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Abstract

Inverse Limit Reflection and the Structure of L(V);1)
by
Scott Stefan Cramer
Doctor of Philosophy in Mathematics
University of California, Berkeley
Professor W. Hugh Woodin, Chair

We explore the technique of inverse limits, a tool first introduced by Laver in the context
of rank-into-rank embeddings. We extend reflection results of Laver using inverse limits
up to and including embeddings of the form L(V)\;1) — L(Vy;1). Isolating this technique
as ‘inverse limit reflection,” we use it to prove structural results of L(V),1) very similar
to properties of L(R) under AD*® . We then define a representation, first introduced
by Woodin, for subsets of V.1, and prove basic closure properties of this representation.
Employing the technique of inverse limit reflection we then prove an important property
called the Tower Condition and analyze certain measures generated from fixed points of
embeddings to broaden the extent of these representations in L(Vy;1).
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Chapter 1

Introduction

The study of L(V);1) is motivated primarily by the two goals of uncovering the structure
of large cardinal axioms just below the limitation of Kunen’s Theorem, and understanding
the relationship between L(V);1) and L(R) (see [Lav02] for a survey of the subject). In this
manuscript, we develop techniques for solving questions which arise in the first area, and
then we use these techniques to further our understanding in the second area.

Large cardinal hierarchy serves as a fundamental measurement of consistency strength
in set theory, and the computation of equiconsistency with large cardinals is a fundamental
goal in set theory. At the highest reaches of the large cardinal hierarchy, however, there are
more basic questions about the structure of large cardinals: first, large cardinal axioms must
be identified; second, the relationship between these axioms must be understood; and third,
basic justification for their consistency must be given.

For the first task, there is an analogy with models of determinacy which has proven very
useful in discovering new axioms. This analogy stems from the similarity between the two
structures L(Vy4+1) and L(R), and is potentially a source of deep connections between the
two theories. The second task can involve understanding the reflection properties of large
cardinals, a subject which we will spend considerable time considering below. The third task
might involve showing interesting structural results follow from the axioms. In our case, we
will be concerned with how large cardinals affect the structure of L(V)41).

Large cardinal axioms, for our purposes, are generally of the form: there exists a non-
trivial elementary embedding j : V' — M, where M has a certain amount of agreement
with V. Kunen’s Theorem gives an upper bound for such axioms; it states that under ZFC
there is no elementary embedding V' — V (see Section 1.1.1 for more details; we assume all
embeddings are non-trivial). Below this axiom, we are concerned with the following general
divisions in the large cardinal hierarchy (see Sections 1.1.1 and 5.1.1 for definitions). On

the left we indicate whether or not the axioms are potentially consistent with the Axiom of
Choice.
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-AC ‘ V' — V embeddings
EY-hierarchy
AC | L(Vy41) — L(Vyy1) embeddings

rank-into-rank embeddings

Clearly, whether or not it is consistent for such choiceless V' — V' embeddings to exist is a
fundamental question at this level, and in order to tackle this question, understanding the
structure of the axioms just below this division is likely of paramount importance. Here we
take the first step towards such an analysis by studying the structure of L(V)i1).

We begin by studying the reflection properties of L(Vyy1) — L(Vyy1) embeddings. The
main tool we use is the inverse limit of a sequence of elementary embeddings. Laver ([Lav97],
[Lav01]) first introduced inverse limits in the study of reflecting rank into rank embeddings.
An inverse limit is an embedding V5,; — V41 for some A < X which is built out of an w-
sequence of embeddings V11 — Vi1 (see Section 2.1). The basic question of inverse limits is
to what extent for all o there exists an & such that the inverse limit extends to an elementary
embedding Ls(V541) — La(Vag1); inverse limit reflection is the statement that an inverse
limit does have such an extension as long as the embeddings that make up the inverse limit
are sufficiently strong. In Sections 2.2-2.5 we show through several different proofs that
inverse limit reflection holds up through the hierarchy of axioms below L(Vi1) — L(Viy1)
embeddings. As a culmination to this analysis, we show that the existence of an elementary
embedding

L<V)ﬁ—1) - L(V/\ﬁﬂ

with critical point less than X\ implies that there is some A < X such that there is an
elementary embedding

L(Vii1) — L(Vii)

with critical point less than ).

In Chapter 3, using inverse limit reflection at level o we show a number of structural
properties of L(Vy;1). Let © be the sup of 3 such that there exists a surjection Vy 13 — § in
L(Vai1). In L(Vyy1), let kK < O be a cardinal with cofinality bigger than A, let & < A be an
infinite cardinal, and let

Sa = {8 < k| cof(B) = a}.

Assume there exists an elementary embedding j : L(Viy1) — L(Vi41). Woodin showed
that in L(Vyy1), £ is measurable, and this is witnessed by the club filter restricted to a
stationary set. However, he also showed that if a > w then it is consistent that the club
filter restricted to S, is not an ultrafilter. This theorem leaves open the case of a = w, and
we show, under the above assumptions, that S, cannot be partitioned into two stationary
sets which are in L(Vy;;). Woodin showed a similar result follows from the existence of
U(j)-representations (see Chapter 4), but it is unclear at present if all subsets of V1 in
L(Vy41) have U(j)-representations (see Section 4.4).



CHAPTER 1. INTRODUCTION 3

Along these same lines, Xianghui Shi and Woodin showed that the Perfect Set Property
in L(Vyy1) follows from a forcing argument and the generic absoluteness of Theorem 4.5.2.
In Section 3.2 we prove an analogous result using inverse limit reflection.

This relationship between inverse limit reflection and the structure of L(V),;) has an
interesting consequence (see Corollary 2.5.11). Suppose that X C V),; and there exists an
elementary embedding j : L(X,Vy41) — L(X,Vi41). Then one might expect the analysis
of L(Vyy1) to carry over to L(X, V1), and that this more general situation is really the
appropriate area to study. We show, however, that inverse limit X-reflection cannot hold
in general, and that the set of X C V) ,; such that inverse limit X-reflection holds is very
restricted. As inverse limit reflection is a very natural property one would expect of these
structures, this fact highlights L(V);;) and its extensions satisfying inverse limit reflection
as the most natural objects to study at this level.

Furthermore, while it seems as though the existence of an elementary embedding j :
L(Vy41) — L(Vy41) is an analogous assumption for L(V)y1;) as assuming the axiom of deter-
minacy holds in L(R) is for L(R), we argue that inverse limit reflection is actually a more
appropriate analog of determinacy. Indeed, we will see that the structures L(X, V)41) which
have analogous embeddings j : L(X,Vyy1) — L(X,Vyy1) do not generally have structural
properties which are analogous to the structural properties of models of determinacy, while
those structures satisfying inverse limit reflection do have these properties.

Some of the above structural results which we obtain from inverse limit reflection were
shown by Woodin to follow from U (j)-representations. In fact he showed that even stronger
reflection properties follow from these representations (see Theorem 4.5.2). The similarity in
the structural consequences of inverse limit reflection and U (j)-representations suggests that
there might be some connection between the two. We explore this connection in Sections 4.2
and 4.3 and as a result are able to significantly expand the collection of U(j)-representable
sets (see Section 4.4).

Considering these results, it seems likely that all sets in VALJF(;/*“) are U(j)-representable
in L(Vy41), a conjecture which has been shown to have many interesting consequences (see
Section 4.5). Proving this conjecture therefore appears to be the most natural extension of
our work here.

While we concentrate here on studying L(V),1), the above results likely extend to stronger
axioms. We define the E? hierarchy in Section 5.1.1, which was first introduced by Woodin
in analogy with the definition of the minimal model of ADg in the context of determinacy.
Extending the above results on inverse limits and U(j)-representation to this hierarchy is a
natural next step in the above analysis, and it might be the key to understanding the even
stronger V' — V axioms (see Section 5.1.2).
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1.1 The structure L(V);1)

1.1.1 Very large cardinals

Large cardinals are the fundamental measure of consistency strength in set theory. At the
lowest level, for instance, there are strongly inaccessible cardinals: a cardinal  is strongly
inaccessible if k is regular and is a strong limit, so for all a < &, 2% < k. So if there exists a
strongly inaccessible cardinal, Con(ZFC) holds.

For our purposes, large cardinals are of the following general form: & is the critical point
of j: V — M where M has a certain amount of agreement with V. k is measurable if it is
the critical point of such an embedding 7 : V' — M where no agreement between M and V'
is required. In general, the more agreement M has with V', the stronger the large cardinal
axiom. So for instance we have the following:

Fact 1.1.1. Suppose that k = crit(j) where j : V. — M is elementary. Suppose that
Viio € M. Then k is a limit of measurable cardinals.

Proof. Let U C P(k) be the normal ultrafilter induced by j. So A € U iff k € j(A). We
have that U € V,,5 and hence k is measurable in M. But by the elementarity of j, x must
be a limit of measurables in V. [

This phenomenon that stronger large cardinals reflect weaker large cardinals is a funda-
mental property of these axioms, although it becomes much more difficult to show for some
of the strongest axioms in the large cardinal hierarchy:.

A question which immediately arises in the study of large cardinals from elementary
embeddings is: how much agreement is possible between M and V7 Kunen’s Theorem gives
an upper bound under ZFC.

Theorem 1.1.2 (Kunen [KunT7l]). (ZFC) There is no (non-trivial) elementary embedding
j:V—=V.

In fact the proof gives the following upper bound for rank into rank embeddings.
Theorem 1.1.3 (Kunen (see [Kan94])). (ZFC) Suppose that « is such that there exists an

elementary embedding j : V, — V. Then for A\ = sup,_,, k; where kg = critj and for i < w,
Kit1 = J(Ki), we have

1. Fither A\=a or A\+1=q«.
2. For all B such that critj < < X, j(B) > (.

Figure 1.1.1 gives a picture of rank-into-rank embeddings which we obtain from this
theorem.
A fundamental question is whether it is possible to have an elementary embedding 7 :

V — V under ZF.
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Figure 1.1: Rank-into-rank embeddings.

The following is a list of large cardinal axioms, ordered in decreasing strength, which
we will be considering in this paper (A is always the sup of the critical sequence of j, so in
particular crit (j) < A; see Section 1.2 for basic definitions).

Name Definition
Reinhardt Cardinal d5: V-V
37 Vage — Vi
1t 35+ (Vi) — LV,
Iy 3j: L(Vag1) — L(Vagr)
L 37 Vagr — Vi
]3 3] : V)\ — V)\

There is further subdivision between I, and I;, for instance, where for a fixed o we
demand the existence of an elementary embedding j : Lo (Vy11) — La(Vas1). A similar type
of subdivision exists between If and I, and so on.

1.1.2 Comparison with L(R)

Besides arising in the study of very large cardinals, L(V) 1) is an example of a structure
L(V441) for some singular strong limit a. The case cof(a) = w is special, however, by the
following theorem of Shelah.

Theorem 1.1.4 (Shelah). Suppose X\ is a singular strong limit of uncountable cofinality.
Then L(P(N)) = ZFC.
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If Iy holds at A we have L(V);;) = —AC, and so we have a similarity between L(V),1)
assuming Iy at A and L(R) assuming AD*®) . Before exploring this connection further, we
fix some notation and note other obvious similarities in a lemma.

Definition 1.1.5. Fix A. Call an ordinal « good if every member of L, (V1) is definable
over L,(Viy1) from a member of V.. Define

0 = 0, :=sup{a| (3o(o : Vay1 — a is a surjection))LV+1)},
Lemma 1.1.6. Fiz A a strong limit such that cof(\) = w. Then the following hold:
1. L(Vay1) E ZF + X-DC.
2. The good ordinals are cofinal in ©.
3. O, is reqular in L(Vyi1).

4- L@)\(V)VFI) ): ZF™.

5. Suppose that j : Lo(Vay1) — Lg(Vasa) is elementary for a good. Then j is induced by
J [V

Proof. 1, 3, and 4 are as in the L(R) case. For 2 and 5, see [Lav01]. O

The following is a selection of results which show a significant similarity between the two
structures L(R) and L(Vy41).

Theorem 1.1.7 (Woodin [Wooll]). Fiz A such that there exists an elementary embedding
J: L(Vay1) — L(Vag1). Then the following hold in L(Vyi1):

1. For cofinally many k < O, k is measurable, and this is witnessed by the club filter
restricted to a stationary subset of k.

2. If a <O, then P(a) € Lo, (Vat1).

There are important differences between L(R) and L(V),1) however. As an example we
consider the case of the club filter on AT. Solovay showed that if AD*® holds then the club
filter is an ultrafilter on wy in L(R). One might expect such a result to hold in L(V);;), but
there are two reasons it cannot. First of all, if S, = {k < A"|cof(k) = a} then the set of S,
for o < A regular is a collection of disjoint stationary subsets of A*. This problem however
appears to be fairly trivial as we could simply modify our question by asking instead if the
club filter restricted to each S, is an ultrafilter for each regular @ < A. This leads to a second
more serious problem, which is displayed by the following theorem.
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Theorem 1.1.8 (Woodin). Fiz A and let k < X be an uncountable reqular cardinal. Let
S. = {a < Acofla) = Kk} and let F be the club filter on \*. If G C Coll(k,k") is
V -generic then

L(V[G]x+1) | F restricted to S, is not an ultrafilter.

In fact for any B < X, there exists a poset P such that if G C P is V-generic then in
L(V[G]as1) there is a partition (T,| o <) of S, into stationary sets for some v > (3, such
that for all o < vy, F restricted to T, is an ultrafilter.

This second problem is part of a larger issue which we call the ‘right V' problem’: the
theory of V) can be changed by small forcing, while the theory of V,, cannot. Hence a
property of L(V,1) might depend on the theory of V), and thus not be provable from the
existence of the elementary embedding alone.

There are several ways one might try to get around the right V' problem. One might
restrict the question to those cases which are not generically fragile. In the case of the club
filter on A*, whether the club filter restricted to S, is an ultrafilter in L(V) ) is left open
by the above theorem. We will give evidence below towards proving that this is indeed the
case (see Theorems 3.1.8 and 3.1.11).

Secondly, one could ask the question instead in the L(V),1) of some canonical L-like
inner model. Such an analysis would surely be possible and enlightening if such an inner
model exists. We do not attempt such an analysis here.

Thirdly, one could modify the question in order to circumvent the right V' problem. Such
a modification would presumably restrict attention to generically stable objects. An example
of such a modification is the generic absoluteness given by U (j)-representations (see Theorem
4.5.2).

The following table lists some differences and similarities between L(R) and L(V)41).

L(R) assuming AD*®) | L(Vj41) assuming Iy at A

© is a limit of measurable cardi-
nals (Kechris and Woodin, see Kechris

[Kec85])

O is a limit of measurable cardinals
(Woodin [Wooll])

Va < O, P(a) € Lo(R) (Moschovakis
[Mos80])

Va < O, Pla) € Le(Viy1) (Woodin
[Wooll])

the club filter on wy is an ultrafilter (Solo-
vay, see [Kan94])

for all 8 < A regular, there exists a par-
tition (T,| o < k) for some K < A of Sp
into stationary subsets, such that for each
a < K, the club filter restricted to T, is
an ultrafilter (Woodin [Wooll]; also see
Corollary 3.1.9)

the perfect set property holds (Davis
[Dav64])

the A-splitting perfect set property holds
(see Theorem 3.2.3)
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1.2 Set theory definitions and conventions

We denote by V, for a an ordinal the stratification of V' according to rank. So Vy =
0, Vazu = P(V,) and V) = |J,, Vo for A a limit. For a transitive set A, L(A) is the
constructible hierarchy built on top of A. So Lo(A) = A, Loy1(A) = Def(L,(A)) and
Ly(A) = Uyey La(A) for A a limit. By L(X, A) we mean the constructible hierarchy built
on top of A, with X as a predicate. So Lo(X, A) = A, Lat1(X, A) = Def(Lo(A), X N Ly(A))
and L)(X,A) = U, -\ La(X, A) for A a limit.

Suppose that M and N are models of a fragment of set theory. Then j : M — N is an
elementary embedding if for all ¢[xy,...,z,] and a4, ...,a, € M we have that

M E ¢(ay,...,a,) = N E o(j(ar),...,j(an)).

We use the convention that all elementary embeddings are nontrivial, so j # id. So crit (5)
is the least ordinal « such that j(a) > a.
Suppose that (a;|i < w) is a sequence of sets. Then by a = lim; ., a; we mean that

a={b|InVi>n(bec a;)}.

So for instance, if each a; is an ordinal and the sequence converges to an ordinal (3, then
limi_w a; = ﬁ

When we say that 7 : L(Vyy1) — L(Vy41) is an elementary embedding we will always be
assuming that crit (j) < A unless we specifically say otherwise. The same thing holds for
embeddings Vi1 — Vii1, La(Vag1) — La(Vas1) and so on.

When referring to a vector f, we will almost always be assuming that it is of the form

j= (i <w).

We will many times use this shorthand without explicitly specifying the indices.

Many times we will say, let a, = (joo -0 j,_1)(a) for n < w. By this we mean that
ap = a, ay = jo(a),....

When referring to elementary embeddings j,k : V11 — Vyy1 we will many times apply
j(k), although this strictly does not make sense. By this we mean that we apply j(k | Vi)
and then look at the natural extension to an embedding on V).

Also note that when referring to an elementary embedding j, it is many times standard
in the literature to refer to the iterates of j as j,. We will globally defy this convention, as
we are most concerned with sequences of embeddings which we label as j,. When we wish
to refer to the iterate of j, we will use the notation j,).
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Inverse Limits

2.1 Basic properties

In this section we introduce the theory of inverse limits. These structures are most
readily used for reflecting large cardinal hypotheses of the form: there exists an elementary
embedding L, (Viy1) — La(Vag1). The use of inverse limits in reflecting such large cardinals
is originally due to Laver (see Laver [Lav97], [Lav01]).

Suppose there exists an elementary embedding j : V\ — V). Then if j extends to an
elementary embedding j* : Vyp1 — Viyi we have j*(A4) = |, j(ANV),,) for (\]i <w)
any cofinal sequence in A, as A is a continuity point. Hence any elementary embedding
Viir1 — Va1 can be coded as an element of V), ;.

Suppose that (j;|i < w) is a sequence of elementary embeddings such that the following
hold:

1. For all 4, j; : Viy1 — V41 is elementary.
2. There exists A < A such that crit Jo <critj; <--- < A and lim; ., crit Ji = .
Then we can form the inverse limit
J=jgoojio- V3=V
by setting
J(a) = lim(jo o+ 0 j)(a)
for any a € V5.
Claim 2.1.1 (Laver). J : V5 — V) is elementary.

Proof. 1t is enough to see that sup, 5 J(«) = A. To see this let J; = j; 0 jiy1 0---. Set
a; = sup,.; Ji(a). Then we have
Qp = Qg = -
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as ji(ai1) = aq for all ¢ < w. Let n be large enough so that for all ¢ > n, o, = ;. Then
we have that j,(a,) = a,. But since A > «,, > crit j,,, we must have that a;,, = A. But then
ap = A since ag = (joo -+ 0 jn1)(an). n

So since J : V5 — V) is elementary, it can be extended to a ¥p-embedding
J* Vi — Vaa

by J(A) =, J(ANV3,) for (A;] i < w) any cofinal sequence in A. Furthermore by a theorem
of Laver [Lav97], if for all 7, j; extends to an elementary embedding Vy;; — Vy;1, then J*
is elementary. We defer the proof of this theorem to Section 2.2. In fact we will always
assume that J* : V5., — Vi is elementary and define the inverse limit of (j;|7 < w) to
be J = J* : V51 — Viy1. But we will sometimes treat J as if it were an element of V).
We write \; for the unique A such that J : Vi,; — Vi, We will often drop reference
to the sequence (j;|i < w) in our notation when talking about the inverse limit J, though
the sequence is not unique for a given inverse limit J (for instance, by simply grouping the
embeddings as, say, J = (jo o0 j1) 0 jo o ---); it will always be clear from context which
embeddings we mean when referring to (j;|i < w).

Suppose J = jpojio--- is an inverse limit. Then for ¢ < w we write J; := j; 0,410+,
the inverse limit obtained by ‘chopping off” the first ¢ embeddings. For i < w we write

JO = (joo-0ji)(J)

and for n < w, .
3= (jo o -+ 0 i) (jn)-
Then we can rewrite J in the following useful ways:
J=joojio-=-(Jooj1)(J2) ©jo(j1) © Jo

M)
= Jo " °J1 °Jo

and

J=joo 1 = jo(Jl) °jo = J1(0) ° Jo
=(joo---0ji—1)(Ji)ojoo---0jii1 = Ji(lfl) ©0JoO-*+0 Ji1

for any ¢ > 0. Hence we can view an inverse limit J as a direct limit (see Figure 2.1), though
both perspectives are useful in different situations. We let £ be the set of inverse limits. So

E={(J (ili <w)lJ =joojio-: Vi, — Vau}

Lemma 2.1.2. If (K, l;) € & and A € Vi1 are such that A € rmgK, then for all i,
Aecrng(koo---ok;).
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\ i |
Wy L
S L
o(\) T ca(jo(1(j1) T ——
l ) Jo(j1(J2))
(o) /
5 cr(jo(s1)) + Jo(j1)
: cr(jo(jo)) T >
cr(fz) T /
cr(jr) T :
cr(jo) T .

Figure 2.1: Direct limit decomposition of an inverse limit.

11
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Proof. It is enough to see this for any A € V). But then there is an A and an n such that

K(A) = (kgo---0k,)(A) = A,
and for all i > n, k;(A) = A. Hence for all i we have that A € rng (kgo--- o0 k;). O

Suppose j, k : Viyr — Vigr. Then we say k is a square root of j if k(k) = j (thinking of
k and j as elements of V), so actually k(k [ V)\) = j | Vi\). We use the same terminology
for 4,k : Loa(Vas1) — La(Vig1) where av is good. We have the following ‘square root lemma’
which says that strength of the embedding gives a large number of square roots. This is the
key lemma which takes advantage of the strength of our embeddings, and we will use many
variations of it below.

Lemma 2.1.3 (Martin). Suppose « is good. If j : Lo+1(Vag1) — Las1(Vag1) is elementary
then for all A, B € Viy1 and B < crit(j) there exists a k : Lo(Vay1) — Lo(Vii1) such that
k is a square root of j, k(A) = j(A), B € rngk and < crit(k) < crit(j).

Proof. Given «, j, A, B, and (3 as in the hypothesis, we want to show that L,1(Vay1) =
3k : V), — V), which induces k : L,(Vii1) — Lo(Viy1) such that

B < critk < crit j, j(A) = k(A) and B € rng (k).

