform intensity py over

a length 2a on the top surface of the plate, centered at the vertical z-axis,

~

p(E)=p |z[<a (2.220)

—0  |z[>a (2.221)

Po(x,w):/ p(z,t)e™ dt lz] <a,t>0
0

— OO iwt d )
| foea (2222
Py (k,w) = /OO Py (z,w) e ™ da (2.223)

= /000 {/_i poe ke dm} f(t)e™"dt

_ /oo [_@ (eika i eika):| f (t) eiwt dt
o k

- / h M F () et dt (2.224)
0

2.15 Energy content in Lamb waves generated under dif-

ferent loading conditions

The power flow through a vertical cross section of a plate on the right of the origin

by the Lamb waves are compared. The aluminum plate is 1.78 mm thick with

73



Young’s modulus 69 GPa and Poisson’s ratio 0.3269. Both the uniform vertical
load and the uniform shear load have an intensity of 1 % applied over a region of
width 1 mm on the top surface of the plate, centered about the origin. To compare
the power flow with the rocking load, an equivalent mean square area under the
load curve is considered. The rocking load hence has intensity linearly varying
from —v/3, g to v/3, g over the 1 mm width on which it is applied. Figure ([2.21])
shows the comparison between the power flow spectrum of the three different cases.
It is seen that the rocking load induces Lamb waves with the least energy within
the frequency range considered. For low frequencies, Lamb waves generated due
to the uniform vertical load, carries the most amount of energy. For some mid
frequencies, in the range considered, the Lamb waves generated due to the uniform

shear load carries a little more energy than those generated by the uniform vertical

load, but again decreases for higher frequencies.

x107™° 10°

12

0.8f

Power flow
Power flow

0.4

T
0 200 400 600 800 1000 10 10 10 10
Frequency [kHz| Frequency [kHz|

(a) Power flow spectrum (b) Power flow spectrum in log scale

Figure 2.21: Power flow spectrum through a right vertical cross section due to Lamb
waves in a plate subjected to uniform vertical, shear load and rocking load with equal
mean square area under the load curve on its top surface. The red curve denotes power
flow due to uniform vertical load. The green curve denotes the power flow due to uniform

shear load. The blue curve denotes the power flow due to an equivalent rocking load.
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CHAPTER 3

Propagation of Lamb waves in thin plates
subjected to surface loads - Axisymmetric

analysis

In this chapter, the propagation of Lamb waves through an isotropic thin plate
subjected to surface loads is analyzed. The dispersion relations and the displace-
ment and stress components for the symmetric and antisymmetric Lamb modes

are derived.

Figure 3.1 shows the axisymmetric model of the plate that is analyzed. The radial
direction is given by r which as always is positive away from the centre and the z

axis positive upwards.

Figure 3.1: Axisymmetric geometry of plate

The analysis is done in the frequency domain, by taking Fourier transform of the

field variables with respect to time (t) and Hankel transform in the direction of

)



propagation of the wave (r). The original field variables f (r, z,t) are transformed
into frequency domain to F' (r, z,w) by taking the Fourier transform with respect

to time (t) and then further transformed to F,, (k, z,w) according to

F(r z,w) = /00 f(x,2,t)e™" dt (3.1)
Fo(k,z,w) = %/OO F(r,z,w)rHY (kr) dr (3.2)

where w is the circular frequency and k is the wavenumber and HY (kr) is the
Hankel function of first kind of order m. The original variables are obtained by

taking the inverse Fourier and Hankel transforms according to

(r,z,t) / / m (k, z,w0) kKHD e dk dw (3.3)
T 4r

The analysis is done in the frequency domain that is on the integrand of Equa-

tion(3.3)) for the field variables, shown as follows

—twt

&2
o0

e

w(r 2, t) = Uy (k, z,0) kHY (kr) et (3.4)

w(r,2,t) = Wo (k, z,w) KH (kr) e ™t (3.5)

O (1,2, 1) = [ S0 (, 2,0) RHEY (kr) + Sppa (, 2,0) R (k)| e (3.6)
oo (1, 2,t) = [?eeo (k, 2, w) KHY (kr) + Soor (k, 2,0) kHY ]e*iwt (3.7)
(3.8)

(3.9)

0. (r,2,t) = S..0 (k,2,w) kHy (M (kr
S,

)
20 (ky 2, w) k:H (kr) et

o«
)

oy (1, 2,1) =

where, u(r, z,t) and w(r, z,t) are the displacements along the r and z directions
respectively. HY is the Hankel function of first kind of order m and the subscripts
in U, W,S,,Se,5..,5,, denote the order of the Hankel function of the first kind

it is associated with.

Hooke’s Law for an isotropic material for axisymmetric analysis is given by
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Opp = A (ﬁrr + 6zz) + 2H€rr
Opg = A (GW + (5 + 699) + 2/1699
Ozz = A (Err + Ezz) + 2[1'622

Orz = UWYrz

~—~~ o~ o~
w W
—_ =
[N

~—_—  ~—  ~— =

where €,,, €,,, €99 are the normal strains in the r and the z and the # directions

respectively and 7, is the hear strain. A and p are Lamé constants. p is the shear

modulus of the material.

Using the strain displacement kinematic relations

ou U ow ou Ow

€rr = E; €gp = ;; €z = & and Yrz =

the stresses can be expressed in terms of displacement components as

ou u  Ow
(A+2u)8—+>\( + 82)

ou uw  Ow
:pcfﬁm(cz_gcg)( +5)

ou Ow

(799—()\—1-2,&) +)\(a +62)
ou Ow
:pCl +p( _262)<8_+E)

or 0z

ou u ow

(o, o
Trs = 0z  Or

ou Ow
=5\ 5 T
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where p is the density of the material and ¢; and ¢y are the longitudinal and shear

wave speeds respectively and given by

_ AR 02:\/E (3.16)
p p

The derivatives of Hankel functions of the first kind of orders 0 and 1 are given

by [39]

%Hél) (kr) = —kH" (kr) (3.17)
1
diH“) (kr) = kHSY (kr) — ;Hf” (kr) (3.18)
%H(l) (hr) = —k2HY (kr) + éHP’ (kr) (3.19)
2 2
j2H (kr) = (k:2 7"2) HY (kr) — gHél) (kr) (3.20)

Using the relations from Equations (3.443.14) into Equation (3.15), and using

the above formulas for the derivatives of the Hankel functions, the stresses are
expressed as

oW
0z

Opr =P [c?UleHél) (kr) — 20§U1§H{1) (kr) + (cf — 2¢3) kH(l (kr )} et

(3.21)

_ . |
W:O) kHSY (kr) + zcgUl;H{” (kr)} et (3.22)

Ogo = p [( —263) <U1

oW — .
O =p [cl 5’20 + (2 —232) Ulkl KHY (kr)e ™t (3.23)
ou,  — .
Ors = pC { 5 L Wokr} k;Hl(l) (kr) et (3.24)
z
The stress equations of motion in absence of body forces are given by

1 rz ?

In 1 direction 19(ron) + 091z _ o0 = p@ (3.25)

r Or 0z r ot?

. 19(ro.,) 0o, 0*w
In 7z direction R + 2.~ "op (3.26)
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Taking the derivatives of the stresses from Equations(3.2153.24) and substituting

them in the equations of motion give

- —
In r direction — KU, + 88521 +w’U; = (] — 63) kag:() =0 (3.27)
_ -
In z direction (cf — cg) k% — KW + ¢} 88250 +w'Wy=0 (3.28)
Assuming,
U, (k,z,w) = A(k,w)e (3.29)
Wo (k, z,w) = B (k,w) e *? (3.30)

where A (k,w) and B (k,w) are unknown functions and ¢ is the unknown param-

eter describing the z-dependency of U, W.

Substituting Equations (3.29)} [3.30]) into Equations (3.27} [3.28)), the following pair

of homogeneous equations are obtained

—3k? 4 38 + W2 (c} —c3) k¢ Alkw)| )0 (3:31)
—(E -3k =P+ 32+ | B(kw) 0

For non trivial solution of Equation({3.31]), the determinant of the coefficient ma-

trix is equal to zero, leading to the following fourth order algebraic equation for &

cfc§§4+£2 [wQ (c% + Cg) _ QC%C%Q] 4 c?cgk‘* _ 22 (cf + Cg) +uwi=0 (3.32)

which is a quadratic equation in £2. Solving the equation gives the unknown
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parameter £ as follows

&=k — t—; =\/k2—kf=m (3.33)
§2=— ( k? — i—;) =\/k? =k =—m (3.34)
§s =/ k* — i—; =\/k>— k3 =, (3.35)
§4=— ( k? — t—;) =\/k2—k2=—n (3.36)

From Equation (3.31), the unknown functions A (k,w) and B (k,w) are related as

Ak? — 3% — W?
(cf — c3) k¢

where the four values of o corresponding to the four values of £ are given by

B (k,w) = A(k,w) = A (k,w) (3.37)

21.2 _ 202 _ 2
oy = A (3.38)
(cf —c3) km k
Qay = —% = - (3.39)
212 2.9 92
cik® —camp —w k
. — _ K 3.40
TTE- ke (3.40)
k
ay=——=—a3 (3.41)
2
Substituting the values of « from Equations (3.3843.41)) into Equation ({3.37)),

B (k,w) = a1 A; (k,w) = %Al (k,w) (3.42)
Bs (k,w) = —anAs (k,w) = —%Al (k,w) (3.43)

k
B3 (l{?, CU) = Oé3A3 (k, LU) = n—Ag (k,w) (344)

2

k
By (k,w) = —aszAy (k,w) = —— Ay (k,w) (3.45)

2

Substituting Equations (3.4243.45)) in Equations ([3.29}3.30]) for the displacements

Uy (k,z,w) = Ay (k,w) e ™ + Ay (k,w) e™?
(3.46)
+ Az (k,w)e ™ + Ay (k,w) e™?
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WO <k7 Z,Cd) = mAAI (k7w> et — %AZ (k7 CU) en*

k
I A (3.47)
+ —As(k,w)e ™ — — Ay (k,w)e™*
2 P
Using the relations between exponential and hyperbolic sine and cosine,
e = cosh (nz) + sinh (nz2) e~ = cosh (nz) — sinh (nz)
the displacements and stresses in the frequency domain can be written as
U, (k, z,w) = Aj cosh (n,2) + Ay sinh (1,2)
B B (3.48)
+ Az cosh (n22) + Agsinh (12)
774 M— . h—
Wy (k,z,w) = ——=A; sinh (,2) — —As cosh (1, 2)
k k
— —Agsinh (ng2) — — Ay cosh (122)
2 Upi
Sro (b, 2,w0) = % (k3 + 2n7) (A; cosh (m12) + Az sinh (12))
(3.50)
+ 2k* (A5 cosh (1p2) + Ay sinh (7’]22))]
— 20 | — - .
Sy (k, z,w) = ——— | Ay cosh (m12) + Ag sinh (9 2)
(3.51)
+ Az cosh (1p2) + Ay sinh (7]22)]
Sooo (k, z,w) = % (k3 — 2k7) (A; cosh (mz) + Ay sinh (112)) (3.52)
— 20 | — - .
Seo1 (k, z,w) = - Aj cosh (m;2) + Ay sinh (1, 2)
(3.53)

+ Ajcosh (n92) + Aysinh (7722’)]
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Saao (b, z,w) = —'% (2k2 — k;) (Zl cosh (112) + Ay sinh (7712))

(3.54)
+ 2k* (A3 cosh (1p2) + Ay sinh (ngz))]
Syt (b, z,w) = 77& 2111 (Zl sinh (1;2) + A cosh (7712))
2
(3.55)
+ (2k* — k3) (Assinh (n22) + A4 cosh (7722))]
where

Zl = A1 (k,w) + A2 (k’, w) ZQ = A2 (k?,(,c)) - Al (l{f, LU) (356)
Z3 = A3 (ka CU) + A4 (k,CU) ZAL = A4 (kv CU) - AS (ka OJ) (357)

3.1 Lamb wave dispersion

Next, the stress free boundary conditions are applied on the top (z = H) and
bottom (z = —H) faces of the plate.

