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ABSTRACT OF THE DISSERTATION

Non-convex Optimization in Machine Learning: Provable Guarantees Using Tensor Methods
By
Majid Janzamin
Doctor of Philosophy in Electrical and Computer Engineering
University of California, Irvine, 2016

Professor Animashree Anandkumar, Chair

In the last decade, machine learning algorithms have been substantially developed and they have
gained tremendous empirical success. But, there is limited theoretical understanding about this
success. Most real learning problems can be formulated as mon-conver optimization problems
which are difficult to analyze due to the existence of several local optimal solutions. In this dis-
sertation, we provide simple and efficient algorithms for learning some probabilistic models with
provable guarantees on the performance of the algorithm. We particularly focus on analyzing ten-
sor methods which entail non-convex optimization. Furthermore, our main focus is on challenging
overcomplete models. Although many existing approaches for learning probabilistic models fail in
the challenging overcomplete regime, we provide scalable algorithms for learning such models with

low computational and statistical complexity.

In probabilistic modeling, the underlying structure which describes the observed variables can be
represented by latent variables. In the overcomplete models, these hidden underlying structures are
in a higher dimension compared to the dimension of observed variables. A wide range of applications
such as speech and image are well-described by overcomplete models. In this dissertation, we
propose and analyze overcomplete tensor decomposition methods and exploit them for learning
several latent representations and latent variable models in the unsupervised setting. This include
models such as mulitiview mixture model, Gaussian mixtures, Independent Component Analysis,
and Sparse Coding (Dictionary Learning). Since latent variables are not observed, we also have

the identifiability issue in latent variable modeling and characterizing latent representations. We

xiii



also propose sufficient conditions for identifiability of overcomplete topic models. In addition to
unsupervised setting, we adapt the tensor techniques to supervised setting for learning neural

networks and mixtures of generalized linear models.
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Chapter 1

Introduction

Machine learning for handling large data sets is considered as one of the foremost grand challenges
of the current time. It provides a principled approach for extracting useful information from data
that can be exploited to carry out tasks such as prediction. In the past, machine learning algorithms
have been mostly developed and inspired by practical motivations. Although, there also exist a
significant number of studies on the theory of machine learning, for the most part of the literature
there is a gap between the practical success of machine learning algorithms and understanding their
fundamental theory. In this dissertation, we focus on the fundamental theory of machine learning.
We work on statistical learning and probabilistic modeling techniques, wherein we fit a statistical
model to the data. It is assumed that the data is generated from the proposed probabilistic model.
This systematic approach of analyzing the machine learning models and algorithms is theoretically
interesting, and furthermore, this provides us with useful intuitions and insights for designing new

practical machine learning algorithms.

The focus of this dissertation is on developing learning algorithms which work well both in practice
and theory. We provide simple and efficient algorithms for learning probabilistic models with
provable guarantees on the performance of the algorithm. In particular, the main focus is on
the challenging overcomplete regime. In probabilistic modeling, the underlying structure which

describes the observed variables can be represented by latent variables. In overcomplete models,



these hidden underlying structures are in a higher dimension compared to the dimension of observed
variables. A wide range of applications such as speech and image are well-described by overcomplete
models. Designing and analyzing learning algorithms in the overcomplete regime is very challenging

in both computational and statistical senses.

In addition, most real learning problems can be formulated as non-convex optimization problems
which are difficult to analyze due to the existence of several local optimal solutions. In this dis-
sertation, we specifically work on tensor methods which entail analyzing a class of non-convex
optimization techniques. For these methods, we prove the convergence guarantees to global optima
and useful local optimal solutions in the challenging overcomplete regime. We exploit and ana-
lyze these methods for learning several probabilistic models. We provide unsupervised techniques
for learning latent variable models, and supervised methods for learning models such as neural

networks.

Although many existing approaches for learning probabilistic models fail in the challenging over-
complete regime, we provide scalable algorithms for learning such models with low computational
and statistical complexity. In addition, we also propose provable guarantees on the performance of

the algorithm.

The rest of this chapter is organized as follows. We first summarize the organization of the disser-
tation. We then give a summary of main body of the dissertation including the problems analyzed
in different chapters and our main contributions. Since tensors are significantly used and analyzed

throughout the dissertation, we finally provide a section on tensor background.

1.1 Organization of the Dissertation

We provide the following results in this dissertation.

We propose provable guarantees for learning different latent representations and latent variable
models in the overcomplete regime. This includes models such as the mulitiview mixture model,

Gaussian mixtures, Independent Component Analysis, and Sparse Coding (Dictionary Learning).



The learning algorithm is based on tensor decomposition techniques. The observed moment is
formed as a low order tensor (usually third or fourth order), and by decomposing the tensor to
its rank-1 components we are able to learn the parameters of the model; see Section 3.3 which
describes this connection. The analysis of tensor decomposition and the application to learning
latent variable models are respectively provided in Chapters 2 and 3. The results in these two

chapters are based on our publication in COLT’15; see Curriculum Vitae.

The above results on learning latent representations are primarily in the unsupervised setting. In
Chapter 4, we adapt these techniques to supervised setting, where we exploit the cross-moment
between output and a specific non-linear transformations of the input, and by decomposing that to
rank-1 components, we learn the parameters of the model. In particular, we propose provable risk
bounds for training neural networks with one hidden layer. The results in this chapter has some

overlaps with our publication in AISTATS’16; see Curriculum Vitae.

In Chapter 5, we turn our attention to the identifiability question. Identifiability is concerned with
the uniqueness of learning the parameters of the model, i.e., under what conditions the model can
be uniquely learned? We propose identifiability results for overcomplete topic models. The results

in this chapter are based on our publications in JMLR’15 and NIPS’13; see Curriculum Vitae.

The main body of the dissertation is self-contained such that all the results, discussions, proof
outlines, and numerical experiments are included. For the sake of smoother reading experience, all

the detailed proofs are postponed to the appendix.

1.2 Learning Overcomplete Latent Representations Using Tensor

Methods

It is imperative to incorporate latent or hidden variables in any probabilistic modeling framework.
In particular, incorporating latent variables is crucial for characterizing unobserved or hidden ef-
fects in statistical models. A wide range of applications such as document, speech and image

modeling are well-characterized by incorporating latent variables. Latent variables have shown to



Figure 1.1: Multi-view mixtures model

be useful to provide a good explanation of the observed data, where they can capture the effect of
hidden causes which are not directly observed. Learning these hidden factors is central to many
applications, e.g., identifying latent diseases through observed symptoms, and identifying latent
communities through observed social ties. Furthermore, latent representations are very useful in
feature learning. Raw data is in general very complex and redundant and feature learning is about
extracting efficient features from raw data. Learning efficient and useful features is very crucial
for the good performance of learning task, e.g., the classification task that we do using the learned
features. Analyzing latent variable models (LVMs) and latent representations involves two main
problems: identifiability and learning. We focus on the learning part here, and later discuss the

identifiability.

An interesting regime of latent representations is owvercomplete setting, where the dimension of
hidden space is more than the dimension of observed variables. Overcomplete representations are
known to be more robust to noise, and can provide greater flexibility in modeling [119]. Over-
complete representations have been extensively employed, and are arguably critical in a number
of applications such as speech and computer vision [40]. Many recent papers employ unsupervised
estimation of overcomplete features for higher level tasks such as classification, e.g., [40, 57, 118, 71],
and record significant gains in predictive accuracy over other approaches in a number of applica-
tions such as speech recognition and computer vision. However, since identifiability and learning
are more challenging in a overcomplete regime, the theoretical understanding regarding learnability

or identifiability of overcomplete representations is far more limited.

In the first part of this dissertation (Chapters 2 and 3), we provide tensor decomposition algorithms
for learning several latent variable models and latent representations in the overcomplete regime.
As one of the basic examples of latent variable models, consider the multiview linear mixtures

model, where the observed variables (views) z; € R 1 e [p], are conditionally independent given



the k-categorical latent variable h € [k], and the conditional means are
Elz1[h] = an, Ela|h] = by, Elzs|h] = cp,

where A := [a; ay --- ai] € R¥* denotes the factor matriz and B,C are similarly defined; see
Figure 1.1 for a graphical representation of this model. The goal of the learning problem is to

recover the parameters of the model (factor matrices) A, B, and C' given observations.

For this model, the third order observed moment is shown to have the form (see Anandkumar et al.

[15])

Elry @z @ 23] = > wja; @b ®c;,
JE[K]
where ® denotes the outer product; see (1.4) for the precise definition. Hence, given the third order
observed moment E[zx; ® x2 ® x3], the unsupervised learning problem (recovering factor matrices

A, B, and C) reduces to computing a tensor decomposition as stated above.

Regarding feature learning that we discussed its importance, dictionary learning is a popular model
which represents the observations as a linear combination of latent dictionary elements. More

precisely, for observation x, we have the representation
x = Ah,

where A denotes the dictionary matrix with dictionary elements as its columns and h denotes the
coefficients. In the dictionary learning problem, both dictionary A and coefficients h are hidden or
unknown and need to be estimated. Similar to the multiview mixture model, a variant of fourth
order observed moment E[z ® z ®  ® x| is shown to have the columns of dictionary matrix A as
its rank-1 components; see Section 3.3 for the details. Thus, the problem of learning dictionary
elements reduces again to tensor decomposition. It is also very common to impose sparsity on the

coefficient vector h, and then the problem is also called sparse coding.



In Chapter 2, we analyze the convergence properties of tensor decomposition in the overcomplete
regime. The analysis of tensor decomposition is a non-convex problem for which there have been
a good understanding of convergence guarantees, but these are mostly under strong assumptions.
For instance, one of the main advantages of tensors compared to matrices is that tensors can have
non-orthogonal decomposition which is not the case for matrices. This dramatically expands the
class of probabilistic models that can be learned by the tensor decomposition methods including
overcomplete models. But, on the other hand, the existing theoretical guarantees are mostly
provided only for the orthogonal tensor decomposition. We provide new results on the local and
global convergence guarantees of tensor decomposition methods in the non-orthogonal setting, and

in particular in the overcomplete regime where the tensor rank is larger than the tensor dimension.

In Chapter 3, we provide the application of the tensor methods to learning many latent variable
models and latent representations including multiview mixtures model, Gaussian mixtures, Inde-
pendent Component Analysis, and Sparse Coding (Dictionary Learning). The main contribution

of this chapter is analyzing new concentration bounds to argue the sample complexity results.

1.3 Guaranteed Training of Neural Networks

Neural networks have significantly improved predictive performance across multiple domains such
as computer vision and speech recognition. Although there has been tremendous success of neural
networks in practice, the theoretical understanding of this achievement is mostly limited. This is
mainly because training a neural network is a highly non-convex problem, for which the analysis is

difficult, and existing training methods can get stuck in local optima.

In Chapter 4, we propose a novel algorithm with provable guarantees for training neural networks
with one hidden layer; see Figure 1.2 for a graphical representation of such neural network. This
is the first analysis to effectively address both approximation and estimation problems in neural
networks at the same time, and to propose computationally and statistically efficient methods. The
approximation analysis deals with the problem of how good a neural network can approximate any

arbitrary function, and the estimation analysis deals with the problem of how well the proposed



Figure 1.2: Graphical representation of a neural network, E[j|z] = AJ o(A] x + by) + ba.

algorithm can train the neural network given samples of that arbitrary function. We provide an
algorithm which trains a neural network with bounded approximation and estimation errors (i.e.,
bounded risk), which is both computationally and statistically efficient. We incorporate tensor
decomposition methods as the training algorithm. Tensor methods as multi-linear operators are

highly parallelizable, and work very well in practice.

In Section 1.2, we discussed the the application of tensor methods for learning latent variable
models and latent representations. Here, one of the main differences is that the problem of training
neural network is in supervised setting, while learning latent variable models is performed in an
unsupervised manner. Thus, one of the main questions that we answer is how to adapt these
tensor methods to supervised learning, and in particular, training neural networks. To answer
this, we first introduce a new transformation of the input which is basically new features extracted
from the input. We refer to this new transformation as score function of the input. These new
extracted features enable us to formulate the problem of training neural networks as the tensor
decomposition problem. More concretely, we show that the cross-moment between output and the
score function of the input has information about the weight parameters of the neural network in
its rank-1 components. Then we combine this novel formulation with the convergence properties

of tensor decomposition to provably train the neural network.



1.4 Identifiability of Overcomplete Topic Models

In Section 1.2, we discussed the importance of latent variables in probabilistic modeling, and we
provided learning results for several latent variable models in the overcomplete regime. Since latent
variables are not observed, there exists an additional ambiguity in the model, where the same
observations can be generated with different latent factors. Therefore, in addition to providing
learning guarantees, we also need some sufficient conditions under which the model is identifiable,
i.e., when the model parameters and latent variables can be uniquely identified given some observed
statistics. In the overcomplete case, where the latent dimensionality is greater than the observed
dimensionality, it is even more challenging to provide model identifiability result. Intuitively, we
are observing variables in a lower dimension comparing to the dimension of hidden factors which

makes the model non-identifiable in general.

Latent variable modeling has been very popular in topic modeling application, where the words in
the documents are observed, while the topics of documents are hidden. More concretely, let 2 denote
an observed variable (word), and h denote the hidden topic proportion vector. In probabilistic topic
modeling, the following linear mapping from latent variables (topics) to observed variables (words)

holds such that

Elz|h] = Ah,

where A incorporates the influence of hidden factors on observed variables, called the topic-word

matric.

In Chapter 5, we provide the identifiability results for learning the parameters of overcomplete
topic models under moment-based observations. Note that these overcomplete topic models are
more interesting and useful in speech and image applications, and less attractive for text applica-
tions. Given higher order moments of observed variables, we provide the identifiability result under
both deterministic and random assumptions on the topic-word matrix A. This involves leveraging
combinatorial conditions on the graph which represents the topic-word relations in the topic mod-

eling, where the main identifiability condition imposes sparsity on matrix A. Incorporating this



sparsity structure on A, the model parameter A and latent variables are estimated using convex

optimization techniques for sparse recovery.

Furthermore, the identifiability result implies uniqueness of a class of tensor decompositions with
structured sparsity. These class of tensor decompositions are a special case of Tucker, but more

general than CP decomposition.

1.5 Tensor Overview

In this section, we first introduce the tensor background and tensor notations. Then, we elaborate

and motivate the necessity of tensors over matrices.

1.5.1 Tensor Background and Notations

A real-valued p-th order tensor T € @b_, R% is a member of the outer product of Euclidean spaces
R%, i € [p]. For convenience, we restrict to the case where dj = dy = --- = », = d, and simply
write T € @PR?. As is the case for vectors (where p = 1) and matrices (where p = 2), we may
identify a p-th order tensor with the p-way array of real numbers [T, 4, .4, 1,02,...,1p € [d]],

where Tj, 4,.. i is the (i1,42,...,iy)-th coordinate of T with respect to a canonical basis.

P

Tensor modes, fibers and slices: The different dimensions of the tensor are referred to as modes.
For instance, for a matrix, the first mode refers to columns and the second mode refers to rows.
In addition, fibers are higher order analogues of matrix rows and columns. A fiber is obtained by
fixing all but one of the indices of the tensor (and is arranged as a column vector). For instance,
for a matrix, its mode-1 fiber is any matrix column while a mode-2 fiber is any row. For a third
order tensor T € R4 the mode-1 fiber is given by T(:,4,1), mode-2 by T'(i,:,1) and mode-3
by T'(i,j,:). Similarly, slices are obtained by fixing all but two of the indices of the tensor. For

example, for the third order tensor T, the slices along 3rd mode are given by T'(:,:,1).



Ill'

Figure 1.3: Tensor as a multilinear transformation and representation of Tucker decomposition of
a symmetric 3rd order tensor T'= 7, ;. ci] Siizis * @iy © biy ® iy = S(AT, BT, CT)

Tensor matricization: For r € {1,2,3}, the mode-r matricization of a third order tensor T' €
R*4xd - denoted by mat(T,r) € ]RdXd2, consists of all mode-r fibers arranged as column vectors.

For instance, the matricized version along first mode denoted by M € R9%4* ig defined such that

T(i,5,1) = M(i,l + (j — 1)d), 1,5,1€[d]. (1.1)

Rdxdxd

Multilinear transformation: We view a tensor T € as a multilinear form. Consider

matrices A, B,C € R™*, Then tensor T(A, B,C) € R¥*F>k is defined as

T(A,B,C)jyjogs = > Tivinis - Alin, j1) - Bia, j2) - Clis, js). (1.2)

i1,i2,i3€[d]

See Figure 1.3 for a graphical representation of multilinear form. In particular, for vectors u, v, w €

R?, we have !

T(I,v,w) Z vjwT(:,7,1) ) eRY, (1.3)
JilEld]

which is a multilinear combination of the tensor mode-1 fibers. Similarly 7'(u,v,w) € R is a

Rdxd

multilinear combination of the tensor entries, and T'(I,I,w) € is a linear combination of the

tensor slices.

!Compare with the matrix case where for M € R we have M (I,u) = Mu := 2 jera WM, 5) € RY.
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Figure 1.4: CP decomposition of a symmetric 3rd order tensor T'= )", a; ® a; ® a;

Rank-1 tensor: A 3rd order tensor T € R4¥4%d ig gaid to be rank-1 if it can be written in the

form
T=w-a®b®ce T(1,7,1) =w-a(i)-b(j)-c(l), (1.4)

where notation ® represents the outer product and a € R%, b € R?, ¢ € R? are unit vectors (without

loss of generality).

Tensor CP decomposition and rank: A tensor T € R%¥*9*4 is said to have a CP (CANDE-

COMP/PARAFAC) rank k > 1 if it can be written as the sum of &k rank-1 tensors

T= Zwiai@)bi@ci, w; € R, a;,b;,¢; e R%. (1.5)

i€[k]
See Figure 1.4 for a graphical representation of CP decomposition for a symmetric 3rd order tensor.
This decomposition is also closely related to the multilinear form. In particular, given 7" in (1.5)

for vectors @, b, ¢ € R%, we have

~

T(@b,0) = Y _ wifai,a) (b, b)(ci, 0.

i€[k]

Consider the decomposition in equation (1.5), denote matrix A := [a; az --- ax] € R¥* and
similarly B and C. Without loss of generality, we assume that the matrices have normalized

columns (in 2-norm), since we can always rescale them, and adjust the weights w; appropriately.

Tensor Tucker decomposition: A tensor T € R?*4*4 is said to have a Tucker decomposition or

Tucker representation when given core tensor S € RF¥*¥*k and factor matrices A, B,C € Rk it

11



can be written as

T=>" "> Siiinis i @by, @ ci,. (1.6)

i1€[k] i2€[k] i3€[k]

See Figure 1.3 for a graphical representation. Note that this is directly related to the multilinear
from defined in (1.2) such that the R.H.S. of above equation is S(AT,BT,CT). Note that the CP
decomposition is a special case of the Tucker decomposition when the core tensor S is square and

diagonal.