Note that since « is good, an elementary embedding k : Lo(Vii1) — La(Viy1) is induced
by k | V. Applying j, this is equivalent to Loi1(Vay1) | 3k @ VA — Vy which induces & :
La(Vass) — La(Vasr) such that j(8) < eritk < cxit j(7), j(7)(i(A)) = k(j(A)) and j(B) €
rng (k). But j | V) satisfies this second statement. So we are done by elementarity of j. [J

Note that we can replace A and B with any sequence of length less than crit j by coding.
We will do so below without any comment.
Define

&y ={(J,]) € E|Vi < w (j; extends to an elementary embedding Lo (Vis1) — La(Vas1))}.
Lemma 2.1.4 (Laver). Suppose there exists an elementary embedding
J 1 Lay1i(Vat1) = Lay1(Vas)
where a 1is good. Then &, # ().

Proof. Inductively define j; as follows, repeatedly using Lemma 2.1.3. Let j, be such that
crit jo < critj and jo : Lo(Vig1) — La(Vay1) is elementary. Having chosen

jO? o 7ji : La(V)\-i-l) - LO&(V)\+1)

such that
crit jo < crit j; < - -+ < crit j; < crit 7,
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let 7;11 be such that
crit ]z < crit ji+1 < CI'itj

and j; 1 extends to ji11: La(Vas1) — La(Vig1).
Then clearly we have that

crit jo < critj; < --- < critj
and hence lim;_,, crit j; = A < \ for some \. Let J = jooj;0---. O

Remark 2.1.5. While the motivation for using inverse limits for reflection is fairly clear, we
will find below that inverse limits have a wide array of uses which go far beyond their initial
use as reflection embeddings. In fact, for some applications (for instance Theorem 4.2.3)
we do not even use inverse limits as embeddings, but rather as a sort of operator. This
might seem somewhat bizarre at first, but it is perhaps somewhat clarified by the following
alternative definition of a restricted class of inverse limits:

Suppose j : Viyp — Viyp is elementary and (k;|i < w) is a sequence such that the
following hold for all i < w.

1. k; : Vig1 — Viyy is elementary.
2. k; is a square root of j.
3. ki [V erngk;y.

Then we have
critkg < critky < --- < critj < A,

and hence for K =kgokyo---, (K, (k;|i < w)) is an inverse limit.
To see this, note for instance that since kg | V) € rngk;, that critky € rngk,. But if
crit k1 < crit kg then, since
ki (crit (k1)) = crit j > crit ko,

we must have crit ky ¢ rngk;, a contradiction. Hence crit kg < crit k; < crit j. And we have
crit kg < crit by < --- < crit 7 < A similarly by induction.

So an inverse limit is a natural outcome of repeated applications of the square root lemma.
In fact this restricted class of inverse limits has many useful properties which we will make
use of in Section 4. In light of this fact, we make the following definition:

Definition 2.1.6. Suppose (K, E) € & and j : Vi1 — Vy41 are such that the following hold:
1. For all i, k;(k; [ Vi) =7 | Vi
2. Forall e, kg [ Vi,..., ki [ V) € rngk;iq.

Then we say that (K, IZ) is an inverse limit root of j.
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There is a corresponding square root lemma for inverse limits. Suppose

(., (Gi))s (K (ki) € €.
Then we say that K is a limit root of J if there is n < w such that A\; = Ax and
Vi <n(k; =j;) and Vi > n (k;(k;) = j;)-
We say K is an (n-close) limit root of J if n witnesses that K is a limit root of J.

Lemma 2.1.7 (Laver [Lav97]). Suppose « is good. If (., j) € Eqap then for all A € Vi,
and B € Vi, there ezists a (K, k) € &, such that K is a limit root of J, K(A) = J(A) and
BermgK.

While Laver’s original statement did not include the notion of being a limit root, the
proof is identical.

Proof. We use Lemma 2.1.3 w-many times to jp,ji,... in succession. Define kg, k1, ... by
induction as follows. Let ko : Lo(Vii1) — La(Vii1) be given by Lemma 2.1.3 such that
B € rngky and for all ¢

Jo((1 0+ 0ji)(A)) = Ko((j1 0 -+ 0 ji)(A)).
After defining ko, ..., k, let k,11 0 Lo(Vas1) — Lo(Vai1) be given by Lemma 2.1.3 such that
(koo---ok,) ' (B) € mgk,1,
crit j, < crit k, 1 < crit j,.1 and for all ¢
Jn((Gna10 - 0 jnti)(A)) = ka((fus1 0 - © Jri) (A)).
A calculation shows that crit kg < critk; < --- < A, lim,_, crit (k;) = A, and for
K:=kyokjo---

we have K(A) = J(A) and B € g K:
):

To see that K (A) = J(A), note that it is enough to see that for all 3 < X, if A" = AnVj,

then K(A’') = J(A"). Let n be large enough so that crit (k,) > 3. Then we have that

J(A') = (joo -0 jn)(A)

= (Joo -+ 0 jnz)(kn1(A"))
(Jo o0 jn-3)((knz 0 kn1)(A")) =
(koo ok 1)(A) = K(A)
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To see that B € rng K, let k; = crit k; and set k; = K(&;). It is enough to see that for all
i<w,if BB=BNYV,, then B € mg K. Let i <w. Then we have that (kgo---ok;)"*(B’)
is defined since

K(RZ) = (ko O---0 k’l)(RZ)
But then we have that
K((kgo---ok) ' (B)) =B,

which is what we wanted. O

A key difference between embeddings for square roots and being a limit root for inverse
limits is that if k(k) = j then crit k < crit j whereas if K is a limit root of J then crit K <
crit J. So while there is no sequence ko, k1, ... such that for all i < w, ki11(kir1) = ki, we
have the following lemma for limit roots.

Lemma 2.1.8. Suppose that « is good and (/J, j) € Eorw- Then there exists a sequence
<(Ki, k)i < w> such that the following hold:

1. KO=J.
2. For alli, (K', k') € &,.
3. For all i, K™ is a limit root of K".

Proof. Let (J,]) € Eayw. Set KO = J, and choose (K™ k™) by induction as follows.
Suppose that (K% k°),... (K™, k™) have been chosen so that (K™, k™) € &, and there
exists (nf"|i < w) such that for all i < w, nI" < w, k" extends to

k"t Lognm (Vas1) = Lanr (Vata),

and lim;_,, n[" = co. Let i be large enough so that for all i’ > 4, n} > 0. Then by the proof
of Lemma 2.1.7, there is K™*! which is an i-close limit root of K™ such that for all i’ > ¢,
k! extends to

(SR Lann-1(Vas1) = Latnm—1(Vasr).

We have that

lim(n;" —1) = oo,
and hence we can continue the induction. The sequence we produce <(K ‘ /21)] 1< w> clearly
satisfies the lemma. O

Of course, if we considered the more restrictive notion of being a 0-close limit root, then
such sequences as in Lemma 2.1.8 would indeed be impossible. We will see though that the
added benefit afforded by Lemma 2.1.8 will be very useful. As a first example, we obtain
sets of inverse limits which are in a sense closed under the square root lemma.
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there exists an i < w such that for all A € V5 ,,, and B € V)4, there exists (K,
such that K is an i-close limit root of J, K;(A) = J;(A) and B € rng K;. We set i(E, J)
the least such .

Note that if K is an i-close limit root of J and K;(A) = J;(A) then K(A) = J(A).
However, we cannot conclude that B € rng K if B € rng K;. For instance if ¢ = 1 then we
always have that crit (J) = crit (K) ¢ g K.

We will use the same terminology of being saturated for E such that there is a good such
that for all (J,7) € E and i < w, j; : La(Vag1) — La(Vag1) is elementary.

As a corollary to the proof of Lemma 2.1.8 we have:

Corollary 2.1.10. Suppose that o is good and (J, j) € Eqtw- Then there exists a saturated
set £ C &, such that (J,j) € E.

Proof. Let E be the set of all (K, k) € &, such that there exists a sequence (n;|i < w) such
that lim,_,, n; = oo and for all 7+ < w, n; < w and k; extends to

]%i ! Lotn; (Vas1) = Lasn, (Vat1).

- —,

Since (J,7) € &4+ we must have that (J,7) € E. So the lemma follows by the proofs of
Lemmas 2.1.7 and 2.1.8. O

Lemma 2.1.11. Suppose E C & is saturated. Let (J,j) € E, A € V3,11, and suppose
J(A) - A c V)\+1.
Set

E(A,A) = {(K,k) € E| K(A) = A}.
Then E(A, A) is saturated.

Proof. Suppose (K,k) € E(A,A). Then (K,k) € E, so there is i < w such that for all
C € V5,41 and B € V) there exists (K',K') € E, an i-close limit root of K such that
K;(C) = K{(C) and B € rng K]. But then i is such that for all C' € V5, ; and B € Vi
there exists K’ € E, an i-close limit root of K such that K;(C) = K[(C), K/(A) = K;(A) = A
and B € mgK!. So K'(A) = K(A) = A and hence (K’ K') € E(A, A). Hence E(A,A) is
saturated. O

Finally note that if k(k) = j and A € rngk, then k(A) = j(A). To see this suppose
k(B) = A, and notice

k(A) = k(k(B)) = k(k)(k(B)) = j(k(B)) = j(A).

We can show a similar property for inverse limits:
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Lemma 2.1.12. Suppose that (K, l;:), (J,f) € £ and K is a limit root of J. Let A\ = \jJ.
Suppose A € V5 and A = J(A). Then if A € rng K, we have

K(A) = A= J(A).
Proof. Let A, for n < w be defined by induction as
Ao = (jo)~(A) and for n > 0, Ap1 = (Jur1) " (An).
Then we have (case 1)

ko is a squareroot of jo and A € rngky N rng jo
= Ay = jy ' (A) € mgky = ko(Ag) = jo(Ag) = Ap € g K,

and (case 2)
k’o = jg = ko(A(]) = ]0<A0) = Ao € I'Ingl.
Similarly, for n > 0, (case 1)

kni1 is a squareroot of j,.1 and A, € rngk, 1 N1Ng Jni1
= An+1 = jr:-il-l (An) € mg kn+1 = knJrl (An+1) = jn+1 (An+1> = An+1 € mg Kn+2

and (case 2)

ko1 = i1 = ki1 (Ang1) = Jnri(Anir) = Anpg € g Ko
Hence we have that B ~
K(A)=A=J(A)
as in the proof of Lemma 2.1.7 O
We note the following two lemmas for completeness, although we will not use them.
Lemma 2.1.14 provides a slight generalization of Lemma 2.1.3, and it is in fact implied by
that lemma in the case that J € rng K. Lemmas 2.1.12-2.1.14 provide a somewhat complete
picture of the agreement between an inverse limit and its limit root. Note that Lemma 2.1.13

displays a strict limitation on the agreement of Lemma 2.1.14. And hence the agreement of
Lemma 2.1.12 is in some sense much stronger.

Lemma 2.1.13. Suppose (J,7) € € and A € Vi. Then there exists an i such that A €
(i-1)
rngJ; .

Proof. Let o < X be such that A € V,,. Then since <crit Ji(i_1)|z' < w> is cofinal in A, there
is an ¢ such that o < crit Ji(i_l). Clearly then we have that A € rng Ji(i_l). m
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Lemma 2.1.14. Suppose that (K, E), (J,7) € &, K is a limit root of J and for all i,
k() r V)\, c. 7ki r V,\ € rngk:iﬂ.

Let A = \o = \; and B
Ai = (Jo o+ 0 jic1)(A).
Suppose A € Vy,41 and A = J(A). Then if i is such that A € rngKi(i_l), then

K (oo i) (A) = A= J(A).

Proof. Without loss of generality we assume ¢ = 1. Then we have that A € rng k:go). But
since ko € rngk;, we have jy € rng kio). Hence jo(A) € g /{;50). And so since k%o) is a square
root of jio), we have that

KO Go(A)) = 50 Go(A)) = (o 0 1) (A).

And since
()71 (A), K € mg kY

we have A € rng kéo). Furthermore ky € rng ks implies that j, € rng k‘éo) , sSo we have that
jo(A) € rng k. And hence that

KO Go(A)) € mg b (k7)) = k.
But this shows that
kY (KO Go(A))) = 380 6 Go(A)) = 357 (G2 Go(A))) = (o 0 i1 © j2)(A)

since kél) is a square root of jél).
Continuing this way we have that

oo ojim)(A) = (kY o 0 k) (jo(A))

for all 7+ > 0, which proves the lemma. O

2.1.1 Sequences of inverse limits

We will show in this section that sequences of inverse limit roots have a powerful con-
tinuity property. We will use this property many times below. As usual, we often write

(K'i < w) instead of <(K i k)|i < w) for a sequence of inverse limits, with the underlying

embeddings being understood.
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Lemma 2.1.15. Suppose (K'|i < w) is such that for all i, K™ is a limit root of K'. Then
there exists an increasing sequence (in|n < w) such that for alln < w and s > i, we have
that k8 = kir.

Proof. Suppose the lemma does not hold and n is least such that there is no i,, such that for
all s > 1i,, ki = ki». Then there is a sequence (s;|i < w) such that (k|7 < w) is such that
for all 7 > 0 there exists an m such that

(k3 ) m) = k™

where we write j(,) for the m-th iterate of an embedding j. But there can be no such
sequence since for all 7 > 0, crit (k37) < crit (kn' ). So the lemma follows. O

For (K'|i < w) such that there exists (i,| n < w), an increasing sequence satisfying that
for all n < w and s > i, k¥ = ki», we call

K=k"okl'o--.
the common part of (K'|i < w), and
(in|n < w)

a common part index sequence for (K'|i < w).
The following is a key continuity property of inverse limit sequences.

Lemma 2.1.16. Suppose that for i < w, (Jz,ji) € &. And suppose the common part of
(J'|i <w)is K and X jo = A = X. Then for all A € Vx,y such that for all i, J°(A) = J'(A),
we have K(A) = J°(A).
Proof. Let J°(A) = A and let (iy| n < w) be a common part index sequence for (J'|i < w).
It is enough to show that for cofinally many & < A\, K(ANVgz) = ANV, where k = K(k).
Let & < A, and let n < w be least such that crit (k,) > &. Then we have that

K(ANVy) = (koo ok, 1)(ANV;).

On the other hand, for some k* < A,

AV = (AN Vi) = (i 0+ 0 F (AN Vi) = (Ko 0+ 0 1) (AN Vi),
And hence * = K(k), and K(ANVz) = AN V,-, as desired. O

It is possible that if K is the common part of (J¢|i < w) then A\g < Ajo. To avoid this
possibility, we can fix a sequence <5\n] n < w> cofinal in \j,. Then we add to our requirement
on J*! that for all m < w if n is largest such that crit j2 > X,, then crit j&' > X,. In this
case we say that J'™ is a limit root of J', supported by (A,|n < w).

Definition 2.1.17. Suppose E C £ is a set of inverse limits. Then we let CL(E) be the set
CL(E) = {(K,k) € £| 3K (K is the common part of K, Ax = Ago, and
Vi <w ((K', k) € E))}.
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2.2 Reflecting [,

In the next several sections we will use inverse limits to prove a number of reflection
results. These will culminate in Section 2.5 where we will show that IJ reflects Iy. That
proof is in fact independent of the proofs in the preceding sections, and the reader can skip
to that proof if desired. However the following progression of proofs provides a more gentle
introduction to using inverse limits and therefore can help motivate the methods of the final
proof.

In this section, as an introduction to the use of inverse limits for reflecting large cardinals,
we prove the following theorem of Laver.

Theorem 2.2.1 (Laver). Suppose (J,7) is an inverse limit such that for all i,
Jit Vagr = Vo
is elementary. Then J : V5 1 — Viy1 is elementary.
The key tool is the following square root lemma.

Lemma 2.2.2 (Martin). Fiz n > 0 odd. Suppose that j : Viy1 — Vi1 is X,-elementary.
Let a,b € V11 and o < crit(j). Then there is k : Vi1 — Viy1 which is 3, _o-elementary if
n > 1 and Xy-elementary if n = 1 such that k(a) = j(a), b € rngk and o < crit (k) < crit(j).

Proof. First suppose that n = 1. We first note that the elementary embeddings V\, — V),
are the branches of a tree on V). Furthermore, the elementary embeddings k : V), — V), such
that k(a) = j(a), b € rngk, and o < crit (k) < crit (j) are also the branches of a tree 7" on
V. So we just need to show that this tree is not well founded. But we must have that j
is an infinite branch of j(7'). And hence by the 3;-elementarity of j, we have that 7" must
have an infinite branch.

Now suppose that n > 1. The main point is that the statement ‘6 : V\y; — Vi is
Yo' is II,,_1 over Vy ;1. Hence the existence of such an embedding k such that k(a) = j(a),
b € mgk and o < crit (k) < crit () is 3,. So applying j to this statement, we want an
embedding k such that

j(b) € rngk and
Jjla) = a < crit (k) < crit j(j).

But j is such a witness, so pulling back the statement by 7, we are done. O

Lemma 2.2.3 (Martin). Suppose that j : Vs — Vi is X, elementary for n odd. Then j
1S Xny1 elementary.
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Proof. We prove this by induction on n. First suppose n = 1. Suppose that V1 | 3z ¢[z, a]
where ¢ is IIy. Then we want to show that Vi, = 3z ¢z, j(a)]. But if x( is a witness then
we must have that Vi1 = @[xg, a] implies Vi, = ¢[j(z0),j(a)] as j is ¥i-elementary.

For the converse, suppose that

Va1 | 3z 9[z, j(a)]

where ¢ is II;. Let xy be a witness to this. We have that by Lemma 2.2.2 there is a
k: Vyp1 — Vigg such that xy € rngk and j(a) = k(a) and k is Xp-elementary. So since ¢ is
H17

Vs | o[k~ (o), a] = Vaga | =[x, ji(a)].
Hence

Vst E olao, j(a)] = Vasm | o[k~ (20), al,

and so Vyy1 = Jx @[z, a] as we wanted.

Assume n > 1. Suppose that Vi1 = 3z ¢|x,a] where ¢ is II,,. Then we want to show
that Vi | Jz o[z, j(a)]. But if x4 is a witness then we must have that V.1 E ¢[xg, d]
implies Vi1 = ¢[j(20), j(a)] as j is ¥,-elementary.

For the converse, suppose that Vi, = 3z ¢[z,j(a)] where ¢ is II,,. Let 2 be a witness
to this. We have that there is a k : V)41 — V)41 such that xy € gk and j(a) = k(a) and
k is ¥, _s-elementary. So by induction k is ¥, _j-elementary. So since ¢ is II,,,

Vi1 = ¢lwo, 5(a)] = Vi b= ¢k~ (20), a].
So Viy1 = Jx ¢z, a] as we wanted. O
We now show that inverse limits have a corresponding square root property.

Lemma 2.2.4 (Laver). Suppose (J,}) is an inverse limit such that for all i, j; - Vagr — Vi
is Ypto-elementary. Then for all a € V5 11 and b € Vi there is a (K, k) such that for all
i, ki Vg1 — Vi is Xp-elementary, Ay = Ak, J(a) = K(a) and b € rng K.

Proof. Choose a sequence k;, b; for i < w such that the following hold:
1. ko(bo) = 0.
2. For all i < w, kiy1(biy1) = b;.
3. For all i <n <w, ki((jix1 00 ju-1)(@)) = ji((jix1 0 - 0 Ju-1)(a)).
4. For all i < w, crit (j;) < crit (k1) < crit (Jip1)-

5. Forall 1 < w, k; : Vii1 — Vyq is Xy,-elementary.
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We claim that (K, k) witnesses the lemma holds. We have by construction that (K, k) is
an inverse limit and A\; = A\g. We want to show that K(a) = J(a) and b € rng K. To see
that K(a) = J(a), it is enough to show that for all & < A, that K(aNV,) = J(aNV,). Let
i < w be large enough so that crit (j;) > crit (k;) > k. Let a* = a N V,. Then we have that

J(a@*) = (joo---o0jia)(a) =ko((jio--ojim1)(a”)) = ko(ki((jzo---0ji1)(a"))) =
= (koo---okiy)(a”) = K(a").

Now we want to see that b € rng K. In fact, let b = lim;_,, b;. We show that K(b) = b.
It is enough to show that for all x < A that K(bNV,) = bN Vk. Let b* =bNV,. Let
i < w be large enough so that crit (k;) > k. Then we have that

K(b*) = (ko ©---0 k?z_l)(b*) = (k’o C---0 ki—1)<bi—1 N VH) =bnN VK(H)

which is what we wanted. Hence (K, k) witnesses the lemma. O

We finally prove the following by induction, from which Theorem 2.2.1 follows immedi-
ately.

-,

Theorem 2.2.5 (Laver). Fiz n < w. Suppose (J,7) is an inverse limit such that for all i,
Ji : Vag1 — Vg is Xp-elementary. Then J : Vy, 1 — Vg1 is Xy -elementary.

Proof. The case n = 0 is immediate from the fact that sup,.5J(a) = A. Assuming the
theorem for n — 1 we prove it for n.

So suppose (J, ;) is an inverse limit such that for all i, j; : Vay1 — Vi41 is X,-elementary.
Then J : V5,11 — Viq1 is X, _j-elementary by induction and preserves X, statements up-
wards. We show that it preserves 3, statements downwards.

Suppose that Vi, = 3z ¢(z, J(a)) where ¢ is IL,_;. Let xy be a witness, and let (K, k)
be such that K(a) = J(a), 2o € ng K, \; = Ak, and for all 4, k; : Vayy — Vi is B,_o (or
Y if n =1). Then K preserves II,,_; statements downwards, and hence

Vgt | dlxo, J(a) = Vi = ¢(K ™ (0), a).
So we have that J is X,, as desired. O
We can now use the proof of Theorem 2.2.1 to reflect the axiom I;.

Theorem 2.2.6 (Laver). Suppose there exists an elementary embedding j : Li(Vay1) —
Li(Vat1). Then there exists a A < A and an elementary embedding k : Vs — Vi

Proof. By the proofs of Lemmas 2.1.4 and 2.1.7 there exists (J,j) € € such that J(j) =
J I VA. Furthermore by Theorem 2.2.1, J : V5,1 — V)41 is elementary. By elementarity,
we have that j : V5 — Vj is elementary and that j extends to a X-elementary embedding
7% Viy — Viyi. We show that j* is fully elementary.
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To see this this suppose that ¢ is a X,-formula and @ € V5,;. We wish to show that
Vi1 E 9la] < Vi | ¢[5*(a)]. But we have that

Vit E9lJ(a)] <= Vi k= ¢li(J(a)] < Via k= olJ(7(a))].

So by elementarity of J we have

Vie FEola] <= Vi Eoli7(a)).

And hence j* is elementary as desired. O]

2.3 Reflecting below the least admissible

Laver in fact extended Theorem 2.2.1 significantly beyond reflecting ;. For instance he
showed the following.

Theorem 2.3.1 (Laver). Suppose that (J,7) € Ext 4. Then J : Vi, — Vig extends to an
elementary embedding

A

J: Ly (V1) = Ly (Van).