At z = H, zero normal stress gives,
S.o0(k, Hyw) = (2k2 — k%) (21 cosh (m H) + Ay sinh (an))

+ (2k%) (A5 cosh (n2H) 4+ Aysinh (n,H)) (3.58)
=0

At z = —H, zero normal stress gives,

Sezo (b, —H,w) = — (2k2 — k;g) (Zl cosh (n H) — Ay sinh (771[-[))

— 2k* (A cosh (nyH) — Aysinh (1,H)) (3.59)
=0

From Equations ,

[(2k% — k3) Agsinh (m H) + 2k* Ay sinh (n2H) | + (3.60)
3.60
[(2k* — k3) A cosh (m H) + 2k*A;z cosh (. H)| = 0
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At z = H, zero shear stress gives,

Spa1 (k, H,w) = 2mme (A sinh (m H) + Az cosh (n H))

+ (2k* — k3) (Assinh (n2H) 4+ Ay cosh (2 H)) (3.61)
=0
At z = —H, zero shear stress gives,

§r,zl (k, —H, (A)) = 27717]2 (—Zl sinh (771H> + ZQ cosh (ThH))
+ (2k* — k3) (—Assinh (o H) + Ay cosh (n,H)) (3.62)

=0

From Equations ((3.61}, ,
[2mm2 A5 cosh (m H) + (2k* — k3) Ay cosh (n.H)| +

- _ (3.63)
[2m1m2 Ay sinh (1 H) + (2k* — k3) Az sinh (n.H)] = 0

From Equations , it is seen that A;, As are independent of Ay, A4. Hence
two independent motions of the plate can be obtained by setting A; = A3 = 0
and then A, = A, = 0 First setting A, = A, = 0, the motion governed by A;, A;
is derived. A;, As satisfy
(2k? — k2) cosh (n, H) 2k? cosh (. H) A _ 0 (3.64)
2mmy sinh (m H) (2k? — k2)sinh (. H) | | A3 0
For nontrivial solution of Ay, A;, the determinant of the coefficient matrix in Equa-

tion (3.64]) needs to be zero, which gives the dispersion relation for the symmetric

Lamb waves in the plate.
(22 — k2)? cosh (1, H) sinh (o H) — 4knyny sinh (ny H) cosh (nH) = 0 (3.65)

The displacements and stresses in the plate for the symmetric Lamb wave, gov-

erned by the coefficients A;, A3 are given in the frequency domain by

U, (k,z,w) = Aj cosh (n,2) + As cosh (1,2) (3.66)
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_ _ k.
Wo (k,z,w) = —%Al sinh (m,2) — n—Ag sinh (7,2) (3.67)
2

S0 (k, 2,w) = % (k3 + 2n7) Ay cosh (m12) + 2k*A; cosh (7722)] (3.68)
Syt (k, 2,w0) = —27” Aj cosh (,z) + As cosh (nzz)] (3.69)

Seoo (k, z,w) = % (k3 — 2k7) A; cosh (m;2) (3.70)

Soor (k, z,w) = 2TM A cosh (n,2) + As cosh (7’]22)] (3.71)

Saao (ky 2, w) = —% [(2k2 — k3) A; cosh (m2) 4 2k*A; cosh (7722)] (3.72)

grzl (k’,Z,W) - K

%

2mmp Ay sinh (n12) + (2k* — k3) Az sinh (7722’)] (3.73)
Similarly, by setting A; = A3 = 0 in Equations (3.60} [3.63)), the motion governed
by A,, Ay is derived. Ay, Ay satisfy

(2k% — k2)sinh (n, H) 2k? sinh (noH) A, 0 (3.74)
2mmna cosh (i H)  (2k? — k2)cosh (. H) | | A4 0 '

For nontrivial solution of Ay, A, the determinant of the coefficient matrix in
Equation ([3.74) needs to be zero, which gives the dispersion relation for the anti-

symmetric Lamb waves in the plate.

(2k* — k%)2 sinh (9 H) cosh (naH) — 4k*nmy cosh (n H) sinh (nH) =0 (3.75)
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The displacements and stresses in the plate due the antisymmetric Lamb wave,

governed by the coefficients Ay, A, are given in the frequency domain by

U, (k,z,w) = Aysinh (n,2) + Aysinh (1,2) (3.76)
- _ k —
Wo (k,z,w) = —%Ag cosh (n2) — 77_A4 cosh (ny2) (3.77)
2
G _ Hfg2 2\ A 27
Srro (K, z,w) = P (k3 + 2n7) Ay sinh (1,2) + 2k* Ay sinh (7’]22)] (3.78)
— 20 = . - .
S (K, z,w) = - Ay sinh (;2) + Agsinh (7722)] (3.79)
Seo (k, z,w) = % (k3 — 2k7) Ay sinh (m12) (3.80)
— 20 | — . - .
Seo1 (k, z,w) = - Ag sinh (1;2) + Ay sinh (1,2) (3.81)
q _ _ﬁ 2 12\ Ao 271 .
S.z0(kyz,w) = ? (2k* — k3) Aysinh (1 2) + 2k* Ay sinh (n2) (3.82)
Syt (b, 2,w) = 77& 2m11maAs cosh (m12) + (2k* — k3) Ay cosh (ngz)] (3.83)
2

3.2 Propagation of Lamb waves through plate under ax-

isymmetric dynamic surface loads

In this section, the propagation of Lamb waves, under axisymmetric surface load
is analyzed. The physical problem, with loading applied on the top surface of the
plate (z = H) is resolved into a corresponding symmetric and an antisymmetric

problem, see Figure (3.2]). The applied time-dependent load with intensity po is
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resolved into the antisymmetric and symmetric loading of intensity £ applied on
the top and bottom (z = — H) surfaces of the plate. The sum of the values of the
different field variables, for the symmetric and the antisymmetric models, give the

total field.

1
RN 11 Touno
(b) * (c) *

Figure 3.2: (a) Applied loading (b) Antisymmetric loading component and (c¢) Symmet-

ric loading component in a plate

Like the field variables, the time dependent load p (r, t) is transformed into P (r, w)
in the frequency domain by applying Fourier transform with respect to time. It
is then further transformed into Py (k,w) by applying the Hankel transform with

respect to r-direction. Next, the appropriate boundary conditions are applied.
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3.3 Antisymmetric Lamb wave propagation under axisym-

metric dynamic surface load

From Equations (3.82] [3.83)), zero shear stress at z = H gives,

Sy (k, H,w) = 2mmaAs cosh (m H) + (2k* — k3 ) Aq cosh (n2z) =0 (3.84)

which gives,
— 2k? — k2 h(noH)—
y ) cosh (M) 7 (3.85)
27’]17]2 cosh (T]lH)

At z = H, the applied normal load gives,

— PO (IC,CL))

S0 (b, Hyw) = — 5 (3.86)
which gives,
H 2 2N\ T o 27 Py
z (2k* — k3) Aysinh (m H) + 2k* Ay sinh (o H) | = - (3.87)
Substituting A, from Equation (3.85) into Equation (3.87))
— kan]Q cosh (7]1H)—
Ay =— Py (k 3.88
4 ,URa (/{7) 0 ( 7w) ( )

where, R, (k) is the antisymmetric Lamb wave denominator and is given by

R, (k) = (2k* — k:;)Q sinh (1, H) cosh (neH) — 4k*nm5 cosh (n H) sinh (n, H)

(3.89)
Substituting A, from Equation (3.88)) into Equation (3.85))
— k(2K* — k2 h(nH)—
y A ) cosh (naH) 5 (k, w) (3.90)

21R, (k)
Using the above values of A, and A4, the displacements and the stresses in the
plate due to the antisymmetric Lamb wave in the frequency domain are given by

d kﬁo (ku (,U)

Uy (k,z,w) = 2R () (2k* — k3) sinh (1, 2) cosh (n. H)

(3.91)
—2m 19 cosh (n; H) sinh (1,2)
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— Py (k
Wo (k, z,w) = —%;—((}S) [(2]{:2 — k3) cosh (n12) cosh (. H)
—2k? cosh (n, H) cosh (7’]22)]
- Py (K, :
Spro (K, z,w) = 2%—(;;) (k3 +2n7) (2k* — k3) sinh (11 2) cosh (o H )
—4k*n1n, cosh (n H) sinh (nQ,z)]
— Py (k
S (K, z,w) = —Tg—(’;) [(2k2 — k3) k sinh (;2) cosh (n2 H)
—2kn;my cosh (n H) sinh (7722)]
- Py (k, :
Seeo (k, z,w) = 23;—;) [(kg — 2k7) (2k* — k3) sinh (1 2) cosh (ngH)]
— Py (k, :
Seo1 (k, z,w) = % [(2]{;2 — k3) ksinh () cosh (. H)
—2kmme cosh (n; H) sinh (7722)]
_ Py (k, :
S0 (ky 2, w) = —2%—(]:;) [(%2 - kg)z sinh (1:2) cosh (n2H)
—4k*n1ny cosh (n H) sinh (ngz)]
2k% — k2) mkPy (k
Spa1 (K, z,w) = ( i;n(lk) o (k) [cosh (n12) cosh (o H)
— cosh (n; H) cosh (7722)]

The inverse Hankel transform with respect to the wavenumber &

.

F(r,z,w) =

1

2

Fo(k,2,w) kHY (kr) dk
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(3.96)

(3.97)

(3.98)
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gives the field variables in the radial (r) and the frequency (w) domain. The
integral in Equation (3.99) has simple poles at the roots of the antisymmetric

Lamb wave dispersion equation, obtained by equating R, (k) = 0.

Figure shows a schematic of the roots in the complex k plane. There are
real, imaginary and complex roots. The closed contour in the complex k£ plane
with the anticlockwise direction it is traversed is indicated. To satisfy the radiation
boundary condition at r = oo, that is no incoming waves from infinity, the negative
real poles are avoided in the contour. All real, imaginary and complex poles in
the upper half complex k plane are enclosed in the contour. The field in Equation
(13.99) is then given by

1
F (r,z,w) = =2mi (Sum of the residues at the poles
2 (3.100)

ko of F (K, 2,w) KHSY (k7))
where, F'(r, z,w) is the field variable due to antisymmetric Lamb waves. k, are the
roots of the antisymmetric Lamb wave dispersion equation. The displacements

and the stresses can be written as

,7Tk’2?0 (k?a,OJ) 9 2\ .
Ui(r,z,w) = za/— 2k; — k3) sinh (n1.2) cosh (e, H
1( ) ; Q,URa(ka) ( 2) ( 1 ) ( 2 )

a

(3.101)
— 211724 cosh (11, H ) sinh (ngaz)] Hfl) (kar)

TN1akaPo (Ka,w
Wy (r,z,w) = Z —1i 7712“}2:(;&) ) [(2/{?: — k;g) cosh (11,2) cosh (19, H)

ka

— 2k2 cosh (1. H) cosh (nQaz)] H((]l) (kar)

(3.102)
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TkaPo (ka,w)
Srmo (1, 2,0) = D i3
k a \a

a

(k3 + 2n7,) (2k2 — k3) sinh (m1a2) cosh (npaH )

— 4k§n1an2a cosh (11, H ) sinh (ngaz)] HO(I) (kar)

(3.103)
Spr1 (1, 2,w0) = Z—im (2k2 — k3) sinh (n1a2) cosh (noa H)
rrl ) - T'Rg (ka) a 2 Ma T2a
» (3.104)
- 2771a772a cosh (nlaH) sinh (772az)] Hfl) (k:ar)
kDo (k.
Soo (7, 2,w) = ZﬂzRf’—Ek)w) [(k;§ — 2k7) (2k* — k3)
k a
- (3.105)
sinh (7,2) cosh (ngH)] Hél) (kar)
Soor (7, 2, w) = Ziw (2K — k2) sinh (1, 2) cosh (n, H)
001 )~y - TR; (k) 2 m T2
* (3.106)
— 2mm9 cosh (m H ) sinh (7722)] Hfl) (kar)
TkaPo (Ko, w 2 .
Sez0 (1 2,w) = Z _Zﬁ [(2/{52 — k:;) sinh (11,2) cosh (92, H )
* (3.107)
— 4k211aM0a cosh (91, H ) sinh (ngaz)] Hél) (kar)
982 _ 12 25
S r200) = 2 T b ) [h (o) cosh (1 H)
— cosh (1, H) cosh (ngaz)] Hl(l) (kar)
(3.108)
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where R (k,) is the derivative of R, (k), the antisymmetric Lamb wave denomi-
nator with respect to k, evaluated at the roots of the antisymmetric Lamb wave

dispersion equation k, and is given by
R, (ka) = 8 (2kZ — k3) kasinh (1, H) cosh (npa H )

k. H
+ (2k2 — kzg)Q cosh (11, H ) cosh (12, H )

Ma
2 ko H
T2a

— 8kanianoa cosh (N1, H ) sinh (99, H)

+ (2k7 = K3)

sinh (9, H) sinh (n2, H)

s (3.109)
— 4k3 =2 cosh (912 H) sinh (2. H)

la

— 4/€§E cosh (11, H ) sinh (19, H )

T)2a

— 4k3n9. H sinh (11, H) sinh (79, H )

— 4k311.H cosh (1, H) cosh (9, H)
In Equations (3.10143.109)), 71, and 79, are the values of 1, and 7, evaluated at
k.