Norms: Throughout, ||v|| := (3, v?)"/? denotes the Euclidean (¢2) norm of a vector v, and || M]||

171
denotes the spectral (operator) norm of a matrix M. Furthermore, |T|| and ||T|| denote the
spectral (operator) norm and the Frobenius norm of a tensor, respectively. In particular, for a 3rd

order tensor, we have

IT) = swp  [Twvw), [Tle= | > T2,
llull=llol|=llw]=1 igleld)

We finish this section by introducing the asymptotic notations.

Asymptotic notations: Let [n] denote the set {1,2,...,n}. While the standard asymptotic
notation is to write f(d) = O(g(d)) and g(d) = Q(f(d)), we sometimes use f(d) < O(g(d)) and
g(d) > Q(f(d)) for additional clarity. We also use the asymptotic notation f(d) = O(g(d)) if and
only if f(d) < ag(d) for all d > dy, for some dy > 0 and o = polylog(d), i.e., O hides polylog

factors.

1.5.2 Going Beyond Matrices

Tensor decomposition is by itself a theoretically interesting problem and is in particular very chal-
lenging in the overcomplete regime. In this dissertation, we analyze the convergence guarantees
of a specific tensor decomposition algorithm to recover the true rank-1 components of the ten-

sor. Tensor decomposition has also applications in many different areas such as chemometrics [26],

12



neuroscience [126], telecommunications [144], data mining [1], image compression and classifica-
tion [142], and so on; see survey paper by Kolda and Bader [108] for more references. In the
earlier parts of this chapter, we stated that tensor decomposition is also useful in machine learning
applications, and in particular, for learning latent variable models and latent representations. A
few examples such as learning multiview mixture model and dictionary learning problems were
discussed in Section 1.2; more examples are provided in Section 3.3. Tensors are basically gener-
alization of matrices to higher order objects, and beyond that tensors are multilinear operators as
defined in (1.2). Going back to the example of learning multiview mixture model in Section 1.2,

we can form the second order observed moment which has the form

E[ml & xg] = Z wja; @ b;.
J€K]
So, one fundamental question is why do we need to go to tensors and matrices are not enough for

our learning task? We answer this question to motivate and justify the application of tensors.

We require at least a third order tensor to learn the parameters of the latent representation or latent
variable models for the following reasons: while a matrix decomposition is only identifiable up to
orthogonal components, tensors can have identifiable non-orthogonal components. In general, it is
not realistic to assume that the parameters are orthogonal, and hence, we require tensors to learn
the parameters. Moreover, through tensors, we can learn overcomplete models, where the hidden
dimension can exceed the input dimension. Note that matrix factorization methods are unable to
learn overcomplete models, since the rank of the matrix cannot exceed its dimensions. Thus, it is

critical to incorporate tensors for such models.

Regarding the identifiability, the sufficient conditions for uniqueness of tensor decomposition is
formulated by Kruskal [111, 112]. Let the Kruskal rank or krank of a matrix A denoted by krank(A)
be the maximum number r such that every subset of r columns of A is linearly independent. Kruskal

[111, 112] showed that the decomposition in (1.5) is unique if

krank(A) + krank(B) + krank(C) > 2k + 2,

13



which is a milder condition compared to matrix decomposition. For instance, for a rank-2 decom-
position, this reduces to having all factor matrices A, B and C being full column rank, while in the

matrix case we need the stronger condition of orthogonality.
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Chapter 2

Overcomplete CP Tensor

Decomposition

CANDECOMP /PARAFAC (CP) decomposition of a symmetric tensor 7' € R4¥9%4 is the process

of decomposing it into a succinct sum of rank-one tensors, given by

T = Z Aja; @ aj @aj, AN ER, a; GRd, (2.1)
Sl
where ® denotes the outer product; see (1.4) for the precise definition. The minimum & for which

the tensor can be decomposed in the above form is called the (symmetric) tensor rank.

In this chapter, we provide local and global convergence guarantees for recovering CP (Cande-
comp /Parafac) tensor decomposition in the overcomplete regime where the tensor CP rank is larger
than the input dimension. Finding the CP decomposition of an overcomplete tensor is NP-hard in
general. We analyze the simple tensor power iteration, and provide the convergence guarantees un-
der two settings of incoherent and random tensor components. We also propose tight perturbation

analysis given noisy tensor for both settings.

Given incoherent tensor components, local convergence guarantees are established for third order

tensors of rank k in d dimensions, when k = 0(d1'5). Thus, we can recover overcomplete tensor
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decomposition where the tensor rank k is larger than the dimension d. We also strengthen the results
to global convergence guarantees under stricter rank condition k < 3d (for arbitrary constant 5 > 1)
through a simple initialization procedure where the algorithm is initialized by top singular vectors
of random tensor slices. Furthermore, the approximate local convergence guarantees for p-th order

tensors are also provided under rank condition k = o(dp/ 2).

Next, we strengthen the local convergence analysis given random tensor components for third
order tensors. We show that the simple power iteration recovers the components with bounded
error under mild initialization conditions. These initialization conditions are much more relaxed

compared to the conditions under incoherent tensor components.

CP (Candecomp/Parafac) tensor decomposition became popular in the psychometrics community
by the works of Carroll and Chang [49], Harshman [86]. Later, researchers also applied these tech-
niques to several different research areas including chemometrics [26], neuroscience [126], telecom-
munications [144], data mining [1], image compression and classification [142], and many other
applications; see survey paper by Kolda and Bader [108] for more references. They have also been
recently popular for unsupervised learning of a wide range of latent variable models such as in-
dependent component analysis (ICA) [69, 70], topic models, Gaussian mixtures, hidden Markov

models [15], network community models [12], and so on.

Tensor power iteration is a simple, popular and efficient method for recovering the tensor rank-one

components a;’s in (2.1). The tensor power iteration is given by

T(I,z,x)
T = (2.2)
IT(1, z, )|
where
T(I,z,2) = Y amT(;,j1) € R?
Jleld]
is a multilinear combination of tensor fibers, and || - || is the ¢2 norm operator. See Section 1.5.1 for

an overview of tensor notations and preliminaries.
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The tensor power iteration is a generalization of matrix power iteration: for matrix M € R%*?  the
power iteration is given by x «— Mx/||Mz||. Dynamics and convergence properties of matrix power
iterations are well understood [91]. On the other hand, a theoretical understanding of tensor power
iterations is much more limited. Tensor power iteration can be viewed as a gradient descent step

(with infinite step size), corresponding to the optimization problem

xg}gﬁl |T(x,z, )],

where T'(z, z, x) = Zm’le[d] xix;21T;5 € Ris a combination of entries of tensor T'. This optimization
problem is mon-conver, and has multiple local optima. Unlike the matrix case, where the number
of isolated stationary points of power iteration is at most the dimension (given by eigenvectors
corresponding to unique eigenvalues), in the tensor case, the number of stationary points is, in fact,
exponential in the input dimension [50]. This makes the analysis of tensor power iteration far more

challenging.

Despite the above challenges, many advances have been made in understanding the tensor power
iterations in specific regimes. When the components a;’s are orthogonal to one another, it is known
that there are no spurious local optima for tensor power iterations, and the only stable fixed points
correspond to the true a;’s [160, 18]. Any tensor with linearly independent components a;’s can
be orthogonalized, via an invertible transformation (whitening) and thus, its components can be
recovered efficiently. A careful perturbation analysis in this setting was carried out in Anandkumar

et al. [18].

While having efficient guarantees, the above procedure for tensor decomposition suffers from a
number of theoretical and practical limitations. For instance, in practice, the learning performance
is especially sensitive to whitening [117]. Moreover, whitening is computationally the most expen-
sive step in deployments [97], and it can suffer from numerical instability in high-dimensions due
to ill-conditioning. Lastly, the above approach is unable to learn overcomplete representations (this
is the case when the tensor rank is larger than the dimension) due to the orthogonality constraint,
which is especially limiting, given the recent popularity of overcomplete feature learning in many

domains [40, 119]. Such overcomplete tensors cannot be orthogonalized and finding guaranteed
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decomposition is a challenging open problem. It is known that finding CP tensor decomposition
is NP-hard [88]. In this thesis, we make significant headway in showing that the simple power
iterations can recover the components in the overcomplete regime under a set of mild conditions

on the components a;’s.

In this chapter, we provide two main results for overcomplete tensor decomposition. In the first and
main part, the presence of incoherent tensor components is assumed, which can be viewed as a soft-
orthogonality constraint. Incoherent representations have been extensively considered in literature
in a number of contexts, e.g., compressed sensing [74] and sparse coding [27, 3]. Incoherent repre-
sentations provide flexible modeling, can handle overcomplete signals, and are robust to noise [119].
Moreover, in the application to learning latent variable models, when the parameters of the model
are generic or when we have randomly constructed (multiview) features [123], the moment tensors
have incoherent components, as assumed here. In this work, we establish that incoherence leads
to efficient guarantees for tensor decomposition. The guarantees also include a tight perturbation
analysis. In the second part, we provide stronger tensor decomposition guarantees under random

rank-1 components. Note that random components are also incoherent, but the reverse is not true.

Note that overcomplete tensors arise in many machine learning applications such as moments of
many latent variable models, e.g., multiview mixtures, independent component Analysis (ICA),
and sparse coding models, where the number of hidden variables exceeds the input dimensions [16].
Overcomplete models often have impressive empirical performance [58], and can provide greater
flexibility in modeling, and are more robust to noise [119]. By studying algorithms for overcomplete
tensor decomposition, we expand the class of models that can be learnt efficiently using simple
spectral methods such as tensor power iterations. Note there are other algorithms for decomposing
overcomplete tensors [69, 80, 41], but they all require tensors of at least 4-th order and require large
computational complexity. Ge and Ma [77] works for 3rd order tensor but requires quasi-polynomial
time. The main contribution of this thesis is an analysis for the practical power method in the

overcomplete regime.

In next chapter, we apply the tensor decomposition guarantees of this chapter to various learning

settings, and derive sample complexity bounds through novel covering arguments.
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2.1 Summary of results

Consider an asymmetric tensor 7' € R4*¥*4 decomposed to rank-1 components as

T = Zwi -ai®bi®ci, w; € R, ai,bi,ci ERd. (2.3)
i€[k]
The goal is to recover its rank-1 components {(a;, b;,¢;),i € [k]}. Here, ® denotes the tensor outer

product; see Section 1.5.1 for the details of tensor notations and tensor rank.

In this chapter, we propose and analyze an algorithm for non-orthogonal CP (Candecomp /Parafac)
tensor decomposition; see Figure 2.1 for the details of the algorithm. The main step of the algorithm
is a simple alternating rank-1 update which is the alternating version of the tensor power iteration
adapted for asymmetric tensors. In each iteration, one of the tensor modes is updated by projecting
the other modes along their estimated directions, and the process is alternated between all the
modes of the tensor; see (2.6) for this update and compare it with (2.2) which is the symmetric

tensor power iteration where there is no need for alternating between different modes.

We provide the convergence results under two different settings. First, given incoherent rank-1
components, and then given random rank-1 components. In the second part, by imposing stronger
assumption of randomness, we are able to provide stronger convergence guarantees. We propose

these results in the following two subsections.

2.1.1 Guarantees under incoherent components

An overview of our tensor decomposition algorithm is provided in Figure 2.1. The main step of
our tensor decomposition algorithm is alternating asymmetric tensor power update; see(2.6) for
this update. We provide robust analysis of the algorithm leading to local and global convergence
guarantees when the input tensor is noisy.! Our analysis emphasizes on the challenging overcomplete

regime where the tensor rank is larger than the dimension, i.e., k > d.

Note that in the learning applications, we form the empirical moments as the input tensor which is noisy.
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We require natural deterministic conditions on the tensor components to argue the convergence
guarantees; see Appendix A.2 for the details. All of these conditions are satisfied if the true rank-
1 components of the tensor are uniformly i.i.d. drawn from the unit d-dimensional sphere S¢1.
Among the deterministic assumptions, the most important one is the incoherence condition which

imposes a soft-orthogonality constraint between different rank-1 components of the tensor.

In the local convergence guarantee, we analyze the convergence properties of the algorithm assuming

we have good initialization vectors for the non-convex tensor decomposition algorithm.

Theorem 2.1 (Local convergence guarantee of the tensor decomposition algorithm). Consider
noisy rank-k tensor T =T+ as the input to the tensor decomposition algorithm, where T =
Zie[k] wi - a; @ b; @ ¢i, and P := ||V < wpin/6. Let the rank condition k < o (d1'5) is satisfied.
Assuming we have good initialization vectors (which have constant correlation with the true com-
ponents), then the algorithm outputs estimates A = [ay - --ag) € R>* and @ = [@y - - @) T € R¥,

satisfying w.h.p.

Ji-a, <0 (¥E0). o-wi<o (Vi)

Wmin

Same error bounds hold for other factor matrices B := [by ---bg] and C := [c1---ck|. The number

of iterations is N = © (log(1/ér)) where ég := min{vy /wmyin, O(\/E/d)}

Thus, we can decompose the tensor in the highly overcomplete regime k < o (d1'5). The vk factor
in the bound is from the fact that the final recovery guarantee is on the Frobenius norm of the
whole factor matrix A. In the following, we provide stronger column-wise guarantees (where there
is no vk factor) with the expense of having an additional residual error term. Our algorithm
includes two main update steps including tensor power iteration in (2.6) and residual error removal

in (2.10). The guarantee for the first step — tensor power iteration — is
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Lemma 2.1 (Local convergence guarantee of the tensor power updates). Consider the same settings

as in Theorem 2.1. Then, the outputs of tensor power iteration steps in our algorithm satisfy w.h.p.>

min ||zaj—aj||g(§< v >+O<\/_E), |@j—wj|gé(¢)+é<wm§>, j € [k].

ze{-1,1} min d

Same error bounds hold for other factor matrices B and C.

The above result provides guarantees with the additional residual error O (%), but we believe this
result also has independent importance for the following reasons. The above result provides column-
wise guarantees which is stronger than the guarantees on the whole factor matrix in Theorem 2.1.
Furthermore, we can only have recovery guarantees for a subset of rank-1 components of the tensor
(the ones for which we have good initializations) without worrying about the rest of components.

Finally, in the high-dimensional regime (large d), the residual error term goes to zero.

For the global convergence guarantee, we obtain good initialization vectors by performing a rank-1

SVD on the random slices of the moment tensor.

Theorem 2.2 (Global convergence guarantee of the tensor decomposition algorithm). Consider the
same input tensor to the algorithm as in Theorem 2.1 with noise bound 1 := || ¥|| < O(wmin/Vd).
Let k < d (for arbitrary constant 8 > 1), and the initialization is performed by SVD-based method
in Procedure 2 (in the Appendix) using a polynomial number of initializations scaled as K5 Then,

the same guarantees as in Theorem 2.1 hold.

Note that the argument in Lemma 2.2 can be similarly adapted leading to global convergence

guarantee of the tensor power iteration step.
For 4th and higher order tensors, same techniques can be exploited to argue similar results.

Overview of techniques: Greedy or rank-1 updates are perhaps the most natural procedure for
CP tensor decomposition. For orthogonal tensors, they lead to guaranteed recovery [160]. However,

when the tensor is non-orthogonal, greedy procedure is not optimal in general [107]. Finding tensor

2Note that recovery of components is up to sign. This is because a third order tensor is unchanged if the sign
along one of the modes is fixed and the signs along the other two modes are flipped.
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decomposition in general is NP-hard [88]. We circumvent this obstacle by limiting ourselves to
tensors with incoherent components. We exploit incoherence to prove error contraction under each
step of the alternating update procedure with an approximation error, which is decaying, when
k = o(d'®). To this end, we require tools from random matrix theory, bounds on 2 — p norm for
random matrices [81, 2] for some p < 3, and matrix perturbation results to provide tight bounds

on error contraction.

2.1.2 Guarantees under random components

In this section, we provide the summary of results under stronger random assumption on the rank-1
components. This result is for third order tensors. We assume that the tensor components a;’s
are randomly drawn from the unit sphere. Since general tensor decomposition is challenging in the

overcomplete regime, we argue that this is a natural first step to consider for tractable recovery.

We characterize the basin of attraction for the local optima near the rank-one components a;’s.
We show that under mild initialization condition, there is fast convergence to these local optima
in O(loglogd) iterations (i.e., quadratic convergence as opposed to linear convergence in case of

matrices). This result is the core technical analysis of this part stated in the following theorem.

Theorem 2.3 (Dynamics of tensor power iteration). Consider tensor T =T + E such that ezact
tensor T has rank-k decomposition in (2.1) with rank-one components a; € R%,j € [k] being uni-
formly i.i.d. drawn from the unit d-dimensional sphere, and the ratio of mazimum and minimum
(in absolute value) weights \;’s being constant. In addition, suppose the perturbation tensor E has

bounded norm as

(2.4)

vk
d d |’

2
12 < YF here ¢ <o (—

Let tensor rank k = o(d"®), and the unit-norm initial vector V) satisfy the correlation bound

Vk
(@), a5)] > d” =, (2.5)
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w.r.t. some true component a;,j € [k], for some constant > 0. After N = O (loglog d) iterations,
the tensor power iteration in (2.2) outputs a vector having w.h.p. a constant correlation with the

true component a; as [(xNTV a;)| > 11—, for any fived constant y > 0.

As a corollary, this result can be used for learning latent variable models such as multiview mixtures.
We show that the above initialization condition is satisfied using a sample with mild signal-to-noise

ratio; see Section 3.7 for more details on this.

The above result is a significant improvement over the analysis in Theorem 2.1 for overcomplete
tensor decomposition. In Theorem 2.1, it is required for the initialization vectors to have a constant
amount of correlation with the true a;’s. However, obtaining such strong initializations is usually
not realistic in practice. On the other hand, the initialization condition in (2.5) is mild, and decaying
even when the rank k is significantly larger than dimension d; up to k = o(d'®). In learning the
mixture model, such initialization vectors can be obtained as samples from the mixture model,
even when there is a large amount of noise. Given this improvement, we combine our analyses in

Theorems 2.3 and 2.1, proving that the model parameters can be recovered consistently.

Overview of proof techniques: A detailed proof outline for Theorem 2.3 is provided in Sec-
tion 2.6. Under the random assumption, it is not hard to show that the first iteration of tensor
power update makes progress. However, after the first iteration, the input vector and the tensor
components are no longer independent of each other. Therefore, we cannot directly repeat the same

argument for the second step.

How do we analyze the second step even though the vector and tensor components are correlated?
The main intuition is to characterize the dependency between the vector and the tensor components,
and show that there is still enough randomness left for us to repeat the argument. This idea
was inspired by the analysis of Approximate Message Passing (AMP) algorithms [39]. However,
our analysis here is very different in several key aspects: 1) In approximate message passing,
typically the analysis works in the large system limit, where the number of iterations is fixed and

the dimension goes to infinity. Here we can handle a superconstant number of iterations O(log log d),
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even for finite d; 2) Usually k is assumed to be a constant factor times d in the AMP-like analysis,

while here we allow them to be polynomially related.