The proof uses projective prewellorderings to code how the extension should map ordinals,
and so the result extends in fact to the sup of the projective prewellorderings of V\,;. We
do not present this proof, and instead we prove a similar result up to the least admissible,
a point which is strictly beyond the sup of the projective prewellorderings. Instead of using
prewellorderings to guide the extension on ordinals, we use the failure of admissibility and
the corresponding local surjections of V)1 onto the levels of L(V),1) as a guide.

The following is an obvious generalization of the technique of Martin used above.

Lemma 2.3.2. Suppose that M and M are transitive sets, X C M and X C M. Suppose
(Ei|i < w) is such that

1. Fori<w, E; DO E;y.
2. For alli, forallj € E;, j: (M, X) — (M, X) is a Xo-elementary embedding.

3. Foralli andn, j € Eji1, G1,...,0y € M, by,....b, € M, there exists k € E; such
that for allm, 1 < m <mn,

j(am) = k(ay) and b, € g (k).

Then for all i, if j € F;, j : (M, X) — (M, X) is &; elementary. And hence for j € (N, Ei,
7 1s elementary.



CHAPTER 2. INVERSE LIMITS 24

Proof. We prove the lemma by induction. The case ¢ = 0 is by assumption. Assume it true
for .. We prove it for ¢ + 1. Let 7 € F;;;. We want to show that j is X;,;-elementary.
Suppose that M |= 3z ¢(z,5(a@), X) for @ € M and ¢ a Il;-formula. Let x be a witness, and
let k € E; be such that j(a@) = k(@) and z( € rng (k), say k(Zo) = zo. Then we have

(M, X) = ¢(0,5(@), X) = (M, X) = ¢(20,d, X),

using that by induction k is ¥;-elementary. Hence (M, X) |= 3z ¢(z,d, X). )
Now for the opposite direction assume that (M, X) = 3z ¢(x,d, X). Then if 7y € M is
a witness, we have that since j is 3;,

(M’X) ): ¢(j076a)2) = (MaX) ): gb(](:ﬁd,](ﬁ),X)

So (M, X) E Jz¢(x, j(@), X).
Hence 7 is ;41 elementary, and by induction we are done. O]

The following is a slight generalization of the technique of Laver used above.

Lemma 2.3.3. Suppose that M and M are transitive sets, X C M and X C M. Suppose
(Ei|i < w) is such that

1. For all i, for all (J,(ji|i <w)) € E;, J : (M,X) — (M,X) is a Xo-elementary
embedding, and for all i, j; : (M, X;11) — (M, X;) is an elementary embedding, where
fori < w, X; € M and Xo = X. And for all i there exists J; : (M, X) — (M, X;)
such that

J=joo---0jioJi.

2. For all i and no, (J,(ji|i <w)) € Ei1, Go,...,0n € M, b = (by|n < w) such that
b, € M for n < w, there exists (K, (ki|i <w)) € E; and ig < w such that for all m,
1 <m < ny,
Jio (@) = Kiy(Gy,) and ¥n < w (b, € tng (K;,)).

Then for all i, if (J,{j;i|i <w)) € E;, then J : (M, X) — (M, X) is ¥; elementary. And
hence for (J, (ji|i <w)) € (N, Es, J is elementary.

Proof. We prove the lemma by induction in a similar fashion as the proof of Lemma 2.3.2.
The case ¢ = 0 is by assumption. Assume it true for i. We prove it for i + 1. Let (J, (j;)) €
E;i1. We want to show that J is ¥;;i-elementary. Suppose that M = 3z ¢(x, J(a@), X) for
@ € M and ¢ a II, formula. Then for all 4, we have that

M = Jx ¢(z, J;(d), X;).

For i < w, let x; be a witness to the formula with parameters J;(@) and X;. Let (K, (k;)) € E;
be such that for some iy < w, J;,(@) = K;, (@) and z; € rng(K;,) for all i < w, say
K;,(Z;) = x;. Then we have

(MvX) >: qb(xio’ Jio(a)ino) = (M7X) ): ¢(ji076’X>7
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using that by induction K is ;. Hence (M, X) |= 3z ¢(z, @, X).
The opposite direction is exactly same is in the proof of Lemma 2.3.2. Hence J is ¥; 4
elementary, and by induction we are done. O]

We will mostly be using Jensen’s J-hierarchy to stratify L(V),1). The above results hold
for the J-hierarchy with the same proofs, and we will use these analogous results without
comment. We will also use the following stronger notion of goodness.

Definition 2.3.4. Call an ordinal « strongly good if it is not the case that

Ja(Vas1) =<5 (Vo UVas ) Jatt (Vag1)-

For a strongly good, A € Vy,; and ¢ a ¥; formula, say that (A, ¢) A\-tags a if « is least such
that

Ja+1(v)\+1> ): (b[Aa V)\+1]'

Much of the time it will be easier to work with structures of the form (V)i 1, X) for
X C V,,1. Along these lines, we make the following definition.

Definition 2.3.5. Suppose that X C V) ;. Let £(X) be the set

E(X) == {(J, ) ¥i < w (i : (Vass, X) = (Vas, X) is clementary),
IN < A, X € Vi (erit (o) < erit (1) < -+- < A,
lim crit (j;) = A, J =joojio---, and

J: (Vigr, X) = (Vagr, X) is Xgp-elementary) }.
We use the terminology limit root, saturated, etc. with the obvious definitions for £(X).

Lemma 2.3.6. Suppose X C Vi1 and E C £(X) is saturated. Suppose that X C Vi 4, X C
Vagt, A€ Vay and A € Vi, are such that for all (J,7) € E with J(A) = A we have

J: (VXHaX) - (V/\+17X)

is Yg-elementary. Furthermore assume that for all (J, j) € F and i < w, j; extends to
an elementary embedding Jy(Vas1, X) — (Vag1, X). Then there is a unique extension J :
J1(Vas1, X) — Ji(Vasr, X) which is elementary. And hence if k < Oy, a < k,& and ¢ are
such that (A, ¢) A-tags a, and such that X and X code Jo(Vyi1) and J5(Viy,) respectively,
then (A, ¢) \-tags .

Proof. This follows from Lemma 2.3.3 with E; = E for all . The Lemma immediately gives

us elementarity of the maps J : (Vi,q1, X) — (Vay1, X) for J € E. Hence we have that J € E
extends uniquely to J : J; (V3 1, X) = Ji(Vagr, X) is ¥g. We similarly get by induction that
J € E extends to J,(Vii, X) — Ju(Vay1, X) for any n < w. So the rest of the lemma
follows. o
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Remark 2.3.7. At first glance it might seem as though Lemma 2.3.6 gives a straightforward
generalization of Theorem 2.2.1 to any X C Vi1, showing that for any (J,7) € £(X), if
there exists a saturated F C £(X) with (J, ]) € E, then there exists an X C Vi, +1 such
that
J (VXJrI’ X) - (v)\Jrle)

is elementary. This is not the case, however, with the key point being that the hypothesis of
Lemma 2.3.6 requires a fized X for all elements of E. In fact almost all of the reflection proofs
below boil down to fixing this X. Furthermore, we will see that such a general X-reflection
result does not hold (see Corollary 2.5.11).

Recall an ordinal « is admissible relative to Vyiq if « is a limit and J,(V);1) satisfies
Yo-collection. We use the following standard property of admissibility:

Lemma 2.3.8. Suppose k s the least admissible relative to Vy11 and that o < k. Then there
exists a surjection o : a — Jo(Vay1) such that a C Vi, a € Jo(Vii1), and o is Xy-definable
over Jo(Vii1) from some parameter B € V1.

Sketch. We prove this by induction on «. Assume that for all 5 < « there is a surjection
o : b — Jg(Vayr) such that b € J3(Vis1), b € Viyq, and o is Xq-definable over Jg(Viyyq)
from some parameter B € V) ;. Since « is not admissible there is a cofinal map o : a — «
Yo-definable over J, (V1) where a € J,(Vyy1). We can assume that a C V), by induction.
But then we can define a surjection onto J, (V1) from

U  {&} x{B} X ao@).6 = Ja(Vas1)

r€a,BEVy 1

by (x, B,C) maps to Tp 4(z)(C) where 755 is the least ¥;-definable from B surjection of an
element ag g € Jg(Viy1) onto Jg(Vay1) such that agp C Vigy. O

For A € Vy4; and ¢ a ¥, formula, we say that (A, ¢) A-tags « if « is least such that
Ja+1(V)\+1> ): ¢(A)

Theorem 2.3.9. Let s be the least admissible relative to V1. Suppose that there exists an
elementary embedding

J: Jer1(Vag1) = Jor1(Vag)-

Then there exists A < A such that for all @ < rk there exists @ < A and an elementary
embedding

Ja(Vii1) = Ja(Vasr).

Proof. First using the fact that there is an elementary embedding

j . JH+1(V)\+1) — /4+1(V>\+1)7
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there must be a sequence of elementary embeddings (j; : ¢ < w) such that for all i,

Ji: Jn(VAH) - JH(VAH)v

and such that
crit (jo) < crit (j1) < --- < crit (j) < A.

Hence letting A = sup,_,, crit (j;), we have that A < A\. We fix this A. Let

E¢ ={(K, (ki|i <w))| ViTJa; (o is good and k; : J,,(Vag1) — Ja,(Vas1)),
crit (ko) < crit (k) <--- T\, and K =kgokyo---}.

And let for 3 an ordinal,
Ep = {(K, (ki|i <w)) € £ ViTy; = B (i is good and k; : J,(Vay1) — Jy, (Vas1)) ],
and
Es = {(K, (kili <w)) € Vi (5:i(B) = B or ki Js(Vayr) — Js(Vasa))}-

We define by induction for each (J, (j;|i < w)) € £¢, a function 7; on ordinals (we omit the
(Jili < w) from the notation, though it does depend on (j;)).
Let ®(«) be the statement that for all o/ < a we have:

For all (J, (jili <w)) € €S, i if (A, 8) A-tags ' and J(A) = A for some
A € V5, then there exists & such that (A, ¢) A-tags &, m;(@) = o/, and 7y [ &
extends to

A

J: Ja(Vagr) = Jar(Vaga)

which is elementary.

Now suppose that ®(«) holds and o < & is a limit. Then we extend the definition of 7
and prove ®(a + 1). Suppose that (J, (ji)) € ESpnrwirs (A, ¢) A-tags a and J(A) = A for
some A € Vi,;. There are two cases: either for all i, j;(a) = a, or not:

First assume that this is not the case, so there exists an i such that j;(«) > a. Then we

have for
Aii=(joo-0ji) (A), ai:=(joo---0ji) '(a)

that for all i, (A;,¢) A-tags «o; (note that a € rng(jo o --- o j;) since it is definable from
A; in J3(Vyy) for any 5 > «). But then by assumption there is some i such that o; < o
So by our induction hypothesis applied to J;1; we have that m;,_ (@) = a; for some & such
that (A4, ¢) Mtags @. And so setting 7;(&) = (jo o -0 jiomy,,)(@), we are done by the
elementarity of jo,..., 7.
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Now assume that for all 7, j;(a) = o. Then (J, (j;|1 < w)) € ES.q4wi1- Recall that (A, @)
A-tags a. Let p € Joy1(Vii1) be a witness to ¢ with parameter A. Let s € J,(V)41) be such
that p is definable over J,(V);1) from s.

Since o < k there is a surjection o : a — J,(Vyy1) such that a C Vyyq, a € Jo(Viy1)
and o is X1(Jo(Viy1)) from some parameter b € Vyyy. Let o < a be such that a, b, and
s are definable over J, (Vyy1) from formulas 94,15, 13 and parameters By, By, By € V)1,
respectively. Let (A’ ¢') M-tag o/. By Lemma 2.1.7 there is K € &° such that

K(A) = J(A), K(B1) = By, K(By) = By, K(B3) = By, K(A') = A,

for some By, Bo, By, A’ € V3,,. Let @ be the ordinal which (by induction) is A-tagged by
(A, ¢"). Let a, b, and 5 be defined the same as a, b, and s but with parameters B;, By, Bs
and over Jz (V54,). Let ¢ have the same definition (over L(V5,,)) as o (over L(Vy41)) but
with parameter b. Then (we will prove) there is an @ such that & is a surjection of @ onto
Ja(Vi41). Define m;(a) = a.

Let C € Vi, code (A, By, By, B3, A').
Claim 2.3.10. There is some & such that & is a surjection of a onto J5(Vsy).

Proof. Now let & be least such that ¢”a C J5(V5,,). We claim that ¢ is a surjection onto
Ja(Vss1). Suppose that 5 € J5(Viq). We want to show that 5 € mga. Let § < a be
large enough so that 5 € J5(V5,,), and let ¢t € J5(V5,,) be such that for some ¢ € V5,
5(¢) =t and assume ¢ is least such that this is true. Set ¢t = o(K(¢)), and let 3 < a be big
enough so that (0)”#("*+1)(K(¢)) = t. Suppose (B’,v') A-tags 3. By Lemma 2.1.7 there is a
K' € &5, such that

K'(C)=K(C), K'(¢) = K(¢), K'(',B) = (t, B)

for some ¥ and B’, where by induction

~

K"t J5(Vxga) = J5(Vag)

is elementary (to get ¢ in the range of K’ , we use Lemma 2.1.7 to get a parameter in V)
from which s is definable over Jg(Vy;1) into the range, and then define s analogously over
J5(V511) and use the elementarity of K’ to show that K'(5') = s. We will omit this type of
argument in the future without much comment). And by elementarity we must have that
t' =, since (0)’#("»+1) (K (¢)) = t implies

K'(T) =t = (o(K'(2)))"" ) = K'((a(0)) ")) = K'(2),

the last equality following from the fact that since (¢) is defined in J5(V5, ;) (by elemen-
tarity), it must be ¢, since & is Xj-definable. But then by elementarity we have that



CHAPTER 2. INVERSE LIMITS 29

dom(K”), and hence that 5 € dom(K’). Now let 3, < « be such that 3 > 3 and
)

o €
K'(5) € mg (o)’ ("»+1) Then as above we can get K” € £, such that

f(” : JBI (VS\—H) - ‘]51 (VA-H)
is elementary;, ) R B B
K"(5) = K'(s) and K"(C,¢) = K(C,¢).
But since K'(5) € rng (¢)”% ("*+1) we have that 5 € rng (7)7% 5+ which is what we wanted.
Now, for any ¢ € a, we have by a very similar argument that there is a 3 such that ¢ €
(dom(5))”5Va+1), Namely, let ¢ = K (¢), and suppose < « is such that ¢ € dom(c)”/s(Va+1),
Suppose (B’,¢') A-tags 5. By Lemma 2.1.7 there is a K’ € £, such that

K'(C) = K(0), K'(¢) = K(¢), K'(B') = B’

for some B’ € Vi, and by induction

~

K2 J5(Vas) = Js(Vaga)

is elementary for some 3. So by elementarity since ¢ € (dom(c))”#("*+1) we have ¢ €

(dom(a))7s(Va+1),
Hence, combining what we have shown, we have that & is total function with domain a
which is a surjection onto J5(Vsy)- O

We let @& be as in the claim.

Claim 2.3.11. For all K’ € &, ., such that
K'(C)=K(C)
we have that for all j3, B B
f<a <= 7mg(f) <a.

Proof. Both directions of this claim are proved in a similar manner to the previous claim.
Suppose K’ € £, is such that

K'(C) = K(C).

We prove the left to right direction first. Suppose B < a. Let (B,¢) Mtag 3. Then
there exists ¢ € a such that o(¢) = 5. Let § = o(K’(¢)), and suppose v < « is such that
B € J,(Vay1) and (o)) (K'(€)) = 3. Then for K" € £, such that

K"(C,¢,B) = K'(C,¢,B), and K"(y) =~
for some 7, where by induction

K" : J5(Vag) — J,(Vagr)
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is elementary. And we have

8= (o(K'(e))" ") = K"((a(e) ")) = K" (B).

Here we use the fact that K'(C') = K(C). So mg+(3) < «a. It is enough to show that

i (B) = mrr(B). But by elementarity we must have that (K”(B), ) A-tags 5. And hence
by induction, since K”(B) = K'(B), we have 7 (3) = mx(3) = 3.

Now we prove the right to left direction. Suppose that 8 := 7x(3) < a. Then by
induction K’ : J5(Vai1) — Jg(Vasr) is elementary. Let (B, ¢) A-tag 3, let ¢ € a and v < o

be such that (¢)"("*+1)(¢) = 3. Then there is a K" € £, such that
K"(C,B) = K'(C, B), K"(¢) = ¢, and K"(7) =,

for some ¢ and 4. Then by elementarity we have that

(7)1 )(2) = 3,
which shows that 5 < a. O

So we have that for any K’ € £, such that K'(C') = K(C), if X C Vi, and X C Va4
are canonical codings of J5(V5,;) and J,(Vi41), respectively, then

K (Ve X) = (Vagr, X)

is a Yo-elementary embedding. But then by Lemma 2.3.2 if K’ € £, then

K': (Vig, X) = (Vags, X)
is ¥,-elementary. And so since K € &5,

K : (VS\+17X) - (V)\-‘th)
is elementary. Hence K extends to a Yy embedding
K Jan1(Vig1) = Jar1(Vaga).

Recall that p € Jo41(Va41) was a witness to ¢ with parameter A. If p is defined the same as
p but with parameter s, then we must have K (p) = p. And hence by ¥, elementarity, since
p witnesses ¢ over J,11(V11) with parameter A, we have that p witnesses ¢ over Js11(Vsi1)
with parameter A. Hence by definition (A, ¢) A-tags @. So @ does not depend of the choice
of K above.

Now we want to show that J satisfies that for all 3,

B<a <= m;8) <a.
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But for any 3 < @, if (B, 1) M-tags 3, then we could have required above that K (By) =
J(B,). But the above claim showed that mx(3) < «, and hence by elementarity, that
(K(By),%s) = (J(B4),vs) Mtags mx(3). But then by induction we have that m;(3) =
7k (3) < a. So we have proved the left to right direction. The right to left direction follows
immediately by induction.

The argument we just gave actually proves the following claim:

Claim 2.3.12. For all K’ € £, such that K'(A) = A we have that for all j3,

w-o+

f<a < mx(f) <

Hence as above by Lemma 2.3.2if K" € £, and K'(A) = A then

K': (Vi X) = (Vag, X)
is ¥,-elementary. And so since J € &£.,,,,

J (Vi X) = (Vas, X)

is elementary.

Hence we have proved ®(a+ 1) for the case that « is a limit. For the case that « = f+1
is a successor, we set 7;(3 + 1) = 7;(3) + 1 where 7;(3) = 3. It is straightforward to prove
®(a + 1) using Lemma 2.3.2.

So by induction we have ®(«) holds for all a@ < k. So since for all A € V);; there exists
(J, {j;|i < w)) € £ such that A € rng.J (by varying the A we fixed, if needed), the theorem
follows. O

As a corollary of the previous proof we have the following:

Corollary 2.3.13. Let r be the least admissible. Then for all @ < K, if J € £S, 41,41 and
J(A) = A where A € Vi1, A € V5o, and ¢ are such that (A, ¢) A-tags a, then J extends to

~

J . Jd(VM—l) — Ja(v)\+1>

where & is A-tagged by (A, ¢).

2.4 Reflecting below the first >;-gap

We now extend our reflection results up to the first 3;-gap. The proof again uses simply
definable surjections to guide the extensions, but the verification that our extensions are
correct is more difficult. Here we use saturated sets to accomplish this step. While our
definition above of saturated sets are subsets of £, we use the obvious extension of this
definition to & for some x good.
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Theorem 2.4.1. Let s be least such that J.(Viz1) <5, uiviand) Jer1(Vaga). Suppose
there ezists an elementary embedding j : Jorwi1(Vaz1) — Jerwr1(Vas1). Then there is A < A
such that for all o < K, there exists & and an elementary embedding

A

J . J@(Vj\+1) — Ja(V)\+1).

Proof. We prove this by induction on «. Specifically, for 7% C £° a fixed saturated set, we
will inductively define for every J € F* a function m; on ordinals. Our induction hypothesis

for o will be that for all o’ < a if (A, ¢) A-tags o' and J € F* is such that J(A) = A, then
there exists @ such that m;(a) = o/, and (A4, ¢) A-tags @. Furthermore,

1. m; | & extends to an elementary embedding

A

J . J@(Vj\+1) — Ja/(V)\+1).
2. For all 7,
T f@+1:j00“'oji07TJi+1 la+ 1.

Let 7 be ¥; definable and such that for all a < &, (7)’2("*+1) is a partial function
Vg1 — Jo(Vag1) which is a surjection (see Steel [Ste83]). Let 7 be defined similarly for .
By 7 and 7 we mean (7)%(A+1) and 7L(Vas),

Now assuming the induction hypothesis at a, we prove it for a + 1. Hence, we need
to find for every J € F* such that J(A) = A for some A and (4, $) which M\-tags a, an
appropriate &. We can again reduce to the case that for all i, j;(«) = « just as in the proof
of Theorem 2.3.9. Let & be least such that either:

1. There exists a € V5, such that 7(a) = a, but either
J(@) ¢ dom(r) or 7(J(@) ¢ Ja(Vasr),
or
2. a¢mgT.

Such an & clearly exists. Set (@) = . We need to see that this is an appropriate definition
in the sense that:

1. my(@) is not already defined.
2. For & < &, m;(@) is defined and is less than a.

To see 2, suppose that &' < @, and suppose (A’, ¢') A-tags @’. Then by our definition of &, it
must be the case that there exists @’ € V5, such that 7(a’) = &/, and 7(J(@’)) € Jo(Viy1).
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Suppose that § < « is such that 7(J(a’)) € J3(Vay1). Let (B,¢) A-tag 3, and consider
K € F* such that for some iy < w,

<Ki0 (A), K (A/) K a > <Jzo , 7Ji0((_1>7 Jio (C_L/)> and Kzo(B> =B
for some B € Vi ,. By induction there exists 3 such that
Kio : JB(VXH) — Js(Vas1)

is elementary. And since Jy(a') = K;,(a') and ()72 )(K; (@) = 7(J;, (@), we have that
7(J;,(@')) € rng K;,. And then by elementarity we must have that

K r(Ji (@) = K H((r) 20 (K (@) = (7)) (@) = @
Hence o/ := K;,(a@') is an ordinal by elementarity and it is less than «. Furthermore by
elementarity, we have that since (A’, ¢') A-tags @', that (K;,(A"),¢') = (Ji,(A"),¢') M-tags

/. But by induction this implies that m;, (@') = o' < a. Furthermore we have that

mi(@) = (joo -+ Jig—1 07y, )(@) < @, since ji(a) = a for all i.