For a large argument, the Hankel function of the first kind of order m becomes

approximately equals to [39]

V 7z
which simplifies to

1 2 i(x—T 1 . 2 i(z—=
Hé)(x)mwge( 7) Hf)(:c)%—z\/ae( 7)

Hence for a large distance away from the from the origin, the displacements and
the stresses in the frequency domain due to the antisymmetric Lamb waves can

be written as

3
ﬁkspo(k’a,W)
Uy (r,z,w) =
L (r, 2,w) ; AN

[(21{:2 — k3) sinh (n1a2) cosh (2. H )
(3.110)

— 2114724 cosh (11, H ) sinh (Uzaz)] pi(kar=7)
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Spro (1, 2,w0) =

(r,z,w) Z L 771aP0(

,w) 2 ;2
N A a) [(Qka — k3) cosh (11,2) cosh (s H)

— 2k?2 cosh (1, H) cosh (ngaz)] ¢i(kar=%)

(3.111)

ko Po (ky, w
Y Tk Py (kay w)

\/_R’ () (kg + 277fa) (2/@2 — k;g) sinh (11,2) cosh (2. H )
ka

— 4k2n12m94 cosh (1, H) sinh (772a2)] pi(kar=7)

(3.112)

Spr (1,2, w) = Z — ) [(ng — k3) sinh (n1a2) cosh (n2. H)

(3.113)
Saoo (1,2, w) Z \/D_k_];; k)w) [(k% — 2k7) (2k% — K3)
(3.114)
sinh (7, z) cosh (ngH)] ¢ilkar—1)
VorkiPo (ko) [y
Soo1 (1, 2, w) = Z T (IE:) ) [(Qk — k3) sinh (1,2) cosh (2 H)
. " (3.115)
— 2mmg cosh (m H) sinh (7722)] gi(kar=35)
mka Py ( 9 N2 .
S0 (1,2, w) Z —1 \/\/__R’ ) ) [(Qka — k3)” sinh (m122) cosh (1p. H)

_ 4k§771a772a cosh (1, H ) sinh (772a2)] ei(kar—g)

(3.116)
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3
vV 2 (2k2 — k2) ﬂlak;??() (ka (J.))
Syt (1,2, w) = a 2 ’ cosh (n1.2) cosh (2. H)
2 T ()

~ cosh () cosh <n2az>] (k=)
(3.117)

From Equations (3.11043.117)), it is seen that for the imaginary roots ¢k, of the

dispersion equations, the various field variables have the form

G(ka, z,w)
R, (k)

which exponentially decreases for increasing values of . The complex roots in the

F(x,z,w) = e~ har—ig (3.118)

upper half complex k£ plane come in pairs of the the form k, = a+ib, —a+1b. For

the complex roots, the various field variables have the form

G (ka, z,w)
R (ka)

which too exponentially decrease for increasing value of r. The antisymmetric

F(z,z,w) = etiar=igetr (3.119)

Lamb waves traveling large distances in the plate are the propagating waves given

by the residues of the real positive roots.

3.4 Symmetric Lamb wave propagation under axisymmet-

ric dynamic surface load

From Equations (3.72] [3.73)), zero shear stress at z = H gives,
Srat (k, H,w) = 2mmp Ay sinh (m H) + (2k* — k3) Assinh (n,2) =0 (3.120)

which gives,
— 2k? — k2)sinh (. H) —
A, = _( k kQ.) sinh (1 )A3 (3.121)
2mmy sinh (m H)
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At z = H, the applied normal load gives,

S.o0(k, Hw) = —w (3.122)
which gives,
% (2k* — k3) A cosh (m H) + 2k* Az cosh (. H) | = % (3.123)
Substituting A; from Equation into Equation (|3.123))
A, = —k”mﬁ?}(lglm Py (k,w) (3.124)

where, R (k) is the symmetric Lamb wave denominator and is given by

Ry (k) = (2k* — k§)2 cosh (n1 H) sinh (nyH) — 4k*nyny sinh (n H) cosh (n. H)

(3.125)
Substituting A from Equation (3.124)) into Equation (3.121)
— k (2k% — k2)sinh (o H ) —
y A ) sinh (M) 5 (k, w) (3.126)

20uRs (k)
Using the above values of A; and Ajs, the displacements and the stresses in the

plate due to the symmetric Lamb wave in the frequency domain are given by

— kPy (k,w .
Ui (k, z,w) = #(’f)) [(2k2 — k3) cosh (m2) sinh (n.H) -
3.127
—2m 1y sinh (n; H) cosh (7722)]

— Py (k,w . .
Wo(k, z,w) = —% [(2k2 — k3) sinh (n;2) sinh (. H) ( |
3.128

—2k? sinh (1, H) sinh (7722)]
Syro (K, 2,w) = %k(’l:;) (k3 + 2n7) (2k* — k3) cosh (n2) sinh (o H )

i (3.129)

—4k*nyny sinh (n H) cosh (7722)]
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— P,
S (ky z,w) = —(}z(—k(’]:;) [(21@2 — k3) k cosh (1;2) sinh (. H)
T lig
(3.130)
—2kmn9 sinh (n; H) cosh (7722)]
— P,
Sego (k, z,w) = 2;}—]{(’]:;) [(k:; — 2k7) (2k* — k3) cosh (1) sinh (ngH)] (3.131)
_ Py (k
Soo (k, z,w) = % [(2k2 — k3) k cosh () sinh (2 H)
i (3.132)
—2kn;mg sinh (m H) cosh (7722)]
_ Py (k
S..0(k, z,w) = _%(71:;) [(%2 N kS)Q cosh (n2) sinh (. H )
i (3.133)
—4k*n1my sinh (n, H) cosh (ngz)]
2k? — k3) mkP
S (K, z,w) = (2k k?% 77(1:) o (k) [sinh (n12) sinh (o H )
i (3.134)
— sinh (n; H) sinh (7722’)]
The inverse Hankel transform with respect to the wavenumber &
1 [ =
F(r z,w) = 5/ Fo(k,z,w) kHWY (kr) dk (3.135)

gives the field variables in the radial (r) and the frequency (w) domain. The
integral in Equation has simple poles at the roots of the symmetric Lamb
wave dispersion equation, obtained by equating Ry (k) = 0.

Figure shows a schematic of the roots in the complex k plane. There are
real, imaginary and complex roots. The closed contour in the complex £k plane
with the anticlockwise direction it is traversed is indicated. To satisfy the radiation

boundary condition at r = oo, that is no incoming waves from infinity, the negative
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real poles are avoided in the contour. All real, imaginary and complex poles in

the upper half complex k plane are enclosed in the contour. The field in Equation

(3.135)) is then given by

1
F(r,z,w) = =2mi (Sum of the residues at the poles
2 (3.136)

ks of By (k, z,w) KHY (kr))
where, F' (r, z,w) is the field variable due to symmetric Lamb waves. ks are the
roots of the symmetric Lamb wave dispersion equation. The displacements and

the stresses can be written as

:p
Up (r,z,w) = Zzﬁkso—(ks’w) [(2/@3 — k3) cosh (n152) sinh (o5 H)
ks

2R, (k) e
— 2m15M9s sinh (s H ) cosh (7]252)] Hl(l) (ksr)
ks Po (s, w _ ,
Wo (r,z,w) = Z —1i 7712MR§0((I€S) ) [(2!652 — k3) sinh (n152) sinh (o5 H)
s (3.138)

— 2k? sinh (11 H ) sinh (?7232)] H(()l) (ksr)

.Wksﬁ ks>w
Spro (1,2, w) = 22%
k s\

s

(K3 + 2ni) (2K2 — k3) cosh (na2) sinh (s 1)

— 4/{;5277157725 sinh (s H ) cosh (77252)] H(()l) (ksr)

(3.139)
,ﬂksﬁ kg, w .
Spr1 (1, 2,w) = ; —ZW [(2’“3 — k3) cosh (152) sinh (s H)
: (3.140)
— 2115725 sinh (1 H ) cosh (77252)] Hl(l) (ksr)
ks Py (k,w)
5990 (T’, Z,Cd) = le [(l{?g - 2]{3%) (2]{;2 . k%)
s i (3.141)

cosh (1, 2) sinh (ngH)] H(()l) (ksr)
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k2P, (k
Spor (1, 2,w) = Z iﬁso—(’w) [(2k2 — k3) cosh (1;2) sinh (. H)

o TR (3.142)
— 2mme sinh (n; H) cosh (7722)] Hfl) (ksr)
k,Po (k
S.a0 (1, 2,w) = Z —i%&é’)w) [(2ks2 - k;)Q cosh (1152) sinh (o H)
e (3.143)

— 4k5277157725 sinh (msH ) cosh (77232)] H(gl) (ksr)

T (2k52 - k%) nlskgﬁﬂ (kSa w)
Sy (ryz,w) = Z —1 R ()

ks

[sinh (msz) sinh (195 H )

— sinh (s H ) sinh (77252)] Hl(l) (ksr)
(3.144)

where R, (ks) is the derivative of R, (k), the symmetric Lamb wave denominator
with respect to k, evaluated at the roots of the symmetric Lamb wave dispersion

equation kg and is given by

R, (ks) = 8 (2kZ — k3) ks cosh (i H ) sinh (1o H )

ksH . .
+ (2k2 — k;%)Z sinh (s H) sinh (195 H )

MNis

H
+ (ng - k:%)Q s cosh (n1sH) cosh (s H)
T2s

— 8]€S7715772$ sinh (nlSH) cosh (TIZSH) (3 145)

- 4k§% sinh (s H ) cosh (nes H)
s

— 4k§’E sinh (msH ) cosh (s H)
T2s

— 4k3noH cosh (1. H) cosh (1 H )

— 4k2 11 H sinh (s H) sinh (s H )

In Equations (3.137H3.145)), n1s and 15 are the values of n; and 7, evaluated at k.
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Using the approximation to Hankel functions for large arguments, for a large
distance away from the origin, the displacements and the stresses in the frequency
domain due to the symmetric Lamb waves can be written as

w \/_kpokfs,W)
s Z\/_MR' (ks)

[(%3 — k3) cosh (m152) sinh (o5 H)
(3.146)

— 2t sinh (1) cosh <n25z>] lhr=7)

rzw \/ﬁmbpo(
Z \/_uRé(s)

<) [(27%2 - k%) sinh (m52) sinh (nes H)

— 2k? sinh (115 H ) sinh (17252)] ei(ksr—3)
(3.147)

\/ﬁPO (ks,w
Z )

VorR (| U8 20i) (2K = ) cosh () sinh (s H)

rroT’Z(JJ

_ 41532771s7725 sinh (nlSH) cosh (T/QSZ)] ei(ksr,%)

(3.148)

Z v 27rk§ﬁ0 (ks,w)
r2 R (k)

Syt (1, 2,w) =

[(2]{:82 — k3) cosh (n152) sinh (o5 H)
ks

_ 27]157]25 sinh (ThSH) cosh (7]232)] ei<ks7’*§)

(3.149)

7k, Py (k, w)[ ey o

Soao (1, 2, w) Z / (k3 — 2k7) (2k* — k3)
varke (3.150)

cosh (m,2) sinh (772}[)] gilksr—1)
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ok Py (k. w
3 (k,w)

Soo1 (1, z,w) =
901( ) - T‘%Rg (k‘)

[(2k2 — k3) cosh (n,2) sinh (2 H)
(3.151)

— 2mmng sinh (n1 H) cosh (7722)] Gi(ksr=%)

P
ZZO rzw Z \/7T]€ 0 ks,(.U)

VR (k) [(2]{;52 — k3)” cosh (msz) sinh (a5 H)

— 4k2n5mas sinh (i H ) cosh (77253)] oi(ksr=7)

(3.152)

rzl TZCU

Z VT (2K2 — K2) o2 Po (ks, )

2 iR (k) [sinh (ms2) sinh (1o H )

— sinh (s H ) sinh (7]252)] ei(ksr—5)
(3.153)

From Equations (3.14643.153)), it is seen that for the imaginary roots iks of the

dispersion equations, the various field variables have the form

G k:sv ) — —
Flz,2,w) = %e her =5 (3.154)

which exponentially decreases for increasing values of . The complex roots in the
upper half complex k£ plane come in pairs of the the form ks = a + b, —a +1b. For

the complex roots, the various field variables have the form

G kS7 ) lar—i>T —
F(x,z,w) = %eimx Fremtr (3.155)

which too exponentially decrease for increasing value of r. The symmetric Lamb
waves traveling large distances in the plate are the propagating waves given by

the residues of the real positive roots.
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3.5 Power flow through a plate under applied axisymmet-

ric load

The power that is the rate of energy flow carried by the propagating Lamb waves
at a large distance away from the source through a cylindrical surface whose unit
outward normal is along the radial direction r is calculated. The energy flow per

time period (7' = 22) of a wave in r direction is given by

Iy t
(P) = ——/ (Real (O (1,2,1)) RealM
ow (r, z,t) (3.156)
+Real (0, (1, 2,1)) Real#) dt
The displacements and the stresses are of the form

w(r, z,t) = Up (1, 2,w) KHY (kr) e=!

| (3.157)
= (UR + ZU[) G_Mt

o (r,2,t) = Sy, (r, 2,w0) KHY (kr) et

(3.158)

= (SR + ZS]) et

In Equations (3.157)3.158)) u, o represent generic displacement and stress in the

time (¢) domain, while Ug, U;, Sg, S; represent the real and imaginary parts

respectively of generic displacement and stress in the frequency (w) domain.

Using the result from Equation (2.137]) in Equation (2.131f), the power flow in the

r direction in the frequency domain is given by

(P (w)) = —glmaginary (U (S5 + S

rrl

)+ WoSia) (3.159)

In the above equation, S* denotes the complex conjugate of S.