2.2 Related Works

CANDECOMP tensor decomposition [49], also known as PARAFAC decomposition [86, 87] is a
classical definition for tensor decomposition with many applications. The most commonly used
algorithm for CP decomposition is Alternating Least Squares (ALS) [62], which has no convergence
guarantees in general. Kolda [107] and Zhang and Golub [160] analyze the greedy or the rank-1
updates in the orthogonal setting. In the noisy setting, Anandkumar et al. [15] analyze deflation
procedure for orthogonal decomposition, and Song et al. [147] extend the analysis to the nonpara-
metric setting. For the non-orthogonal tensors, a common strategy is to first apply a procedure
called whitening to convert it to the orthogonal case. But as discussed earlier, the whitening pro-
cedure can lead to poor performance and bad sample complexity. Moreover, it requires the tensor

factors to have full column rank, which rules out overcomplete tensors.

Learning overcomplete tensors is challenging, and they may not even be identifiable in general.
Kruskal [111, 112] provided an identifiability result based on the Kruskal rank of the factor matrices
of the tensor. Domanov and De Lathauwer [72, 73] also provide uniqueness conditions based on
Khatri-Rao products of compound matrices of factor matrices. However, these results is limiting
since it requires k = O(d), where k is the tensor rank and d is the dimension. The FOOBI procedure
by De Lathauwer et al. [69] overcomes this limitation by assuming generic factors, and shows that
a polynomial-time procedure can recover the tensor components when k = O(d?) for fourth order
tensors. However, the procedure does not work for third-order overcomplete tensors, and has
no polynomial sample complexity bounds. Simple procedures can recover overcomplete tensors for
higher order tensors (five or higher). For instance, for the fifth order tensor, when k = O(d?), we can
utilize random slices along a mode of the tensor, and perform simultaneous diagonalization on the
matricized versions. Note that this procedure cannot handle the same level of overcompleteness as

FOOBI, since an additional dimension is required for obtaining two (or more) fourth order tensor
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Input: Tensor T' = 37, Wi a; @ b; @ ¢;

Algorithm Initialization:
1) Random initialization

Algorithm 1 i 2) SVD-base method: Procedure 2

|

Procedure 3

Clustering the output of tensor |
power method into k clusters |

I
Algorithm 4 | Coordinate descent updates
& Procedure 5 | for removing the residual error

Output: estimates {(@;, i, by, i) Yielk)

Figure 2.1: Overview of tensor decomposition algorithm.

slices. The simultaneous diagonalization procedure entails careful perturbation analysis, carried
out by [80, 41]. In addition, Goyal et al. [80] provide stronger results for independent components

analysis (ICA), where the tensor slices can be obtained in the Fourier domain.

There are other recent works which can learn overcomplete models, but under different settings
than the ones considered in this work. For instance, Arora et al. [27], Agarwal et al. [3] provide

guarantees for the sparse coding problem.

The algorithm employed here falls under the general framework of alternating minimization. There
are many recent works which provide guarantees on local/global convergence for alternating mini-
mization, e.g., for matrix completion [101, 84|, phase retrieval [130] and sparse coding [3]. However,
the techniques in this work are significantly different, since they involve tensors, while the previous

works only required matrix analysis.
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2.3 Tensor Decomposition Algorithm

In this section, we introduce the alternating tensor decomposition algorithm, and the guarantees
are provided in Section 2.4. A summary of results are also provided in Section 2.1. The goal of
tensor decomposition algorithm is to recover the rank-1 components of tensor; see (1.5) for the
notion of tensor rank. Figure 2.1 depicts an overview of our tensor decomposition method where
the corresponding algorithms and procedures are also specified. Our algorithm includes two main
steps as 1) alternating tensor power iteration, and 2) coordinate descent iteration for removing the
residual error. The former one is performed in Algorithm 1 (see equation (2.6)), and the latter one
is done in Algorithm 4 (see equation (2.10)). We now describe these steps of the algorithm in more

details as well as providing the auxiliary procedures required to complete the algorithm.

2.3.1 Tensor power iteration in Algorithm 1

The main step of the algorithm is tensor power iteration which basically performs alternating

asymmetric power updates® on different modes of the tensor as

S(t+1) ( ) P+ — T(a(t)J,g(t)) ) _ T(a(t)’/g(t),l> .
| (.50 at)” |7 @@, 1.20) [r @000

where {a<t>,3<t>,8t>} denotes estimate in the ¢-th iteration. Recall that for vectors v,w € R,
the multilinear form 7'(I,v,w) € R? used in the above update formula is defined in (1.3), where
T(I,v,w) is a multilinear combination of the tensor mode-1 fibers. Notice that the updates alter-
nate among different modes of the tensor which can be viewed as a rank-1 form of the standard

Alternating Least Squares (ALS) method. We later discuss this relation in more details.

Optimization viewpoint: Consider the problem of best rank-1 approximation of tensor 1" as

min |7 —w-a®b® c|F, (2.7)
a,b,ceS4—1
weR

3This is exactly the generalization of asymmetric matrix power update to 3rd order tensors.
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Algorithm 1 Tensor decomposition via alternating asymmetric power updates

Input: Tensor T' € R¥*dxd

1: forr=1to L do R

2:  Imitialize unit vectors aio) € Rd, bgo) € Rd, and E(TO) € R? as
e Option 1: SVD-based method in Procedure 2 when k < 3d for arbitrary constant .
e  Option 2: random initialization.

, number of initializations L, number of iterations V.

33 fort=0toN—-1do
4: Asymmetric power updates (see (1.3) for the definition of the multilinear form):
at+) — (I b(T)’A(Tt)) P+ — T (a(T)’I A(t)> at+D) <A(t) o, I) .
[z (22| [r@ )] @)
5. weight estimation:
@, =T (agNhZ(TN),aN)) . (2.8)

(=)

: Cluster set {(wT,a( ’,ZQN) éN)) ,T € [L]} into k clusters as in Procedure 3.

7: return the center member of these k clusters as estimates (@j,’dj,gj,ﬁj), j € [k].

where S ! denotes the unit d-dimensional sphere. This optimization program is non-convex, and
has multiple local optima. It can be shown that the updates in (2.6) are the alternating optimization
for this program where in each update, optimization over one vector is performed while the other
two vectors are assumed fixed. This alternating minimization approach does not converge to the
true components of tensor 7' in general, and in this work we provide sufficient conditions for the

convergence guarantees.

Intuition: We now provide an intuitive argument on the functionality of power updates in (2.6).
Consider a rank-k tensor 7" as in (1.5), and suppose we start at the correct vectors @ = a; and

b= b;, for some j € [k]. Then for the numerator of update formula (2.6), we have
T (Zi,/b\, I) =T (CL]', bj, I) =wjcj + Z w,-(aj, a,-><bj, bi>Ci, (29)
i#]
where the first term is along c¢; and the second term is an error term due to non-orthogonality. For

orthogonal decomposition, the second term is zero, and the true vectors a;, b; and c; are stationary

points for the power update procedure. However, since we consider non-orthogonal tensors, this
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Procedure 2 SVD-based initialization when k& < fd for arbitrary constant (8

Input: Tensor T' € R¥xdxd,
1: Draw a random standard Gaussian vector 6 ~ N (0, I).
Compute u; and v; as the top left and right singular vectors of T'(I,I,6) € R?¥*,
EL\(O) — Uy, /5(0) — V1.
Initialize ¢©) by update formula in (2.6).

X

return (a(0> b0 E(O)) .

procedure cannot recover the decomposition exactly leading to a residual error after running this
step. Under incoherence conditions which encourages soft-orthogonality constraints* (and some
other conditions), we show that the residual error is small (see Lemma 2.2 where the guarantees
for the tensor power iteration step is provided), and thus, with the additional step we propose in

Section 2.3.2, we can also remove this residual error.

Initialization and clustering procedures: We discussed that the tensor power updates in (2.6)
are the alternating iterations for the problem of rank-1 approximation of the tensor; see (2.7). This
is a non-convex problem and has many local optima. Thus, the power update requires careful

initialization to ensure convergence to the true rank-1 tensor components.

For generating initialization vectors (’d(o) ,3(0) , E(O)), we introduce two possibilities. One is the simple
random initializations, where a(® and ) are uniformly drawn from unit sphere S%~!. The other
option is SVD-based technique in Procedure 2 where top left and right singular vectors of T'(1, I,0)
(for some random 6 € R%) are respectively introduced as a(® and 5. Under both initialization
procedures, vector ¢ is generated through update formula in (2.6). We establish in Section 2.4.2
that when k& = O(d), the SVD procedure leads to global convergence guarantees under polynomial
number of trials. In practice random initialization also works well, however the analysis is still an

open problem.

Notice that the algorithm is run for L different initialization vectors for which we do not know the
good ones in prior. In order to identify which initializations are successful at the end, we also need
a clustering step proposed in Procedure 3 to obtain the final estimates of the vectors. The detailed

analysis of clustering procedure is provided in Appendix A.5.

4See Assumption (A2) in Appendix A.2 for precise description.
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Procedure 3 Clustering process

Input: Tensor T € R¥¥¥X4 get of 4-tuples {(@T,aT,ZT,a), TE [L]}, parameter v.
1: for i =1to k do
2:  Among the remaining 4-tuples, choose @, E, ¢ which correspond to the largest |T(a, g, c)l.
3: Do N more iterations of alternating updates in (2.6) starting from @, b, c.
4:  Let the output of iterations denoted by (a, g, ¢) be the center of cluster i.
5. Remove all the tuples with max{|(@,,a)|,|(bs,b)|, |, &)} > v/2.
6: return the k cluster centers.

2.3.2 Coordinate descent iteration in Algorithm 4

We discussed in the previous section that the tensor power iteration recovers the tensor rank-1
components up to some residual error. We now propose Algorithm 4 to remove this additional

residual error. This algorithm mainly runs a coordinate descent iteration as

& = Norm (T (@07, 1) = > @@, @) 6 v) -ét’), i€, (2.10)
J#i

where for vector v, we have Norm(v) := v/|[|v|, i.e., it normalizes the vector. The above is similarly

~(t+1) [+

applied for updating a; and . Unlike the power iteration, it can be immediately seen that
a;, b; and ¢; are stationary points of the above update even if the components are not orthogonal
to each other. Inspired by this intuition, we prove that when the residual error is small enough (as

guaranteed in the analysis of tensor power iteration), this step removes it.

The analysis of this algorithm requires that the estimate matrices ,17 B , C satisfy some bound on
the spectral norm and some column-wise error bounds; see Definition A.1 in Appendix A.3.2 for the
details. The optimization program in (2.11) (which is only run in the first iteration) and projection

Procedure 5 ensure that these conditions are satisfied.

2.3.3 Discussions

We now provide some further discussions and comparisons about the algorithm.
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Algorithm 4 Coordinate descent algorithm for removing the residual error

~

Input: Tensor T € R¥¥¥x4 initialization set {}1\7 E, C, @(0)}, number of iterations N.
1: Initialize A© as (similarly for B©,C(©)

A0 = argmin 4] st fla —all <O (Vi/d) i€ K], (2.11)
A

2: fort=0to N —1do
3: fori=1tokdo

4:
@ty HT (@57, 1) = Y @@ @) o v0) - &),
j#i
ey _ 1 () 70 0@ ay e 50y . &
¢ ~(t+1) <T( b ) Z @ a; )6 b) cj)

Update C+D by applying Procedure 5 with inputs C'(t+1) andAé @), R
Repeat the above steps (with appropriate changes) to update A+ and B+,
Update o(t1):

~ (t+1) ‘ ~(t+1) (1) VE
w, w, " —w; YE
for any i € [k], @Z(Hl) = Z(t) ¢

+sgn( - (t+1) Algt)),m]@’ 0. W.
8: return {A\(N),/BS(N),G(N),{J(N)}.

Implicit tensor operations: In many applications, the input tensor T is not available in advance,
and it is computed from samples. It is discussed in [21] that the tensor is not needed to be computed
and stored explicitly, where the multilinear tensor updates (2.6) and (2.10) in the algorithm can be

efficiently computed through multilinear operations on the samples directly.

Comparison with symmetric orthogonal tensor power method: Algorithm 1 is similar to
the symmetric tensor power method analyzed by Anandkumar et al. [15] with the following main

differences, viz.,

e Symmetric and non-symmetric tensors: Our algorithm can be applied to both symmetric
and non-symmetric tensors, while tensor power method in Anandkumar et al. [15] is only for
symmetric tensors.

e Linearity: The updates in Algorithm 1 are linear in each variable, while the symmetric tensor

power update is a quadratic operator given a third order tensor.
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Procedure 5 Projection procedure

input Matrices C(t+1) é(f).
1: Compute the SVD of Ct+1) = DV,

2: Let D be the truncated version of D as 13“ := min {Dm-, N1 \/g} .

3 Let Q:=UDVT.

R Qi, HQi—EZ@H Snog,
4: Update C**D: for any i € [k], E§t+1) =9 N (Qi—eft)>

5 return O+,

e Guarantees: In Anandkumar et al. [15], guarantees for the symmetric tensor power update
under orthogonality are obtained, while here we consider non-orthogonal tensors under the

alternating updates.

Comparison with Alternating Least Square(ALS): The updates in Algorithm 1 can be viewed
as a rank-1 form of the standard alternating least squares (ALS) procedure. This is because the

unnormalized update for ¢ in (2.6) can be rewritten as
g+ = (ag“,@gt), 1) = mat(T,3) - (39) ® a@) , (2.12)

where ® denotes the Khatri-Rao product, and mat(T,3) € R9* i5 the mode-3 matricization of

tensor T'. On the other hand, the ALS update has the form
. ~ T\ T
CHY) = mat(T, 3) - ((B(t) ® A<t>) > ,

where k vectors (all columns of Cc+l) ¢ R¥**) are simultaneously updated given the current
estimates for the other two modes A® and B®. In contrast, our procedure updates only one
vector (with the target of recovering one column of C) in each iteration. In our update, we do not
require finding matrix inverses. This leads to efficient computational complexity, and we also show

that our update procedure is more robust to perturbations.
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2.4 Guarantees for Tensor Decomposition Under Incoherent Com-

ponents

In this section, we provide the local and global convergence guarantees for the tensor decompo-
sition algorithm proposed in Section 2.3. A summary of these results is proposed in Section 2.1.
Throughout the work, we assume tensor T € RIxdxd g of the form T = T + W, where U is the

error or perturbation tensor, and®

T= Zwi-ai®bi®6i,
i€[k]
is a rank-k tensor such that a;,b;, ¢; € R%, 4 € [k], are unit vectors. Let A :=[a1 ay --- a;] € R¥*F,
and B and C' are similarly defined. The goal of robust tensor decomposition algorithm is to recover
the rank-1 components {(as, b;, ¢;),i € [k]} given noisy tensor 7. Our analysis emphasizes on the
challenging overcomplete regime where the tensor rank is larger than the dimension, i.e., k > d.

Without loss of generality we also assume wyay = w1 > Wy > -+ > W = Wpin > 0.

We require natural deterministic conditions on the tensor components to argue the convergence
guarantees; see Appendix A.2 for the details. We show that all of these conditions are satisfied if
the true rank-1 components of the tensor are uniformly i.i.d. drawn from the unit d-dimensional
sphere S4~1. Thus, for simplicity we assume this random assumption in the main part, and state
the deterministic assumptions in Appendix A.2. Notice that it is also reasonable to assume these
deterministic assumptions hold for some non-random matrices. Among the deterministic assump-
tions, the most important one is the incoherence condition which imposes a soft-orthogonality

constraint between different rank-1 components of the tensor.

Some of the convergence guarantees are provided in terms of distance between the estimated and

the true vectors, defined below.

SFor 4th and higher order tensors, same techniques we introduce in this work, can be exploited to argue similar
results.
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Definition 2.1. For any two vectors u,v € R%, the distance between them is defined as

dist(u,v) := sup v sup ) (2.13)

e 120 bl 2 T2l Tl

Note that distance function dist(u,v) is invariant w.r.t. norm of input vectors v and v. Distance
also provides an upper bound on the error between unit vectors u and v as (see Lemma A.1 of

Agarwal et al. [3])

min ||zu — o] < V2dist(u,v).
ze{-1,1}

)

Incorporating distance notion resolves the sign ambiguity issue in recovering the components: note
that a third order tensor is unchanged if the sign of a vector along one of the modes is fixed and

the signs of the corresponding vectors in the other two modes are flipped.

2.4.1 Local convergence guarantee

In the local convergence guarantee, we analyze the convergence properties of the algorithm assuming

we have good initialization vectors for the non-convex tensor decomposition algorithm.

Settings of Algorithm in Theorem 2.4:

e Number of iterations: N = © <log <V%R>>, where v := % and ep := min{ Y0 <’y§> }

Conditions for Theorem 2.4:

e Rank-k true tensor with random components: Let

T:Zwi-ai®bi®6i, wi>0,ai,bi,ci68d_1,
i€[k]
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where a;,b;,¢;,i € [k], are uniformly i.i.d. drawn from the unit d-dimensional sphere S%1.
We state the deterministic assumptions in Appendix A.2, and show that random matrices

satisfy these assumptions.

Rank condition: £ = o (d1'5) .

Perturbation tensor ¥ satisfies the bound

b= ) < =g,

Weight ratio: The maximum ratio of weights v := ﬁ satisfies the bound

=0 (i {va21).

e Initialization: Assume we have good initialization vectors a§°),€§°), J € [k] satisfying
€0 = max {dist (a§°>, aj> , dist @0), bj>} = 0(1/y), Vje k], (2.14)
where v := % In addition, given Zig-o) and ’5§0)7 suppose E§0) is also calculated by the update

formula in (2.6).

Theorem 2.4 (Local convergence guarantee of the tensor decomposition algorithm). Consider
noisy rank-k tensor T =T+ as the mput to the tensor decomposition algorithm, and assume
the conditions and settings mentioned above hold. Then the algorithm outputs estimates A =

[@y---ax] € R™F and @ := [ - @] T € RF, satisfying w.h.p.

Ji-af, <0 (¥E0). o u<o (Vi)

Wmin

Same error bounds hold for other factor matrices B := [by -+ -bg] and C :=[c1 -+ cg].

See the proof in Appendix A.3.

Thus, we can efficiently decompose the tensor in the highly overcomplete regime k < o (d1'5) under

incoherent factors and some other assumptions mentioned above. The deterministic version of
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assumptions are stated in Appendix A.2. We show that these assumptions are true for random
components which is assumed here for simplicity. If & is significantly smaller than d'-5 (k < d'-?%),

then many of the assumptions can be derived from incoherence. See Appendix A.2 for the details.

The above local convergence result can be also interpreted as a local identifiability result for tensor

decomposition under incoherent factors.

The vk factor in the above theorem error bound is from the fact that the final recovery guarantee
is on the Frobenius norm of the whole factor matrix A. In the following, we provide stronger
column-wise guarantees (where there is no vk factor) with the expense of having an additional
residual error term. Recall that our algorithm includes two main update steps including tensor
power iteration in (2.6) and residual error removal in (2.10). The guarantee for the first step —

tensor power iteration — is provided in the following lemma.

Lemma 2.2 (Local convergence guarantee of the tensor power updates, Algorithm 1). Consider
the same settings as in Theorem 2.4. Then, the outputs of tensor power iteration steps (output of
Algorithm 1) satisfy w.h.p.

dist(aj,aj) S O < 1/} ) +O <’Y\/7E) s "&)\] —wj] S O(T/J) +O~ (wmax\/jg) s j S [k]

Wmin

Same error bounds hold for other factor matrices B and C.