To see 1, if m;(a) is already defined then 7;(&) < a. Let m;(a) = o < «. Then
J Jar1(Viy) — Jag1(Vagr) is elementary by induction. Since (7)7«(r+1) is a partial
function Vyq — Jar(Vag1) which is a surjection, by elementarity of .J, (7)”a (VA1) is a partial
function V5, ; — Ja(V541) which is a surjection. But this contradicts the definition of a.

Now let &g be least such that there exists K € F* such that K(A) = A and 7 (@) = a.
We will show that (A, ¢) A-tags ap. Suppose that we are in case 1 of the definition of 7 (@),
and suppose 7(a@) = ag. The key point is that for any K’ € F* such that K'(A) = K(A)
and K'(a) = K(a), we must have that mx/(ag) = «. This follows by minimality of &g, and
the fact that either 7(K'(a)) = 7(K(a)) ¢ Jo(Vai1) or K'(a) ¢ dom(7). And hence for any
such K', if X C Vi, codes Js,(Viyq) and X C Vi codes Jo(Vai), then

K': (Vi, X) = (Vagr, X)

is Yg-elementary. But then by Lemma 2.3.6, (A, ¢) A-tags ay, which is what we wanted.

If we are in case 2 of the definition of 7 J( ), then we immediately have that g (ag) =
T (ay) for any K’ € F* such that K'(A) = K(A), by minimality of ag. Then to show that
(A, ¢) Mtags ag is exactly the same is in case 1.

Now since (A, ¢) A\-tags ag, and J(A) = A, if 7;(a@) = o where & > @, then () is
already defined and is less than . But then for ag := m(a0), J : Jags1(Vigr) — Jage1(Vas1)
is elementary, and hence (A, ¢) A-tags ag by elementarity. But this is a contradiction since
(f4’ ¢) Atags o > ag. Hence 7;(ag) = «, and the proof above shows that 7; extends to
I Jao(Vag) = Ja(Vag)

Hence we have shown that the induction hypothesis holds for o 4+ 1 for the case of o a
limit. For o a successor, the induction hypothesis follows immediately from Lemma 2.3.6.
Hence by induction the theorem is proved. ]
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We can use a similar technique to push the reflection a bit past x:

Theorem 2.4.2. Let k be least such that J.(Vay1) <s,(vaauivan)) Jes1(Vara). Suppose
there exists an elementary embedding j : Jrwi1(Vaig1) — Juswi1(Vaz1). Then there is A < A
such that there is an elementary embedding

J Js(Vas1) = Js(Vasa),
where R is defined similarly to k for X instead of .

Proof. Define m as in the previous proof. Let F**? C £¢ , be saturated. We prove that
for every J € F*2 if a; = sup{f| 7;(3) is defined }, then a; = K. Suppose not, and let
ap < K be least such that there exists J € F**2? with a; = ay. Since ay < R, there exists
A € Vi, and ¢ such that (A, ¢) M\-tags ag. Fix J such that a; = ag.

Claim 2.4.3. For all K € F**2 such that K(A) = J(A), we have ax = ay.

Proof. We must have that there is no a < k such that (J(A),$) A-tags «, since otherwise
by the arguments of the previous proof, we would have 7 7(@) = a. And hence if K € Frt?

is such that K(A) = J(A) and ax > ag, then oy := mx(ag) is defined and less than
k. Furthermore, K : Jao(Vii1) — Jap(Vag1) is elementary, and hence we must have that

(K(A),¢) Mtags ag < k. But K(A) = J(A), which is a contradiction. O
So for X C V34 and X C V4 such that X codes Jg,(Viy1) and X codes Je(Va1),

we have that K : (Vi,q, X) — (Vay1, X) is 5o for any K € F*2 such that K(A) = J(A).
But then by Lemma 2.3.6, we have that any such embedding is actually elementary. Hence
we have that K : Js,(Var1) — Je(Vig1) is elementary, for any such K, and hence K :
Jao+1(Vag1) = Jesr1(Vagr) is elementary. But then it must be that Ja,(Vii1) <5 vy, ufvaiad)
Jao+1(V541), which is a contradiction to the fact that ay < k. Hence we must have that
ay =k for all J € F**2. And arguing as we just did, we have that

2 Je(Vigd) = Ju(Vas)
is elementary. O
Corollary 2.4.4. Let k be least such that
Je(Vag1) =< (Vap1U{Vat1}) i1 (Vagr).
Suppose there exists an elementary embedding
7 Jerwrt (Vas1) = Jagwrr (Vagr).

Then there is A < X such that there is an elementary embedding

7 J:(Vae) = Ja(Va).



CHAPTER 2. INVERSE LIMITS 35

Theorem 2.4.5. Let kg be least such that

JHQ (V/\+1) <21(V)\+1U{V)\+1}) ‘]f{0+1 (V)\+1>'

Let k1 be least such that

Jy (Vagr) =21 (Vap1U{Vas1,60}) Jir:1(Vag1).

Suppose there exists an elementary embedding

J: Jm+w+1(V>\+l) - m+w+1(V/\+1)'
Then there is A < X and Ry such that there is an elementary embedding
j : Jl_ﬂ (VS\—&-l) - Jf‘il (‘/)\-f-l)'
Proof. The proof is almost exactly the same as the proof of Theorem 2.4.1. m

There are similar reflection results provable by the same method for x, defined anal-
ogously for n < w. The method here appears to break down as the ¥;-gaps get larger,
however. To get past these larger gaps we need a new method, which we present in the next
section.

2.5 Reflecting I,

In this section we prove our main reflection result. First we introduce some terminology
which identifies the general form of reflection as obtained by inverse limits. In Section 3
we will find that this form of reflection is even more useful than simply having reflection
embeddings.

Definition 2.5.1. We define inverse limit reflection at o to mean the following: There
exists \,@ < A and a saturated set £ C & such that for all (J, j) € E, J extends to
J : Ls(Vis1) — La(Vag1) which is elementary.

We define strong inverse limit reflection at o to mean the following: There exists A, & < A
and a saturated set £ C £ such that for all (J,7) € CL(E), J extends to J : Lg(Vs,,) —
Lo(Vyy1) which is elementary.

We will also need the notion of inverse limit X-reflection where X C V,,;. As before we
let

E(X) =A{(J, (il i <w))[Vi (Ji : (Vaga, X) = (Vasr, X)) and
J=joojio - (Vip, X) = (Vagr, X) is B}
Here we let X = J![X]. We modify the definition of saturated to X-saturated, requiring
in addition that J!'[X] = K '[X].
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Definition 2.5.2. Suppose X C V,.1. We define inverse limit X -reflection at o to mean
the following: There exists Na<\ XC Vi41 and an X-saturated set £ C £(X) such that
for all (J,7) € E, J extends to J : Ls(X, Vs,1) — La(X, Vay1) which is elementary.

We define strong inverse limit X -reflection at o to mean the following: There exists
Aa <\ X C Vi, and an X-saturated set £ C £(X) such that for all (J,5) € CL(E), J
extends to J : Lg(X, Viy1) — La(X, Vas1) which is elementary.

~ Note that we cannot immediately conclude elementarity of J : (Vii1, X) — (Vag1, X) as
X depends on J in general. And in fact we will show that inverse limit X-reflection does
not hold in general.

Theorem 2.5.3. Suppose there exists an elementary embedding j : L(Vay1) — L(Viga).
Then there exists A\ < A\ such that for all o < Oy, there exists & such that

La(Vii1) = La(Vanr).

Proof. Suppose that o < ©, is good, p : Viy1 — La(Viy1) is a surjection definable over
Laoy1(Vag1), with X C Vi the preimage. Let G C Coll(w, A) be V-generic.

Let E C &,41 be saturated and (J,7) € E. Let X be cofinal in A; = A. In V[G], let
(a;]i < w) be an enumeration of V;,,, and let (¢'|7 < w) be an enumeration of all formulas
in the language (€). We define sequences (J'|i < w), (n;]i < w) in V[G] with the following
properties:

1. JO=J. Foralli <w, J' € E and Ji*! is a limit root of J¢, supported by .
2. (n;|i < w) is increasing, and for all i < w, for all n < n;, J™(a,) = J(a,).

3. For all iy < w, suppose that La(Viyy) = 3z ¢(x, B) where

B = (p(J*(as,)); - p(J*(as,)))

and for all 7« < m, s; < iy and Elznqb(x,X') is the formula ¢’ for some i < 5. Then for
some b which is a witness to ¢ with parameter B, we have

P (a)) = b
and n;, 1 > t.
Note that we can arrange (3) as follows. Suppose that iy < w and
La(Va+) | 32 (2, B),

where

B = (p(J°(a,)), ... p(J(as,)))
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Let i be such that for all A € V5, and B € V)1, there exists (K, /%') € E, with K an i-close
limit root of J, K;(A) = J°(A) and B € rng K;. Pulling back by ji° o ---0 j°,, we have

LOc(VA-H) ): dz ¢("E7 B;),

where
By = {p(J{(as)).- -, p(J(as,))) -

Let b be a witness to ¢ with parameter éz Then if (K, /;) € E is an i-close limit root of J,
satisfies (2), and for some t, p(K;(az)) = b then

—

La(Vas1) E o(p((j* 0+~ 0.ji24) (b)), B).

To arrange (3), we simply work with the finitely many B and ¢ required by (3) simultane-
ously.

Let J* be the common part of (J*|¢ < w). Then by (2) and Lemma 2.1.16 we have that
J* 1 Viy1 — Viga since for all a € V5, there is an n such that a, = a. And hence for i
large enough, we have that J*(a,) = J'(a,) € Vas1.

Let M = p[J*[V5,1]]. We claim that M < L,(Vi41). But this follows immediately from
condition (3). Furthermore, M is wellfounded. Let M be the transitive collapse of M and
let 7 be the inverse of the transitive collapse. We have that Vs, = 7 ![Vi;1], and hence by
condensation, we have that M = Ls(V;,,) for some @. So Ls(Viiq) = Lo(Vat1). But, by
absoluteness, in V' we have that Ls(V5,,) = La(Va+1), which is what we wanted. O

Based on the proof of Theorem 2.5.3, we fix some terminology which will be useful in the
following theorems.

Definition 2.5.4. Fix E C & saturated, a good, and J € E. Set A\ = \; and let X be
cofinal in \. Fix (¢’|i < w), an enumeration of all formulas in the language (€). We define
a forcing P(E, a, J). Conditions are elements ({J*,n;|i < m),{a;|t < n,_1)) where m > 1
and the following hold.

1. J°=J. For all i <m — 1, Ji*! is a limit root of J¢ supported by X, and J*! € E.
2. (n;|i < m) € w™ is an increasing sequence.

3. For all i <mnp,q, a; € V3,41

4. Forall 1 <m/ <m, and i < nyy_1, J™ Ha;) = J™ (a;).

5. For all m’ < m — 1, suppose that Lo (Vii1) = 3z ¢(x, B) where

B = (p(J" (@), p(I" (a,,))
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and for all i < n, s; < m' and Jzg(x, X) is the formula ¢ for some i < m’. Then for
some b which is a witness to ¢ with parameter B, we have

p(J"  (ap) = b
for some t < 1,1
For ((J%,n;|i <m),{a;|i < nm_1)), (K',nj|i <m'),{dj]i<nl,_ ) €PE, aJ) we put
('l i <m), (ai] i < npet)) Zp(san (K nili <m’), {aj]i <nl,_,))
iff
1L.m<m,
2. for alli <m, J' = K' n; <nl, and for all s < n,, 1, a; = d..

Suppose that g C P(E, a, J) is L(V);1)-generic. Then clearly in L(Vy11)[g] we obtain a
unique sequence (J'|i < w) from g such that for all i, J**! is a limit root of J*. We set J9
to be the common part of (J*|i < w).

Lemma 2.5.5. Assume we are in the situation of Definition 2.5.4. Suppose that
g CP(E,a,])

is L(Vat1)-generic. Then J9 maps Vi1 — Viy1, and there exists an & such that J9 extends
to an elementary embedding )
Jg : J@(Vj\+1> — Ja<V)\+1).

Proof. This follows exactly as in the proof of Theorem 2.5.3. m
Lemma 2.5.6. Assume we are in the situation of Definition 2.5.4. Suppose that
(' il i <m),(ai|i < np_1)) €P(E, a, J)
and there exists & such that
((J'smili <m) i) i < npo1)) IF J7 2 Ja(Vag) — Ja(Vag) is elementary.
Then J™~1 extends to an elementary embedding J5(Vsy1) — Jo(Vii1).
Proof. We assume for simplicity of notation that m = 1. So we have

p:= ((J,no), (a;]i <mng)) € P(E,a, J)
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and there exists & such that
((J,mq) , {ag| i < no)) IF J9: Jz(Vas1) — Ja(Vag1) is elementary.

We extend J to a map J as follows. Suppose that B € Vigr, B € Vayr, b€ Ja(Vasy), b €
Jo(Vat1), and ¢ are such that J(B) = B, and b is the unique element of J,(Vy;;) such that
Jo(Vas1) E ¢(b, B) and b is the unique element of J4(V5,,) such that J;(Vi,,) E ¢(b, B).
Then set J(b) = b.

We need to check that J : J5(Viiy) — Jo(Vag1) is well-defined, total, and elementary.

The proofs of each of these facts are very similar. First we check that J is well-defined.
Suppose that By, By, ¢, witness that J(b) = by and Bs, Ba, ¢ witness that J(b) = by. Let
P’ <p(E,a,7) P be the condition

p/ = (<J, no + 2> , <CL,|Z < n())/\ <Bl, BQ>)
Then o o
pl I Jg(Bl) = B1 VAN Jg(Bg) = BQ,

and hence o
pIEby = JI(b) = by.

So by = by by absoluteness, which is what we wanted.

Now we check that J is total. We first show that @ is (A-)good. Let b € Jz(Viyy).
Suppose p € g C P(E, a,J) is L(Vi,1)-generic and J9(b) = b € Jo(Vis1). Then since o is
good there exists a B € V), such that J,(Vy41) = b is the unique element such that ¢(b, B).
Hence

Jo(Vas1) = IB" € Vy11(b is the unique element such that ¢(b, B')).

But then by elementarity of J9,
Jz(Vii1) B 3B' € Vi, (b is the unique element such that ¢(b, B')).

So this shows that a is good. B B
To see that J is total, let b € J5(V5y1) and let B and ¢ be such that J5(Vi;,) = b is the
unique element such that ¢(b, B). Set B = J(B). Let p’ <p(g,q,.s) p be the condition

P =({Jino+1), (aili < no)” (B)).

Then
p |- J9B) =B,

and hence

P - Jo(Vag1) = J9(b) is the unique element such that ¢(J(b), B).
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Let p" <p(g.a,s) P be such that for some b € J,(Viy1), p” IF J9(b) = b. But then by
absoluteness we have that

Jo(Vas1) = b is the unique element such that ¢(b, B).

So we must have that J(b) = b. B )
To see that .J is elementary, suppose that b € J5(V5,;) and ¢ is a formula. Let B and
¢ be such that J;(Vi,,) = b is the unique element such that ¢(b, B). Set b = J(b) and

B = J(B). Let p’ <p(g,a,s) p be the condition
P = (Lo + 1), (aili < no)”(B)).
Then o o
p'I-J9(B)=BAJDb) =,
and hence -
PIEJa(Vip) E o) <= Ja(Vas) = 0(0).
But by absoluteness J4 (Vi) E ¥ (b) <= Jo(Var1) E ¥(b), which is what we wanted.
So J : Ja(Vii1) — Ju(Vasr) is an elementary embedding, as desired. O

Theorem 2.5.7. Suppose that there ezists an elementary embedding j : L(Vyy1) — L(Viy1).
Then inverse limit reflection holds at o for all o < ©.

Proof. Tt is enough to show that for all & < © good, inverse limit reflection holds at «, since
if inverse limit reflection holds at o good then it holds at all 5 < a. So assume that o < O is
good. Since there exists an elementary embedding j : L(Vyy1) — L(Vy41), there must exist
a saturated set £ C &,. Fix J € E.
Let
p=(J" nli <m), (a;|i <ng_1)) €P(E,a,l)

be a condition such that for some &
plFJ9: Js(Vis) — Jo(Vag) is elementary.

Then we have that J™ ! extends to an elementary embedding J5(V5,,) — Jo(Vat1). Let E,
be the set of inverse limits K € E such that for some ¢ <p(gq,) p if

q= (<K17TL;|Z < m,> ) <(l;|l < nm’—1>)

then K = K™ 1.
Clearly by definition of P(E, «, J) we have that E, is saturated as well. Furthermore by
Lemma 2.5.6 we have that for all K € E, that K extends to an elementary embedding

K 1 Ja(Vay) = Ja(Vaga).

Hence inverse limit reflection holds at a. ]
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In Section 2.6 we will show, using a more detailed analysis, that strong inverse limit
reflection holds all the way up to ©. The following theorem, which shows that it holds up
to the least stable of L(V)1), follows from the same type of argument as above, however.

Theorem 2.5.8. Suppose that there ezists an elementary embedding j : L(Vyi1) — L(Viy1).
Let § be least such that
Js(Vat1) <ouvanupamy) LVat)-

Then strong inverse limit reflection holds at o for all o < 6.

Proof. Suppose o < 6, A € Viy1 and (A, ¢) is a tag for a (such a are cofinal in ). Let
E C &,41 be a saturated set of inverse limits such that for some A € V54, for all (J, j) e L,
J(A) = A.

Let J € E. We claim that for some &,

0 lrpgas10) 7 Jar1(Vigr) = Jas1(Vagr) is elementary.
But this is clear since

O lrp(z.ain 30" (I Jary1(Vigr) = Jagr1(Vaga) is elementary AJY(A) = AN(A, ¢) tags ).

And hence by absoluteness there is an @ which is tagged by (A, ¢), and this @ is as desired.
Hence we have by Lemma 2.5.6 that for all K € E, that K extends to an elementary
embedding K : Jx(Vi 1) — Ja(Vas1).
We also have that for any K € &, such that K(A) = A that there exists a saturated

set Ex C E,41 such that K € Ey and for all K’ € Ex, K'(A) = A. Hence this shows that

for any K € &,.,, such that K(A) = A that K extends to an elementary embedding
K: Jo?+1(v5\+1) - Ja(VA+1)-

To complete the proof we consider a saturated set £ C &, such that for all J € E,

J(A) = A for some (A, ¢) a tag for . Such an F must exist since there exists an elementary
embedding j : L(Vi41) — L(Viy1). Let & be as above. Then for all K € CL(E) we have

that K(A) = A and K € £,4,. Hence by what we proved above we have that K extends to
an elementary embedding K : J5(Vi,1) — Ja(Vag1). Hence this E witnesses strong inverse
limit reflection at . O

Theorem 2.5.9. Suppose that there exists an elementary embedding
J: Lw~2+1(VAﬁ1, Vag1) — Lw~2+1(v)\ﬁl7 Vag1)-
Then theri exists A < X and a V/\ﬁl-satumted set I/ C E(V)ﬁl) of inverse limits such that
for all (J,j) € E, J is an elementary embedding
J: (V;_TJ?VS\-&-l) - (V/\ﬁp Vat1)-

And hence there exists an elementary embedding j : L(Vsy1) — L(Vsi1). Furthermore strong
inverse limit V;il—reﬂectz'on holds at 0.
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Proof. We describe how to modify the proof of Theorem 2.5.3. Let £ C & (V/\ﬁl) be saturated
(but not necessarily V/\ﬁl—saturated). Then proceeding exactly as in the proof of Theorem
2.5.3, replacing L, (Vy.1) with (V;ﬁl, Vi11), the argument is exactly the same until the point
that we defined M.

Let M = J[V5,4]). Then M < Viy.; and for M the transitive collapse of M we have
M = Vi,y. Let m be the inverse of the transitive collapse. Let X = W’l[V/\ﬁl]. Then we
have that m : (X, Vi) — (V/\ﬁl, Vii1) is elementary. But by definability of the sharp, we

must have X = V/—\ﬁl. So we have that (V/—\ﬁl, Vigl) = (VfH, Vi41). But by absoluteness this
is true in V.

The rest of the proof proceeds exactly as in the proof of Theorem 2.5.8.

To see that there is an elementary embedding

L(Viy) — L(VX+1);
we have that (Vy,1, V/\ﬁl) satisfies that there is a Y;-elementary embedding

(Vas1, V)\ﬁl) — (Vat1, V)ﬁl)'

And hence (Vy,, V7,

B Jrl) satisfies that there is a ¥;-elementary embedding

j : (VX+1a V;\ﬁl) - (VZ\+17 Vxﬁl)-

So j | Vi extends to an elementary embedding

7" Le(Viy1) — Le(Vii).

Here we are using that every subset of V5 ; in L(V5, ;) is Xj-definable over (V3 , Vjﬁl) with

parameters in V5 ;. But as in [Wooll] we can define the following ultrafilter U; from j,
XelU; < Jj I V5 €5 (X).

Taking the ultrapower by U; yields an elementary embedding L(V5,;) — L(V5,;) which
extends j [ Vi, (see [Wooll]). O

Theorem 2.5.9 gives an example of an X C V), such that inverse limit X-reflection holds.
The set of such X is very restricted however, as inverse limit X-reflection gives structural
properties of L(X, Vy,1). Specifically, we will prove the following theorem in Section 3.1.

Theorem 2.5.10. Suppose X C V.1 and strong inverse limit X -reflection holds at o. Then
there are no disjoint stationary subsets S1 and Sy of {3 < A*| cof(B) = w} such that

S1,59 € Lo(X, VA+1)-
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Corollary 2.5.11. Assume there exists an elementary embedding
J i L(Vas1) = L(Viia).

Suppose that G C Coll(w,w;) is V-generic. Then in V|G|, (strong) inverse limit V-
reflection at 1 does not hold.

Proof. We work with (H(\T),V),1) for ease of notation. We have that for
S1 = {a < At (cof(a) = w)L(V*“)} and Sy = {a < At (cof(a) = wl)L(V*“)},

that S; and S, are definable over (H(A*)VI? V, ). Furthermore, S; and S, are stationary
in V[G]. And since
51,52 € Ll(HO‘Jr)V[G}a Vi),

we have that inverse limit V), -reflection at 1 does not hold by Theorem 2.5.10. O]

2.6 Strong inverse limit reflection

In this section we show that strong inverse limit reflection holds all the way up to ©. If
the reader is tired of reflection at this point, this section can be skipped, as it is only used to
weaken the large cardinal assumptions of Corollary 3.1.9. We do however develop the theory
of inverse limits significantly further to show, for instance, that inverse limit roots display
the pointwise non-decreasing property of their embeddings.

We first show that if an inverse limit has a limit root which extends to an elementary
embedding, then it extends as well and in fact factors through its limit root, in some sense.

Lemma 2.6.1. Suppose a < © is good and that K € &,, J € E441 and K is a limit root of
J. Suppose that K extends to an elementary embedding

K : Ja(Vag) — Ja(Vaga)

and that for (a,|n < w) defined by &, = (koo --- o ky,_1)(&) we have for some n < w that
cm’t(K,(L"*l)) > X and &, € ™mg(joo -0 ju_1). Then for some 3 > &, J extends to an
elementary embedding )

J+ J5(Vair) = Ja(Vaga).