The power flow through a cylindrical surface in the plate, whose normal is along
the radial r axis is then obtained by integrating Equation (3.159)) along the thick-

ness of the plate. For a plate with thickness 2H along the z axis, the power flow
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though a section is given by

(Pw)=-2

H
2/ Imaginary (U (Sy,o + Siy) + WoSr,,) 2nr dz (3.160)

rr0 rrl rzl
—-H

For antisymmetric Lamb wave motion in a plate subjected to an axisymmetric
dynamic load on the top surface, the power flow through a cylindrical surface at

a large distance away from the source is given by

(Fa (W) = (P (w)) + (Paz (w)) (3.161)

where,

H
(P (w)) = —g /H Imaginary (U (S;,¢ + Sp)) 27 dz

_ wr?k? |Pg (ky,w)|?
2[R (k)]

inh (20, H

[(21{2 - k’%)2 (ké + ana) cosh? (o H ) (SHIZ(U# _ H) _
la

2N1atha (2k5 — k3) (2k2 + k3 + 2n7,) cosh (1. H) cosh (no.H)

(Smh ((171a + 72a) H) _ sinh ((71a — 72a) H)) +
Ma + 12a Ma — T2a

(3.162)

inh (2n9, H
S k2 cosh? (nya H) (M - H)

277221

and

H
(Pa2 (w)) = —%/ Imaginary (W,S;,,) 2mr dz
—H

_ wwzkgn%a (2]{/‘2 - k%) |ﬁ0 (k?a,W)|2
p (R, (ka)]”

inh (2. H
[(21{2 — k3) cosh® (1o, H) (sménw + H) -
la

(4k? — k3) cosh (n1.H) cosh (np.H)
(Sinh (112 + 72a) H) 1 sinh ((71a — 72a) H)) i
Ma + 12a Ma — T2a

inh (219, H
212 cosh? (ny, H) (% N H>
7723‘

(3.163)
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In Equations (3.162\3.163)), U1, Wy, Syr0, Syr1 and S,..1 are the displacements and

stresses for antisymmetric Lamb wave, given by Equations (3.11043.117)).

For symmetric Lamb wave motion in a plate subjected to a vertical dynamic load

on the top surface, the power flow through a cylindrical surface at a large distance

away from the source is given by

(P (w)) = (P (w)) + (P2 (w))

where,
— w H
< sl (w» = _5/ Imaginary (Ul (ST'*T'O + S:r1)> 2mr dz
_H
B wr?k? |F0 (ka, w)|?
2u [RL (k)]
inh (2m. H
[(%: ) (0 2 s (i) (20 )
Ms
2115725 (2]{:3 — k:g) (2]€S2 + k; + 277%5) sinh (s H ) sinh (nes H)
(Sinh ((7713 + 7728) H) 4 sinh ((nls - 772S) H)) i
Mas + T)2s Ts — M2s
inh (219 H
S i ) (2T H)]
27725
and

H
(P (w)) = —g/ Imaginary (WoS:,,) 27r dz
—H

wr?k2nd, (2k2 — k3) | Po (ks, w)|?
1 (R (k)]

[(zkg ~ k) sinh? (s H) <81nhQ<727_?71H> _ H) i
1s

(4k? — k3) sinh (1 H) sinh (n H)
(Sinh ((ms +m2s) H) . sinh ((11s — 7as) H)) i

Mis + Tos Mis — Ma2s
inh (219 H
2k sinh? (n,.H) (Smé—m) - H)]
T2s
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In Equations (3.165/3.166)), U, Wy, S,ro0, Syr1 and S,..1 are the displacements and
stresses for symmetric Lamb wave, given by Equations (3.14643.153]).

3.6 Work done per cycle by the applied dynamic axisym-

metric load

The work done per cycle by the load applied on the top surface of the plate is
calculated. The energy flowing across the region on the top surface in the vertical
z direction in one cycle is calculated. It is averaged over the time period to give
the power. The power flow is integrated over the area (wa?) of the region across
which the axisymmetric loading is applied, and is compared with the power flow
across the cylindrical surface far away from the source derived already. Similar to
before, the power flow in the frequency (w) domain, in the z direction is now is
given by

(P(w)) = —%Imaginary (Wo (r, Hyw) S,.0 (1, H,w)) (3.167)

where, S,.o (1, H,w) = —Fy (w) the applied stress in frequency domain. Since, it

is just real, there is no need of the complex conjugate.

As discussed previously, the power flow through the region on the top surface of
the plate, where the axisymmetric load is applied, is due to the contribution of the
real roots of the dispersion equation that is due to the propagating Lamb waves
through the plate. The power flowing vertically through the region on which the
loading is applied, is obtained by integrating Equation along the circular
area with radius a. It consists of antisymmetric and symmetric components from

the real positive roots of the antisymmetric and symmetric dispersion equations.

The power flow through the top surface due to the right propagating antisymmet-

ric Lamb wave motion is given by

 wrk3na Py (ka,w)

<FaH (w)> 4# Ré (ka)

Py (w) aJy (kaa) cosh (n1,H) cosh (n9. H) (3.168)
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The power flow through the top surface due to the right propagating symmetric

Lamb wave motion is given by

— wr?k2n1s Po (ks, w)
PS — 2 S Sy
e ) = = R (k)

Py (w) aJy (ksa) sinh (n1sH) sinh (nosH)  (3.169)

where J; is the Bessel function of the first kind of order 1.

The power flow through the top surface due to the left and the right propagating
Lamb waves is twice the value given by Equations . And this power
flow through the top surface induced by the applied load equals the power flow
through the cylindrical surface far away from the origin given by Equations
by the outward propagating Lamb waves. Figure (3.3)) compares the above
two power flow spectrum in a 1.78 mm thick aluminum plate subjected to an
axisymmetric load of intensity 1 % over a circular area of diameter 1 mm on its top
surface. The Young’s modulus of the aluminum plate is 69 GPa and its Poisson’s

ratio is 0.3269.

x 10

0.8

Power flow
o

(o2}

4

I
N
T

1 1 1 1
0 200 400 600 800 1000
Frequency [kHz]

Figure 3.3: Power flow spectrum due to Lamb waves in a plate subjected to axisymmetric
load on its top surface. The red solid curve denotes power flow through a cylindrical
surface far away from the origin. The dashed blue curve denotes the power flow through

the region on the top surface on which the external load is applied.
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3.6.1 Axisymmetric load

For an axisymmetric loading p (r,t) with intensity p (r) over a circular area of

radius a on the top surface of the plate, centered at the vertical z-axis,

p(r,t)=p(r) f(t) (3.170)
where f (t) is the time-dependence of the load. For an uniform intensity py over
a circular area of radius a on the top surface of the plate, centered at the vertical
z-axis,

p(r)=po |r|<a (3.171)

=0 7| > a (3.172)

Po(r,w)—/ p(r,t) e dt Ir| <a,t>0
0

= po /0 b f(t) e~ dt (3.173)
Py (k,w) :% /OO Py (r,w) rHy (kr) dr r<a (3.174)

1 - ¢ 1 iwt
25/0 [/0 porHy (kr) dr] f(t)e dt

:/ {po/ rJo (kr) dr] f(t)e™" dt (3.175)
0 0
Substituting, kr = ¢,

Pati) = [ oo [ (@) ac] s et

= [ [Ben ] soea (3:176)
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CHAPTER 4

Rayleigh and Lamb wave propagation in

quasi-isotropic composite media

In this chapter, the dispersion properties of guided waves in a quasi isotropic
composite half space and plate is derived analytically. The composite plate is
modeled as a transversely isotropic solid with its axis of symmetry as the vertical
axis through the plane of the plate. Figure [4.1] shows the plane strain model of
the plate that is analyzed. The xy plane is the plane of isotropy and the z axis

(shown positive upwards) is the axis of symmetry.

AZ

A

H

+ L
H

)

Figure 4.1: Plane strain model of plate

The analysis is done in the frequency domain, by taking double Fourier transforms
of the field variables with respect to time (t) and the direction of propagation of
the wave (x). The original field variables f (x, z,t)) are transformed into frequency

domain to F' (z, z,w) by taking the Fourier transform with respect to time (t) and
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then further transformed to F (k, z,w) according to
F(z,z,w) = / f(z,2,t)e™tdt (4.1)
F(k,z,w) :/ F(z,z,w)e *dx (4.2)

where w is the circular frequency and k is the wavenumber. The original variables

are obtained by taking the inverse Fourier transforms according to

f(z,z,1) =1 2/ / (k, 2, w) %o~ dkdw (4.3)
m

The analysis is done in the frequency domain that is on the integrand of Eq.(4.3))

for the field variables, shown as follows

=
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=
ot

)
8
8
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=
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~
~
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8
8
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&
~— ~— ~— ~— ~—
]
=
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7
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=
—~ —~ —~ —~ —~
=~ H~
~ D
~ ~— ~— ~— ~—

=~
00

where, u(z, z,t) and w(z, z,t) are the displacements along the x and z directions
respectively, and 0., (z, 2,t), 0.,(z, 2, t) are the normal stresses along the x and z

directions respectively and o,,(x, z,t) is the shear stress.

The Hooke’s Law for a transversely isotropic material with the z axis as the axis

of symmetry in 3D is given by

r \ r 7 ¢ \
Ozx Ci1 Ci2 (13 0 0 0 €xx
Oyy Ci2 C11 C13 0 0 0 Eyy
O | _ |C1s C13 Css 0 0 0 €2z (4.9)
Oyz 0 0 0 cua O 0 Vyz
Oz 0 0 0 0 Cqq 0 Yz
looy) L0 0 0 0 0 3(en—ci2)] (Vay)
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which for 2D plane strain in xz plane, reduces to

Oz C11 €13 0 (S
Ozz = [C13 C33 0 €2z (410)
Oxz 0 0 Ca4 Yz

Using the strain displacement kinematic relations

ou ou ou Ow
T — J 2z — A d tz — T~ - 411
¢ ox ‘ Ox o & 0z * Ox (411)
the stresses can be expressed in terms of displacement components as
du N ow
Opz = C11— + C13—
Tx 11 o 13 Oz
ou ow
22 = C13— — 4.12
o Ci3py + ¢33 o (4.12)

ow Ou
Orz = C44 6_37 + &

Using the relations from Equations (4.4[4.5) into Equation (4.12)), the stresses are

expressed as

— oW .

Opx — |:611ik7U + 0135 ez(kx—wt) (413)
o,

O,y = |:0137:]{3U + ngg Gl(km_wt) (414)
—  oU] |,

Opr = Caa {ikW + 5 eilka=wt) (4.15)

The stress equations of motion in absence of body forces are given by

In x direction gx + gz =p 8; (4.16)
00y, | 0o,  OPw

In z direction

or 0 Por (4.17)

where p is the density of the material. Taking the derivatives of the stresses from

Equations(4.13H4.15)) and substituting them in the equations of motion give

- _
In x direction — e kU + 044?9—[2] + pw?U + (13 + caa) zk:aa—w =0 (4.18)
z z
e y—
In z direction (Clg + C44) Zkaa—U — C44k2W + 63388—1/12/ + prW =0 (419)
z z
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Assuming,

U (k,z,w) = G (k,w) e™** (4.20)

W (k,z,w) = H (k,w) e (4.21)

where G (k,w) and H (k,w) are unknown functions and & is the unknown param-

eter describing the z-dependency of U, W.

Substituting Equations (4.20 [4.21)) into Equations (4.18| [4.19)), the following pair

of homogeneous equations are obtained

—Cllk'2 + C44€2 + pw2 - (Clg + C44) Zl{if G (k, w) B 0 (4 22)

— (613 + C44) ’lkg —C44]<72 + 03352 + pwg H (k, w) 0
For non trivial solution of Equation(|4.22)), the determinant of the coefficient ma-

trix is equal to zero, leading to the following fourth order algebraic equation for &

casCs3€t+E% [K? (15 + 2013040 — cr10s3) + pw® (Caa + €33)] (4.23)

+611044k2 — pw2k2 (011 + 644) + PZ(JJ4 =0

which is a quadratic equation in £2. Solving the equation gives the unknown

parameter £ as follows

A+ Az 4B

2
4.24
¢ ; (4:24)
where,
w? w?  k%c k2c? 2k%¢
A= P Mo Ve 2 (4.25)
C33 Cq4 Cq4 C44C33 C33
/{34 2/{32 2/{?2 2,4
B— Cii  pwWh~Ccin  pw 4 pw (4.26)
C33 C44C33 C33 C44C33
Introducing the wave speeds
Y i I (4.27)
P P P

—~

and using relation between radial frequency (w), wavenumber (k) and wave speed

(©),

w = kc



the coefficients A and B from Equations (4.25] 4.26)), can be written as

2.2 2.2 2 2
k=c k=c k (011033 — Ci3 — 2013044)

2 2
C3r, C3p C33C44

2 2
B= (CT . @) <CT . 1) (4.29)

G C33 C3r

From Equation (4.24)), the four values of ¢ are given by

. \/ A+ JAT—IB
o _
2

A=

(4.28)

m (4.30)

& = —\/_A i \/fﬁ = (4.31)
& = \/_A — \/fﬁ = 1 (4.32)
€= —\/ AVEIE__, (4.33)

From Equation (4.22)), the unknown functions G (k,w) and H (k,w) are related as

—c11k? + 4482 pu®

a (k’ w> - (613 + C44) Zl{f

G (k,w) = aG (k,w) (4.34)

where
—enk?® + 04452/)@2

‘- (c13 + caq) iK€ (4:35)