The above result provides guarantees with the additional residual error O (7%) , but we believe this
result also has independent importance for the following reasons. The above result provides column-
wise guarantees which is stronger than the guarantees on the whole factor matrix in Theorem 2.4.
Furthermore, we can only have recovery guarantees for a subset of rank-1 components of the tensor
(the ones for which we have good initializations) without worrying about the rest of components.

Finally, in the high-dimensional regime (large d), the residual error term goes to zero.

The result in the above lemma is actually stated in the non-asymptotic form, where the details of

constants are explicitly provided in Appendix A.2.
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Symmetric tensor decomposition: The above local convergence result also holds for recovering
the components of a rank-k symmetric tensor. Consider symmetric tensor T° with CP decomposition
T = Zie[k] w;a; ® a; ® a;. The proposed algorithm can be also applied to recover the components
a;,i € [k], where the main updates are changed to adapt to the symmetric tensor. The tensor
power iteration is changed to

T (a(t) ,aW, [)

(t+1) _
HT (a(t),a(% [)

: (2.15)

a

and the coordinate descent update is changed to the form stated in (A.10). Then, the same local
convergence result as in Theorem 2.4 holds for this algorithm. The proof is very similar to the

proof of Theorem 2.4 with some slight modifications considering the symmetric structure.

Extension to higher order tensors: We also provide the generalization of the tensor decomposi-
tion guarantees to higher order tensors. We state and prove the result for the tensor power iteration
part in details, while the generalization of coordinate descent part (for removing the residual error)

to higher order tensors, can be argued by the same techniques we introduce in this work

For brevity, Algorithm 1 and local convergence guarantee in Lemma 2.2 are provided for a 3rd order
tensor. The algorithm can be simply extended to higher order tensors to compute the corresponding

CP decomposition. Consider p-th order tensor T € " R? with CP decomposition

T =) wiaw;®ap,® - ®ag),, (2.16)
i€[k]
where a(,); € R? is the i-th column of r-th component Ay = [a(ml Ay * a(r),k] € R¥k_for

r € [p]. Algorithm 1 can be extended to recover the components of above decomposition where

update formula for the p-th mode is modified as

) ) )
_(t4+1) T(“u)’a(z)’ ’%:—1)’[) (2.17)
(») 0 0 ) '
HT (“(1)7 Gggy-- -G 1y L >

and similarly the other updates are changed. Then, we have the following generalization of

Lemma 2.2 to higher order tensors.
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Corollary 2.1 (Local convergence guarantee of the tensor power updates in Algorithm 1 for p-th
order tensor). Consider the same conditions and settings as in Lemma 2.2, unless tensor T is p-th
order with CP decomposition in (2.16) where p > 3 is a constant. In addition, the bounds on

= ¥max gnd k are modified as

Wmin

vy=0 (min{d%z,%ﬁ}>, k‘zo(d%).

Then, the outputs of tensor power iteration steps (output of Algorithm 1) satisfy w.h.p.

A Y - k R - - k
dist (@) 5, agr),j) < O < > +0 (7 —dp_1> oy —w <O W)+ 0 <wmax —dp_1> ,

for j € [k] and r € [p]. The number of iterations is N = © <10g (ﬁ)), where v 1= % and
€R = min{ L ,0(7 k:/dp_1>}.

Wmin

2.4.2 Global convergence guarantee when k = O(d)

Theorem 2.4 provides local convergence guarantee given good initialization vectors. In this section,
we exploit SVD-based initialization method in Procedure 2 to provide good initialization vectors
when k& = O(d). This method proposes the top singular vectors of random slices of the moment
tensor as the initialization. Combining the theoretical guarantees of this initialization method
(provided in Appendix A.4) with the local convergence guarantee in Theorem 2.4, we provide the

following global convergence result.

Settings of Algorithm in Theorem 2.5:

o Number of iterations: N = © <log ( >>, where v := 1:12?; and €r := min {L7 O (’Y§> }

1
YER Wmin

e The initialization in each run of Algorithm 1 is performed by SVD-based technique proposed

in Procedure 2, with the number of initializations as

L> kﬂ(“ﬁl(k/d)z)'
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Conditions for Theorem 2.5:

e Rank-k decomposition and perturbation conditions as %

Wminv10g k
T= Zwi'ai@)bi@Cia Y= < L\/—g7
i€[k] agvd
where a;,b;,¢;,1 € [k], are uniformly i.i.d. drawn from the unit d-dimensional sphere S¢ 1,

and ag > 1 is a constant.

e Rank condition: k= O(d), i.e., k < d for arbitrary constant 5 > 1.

Theorem 2.5 (Global convergence guarantee of tensor decomposition algorithm when k£ = O(d)).
Consider noisy rank-k tensor T =T+ as the put to the tensor decomposition algorithm,
and assume the conditions and settings mentioned above hold. Then, the same guarantees as in

Theorem 2.4 hold.

See the proof in Appendix A.3.

Thus, we can efficiently recover the tensor decomposition, when the tensor is undercomplete or
mildly overcomplete (i.e., k < 8d for arbitrary constant § > 1), by initializing the algorithm with
a simple SVD-based technique. The number of initialization trials L is polynomial when v is a

constant, and k = O(d).

Note that the argument in Lemma 2.2 can be similarly adapted leading to global convergence

guarantee of the tensor power iteration step.

Two undercomplete, and one overcomplete component

Here, we apply the global convergence result to the regime of two undercomplete and one overcom-
plete components. This arises in supervised learning problems under a multiview mixtures model
and employing moment tensor E[z; ® x5 ® ], where z; € R% are multi-view high-dimensional

features and y € R% is a low-dimensional label.

SNote that the perturbation condition is stricter than the corresponding condition in the local convergence guar-
antee (Theorem 2.4).
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Since in the SVD initialization Procedure 2, two components a(®) and ) are initialized through
SVD, and the third component ¢ is initialized through update formula (2.6), we can generalize
the global convergence result in Theorem 2.5 to the setting where A, B are undercomplete, and C

is overcomplete.

Corollary 2.2. Consider the same setting as in Theorem 2.5. In addition, suppose the regime of
undercomplete components A € R&>*k B € R%*k and overcomplete component C € R%*F sych

that dy, > k > d,. In addition, in this case the bound on y := ¥max g

o a 455).

Then, if k = O(dy,) and d, > polylog(k), the same convergence guarantee as in Theorem 2.5 holds.

See the proof in Appendix A.3.

We observe that given undercomplete modes A and B, mode C can be arbitrarily overcomplete,
and we can still provide global recovery of A, B and C' by employing SVD initialization procedure

along modes A and B.

2.5 Proof Outline Under Incoherent Components

The global convergence guarantee in Theorem 2.5 is established by combining the local convergence

result in Theorem 2.4 and the SVD initialization result in Appendix A.4.

The local convergence result in Theorem 2.4 is derived by establishing error contraction in each
iteration of the tensor power iteration and the coordinate descent for removing the residual error.

Note that these convergence properties are broken down in Lemmata 2.2 and A.11, respectively.

Since we assume generic factor matrices A, B and C, we utilize many useful properties such as
incoherence, bounded spectral norm of the matrices A, B and C, bounded tensor spectral norm and
so on. We list the precise set of deterministic conditions required to establish the local convergence

result in Appendix A.2. Under these conditions, with a good initialization (i.e., small enough
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o~

max{dist(a,a;),dist(b,b;)} < €), we show that the iterative update in (2.6) provides an estimate

¢ with

dist(c, ¢;) < 0 < v > +0 (7?) + qeo,

Wmin

for some contraction factor ¢ < 1/2. The incoherence condition is crucial for establishing this

result. See Appendix A.3 for the complete proof.

The initialization argument for SVD-based technique in Procedure 2 has two parts. The first part
claims that by performing enough number of initializations (large enough L), a gap condition is
satisfied, meaning that we obtain a vector 6 which is relatively close to ¢; compared to any ¢;, % # j.
This is a standard result for Gaussian vectors, e.g., see Lemma B.1 of Anandkumar et al. [15]. In
the second part of the argument, we analyze the dominant singular vectors of T'(I, I, 6), for a vector
0 with a good relative gap, to obtain an error bound on the initialization vectors. This is obtained
through standard matrix perturbation results (Weyl and Wedin’s theorems). See Appendix A.4 for

the complete proof.

2.6 Proof Outline Under Random Components

Our main technical result is the analysis of third order tensor power iteration provided in Theo-
rem 2.3 which also allows to tolerate some amount of noise in the input tensor. We analyze the
noiseless and noisy settings in different ways. We basically first prove the result for the noiseless
setting where the input tensor has an exact rank-k decomposition in (2.1). When the noise is also
considered, we show that the contribution of noise in the analysis is dominated by the main signal,
and thus, the same result still holds. For the rest of this section we focus on the noiseless setting,

while we discuss the proof ideas for the noisy case in Section 2.6.2.

We first discuss the proof of Theorem 3.10 which involves two phases. In the first phase, we show
that under certain small amount of correlation (see (2.19)) between the initial vector and the true

component, the power iteration in (2.2) converges to some vector which has constant correlation
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with the true component. This result is the core technical analysis of this work which is provided
in Lemma 2.3. In the second phase, we incorporate the result of Anandkumar et al. [19] which
guarantees the approximate convergence of power iteration given initial vector having constant

correlation with the true component. This is stated in Lemma 2.4.

To simplify the notation, we consider the tensor”
1
T = ®a;®a;, a;~N(O,=I). 2.18
Za]@)aj@aj aj ( dd) (2.18)

JE[K]

Notice that this is exactly proportional to the 3rd order moment tensor of the multiview mixture

model in (3.2).

The following lemma is restatement of Theorem 2.3 in the noiseless setting.

Lemma 2.3 (Dynamics of tensor power iteration, phase 1). Consider the rank-k tensor T of the
form in (2.18). Let tensor rank k = o(d'®), and the unit-norm initial vector (V) satisfies the

correlation bound

(), a;)

> a0k (219)

w.r.t. some true component aj,j € [k], for some 8 > (logd)™¢ for some universal constant ¢ > 0.
After N = © (loglog d) iterations, the tensor power iteration in (2.2) outputs a vector having w.h.p.

a constant correlation with the true component a; as
(@D )] > 1 -7,
for any fized constant v > 0.

The proof outline of above lemma is provided in Section 2.6.1.

Lemma 2.4 (Dynamics of tensor power iteration, phase 2 [19]). Consider the rank-k tensor T of

the form in (2.18) with rank condition k < o(d™%). Let the initial vectors x§-1) satisfy the constant

"In the analysis, we assume that all the weights are equal to one which can be generalized to the case when the
ratio of maximum and minimum weights (in absolute value) are constant.
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correlation bound
1
(289, a5)| > 1 -,

w.r.t. true components aj,j € [k], for some constants v; > 0. Let the output of the tensor power
update® in (2.2) applied to all these different initialization vectors after N = © (log %) iterations

be stacked in matriz A. Then, we have w.h.p.*

HA\— AH <e
F

Given the above two lemmas, the learning result in Theorem 3.10 is directly proved.

Proof of Theorem 3.10: The result is proved by combining Lemma 2.3 and Lemma 2.4. Note

that the initialization condition in (2.5) is w.h.p. satisfied given the SNR bound assumed. O

2.6.1 Proof outline of Lemma 2.3 (noiseless case of Theorem 2.3)

First step: We first intuitively show the first step of the algorithm makes progress. Suppose the
tensor is T' =3 ;. a; ® a; ® aj, and the initial vector = has correlation [(z, a1)| > dﬁg with the

first component. The result of the first iteration is the normalized version of the following vector:

~ 2
= Z(aj,x> a;.
JE[K]
Intuitively, this vector should have roughly (a1, %) = d?? Ekg correlation with ay (as the other terms
are random they don’t contribute much). On the other hand, the norm of this vector is roughly

O(V'k/d): this is because (a;,z)? for j # 1 is roughly '° 1/d, and the sum of k random vectors with

8This result also needs an additional step of coordinate descent iterations since the true components are not the
fixed points of power iteration; see Anandkumar et al. [19] for the details.

9 Anandkumar et al. [19] recover the vector up to sign since they work in the asymmetric case. In symmetric case
it is easy to resolve sign ambiguity issue.

0The correlation between two unit Gaussian vectors in d dimensions is roughly 1/ V.
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length 1/d will have length roughly O(\/E /d). These arguments can be made precise showing the

normalized version Z/|Z|| has correlation dw§ with a; ensuring progress in the first step.

Going forward: As we explained, the basic idea behind proving Lemma 2.3 is to characterize the
conditional distribution of random Gaussian tensor components a;’s given previous iterations. In
particular, we show that the residual independent randomness left in these conditional distributions
is large enough and we can exploit it to obtain tighter concentration bounds throughout the analysis
of the iterations. The Gaussian assumption on the components, and small enough number of

iterations are crucial in this argument.

Notations: For two vectors u,v € RF, the Hadamard product denoted by # is defined as the
entry-wise multiplication of vectors, i.e., (u%v); := ujv; for j € [k]. For a matrix A, let P, , denote
the projection operator to the subspace orthogonal to column span of A. For a subspace R, let
R* denote the space orthogonal to it. Therefore, for a subspace R, the projection operator on the
subspace orthogonal to R is equivalently denoted by Pg. or P|,. For a random matrix D, let

D|{u = Dv} denote the conditional distribution of D given linear constraints u = Dwv.

Lemma 2.3 involves analyzing the dynamics of power iteration in (2.2) for 3rd order rank-k tensors.

For the rank-k tensor in (2.18), the power iterative form x < % can be written as

*2
(t+1) _ A (ATx(t))
|4 (aTaw)

x (2.20)

‘ 9
where the multilinear form in (1.3) is used. Here, A = [a; - - - ax] € R?** denotes the factor matrix,

*2

and for vector y € R, y*2 := y x y € R¥ represents the element-wise square of entries of y.

We consider the case where a; ~ N/(0, é[ ) are ii.d. drawn and we analyze the evolution of the
dynamics of the power update. As explained earlier, for a given initialization zW | the update in
the first step can be analyzed easily since A is independent of 2(!). However, in subsequent steps,
the updates z(!) are dependent on A, and it is no longer clear how to provide a tight bound on
the evolution of z®. In this work, we provide a careful analysis by controlling the amount of

“correlation build-up” by exploiting the structure of Gaussian matrices under linear constraints.
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This enables us to provide better guarantees for matrix A with Gaussian entries compared to

general matrices A.

Intermediate update steps and variables:Before we proceed, we need to break down power
update in (2.2) and introduce some intermediate update steps and variables as follows. Recall that
2 € R denotes the initialization vector. Without loss of generality, let us analyze the convergence
of power update to first component of rank-k tensor 1" denoted by ai. Hence, let the first entry of
(D denoted by azgl) be the maximum entry (in absolute value) of 2z, i.e., xgl) = [|2M]|oo. Let

B :=lay a3 --- a] € R™%* =1 and therefore A = [a;|B]. We break the power update formula

in (2.2) into a few steps by introducing intermediate variables y® e RF and 2+ € R as
y(t) — AT.Z'(t), i,(t-i—l) — A(y(t))*2

Note that 2+ is the unnormalized version of z(**1) := (4D /|| (4D e, 20D .= T(1, 20 1),

Thus, we need to jointly analyze the dynamics of all variables z(®), y(®) and (y®)*2. Define
XU .= [:17(1)| e |x(t)} , Y .= {y(1)| . |y(t)} .

Matrix B is randomly drawn with i.i.d. Gaussian entries B;; ~ N (0, %) As the iterations proceed,

we consider the following conditional distributions
Bt . B|{Xm,Y[t}}, B®2) . B|{X[t+1],Y[t}}. (2.21)

Thus, B%Y is the conditional distribution of B at the middle of ¢* iteration (before update step
20D = A(y®)*2) and B"?) is the conditional distribution at the end of t* iteration (after update
step (1) = A(y(t))*2). By analyzing the above conditional distributions, we can characterize the

left independent randomness in B.
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2.6.1.1 Conditional Distributions

In order to characterize the conditional distribution of B under evolution of 2(Y) and y® in (2.21),

we exploit the following basic fact (see [39] for proof).

Lemma 2.5 (Conditional distribution of Gaussian matrices under a linear constraint). Consider
random matriz D with i.i.d. Gaussian entries D;; ~ N'(0,0%). Conditioned on uw = Dv with known

vectors u and v, the matriz D is distributed as

1 _
D|{u = Dv} @ Wuv—r +DP,,
v

where random matriz D is an independent copy of D with i.i.d. Gaussian entries Dij ~ N(0,0?%),

and P, is the projection operator on to the subspace orthogonal to v.

We refer to DP |, as the residual random matrix since it represents the remaining randomness left
after conditioning. It is a random matrix whose rows are independent random vectors that are

orthogonal to v, and the variance in each direction orthogonal to v is equal to o2.

The above Lemma can be exploited to characterize the conditional distribution of B introduced in
(2.21). However, a naive direct application using the constraint Y = AT X" is not transparent
for analysis. The reason is the evolution of z® and y® are themselves governed by the conditional
distribution of B given previous iterations. Therefore, we need the following recursive version of

Lemma 2.5.

Corollary 2.3 (Iterative conditioning). Consider random matric D with i.i.d. Gaussian entries
D;; ~ N(0, o?), and let F @ P, DP,, be the random Gaussian matriz whose columns are orthog-
onal to space C' and rows are orthogonal to space R. Conditioned on the linear constraint u = Dw,
where™ v € Ct, the matriz F is distributed as

) 1 D
F|{u = Dv} = QU(PJ_RU)T—I_PJ-CDPJ—{R,U}’

1(PLz0)l

where random matriz D is an independent copy of D with i.i.d. Gaussian entries ﬁij ~ N(0,0?%).

1YWe need that u € Ct, otherwise the event u = Dwv is impossible.
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Thus, the residual random matrix P lcf)P L (R} is a random Gaussian matrix whose columns are
orthogonal to C' and rows are orthogonal to span{R,v}. The variance in any remaining dimension

is equal to o2.

2.6.1.2 Form of Iterative Updates

Now we exploit the conditional distribution arguments proposed in the previous section to char-
acterize the conditional distribution of B given the update variables x and y up to the current
iteration; recall (2.21) where B(:1) is the conditional distribution of B at the middle of #* iteration
and B®2) at the end of ™ iteration. Before that, we need to introduce some more intermediate

variables.

Intermediate variables: We separate the first entry of y and (y)*? from the rest, i.e., we have

ygt) _ alTa:(t), y(_t)l — BT,0 o (B(t—1,2))Tx(t)

)

where y(_t)l e RF=1 denotes y(!) € R¥ with the first entry removed. The update formula for #(+1)

can be also decomposed as

F+1) _ (ygt))zal + Bw® ~ (ygt))zal + B(t,l)w(t)’
where

w® = ()2 e RF 1,

is the new intermediate variable in the power iterations. Let Br(ﬁg}) and Br(ﬁf) denote the residual

random matrices corresponding to B®1) and B*?) respectively, and

LD = B

T res. ’

o = (BED) T,
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where u® € R? and v(®) € R¥—1 are respectively the part of z(!) and yg)l representing the residual

randomness after conditioning on the previous iterations. We also summarize all variables and

notations in Table B.1 in the Appendix which can be used as a reference throughout the chapter.