Proof. Define M$ C J,(Viy1) as

M} ={a € Jo(Voy1)| A € Vii1(a is definable from A
over Jo(Vay1) and A € rng J)}.

Then M is wellfounded, satisfies ZF~ — Replacement since J,(V);1) has these properties
and M is closed under definability over J,(Vy;1).
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Similarly define Mg. Note that M = K[J5(V5,,)], and hence K is just the inverse of

the transitive collapse of M. Also define M;(n_l) in the same way and let a,, A,, and

K be such that for all n < w, Js, (Vs .1 is the transitive collapse of M2, ) and K

is the inverse of the collapse. B B
Let n < w be such that crit (Kq(zn_l)) > Xand @, € mg(joo -0 j,1). Set f =
(joo-++0jn_1)"*(@,). Then we have that for all A € V5,

KD ((Go o+ 0 ja-1)(A) = J (G - 0 n-1)(A)).

Hence we must have M§ C M;é(n,l).

Furthermore we claim that
M§ = (K{"Yojyojio-0j,1)[Jz(Vas)]-

To see this, suppose that a € M$ and that A € Viy1 NngJ is such that a is definable
over J,(Viy1) from A by some formula ¢. Let A € V3,4 be such that J(A) = A, and set

A, = (Joo - 0jn_1)(A). Then we have that
Kﬁnfl)(f_ln) = Jénil)(/_ln) = A

Hence by elementarity of K™Y we have that there is an € Ja,(Vs, ;1) such that a, is defined
by ¢ over Js, (V5 1) with parameter A,,. But then by elementarity of jyo-- -0 j,_; we have
that there is @ € J5(V5,4) such that @ is defined by ¢ over J;(Vs, ;) with parameter A. And
hence we have that

(K'Y ojoojio---o0jui)(@) = a.
And since a was arbitrary we have the claim.
Hence, putting everything together, we have that

Rv(n—l) OjO Ojl O -- Ojn—l . JB(VS\+1) - Ja(v/\+1)

n

is the desired extension of J. O

The previous lemma required that some @, be in the range of the fragments of J. The
next lemma shows that we can always find such a K where this occurs.

Lemma 2.6.2. Suppose @ < © is good and J € E,11. Suppose further that there is a
K € &,, a limit root of J such that for some &, K extends to an elementary embedding

K : Ja(Vig1) = Ja(Vaga).

Then there is a K € &, a limit root of J such that for somen < w we have crit(qun_l)) > A,
K™Y extends to an elementary embedding

KD J5(Var) = Ja(Vasr)

n

for some & and & € rng(joo -+ 0 ju_1)-
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Proof. Fix § < \ such that § > \; and § € rngJ and fix n such that crit ( ,2”‘1)) > . Let

& be least such that there is K" € &, a 0-close limit root of J" Y such that crit (K™ >0
and K" extends to an elementary embedding

K™ : Ja(Va, 1) = Ja(Vat1)-
Then since J € £,41 and
Jr(z,nil)a 57 XTL S mg (]0 ©---0 jn—l)

we have that & € rI}g (]0 0-+--0 jn—l)' Now let k‘o, RN kn—l be square roots of j0> s 7jn—1
such that for some K™, B
(kgo---0oky1)(K")=K"

and for K = kyo---k,_10 K" € &,, K is a limit root of J, and
(koo 0kn1)"H(@) = (Joo 0 jn1) (@)
Then clearly we have K5V = K7 and hence K is a witness to the lemma. O]

Putting the previous two lemmas together, we obtain that a very large collection of
inverse limits extend to elementary embeddings.

Lemma 2.6.3. Suppose o < © is good and J € E,yq. Also assume that there is a saturated
set B C E,y1 such that J € E. Then for some &, J extends to an elementary embedding

J: Js(Vigr) = Ja(Vas).

Proof. Let J be as in the hypothesis. Then by the proof of Theorem 2.5.7 there is a sequence
(K| n < w) such that the following hold:

1. K= J and for all n < w, K™ € E,41,
2. for all n < w, K™ is a limit root of K™,
3. there is a 3 and an ng such that for all n > ny K™ extends to an elementary embedding

~

K" J5(Vsin) = Ja(Vagr).

By applying the previous two lemmas we have that there must be some @,,_; such that
K" ! extends to an elementary embedding

Kt Jan 1 (Vaz1) = Ja(Vatr)-

And similarly by induction we have that there are &,_1, ..., ap such that for all i < n, K*
extends to an elementary embedding

KZ' : J@O<Vj\+1) - Ja(VA—l-l)'

So considering 7 = 0 the lemma follows. O
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We now show that if J extends to o + 1 for a good, then the extension is in some sense
unique.

Lemma 2.6.4. Suppose @ < © is good, that J € E,11 and J extends to an elementary
embedding )
J Jar1(Va, 1) = Jas1(Vag)

for some &. Then for all B > a+ 1, if J extends to an elementary embedding

~

J* 0 Jg(Vx, 1) — Js(Vaa)

with o € rng J*, then (J*) (o) = @ and in fact

~

j* | Jd+1(v5\J+1) =J.
Proof. The main point is that @ is Aj-good. And hence we claim that
mgJ = M = mg (J9) N Ja(Varr),

where M7 is defined as in the proof of Lemma 2.6.1.

To see the first equality, suppose that a € rng.J. Let a € J5(Vi,) be such that J(a) = a
and let A and ¢ be such that a is defined by ¢ with parameter A over J;(V5,;). Let
A = J(A). By elementarity we have that a is defined by ¢ with parameter A over J,(Vy,1).
Hence a € M.

Now suppose that a € M7 and let A = J(A) and ¢ be such that a is defined by ¢ with
parameter A over J,(Vii1). Then by elementarity, there is a € J5(V5,,) such that a is
defined by ¢ with parameter A over J;(Vi,;). And hence by elementarity J(a@) = a.

So we have that mgJ = M?. Now it is enough to see that M7 = rng (J*) N Jo(Vis)-
But we have that (J*)~!(a) is As-good, and hence the same argument will work with &
replaced by (J*)~'(a). So the lemma follows. O

We define now an ordering on certain equivalence classes of elements of V). This is a
natural ordering generated by an inverse limit J, and it turns out to be a well-ordering if

Jeé&.

Definition 2.6.5. Let J € &, and define the ordering <; on tuples (a,n) for a < A and
n < w as follows:

1. (e,n) <; (B,n) if a <.

2. (a,n) <; (B,m) if n < m and (jfln_l) o--- oj(”_l))(a) <p.

m—1

3. (a,n) <; (B,m) if m <n and (jﬁlmfl) o ojﬁ{l))(ﬁ) < a.
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We put (a,n) ~; (B,m) if (8,m) <; (a,n) and (a,n) <; (B,n). Let [a,n|; be the
equivalence class of (o, n) under the equivalence relation ~;. Let Z” be the set of equivalence
classes [a,n]; for @ < A. Let Ié( my De the set of equivalence classes [a,n]; such that

’y’
(Oé, n) SJ (77 m)
Lemma 2.6.6. Suppose J € €. Then (Z7,<;) is a well-ordering.
We give two separate proofs of this lemma.

Proof 1. Suppose the lemma fails for J. For all n < w let «, be least such that < Sn=1)
restricted to those elements < J<n71>—less than or equal to [, n] Sn=1) is not well-founded.

Then, since J € &, for all n < w, a,, € g (joo -0 j,_1). But by definition of the

a, we clearly must have jﬁnil)(an) = au41. Hence (an,n) € [ap,0]; for all n. Now, let

([Bnyin)s|n < w) be a <j-decreasing sequence below [ag,0];. Then we have Gy < «;,. But
by definition of «;,, <; is wellfounded below [y, i¢] s, a contradiction. ]

Proof 2. Suppose that ([a;,n;]s]1 < w) are such that (ay,n;) > (i1, ni41) for all i < w.
Let K € &, have the following properties:

1. For all i,n,m < w, and (a,n’) € [y, n4] s,
GV o) @) = (R o kD) (@),

2. For all i < w and (o, n) € [o, n;]; we have that

aerng(kyo---ok, 1).

It is then easy to see that (1) implies that for all i < w,
[vi, ni]g C [, ni] ke,
and (2) implies that for all 7 < w, there exists an o} such that
(af,0) € [, ni) k-
But then for all i < w, (a;,n;) >k (®iy1,M4+1), and hence o} > o}, a contradiction. O
We need the iterated version of being a limit root for inverse limits.

Definition 2.6.7. For a < w; we define an a-limit root sequence (K"|n < a) by induction
as follows. A 1-limit root sequence is just (K°) such that K° € £. For @ = $+ 1 a successor,
(K"|n < a) is an o-limit root sequence if (K"|n < ) is a [-limit root sequence and the
following hold:

1. If B8 is a limit, then K? is the common part of the sequence (K"|n < f3).
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2. If 3 is a successor, then K” is a limit root of KA1,

If a is a limit, then (K"|n < «) is an a-limit root if for all § < a, (K"|n < 3) is a f-limit
root.
We say that K is an a-limit root of J if there is an a + 1-limit root sequence (K"|n < )
such that K° = J and K* = K. So K is a limit root of .J iff K is a 1-limit root of J.
Suppose v < © is good and suppose that ¢ : @« — w is a function. Then we say that
(K™ n < a) is an a-limit root sequence following ¢ at ~y if the following hold:

1. Forall n < a, K™ € &,
2. Suppose that o = 3 + 1 is a successor. Then K¢ is a c(a)-close limit root of K.

Lemma 2.6.8. Suppose that v < © is good, a« < wy, and ¢ : a — w s an injection. Suppose
that K° € &,1,. Then there is (K™|n < ) an a-limit oot sequence following ¢ at 7.

Proof. First let K' be a 0-close limit root of K such that for all i < w, k] extends to an
embedding

Jyrir1(Vag1) = Jypirn(Vaga)-

For o/ < o such that o/ = §+ 1, having defined the sequence below o/, we choose K to be
a c(a/)-close limit root of K? such that for all i € [¢(a),w), if k& extends to an embedding

Jytsir1 (Vo) = Jysir1(Vagr)

then k2 extends to an embedding

Jrtss(Vaer) = Sy, (Vi)

For o/ < « a limit, we simply take K to be the common part of (K"|n < ).
Clearly this construction succeeds, as for all i < w, the set {&/ < alc() < i} has
cardinality less than or equal to ¢, as c is injective. O

We note the following fact about square roots of elementary embeddings, which we will
extend to inverse limits.

Lemma 2.6.9. Let o be good. Suppose that j, k : Lo(Viiy1) — La(Vay1) and k(k) = j. Then
for all B < a, we have that k(3) > j(3).

Proof. We prove this by induction on 3. If § is a successor or a continuity point of j then
there is nothing to prove. So assume that 3 is a discontinuity point of j. Let v = sup j” .
We have by induction that v < supk”(3. Suppose for a contradiction that k(3) < j(5).
Then j(3) is definable in L,(Vy;1) from j | Viyq and k(5), as the least image point of the
unique extension of j | Vi1 above k(3). But then j() € rngk, and since j € gk, we
have that 3 € rng k. But then k() = j(8), since it is a square root, a contradiction. ]
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Lemma 2.6.10. Suppose o < © is good, § + 1 < wy, and (J|y <0+ 1) is a 6 + 1-limit
root sequence from E1. Then for all [3,n] o, there is an ng < w such that for all v < 0 + 1
and mam/ Z no, Zf (ﬁlam)7 (ﬁ%m/) € [ﬁ) n]JO then

(B1,m) ~ v (B2, m)

and hence if J7 extends to an embedding

J7: Ja,+1(Va,y11) = Jar1(Vagr)

then we have

T D) = im0 ().

Proof. Fixing [(3,n] 0, we prove first that for each v < § there is such an ng, the least which
we call n,. The full lemma follows by noticing that for v a limit, n, > sup,,., n,. The
proofs of these two facts are basically the same.

Let j; = 72 and k; = j] for i < w. So K = J7. Then we have for all £ < X\ and
i < w that k(&) > j:(§). Hence for all n < w, if (a,,n), (ape1,n + 1) € [G,n]; and
(ap,n) g (@pe1,n+ 1) then

kD () > e = 30 ().

Hence, if there are infinitely many n < w such that
(Oén7 n) *K (Oén—i-la n + ]-)7

then ([a,, n]k| n < w) contains an infinite decreasing subsequence in the <y ordering, which
is a contradiction to the well-foundedness of <.
For the limit step, basically the same proof works, since if v is such that

G o) > 500D (a,),

then for all 7/ € [, 4], ,
3 () > g (o).

And hence the lemma follows. O]

We need the following notation. Let ~ be the equivalence relation defined as follows.
Suppose (K, k), (K', k') are such that for some n and m,

(ko © -+ 0 ket (U B, ) = (K 0~ 0 Koy ) (Rl Ky ---).

Then k ~ K. We let [E]N denote the equivalence class which & belongs to.



CHAPTER 2. INVERSE LIMITS 50

Lemma 2.6.11. Suppose o < © is good, 6 < wy, J € E4y3, and J extends to an elementary
embedding

J: J&+1(V5\J+1) - a+1(V>\+1>

for some a. Then if K € E,y9 is a d-limit root of J, and K extends to an elementary
embedding )
K JB+1(VZ\J+1) — Jas1(Vas1)

for some B3 then B < a and for all 7 < 3, K(f’y) > j(f’y)

Proof. First we prove the lemma for 6 = 1. This will, in essence, prove the lemma for all §
successor (assuming the limit case is true as well).

Suppose the lemma fails, and let [@,n]; be <;-least such that there exists K € E,42 a
limit root of J with IAC({L_I)(@) < j,(L”_l)(@). Assume for ease of notation that n = 0 and that
K € &,.2 is a 0-close limit root of J. Then we have that a is definable over J,,2(Vy;1) from
J and K (@) as the least ordinal sent by .J above K (&). Hence for all n we have

(koo -0 ka)(@) = (jo o -+ -0 ju) (@)

So for all n we have R R
KD (an) < J D (a,)

where @, = (joo -0 j,_1)(@).

Let (3 be least such that for some K € £, a limit root of J, K (@) = 3. Then we have
that § < J(a) and 3 > SUP54 J(B).

We claim that § € rng J , which is a contradiction. To see this, we claim that 3 is
definable from [J]. and J(@) over Joy3(Vai1). And this follows since for any S € [J]., for
all large enough n, if

' = (57 V) (J(@)

n

then ( is least such that for some K € &,,2 a limit root of Sﬁn_l), K (&) = B. Hence since
[J]~ € rng.J, we have 3 € rng J.
Now we prove the lemma for § a limit, assuming the lemma is true for all ¢’ < 4.
Suppose the lemma fails for o and <K < (5> is a limit root sequence with K the
common part witnessing this failure. Let ¢’ < § be least such that for some (5, m),
(K)o 1(8) > K51 ().

m

Without loss of generality, by renaming, we can assume that ¢’ = 0. Let [3,m] ko be <yo-
least such that for some (g, mg) € [3, m]xo,

(K2)5e =D (Bo) > K=" (Bo).

Then in fact by the previous lemma, there is an ngy such that for all m’ > ngy and

(B/a m/)’ (Bnmno) € [ﬁ,m][(o,
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we have
(KOU=D(B) = (K°)mo(Fy) > KmoD(5y) > KU V(5) = K™D (Ba,)-

The last inequality follows from the fact that K is a §-limit root of K°. B
_ Again by renaming, we can assume without loss of generality that ng = 0. Let (£y,0) €
[3,m]go. Then for all n we have

(Ko 0+ 0 kn)(Bo) = (kg o+ o ky)(fo).

So for all n we have A - ) _
VV(3a) < KU (8,)

where 3, = (kdo--- 0 k% )(B).

Let 3 be least such that for some K € E,4p a d-limit root of J, K(a) = 3. Then we have
that 8 < J(a) and 3 > SUPjg J(B).

We claim that § € rng J, which is a contradiction. To see this, we claim that 3 is
definable from [J]. and J(a) over Joy3(Vas1). And this follows since for any S € [J]., for
all large enough n, if

@' = (30 0) (@)

n

then (3 is least such that for some K € &y2 a 0-limit root of ST(Ln_l), K (@') = 3. Hence since
[J]~ € rng J, we have § € rng J. O

Lemma 2.6.12. Let o < © be good and J € &y, Then for some v < w-w there is K € &,
which is a y-limit root of J such that there is a saturated set I/ and & such that K € FE and
for all K" € CL(FE), K' extends to an embedding

K': Ja(VZ\K+1) = Jo(Vat1).

Proof. Let ¢: w-w — w be an injection. We attempt to construct an w-w-limit root sequence
(K™"|n < w-w) following ¢ at o + 2 such that for all n < w-w we have K™ extends to

K" Jan(VXKH) - Ja(VA+1)>

and for all i < w, @i > ay.(i+1). Clearly we can’t actually construct such a sequence. Hence
our attempt must fail at some point, at which point the lemma will hold.

We construct the sequence as follows by induction for i < w. Let K° = J. Having
constructed (K™|n < w -1i), if there exists an extension (K"|n <w-(i+ 1)) a limit root
sequence following ¢ [ w - (i + 1) at o + 2 such that

Quo(i+1) < nalj-r(lz‘lﬂ) Ony
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then use any such extension. Otherwise there is some m < w and an extension
(K" n<w-i+m)
such that for all further extensions following ¢ at a + 2, (K"|n < w - (i + 1)) we have
Q- (i+1) = Qweitm,
in which case such extensions form a saturated set as desired by the lemma. O]

Corollary 2.6.13. Suppose j : L(Vy11) — L(Viy1) is elementary. Then for all « < © good,
strong inverse limit reflection at o holds.
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Chapter 3

Structural Properties of L(V)_ )

3.1 Club filter on \*

3.1.1 Comparison with L(R)

We first give a brief summary of ultrafilters on w; and larger regular cardinals in L(Vy;1).
The starting point is the following theorem of Solovay.

Theorem 3.1.1 (Solovay (see [KW10])). Assume ADY® . Then in L(R) the club filter on
wy 18 a countably complete ultrafilter.

The proof proceeds by considering for A C w; the following sup game on w;.

I Qp Qg

11 fo b

Where the rules are that
Q)< fo<ap <fBp <. <wi,

and I wins if sup;_, a; € A. In fact, as we are assuming only AD*® an integer version of
this game must be played, and a boundedness property used to show that if [ has a winning
strategy then A contains a club.

For larger regular cardinals we have the following.

Theorem 3.1.2 (Steel (see [Ste95])). Assume AD*®) . Then in L(R) for all k < O, k is
measurable, and this is witnessed by the w-club filter.

3.1.2 Partition measures on \"

We prove in this section results due to Woodin which are similar to the above results for
L(R). In particular we consider the club filter partitioned into stationary sets.
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Lemma 3.1.3 (Woodin). Assume there is j : L(Vyy1) — L(Vyy1). Suppose that v < © and
cof(v) > X. Let S = {a < 7| cof(a) = w} and let F be the w-club filter on . Then there is
a partition (So|a < n) € L(Vay1) of S such that n < X\ and for all a <n, in L(Viy1) F | Sa
1s an ultrafilter.

Proof. Assume towards a contradiction that there is a partition (S,| o < A) € L(Vyy1) of S
into stationary subsets in L(V),1). We can assume that v is least such that

1. At <~ and cof(y) > A,
2. and there exists such a partition of {a < 7| cof(a) = w}.

So we have that j(v) = 7. Let (Tu|a < A) = j({Sa| @ < A)). By elementarity (T,,| a < A) is
a partition of S into stationary subsets in L(Vy1).

Let C = {a < 7]j(a) = a}. Let £ € C N Tog(j)- Let o be such that & € S,. Then
J(&) = € € T{j(o)- But this is a contradiction.

Finally, since F is AT-complete we are done. O

In fact we have the following stronger theorem of Woodin.

Theorem 3.1.4 (Woodin [Wooll]). Suppose there is an elementary embedding
J+ L(Vasr) = L(Vaga).

Then in L(Vyy1), © is a limit of measurable cardinals, and this is witnessed by the club filter
on a stationary set.

3.1.3 Weak-club filter

In this section we use inverse limit reflection to obtain results related to the club filter
on AT in L(Vyy41). We cannot quite show that the w-club filter restricted to the cofinality w
ordinals is an ultrafilter in L(V),;), but we obtain a couple approximations to this result.
Namely, we show that the weak w-club filter is an ultrafilter in L(V)4), and that any two
disjoint stationary (in V') subsets of the cofinality w ordinals must not be in L(Vy1).

These results extend to higher ordinals of cofinality greater than A, though for simplicity
of notation we prove them for A*. We will simply state these extensions below, as the proofs
are nearly identical.

Fix A, A < X and a surjection p : Vi, — L+ (V5 ) definable over Lyt (Viy,). Also let
E be a saturated set of inverse limits such that for all (J, ;) € E, J extends to

J: Lys 1 (Vigr) = L1 (Vaga)-

Assume p is a surjection p : Viy1 — Ly+(V5,,) and for all (J, j) € E, J(p) = p (see the
remark before Theorem 2.5.7). We will say that A tags b (over Vyi1) if p(A) = b, and
similarly for p.
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T Supc, K (i) = K¥(aw)

LK ()

/ 6

L
T K%ao) = K'(a0)

ay T Kl
: t 6y
Qo T
oy T KO
Qg T

Figure 3.1: The game G({a;|i < w), F), where K“ is the common part of (K'|i < w).

95
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Consider the following game G({«;|i < w), F) (see Figure 3.1.3), where (o;| i < w) is an

increasing sequence of ordinals < A*.

I
11 (KO K0, Ay (KL, EY), A

With the following rules:
1. By < By < -+ < AT are limit ordinals.
2. For all i, (K', k') € E, and K is a limit root of K'.

3. Let K’ be the extension of K’ to Lx+(Vs,1). Then we have

Bo < K%ap) < B1 < KMey) < Py < -~ < AT

4. For all i, p(4;) = «.
5. For all i and n <14, K"™'(A,) = K'(A,).

IT wins if the game goes on w-many steps. This is a closed game for I, and hence determined.
We first show that II can win the analogous one step game.

Lemma 3.1.5. Let E be saturated such that for all (J, j) € E, J extends to
Tt Lys (V1) = Laea(Vagr)-

Then for all (J, j) € E, there exists an o < AT such that for all B < A\ there is a (K, E) eFE,
a limit root of J, such that K(a) > .

Proof. Let (J,7) € E. Then for i = i(E,.J) (see Definition 2.1.9), we have that for all v < AT
there exists a (K, k) € E such that K;(7) = v and hence K (5) > 7 for some 5 < A*. So by
regularity of A* there is an o < AT such that for cofinally many 3 < At there is (K, k) € E,
a limit root of J, such that K(a) > 3, which is what we wanted. O

Lemma 3.1.6. Let E be saturated such that for all (J, j) € E, J extends to
J: Ls+ 11(Vata) = L1 (V).