Using Equations (4.3044.33) for &,

—Cllk’2 + C4477% + ,0w2

_ _ 4.
H1 (k, UJ) (013 I 044) Zk‘Th G1 (k, UJ) a1G1 (k, LU) ( 36)
HQ (k:,w) = O./QGQ (kI,W) = —Qng (k’, w) (437)
—c1 k% + cuni + pw?
3 (k, W) (013 T C44) an2 Gg (k, W) Cl{3G3 (k‘, CU) ( 38)
H4 (l{?, (,U) = OZ4G4 (k?, CU) = —OégG4 (l{?, w) (439)

Substituting Equations (4.36H4.39)) in Equations (4.21}44.22)) for the displacements

U(k,z,w) =Gy (k,w)e " + Gy (k,w) e™*
(4.40)
+ G (k,w) e ™ + Gy (k,w) ™
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Wk, z,w) = oGy (k,w) e™* — a;Gq (k,w) eM*

(4.41)
+ a3Gs (k,w) e P — a3Gy (k,w) €™
Using the relations between exponential and hyperbolic sine and cosine,
e = cosh (nz) + sinh (nz2) e " = cosh (nz) — sinh (nz)
the displacements and stresses in the frequency domain can be written as
U (k, z,w) = Gy cosh (m,2) + Gy sinh (1, 2)
B B (4.42)
+ G5 cosh (n22) + G4 sinh (n22)
W (k, z,w) = —ay Gy sinh (n,2) — a; G5 cosh (1, 2)
B B (4.43)
— a3G3sinh (192) — agGy cosh (n22)
§$$ (l{?, z, w) = (Cll’ik — 613041771) (@1 cosh (7712?) + 62 sinh (7]12)) (4 44)
+ (c119k — c1303m2) (53 cosh (122) + G4 sinh (7’]22))
S.. (k,z,w) = (c13ik — c33a1m1) (61 cosh (1;2) + Go sinh (7712)) (4.45)
+ (c13ik — c33a3mn) (G5 cosh (122) + Gysinh (122))
Saz (ky 2, w) = caq | (—ikay +m1) (@1 sinh (1,2) + G5 cosh (7712))
(4.46)
+ (—ikas + n9) (@3 sinh (122) + G4 cosh (7}22))
where
61 = G1 (k’,W) + G2 (k’, W) 62 = G2 (k’, OJ) — G1 (kJ,W) (447)
63 = Gg (k, w) + G4 (k,w) 64 = G4 (k,(.d) — Gg (k’, w) (448)

Next, the stress free boundary conditions are applied on the top (2 = H) and

bottom (z = —H) faces of the plate.
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At z = H, zero normal stress gives,
S.. (k, H,w) = (c13tk — cssanm) (G cosh (m H) + Gasinh (1 H))
+ (c13ik — caza3m2) (@3 cosh (nH) + G4 sinh (772H)) (4.49)
=0
At z = —H, zero normal stress gives,
S.. (k,—H,w) = (c13tk — cssanm) (Gy cosh (m H) — Gy sinh (1, H))
+ (c13ik — c33031m2) (@3 cosh (n;H) — G sinh (nzH)) (4.50)

=0

From Equations (4.49} 4.50)

[(Clg’ik - 033041771) El cosh (’IhH) + (Cl3i/{3 — C33043’I72) 53 cosh (7]2H)i| +

4.51
[(clgik — cgzaym1) Gosinh (n H) + (ci3ik — c33a3m2) G4 sinh (ngH)} =0 oy
At z = H, zero shear stress gives,
Sye (k, H,w) = (—tkay +m1) (Gysinh (n1 H) + G5 cosh (m H))
+ (—ikas + 1) (G sinh (n2H) + Gy cosh (2 H)) (4.52)
=0
At z = —H, zero shear stress gives,

Sez (k, —H,w) = (—ikay + 1) (—51 sinh (n, H) + G4 cosh (mH))
+ (—tkas + 12) (—G3sinh (nH) + Gy cosh (o H)) (4.53)

=0

From Equations (4.52] ,
[(—ikoy 4+ m) Ga cosh (n H) + (—ikas + 12) Gy cosh (n H)| +

_ o (4.54)
[(—ikal +m) Gy sinh (g H) 4+ (—ikas 4+ 1) Gz sinh (UQH)} =0

From Equations (4.5114.54), it is seen that Gy, Gy are independent of Gy, Gy.

Hence two independent motions of the plate can be obtained by setting Gy =
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G5 = 0 and then G, = G4 = 0 First setting Gy = G4 = 0, the motion governed
by G, Gy is derived. G, G5 satisfy

(c13ik — cszaqmi) cosh (m H)  (c13ik — cszasny) cosh (o H) | | Gy

(—ikay + my) sinh (n H) (—ikag + o) sinh (o H) G (455)
.55

0
0

For nontrivial solution of Gy, G, the determinant of the coefficient matrix in Equa-
tion (4.55)) needs to be zero, which gives the dispersion relation for the symmetric

Lamb waves in the plate.

sinh (an) cosh (772H) . (013“{5 — 633a17]1) (—ikag + 7]2)

- = - - 4.56
cosh (m H)sinh (noH)  (c13ik — cazasne) (—ikay +m1) ( )

Substituting the expressions for oy, ag from Equations (4.3614.38)), the above dis-

persion relation for the symmetric Lamb waves can be written as
sinh (. H) cosh (o H)
cosh (n H) sinh (n. H)

]

]

2 1.2 2 2 2 2 2 2 2
h [—cishk® — ci3caak® + c33c11k® — c33caam; — C33pw?] [cr1k” — pw® + c13m; o
2 =
n 1
2

2 2
2 [—013k2 — c13caak? + c3zen k? — C33Ca447)5 — 033/7002] [Cllk2 — pw? + c13n

c2 c c c c?
o[ {m =22 (-1} [- { ok (1) - e (2 - )] g

i c13k2 <013 +1> +CLI]€2 (&2_1)}]
033 C44 C11
1

12 [013 {77% - —010111;2 <§ - 1) H [ C33C44
2 c11k> c 2 (¢ c 2 2
N G 1)} e () e (e )]

T2 [n%_anQ ( 1)} [ 013k2< _|_1> 4 G2 (ﬁ_l)]
C13 C11 €33 C44 Ca4 C11

m Up)
——— = = 4.

the above dispersion relation (Equation (4.57)) for the symmetric Lamb waves

Defining

can be written as
sinh (kA H)cosh (kAyH)  tanh (kA;
cosh (kA;H)sinh (kA H) — tanh (kA

(
(

#(g-)) oo
<




Similarly, by setting G; = G5 = 0 in Equations , , the motion governed
by Gy, G4 is derived. Gy, G4 satisfy
(c13ik — cgzaqmy) sinh (m H)  (c13ik — cazasnz) sinh (o H) | | G
(—ikoyq 4+ m) cosh (n H) (—ikas + 12) cosh (2 H) G,
0
0

For nontrivial solution of G, G4, the determinant of the coefficient matrix in Equa-
tion (4.60]) needs to be zero, which gives the dispersion relation for the symmetric

Lamb waves in the plate.

cosh (n H)sinh (e H)  (cisik — cgzanm) (—ikas + 12)

- = - - 4.61
sinh (m H) cosh (noH)  (c13ik — cazasne) (—ikay +m1) ( )

Substituting the expressions for oy, ag from Equations (4.3614.38)), the above dis-

persion relation for the antisymmetric Lamb waves can be written as
cosh (n H) sinh (o H)
sinh (m H) cosh (n. H)

]

]

2 1.2 2 2 2 2 2 2 2
h [—cishk® — ci3caak® + c33c11k® — c33caam; — C33pw?] [cr1k” — pw® + c13m; o
2 =
n 1
2

2 2
2 [—013k2 — c13caak? + c3zen k? — C33Ca447)5 — 033/7002] [Cllk2 — pw? + c13n

c? c c c 2
ol () [ ) e

i c13k2 <013 +1> +CLI]€2 (&2_1)}]
033 C44 C11
1

12 [013 {77% - —010111;2 <§ - 1) H [ C33C44
2 c11k> c 2 (¢ c 2 2
N G 1)} e () e (e )]

T2 [n%_anQ ( 1)} [ 013k2< _|_1> 4 G2 (ﬁ_l)]
C13 C11 €33 C44 Ca4 C11

m Up)
——— = = 4.

the above dispersion relation (Equation (4.62))) for the antisymmetric Lamb waves

Defining, as before

can be written as
cosh (kA H)sinh (kAyH)  tanh (kA H)
sinh (kA H) cosh (kAyH) — tanh (kA H)
1

(
(

gem(Een (g 0o
)~ (

Il
2 (6 1) [

€33
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The graphical solutions of Equations (4.59 and [4.64)) for the phase velocity c,

which is generally a function of frequency, are called the dispersion curves. Figure

(4.2)) shows the dispersion curves for the symmetric and the antisymmetric modes

of Lamb waves propagating in an aluminum plate of thickness 1.78 mm ( é") with

the properties given in Table (4.1)).

10

Phase Velocity [km/s]

0 0.5 1 15 2 25 3
Frequency*Thickness [MHz*mm|

Figure 4.2: Dispersion curves for the phase velocity for a composite plate. Symmetric

modes are shown as solid lines, antisymmetric as dashed lines

4.1 Low and high frequency limits of the symmetric and
antisymmetric Lamb waves in a transversely isotropic
plate

From the dispersion equations for symmetric and antisymmetric Lamb waves in a

transversely isotropic plate, the limits of the waves speeds as the frequency tends

to zero and to oo are evaluated.
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As the frequency w — oo, for symmetric Lamb waves from Equation (4.59)

tanh (kA H)
tanh (kA H)

2 _ ¢ 2 2 cs (¢ c c? 4.65
wls a6 )] emla ) (e ) | o
As g2 —en (& _q)| (424 @8 (@8 4 1)y (2 _q

1 a3 \ g 27 caz \caus cas \ ¢ip

which precisely is the governing equation for Rayleigh waves in a transversely

isotropic half-space as derived in Section (4.4)).

As the frequency w — oo, for antisymmetric Lamb waves from Equation (4.64])

tanh (kA H)
tanh (kA H)

2 c c2 2 c c c 2 466
AI[AZ_i<E_1>:| |:A1+ﬁ<ﬁ+1>+i<z_l>:| 1 ( )
A c c? c c c c?

Q[A%_ﬁ<z_l>] [A%_Fﬁ(ﬁ_‘_l)_{_i(E_l)}

which precisely is the governing equation for Rayleigh waves in a transversely

isotropic half-space as derived in Section (4.4)).

As the frequency w — 0, for the symmetric Lamb waves from Equation (4.59)

tanh (kAlH) . kAlH .
tanh (kA H) kA H

2 ci c? 2 ci3 [ cis c1 2 4.67
a-m (g -y s @) (g -y @9

] ) (4.68)

Simplifying Equation (4.68]),

2 2
(A; — Ay) {@ (%—1) 4+ (Cﬁﬂ) 4 (%—1)} —0  (4.69)
c13 \Cif, C33 \ C44 Cas \CiL

Since A; = Az gives non physical velocity, from Equation (4.69)
2 2
R ) F ey (4.70)
€33 \ Ca4 Cas \C1L, €13 “r

116



which can be solved for the limiting velocity of the symmetric Lamb wave ¢, as

the frequency w — 0 given by

2}
—

1

i1 _ 4as | 4as 1
C13 C33 C44 + ) + C44
CcC =
1 (e 4 ocnn
C%L <C44 + 613> (471)
2
|

C11C33

As the frequency w — 0, for the antisymmetric Lamb waves from Equation (4.64])

(kAo H)?
tauh (kA HT) R (1 C515) A(A-D)ATE)
tanh (kAH) g4 g (1 _ @) Ay (A} - D)(A3+FE) :

where,

D (CTQ _ 1> (4.73)

2
E=@<%+1)+@(CT—1) (4.74)
C33 \ C44 Caq \ C{p,

Ay (kAyH)? (kALH)*\ Ay (A3 - D) (A1 +E)
Ay (1 3 ) (1 T3 ) ~ Ay (A2 -D) (A3 +E) (175)
Lo BAH)  (bAH)  (Adg) (kH)' A4 D) (A E) e

3 3 9 A3 (A2 — D) (A3 +F)
Since w — 0, neglecting the higher order fourth term in the left hand side of
Equation (4.76)),

(kH)®
3

;A4 D) (A4 B)
W) =B D) a5+ ) e

which can be solved for the limiting velocity (¢) of the antisymmetric Lamb wave
as the frequency tends to zero. Figure (4.3)) shows the very close match between

the limiting velocity of the antisymmetric Lamb wave in a transversely isotropic
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plate by solving Equation (4.77)) to the velocity of the antisymmetric Lamb wave

at low frequencies obtained by solving the antisymmetric Lamb wave dispersion

equation (4.64)).

900
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Figure 4.3: Antisymmetric Lamb wave speeds in a transversely isotropic plate at low

frequencies. The blue curve is obtained from solution of the dispersion equation and

the red curve is the solution of the low frequency approximation. Figure (b) shows a

zoomed version of Figure (a) to show the close match.

4.2 Reduction of results in transversely isotropic plate to

isotropic plate

The results obtained above for propagation of Lamb waves in a transversely

isotropic plate are validated by reducing them to corresponding results in an

isotropic plate.