Finally we make the following observations.

Lemma 2.6 (Form of iterative updates). The conditional distribution of B at the middle of t™

iteration denoted by BMY) satisfies

i+1 T
gty @ 3 WPy w?) Y Py
1PL, oy w2 1PL

wli—1 ict] x[i—1]

(i)( (i))
(v
(z)”2 res. ( )

(d) 5
Bt Y P, BPL (2.23)

[t—1]”
where random matriz B is an independent copy of B with i.i.d. Gaussian entries Bij ~ N(0, é)
Similarly, the conditional distribution of B at the end of t* iteration denoted by B2 satisfies

+B%? (2.24)

res. ?

RBt:2) ) Z

i€]t]

D (le[ifl] w(i))‘l’ PJ‘x[ifl] () (U(z’))T
1P w2 1PL 22

wli—1]

(t,2) @ /
BWR9P,  BP

res.

" (2.25)

where random matriz B' is an independent copy of B with i.i.d. Gaussian entries ng ~ N(0, %)

The lemma can be directly proved by applying the iterative conditioning argument in Corollary 2.3.

See the detailed proof in the appendix.

2.6.1.3 Analysis of Iterative Updates

Lemma 2.6 characterizes the conditional distribution of B given the update variables x and y up to
the current iteration; see (2.21) for the definition of conditional forms of B denoted by B®!) and
B®2)  Intuitively, when the number of iterations t < d, then the residual independent randomness

left in B4 and Bt:2) (respectively denoted by Bg’;) and Br(é’s?)) characterized in Lemma 2.6 is
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update steps at iteration t

Figure 2.2: Flow of the power update algorithm stating intermediate steps. Iteration t for which
the inductive step should be argued is also indicated.

large enough and we can exploit it to obtain tighter concentration bounds throughout the analysis

of the iterations.

Note that the goal is to show that under ¢ < d, the iterations z(*) converge to the true component
with constant error, i.e., [(z®) a;)| > 1 —~ for some constant v > 0. If this already holds before
iteration t we are done, and if it does not hold, next iteration is analyzed to finally achieve the goal.
This analysis is done via induction argument. During the iterations, we maintain several invariants
to analyze the dynamics of power update. The goal is to ensure progress in each iteration as in

(2.26).

Induction hypothesis: The following are assumed at the beginning of the iteration ¢ as induction

hypothesis; see Figure 2.2 for the scope of inductive step.

1. Length of Projection on z:

& < || Py O <1,

X[t—l]x

where ¢; is of order 1/ polylog d, and the value of ¢; only depends on ¢ and log d.

2. Length of Projection on w:

vk

, Vk Vk
t—ld

tld
1
tld

<Py w | < A

wlt— 2]

1PL, !V < A

wlt— ]

where §} is of order 1/ polylog d and A} is of order polylog d. Both §; and A} only depend on
t and logd.
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3. Progress: 2

(a1, =) € [67, Afld

p2 \/7% , (2.26)

——y
(al’PJ-X[tfl]':U(t)> S Atdﬁ2t 17.

4. Norm of u,v:

So1 [k uly \/E
T2 < < _

VR VR
7 q <IVll<28i 2

The analysis for basis of induction and inductive step are provided in Appendix B.1.

2.6.2 Effect of noise in Theorem 2.3

Given rank-k random tensor 7" in (2.18), and a starting point zW | our analysis in the noiseless
setting shows that the tensor power iteration in (2.2) outputs a vector which will be close to a; if

W) has a large enough correlation with a;.

Now suppose we are given noisy tensor T = T + E where E has some small norm. In this case
where the noise is also present, we get a sequence 2 = 2® 4 13 (®) where z® is the component not
incorporating any noise (as in previous section'?), while £®) represents the contribution of noise
tensor F in the power iteration; see (2.27) below. We prove that £ () is a very small noise that does

not change our calculations stated in the following lemma.

Lemma 2.7 (Bounding norm of error). Suppose the spectral norm of the error tensor E is bounded

as

8 < 1P, 2 W <1,

12Note that although the bounds on yg are argued at iteration ¢, the bound on the first entry of y(t) denoted by

ygt) = (ah:c(t)) is assumed here in the induction hypothesis at the end of iteration ¢ — 1.
3Note that there is a subtle difference between notation z(*) in the noiseless and noisy settings. In the noiseless
setting, this vector is normalized, while in the noisy setting the whole vector # =z® 4 §(t) is normalized.
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Then the noise vector €O at iteration t satisfies the € norm bound
[€7] < O@™ o).
Note that when t is the first number such that d°*~" > d/\/k, we have |0 = o(1).

Notice that since when d2" > d/vk, the main induction is already over and we know z® s

constant close to the true component, and thus, the noise is always small.

Proof idea: We now provide an overview of ideas for proving the above lemma; see Appendix B.3
for the complete proof which is based on an induction argument. We first write the following

recursion expanding the contribution of main signal and noise terms in the tensor power iteration

as
2D 4 et — Norm (T($<t) P ORMONION 1))
= Norm (T(@®, 2, 1) +27(x",£0, 1) + T(€, €, 1) + B@", 20, 1)),
(2.27)
where for vector v, we have Norm(v) := v/||v||, i.e., it normalizes the vector. The first term is

the desired main signal and should have the largest norm, and the rest of the terms are the noise
terms. The third term is of order ||¢(®)||2, and hence, it should be fine whenever we choose ||E| to
be small enough. The last term is O(||E||) and is the same for all iterations so that is also fine.
The problematic term is the second term, whose norm if we bound naively is 2|[®)||. However
the normalization factor also contributes a factor of roughly d/ Vk, and thus, this term grows
exponentially; it is still fine if we just do a constant number of iterations, but the exponent will

depend on the number of iterations.

In order to solve this problem, and make sure that the amount of noise we can tolerate is independent
of the number of iterations, we need a better way to bound the noise term &), The main problem
here is we bound the norm of | T(z®,¢® )| by |T]|1ED| < O(W), by doing this we ignored
the fact that z® is uncorrelated with the components in 7. In order to get a tighter bound, we

introduce another norm || - ||.. Intuitively, the norm || - ||« captures the fact that = does not have
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a high correlation with the components (except for the first component that x will converge to),
and gives a better bound. In particular we have ||T(z®,¢® 1| ~ %H&“Wg. Therefore, the
normalization factor is compensated by the additional term 4. More concretely, this norm is

defined as follows.

Definition 2.2 (Norm || - ||«). Given a matriv A = [a1 ag --- ai] € R¥>F, for any vector u € R?,

the norm ||u|| 4= is defined as

ulAx = max |{a;,u)|.
Julla- = ma (o, )

This norm satisfies a property shown in Lemma B.6 which enables us to argue that £® is small

enough as stated in Lemma 2.7.

2.7 Experiments

In this section, we provide some synthetic experiments to evaluate the performance of Algorithm 1.
Note that tensor power update in Algorithm 1 is the main step of our algorithm which is considered
in this experiment. A random true tensor T is generated as follows. First, three components
A e Rk B e R and C € R¥* are randomly generated with i.i.d standard Gaussian entries.
Then, the columns of these matrices are normalized where the normalization factors are aggregated
as coefficients wj, j € [k]. From decomposition form in (1.5), tensor 7" is built through these random
components. For each new initialization, @® and b are randomly generated with i.i.d. standard
Gaussian entries, and then normalized . Initialization vector ¢® is generated through update

formula in (2.6).

For each initialization 7 € [L], an alternative option of running the algorithm with a fixed number

of iterations NN is to stop the iterations based on some stopping criteria. In this experiment, we

YDrawing i.i.d. standard Gaussian entries and normalizing them is equivalent to drawing vectors uniformly from
the d-dimensional unit sphere.
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stop the iterations when the improvement in subsequent steps is small as

T

max (Ha(Tt) _ a(Tt_1)H2, gg) _/b\S't_l)Hz ’ ‘

0 _/C{Tt—l)H2> <t

where tg is the stopping threshold. According to the bound in Theorem 2.4, we set
9 VEk
tS = tl(log d) 7, (228)

for some constant t; > 0.

Effect of size d and k

Algorithm 1 is applied to random tensors with d = 1000 and k& = {10, 50, 100, 200, 500, 1000, 2000} .
The number of initializations is L = 2000. The parameter ¢; in (3.20) is fixed as t; = le — 08.
Figure 3.3 and Table 3.1 illustrate the outputs of running experiments which is the average of 10

random runs.

Figure 3.3 depicts the ratio of recovered columns versus the number of initializations. Both hori-
zontal and vertical axes are plotted in log-scale. We observe that it is much easier to recover the
columns in the undercomplete settings (k < d), while it becomes harder when k increases. Lin-
ear start in Figure 3.3 suggests that recovering the first bunch of columns only needs polynomial
number of initializations. For highly undercomplete settings like d = 1000 and k£ = 10, almost all
columns are recovered in this linear phase. After this start, the concave part means that it needs
many more initializations for recovering the next bunch of columns. As we go ahead, it becomes

harder to recover true columns, which is intuitive.

Table 3.1 has the results from the experiments. Parameters k, stopping threshold tg, and the
average square error of the output, the average weight error and the average number of iterations

are stated. The output averages are over several initializations and random runs. The square error
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10° recovery rate of algorithm
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1077 d=1000, k=100
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-4

ratio of recovered columns

10 ‘ ‘ ‘
10° 10" 10 10° 10*
number of initializations

Figure 2.3: Ratio of recovered columns versus the number of initializations for d = 1000, and
k = {10, 50, 100, 200, 500, 1000,2000}. The number of initializations is L = 2000. The stopping
parameter is set to t; = le — 08. The figure is an average over 10 random runs.

is given by
1 12 12 12
3 (o =t + o =3[+ ey — 2.

for the corresponding recovered j. The error in estimating the weights is defined as |@W — wj]2 / wjz»
which is the square relative error of weight estimate. The number of iterations performed before
stopping the algorithm is mentioned in the last column. We observe that by increasing k, all of
these outputs are increased which means we get less accurate estimates with higher computation.
This shows that recovering the overcomplete components is much harder. Note that by running
the coordinate descent Algorithm 4, we can also remove this additional residual error left after the
tensor power iteration step. Similar results and observations as above are seen when k is fixed and

d is changed.

Running experiments with SVD initialization instead of random initialization yields nearly the same
recovery rates, but with slightly smaller number of iterations. But, since the SVD computation is
more expensive, in practice, it is desirable to initialize with random vectors. Our theoretical results
for random initialization appear to be highly pessimistic compared to the efficient recovery results
in our experiments. This suggests additional room for improving our theoretical guarantees under

random initialization.
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Table 2.1: Parameters and more outputs related to results of Figure 3.3. Note that d = 1000.

Parameters Outputs
i o avg. square avg. weight avg. # of
error error iterations
10 1.51e-08 1.03e-05 9.75e-09 7.71
50 | 3.37e-08 5.54e-05 6.69e-08 8.53
100 | 4.77e-08 1.08e-04 1.51e-07 8.81
200 | 6.75e-08 2.07e-04 3.41e-07 9.09
500 | 1.07e-07 5.09e-04 1.14e-06 9.52
1000 | 1.51e-07 1.01e-03 3.40e-06 10.01
2000 | 2.13e-07 2.00e-03 1.12e-05 10.69
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Chapter 3

Learning Overcomplete

Representations Using Tensor

Methods

In this chapter, we provide guarantees for learning latent variable models and latent representations
emphasizing on the overcomplete regime, where the dimensionality of the latent space exceeds the
observed dimensionality. In particular, we consider multiview mixtures, ICA, and sparse coding
models. Our main tool is a new algorithm for tensor decomposition that works in the overcomplete
regime. We analyzed the performance of this algorithm in the previous chapter. In this chapter,
we recap how learning different latent variable models can be formulated as a tensor decomposition
algorithm. By proving new tensor concentration bounds, we are able to provide sample complexity

results for learning these models by tensor methods.

In the semi-supervised setting, we exploit label information to get a rough estimate of the model
parameters, and then refine it using the tensor method on unlabeled samples. We establish learning
guarantees when the number of components scales as k = o(dp/ 2), where d is the observed dimension,
and p is the order of the observed moment employed in the tensor method (usually p = 3,4). In the

unsupervised setting, a simple initialization algorithm based on SVD of the tensor slices is proposed,
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and the guarantees are provided under the stricter condition that £ < Sd (where constant 3 can be

larger than 1). We also provide tight sample complexity bounds through novel covering arguments.

It is often useful to incorporate latent variables in any modeling framework. Latent variables can
capture the effect of hidden causes which are not directly observed. Learning these hidden factors
is central to many applications, e.g., identifying the latent diseases through observed symptoms,
identifying the latent communities through observed social ties, and so on. Moreover, latent variable
models (LVMs) can provide an efficient representation of the observed data, and learning these
representations can lead to improved performance on various tasks such as classification. The
recent performance gains in domains such as speech and computer vision can be largely attributed
to efficient representation learning [40]. Moreover, it has been shown that learning overcomplete

representations is crucial to achieving these impressive gains [58].

In an overcomplete representation, the dimensionality of the latent space exceeds the observed
dimensionality. Overcomplete representations are known to be more robust to noise, and can
provide greater flexibility in modeling [119]. Although overcomplete representations have led to
huge performance gains in practice, theoretical guarantees for learning are mostly lacking. In
many domains, we face the challenging task of unsupervised or semi-supervised learning, since it
is expensive to obtain labeled samples and we typically have access to a large number of unlabeled
samples, e.g. [58, 117]. Therefore, it is imperative to develop novel guaranteed methods for efficient

unsupervised /semi-supervised learning of overcomplete models.

In this chapter, we bridge the gap between theory and practice, and establish that a wide range
of overcomplete LVMs can be learned efficiently through simple spectral learning techniques. We
perform spectral decomposition of the higher order moment tensors (estimated using unlabeled
samples) to obtain the model parameters. A recent line of work has shown that tensor decom-
positions can be employed for unsupervised learning of a wide range of LVMs, e.g., independent
components analysis [69], topic models, Gaussian mixtures, hidden Markov models [15], network
community models [12], and so on. It involves decomposition of a multivariate moment tensor, and
is guaranteed to provide a consistent estimate of the model parameters. The sample and compu-

tational requirements are only a low order polynomial in the latent dimensionality for the tensor
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method [15, 147]. However, a major drawback behind these works is that they mostly consider the

undercomplete setting, where the latent dimensionality cannot exceed the observed dimensionality.

In practice, the tensor decomposition techniques have been shown to be effective in a number of
applications such as blind source separation [60], computer vision [155], contrastive topic mod-
eling [162], and community detection [97], where the tensor approach is shown to be orders of

magnitude faster than existing techniques such as the stochastic variational approach.

In this work, we establish guarantees for tensor decomposition in learning overcomplete LVMs,
such as multiview mixtures, independent component analysis, Gaussian mixtures and sparse coding
models. Note that learning general overcomplete models is ill-posed since the latent dimensionality
exceeds the observed dimensionality. We impose a natural incoherence condition on the compo-
nents, which can be viewed as a soft orthogonality constraint, which limits the redundancy among
the components. We establish that this constraint not only makes learning well-posed but also
enables efficient learning through tensor methods. Incoherence constraints are natural in the over-
complete regime, and have been considered before, e.g., in compressed sensing [74], independent

component analysis [117], and sparse coding [27, 3].

3.1 Summary of Results

In this chapter, we provide semi-supervised and unsupervised learning guarantees for LVMs such
as multiview mixtures, ICA and sparse coding models. Our algorithm is based on method of
moments, and employs a tensor decomposition algorithm for learning. Under the semi-supervised
setting, we establish that highly overcomplete models can be learned efficiently through the tensor
decomposition method. The moment tensors are constructed using unlabeled samples, and the
labeled samples are used to provide a rough initialization to the tensor decomposition algorithm.
In the unsupervised setting, we propose a simple initialization strategy for the tensor method,
and can handle mildly overcomplete models. In both settings we provide tight sample complexity

bounds through novel covering arguments.
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3.1.1 Learning Multiview Mixture Model

In the multiview mixtures model, given the hidden mixture component, each observation (view)
is independently drawn with some unknown mean parameter and noise distribution around that
mean; see Section 3.3 for details. The goal is to estimate the conditional mean parameters. In
this setting, we assume reasonable property on noise, and for brevity, we consider the “low” noise

regime (where the norm of noise is of the same order as that of the component means).

In the semi-supervised setting, we use labeled samples to initialize the tensor decomposition algo-

rithm, and provide the following recovery guarantee.

Theorem 3.1 (Semi-supervised learning of multiview mixtures model: informal). Let k be the
number of mizture components, and d be the observed dimensionality, and suppose k < o(d'). We
show that having polylog(d, k) number of labeled samples for each label, and n > Q(k) number of

unlabeled samples are sufficient to consistently estimate the model parameters.

See Theorem 3.7 for the formal statement of this result. Thus, for recovering each rank-1 component,
we need far less number of labeled samples compared to the number of unlabeled samples required.
Note that in most applications, labeled samples are expensive/hard to obtain, while many more
unlabeled samples are easily available, e.g., see [117, 57]. Furthermore, note that the unlabeled

sample complexity is the minimaz bound up to polylog factors.

We also provide unsupervised learning guarantees when no label is available. Here, the initialization
is performing by the SVD-based method stated in the previous section. This imposes additional

conditions on rank and sample complexity as follows.

Theorem 3.2 (Unsupervised learning of multiview mixtures model: informal). Suppose the number
of unlabeled samples n satisfies n > Q (kd) . If k < Bd (for arbitrary constant 3 > 1), then the model

parameters can be learned using a polynomial number of initializations scaled as k5.

See Theorem 3.8 for the formal statement of this result. This result is an improvement over existing
results since we do not have dependence on the condition number of the component means and in

addition, we can handle overcomplete models.
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3.1.2 Learning ICA and Sparse ICA (Dictionary Learning) Models

We also provide semi-supervised and unsupervised learning guarantees for Independent Component
Analysis (ICA). By semi-supervised setting in ICA, we mean some prior information is available
which provides good initializations for the tensor decomposition algorithm. In the semi-supervised
setting, we show that when the number of components k = ©(d?)/ polylog(d), the ICA model can
be efficiently learned from fourth order moments with n > Q(k*®) number of unlabeled samples.
In the unsupervised setting, we show that when k < fd (for arbitrary constant 8 > 1), the ICA

model can be learned with number of samples scaling as n > Q(k?®) in kP* number of initializations.

We also provide learning results for the sparse coding model, when the mixing coefficients are
independently drawn from a Bernoulli-Gaussian distribution and the dictionary satisfies some de-
terministic conditions (see Appendix A.2 and (RIP) in Section 3.3.1). Notice this corresponds to a

sparse ICA model since the hidden coefficients are independent.

Theorem 3.3 (Learning (sparse) ICA: informal). We can efficiently estimate the dictionary in
the (sparse) ICA model under the following conditions. Let s be the expected sparsity of the hidden
coefficients. In the semi-supervised setting (where prior information provides us good initialization),
we need the number of components to be bounded by k = o(d?), and unlabeled sample complexity

satisfies n > Q(max{sk, s2k%/d®}). In the unsupervised setting, we need k = ©(d), and n > Q(k2s).