Then there exists an increasing sequence (a;|i < w) such that II has a quasi-winning strategy
in G({ay|i < w), E).
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Proof. Suppose towards a contradiction that for all @ € [A*]* that I has a winning strategy
0% in G(&, F). We use the regularity of AT to play against all of these winning strategies
simultaneously.

Choose a sequence a* as follows. Let

B = sup o%(0) < AT.

aeatw

Let KO € E, Ay and of be such that K°(az) > 3 and Ay tags of. After having chosen
K°...,K"e Eand a},...,a%, let

B = sup{a&(<K0,A0, . 7K”,An>)| ae [X*]“’,Vz’ <n(a;=a)}.

n

Let K"*' € E, A, and o, be such that K™ is a limit root of K™, for all i < n,
K" (A;) = K™(A;), K™ (o) > By, and A, tags ;.

We then play (K°, A% K1 Al ...} in the game G(a*, F), against the winning strategy
o . But by the way we chose K’ A; and o, this must be a winning play by II. Hence o%"

is not a winning strategy for I, a contradiction. ]

Lemma 3.1.7. Let E be saturated such that for all (J,7) € E, J extends to
J: Lyv 1 (Vi) = Lyera(Vaga)-
Suppose that (a;|i < w) is an increasing sequence of ordinals < A\* and
(B0, K%, Ao, B, K', Ay, )

is a winning play for II in G({ay|i < w),FE). Let K be the common part of (K'|i < w).
Then R
K(sup o) = sup ;.

<w <w

Proof. Note that we have for all i and n < that C, := K'*!(A,) = K'(4,). Hence we have
that K(A,) = C,, and therefore K(«,) = 7,, where =, is tagged by C,,. And by the rules of
the game, we have

Bo<v<BPi<m<- .

Hence K (sup;., ;) = sup,_, f; follows by continuity. O
Theorem 3.1.8. Assume strong inverse limit reflection at o for o > AT good. Let
S = {8 < X*|cof(B) = w}.

Then if S € Lo(Viy1) and S C S, is stationary (in'V'), then S, \ S is not stationary.
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Proof. Suppose E, @, v and S are such that £ € L,(Vy;1) and for all (K, l;) € CL(E), K
extends to R
K: La(VXH) — La(Vas1)

and K (S) = S. We show that for any (o;|i < w) such that II has a quasi-winning strategy
in G({ay]i < w), E), that if « = sup; € S then S contains a w-club.

Suppose this is not the case, so S, \ S is stationary. We have since « is good that in
L,(Va41) II has a quasi-winning strategy in G({o;|i < w), E). Let M < L,(Vi41) be such
that |[M| =X, S,J,E € M,Vy, C M,and MNAT € S,\S. Let (6;] : <w) be increasing and
cofinal in MNAT such that for all 4, 5; € M. Then if I plays a legal subsequence of (3;|i < w),
at each stage there is a winning response by player II in M. Suppose without loss of generality
(by passing to a subsequence) that the game is played as (8o, K, Ag, 81, K*, Ay ...) with
(Ki,k') € M for all i. Let K be the common part of (K'|i < w) as computed in L(Vi;1).
Then by the previous lemma we have that K (supa;) = sup M N AT € S by elementarity.
But this is a contradiction. So S, \ S is not stationary. O]

Applying Corollary 2.6.13 we have the following.
Corollary 3.1.9. Assume there exists an elementary embedding
7 L(Vas1) = L(Va).

Then there are no disjoint stationary subsets Sy and Ss of {3 < A\T| cof(3) = w} such that
51,82 € L(Viia).

It is unclear whether or not the conclusion follows from just an elementary embedding
J: L(Vay1) — L(Vi41), as it requires strong inverse limit reflection.

Definition 3.1.10. Suppose that C' C v for v a limit with uncountable cofinality. Then we
say that C is weakly club if there exists a structure (M,...) in a countable language such
that

C={a<~3X,...) < (M,...),sup(X Nvy) = a}.

We say that S C v is weakly stationary if for all C' C v weakly club, SN C # (). The weak
club filter on ~ is the filter generated by the set of weakly club subsets of v. We define
weakly w-club and the weak w-club filter analogously, restricting to countable elementary
substructures.

Corollary 3.1.11. Suppose there exists an elementary embedding j : L(Viy1) — L(Vii1).
Let S, = {3 < AT| cof(B) = w}. Then in L(Vyy1) the weak club filter restricted to S, is an
ultrafilter.

Proof. Assume that there exists an « such that « is good and there exists S € L, (Vii1),
S C AT such that both S and S, \ S are weakly stationary in L(V,y;). But by Theorem
2.5.9 inverse limit reflection holds at a. So by the proof of Theorem 3.1.8, there is a weakly
club C € L(Vy41) such that either C C S or C C S, \ S, a contradiction. O
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We can prove similar results in exactly the same way for limit ordinals v > AT such that
cof(y) > A. For instance we have the following.

Theorem 3.1.12. Suppose there exists an elementary embedding
J i L(Vagr) = L(Viga)
and that v < © is such that cof(y) > \. Let
Sw =18 <l cof(B) = w}.

Then if S € Lo(Viy1) and S C S, is stationary (in V'), then S, \ S is not stationary.

3.2 Perfect set property

In this section we prove an approximation to the Perfect Set Property in L(V)y1). We
regard V)4, as a topological space with basic open sets O,,q), where a < A, a C V,, and

O(a,a) = {b € V,\+1| bNnv, = CL}.

Since cof(A\) = w, this is a metric topology, and it is complete. Xianghui Shi and Woodin
showed a similar result using Theorem 4.5.2.

Lemma 3.2.1. Assume X C Viyy, X € L(Vay1), and | X| > A. Let a < © be good such
that X € Lo(Viy1). Suppose that E C & is saturated and & are such that for all (J,j) € E,
J extends to

J: Las1(Vig1) = Las1(Vag)
and X € rng J. Then for any (J, j) € &€ there is an A € V54 and E' C E such that for

Y ={A € Va| (K, k) € E' a limit root of J such that K(A) = A}
we have Y C X and |Y| > A.

Proof. This follows immediately by letting X be such that J(X) = X, and setting F' =
{(K,k) € E| K(X) = X}. Then using the fact that |X| > ), the lemma follows. O

Lemma 3.2.2. Suppose E is a saturated set of inverse limits and (.J, j) € E. Let Z be the
set of A € V5, such that

{K(A)| (K, k) € E is a limit oot of J}| < A,

Then |Z| < .
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Proof. Let k < X and let Z,, be the set of A € V5, such that
{K(A)| (K,k) € E is a limit root of J}| < &.

Suppose |Z,| > 5: Then if T is the tree of initial segments of elements of Z,. We have
[[T]] > A. Let J(T') =T. Then by elementarity, |[T]| > A. But by definition of Z,; we have
that

[\ {E"T| (K. k) € E is a limit root of J} < XK < .

We claim this is a contradiction. To see this, let ¢ be such that for all b € V), there exists
(K, k) € E alimit root of .J such that b € rng K; and K(T) = T. Let T, = (joo- - - ji_1) " X(T).
Then |Tj] = X and for all b € T}, there exists (K, k) € E a limit root of J such that b € rng K.
But then (joo---0j;_1)(b) € T. And hence, since jg o --- o j;_; is injective,

‘U{K”T‘ (K, ]2) € E is a limit root of J}| = A,

a contradiction. )
The lemma follows by noting that cof(A) = w, so |Z| < A. O

Theorem 3.2.3. Suppose there exists an elementary embedding
J i L(Vas1) = L(Viga).

Assume X C Vi1, X € L(Vyy1), and | X| > A. Then there is a perfect set Y C X such that
Y| > X and Y € L(Vyi1). In fact, for all a,a € V\ such that a C'V,, and there ezxists b €'Y
such that a = bN'V,, we have

|Y N O(a7a)| > A

Proof. By Y;-reflection, if there a counterexample to the Theorem, then there is one below

the least stable 6 of L(V)y1). So we prove the Theorem for subsets of Vi1 in Ls(Viy1).
Let a < § be good and let X € L,(V);1) be such that X C V). By strong inverse limit

reflection, there is £ C & saturated, @, and X such that for all (., j) € CL(F), J extends to

J: Las1(Vig1) = Las1(Vaga)

and J(X) = X. Let (\;] i <w) beincreasing and cofinal in A, and let (k;|i < w) be increasing
and cofinal in .
Let T' C V5 be a tree defined as follows. For i < w let

T,={BeV,: {AeVi |Ae X, B=ANV,} > \}

and

T ={(Ai,. .., Ai,)|¥Ym <n(4;, €T;, and Vs <m(A;, = A;, NV, )}

im
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Let I be the set
I={s5¢ [/\]<”|Vz' <len(8)(s; < \i)}-

Now let . o
F:{(As)|Ini(A=(Ay,...,A,)€eT,sel,|s|]=n)}— F

have the following properties:
1. Forall A= (4,,...,A;,)eT,sel, |s|=n—1,if
F(A, 5™ (a)) = (K, k) and F((4,5™(8))) = (K", ')
for a < < A\, then K(A4;,) # K'(4;,).

2. Forall A= (Ay,....,A4)eT,sel, |s|=n,and m < n if
F(A,s)=(K,k)and F(A | m+1,s | m) = (K", k),
then K(Azm) = K/(Azm)

3. Forall A= (A;,...,4;,) €T, sel, |s|=n—1then F(A, s (a))is a limit root of

F(A ] n,s) for a < \,_.
Also assume that F' is maximal with these properties, in the sense that F' cannot be extended
to some F' also satisfying these properties.

Let Z be the set of A € X such that there exists a sequence (i,| n < w) such that for
A, = ANV, ,foralln <w, and s € I, if [s| = n then ((A,..., A, ), s) € dom(F). We
claim that |X \ Z| < A. To see this, suppose that A € X \ Z. Then there exists A and s
such that F(A,s) = (K, k), and

{K'(A)|(K',K') € E is a limit root of K and K'(A) = K(A)}| < A.

But for every K, there are < A many such A with this property. Hence | X \ Z| < .
So finally, let A € Z, and let (i,|n < w) be such that for all n < w, A4;, = ANV, ,and
for s € I, if |s| = n then ((A;,...,A4;,),s) € dom(F). Set

K" = F((Aio, R 7Az'n); 8).
Also for x € A\¥, let K* be the common part of <er"’”| n < w>, and set
P={K*(A)|z e \Vi <w(z; < \)}

Clearly P is a perfect subset of X by definition of F and the fact that 4 € Z C X.
Furthermore by definition of F' we have |P| > \. Note that for any s € I, if we set

P? ={K*(A)|xz € Vi <w(x; < N),Vi <|[s](s; =x;)}
then P? is a perfect subset of P, |P*| > A and
Ps =P N O(Ainv"iin)

where n = |s|. And hence we have the final part of the conclusion. O
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Chapter 4

U(j)-representations

In this chapter we introduce the notion of a U(j)-representation, which was first defined
by Woodin. For a more thorough introduction see [Wooll]. In the first section we prove a
number of closure properties, which will form the basis of proving that sets in L(V),1) have
such representations. In Sections 4.2 and 4.3 we will prove certain properties of fixed point
measures which we will then use in Section 4.4 to show that these representations extend
considerably far in L(V)1).

4.1 Definition and Closure Properties

For this chapter we fix j : L(Viy1) — L(Vi41) elementary. We will use the notation j;
to denote the i-th iterate of j to distinguish it from our inverse limit notation.

Definition 4.1.1 (Woodin). Let U(j) be the set of U € L(V);1) such that in L(V,41) the
following hold:

1. U is a AT-complete ultrafilter.
2. For some v < O, U is generated by U N L, (Vy41).

3. For all sufficiently large n < w, j,,)(U) = U and for some A € U,

{a € Aljom)(a) =a} €U

For each ordinal x, let ©%+(VA+1) denote the supremum of the ordinals a such that there is a
surjection p : Vi1 — a such that {(a,b)|p(a) < p(b)} € L, (Vat1). Suppose that x < © and
k < OLM+1) Then £(j, k) is the set of all elementary embeddings & : L, (Vay1) — Le(Vas1)
such that there exists n,m < w such that kg = jim) [ Lik(Vag1).
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Suppose that £ < © and that k < ©F«(A+1) For each § < A let F2(£(j, )) be the filter
on P(k) N L(Vy41) generated by the sets

{Ds|o € [E(j, 0]},
where for each o € [E(j, k)]°,
Dy ={be L,(Vyy1)|k(b) =0bfor all k € o}.

Lemma 4.1.2 (Woodin). Suppose k < O, k < ©F+VA+1) and that j(k) = k. Then there is
§ < crit(j) and a partition {S,|a < 6} € L(Vay1) of Le(Vay1) into FNE(4, k))-positive sets
such that for each o < 4,

FHNEG:K)) | Sa € U(H).

Proof. First, we have that since j(k) = k that
J(E(, k) = E(j. k) and j(FNE, K))) = FNEG, K)).

Now we show that there is no sequence (S,|a < crit (j)) € L(Viy1) of pairwise disjoint
FME(4, k))-positive sets. This follows since

{a € Lu(Var)lj(a) = a} € FME(, ),

and hence if
J((Sal o < erit (5))) = (Ta| o < j(erit (4)))

then there exists a 3 such that 8 € Ti(;) and j(3) = 8. But then by elementarity, there
exists an a < crit (j) such that § € S,. But then j(5) = § € T,, a contradiction.

Now, since F*(E(j, k)) is AT-complete, there must exists a § < crit (j) and a partition
{Sala < 0} € L(Vyyy) of Lo(Vay1) into FA(E(4, k))-positive sets such that for each a < 6,
FME(j, k) | Sy is an ultrafilter.

For a < §, let U, be the ultrafilter given by F*(€(j,k)) | So. We have that U, is
AF-complete since F*(E(j, k)) is AT-complete. Furthermore we have that

B, :={a € S,|jla) =a)} € U,.

And hence we have that j(U,) = U,, since for all § € B,, § € S, <= [ € j(S4). So we
have that for all « < 4, U, € U(j). O

Suppose that k < © and x < ©M(»+1) Suppose that (a;|i < w) is a sequence of
elements of L, (Vyy1) such that for all i < w, there exists an n < w such that j,)(a;) = a;.
Let U(j, k, (a;] © < w)) denote the set of U € U(j) such that there exists n < w such that for
all k € £(j, k), if k(a;) = a; for all i <n, then

{a € Lo(Vapr)| k(a) = a} € U.
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Definition 4.1.3 (Woodin). Suppose k£ < ©, k is weakly inaccessible in L(V);1), and
(a;| i < w) is an w-sequence of elements of L, (V1) such that for all i < w there is ann < w
such that ju,(a;) = a;.

Suppose that Z € L(Vyi1) N Viaio. Then Z is U(y, k, (a;] i < w))-representable if there
exists an increasing sequence (\;| 7 < w), cofinal in A and a function

7 Vi x Var x {i}i < w} > U, 5, (0] i < w))
such that the following hold:
1. For alli < w and (a, b,7) € dom(n) there exists A C (L(Vy41))" such that A € w(a,b,1).
2. For all i <w and (a,b,i) € dom(7), if m < i then
(anVy,,,bNV,, ,m) € dom(r)
and 7(a, b,7) projects to m(a N Vy,,,bNV,, ,m).
3. For all x C V), x € Z if and only if there exists y C V) such that

(a) for all m <w, (xNVy,,,yNV,, ,m) € dom(n),

(b) the tower
(m(xnNVy,,yNVy, ,m)|m<w)

is well founded.

For Z € L(Vyy1) N Vo we say that Z is U(j)-representable if there exists (k, (a;|i < w))
such that Z is U(j, k, (a;] i < w)).

We first show some basic facts about this definition.

Lemma 4.1.4 (Woodin). Suppose that Z is U(j, K, (a;| i < w))-representable and (b;|i < w)
1s such that for all i there exists an n such that

Jwy(bi) = bi.
Then Z is U(j, k, ((a;, b;)| i < w))-representable.
Proof. 1t is enough to show that
UG (el i < w)) C UG, m {(as, b < ).

To see this, suppose that U € U(j,k, (a;|i < w)). So there exists an n such that for all
ke &(j, k), if k(a;) = a; for all i < n, then

{a € Lo(Vap))| k(a) = a} € U.

But requiring that k((a;,b;)) = (a;,b;) for all ¢ < n is an even stronger condition. So

Ue U(]7/€a<(awbl)|z<w> L
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Lemma 4.1.5 (Woodin). Suppose that Z is U(j, ko, (a;| i < w))-representable, ko < k1 < ©
and ky < O« A1) . Then Z is U(j, k1, (bi] i < w))-representable where by = (ao, ko) and
b; = a; fori > 0.

We now want to show certain closure properties for U(j)-representations. While closure
under A-unions and existential quantification is pretty much immediate, we will see that
closure under complementation is much more involved and requires a property called the
Tower Condition.

Lemma 4.1.6 (Woodin). Suppose that A < k < O, k < O<W+1) and cof(k) > . Let
N be the collection of sets which are U(j, k, (a;|i < w)) in L(Vyy1) for some {(a;|i < w). If
NO QN, ’No‘ S)\, th@nUN()EN

Proof. For each Z € Ny there is < (M2, a?)]i < w> and

(2 ’L

Tz U{V,\ZZH X Vazgq x {it|i <w} — U(j, K, (al]i <w))

witnessing that in L(V);1), Z is U(j)-representable. We can assume without loss of generality
that there is a (\;|i < w) such that for all Z € Ny, (M]i <w) = (\;]i < w).
Let (k;| i < w) be the critical sequence of j, and let (Z,| a < A) be an enumeration of Nj.

For each n < w, let

= {a/*| @ < Ky, and jn(a?®) = al}.

Since cof(k) > A we have that
1. For all n < w, a, € L,(Vyy1) and |a,| < A
2. For all Z € Ny, for all i <w, a? € J{an|n < w}.
3. For all n < w, there exists m < w such that j(m)(an) = a,.
Hence by the above lemma we are done. O]

Lemma 4.1.7 (Woodin). Suppose that Z C {x xy|z,y € Vay1} and Z is U(j, k, (a;|i < w))
-representable. Let
Y={reV\u|ldye Vi (zxye )}

Then'Y is U(j, k, (a;|,i < w))-representable.

Proof. Let
v W x Vi x {i}]i < 0} = UG 5.0)

witness that Z is U(j, k, @)-representable where (\;|i < w) is the critical sequence of j. We
construct a function

Ty - U{VAiJrl X V)\Hrl X {Z}’Z < W} - U(]a 576)
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which witnesses that Y is U(j, k, @)-representable.
The main point is the following continuity property. We have that if x,y € V.1 then

$Xy:{(a>b) € ><yz‘|i<W,$i=IﬂV,\“yz‘=yﬂVAi},

and on the other hand if (x;|¢ <w) and (y;|¢ < w) are sequences such that for all i, z; =
ziy1 NV, and y; = y;01 N'V), then for x = |J, z; and y = |, y; we have

xxy:szxyl

We define 7y such that the following hold:
1. Suppose (a,b) € Viy1 X Viyg and a = 2 X y for some x,y € V1. Then for all i < w,
mlanVy,, 0NV, i) =ny(xNVy,cNV,,,i)
where ¢ =y X b.

2. If zg,co C V), are such that there is no (a,b),(x,y) € Viy1 X Vapq with a = = x g,
xo =x NV, and ¢y = cNV), then

(xo, co, 1) ¢ dom(my ).

Then clearly my witnesses that Y is U(7, , (a;| ¢ < w)-representable. O

We now introduce the Tower Condition, a continuous ill-foundedness condition, which is
the key property needed to show closure of U(j)-representations under complementation.

Definition 4.1.8 (Woodin). Suppose A C U(j), A € L(Vay1), and |A| < A. The Tower
Condition for A is the following statement: There is a function F': A — L(V)41) such that
the following hold:

1. ForallU e A, F(U) e U.
2. Suppose (U;|i < w) € L(Vyy1) and for all i < w, there exists Z € U; such that
Z C L(Vy1)', U, € A, and U;+1 projects to U;.

Then the tower (U;| i < w) is wellfounded in L(V), ;) if and only if there exists a function
f:w — L(Vyy1) such that for all i < w,

flieFU;).

The Tower Condition for U(j) is the statement that for all A C U(j) if A € L(Vy41) and
|A| < A then the Tower Condition holds for A.
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Lemma 4.1.9 (Woodin). Assume that the tower condition holds for U(j). Suppose that
Yo < 71 < Y2 are weakly inaccessible cardinals in L(Vyy1) such that j(vo,v1,72) = (Y0, 71, 72)
and such that

Ly (Vag1) = Ly, (Vasa) < Ly (Vaga) < Lo(Vasa)-

Suppose that Z is U(j, o, (a;| i < w))-representable. Then there exists a sequence (b;|i < w)
such that Vi1 \ Z is U(j, 72, (bi] i < w))-representable.

Proof. Fix m witnessing that Z is U(j, v, (a;| ¢ < w))-representable in L(Vy11). Let
(Ki] 1 < w)
be the critical sequence of j and assume that for all i < w, A\; = K, |a;| < k; and
Vn > i (j(n)(ai) = a; and ji) (7 [ Vigw) =7 | Vm+bd) .
For each n < w let &, be the set of all elementary embeddings
ko Ly, (Vasr) = Ly, (Vi)
such that k(y0) = Y0, k € £(j, 1) and for all i <n,
k(a;) = a; and k(7 | Vivw) =7 [ Vi tw-

Note that (£,|n < w) € L, (Viy1).
For each o € [£,]*, let

D, ={a € L,,(Vas1)| k(a) =a for all k € o},

and let F, be the filter generated by {D,|o € [£,]*}.

We have that for all n < w and m > n that j(m)(é’n) = &,. So we have that for all n < w
there is partition (Sy.a| o < 0,) € Ly, (Vag1) of (L, (Vas1))"™ into F,-positive sets such that
0y < Kpg1 and for each o < 6, F, [ Sp.q is an ultrafilter (see Lemma 4.1.2). For each n < w
and a < 6, let U, , be the ultrafilter on S, , given by F,.

Let A = {Upaln < w,a < 6,}. We have that A € L(Viy1), |[A]l < A\, A C U(j) and
rng (m) C A.

Let F': A — L(Vy41) be a function witnessing the tower condition such that F' € L(V)41).
We have that

(F(Upa)|ln <w,a < 6,) € Ly, (Vagr).

There exists a set 79 C (L., (Va11))<“ such that the following hold:
1. Tg S LVz(VA-‘rl)'

2. For all U € A, there exists B C T such that B € U.
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3. For all U1 € A and U2 S A, if U1 7é U2 then F(Ul) N F(Ug) N Tg = (Z)
4. For all s € TY there exists U € A such that s € F(U).