The material constants and wave speeds in a transversely isotropic material are

reduced for an isotropic material into

Ci1 = Cop = C33 = A+ 20 = pc}
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C1g = C13 = C91 — C93 — C31 = C39 — A= P (C% - 20%) = ﬁ (l{ig - 2]{5%) (479)

&
C44 = C55 = Cg6 = b = ch (4.80)
Cip, = €31, = C1 (4.81)
Car = Coy (4.82)

Equations (4.28]14.29) for A, B reduces to

2 2 2 2 2 2
k*c k“c k* (c11¢33 — 55 — 2¢13C44)

A= z vz T C33C
sL T satad (4.83)
c c
— 2| L8 9l — (2 2
|:C% + C% :| (nllso + 772150)
Wherea 77%iso = k2 - k% and ngiso = kQ - k%
B_ (c__c_> (i_l)
g, e/ \cr
2 2 (4.84)
=k 5 —1) (5 —1)=nhn5
(C% ) (C% > 771150772180
Equations (4.304.32|4.584.73}4.74) become,
—A++VA2 - 4B
—A—+A2 - 4B
A= Ty (© 2 (4.87)
k k C1
Ap= 2oy [ C 2 (4.88)
k k Co



2 2 2

C11 C 1 C
D= 1= ==-1 4.89
C13 (C%L > cf — 263 (C? ) (489)

2 2022 2
E_Cﬁ<cﬁ+1)+2<c%_1)_%+c_2_3 (4.90)
The other terms in the dispersion equations (4.59}}4.64)) also simplify to

(A2-D) (23 -)
(A2 -D) 23 (-2 (4.91)

(AI+E) 25 —¢ (4.99)
(A3+E) 23 ‘

Hence, the symmetric Lamb wave dispersion equation (4.59) becomes for an

isotropic plate,

tanh (niso ) c1 (2¢3 — 02)2 B (2k* — k§)2 (4.93)
tanh (s ) 4c3\/ — 2\/3 — 2 4k Nisompiso .

which is exactly the symmetric Lamb wave dispersion equation in an isotropic

plate derived in Equation ([2.55)).

Similarly, the antisymmetric Lamb wave dispersion equation (4.64) becomes for

an isotropic plate,

tanh (oo /) @1 (263 —A)°  (2K* —k2)° (4.04)
tanh (o H) — 4c3\/3 — 2\/c3 — 2 4k Nisompiso .

which is exactly the antisymmetric Lamb wave dispersion equation in an isotropic

plate derived in Equation ([2.62)).

Likewise, the low frequency approximation to the symmetric Lamb wave speed in
a transversely isotropic plate given by Equation (4.71), reduces for an isotropic

plate into

c
c=2co|1— = (4.95)
1

known as the plate wave velocity.
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4.3 Wave propagation in composite plates - Experiments

and Results

The considered laminate consists of 8 layers of 2/2 twill woven carbon fibers with
a [0°/45°/0°/45°], stacking sequence. The fabric, a balanced weave, has 12 yarns-
per-inch in both the warp and fill directions, and each yarn is composed of 3000
strands of T300 carbon fibers. The matrix that binds the material is Unibond
1070 epoxy. The overall thickness of the laminate is 1.78 mm and its density is
1276 kg/m?.

The effective properties of the laminate are determined through destructive and
nondestructive (wave propagation) experiments, and from mixture type theories
[18]. The Young’s Modulus E,, is determined from a standard uniaxial tension
test in the y— direction from which £, is found to be 38.8 GPa. The Poisson’s
ratio v, in the xy plane is determined from the same test by measuring strains
in both the z and y directions using extensometers mounted on the specimen,
yielding v,, = 0.31. The shear modulus G,. and the elastic constant E,, for the

composite face sheet are determined from the equations [40]
Gy: = v,.p (4.96)

and
PEyy (1 — vay) vi)
Ey, (1 —vgy) + 2pv2,02

Tz xx

E,, = (4.97)

where v, and v, are the longitudinal and shear wave velocities, respectively, of
a wave propagating along the thickness direction of the laminate. The measured
velocities from through transmission tests of ultrasonic waves are v,, = 2880m/s,
vy, = 1517m/s. These results are found to be nearly independent of the frequency
of the ultrasonic waves. FE,, can then be calculated with by assuming a
value for v,, (here: estimated from mixture type theories [41]). The estimated

effective properties of the composite laminate obtained from the mixture type
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theory and destructive and nondestructive experiments are given in Tabld4.]]
It can be seen that there is reasonable agreement between the theoretical and
experimental values of the material constants. In the remainder of this thesis, the

experimentally determined properties are used.

Table 4.1: Geometry and effective material parameters for a woven composite laminate,

when transversely isotropic behavior is assumed

2H [mm] | Ey; [GPa] Es3 [GPal V19 vi3 Gz [GPa] | p [kg/m?]
Experiment 1.78 38.8 9.77 0.3137 0.324 2.937 1276

Theory 1.78 44.795 10.753 0.320 0.324 3.881 1276

The stiffness constants ¢;; can be calculated from their well known relationships

with the material constants £;;, G;; and v;; by

E.o (1 —vyuy,)

Ci1 = 4.98
H (14 Vay) (1 — vy — 202y 12) ( )
E.. (1 —uvy)

— 4.99

o (1 — vy — 2v5y1.) ( )
E"E"L' X z z

Cla = oy & V) (4.100)

(1 + vay) (1 = vy — 2012)

Ezzyyz

= 4.101

13 (1 — vy — 2v5y1,) ( )

Cqq = Gz:r: (4102)

For the woven composite laminate, ultrasonic guided Lamb wave experiments are
conducted and wave signals are recorded at distances of 50.8 mm to 254 mm (2in.
to 10in.) from the source transducer, using the setup described in Section ({2.3)).
The group velocities of the Sy wave in the frequency range of 200 kHz to 500 kHz,
and of the Ay wave in the range of 100 kHz to 220 kHz are determined by evaluating
peaks of the center frequency of the excited wave in the STFT data-sets of the

recorded time domain signals.

In Figure (4.4) symmetric waves are shown as solid lines, antisymmetric as dashed
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lines; experimental results are marked by x. Good agreement with experimental

results is achieved for both the Sy and Ay modes.

Group Velocity [km/s]

O L L L
0 0.5 1 15 2

Frequency*Thickness [MHz*mm]

Figure 4.4: Dispersion curves for the group velocity for a composite plate. Symmetric
modes are shown as solid lines, antisymmetric as dashed lines. Experimental results are

marked by x.

Additional wave propagation tests are carried out to validate the assumption of
transverse isotropy by measuring the velocity of Lamb waves for different direc-
tions (angles) of propagation. The results for Ay waves, propagating along three
directions (0°,45° and 90°), are summarized in Table (4.2, confirming the sym-

metry of the material on the xy-plane.

123



Table 4.2: Group velocity of the Ay wave for different angles of propagation in the xy

plane of composite plate.

Frequency [kHz] ¢, for 0° [m/s] ¢, for 45° [m/s] ¢, for 90° [m/s]

100 1529 1539 1551
150 1579 1516 1569
200 1597 1494 1565
250 1545 1563 1551

4.4 Rayleigh wave propagation in a quasi-isotropic half

space

In this section a similar procedure is followed to derive the equation governing
the propagation of Rayleigh waves in a transversely isotropic half space. Rayleigh
waves are surface waves and they exponentially decrease in amplitude along the
depth of the medium. They are non dispersive in nature, unlike Lamb waves. At
high frequencies, the speeds of both the symmetric and the antisymmetric Lamb
wave modes asymptotically tend towards the speed of propagation of the Rayleigh

waves.

Figure (4.5)) shows the model of the half space. z- direction denotes depth and is
positive in the downward direction. x- direction denotes the direction of propa-

gation of the wave. The origin is taken on the free surface.

Using exactly the same derivation as above for Lamb waves, the parameter &,
describing the z-dependency of U, V are derived (see Equations (4.3014.33). But
the field variables cannot become infinite at z = oo. This physical constraint

results in & = & = 0. Therefore, the displacements and stresses in the frequency
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Figure 4.5: Geometry of the half space

domain can be written as

Uk, z,w) =Gy (k,w) e ™ + Gy (k,w) e " (4.103)

W (k,z,w) = anGy (k,w) e ™* + asGs (k,w) e ™* (4.104)

gac.z’ (ky z, w) == (Cllik — 013061771) 616_’”12 + (Cllik — 6130{3’[']2) 636_7]22 (4105)

gzz (k, Z, UJ) = (Clgik’ - 033a1771) ale_”lz + (Clgil{? - 033(137’]2) 636_7722 (4106)

Sz (b, z,w) = caa | (ikon —m1) Gre™ ™% + (ikag — 12) Gze™™* (4.107)

Next, the stress free boundary conditions are applied on the top surface (z = H)

of the half space.

At z = 0, zero normal stress gives,

S.. (k,0,w) = (c13ik — caganm) Gy + (cisik — cazazne) Ga
(4.108)
=0
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At z = 0, zero shear stress gives,

gajz (k‘, 0, W) == (ikal — 771) 61 + (ikag - 7’]2)63
(4.109)
=0
Therefore written in matrix form, G, G3 which govern the motion due to the

Rayleigh waves, satisfy

ci3tk — ezzanm cizik — cszazma | | Gy _ 0 (4.110)
ikal Uit ikag — 12 Gg 0
For nontrivial solution of G, (G3, the determinant of the coefficient matrix in

Equation (4.110) needs to be zero, which gives the frequency equation for the

Rayleigh waves in the half-space:

(C13ik‘ — 633051771) ('ékag — 772) — (Clgi/{i — 633043772) (ikal — 771) = 0

(c13tk — czzonm) (ikag — 1)
(c13tk — caz03ms) (tkoy — 1)

Substituting the expressions for aq, ag from Equations (4.36) , the above gov-

=1 (4.111)

erning equation for the Rayleigh waves can be written as

m [_0%31{52 — c13044k? + c33011k? — 03304477% - 033pw2] [anz — pw? + 013775] 1
2 [—C%ng — c13c44k? + c33011k2% — 0330447]% — c33pw?| [e11k? — pw? + 01377%]

2 c11k? p_02 -1
C33 C44

i| [—033044 7’]% + mkz <Cﬁ 1) + 2—}1/{?2 (PT — 1 ]

+ }

+ J
c11 1.2 c?

srt) e (s -] 1 (4112)

[l +espe (s en) e (5 -0)]

CZ
1) + 22k (22 1)
C11

Cq4

— =\~

}
e

c11k? 2 c c
o -8 (2 1)) ok + e (3

€33 Ca4

| IS

772[77%_M<&2_1

€13 C11

Defining, as before
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the above governing equation (Equation (4.112)) for the Rayleigh waves can be

written as

2 2
- 2 G )
ci13 \ 1 €33 \ C44 Caa \CL

2 2
- 2 )
c13 \ ¢ €33 \ C44 Caa \CL

Using isotropic material properties, and the results from Equations (4.87|14.88}4.91}4.92))

(4.114)

the above equation for Rayleigh waves reduces to

(2k2 — k2)*

=1 4.115
4k2771iso772iso ( )

which is the governing equation for Rayleigh waves in an isotropic half-space [40].
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CHAPTER 5

Rayleigh to Lamb wave conversion at a

delamination-like crack

The problem considered in this work is a half-space in which waves are excited
by a point force F' | resulting in mostly Rayleigh waves propagating along the
surface. When these Rayleigh waves encounter a crack parallel to the surface of
the half-space (e.g. a delamination), the top layer will act as a waveguide for Lamb
waves, while the lower part will remain a half-space. Hence, at the leading edge
of the crack, energy from the incident Rayleigh wave will transmit as new Lamb
waves above the crack, and a Rayleigh wave below the crack. Additionally, part of
the incident wave is also reflected. The amplitude of the reflected Rayleigh wave
is, however, found to be negligible in both numerical simulations and laboratory
experiments. Similarly, reflection and transmission at the trailing edge of the
crack occurs. As soon as the Lamb waves interact with the trailing edge of the
crack, they are partially transmitted to the subsequent half-space in the form of
a new Rayleigh wave, and are partially reflected back into layer above the crack.
Moreover, the Rayleigh wave propagating below the crack is expected to be mostly

transmitted as a Rayleigh wave at the trailing edge.

This problem is motivated by delaminations of layers in composite sandwich panels
as illustrated in Figure (5.1). If, for example, the face sheet with thickness 2H
separates from the core of a three-layer sandwich panel, where the core layer
is a thick plate-like layer (e.g. honeycomb core), the previously described wave

conversion will occur at the edges of the delaminated region.
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Figure 5.1: Wave conversion at delamination-like cracks near surface of a half-space for

an incident Rayleigh surface wave

In this work, a square aluminum plate with lateral dimensions of 304.8 mm (12in.)
and thickness of 10 mm in the y-direction is considered as a prototype of the
delamination problem. Note, when comparing the dimensions of this plate with
the wavelengths in the considered frequency range, the plate can be considered as
a half-space. As explained in more details later, an artificial crack is sawed into the
plate at 1.78 mm from one side of the plate using electrical discharge machining.
The aluminum plate (Al 6061 T-6) has a Young’s modulus of £ = 69GPa, a
Poisson’s ratio v = 0.3269, a shear modulus p given by E/ (2 + 2v), and density
p = 2700kg/m3.