In the special case when s is a constant, the sample complexity is akin to learning multiview models,
and when s = O(k), it is akin to learning the “dense” ICA model. Thus, the sparse coding model
bridges the range of models between multiview mixtures model and ICA. See Theorem 3.12 for the

formal statement of above result on learning sparse ICA.

3.2 Related Works

Several latent variable models can be learned through tensor decomposition including independent
component analysis [69], topic models, Gaussian mixtures, hidden Markov models [15] and net-

work community models [12]. In the undercomplete setting, Anandkumar et al. [15] analyze robust
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tensor power iteration for learning LVMs, and Song et al. [147] extend analysis to the nonpara-
metric setting. These works require the tensor factors to have full column rank, which rules out
overcomplete models. Moreover, they require whitening the input data, and the sample complexity
depends on the condition number of the factor matrices. For instance, when k = d, for random
factor matrices, the previous tensor approaches in [147, 11] have a sample complexity of Q(k6'5).
Our result can be also extended to learning mixtures of spherical Gaussians, where we have better
sample complexity than the work by Hsu and Kakade [94] (we have Q(d?) instead of their Q(d%)
when k = d). Note that this comparison is in the low noise regime (where the norm of noise is of
the same order as that of the component means). Thus, we provide the best known sample bounds
for semi-supervised and unsupervised learning of multiview mixtures model in the overcomplete

setting, assuming incoherent components.

In general, learning overcomplete models is challenging, and they may not even be identifiable in
general. The FOOBI procedure by De Lathauwer et al. [69] shows that a polynomial-time procedure
can recover the components of I[CA model (with generic factors) when k = O(d?), where the moment
is fourth order. However, the procedure does not work for third-order overcomplete tensors. For
the fifth order tensor, Goyal et al. [80], Bhaskara et al. [41] perform simultaneous diagonalization
on the matricized versions of random slices of the tensor and provide careful perturbation analysis.
But, this procedure cannot handle the same level of overcompleteness as FOOBI. In addition, Goyal
et al. [80] provide stronger results for ICA, where the tensor slices can be obtained in the Fourier
domain. Given 4th order tensor, they need poly(k*) number of unlabeled samples for learning

ICA (where the poly factor is not explicitly characterized), while we only need Q(k*°) (when
k = ©(d*)/ polylog(d)).

Learning mixture of Gaussians: Here, we provide a subset of related works studying learning
mixture of Gaussians which are more comparable with our result. For a more detailed list of
these works, see Anandkumar et al. [18], Hsu and Kakade [95]. The problem of learning mixture
of Gaussians dates back to the work by Pearson [133]. They propose a moment-based technique
that involves solving systems of multivariate polynomials which is in general challenging in both

computational and statistical sense. Recently, lots of studies on learning Gaussian mixture models
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have been done improving both aspects which can be divided to two main classes: distance-based

and spectral methods.

Distance-based methods impose separation condition on the mean vectors showing that under
enough separation the parameters can be estimated. Among such approaches, we can mention
Dasgupta [65], Vempala and Wang [156], Arora and Kannan [29]. As discussed in the summary of
results, these results work even if & > d'® as long as the separation condition between means is
satisfied, but our work can tolerate higher level of noise in the regime of k = o(d'-®) with polynomial
computational complexity. The guarantees in [156] also work in the high noise regime but need

higher computational complexity as polynomial in k°*) and d.

In the spectral approaches, the observed moments are constructed and the spectral decomposi-
tion of the observed moments are performed to recover the parameters [104, 10, 21]. Kalai et al.
[104] analyze the problem of learning mixture of two general Gaussians and provide algorithm with
high order polynomial sample and computational complexity. Note that in general, the complexity
of such methods grow exponentially with the number of components without further assump-
tions [127]. Hsu and Kakade [95] provide a spectral algorithm under non-degeneracy conditions on
the mean vectors and providing guarantees with polynomial sample complexity depending on the
condition number of the moment matrices. Anandkumar et al. [21] perform tensor power iteration
on the third order moment tensor to recover the mean vectors in the overcomplete regime as long
as k = o(d"%), but need very good initialization vector having constant correlation with the true

mean vector. Here, we improve the correlation level required for convergence.

More discussions on related works is provided in Appendix A.1.

3.3 Tensor Decomposition for Learning Latent Variable Models

In this section, we discuss that the problem of learning several latent variable models reduces to
the tensor decomposition problem. We show that the observed moment of the latent variable

models can be written in a CP tensor decomposition form when appropriate modifications are
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performed. This is done for multiview linear mixtures model, spherical Gaussian mixtures and ICA
(Independent Component Analysis). For a more detailed discussion on the connection between

observed moments of LVMs and tensor decomposition, see Section 3 in Anandkumar et al. [15].

Therefore, an efficient tensor decomposition method leads to efficient learning procedure for a wide
range of latent variable models. We exploit the algorithm and analysis in Chapter 2 for learning
latent variable models providing sample complexity results in the subsequent sections. Note that
the sample complexity guarantees are argued through tensor concentration bounds proposed in

Section 3.4.

3.3.1 Multiview linear mixtures model

Consider a multiview linear mixtures model as in Figure 3.1 with k& components and p > 3 views.
Throughout the chapter, we assume p = 3 for simplicity, while the results can be also extended to
higher-order. Suppose that hidden variable h € [k] is a discrete categorical random variable with
Pr[h = j] = wj,j € [k]. The variables (views) z; € R? are conditionally independent given the

k-categorical latent variable h € [k], and the conditional means are
E[mllh] = ap, E[xg‘h] = bh, E[xglh] = Cp, (31)

where A :=[a; ag -+ a] € R¥** denotes the factor matriz and B, C are similarly defined. The
goal of the learning problem is to recover the parameters of the model (factor matrices) A, B, and

C given observations.

For this model, the third order observed moment has the form (See Anandkumar et al. 15)

Elz1 ® x9 @ x3] = Z wja; @ b; ® c¢j. (3.2)
JElk]

The decomposition in (3.2) is referred to as the CP decomposition [49], and k denotes the CP tensor
rank. Hence, given third order observed moment, the unsupervised learning problem (recovering

factor matrices A, B, and C') reduces to computing a tensor decomposition as in (3.2).
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Figure 3.1: Multi-view mixtures model

In addition, suppose that given hidden state h, the observed variables z; € R% have conditional

distributions as
zilh ~ap +CVd-ea, wolh~by+CVd ep, aslh~ e+ V- e,

where €4,¢p,ec € R? are independent random vectors with zero mean and covariance é[d, and (2
is a scalar denoting the variance of each entry. We also assume that noise vectors €4,ep,ec are
independent of hidden vector h. In addition, let all the vectors ay,, by, cp, b € [k], have unit ¢5 norm.
Furthermore, since w;’s are the mixture probabilities, for simplicity we consider w; = ©(1/k),j €

[k]. We call this model S.

When ¢? = ©(1/d), the norm of the noise is roughly the same as the norm of the components. We
call this the low noise regime. When (? = ©(1), the norm of noise in every dimension is roughly

the same as the norm of the components. We call this the high noise regime.

3.3.2 Spherical Gaussian mixtures

Consider a mixture of k different Gaussian distributions with spherical covariances. Let wj,j € [K]
denote the proportion for choosing each mixture. For each Gaussian component j € [k|, a; € R4
is the mean, and Cf[ is the spherical covariance. For simplicity, we restrict to the case where all
the components have the same spherical variance, i.e., (? = (3 = --- = Cl% = (2. The generalization
is discussed in Hsu and Kakade [94]. In addition, in order to generalize the learning result to
the overcomplete setting, we assume that variance parameter ¢? is known (see Remark 1 for more
discussions). The following lemma shows that the problem of estimating parameters of this mixture
model can be formulated as a tensor decomposition problem. This is a special case of Theorem 1

in Hsu and Kakade [94] where we assume the variance parameter is known.
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Lemma 3.1 (Hsu and Kakade 94). If

M; =E[z®z®z] — ¢ Z (Ez|®@e; @e;+e; QE[x] ® e; + ¢; ® ¢; @ E[z]) (3.3)
t€[d]

then

M3 = Z w;a; Q a; & a;.
JElk]

In order to provide the learning guarantee, we define the following empirical estimates. Let ./\//73,
./\//72, and M 1 respectively denote the empirical estimates of the raw moments E[z ® x ® z], E[z ® x],

and E[z]. Then, the empirical estimate of the third order modified moment in (3.3) is

Mz = M;— ) (ﬂ/l\l®e,~®e,~+ei®/\71®e,~+e,~®e,~®ﬂl>. (3.4)

i€[d]
Remark 1 (Variance parameter estimation). Notice that we assume variance ¢ is known in order
to generalize the learning result to the overcomplete setting. Since ( is a scalar parameter, it is
reasonable to try different values of ( till we get a good reconstruction. On the other hand, in the
undercomplete setting, variance ¢? can be also estimated as proposed in [94], where estimate f 2 is

the k-th largest eigenvalue of the empirical covariance matrix M\g — M\lﬂ//\llT .

3.3.3 Independent component analysis (ICA)

In the standard ICA model [59, 48, 98, 61], random independent latent signals are linearly mixed
and perturbed with noise to generate the observations. Let h € R¥ be a random latent signal, where
its coordinates are independent, A € R4*F be the mixing matrix, and z € R% be the Gaussian noise.

In addition, A and z are also independent. Then, the observed random vector is

z=Ah+ z.
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Figure 3.2: Graphical representation of ICA (Independent Component Analysis) model x = Ah,
where the coordinates of A are independent.

Figure 3.2 depicts a graphical representation of the ICA model where the coordinates of h are

independent.

The following lemma shows that the problem of estimating parameters of the ICA model can be

formulated as a tensor decomposition problem.

Lemma 3.2 (Comon and Jutten 61). Define
My =Ez@zrex|—1T, (3.5)
where T € R¥X4xdXd s the fourth order tensor with

Ti1,i2,i3,i4 = E[xhxiz]E[xléxu] + E[xilxlé]E[xizxu] + E[xilxizL]E[xizxia]v 11,12,13,74 € [d]

Let kj == E[h?] - 3E2[h?], j € [k]. Then, we have

M4 = Z Rjaj ® a; ® a; X Qj. (37)
JEIK]

See [94] for a proof of this theorem in this form. Let ]\/4\4 be the empirical estimate of My given n

samples.
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Sparse ICA

We also consider the sparse ICA model, which is the ICA with the additional constraint that the

hidden vector h is sparse.

This is related to the dictionary learning or sparse coding model x = Ah where the observations
z € R? are sparse combination of dictionary atoms a; € R, j € [k] through sparse vector h € RF,
If in addition, the coordinates of h are random and independent, the dictionary learning model is
the same as the sparse ICA model. Others have studied the general sparse coding problem which

are briefly mentioned in the related works section.

3.4 Tensor Concentration Bounds

In this section, we provide tensor concentration results for the proposed latent variable models.
For each LVM, consider the higher-order observed moment (tensor) described in Section 3.3. The
tensor concentration result bounds the spectral norm of error between the true moment tensor and

its empirical estimate given n samples.

3.4.1 Multiview linear mixtures model

For the multiview linear mixtures model, we provide the tensor concentration result for the 3rd

order observed moment in (3.2).

Consider the multiview linear mixtures model described in Section 3.3.1 denoted as model S. Let
xﬁ,xé,xé,z’ € [n], denote n samples of views x1,xs,x3, respectively. Since the main focus is on
recovering the components, we bound the spectral norm of difference between the empirical tensor
estimate

1 n
T:= EZ:E’l@:E’Q@xg,
i=1
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and

. , 1 <
T :=E[z1 ® 22 ® 23]h;,i € [n]] = - Z(ahi) ® (bn;) ® (c,),
i=1

where the expectation is conditioned on the choice of hidden states for n samples, and taken over
the randomness of noise. Here, h; € [k] denotes the hidden state for sample i € [n]. Notice that

tensor T has the same form as true tensor 7" in (3.2) where

T="> wa;0b@c
J€k]

Here w;, j € [k] are the empirical frequencies of different hidden states h € [k]. It is easy to see that

ifn >0 (%), then all the empirical frequencies w; are within |[w;/2,2w;]. Therefore, tensor
decomposition of T has the same eigenvectors and similar eigenvalues as the true expectation (over
both the noise and the hidden variables), and hence, it suffices to bound |7 — T|| provided as

follows.

Theorem 3.4 (Tensor concentration bound for multiview linear mixtures model). Consider n
samples {(z}, x5, 2%),i € [n]} from the multiview linear miztures model S with corresponding hidden
states {h;,i € [n]}. Assume matrices AT, BT and C" have 2 — 3 norm bounded by O(1), and
noise matrices Ea, Ep and Ec defined in (3.9) satisfy the RIP condition in (RIP) (see Remark 3
for details on RIP condition). For T and T as above, if n = poly(d), we have with high probability

(over the choice of hidden state h and the noise)
P ~ d d d ds dt® d
|7 —T| <O <g <£+\/wmax—> +¢? <—+ wmax—> +¢° <—+ —))
n n n n n n

See the proof in Appendix C.2.1. The main ideas are described later in this section.

The above bound holds for any level of noise, but in each specific regime of noise, one of the
terms is dominant and the bound is simplified. We now provide the bound for the high noise
¢? = O(1) and low noise ¢? = O (1/d) regimes which were introduced in Section 3.3.1. In the high

noise regime (2 = ©(1), the term C?’\/g in Theorem 3.4 is dominant, and in the low noise regime
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?=0 (1/d), the term ¢ wmaxg in Theorem 3.4 is dominant. This concentration bound is later
used in Section 3.6 to provide sample complexity guarantees for learning multiview linear mixtures

model.

Remark 2 (Application of Theorem 3.4 to whitening-based approaches). In the undercomplete set-
ting, a guaranteed approach for tensor decomposition is to first orthogonalize the tensor through
the whitening step, and then perform the orthogonal tensor eigen-decomposition through the power
method [15]. The whitening step leads to dependency to the condition number in the sample com-
plexity result. Applying the proposed tensor concentration bound in Theorem 3.4 to this approach,
we get similar dependency to the condition number, but better dependency in the dimension d.
This improvement comes at the cost of additional bounded 2 — 3 norm condition on the factor

matrices.

Concretely, following the analysis in [15, 147], we have the error in recovery (up to permutation) as

32 \/ietriplos 5126?)airs

Hdl_aZH < 3 15 3 15 (38)
min "~ min O min®Wmin
where €giples := ||T° — T'|| is the error in estimating the third order moment, €pairs is the error in

estimating the second order moments and oy, is the k™ singular value of the factor matrices.
While the €pairs can be obtained by matrix Bernstein’s bounds as before (e.g. see [10]), we have
an improved bound for €,iples from Theorem 3.4, compared to previous results. Note that the first

term corresponding to €griples is the dominant one and we improve its scaling.

Remark 3 (RIP property). Given n samples for the model S proposed in Section 3.3.1, define noise

matrix

Ej:=[eY,€%,. .. %] € R™, (3.9)

where Ei‘ € R? is the i-th sample of noise vector 4. Ep and E¢ are similarly defined. These

matrices need to satisfy the RIP property as follows which is adapted from Candes and Tao [47].
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(RIP) Matriz E € R satisfies a weak RIP condition such that for any subset of O (bgLQd) number

of columns, the spectral norm of E restricted to those columns is bounded by 2.

It is known that when n = poly(d), the above condition is satisfied with high probability for
many random models such as when the entries are i.i.d. zero mean Gaussian or Bernoulli random

variables.

Proof ideas: The basic idea for proving the concentration result in Theorem 3.4 is an e-net
argument. We construct an e-net and then show that with high probability the norm of error

tensor is bounded for every vector in the e-net.

In some cases even a usual e-net of size e(@

is good enough. But, in many other cases the usual
e-net construction does not provide a useful result since the failure probability is not small enough,
and the union bound argument over all vectors in the e-net fails (or incurs additional polynomial
factors in the sample complexity result). In particular, for a vector with high correlation with the
data, we get a worse concentration bound. But, the key observation is that there can not be too
many vectors that have high correlation with the data. Therefore, for each fixed vector in the e-net,
we partition the terms in the error into two sets; one set corresponds to the small terms (where
the vector is not highly correlated with the data) and the other set corresponds to the large terms.
For the small terms, the usual e-net argument still works. For the large terms, we show that the
number of such terms is limited. This is done either by RIP property of the noise matrices or by the
bounded 2 — 3 norm of factor matrices AT, BT and C'T. See the proofs of Claims 12-14 for more
details. This partitioning argument is inspired by the entropy-concentration trade-off proposed

in [138]; however, here we have a finer partitioning into several sets, while in [138] the partitioning

is done into only two sets.

Spherical Gaussian mixtures: Similar tensor concentration bound as above holds for the spher-
ical Gaussian mixtures model with exploiting symmetrization trick as follows. In the spherical
Gaussian mixtures model, the modified higher order moment (tensor) in (3.3) is symmetric, and
hence noise matrices E4, Ep and FE¢ are all the same. This can cause a problem because some

square terms in the error tensor are not zero mean and we need to show their concentration around
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the mean. The well-known symmetrization technique can be exploited here where we draw two
independent set of samples, and show the difference between the two is with high probability small.
This technique is widely applied to show concentration around the median, and in all our cases the

median is very close to the mean.

3.4.2 ICA and sparse ICA

For the ICA model, we provide the tensor concentration result for the modified 4th order observed

moment (tensor) in (3.5) in both dense and sparse cases.

Theorem 3.5 (Tensor concentration bound for ICA). Consider n samples x* = Ah',i € [n] from
the ICA model with mizing matriv A € R™*. Suppose ||A|| < O(1 + \/k/d) and the entries
of h € R* are independent subgaussian variables with E[h?] = 1 and constant nonzero 4th order
cumulant. For the 4th order cumulant My in (3.5) and its empirical estimate ]\74, ifn > d, we

have with high probability

— ~ [ m? m*
My <O (g = .
| My — Myl < O < i d3n) ,  m = max(d, k)

See the proof in Appendix C.2.2. We have an improved bound for the sparse ICA setting as follows.

Theorem 3.6 (Tensor concentration bound for sparse overcomplete ICA). In the ICA model
x = Ah, suppose hj = s;g; where s;’s are i.i.d. Bernoulli random variables with Pr[s; = 1] = s/k,
and g;’s are independent 1-subgaussian random variables. Consider n independent samples b =
AR i € [n], where each h' is distributed as h. Suppose A satisfies (RIP) property (see Remark 3
for details on RIP condition). For the 4th order cumulant My in (3.5) and its empirical estimate

]\74, if n,k > d, we have with high probability
— ~ [ s? st

My — My|| < — — .
(| My 4H_O<n+ B

See the proof in Appendix C.2.3.
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Dependence on k: It may seem counter-intuitive that the bound in Theorem 3.6 does not depend
on k. The dependency on k is actually in the expectation where the expected tensor E [m®4] in My

is close to 7 > jelk] a?‘l. We typically require the deviation to be less than the expected value.