Such a T exists as |A| < X and each U € A is AT-complete. We also have that for each
s € TY, there is exactly one U € A such that s € F(U), which we denote U,. Furthermore,
for each n < w,

{Usl's € T4 0 (Lyy (Vasr))"H < 00 < nsa.
Let T4 be the set of all s € T such that

(L(Vat1), 8) =5, (L(Vagr), 1)

with parameters from V\ U{TY, F, A, 7, Z, 70,71, 72}, for Us-almost all t. We have that T is
closed under initial segments and it satisfies 1-4 above. T4 also satisfies that if s € Ty and ¢
is an initial segment of s, then U projects to U;. Hence we have that for each f € [T4], the
tower (Usy| 1 < w) is wellfounded by definition of the tower function.

For each U € A, let Ult(L,,(Vi41),U) be the ultrapower computed using only functions
[ Ly,(Viy1) — L(Vig1) such that f € L., (Vay1). We let [f]y denote the element of
Ult(L.,(Vas1), U) given by f. If g (f) C 72, we let & be the ordinal in the transitive
collapse of Ult(L.,(Vas1),U) given by [f]y. We have that &, < ~, since U € U(j,v1) and

Ly, (Vas1) < Le(Vat1).
Let o € [E(j,m1)]* be such that for all n < w,

Do, N (L, (Vasa))" € T

where 0, = &, No. And let C' = {& < 11| VEk € o(k(€) = &)}. Note that C<¥ C T}y.
We have the following: Suppose (a,b) € Vi1 x Vy;1 and that the tower

(U]t <w) =(m(anNV,, 0NV, )i <w)
is not wellfounded. There is a sequence of functions (f;| i < w) such that for all i,

fi i (Lyy(Vag))' = C

and such that for all i; < iy < w, Ji 4, (55211) > 5122 Here

Jivia » UL6(Lyy,(Vagn), Uiy ) — UlE(Ly, (Vaga), Usy)

is given by the fact that U;, projects to U;,. This follows from the fact that vy < 71 are both
weakly inaccessible and L., (Vat1) < Ly, (Vas1) < Lo (Vag)-
Now suppose that a € Vyy1 \ Z. Then for each b € V), the tower

(mlanNV,, ,bNV,, )] <w)
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is not wellfounded. Since F' witnesses that the tower condition holds for A D rng (), for
each b € V)4, there is no function h : w — L(Vy,1) such that for all i < w,

hlieF(r(anV,,bNV,,., i).
Thus there exists

e:{(anV, z,i)]i<w,x CVg} X (Ly(Vag1))™ = C

such that for all b € Vy4; and 4 < iy < w, 31”2(55?1) > &22, where for each ¢ < w,

Uy=m(anV,,bNV,,. i), and for all s € L, (Vi41),
fi(s) =e((anNV,,,bN V., i),s).

To define such an e, let T' be the tree given by F' restricted to m(a N Vj,,b;,7) such that
i <w, b €V, and (aNV,,b,1) € dom(m). Then for each s € F(n(a N V,,, b;,7)) let
e((anVy,,b;,1),s) be the rank of s in 7.
Define a function
e {(anNV, zi)]i<w,x CV.,}—m

as follows. For each i < w and z € V1,
ea(aNVy, i) =&
where U = m(a NV, NV,,,i) and for all s € L, (Vys1),
f(s) =e((anNVy, x,1),s).

Finally for each n < w, let s, = (eq | Vi,10|? < n). We have that for all n < w, s, € Ty,
since for all k € o, k(s,) = s,. So the tower (U, |n < w) is wellfounded.

Let T* be the set of all (a NV, ,s) € Vi x T4 such that a € V)1 X Z and there is a
function e as above such that s = (e,| Vi, 10| < n).

Suppose (a,e) € [T*]. Then by definition of Ty,

e:{(anNV,,z,d)|i <w,x CV,,} — Ord
and for all b C Vj, if
(U]t <w) =(m(anNV,,bNV,,,i)]i <w)

and
(&li <w)=(e(aNV,,bNV,, i)|i <w)

then for all i1 < da, ji, i, (&) > &,- So for all b € Vi, the tower (m(a NV, 6NV, )| < w)
is not wellfounded, and so a ¢ Z.
Thus
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1. {a € Vii1|(a,e) € [T*] for some e} = V), \ Z.
2. For each (a,e) € [T%], the tower (U;| i < w) is wellfounded where for all i < w, U; = Uy;.
3. For each (ag,ep) € [T*] and i < w,

{Uey il (a1,e1) € [T] and a; NV, = ag NV, H < ki1

Let (b;|i < w) = (7 | Vi4w|i <w). Then Vi1 \ Z is U(j, 72, (b;| i < w))-representable.
[

4.2 The Tower Condition

For the proof of the Tower Condition we do not actually use inverse limit reflection.
Instead, we use the structure of the inverse limits together with their ‘naive extensions’
above \. Because of this difference we define for a < 0,

52 = {(‘]7;)| (ij [ V>\+1) S 57vz<]z : La(VA+1) - La(‘/)\—l-l))}’

Suppose that (J,j) € £5. Then we say that a € Lo(Viy1) is in the extended range of J if for
all i <w, a €rng(joo---0yj;). Weset J*(b) = a if for some n < w, for all i > n,

(Joo---04) " (a) =b.
Again, we omit the sequence of embeddings from our notation.

Lemma 4.2.1. Suppose « is good and (J,(j;)) € E is an inverse limit such that for all i,
Ji(gi) = J | La(Vay1). Let U € Lo(Viy1) be in the extended range of J and such that for
some i, ji)(U) =U. Let

Jo(Uo) = U, j1(Uy) = Uy, .. ..

Then there exists an n such that for all m > n, U™ = U™. Furthermore, for this n we have

that for all m > n, jﬁnmfl)(U) = U (see Section 2.1).

Proof. Note that j.,) denotes the nth iterate of j, and j, denotes the nth element of the
inverse limit sequence. Let m be such that ji,,—1)(U) = U. We prove by induction that for
n > m we have j,(U") = U™. First suppose that m = 1. Then j(U) = U. We have that

J(U) =U = jo(jo)(U) =U = jo(U°) = U".

And hence U° = U. The fact that j,(U™) = U™ follows by induction.
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Now suppose that m > 1. Assume by induction that we have proved the result for all
m/ < m. Then we have for n =m — 1

Gy (U) =U = (o(jo)) oy (U) = U = (jo)w)(U°) = U° = jin—1y(U°) = U".

And then using the induction hypothesis on U° and (j;|7 > 1) we have the first result.
To see the second result, simply note that U™~! = j,,(U™) = U™, and hence

Jm(U™) = U™ = ju (U™ ) =U™! =
Jw =N (Go o0 dm-)(U™T)) = (oo 0 i) (U™ ) = G (U) = U

for any m > n, for n satisfying the first part of the conclusion (where U~! = U). m

Lemma 4.2.2. Suppose that A € Le(Vii1), |A| < X and for all a € A, there exists an i
such that jiy(a) = a. Then there exists a sequence (B;|i < w) and (K, (ki|i <w)) € & for
some 1 < O good such that,

1. foralli <w, B;=(kopo---0k;_1)(Bo),

2. AClim;, B; :=={a|3InVi>n(a € B;)},

3. foralli <w, ki(k;)) =7 | La(Vig1),

4. for all a € lim,_,, B;, there is an i < w such that k;l(i_l)(a) = a,

5. for all a € lim;_, B;, there is an i < w such that a € mg(Kfifl))m.

Proof. Let C = (U,|a < A) be an enumeration of A, and let n < © be good and large
enough so that C, A € L,(Via;1). Let (K, (kili <w)) € & be such that for all i < w,
ki(ki) = j I La(Vat1),

ko(Co) = C, ko(Ag) = A

and for ¢ > 0,
ki(Ci) = Ci—1, ki(As) = Ai-y.
Let A = Ag. Set

Let Bz = (k’o ©---0 ki,1>(Bo).

We want to show that for o < crit (ko), that U, € lim,_,,, B;. But this follows by Lemma
4.2.1. To see this, by induction define U! for i < w as follows: ko(U?) = U, and for i > 0,
kiy1(ULHY) = U!. Then by the lemma we have that for some n, U} = U” for all i > n. Hence

Ul € By. We want that for all 7 > n, U, € B;;,. But this follows since

Ur=U! € By= (kogo---0k;)(U.) = U, € Biy1.
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Similarly, we have that for o < (kg o --- o k;_q)(critk;), Uy € lim;_,, B;. For ease of
notation we prove this for ¢ = 1. The proof for ¢ > 1 is very similar. So we want for
a < ko(crit ky), that U, € lim;_,,, B;. To see this, by induction define U for i < w as follows:
KUY = U, and for i > 1, ki(i)l(Ué“) = U!. Then by Lemma 4.2.1 we have that for some
n, UL = U for all i > n. We want to see that U € B;. We have

By = ko(lim C; [ A) = lim ko(C5) | ko(N),

1—w 1—w

and furthermore

ko(ky o -+ ok;)(ko(Cj)) = C.
Hence using that ko(crit k1) = crit (ko(k1o---0k;)) and o < ko(crit k1) we have that U € By.
We show that for all + > n, U, € B;y;. But this follows since
Ug = U(; € B = ko(kl O0---0 kl)(U(;) =U, € BiJrl-
Note that
Bi = k(](kl O-+++0 szl)(kO(BO)) = ]{30(1{}1 OC-+++0 k"L#l)(Bl)-

But
Sup(k’o O---0 ]{}i_l)(CI‘it kz) =\

1<w
Note that we have for all U € lim,_,, B;, that there is an 7 such that ji(l_l)(U) = U, using
the proof of Lemma 4.2.1 together with above argument. O

Theorem 4.2.3. Suppose A C U(j), A € L(Viy1), |Al < X. Then the tower condition for
A holds.

Proof. Let A C U(j), |A] = A, and A € L(Vay1). Let (Bi]i<w), n < © be good,
Ly(Vat1) <z, Le(Vas1), and (J, (jili <w)) € &, be such that, A C lim,; ., B;, for all
i <w, Ji(ji) =7 I Ly(Vay1), and for i < w,

Bi = (joo---0ji-1)(Bo).

Since |By| < A, A-DC holds in L(V);;), and each measure in A is A*t-complete, there is
a tower function Fy € L,(Vi41) for By. Define for i > 0,

(Joo -+ 0ji1)(Fo) = Fi.
Let B :=lim;_, B;, and for U € B define

FU) = ﬂ{E(U) N{a € L(Vat1)|jw(a) =a}|i <w,U € B; and j,;)(U) = U}.
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We want to show that F' is a tower function for B := lim;_, B;. To see this suppose
(Ui|i < w) is an illfounded tower with U; € B for all i < w, and f € L,(Vi41) is such that

Vi(f i€ F(Us)).
Let (o;|i < w) € L, (Viy1) be such that
jUi,Ui_H (Oéz) > Olyq-

For i < w, let m; be least such that U; € B, for all n > m;. Let (K, (kili <w)) € &7, be a
0-close limit root of J such that the following hold:

1. For all ¢, (kgo---ok;)(Fy) = F; and (kgo---0k;)(By) = B;.
2. For all i < w, oy, f(i) € rng (K**). Let o and f"(i) be such that

ko(a}) = ai, ka(aj) = of, ka(0f) = o;

: RIS

and

ko(f2(0)) = f(0), ka(f1(0)) = £20), ka(f2(0)) = f1(0)s -
3. For all i <n, ki(jn | Ly(Vag1)) = 7i(n [ Ly(Vagr)).

4. For all n, let 7, be least such that U, € g ((jo o - ji,—1)(J*)). Let U,; be defined
as follows:

(Joo -+ Jin=1)Jin)(Uno) = Un, (Jo© - Jin—1)int+1)(Un1) = Unp, - -,
(Joo - Jin-1)Uintit1) Unis1) = Ung, - - -

Then for i,n < w and m < i,, there are U}; such that

ko(Uy;) = Uny, k(U ;) = U,

n,i""7

kin—l(Uétli_l) = Ui?i_Z-

Furthermore, for i > i, ' '
kz(Uranzjn) = ]z(U:anjn)
It is easy to find such a (K, E) using the proof of Lemma 2.1.7.
We have for all ¢ that
a>al >ap >

Let a¥ be the stable value. For n < w, by Lemma 4.2.1 (U, ;|i < w) and (f?|i < w) must
stabilize for some 7. Let U, , and f“ be the stable values, defining U] in the obvious way

n,w
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as above. Note that we have for all n,7 < w,

(koo oki,—1)(Ki,+:i)(Uni) = (koo -0 k’zn D (ki) (ko 0 - 0 ki) (UH)
= (ko o- in—1) (i, (U1)
= (koo - 1)<Jzn+z<UZT,2‘_1>)
= (koo---o kzn—l)(Jszrz)((ko o0k, 1)Uy ™))
= (Joo -0 di,—1)(Jin+i)(Uni) = Unia

where U,, _; = U,.

We want to show that (Uin7'|n < w) = (U)|n < w) is an illfounded tower as witnessed
by (a¥), and for all n < w, U, € By. But also that for all n, f¥ [ n € Fy(U}), contradicting
the fact that Fj is a tower function for Bj.

The fact that for all n, U] € B, follows since for all large enough i, U, € B; and
(kpo---oki_1)(U}) = U,.

To see that (U)|n < w) is illfounded, fix n and let ny be such that

fIneF, (U,
and for all 7 > ny,

(kOO' k‘)(Oé anJrlvU, Ur/LJrl?fw [n) = (an,Oén+1,Un,Un+1,f fn)

Then we have that
jUn7Un+1 (O{n) > an"l‘l = jUrlqull+1 (O{g) > az-ﬁ-l'
And since f | n € F,,(U,) we have that f* [ n € Fy(U)).

Hence we have a contradiction to the fact that Fj is a tower function for By. So F'is a
tower function for B, and the theorem follows as A C B. n

In fact, since we did not actually use inverse limit reflection, exactly the same proof gives
the tower condition for L(X,V),1). In this situation we start with assuming an elementary
embedding j : L(X,Viy1) — L(X,Viy1), and we make the same definition for a U(j)-
representation and the Tower Condition, replacing each L(Vyy1) with L(X, Vyy1). We then
have the following:

Theorem 4.2.4. Suppose there exists an elementary embedding
J o L(X, Vagr) = L(X, Vi)
Then the Tower Condition for U(j) holds in L(X, Vii1).

Finally by a Theorem of Woodin (see [Wool1]) we have the following:
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Corollary 4.2.5. Suppose there exists an elementary embedding
J: L(X,Vag1) — L(X, Vagq).
Let' Y be U(j)-representable in L(X,Vyi11). Let K = AT and set
n = sup{(x )| A C A},

Then every set
Z € Ly(Y,Vat1) N Vg

is U(j)-representable in L(X, Vyi1).

4.3 Complexity of fixed point measures

In order to extend the U(j)-representations past the point given by Corollary 4.2.5 we
need to analyze the fixed point measures which compose these representations. We consider
a certain game on fixed points which was first considered in [Wooll].

Definition 4.3.1. Suppose v < ©(x+1) and
(ail i <w) € (Ly(Vag1))”
and we have:
1. v < ©kM),
2. foralli <w, a; C a1 Cvand |a;| < A,
3. for all i < w, there exists an n < w such that j,(a;) = a;.
Then let G(j,7, (a;] i < w)) denote the following game. Player I plays a sequence
((vi, (bl s M <w)) i <w)
and player II plays a sequence (&; : i < w) such that the following hold:
1. & C Emb(j,v), |&] < A, and for each k € &; there exists m < w such that k(b%,) = b .
2. 7% =", Yir1 < 7 and there exists m < w such that
k(br,) = bl = k(Yir1) = 7ira
for all k € &;.

3. foralli <w, v < O (Vas)
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4. (02 :m < w) = (ay :m < w).
5. for all m < w, b, C b, C, and |bL,| < A
6. for all m < w there exists m* < w such that
k(b)) = b . = k(b)) = bt
for all k € &;.

Definition 4.3.2. Suppose v < ©L+1) 5 C I (Vy,y), and (a;]i < w) € (L,(Vi;1))* and
we have:

1.y < OLy(Vat1),
2. for all i <w, a; C a;41 C v and |a;| < A,
3. for all i < w, there exists an n < w such that ju,(a;) = a,.
4.8 = U<y, @i
Then we say that (a;|i < w) is a j-partition of S.

Suppose that j : L(Viy1) — L(Vig1). Note that for all S C Lg(Vyy1) N Ord such that
|S| < A, thereisay < © and a (a;|i < w) € (L, (Vas1))“ such that (a;|i < w) is a j-partition
of S.

Suppose that € and S are such that for all a € S there exists an i such that for all k € € °
k() = a. Let @ be defined by

a; ={a € S|Vk € & (k(a) =a)}.

We say that @ is the partition of S with respect to £
Suppose a is such that ag Ca; C - - -,

a; C{aeS|Vke& (ko) =)}
and for all 7, |a;| < crit j;). Then we say that @ is a division of S with respect to £.

Lemma 4.3.3. Suppose that (a;| i < w) is a j-partition of S with S C 7 for some ~y. Suppose
that (J, ) € &7, is such that n > v is good and for all i < w,

7

Then there ezists a (K, l;) € & a limit root of J such that for alli < w,

K‘(-Z:L‘t,(’ifl) (al) = a;.

7
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Proof. This follows easily in the usual way by noticing that for « an ordinal, if j;(a) = «a,
k; is a square root of j; and « € rngk; then k;(a) = «. Hence if (a;|i < w) € rngk, for all
n < w, then we have that for all n < w that

(jO ©---0 jn—l)_l(an> € rngjn

and so a, € mg . O

Definition 4.3.4. Fix © < © good with cof(x) > A. Let S C x such that |S| < A. Then we
say that S is A-threaded if the following hold:

1. Suppose a < sup S is such that there exists 5 € S<¥ and a € V), such that « is definable
over L,(Vyy1) from § and a. Then o € S.

2. Suppose « € S is a limit and cof(a) < A\. Then S N« is cofinal in a.
We say that S is definably closed if S satisfies (1).

Since A-DC holds in L(Vy11), we have that for every S C s with |S| < A, there is ' C &
with S” O S and |S’| < A such that S’ is A-threaded.
We put for E a set such that for all k € E, k: Lo(Viy1) — La(Vig1) for some oo < O,

F(E) = {p|Vk € E(k(B) = )}

Lemma 4.3.5. Suppose « is a limit ordinal. Then there exists a v < a such that for all
B € [v,a) if By is such that B =~ + By, then for all 6 < a, 6 + By < a.

Proof. We prove this by induction. Suppose that « is such that there exists a # < «a such
that for some 0 < a, 4+ 90 > a. Let a* < a be the sup of ordinals v < « such that for all
8,0 <7, 0+ [ <. Call the set of such ordinals A. Then clearly a* € A. So o* < «a. Let
g be such that o* + oy = a.

We claim that ay < a. If not, then a* + o = a. But then o -w < a, and a*-w € A, a
contradiction.

But then by applying the lemma to gy, we have that there exists a v < «q such that
for all B € [y,ap) if By is such that 5 = v + [y, then for all § < ag, § + fy < . But if
B € [v,ap) then a* + f < « and for some [,

o+ B = a7+ fho.

Hence 9 = o 4+ v witnesses the lemma for a. To see this let § € [yy, @) and let [y be
such that o* + v + By = 8. Suppose § € [o*, ). Let 6* be such that a* + §* = §. Then we
have that 6* < aq, and hence 6* + [y < ap. But then

Q"+ +Gy=0+ 0y < a4+ ag = a,

which proves the lemma. O
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From the previous lemma, given a limit ordinal « there is a unique decomposition,
a=oayg+ta+---+a,
for some n with ag > a; > --- > a,,, and such that for all for all 7 < n, for all
Belog+ - +a,0+ -+ a)

if 3y is such that
B=ag+- - +a+ 0

then for all § < ag + -+ + ay1, 0 + By < ag+ -+ - + 1. We call («, ..., a,) the addition
decomposition of «.

We define the function ¢(a, 3) for 8 < « as follows. Let (ap,...,a,) be the addition
decomposition of a. Let 7 be largest such that ag + --- 4+ «a; < 3, and let Gy be such that

ag+ -+ o+ o = 0.
Set C(O[,ﬁ) :ﬁo~

Also define the following functions:
ld(a) =ap+ -+ a1
if n > 0 and ld(«) = 0 otherwise, where (ay, ..., a,) is the addition decomposition of «, and
rd(a) = a,.

Lemma 4.3.6. Suppose that § + v = «. Let (a,...,q,) be the addition decomposition of
a. Then for some i, v =a; + -+ ay,.

Proof. Note that we have for some i that 6 = ag+---+a; 1+ and vy =7 +a; 1+ -+ a,
for some " and 7' such that 3’ + 7 = «;. Furthermore, if § and  were a contradiction to
the lemma, we would have that 5',+" < «; and #',4" # 0. But then '+’ < «; by definition
of the addition decomposition, a contradiction. O

Lemma 4.3.7. Suppose that §+~v =« and v # (. Then rd(~v) = rd(«a).

Proof. By the previous lemma, if («y,. .., ,) is the addition decomposition of «, we have
that v = a; + -+ + «a, for some i. So it is enough to see that («,...,q,) is the addition
decomposition of v. But this is basically immediate. O]

We fix a good limit ordinal K < © for the rest of the section such that x is regular
in L(Vy;1). Furthermore whenever we refer to J for some inverse limit J , we mean the
extension of J to an embedding .J : Lz(Vs,;) — Lx(Vas1) for some & and A.

We first consider a more restrictive version of the above game. This game, in some sense,
captures a version of G(j,7 (a;|i <w)) where only the ‘local largeness’ of the 7; matter.
Later on when we play G(j,7v (a;]i < w)), we will do so by playing many versions of this
more restrictive game.
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Lemma 4.3.8. Suppose that ag < & is an ordinal with cof(ag) > X and (J°,7°) € Enpapsn
and oy € rngJ°. Then II has a quasi-winning strategy in the following game G(cy, J°)

I B, . Br,m .
17 ala(‘jlajl) 012,<J2,j2)

which has the following rules.

1. For all i, oy, B, vi < K.
Bo>pP1>0>--- and ag > aq > g > -,
ag > [o.
For all i, if cof(B;) > X then cof(ay1) > A.
For all i, (J%,]1) € Exra,ro and oy € Tng J'.

For all i, v € (ld(o), 05), (J)(7i) = v and oipq > ;.

XS G e

For all i, a;yq is definable over Ly q,+2(Vai1) from parameters in
{ag, ..., } U{v} UM,

and (JT) " ay) = iy

8. For alli, Bix1 > ld(B;) and B; > ld(«).

The first player to violate one of the rules loses.