The excitation force on the surface of the plate generates both body waves (P-
and S-waves) and Rayleigh waves. The speeds of the body waves, ¢; for P- and

co for S-waves, where

2 _ E(l-v)
T 0 tv)(1—2v) (5.1)
and
c5 b (5.2)

" 2(1+v)
in aluminum are ¢; = 6120m/s and c¢; = 3103 m/s, respectively. It is well known
from the solution of Lamb’s problem [I] that the wave field near the surface of the
plate is dominated by the Rayleigh waves within a distance of a few wavelengths
from the source. Moreover, the reflected waves from the edges of the plate have no
influence on the wave field in the time duration of interest due to the large dimen-

sions of the plate. Nonetheless, the wave speeds are necessary for the calculations
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of Rayleigh and Lamb wave speeds, as described in the following subsection.

5.1 Rayleigh Surface Waves

Rayleigh wave speed ci can be determined by solving the characteristic equation

R o S

A good approximation [42] is given by

0.862 + 114y

1+v (5.4)

for most metals. This approximate solution can also be used as an initial guess
for solving Equation ([5.3). For the studied aluminum plate, the Rayleigh wave
speed is 2891 m/s (Equation (5.4) yields 2888 m/s).

Furthermore, the energy of Rayleigh waves is concentrated near the surface, mak-
ing this kind of wave appealing for NDE of damages near the surface of a structure.
For the sake of clarity, the displacement and stress fields u (x,t) = U (z) e!(hz=t)

and o (x,t) = S (z) e**=“% due to Rayleigh waves are given below.

o k2 2
U=iA (/{emz - %e’”z) (5.5)
V=0 (5.6)

_ k2 + 7]2

W=A (—1716_”12 + —26_7722) (5.7)

21,
Sua = —Ap (207 + k) e — (k3 + n3) e7™7) (5.8)
gzz - A:u (kg + 775) (eimz - eimz) (59)
Spe = —2iApkm (7% — e7™?) (5.10)

w

where nf = k* — k7, 93 = k* — k3, k1 = 2 and ky = 2. w is the angular frequency,

k is the wavenumber and ¢; and ¢y are the P and S wave speeds.
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5.2 Guided Lamb Waves

For a homogeneous isotropic elastic plate with a thickness of 2H, the dispersion
relations for guided symmetric Lamb wave motion can be expressed in the form

[A0]

(2k* — k‘;)2 cosh (1 H) sinh (neH) — 4k*nmy sinh (g H) cosh (n,H) =0 (5.11)
and for antisymmetric Lamb wave motion by

(2k* — k%)2 sinh (9 H) cosh (o H) — 4k*nmy cosh (n H) sinh (nH) =0 (5.12)

where w = 2nf is the angular frequency, and k is the wavenumber. In subse-
quent discussions, symmetric waves are labeled as S,, and antisymmetric waves

are labeled A,, with m,n =0,1,2, ..., respectively.

The graphical solutions of Eqs.(5.11]) and (5.12)) for the phase velocity ¢, which is
generally a function of frequency, are called dispersion curves. The group velocity

cq of the waves can be obtained from the dispersion curves using the relation

C

cy = — (5.13)

c dw

The displacement and stress fields for antisymmetric Lamb waves propagating the
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the x direction in the xz plane are given by

(2/’{:2 — k2)sinh (n H) . ,
A h( h 14
—iA, (k sinh (1, 2") S sinh (1) sinh (12") (5.14)
2k% — k2)sinh (m H
e (?71 cosh () ( 212 Si2n)h (772];77)1 ) cosh (7722/)) (5.15)
2k* — k3) sinh (n H
= A ( 2n7 + k3) sinh (m2') — ( sinfl)(j;;]:l)(m ) sinh (nzz’)> (5.16)
sinh (mH) .
S.. = —Aap (2K° — k3) (smh (mz') — ﬁ sinh (ny;’)) (5.17)

sinh (m12")  sinh (192) ) (5.18)

= — A (2k* — k3) sinh (m H -
a 2) sinh (1.H) (sinh (mH)  sinh (n.H)

(2k% — k2)? sinh (n, H) ,
h 1
4k2nmy sinh (ny H ) cosh (112%') (5.19)

| cosh (m2')  cosh (ny2")
— _92A h (m H B
i aﬂknl COS (771 ) (COSh (771[{) cosh (772H)

Sz = —2iAupkny (COSh (mz") —

(5.20)

with u (x,t) = U (2) e**=% and o (x,t) = S (z) e!Fe=+1),
The expressions above are given for a coordinate system with the origin in the

middle of the plate. The coordinates can be transformed into the global coordinate

system that is also used for expressing Rayleigh waves through 2/ = z — H.

Similarly, the expressions for the symmetric Lamb wave motion are given by

U =iA, (k cosh (m,2") — (2k22; fghc?;?;?d{) cosh (7722')> (5.21)
W = A, (7}1 sinh (n;2") — (2k2277_2 fiil?(zj]zl]gl}]) sinh (ngz/)> (5.22)
See = —Agit ((277% + k3) cosh (m12') — (247 ;oZi)((;y(:S;lI;mH) cosh (mz’)) (5.23)
S.. = Ay (2k% — k3) (cosh (mz") — Z:E EZ:H cosh ( ngz')> (5.24)
= Ay (2k* — k3) cosh (1 H) (52:}}11 ((:7711;[1 SSSSE ((:77222))) (5.25)

(2k2 — k2)* cosh (m H) . ,
h 5.26
4k2m1my cosh (o H) sinh (1,7 (5.26)
sinh (m:2")  sinh (n22) )

= 2§ A pkm, sinh (n H -
1Ag K™ SIn (771 )(Sinh(ﬁ1H) Sinh(??gH)

Sape = i Agukm <sinh (mz') —

(5.27)
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For the studied aluminum plate, the region above the delamination-like crack has
a thickness of 2H = 1.78 mm, and the dispersion curves are computed for the
P and S wave speeds given above. The results are shown in Figure , where
solid curves denote symmetric waves and dashed curves denote antisymmetric
waves. Additionally, the Rayleigh wave speed is plotted as a dotted line. In the
frequency range of interest, i.e. 100 to 500 kHz, the symmetric wave Sy propa-
gates much faster than Rayleigh waves. The antisymmetric wave Ag, however,
propagates with a similar wave speed as that for Rayleigh waves. Below approxi-
mately 280 kHz, Rayleigh waves are faster, while above this frequency, Ay waves
are slightly faster. Hence, wave signals have to be analyzed carefully in order
to distinguish between the different waves. Therefore, numerical simulations are

carried out first, which allow for a more detailed analysis than experiments.

12 ‘ ‘ —
\
\
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10f \ 5
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\
. \ =
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_________________ '
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-
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Frequency*Thickness [MHz*mm)] Frequency*Thickness [MHz*mm)]
(a) Phase velocity (b) Group velocity

Figure 5.2: Dispersion curves for an aluminum plate with a thickness of 2H = 1.78 mm.
Symmetric modes are shown as solid lines, antisymmetric as dashed lines. The velocity

of the Rayleigh surface wave for this material is shown as black lines.
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5.3 Wave Scattering

Energy-based scattering coefficients e; and amplitude-based scattering coefficients

s; are defined as

Ei vV Ez a;
7 and S; = =
inc Einc Qinc

, (5.28)

€; =

where E denotes the energy of a wave and a the corresponding amplitude. Hence,
the scattering coefficient for the transmitted Rayleigh wave egrg is the ratio of the

energy Ergr of the transmitted wave and the incident Rayleigh wave Fj,. = Fg.

In order to determine the scattering coefficients, the power flow P through an
arbitrary cross-section A of the waveguide in the z-direction with the normal

vector n = e,, which is given by

A A

is considered. The time-average over one period T = %’r of the power flow is then

given by
1 4 —Ww . —* T —* T — % ==
(Py=— [ Pdt="2"{ imag (SMU TS T SZIW> dA (5.30)
T J, 2 Ja Y
where (+)* indicates complex conjugate. The total energy E of a harmonic wave

with n, periods is then

E = n,T{P) (5.31)

Inserting displacements and stresses from Equations ((5.5)-(5.10) into Equation
(5.30) and carrying out the integration in the z-direction, yields the time-average
power flow per unit length of a Rayleigh wave as

A2wp

(Pr) = —

L 2+ K (2K —K}) (22— kD) 23+ kD) | (2K —kD)”
2m m + 12 2k2 (1 + n2) 4k2ns

2k? — k2 k(2k% — k2 2k% — k2)°
2kmy (M +m2) M2 (1 +12) 8km1m;
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The amplitude A in the above equation depends on the boundary conditions of
the problem, i.e. on the load F' for the incident Rayleigh wave and on the in-
terface conditions at the leading and trailing edges of the crack for transmitted
and reflected waves. While the amplitude of the incident wave can be deter-
mined analytically (see Equations —, the amplitude of transmitted and
reflected Rayleigh waves are determined from finite element simulations, which

are described in the following section.

In a similar way, the time-average power flow per unit length of an antisymmet-

ric Lamb wave can be determined by inserting displacements and stresses from

Equations(5.14)-(5.20))) into Equation (5.30)), resulting in
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where the amplitude A, again depends on the boundary conditions of the prob-
lem and is identified from finite element simulations. For this problem, mostly

antisymmetric waves are expected to be generated at the edges of the crack.

The time-average power flow per unit length of a symmetric Lamb wave can be

determined by inserting displacements and stresses from Equations (5.2155.27)
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into Equation (5.30)), resulting in
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5.4 Numerical Modeling and Simulations

In order to investigate the class of problems described above, transient finite ele-
ment (FE) simulations are conducted. For the considered homogeneous isotropic
linearly elastic aluminum plate, different two-dimensional plane-strain models are

created in the commercial software package Abaqus.

First, a thin layer with a thickness of 1.78 mm and a thick layer with a thickness
of 298.22mm are modeled. The plate is then assembled through tie constraints
between the two layers, enforcing continuity, i.e. equal displacements, at the
interface. Using this method, the delamination-like crack can easily be introduced
in the form of a zero volume delamination by untying the neighboring nodes in the
damaged region. In the simulations, the leading edge of the crack is 50 mm away
from the concentrated force input F' (which is at x = 0), and the delamination
is 50 mm long. At the bottom edge of the plate, a fixed boundary is introduced,
i,e. u = 0, while all other edges are considered traction free, except for the
concentrated force at the top edge. This model will be referred to as the “tie

model”.

Since the zero volume delamination implemented in the tie model does not in-
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troduce a singularity in the stress at the leading and trailing edges of the crack,
a second model is considered. Instead of implementing an elliptical crack with
non-zero volume, which has also been shown to give excellent results [43], crack
tip elements are implemented in Abaqus with the delamination-like crack being
the seam. By applying crack tips in Abaqus, strain is proportional to \/% with r
being the distance from the crack tip. The size and location of the delamination

are identical to the ones of the tie model. In the following, this model will be

referred to as the “crack tip model”.

For both models, mostly 4-node bilinear elements (CPE4) are used with a spatial
resolution of about 0.5 mm, which is about ten times smaller than the smallest
wave length of the Lamb and Rayleigh waves in the considered frequency range.
In order to implement the crack tips, 6-node and 8-node quadratic elements are
used in the surrounding area. Since this results in a slight irregularity in the
mesh, the crack tip model has 237,815 elements, while the tie model has 240,000
elements. To calculate the transient dynamic response to a given concentrated
force input F', Abaqus’ implicit time integration with a fixed time step of 0.1 ps

is used and simulations are conducted up to 80 ps simulation time.

In order to study mode conversion at the leading edge of the aforementioned
delamination-like crack more thoroughly, another smaller model is considered as
well. In this “leading edge model”, as shown in Figure , three nodes are
of particular interest: at M1, the induced Rayleigh wave is measured, at M2,
the Lamb wave that is generated at the crack tip, and at M3, the transmitted
Rayleigh wave below the delamination-like crack, respectively. With the reduced
dimensions, the model requires less computation time and simulations for varying

excitation frequencies can be carried out more easily.
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Figure 5.3: Model to investigate mode conversion at leading edge of a delamination-like

crack in a half-space

5.5 Results

In a first step, the modeling techniques “tie model” and “crack tip model”, as
described in the previous section, are compared for a three-cycle sinusoidal tone
burst enclosed in a Hann window (also called Hanning window) with the central
frequency at 200 kHz. The relatively short tone burst is used to avoid superposi-
tion of the wave of interest with other (reflected) waves. Results of the conducted
simulations are shown in Figure (5.4). In Figure the normalized displace-
ments in the z direction at the same node in the delamination zone are compared,
and in Figure (5.4b), wave signals from after the damaged area are shown. Solid
lines denote results from the crack tip model and dashed lines denote results from
the tie model. It can be seen that the results from the tie model coincide with
those from the crack tip model. Moreover, only the left propagating Lamb wave
that is generated at the trailing edge of the crack, as shown in Figure , re-
veals a practically negligible difference between the two models. Hence, this also
confirms the accuracy of the results from past research [34] [30] in which a zero
volume delamination with sufficiently fine meshes were used for modeling such
defects. It should be noted that the distinction between the two models would be
more prominent closer to the crack tip, where the singular field dominates. The

distinction appears to be negligible in the guided wave dominated far field.
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Figure 5.4: Comparison of normalized displacements in the z direction at the surface
of a thick damaged plate from simulations with the crack tip model (solid) and the tie

model (dashed) at f = 200kHz.