Proof ideas: The proof ideas are similar to the multiview mixtures model where we provide e-
net arguments and partition the terms to small and large ones. In addition, for the ICA model,
we exploit the subgaussian property of h;’s to provide concentration bound for the summation of
subgaussian random variables raised to the 4th power (see Claim 15). This implies the concentration
bound for the 4th order term E[z®4] in My (see Claim 16). For the 2nd order term 7" in My, the
bound is argued using Matrix Bernstein’s inequality (see Claim 17). For the sparse ICA model, the
RIP property of A is exploited to bound the size of intersection between the support of (partitioned)

vectors in the e-net and the support of sparse vectors h' (see Claim 18).

3.5 Learning Algorithm

We exploit the tensor decomposition algorithm proposed in Section 2.3 to learn the latent variable
models. The only difference here is we use the label information for initialization in the semi-

supervised setting. More concretely, the initialization in Algorithm 1 is performed as follows:

e Semi-supervised setting: label information is exploited. See equation (3.12).
e Unsupervised setting: SVD-based technique in Procedure 2 when k < fd (for arbitrary

constant [3).

Efficient implementation given samples: In Algorithm 1, a given tensor T is input, and we
then perform the updates. However, in many settings (especially machine learning applications),
the tensor is not available before hand, and needs to be computed from samples. Computing and
storing the tensor can be enormously expensive for high-dimensional problems. Here, we provide
a simple observation on how we can manipulate the samples directly to carry out the update

procedure in Algorithm 1 as multi-linear operations, leading to efficient computational complexity.
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Consider the mutiview mixtures model desribed in Section 3.3.1 where the goal is to decompose

the empirical moment tensor T of the form

= 1 O o D o D)
T := — E Nl
nle[ }331 ®l‘2 ®l‘3 , (3 0)

where a;fnl) is the I"* sample from view r € [3]. Applying the power update (2.6) in Algorithm 1 to

A

T, we have
NP S | T~ T
&:=T(@@b 1) =—X3(X{a* X, b), (3.11)
n
where * corresponds to the Hadamard product. Here, X, := [azgl) x&z) a:&")] e R¥". Thus,

the update can be computed efficiently using simple matrix and vector operations. It is easy to see
that the above update in (3.11) is easily parallelizable, and especially, the different initializations

can be parallelized, making the algorithm scalable for large problems.

We now provide some basic assumptions incorporated throughout the learning results, and state

the organization of learning guarantees which are proposed in subsequent sections.

Basic assumptions

Here, we review some of the assumptions and settings assumed throughout the learning results
provided in next sections. Consider tensor decomposition form in (1.5). Let A :=[a1 as --- ax] €
R¥*% denote the factor matriz. Similar factor matrices are defined as B and C' in the asymmetric
cases, e.g., multiview linear mixtures model. For simplicity and without loss of generality, we
assume that the columns of factor matrices have unit £» norm, since we can always rescale them,
and adjust the weights appropriately. Also, for simplicity we assume a;,b;,¢; € R%,i € [k], are

uniformly i.i.d. drawn from the unit d-dimensional sphere S%~! (see Remark 4 for more details).

In this chapter, we focus on learning in the challenging overcomplete regime where the number of
components/mixtures is larger than observed dimension. Precisely, we assume k > Q(d). Note that

the results can be easily adapted to the highly undercomplete regime when k < o(d).
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Learning results organization

In Section 3.3, we described how learning different latent variable models can be formulated as a
tensor decomposition problem by performing appropriate modifications on the observed moments.
For those LVMs, the tensor concentration bounds are provided in Section 3.4. We also proposed
the tensor decomposition algorithm in Section 2.3 which is robust to noise. Employing all these
techniques and results, we finally provide learning results for different latent variable models in-
cluding multiview linear mixtures, ICA and sparse ICA in the subsequent sections. We consider
two settings, viz., semi-supervised setting, where a small amount of label information is available,
and unsupervised setting where such information is not available. In the former setting, we can
handle overcomplete mixtures with number of components k = o(dP/?), where d is the observed
dimension and p is the order of observed moment. In the latter case, our analysis only works when

k < Bd for any constant 3. See the following two sections for learning guarantees.

3.6 Learning Multiview Linear Mixtures Model

In this section, we provide the semi-supervised and unsupervised learning results for the multiview

linear mixtures model described in Section 3.3.1.

3.6.1 Semi-supervised Learning

In the semi-supervised setting, label information is exploited to build good initialization vectors

for the tensor decomposition algorithm as follows. Let xgl)J, a:gl’)j, a:él)] € R4, j € [k], € [m;], denote

m = Zje[k] m; labeled samples, where the samples with subscript j have label j, i.e., they are
generated from hidden state h = j. Then, given conditional mean model in (3.1), we can compute
the empirical estimate of mixture components as

. DI 1 P 1 ! .

aj == — Z :Eg)], bj = p— Z :E;)], Cj = — Z xg)j, for any j € [k]. (3.12)

1
" 1€y 7 1Efm,) " 1fmy)
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Given n unlabeled samples, let

o O (kVd/vn) +0 (VEfd), ¢=eq), 1)

O (V&) +0 (VE/d), ¢=o().

denote the recovery error. We first provide the settings of Algorithm 1 which include input tensor

T, number of iterations N and the initialization setting.

Settings of Algorithm 1 in Theorem 3.7:

e Given n unlabeled samples $§i), x;i),:néi) € R% i € [n], consider the empirical estimate of 3rd
order moment in (3.2) as the input to Algorithm 1.
e Number of iterations: N = O (log (1/eR)).

e Initialization: Exploit the empirical estimates in (3.12) as initialization vectors.
Conditions for Theorem 3.7:

e Rank condition: Q(d) < k < o(d*/?).
e The columns of factor matrices are uniformly i.i.d. drawn from unit d-dimensional sphere
S%1 (see Remark 4 for more discussion).

e Suppose the distribution of observed variables given hidden state is sub-Gaussian, and the

number of labeled samples with label j, denoted by m;, satisfies 1
m; > Q(¢%d), j € [k]. (3.14)

e Given n unlabeled samples, noise matrices E4, Ep and E¢ satisfy the RIP condition in (RIP)

which is satisfied with high probability for many random models (see Remark 3 for details on

In model S, the columns of factor matrices are unit vectors, and therefore, the most reasonable regime of error
is when the expected norm of error vector is constant, i.e., E [||C\/E€H2] = ¢3d < O(1). But, note that the label

complexity holds even if ¢2d > w(1).
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RIP condition). The number of samples n satisfies
n > (3.15)

where (2 is the variance of each entry of observation vectors.

Theorem 3.7 (Semi-supervised learning of multiview mixtures model). Assume the conditions
and settings mentioned above hold. Then, the algorithm outputs estimates A := [@1 - --ay) € RIXK

and @ := [y --- W] " € RF, satisfying w.h.p.

|a-4),<0(=5). 1o-uli<o(—). (3.16

Similar error bounds hold for other factor matrices B and C.

Thus, we provide efficient learning guarantees for overcomplete multiview mixtures in the semi-
supervised setting given small number of labeled samples. It is also worth mentioning that there is

no dependence on the condition numbers of moment matrices in the sample complexity result.
See Appendix C.1 for the proof.

Column-wise error bounds: In Section 2.1.1, we explain that the algorithm analysis also pro-
vides column-wise error bounds with the expense of introducing an additional approximation error.

More precisely, we provide stronger guarantees on the column-wise errors as

I8~ ajll < O (Vi/n) + 0 (VE/d). i€ [k (3.17)

where a vk factor is removed in the first term of bound comparing with the bound in (3.16), but
an additional approximation error O(\/E/ d) is introduced. See Lemma 2.2 and the corresponding

discussions for exact description.

Remark 4 (Random assumption). In the above learning result, we assume that the mizture compo-
nents are uniformly i.i.d. drawn from unit d-dimensional sphere S¥='. This assumption is provided

for simplicity, while the original conditions for the recovery guarantees are deterministic (provided
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in Appendiz A.2). We show that random matrices satisfy these deterministic assumptions with
high probability. Notice the random assumption is reasonable for continuous models including the
multiview miztures model described here. But, it is not appropriate for discrete models where the

non-negativity assumptions on the entries of factor matrices are required.

Remark 5 (Minimax sample complexity). Note that the number of labeled samples required is
much smaller than the number of unlabeled samples, i.e., Zje[k} m; < n. Thus, we provide
efficient learning guarantees for overcomplete multiview Gaussian mixtures in the semi-supervised
setting under a small number of labeled samples. Furthermore, in the low noise regime (> = © (é),

the sample complexity bounds for unlabeled samples is Q(k‘), which is the minimaz bound up to

polylog factors.

Remark 6 (Different noise regime). For brevity, both semi-supervised and unsupervised learning
results for multiview linear mixtures model in this section are provided in low noise ¢(? = O(1/d)
and high noise (2 = O(1) regimes. But, notice that the result for general regime of noise (all
different magnitudes of () can be provided according to the general tensor concentration bound

proposed in Theorem 3.4.

Remark 7 (Bounded 2 — 3 norm assumption). Notice that the bounded 2 — 3 norm assumption
in tensor concentration bound in Theorem 3.4 is a weaker condition than assuming incoherence
property for learning result in Theorem 3.7 which is needed for the algorithm guarantees. Further-
more, it is discussed in Anandkumar et al. [19] that under the assumptions k < o(d*/?) and uniform

draws of columns of A, B and C from unit sphere, the bound on 2 — 3 norm is satisfied.

Remark 8 (Spherical Gaussian mixtures). Similar learning results as in Theorem 3.7 hold for the
spherical Gaussian mixtures. It is discussed in Section 3.3.2 how learning this model can be re-
duced to the tensor decomposition problem. Here, the 3rd order empirical (modified) moment ]\/4\3
in (3.4) is considered as the input of Algorithm 1 with symmetric updates. Thus, we show mini-
max unlabeled sample complexity for semi-supervised learning of overcomplete spherical Gaussian

mixtures.
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3.6.2 Unsupervised Learning

In the unsupervised setting, there is no label information available to build the initialization vectors.
Here, the initialization is performed by doing rank-1 SVD on random slices of the moment tensor
proposed in Procedure 2. The conditions and settings for unsupervised learning are stated as
follows where comparing to the semi-supervised learning, the initialization setting, rank and sample

complexity conditions are changed.

Settings of Algorithm 1 in Theorem 3.8:

e Given n unlabeled samples :Egi), ajg),:ng) € R% i € [n], consider the empirical estimate of 3rd
order moment in (3.2) as the input to Algorithm 1.

e Number of iterations: N = O (log (1/eR)).

e The initialization in each run of Algorithm 1 is performed by SVD-based technique proposed

in Procedure 2, with the number of initializations as

L> kQ(kQ/dz).

Conditions for Theorem 3.8:

e Rank condition: k = O(d).
e The columns of factor matrices are uniformly i.i.d. drawn from unit d-dimensional sphere
St

e The number of samples n satisfies

Theorem 3.8 (Unsupervised learning of multiview mixtures model). Assume the conditions and
settings mentioned above hold. Suppose the number of unlabeled samples n satisfies n > (kd). If

rank condition k = ©(d) holds, then the same guarantees as in Theorem 3.7 are satisfied.
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See Appendix C.1 for the proof.

Remark 9 (Comparison with “whitening + moment-based” techniques in the undercomplete setting
when k ~ d). Here, we discuss how our approach makes a huge improvement on sample complexity
for learning multiview linear mixtures model and spherical Gaussian mixtures with the additional

incoherence property we assume.

Multiview linear miztures model: We compare with the previous result by Song et al. [147], which
employs whitening procedure followed by tensor power updates in the undercomplete setting. When
k ~ d, the sample complexity in [147] is scaled as n > Q(k5). In comparison, the sample complexity
for our method scales as Q(kzz), which is far better. This is especially relevant in the high dimensional
regime, where k and d are large, and our analysis shows lower sample complexity under incoherent

factors.

Spherical Gaussian miztures: As mentioned in Remark 8, the above unsupervised learning result
can be also adapted for learning mixture of spherical Gaussians. An algorithm for learning mixture
of spherical Gaussians in the undercomplete setting is also provided in [94], which is a moment-
based technique combined with a whitening step. When k& = d, the sample complexity in [94] scales
asn > Q(k:?’) But, our tight tensor concentration analysis leads to the better sample complexity

of n > Q(k?). Note that this comparison is in the low noise regime ¢? = @(é).

Remark 10 (Extension to k < o(d'®)). We also argue that the SVD initialization can be slightly
modified, and under some regime of noise we can extend the above unsupervised learning result to the
highly overcomplete regime k < o(d'®). Suppose the expected norm of noise is constant (low noise
regime), and the noise vectors are incoherent with the true mean components (which is satisfied for
random mean components). Then if the SVD initialization is performed using sampleszznéi), then

the same guarantees as in Theorem 3.8 hold under highly overcomplete regime k < o(d"®).

2The SVD of T(I,I,:céi)) is computed.
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3.7 Learning Multiview Mixture Model Under Random Means

Assuming random rank-1 components, we provided stronger convergence guarantees for the tensor
power iteration in Chapter 2; see Theorem 2.3. Along this result we provide the application to

learning multiview mixtures model in Theorem 3.9.

Consider the same multiview mixture model as proposed in Section 3.3.1 with the difference that
the noise is not necessarily Gaussian. The variables (views) z; € R? are related to the hidden state

through factor matriz A € R¥* such that

xl:Ah—i—m, l e [p],

where hidden state h is represented as j-th basis vector e; if the hidden variable takes j-th state.

m € R? denote zero-mean noise vectors which are independent of each other and the hidden state

h.

For the learning algorithm, consider the same tensor decomposition algorithm proposed in Sec-
tion 2.3 with the modification that the algorithm is initialized with random samples of observed
variables. The algorithm is initialized by all n samples, and the final output is computed by the

clustering algorithm. More details are provided in the next section.

3.7.1 Learning guarantees

We assume a Gaussian prior on the mean vectors, i.e., the vectors a; ~ N(0,1;/d), j € [k] are
i.i.d. drawn from a standard multivariate Gaussian distribution with unit expected square norm.
Note that in the high dimension (growing d), this assumption is the same as uniformly drawing
from unit sphere since the norm of vector concentrates in the high dimension and there is no need
for normalization. Even though we impose a prior distribution, we do not use a MAP estimator,
since the corresponding optimization is NP-hard. Instead, we learn the model parameters through
decomposition of the third order moments through tensor power iterations. The assumption of a

Gaussian prior is standard in machine learning applications. We impose it here for tractable analysis
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of power iteration dynamics. Such Gaussian assumptions have been used before for analysis of other
iterative methods such as approximate message passing algorithms, and there are evidences that

similar results hold for more general distributions; see [39] and references there.

As explained in the previous sections, we use tensor power method to learn the components a;’s,
and the method is initialized with observed samples z;. Intuitively, this initialization is useful since
x; = Ah + n; is a perturbed version of desired parameter a; (when h = e;). Thus, we present
the result in terms of the signal-to-noise (SNR) ratio which is the expected norm of signal a;
(which is one here) divided by the expected norm of noise 7;, i.e., the SNR in the i-th sample
x; = aj +1n; (assumed h = e;) is defined as SNR := E[||a;||]/E[||n:]|]. This specifies how much noise
the initialization vector x; can tolerate in order to ensure the convergence of tensor power iteration
to a desired local optimum. We now propose the conditions required for recovery guarantees, and

state a brief explanation of them.

Conditions for Theorems 3.9 and 3.10:

e Rank condition: k < o(d").

e The columns of A are uniformly i.i.d. drawn from unit d-dimensional sphere.

e The noise vectors 7,1 € [3], are independent of matrix A and each other. In addition, the
signal-to-noise ratio (SNR) is w.h.p. bounded as

SR > 0 (Lax{kd}> |

=7

for some 8 > (logd)~¢ for universal constant ¢ > 0.

The rank condition bounds the level of overcompleteness for which the recovery guarantees are
satisfied. The random assumption on the columns of A are crucial for analyzing the dynamics of
tensor power iteration. We use it to argue there exists enough randomness left in the components
after conditioning on the previous iterations; see Section 2.6.1 for the details. The bound on
the SNR is required to make sure the given sample used for initialization is close enough to the

corresponding mean vector. This ensures that the initial vector is inside the basin-of-attraction of
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the corresponding component, and hence, the convergence to the mean vector can be guaranteed.

Under these assumptions we have.

Theorem 3.9 (Learning multiview mixture model given exact tensor: closeness to single colu-
muns). Consider a multiview mizture model (or a spherical Gaussian mizture) in the above setting
with k components in d dimensions. If the above conditions hold, then the tensor power iteration

converges to a vector close to one of the true mean vectors a;’s (having constant correlation).

In particular, for mildly overcomplete models, where k = ad for some constant o > 1, the signal-to-
noise ratio (SNR) is as low as Q(d~1/2%¢), for any € > 0. Thus, we can learn mixture models with
a high level of noise. In general, we establish how the required noise level scales with the number

of hidden components k, as long as k = o(d'®).

The above theorem states convergence to desired local optima which are close to true components
a;’s. In Theorem 3.10, we show that we can sharpen the above result, by jointly iterating over the
recovered vectors, and consistently recover the components a;’s. This result also uses the analysis

in the previous section.

Theorem 3.10 (Learning multiview mixture model given exact tensor: recovering the whole factor
matrix). Assume the above conditions hold. The initialization of power iteration is performed by
samples of x1 in multiview mizture model. Suppose the temnsor power iterations is at least initialized
once for each aj,j € [k| such that x1 = aj + m.2 Then by using the exact 3rd order moment tensor
in (3.2) as input, the tensor decomposition algorithm outputs an estimate A satisfying w.h.p. (over

the randomness of the components a;’s)
44, <
F
where the number of iterations of the algorithm is N = © (log (%) + log log d).

The above theorems assume the exact third order tensor is given to the algorithm. We provide the

results given empirical tensor in Section 3.7.1.1.

3Note that this happens for component j with high probability when the number of initializations is proportional
to inverse prior probability corresponding to that mixture.
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3.7.1.1 Sample complexity analysis

In the previous section, we assumed the exact third order tensor in (3.2) is given to the tensor

decomposition Algorithm 1. We now estimate the tensor given n samples xg ),a:g), xg),z € [n], as

T= Z at ® ). (3.18)

For the multiview mixture model introduced in Section 3.3.1, let the noise vector 7; be spherical,
and ¢? denote the variance of each entry of noise vector. We now provide the following recovery

guarantees.

Additional conditions for Theorem 3.11:

e Let By := [7751),% ), e ,ngn)] € R¥™" where nli) € R? is the i-th sample of noise vector

7n1. These noise matrices satisfy the following RIP property which is adapted from Candes
and Tao [47]. Matrix B € R satisfies a weak RIP condition such that for any subset of
O <1ogL2d> number of columns, the spectral norm of F4 restricted to those columns is bounded
by 2. The same condition is satisfied for similarly defined noise matrices Fo and Ej3.

e The number of samples n satisfies lower bound such that
5 1.5 k-
¢ (ﬁ + \/Amaxg> +¢? (d + \/Amaxd > +¢ <d— + é) < min {ei,O(Amm)} :
n n n n n d

where € < o (\/E/d)

Theorem 3.11 (Learning multiview mixture model given empirical tensor). Consider the empirical
tensor in (3.18) as the input to tensor decomposition Algorithm 1. Suppose the above additional
conditions are also satisfied. Then, the same guarantees as in Theorem 8.9 hold. In addition, the
same guarantees as in Theorem 8.10 also hold with the recovery bound changed as

-, o222,

min
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where E denotes the perturbation tensor originated from empirical estimation in (3.18), and its

spectral norm || E|| is bounded by the LHS of (3.19).