Proof. We describe a quasi-winning strategy for II. First suppose that I plays (,. Let
K° € Ecragtt
be a 0-close limit root of JO such that £y € rng K, (K°)*(y,) = 7o, and
J(a0) = ag = K°(a)

for some ag. Let B, be such that K° (By) = Bo. Now we have by elementarity that 1d(ag) < fo.
So let 35 be such that

ld(ao) + 35 = fo-
Let 3, be the least (3 such that there exists (K, E) € Extag+1 With

A < By, K(B)=p8  K™(B) =8, and K™ () = 0.
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Figure 4.1: Typical play of G(ag, J°).
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Let oy = v + 3, . Clearly we have that « is dqﬁn@ble over Lyyaos2(Vag1) from v and 3.
Furthermore we have that oy < ag since 8; < K°(;), and for all § < ap,

5+ K°(5%) < .
To see that Gy < K°(f), note that
By < (K™ (K (B5))
since for large enough i, K? is a witness to this.

Let (J',7") € Extaprr be such that A < G5, JUG;) = By, (JH)™(6,) = G, and
(J1)***(~g) = 70. Then clearly (J!')**(a;) = ay. Also, if cof(By) > A, then cof(53;) > A and
hence cof(a;) > A.

Now suppose that I has played [y, ..., and 7o, ...,7; satisfying the rules and II has
responded with oy, ..., a; and (J',5'),...,(J%,5") satistying the rules. Also assume that II
has chosen [, ..., ;-1 and K° ... K1 satisfying that for all n < ¢, K"(3,) = 3, and
J"H(B:) = B, where 3 is such that v, + 8, = apy1-

Let (K' k') € Exia,+1 be such that for some 3;

K'(B) = B, K'(Bi—1) = Bi—1, and K'(B;_)) = B,
and .
(K (v, -1, Bi21) = (Voo vie1, B
Now we have 1d(3;_1) < Bi. So let 3¢ be such that 1d(3;_1) + 3; = f3;.
Let B; be the least § such that there exists (K, k) € Eqiq,4+1 With
M <G K(B) =8, K®(B) =05, and K™(%) = 7.

Let a1 = v + ;. Clearly we have that a;y, is definable over Ly yq,42(Vay1) from v; and
B7. Furthermore we have that a1 < «; since

67 < K'(B)),
and 3;_, = v+ 3¢, for some v implies by Lemmas 4.3.6 and 4.3.7 that
rd(B,) = vd(Bi-1) > B
by definition of 3 and the fact that 3; > 3;_;. But applying K we get that
wd(8) > K'(5) > 67
which is enough to show that

i1 =%+ 0 < =71+ By
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apl +
T ) ay |
-  f(B)
IAV
I: I*
I + |
f f
Bo T11
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1 | |
| | |
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| |1 | |1 | |1

Figure 4.2: Strategy for G(j, k + ap, @).

To see that 5 < K*(5), note that
B < ((K)™) T (K(57))

since for large enough m, K is a witness to this. B
Let (J™,j"') € Exya;qr be such that Ajin < GF, JHUB) = 87, (J7)™(87) = B
and (JH)**(y;) = 7. Then clearly (J™)**(aip1) = aisr. Also, if cof(f;) > A, then

cof(B;) > Ajir1 and hence cof(ay1) > .
We have described a quasi-winning for II, which proves the lemma. O]

Theorem 4.3.9. Let j : L(Vyy1) — L(Viy1) be elementary. Fiz k < © good and regular
in L(Vay1). Suppose that S has a largest element ag, S is A-threaded, and {(a;|i < w) is a
j-partition of S. Then rank(j, k + ag, @) > ayp.
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Proof. We prove this by induction on ag. Clearly, if ag = af, + 1 then S N ag is A-threaded
and has largest element o), hence the induction is immediate.
Now assume that «q is a limit. There are two cases. Either cof(a) < A or cof(a)) > A.
First assume that cof(ag) < A. Then there must be a sequence (3;| 7 < cof(ay)) cofinal
in g such that for all 7 < cof(ap), §; € S. Hence we have that SN 3; + 1 is A-threaded and
has largest element [3;. So by induction we have that

rank(j, Kk + G;, (a; 0 G + 1|1 < w)) > 5.

But then clearly we have that rank(j, x + ag, @) > sup; 3; = o since for all i < w we have
that for some n, 3; € a,.

Now assume that cof(cy) > A. Based on an arbitrary sequence 3y > (; > --- with
By < oy we will choose responses «; and @ which are legal plays against a play by II in
G(j, k + ap, a).

Let By < ap. Let 9 be a first play by II in G(j, k + ao, @) and set Sy = S.

Let (J°,7°) € £, .4 be such that ag € g J and (J°)**(ag) = ag. Let Ty C fo + 1
be A-threaded with Sy € Tj.

For each 3 € Ty \ sup Sy, we play a version of G(ap, J°) and define f(3) by induction on
the order of Tj \ sup Sy. We call this game G(ay, J°)[0] and let a[3] be a winning response
by II to the play 3, f(8) by L. Let i be least such that

ap € () F(ED).

n>i

Assume we have defined f(f’) and o] for all 3 € BN (Tp \ sup Sp). Let v be least such
that for all 5/ € N (Ty \ sup So),

y>alf],  Vn>i(yeF(E), and ()™ (y) =1

Set £(8) = .
Let

S = {Ct[ﬁ” ﬂ e Ty \ sup So} U (So N Oéo)
and let @' be a division of S; with respect to £°. Note that for all a € S; \ sup(Sy N ap),
there exists an ¢ such that for some v € ), -, F(EY), as « is definable from parameters in
{ag, 7} UX over Ly, ayro(Vag1). Hence there exists an i’ such that for all n >4, o € F(E2).
I then plays (a*, a[B]).
Now assume that I has played

(C?, Oé()), (61705[50]), PN (m,&[ﬁm e 7671—1])

against 6_"0, 51, e ,6_"”*1 and By > (1 > -+ > [,_1. Assume we have defined the following as
well.
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1. Ty, ..., T,_1 such that for i < n, T; C §; + 1 is A-threaded and 3; € T;. Let

TF =T;\ (sup(Ti_1 N 3)),
where T 1 = 5.

2. Suppose that 69 > - -+ > d,,,—; is such that m < n and the following hold: dy € 7§, and
for all i < m — 1, there is an ¢’ such that 8y = ¢;, and 6,41 € T;;. Then

G(Oéo, JO)[(S(), e 75m71]
is an instance of G(ay, J°) with

f(50)>f(50,51)a <. 7f<507 I 7§m71)

defined and with «a[dg] > -+ > a[do,...,dn_1] a winning response by II against the
play
(607 f((;o)L (517 f((S(], 61))7 R (5777,—17 f(507 s 75m—1>>‘

3. For W, the set of such tuples (dy, ..., d,_1) the function f is defined on W such that
it is order preserving from lexicographically ordered tuples to ordinals. Furthermore
for all (dg,...,0m—1) € W, if s is such that d,,—1 € T, then there is an ¢ such that for
alln’ >4

FBo,-- .\ Omor) € F(ES).

Now let 3, < (,-1 and let E" be a play by II. We can assume without loss of generality
that if

Tnfl N [ﬁnvﬁnfl) 7& @

then 6, € T,,_1.

Suppose first that 8, ¢ T, ;. Let T,, C 3, + 1 be A-threaded such that (3, € T, and
To1 N Booy € T,,. For each 6 € T, \ (supTy—1 N B,) we define f(Bs),- -, Bsm-1),0) by
induction, where s is longest such that for all i < m — 1, there exists an i’ such that
Bsq) € Ty but Beiy1) ¢ Ty and s(m — 1) =n — 1:

First we know that (,_1 € T,,_; and it is the least element of T}, ; greater than f,.
Hence cof(3,_1) > X since T,,_; is A-threaded. Hence by definition of the game G(ay, J°),
o* = a[fs0), - - - Psm—1)] is such that cof(a*) > A. Let i be least such that for all ' > 4,
a* € F(E)). Let v be least in [),~,; F(E) N o* such that for all

8" €N (Tp\ (sup(Theq N Gy)))

we have
a[ﬂs(ﬂ)a ce 768(77171)? 5/] > -
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Set f(s(0),...,s(m—1),0) =~.
Now let

Sn = ({04[60, . ;5m’—1]| (50, ce 76m’—1) c dom(f)} N Oén_1> U (Sn—l N Oén_l).

Set
Qp = a[ﬁs(ﬂ)a S >ﬁs(m—1)a ﬁnL

and let @ be a division of S, with respect to . I then plays (@, ).
Now suppose that 3, € T,,_1. Then we simply let T,, = T,,_1 N 3, + 1 and we set

an = aldg, ..., Om_1]

where (do,...,d0,_1) € W, is the unique sequence satisfying that d,,_1 = (3,. We set S,, =

S,_1Nan+ 1 and let @ be a division of S, with respect to £". I then plays (@, o).
Clearly we have shown legal plays by I based on any finite sequence 3y > 3; > ---. Hence

the induction is complete. O

Corollary 4.3.10. Suppose there exists an elementary embedding j : L(Viy1) — L(Vii1).
Then the supremum of rank(j, k,a) for all possible k and @ is ©.

4.4 Representations in L(V)4)

Using the results of the previous few sections, we can show by a result of Woodin that
U (j)-representations extend considerably far in L(V) ;). Uncovering the full extent of these
representations in L(V);1) has many interesting consequences which we will explore in the
next section.

Theorem 4.4.1 (Cramer, Woodin). Suppose there is an elementary embedding
j : L(V/\+1) — L(V)\+1).
Let k be least such that

Je(Vas1) =21 (Vag1U{Vagr1}) Jit1(Vag1)-
Then every set Z € L, (Viy1) N Viga is U(j)-representable in L(Vyi1).

The following proof, which gives the representations from the Tower Condition and the
results of Section 4.3, is due to Woodin.

Proof sketch. Let G*(j,v,d) be the game defined the same as G(j,~,d) where in addition
one requires that
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1. v is weakly inaccessible in L(Vi41) and L,(Vit1) < Le(Vat1).
2. For each i < w, v; is weakly inaccessible in L(Vy;1) and L., (Vis1) < Le(Vat1).

Since the set of v < © which are weakly inaccessible in L(V) 1) is cofinal in ©, the theorems
of the previous section carry over to G*(7,7, @).

Let S be the set of all (v,a) such that G*(j,~,d) is defined. For each (y,a) € S, let
N(v,d) be the set of all Z € L(Vy41) N Viyg such that Z is U(j,~, d)-representable. Let
p(7, @) be the least ordinal a such that

Los1(Vag1) N Vaga € N(v, @).

We show that if (v,d) € S then it is not the case that

p(y,d@) < rank(G*(v, @)).

To see this, suppose towards a contradiction that this were the case. Then by replacing
(v,d) by a move at some finite stage of G*(j,~, @) by Player I, we can assume that for all
initial moves Ey C £(j,7) there exists a response (y1,b') € S such that p(v1, ') > p(v, @).

Let k = p(7,@). Suppose that a € L,(Va11), i < w and ju)(a,v) = (a,7). Let E, be the
set of all k € £(4,7) such that k(a) = a. For each o € [E,]* let

Cy ={b€ L,(Vay1)| k(b) =0b for all k € o},

and let F, be the filter generated by the sets C, for o € [E,]*.

As before (see Lemma 4.1.2) we have that there exists a partition (S, | < 1,) of L, (Vi41)
into F,-positive sets such that 1, < crit (j;)) and for each o < 1., Fo [ S, is an ultrafilter
in L(V)\_H).

We claim that there exists a set Ey € [£(j,7)]* and a function

e: Ly(Var1) = U(j,7, @)
such that the following hold:
1. For each k € Ej there exists ¢ < w such that k(a;) = a;.

2. Forall ¢ € L,(Vy41), if for all i < w, k(¢;) = ¢; for all k € Ey such that k(a;) = a;, then
(e(ci)|i < w) is a wellfounded tower and for all i < w, for e(¢;)-almost all ¢ € L, (Vy41),

(Ly(Vaa), {enln < 0)) = (Ly(Vasa), €)

with parameters in Vy U {Vy1}.
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This follows immediately by restricting to a measure one set of equivalent elements in the
above sense, and then finding E, which generates that set.

Let (k;|7 < w) be the critical sequence of j. We can assume without loss of generality
that k; € a; for all i < w. Let N(FEy) be the set of all Z; C V), such that there exists a
function

o U{Verl X Vi X {i}i <w} — U(j,70, (ai] i <w))
such that
1. v <7 and Ly (Vig1) <5, Ly(Vaga).
2. o is weakly inaccessible in L(V)41).
3. There exists ¢ < w such that for all k € Ey, if k(a;) = a; then k() = 7.
4. 7y witnesses that Zy is U(7, 70, @)-representable.
5. For all i <w and k € Ey, if k(a;,70) = (a;,7) then k(mo [ Vi,10) = 70 [ Vi 4w

Fix ¢y € Va4 and for each formula ¢(zo,x1) let Z, be the set of all @ € V1 such that
there exists Z € N(Ep) such that

(Vas1, Z) = ¢leo, al.

It can be shown that for all ¢, Z, is U(j, v, @)-representable. We can then show however
that every subset of V)1 in Ji11(Vii1) is U(J, 7, @)-representable, which is a contradiction
to the definition of x (see [Wooll] for details). O

4.5 Consequences of U(j)-representations

In view of the results of the previous sections, we make the following conjecture, which
we call the U(j)-conjecture.

Conjecture 4.5.1 (U(j)-conjecture). Suppose that there exists j : L(Vyi1) — L(Vii1)
elementary. Then in L(V\y1) every subset of Vyi1 is U(j)-representable.

There are many consequences of the existence of U(j)-representations. These include
structural consequences very similar to the consequences of inverse limit reflection. For
instance a perfect set property and the fact that the weak w-club filter is an ultrafilter both
follow from U (j)-representations (see reference). There are stronger consequences of U(j)-
representations, however. An important example is the following theorem of Woodin which
gives a version of generic absoluteness.
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Theorem 4.5.2 (Woodin). Suppose that j : L(Viy1) — L(Vii1) is a proper elementary
embedding (see [Wooll]), and that [ is such that all elements of Lg(Vyi1) N Viga are U(j)-
representable. Let M, be the w-th iterate of L(Vii1) by j, and let jo @ L(Vag1) — M,.
Suppose that g € V', g is M,-generic for a partial order P € jo,,(Vy) and that cof(\) = w in
Mylg]. Then for all o < B there exists an elementary embedding

71 La(My[g] N Vag1) — La(Var1)
such that w | X\ is the identity.

An application of this theorem, using the existence of U(j)-representations for L(V)i1)
shown above, is the following.

Theorem 4.5.3 (Woodin). Assume the U(j)-conjecture holds. Then
Con(Iy) — Con(Iy at X and 2* = \*T).

The existence of U(j)-representations also has the important consequence of connecting
L(Vy;1) with models of determinacy. In particular we have the following.

Theorem 4.5.4 (Woodin). Suppose that there exists an elementary embedding
j+ L(Vag1) = L(Vaia)

where X 1s a limit of supercompact cardinals and there is a proper class of Woodin cardinals.
Assume the U(j)-conjecture holds. Then there is an inner model which satisfies ADT and
Ja (O, s the largest Suslin cardinal)).

Interestingly, if the U (j)-conjecture holds, then there can be no direct connection between
uniformization and these representations, as uniformization does not hold for every set in
L(Vy41). To see this, recall the following fact, whose proof is the same as in the case of L(R).

Fact 4.5.5 (Kechris and Solovay). There is a subset of Viy1, R € L(Viy1), Ii(Vagr)-
definable over L(Vyy1) such that R does not have a uniformization in L(Vyiq).

Proof. Let R be the set
R = {(z,y) € Vay1 x Vaq1|y is not OD from z in L(Vy41)}.

Suppose that U is a uniformization of R such that U € L(V)41). Then U is OD from some
x € Viyp in L(Vy41). But then if y is such that (z,y) € U, then y is OD from x in L(Vy1),
a contradiction to the definition of R. O
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Chapter 5

Conclusion

5.1 Future directions

5.1.1 The E? hierarchy

One important direction for future research is to what extent the above results can be
extended beyond L(V),1) to stronger large cardinals. A related question is, what are the
extensions beyond L(V);1)? A variety of possible extensions have been proposed, and in some
sense the extension of inverse limit reflection and U (j)-representations to these structures
would give them something of a justification, especially in light of the failure of a general
inverse limit X-reflection.

In this section we introduce an extension above L(V);;) introduced by Woodin, which
was motivated by construction of the minimal model of ADg.

Definition 5.1.1. Let (ES(Vay1)| o < Ty, ) be the maximum sequence such that the fol-
lowing hold.

L E((J)(V/\H) - L(V/\+1) N V2 and E?(V)\—H) = L((V,\+1)#) N Viyo.

2. Suppose o < Ty, ,, is a limit ordinal. Then
Eq(Van) = L(HES(Van) | 5 < a}) N Vase.

3. Suppose a + 1 < Ty,,,. Then for some X € EJ, (Vys1), there exists a surjection
[ Va1 — E%(Viyq) such that f € L(X, Vi) and

Eg-s—l(VA—I—I) = L(Xa V/\+1) N Vi,
and if o +2 < Ty, | then

Eps(Vag1) = L((X, Vag1)®) N Vayo.
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4. Suppose o < Ty, ,,. Then there exists X C V4 such that ESViyy C L(X, Vi) and
such that there is a proper elementary embedding

j : L(X7 V/\+1) - L<X7 V)\—‘rl)‘

5. Suppose that a < Ty, is a limit ordinal and N = E2(Vj41). Then either
(a) (cof(O@N))EW) < X or
(b) (cof(®N))XM > X and for some Z € N, L(N) = (HODy,  ,uzy)"™).
6. Suppose that o +1 < Ty, is a limit ordinal and N = EJ(Vi41). Then either

(a) (cof(OM)EWN) < X and E2.;(Vas1) = L(N*, N) N Vyya, or
(b) (cof(ON))EM > X and EL, | (Vat1) = L(E(N),N) N Vyya, where

E(N)={j|j: N — N is elementary}.

Question 5.1.2. Does inverse limit reflection hold in the E® hierarchy? Which sets in the
E9-hierarchy are U(j)-representable?

5.1.2 Reinhardt cardinals

A fundamental question in the theory of large cardinals is whether or not it is consistent
for there to be an elementary embedding V' — V without assuming the axiom of choice. We
consider here a weaker question which could be more readily answered.

Question 5.1.3. Is it consistent for there to be an elementary embedding j : V' — V such that
for A the limit of the critical sequence of j, A-DC holds and X is a limit of supercompacts?

We outline some motivation that the such cardinals are indeed inconsistent. To do this
we introduce the following notion of Woodin.

Definition 5.1.4 (Woodin). We call the following statement the Weak Uniqueness of Square
Roots at X\. Suppose A is a limit of supercompact cardinals. For all X C V)4, if

j : L(X7 V)\Jrl) - L(X7 V)\+1)

is a proper elementary embedding such that j(X) € L, (X, Vi41), and if k; and ky are each
square roots of j such that

1. kv [ Vi=ky [ Vi,
2. ki (Lo(X, Vag)) = ko(Lu(X, Vi) = Lu(X, Vi),

then kl r @L(X’VA-H) = k;2 [‘ @L(X7VA+1)_
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Theorem 5.1.5 (Woodin). Suppose that ZFC implies that the weak uniqueness of square
roots holds. Then under ZF, assuming there is a proper class of supercompact cardinals,
there is no elementary embedding j : V. — V such that crit(j) is a limit of supercompact
cardinals.

Lemma 5.1.6 (Woodin). Suppose X C Vy,1, j : L(X,Vay1) — L(X,Vii1) is a proper
elementary embedding such that j(X) € Ly,(X,Va1). Let © = OFXVa1) and suppose that
for each n < ©, there exists a surjection p : Vi1 — n such that p is Xi-definable in
(Lo(X,Vas1),J | Lo(X, Vii1)) with parameters from Vi1 U O U{L,(X,Vis1))}. Then the
weak uniqueness of square roots holds for (X, j) at \.

The connection here is the following question about L(Vyi1).

Question 5.1.7. Suppose j : L(Vy;y1) — L(Vyy1) is elementary. Then is
Vi, € LG | Lo(Vat1), Vas)?
In fact do we have

L(j T Le(Vas1), Vag1) N Vaga # L(Vag1) N Viaga?

If we could answer this question in the affirmative, then a similar analysis throughout
the E? hierarchy could be a way of showing that certain V' — V embeddings do not exist
without using the Axiom of Choice.



92

Bibliography

[Dav64]

[Kan94]

[Kec85]

[Kun71]

[KW10]

[Lav97]

[Lav01]

[Lav02]

[Mos80]

[Ste83]

[Ste95]

Morton Davis. Infinite games of perfect information. In Advances in game theory,
pages 85-101. Princeton Univ. Press, Princeton, N.J., 1964.

Akihiro Kanamori. The Higher Infinite: Large Cardinals in Set Theory from Their
Beginnings. Perspect. Math. Logic. Springer-Verlag, New York, 1994.

Alexander S. Kechris. Determinacy and the structure of L(R). In Recursion theory
(Ithaca, N.Y., 1982), volume 42 of Proc. Sympos. Pure Math., pages 271-283. Amer.
Math. Soc., Providence, RI, 1985.

Kenneth Kunen. Elementary embeddings and infinitary combinatorics. J. Symbolic
Logic, 36:407-413, 1971.

Peter Koellner and W. Hugh Woodin. Large cardinals from determinacy. In Hand-
book of set theory. Vols. 1, 2, 3, pages 1951-2119. Springer, Dordrecht, 2010.

Richard Laver. Implications between strong large cardinal axioms. Ann. Pure Appl.
Logic, 90(1-3):79-90, 1997.

Richard Laver. Reflection of elementary embedding axioms on the L[V);] hierar-
chy. Ann. Pure Appl. Logic, 107(1-3):227-238, 2001.

R. Laver. On very large cardinals. In Paul Erdds and his mathematics, II (Budapest,
1999), volume 11 of Bolyai Soc. Math. Stud., pages 453-469. Janos Bolyai Math.
Soc., Budapest, 2002.

Yiannis N. Moschovakis. Descriptive set theory, volume 100 of Studies in Logic and
the Foundations of Mathematics. North-Holland Publishing Co., Amsterdam, 1980.

John R. Steel. Scales in L(R). In Cabal seminar 79-81, volume 1019 of Lecture
Notes in Math., pages 107-156. Springer, Berlin, 1983.

John R. Steel. HODX®) is a core model below ©. Bull. Symbolic Logic, 1(1):75-84,
1995.



BIBLIOGRAPHY 93

[Wooll] W. Hugh Woodin. Suitable extender models II: beyond w-huge. J. Math. Log.,
11(2):115-436, 2011.