In the next step, wave propagation is studied in detail using the determined wave
speeds from Sections and . To this end, the displacements are analyzed
at two locations on the surface of the plate. In Figure , the normalized
displacements in the z direction that are calculated at x = 25 mm and z = 150 mm
are shown for f = 200kHz. In Figure , the incident Rayleigh wave R— can
clearly be identified using the corresponding wave speed and position. When this
incident R— wave interacts with the leading edge of the delamination-like crack,
almost no reflection occurs. Instead, the wave is partially transmitted to an Ag
wave, propagating in the ligament above the crack that now acts as a waveguide
for Lamb waves, and partially to a Rayleigh wave that propagates along the
surface of the half-space below the crack. When the RAy — wave encounters
the trailing edge of the crack, it is partially reflected as a left propagating wave
Ag +. Continuing on the path of this wave, it is again partially transmitted as a
Rayleigh wave when the wave interacts with the leading edge of the crack. Hence,

the second wave in the signal is denoted as RAgR+.
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Figure 5.5: Normalized displacements in the z direction at various locations on the

surface of a thick damaged plate for f = 200 kHz.

It should also be noted, that the Rayleigh wave RR— is almost completely trans-
mitted at the trailing edge of the crack such that there is no RRR<— in the signal.
Note, the waves are denoted by their current wave type, i.e. A,, for antisymmetric
waves and R for Rayleigh waves, and including their propagation history with the
most recent wave type being at the end of the sequence. Additionally, the current
propagation direction is denoted by — for right and by < for left propagating

waves, respectively.

In Figure the normalized displacements in the z direction from beyond the
crack at x = 150 mm are shown. Considering the wave speeds, the main wave
packet can be identified as an RRR— wave. This wave might be superimposed
with the RAjR— wave but since the wave speeds of Rayleigh and Ay waves at
200kHz are very similar (see Figure (5.2D])), a clear distinction cannot be made.
However, a low but significant amplitude before the arrival time of previously
mentioned waves can also be noticed. Dividing the distance = 150 mm by the
time at which the first non-zero signal can be observed leads to an average group
velocity of about 5500 m/s and can therefore not be associated with any expected

propagating wave. The fastest expected propagating wave that could be detected
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is the RSgR— wave, which possibly arrives around 44 ps and therefore would
be significantly later in time but still might explain part of the non-zero signal.
Nonetheless, the investigation of this phenomenon has to be addressed again in

future work.

The frequency dependence of mode conversion at a delamination-like crack is
analyzed next. The leading edge model is evaluated first for varying excitation
frequencies. Scattering coefficients e; are determined from Equation using
the semi-analytical approach from Equations . Thereby, the ampli-
tudes A for Rayleigh waves and A, for Lamb waves are determined by comparing
displacements from FE simulations with normalized theoretical values at, for ex-
ample, z = 0. In Figure , the determined transmission coefficient for Rayleigh
to Rayleigh wave conversion is shown for frequencies between 100 and 500 kHz and
marked by x. Additionally, the Rayleigh to Lamb wave transmission coefficient

is denoted by +.
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Figure 5.6: Transmission coefficients for mode conversion at the delamination-like crack

for varying frequencies
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In order to examine the transmission of the induced Rayleigh wave to the trans-
mitted Rayleigh wave RRR— through the whole delamination zone, in Figure
, the transmission coefficient is shown for frequencies from 100 to 500 kHz.
The results reveal a decreasing transmission of the incident Rayleigh wave with

increasing frequency.

In order to visualize the effect of a delamination-like crack, the displacement fields
of waves propagating in the delamination zone are shown in Figure at fre-
quencies 200 kHz and 500 kHz. For f = 200kHz, Lamb waves propagate slower
through the damaged area than Rayleigh waves below the crack, which is due to
the difference in the group velocities (cf. Figure ) For f = 500 kHz, the oppo-
site behavior can be seen, as Lamb waves propagate faster than Rayleigh waves.
These effects need to be incorporated into damage detection systems through

careful signal processing.

(a) Ao waves are slower than Rayleigh waves (b) Ay waves are faster than Rayleigh waves

at 200 kHz at 500 kHz

Figure 5.7: Displacement fields in the delamination zone, showing propagating Lamb

and Rayleigh waves at different frequencies

In the final step, the displacements at the surface of the plate at various locations
are compared for the undamaged and damaged cases. The normalized displace-
ments in the z direction at * = 75mm and x = 150 mm are shown in Figure

(5.8). The displacements for an undamaged plate are shown as dashed lines,
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while displacements for the damaged plate are shown as solid lines. In Figure
, there is a clear difference between the undamaged and damaged cases even
without a detailed analysis of the signals. When considering a measurement af-
ter the delamination zone, as shown in Figure , it becomes clear why a
detailed understanding of the underlying phenomena is necessary. In this case,
not only is the amplitude of the Rayleigh wave RRR— reduced but also part of
the incident wave’s energy is now propagating as an additional Rayleigh wave,
whose arrival time depends on the speed of the Lamb wave propagating above the

delamination-like crack.

Normalized Displacement
Normalized Displacement

0 20 40 60 80 0 20 40 60 80
Time [ps] Time [ps]
(a) In the delamination zone at = 75 mm (b) After delamination zone at = 150 mm

Figure 5.8: Normalized displacements in the z direction at various locations on the

surface of the undamaged (dashed lines) and damaged (solid lines) plate for f = 200 kHz

5.6 Experimental Validation

In this section, the response of a thick aluminum plate to a dynamic load is
obtained from experiments. After an introduction to the general experimental
setup in Section , wave propagation in the undamaged case is compared to
simulation results in Section ([5.6.2)). This ensures correctness of the validation
methodology. Then in Section , experiments with a damaged aluminum

plate are conducted and results are compared to those obtained from numerical
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simulations.

5.6.1 Experimental Setup

Laboratory experiments are carried out using an ultrasonic system in the pitch-
catch mode augmented by a fixture that allows accurate placement of the actu-
ating and sensing transducers in repeated tests, thereby simulating a large array
with an arbitrary number of sources and receivers. The waves are induced and
recorded by a pair of identical broadband PZT transducers (Digital Wave B-225).
The transducers are placed on the top edge of the plate, as shown in Figure ,
using a Plexiglas face sheet that is attached to the plate. An array of holes with
the diameter equal to that of the transducers is drilled into the sheet, ensuring
identical transducer locations in repeated experiments. The transmission of ul-
trasound is supported by the application of an ultrasonic gel couplant (Sonotech).
A five-cycle sinusoidal tone burst enclosed in a Hann window with the central
frequency at 200kHz, produced by an arbitrary waveform generator (Stanford
Research Systems), is used as the driving signal V' of the source transducer. Note
that for the experiments, a tone burst that consists of more cycles than in pre-
vious numerical simulations is preferable, reducing distortion effects due to the
frequency response of the transducer. A signal conditioner (Digital Wave FM-1)
is used to amplify and filter the received signals. The input and received sig-
nals are digitized and recorded using an oscilloscope (Agilent 54624A) with up to

200 MHz sampling frequency.
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Figure 5.9: The laboratory experimental setup including oscilloscope, signal conditioner,
function generator and transducers on the edge of a thick aluminum plate, and a close-up

view of the delamination-like crack

The generated input signal V' () is thereby of the form

V(t) = % [1 — cos (Zﬂft)} sin (27 ft) (5.35)

Np
where f is the central frequency and n,, is the number of cycles. However, the signal
from Equation is modified by various components of the test setup before
it is transmitted as a force on the specimen. In a similar manner, the received
signal differs from the displacement available from simulations. Hence,the force
applied in numerical simulations has to be modified appropriately to allow for a
comparison with experimental results. In frequency domain, the modified force

F*(w) is calculated from the frequency-domain relation

Vexp (w)

F*(w) = U ()

F(w) (5.36)

where Vi, (w) is the experimentally received signal at a given location, and
Ugim (w) is the displacement at the same location in the simulation model for

the force F' (w). Once F*(w) is obtained, the inverse Fourier transform is simply
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applied to determine the modified input force for the FE simulations. An exam-
ple of such a modified signal with a 200 kHz central frequency is shown in Figure

(5.10)), along with the original force signal.
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(a) Original force F'; used as input signal in  (b) Modified force F*; used as input force in

experiments simulations

Figure 5.10: Original and modified narrow-band input signals with center frequency

f = 200kHz

5.6.2 Undamaged Plate

First, an FE simulation is carried out using the tie model as described in Section
. In this case, however, the tie-bond is applied to all neighboring nodes of
the lower and upper part of the plate, resulting in a homogeneous undamaged
2D model of the plate. As mentioned before, the forcing function used in the FE
model is now the modified force F. The recorded outputs are the displacement
components normal to the surface at various positions. In the experiment, the
same aluminum plate is used for measurements in both the undamaged and dam-
aged case. In the undamaged case, the opposite side of the plate is used and,
due to the sufficiently large dimensions, the damaged area does not influence the
measurements in this case. With the actuating transducer at x = 0 mm, which

is 76.2mm (3in) away from the edge of the plate, measurements are conducted
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with the receiving transducer placed at identical positions to those used in the

simulations.

The experimentally and numerically determined responses to the induced force
at f = 200kHz are compared in Figure for two receiver locations at x =
76.2mm and r = 127mm. Results from experiments are shown as solid lines,
while results from simulations are plotted as dashed lines. In the signal, two
waves can be identified: the first wave packet with high amplitude is the induced
Rayleigh wave R—, while the second smaller wave packet is a reflected wave from
the (left) edge of the plate. It can be seen that there is good agreement between

the experimental and numerical results at both receiver locations.

0.5 0.5 1

—0.5 —0.5

Normalized Amplitude
>
Normalized Amplitude

0 50 100 0 50 100
Time [ps] Time [ps]

(a) z = 76.2mm (b) x = 127mm

Figure 5.11: Comparison of experimentally received signal (solid blue lines) and simula-
tion result (dashed red lines) for various locations along the top surface of an undamaged

aluminum plate for f = 200kHz

5.6.3 Damaged Plate

More important than the experimental validation of wave propagation in the un-
damaged case, numerical findings for the damaged plate are also verified experi-
mentally. In this case, a crack parallel to the surface of the plate with a length

of 25.4mm (11n) is sawed into the specimen using electrical discharge machining,
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such that the leading edge of the crack is located at 63.5mm (2.5in) from the

source and 1.78 mm below the surface.

The experiments are performed similarly to the ones for the undamaged case, i.e.
measurements are conducted at various positions along the surface of the plate
near the crack. Numerical FE simulation are carried out using the tie model, as
described in Section . For the input force, again the modified source F™* is
applied. Displacements in the z direction are recorded at the same positions as in

the experiments.

The results for both experimentally and numerically recorded signals at two re-
ceiver locations z = 76.2 mm (above the crack) and # = 127 mm (after the crack)
are shown in Figure , where results from experiments are shown as solid
lines and results from FE simulations as dashed lines, respectively. The simulated
waveforms can again be seen to have the same major characteristics as those in
the experiments. However, in Figure , the agreement between simulation
and experiment is acceptable but not perfect. This might be due to the fact that
the measurement is taken exactly in the middle of the relatively short crack, which
causes superposition of left and right going Lamb waves. Due to minor differences
in the group velocities between the experiment and the simulation, superposition
of the two waves is not identical. As can be seen from Figure , the recorded
signals of the right propagating Rayleigh wave, which is transmitted through the

delamination zone, are very close in the simulation and the experiment.
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Figure 5.12: Comparison of experimentally received signals (solid blue lines) and simu-
lation results (dashed red lines) for various locations along the top surface of a damaged

aluminum plate for f = 200kHz
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CHAPTER 6

Concluding Remarks

From the study of propagation of Lamb waves through plates carried out in this

thesis, the following remarks can be made as a summary.

e The displacements and stresses associated with the propagation of waves in
a plate are highly influenced by the nature of the load generating the wave

motion in the frequency range of 100 kHz to 0.5 MHz.

e The energy carried by the waves differ significantly depending on the type

of load generating the waves.

e The rocking load induces Lamb waves with the least energy within the fre-
quency range considered. For low frequencies, Lamb waves generated due
to the uniform vertical load, carries the highest amount of energy. For some
mid frequencies, in the range considered, the Lamb waves generated due to
the uniform shear load carries a little more energy than those generated by

the uniform vertical load, but again decreases for higher frequencies.

e The non-propagating waves near the source do not contribute to any net

average energy flow per cycle.

e When a Rayleigh wave hits a crack in a half space, with increasing frequency,
more energy is transmitted as Lamb waves at the leading edge of the de-
fect. This can be attributed to the fact that more of the Rayleigh wave

energy is concentrated near to the surface of the half-space. Furthermore,
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with increasing frequency, less energy is transmitted at the trailing edge of
the delamination like crack. Hence, the measured Rayleigh wave after the

delamination zone is of lower amplitude for higher frequencies.

e There is a pressing need for simulations and experiments for realistic prob-

lems involving composite structural composites containing hidden defects.
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