Proof: The above sample complexity result is proved by using the tensor concentration bound
in Theorem 1 of Anandkumar et al. [21] applied to our noisy analysis of tensor power dynamics in
Theorem 2.3; see Equation (2.4). The additional bound on sample complexity and final recovery

error on HA\ - AHF is also from Theorem 1 of Anandkumar et al. [16]. O

3.8 Learning Independent Component Analysis (ICA) and Sparse
ICA

In this section, we propose the semi-supervised and unsupervised learning results for the ICA and
sparse ICA models. By semi-supervised setting in ICA, we mean some prior information is available
which provides good initializations for the components. Recall the standard ICA model [59], where
independent source signals are linearly mixed to generate the observations. Let h € RF be a random
latent signal where its coordinates are independent, and A € R%** be the mixing matrix. Then,

the observed vector is
z = Ah € R

For simplicity, we limit to noiseless setting. This is the standard setting, and is already challenging
because samples in ICA are mixtures of many components, unlike the mixture models. It is dis-
cussed in Section 3.3.3 how estimating the parameters of ICA model can be formulated as a tensor
decomposition problem where a modified version of 4th order observed moment (denoted by My)

is characterized in a tensor decomposition form; see Lemma 3.2.

We now provide the learning results for the sparse ICA problem which is more general. This is
the ICA setting with the assumption that hidden vector h € R¥ can be sparse with i.i.d. Bernoulli-

subgaussian random entries. Assume the probability of each Bernoulli variable being 1 is s/k. Note
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that (dense) ICA is special case when s = k. For the sparse ICA model, we also assume that mixing

matrix A satisfies the RIP property (see condition (RIP) in Section 3.3.1).

Settings of Algorithm in Theorem 3.12: Given n samples z° = Ah',i € [n], consider the
empirical estimate of 4th order (modified) moment My (see (3.5) in the Appendix) as the in-

put to the algorithm with symmetric 4th order updates; see Appendix 2.4.1 for higher order

extension of the algorithm. Let the number of iterations N = O (log(1/€égr)), where ér =
min{k‘2 / min{n,\/ d3n},\/E/d1'5}. The initialization is performed differently in different learn-

ing settings. In the semi-supervised setting, it is assumed that for any j € [k], an approximation of

a; denoted by a§°> is given satisfying ||a§.°> — aj|| < a for some constant o < 1. In the unsupervised

setting, the initialization is performed by 4-th order generalization® of SVD-based technique in

Procedure 2, with the number of initializations as L > JSUk2 /)

Theorem 3.12 (Semi-supervised and unsupervised learning of (sparse) ICA). Assume the Algo-

rithm settings mentioned above hold. In the semi-supervised setting, suppose

Q(sk), sk < O(d®)/ polylog(d),
Q (s2k‘2/d3) , O.W.,

n >

and rank condition Q(d) < k < o(d?) hold. In the unsupervised setting, suppose n > Q (k:zs), and

rank condition Q(d) = ©(d) hold. Then the algorithm outputs estimates A and @, satisfying w.h.p.

R B S_k1.5
A-Al lo—wl<o —25 ).
ma{[|4 = Al . 1@ = wl]} <min{n,M})

In one extreme when s = O(k), it is akin to learning the “dense” ICA model.> On the other
extreme when s is a constant, it is akin to learning multiview models. Thus, the sparse coding

model bridges the range of models between multiview mixtures model and ICA.

4In the 4th order case, the SVD is performed on T(I,1,0,0) ¢ R¥*4 for some random vector 6.
5The result for learning ICA is a special case when s = k. Note that since we provide a different proof for the
ICA model, it does not need the RIP condition on dictionary matrix.
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Similar to the multiview mixture model, we can also provide column-wise recovery guarantees
with introducing additional approximation error O(\/E / d1'5). Note that this error is different from

multiview mixture since we exploit different tensor orders in the two models.

Comparison with previous approaches: The dictionary learning problem is also studied
in Arora et al. [27], Agarwal et al. [3], Barak et al. [34]. Arora et al. [27]|, Agarwal et al. [3]
provide clustering based approaches for approximately learning incoherent dictionaries and then
refining them through alternating minimization to obtain exact recovery of both the dictionary
and the coefficients. They can handle sparsity level up to O(v/d) (per sample) and the size of the
dictionary k can be arbitrary. Barak et al. [34] use the sum of squares framework and can handle
the sparsity level up to (small enough) constant times k, but with the expense of computational
complexity which scales as k©(°2k) and the size of the dictionary k = O(d). In addition, when
the sparsity level is smaller as k'~ for some 0 < § < 1, their algorithm runs in polynomial time
kO1/9)  They can also go to higher level of overcompleteness with the expense of reducing sparsity
level. They do not need the assumptions that the dictionary is incoherent or that the coefficients
are independent. They only have approximate recovery and note that exact recovery is impossible
(from an identifiability standpoint) unless further assumptions are imposed. In contrast, we have
a polynomial time method for incoherent dictionaries and independent coefficients which can han-
dle arbitrary sparsity level, and provides approximate recovery. Moreover, we can handle larger

dictionary sizes k at the expense of more computation.

Below, we show how we can extend our analysis to dependent sparsity setting, but with worse

performance guarantees.
Extension to dependent sparsity

In this section, we consider the noiseless sparse coding model z = Ah, but with no independence

assumption on the latent entries h;’s. The analysis can be extended to noisy case.
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We assume the following moment conditions on A in the dependent sparsity model. Note that these

assumptions are comparable with the moment assumptions in Barak et al. [34].

E[n!] = E[hi] = Bs/k,
E[hh3] <7, i# ],

E[hihs] =0, i#j,

with parameters s and 7, where s is the expected number of nonzero entries in h, and § is a
universal constant. The first condition represents the normalization factor which depends on the
sparsity level. The second condition limits the sparsity level and the amount of correlation between
different entries of vector h. To provide more intuition about these parameters, assume that the
entries of h are distributed as Bernoulli-Gaussian random variables with each entry being nonzero
with probability s/k. Then, we have 7 = pp + (1 — p)p?, where p is the correlation coefficient

between h? and h? for i # j.

Theorem 3.13 (Noiseless sparse coding with dependent sparsity). Consider the described dictio-
nary learning model x = Ah where the moments of random vector h satisfy the conditions stated
before the theorem. Let the noiseless 4th order observed moment E[a:®4] be the input to Algo-
rithm 1 with symmetric 4th order updates. Let the initialization in each run of Algorithm 1 is

performed by 4th order generalization of the SVD-based technique proposed in Procedure 2. Let
ér = O(tk/s) + O(Vk/d*?), and suppose

k=0(d), N=0(og(l/er)), L =k/%)

In addition, assume that the columns of dictionary A are uniformly i.i.d. drawn from unit d-

dimensional sphere ST, If

T§O<S{Tk>,
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then whp

dist (a5, a;) < ép, j € [k].

See Appendix C.1 for the proof.

Comparing with the dictionary learning result by Barak et al. [34], their algorithm is based on sum-
of-squares techniques, and do not require any incoherence assumptions on the dictionary atoms.
They can also handle higher levels of sparsity and correlation. On the other hand, they have a
quasi-polynomial algorithm in the regime of high sparsity (small enough constant times k), while

our algorithm is very simple and efficient.

The above analysis is in the noiseless regime, and the generalization to noisy case can be investigated

as a future work which involves the sample complexity analysis in the dependent sparsity case.

3.9 Experiments

In this Section, we run the algorithm for learning multiview Gaussian mixtures model. We consider
model S described in Section 3.3.1. The mixture components are uniformly i.i.d. drawn from d-
dimensional sphere S 1. We assume low-noise regime such that (v/d = 0.1. In addition, let
w; = Pr[h = j] = 1,j € [k]. We consider d = 100 and k = {10, 20, 50, 100, 200,500}. In order to

see the effect of number of components k, we fix the number of samples n = 1000.

Notice that the empirical tensor T in (3.10) is not explicitly computed, and the tensor power
updates in the algorithm are computed through the multilinear form stated in (3.11). This leads

to efficient computational complexity. See Section 2.3 for detailed discussion.

For each initialization 7 € [L], an alternative option of running the algorithm with a fixed number

of iterations N is to stop the iterations based on some stopping criteria. In this experiment, we

5In order to see the algorithm performance more easily, we generate n samples such that each mixture component is
exactly appeared in  observations. Note that this is basically imposing equal number of different mixture components
in the observations.
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Figure 3.3: Ratio of recovered components vs. the number of initializations. The figure is an
average over 10 random runs.

stop the iterations when the improvement in subsequent steps is small as

max <‘

where tg is the stopping threshold. According to the error bound provided in Theorem 3.7, we let

T T

ONCEY H2 oo —pe-n H2 7

0 _ Eg_l)‘f) <ts,

k k
ts == t1(log d)2\/; + 1 (log d)2§, (3.20)
for some constants t1,to > 0. Here, we set t;1 = le — 08, and t; = 1le — 07.

A random initialization approach is used where @(©) and ) are uniformly i.i.d. drawn from sphere
S9=1. Initialization vector ¢\© is generated through update formula in (2.6). Figure 3.3 depicts the
ratio of recovered components vs. the number of initializations. We observe that the algorithm is
capable of recovering mixture components even in the overcomplete regime k& > d. As suggested
in the experimental results of Anandkumar et al. [19], we also observe that random initialization
works efficiently in the experiments, while the theoretical results for random initialization appear
to be highly pessimistic. This suggests additional room for improving the theoretical guarantees

under random initialization.

Table 3.1 provides the average square error of the estimates, the average weight error and the

average number of iterations for different values of k. The averages are over different initializations
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Table 3.1: Results for learning a multi-view mixture model. d = 100, n = 1000, ¢v/d = 0.1.

& avg. square avg. weight avg. # of avg. square avg. weight
error error iterations error /k error /k
10 1.24e-03 1.73e-05 9.81 1.24e-04 1.73e-06
20 2.94e-03 5.28e-05 10.98 1.41e-04 2.64e-06
50 7.21e-03 1.84e-04 12.74 1.44e-04 3.69¢e-06
100 1.47e-02 5.36e-04 14.86 1.47e-04 5.36e-06
200 3.03e-02 1.85e-03 18.34 1.51e-04 9.23e-06
500 8.26e-02 1.23e-02 30.02 1.65e-04 2.45e-05

and random runs. The square error is computed as
1 ~112 ~||? ~12
3 (o =1+ o =3[+ ey —ae).

for the corresponding recovered column j. The weight error is computed as square relative error
| — w;|? /w]2 The number of iterations performed before stopping the algorithm is mentioned
in the fourth column. We observe that we can still get good error bounds even for overcomplete

models with d = 100 and & = 500.

In the last two columns, the normalized values of errors are provided. The normalization is done
by the number of mixtures k. Here, we observe that the normalized values (specially for the square
error) are very close for different k. This complies with the theoretical error bound in (3.17) which

claims that the square recovery error is bounded as O(k) when d and n are fixed as here.
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Chapter 4

Training Neural Networks Using
Tensor Methods

Training neural networks is a challenging non-convex optimization problem, and backpropagation
or gradient descent can get stuck in spurious local optima. In this chapter, we propose a novel
algorithm based on tensor decomposition for guaranteed training of two-layer neural networks.
We provide risk bounds for our proposed method, with a polynomial sample complexity in the
relevant parameters, such as input dimension and number of neurons. While learning arbitrary
target functions is NP-hard, we provide transparent conditions on the function and the input for
learnability. Our training method is based on tensor decomposition, which provably converges
to the global optimum, under a set of mild non-degeneracy conditions; the details are provided
in Chapter 2. It consists of simple embarrassingly parallel linear and multi-linear operations,
and is competitive with standard stochastic gradient descent (SGD), in terms of computational
complexity. Thus, we propose a computationally efficient method with guaranteed risk bounds for

training neural networks with one hidden layer.

Note that the analysis in this chapter has a fundamental difference with the learning results provided
in Chapter 3 such that here the problem of training neural networks is in supervised setting, while

learning latent variable models in Chapter 3 are unsupervised or semi-supervised.
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Neural networks have revolutionized performance across multiple domains such as computer vision
and speech recognition. They are flexible models trained to approximate any arbitrary target
function, e.g., the label function for classification tasks. They are composed of multiple layers
of neurons or activating functions, which are applied recursively on the input data, in order to
predict the output. While neural networks have been extensively employed in practice, a complete

theoretical understanding is currently lacking.

Training a neural network can be framed as an optimization problem, where the network parameters
are chosen to minimize a given loss function, e.g., the quadratic loss function over the error in
predicting the output. The performance of training algorithms is typically measured through the
notion of 7isk, which is the expected loss function over unseen test data. A natural question to
ask is the hardness of training a neural network with a bounded risk. The findings are mostly
negative [137, 145, 44, 37, 113]. Training even a simple network is NP-hard, e.g., a network with a

single neuron [145].

The computational hardness of training is due to the non-convexity of the loss function. In general,
the loss function has many critical points, which include spurious local optima and saddle points.
In addition, we face curse of dimensionality, and the number of critical points grows exponentially
with the input dimension for general non-convex problems [67]. Popular local search methods
such as gradient descent or backpropagation can get stuck in bad local optima and experience
arbitrarily slow convergence. Explicit examples of its failure and the presence of bad local optima
in even simple separable settings have been documented before [46, 79, 75]; see Section 4.7.1 for a

discussion.

Alternative methods for training neural networks have been mostly limited to specific activation
functions (e.g., linear or quadratic), specific target functions (e.g., polynomials) [24], or assume
strong assumptions on the input (e.g., Gaussian or product distribution) [24], see related work for
details. Thus, up until now, there is no unified framework for training networks with general input,

output and activation functions, for which we can provide guaranteed risk bound.
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In this chapter, for the first time, we present a guaranteed framework for learning general tar-
get functions using neural networks, and simultaneously overcome computational, statistical, and
approximation challenges. In other words, our method has a low computational and sample com-
plexity, even as the dimension of the optimization grows, and in addition, can also handle approxi-
mation errors, when the target function may not be generated by a given neural network. We prove
a guaranteed risk bound for our proposed method. NP-hardness refers to the computational com-
plexity of training worst-case instances. Instead, we provide transparent conditions on the target

functions and the inputs for tractable learning.

Our training method is based on the method of moments, which involves decomposing the empirical
cross moment between output and some function of input. While pairwise moments are represented
using a matrix, higher order moments require tensors, and the learning problem can be formulated
as tensor decomposition. A CP (CanDecomp/Parafac) decomposition of a tensor involves finding
a succinct sum of rank-one components that best fit the input tensor. Even though it is a non-
convex problem, the global optimum of tensor decomposition can be achieved using computationally
efficient techniques, under a set of mild non-degeneracy conditions [20, 18, 22, 17, 41]. These

methods have been recently employed for learning a wide range of latent variable models [18, 13].

Incorporating tensor methods for training neural networks requires addressing a number of non-
trivial questions: What form of moments are informative about network parameters? Earlier works
using tensor methods for learning assume a linear relationship between the hidden and observed
variables. However, neural networks possess non-linear activation functions. How do we adapt
tensor methods for this setting? How do these methods behave in the presence of approximation

and sample perturbations? How can we establish risk bounds? We address these questions shortly.

4.1 Summary of Results

The main contributions are: (a) we propose an efficient algorithm for training neural networks,
termed as Neural Network-LearnIng using Feature Tensors (NN-LIFT), (b) we demonstrate that the

method is embarrassingly parallel and is competitive with standard SGD in terms of computational
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complexity, and as a main result, (c) we establish that it has bounded risk, when the number of
training samples scales polynomially in relevant parameters such as input dimension and number

of neurons.

We analyze training of a two-layer feedforward neural network, where the second layer has a linear
activation function. This is the classical neural network considered in a number of works [64, 93, 36],
and a natural starting point for the analysis of any learning algorithm. Note that training even this
two-layer network is non-convex, and finding a computationally efficient method with guaranteed

risk bound has been an open problem up until now.

At a high level, NN-LIFT estimates the weights of the first layer using tensor CP decomposition. It
then uses these estimates to learn the bias parameter of first layer using a simple Fourier technique,
and finally estimates the parameters of last layer using linear regresion. NN-LIFT consists of simple
linear and multi-linear operations [18, 22, 17|, Fourier analysis and ridge regression analysis, which
are parallelizable to large-scale data sets. The computational complexity is comparable to that of
the standard SGD; in fact, the parallel time complexity for both the methods is in the same order,
and our method requires more processors than SGD by a multiplicative factor that scales linearly

in the input dimension.

Generative vs. discriminative models: Generative models incorporate a joint distribution
p(z,y) over both the input x and label y. On the other hand, discriminative models such as neural
networks only incorporate the conditional distribution p(y|z). While training neural networks
for general input = is NP-hard, does knowledge about the input distribution p(z) make

learning tractable?

In this work, we assume knowledge of the input density p(x), which can be any continuous differen-
tiable function. Unlike many theoretical works, e.g., [24], we do not limit ourselves to distributions
such as product or Gaussian distributions for the input. While unsupervised learning, i.e., estima-
tion of density p(x), is itself a hard problem for general models, in this work, we investigate how
p(z) can be exploited to make training of neural networks tractable. The knowledge of p(x) is nat-

urally available in the experimental design framework, where the person designing the experiments
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has the ability to choose the input distribution. Examples include conducting polling, carrying out

drug trials, collecting survey information, and so on.

Utilizing generative models on the input via score functions: We utilize the knowledge
about the input density p(x) (up to normalization)! to obtain certain (non-linear) transformations
of the input, given by the class of score functions. Score functions are normalized derivatives of the
input pdf; see (4.5). If the input is a vector (the typical case), the first order score function (i.e.,
the first derivative) is a vector, the second order score is a matrix, and the higher order scores are
tensors. In our NN-LIFT method, we first estimate the cross-moments between the output and the

input score functions, and then decompose it to rank-1 components.

Risk bounds: Risk bound includes both approximation and estimation errors. The approximation
error is the error in fitting the target function to a neural network of given architecture, and the
estimation error is the error in estimating the weights of that neural network using the given

samples.

We first consider the realizable setting where the target function is generated by a two-layer neural
network (with hidden layer of neurons consisting of any general sigmoidal activations), and a linear
output layer. Note that the approximation error is zero in this setting. Let A; € R®** be the weight
matrix of first layer (connecting the input to the neurons) with £ denoting the number of neurons
and d denoting the input dimension. Suppose these weight vectors are non-degenerate, i.e., the
weight matrix A; (or its tensorization) is full column rank. We assume continuous input distribution
with access to score functions, which are bounded on any set of non-zero measure. We allow for any
general sigmoidal activation functions with non-zero third derivatives in expectation, and satisfying
Lipschitz property. Let Smin(-) be the minimum singular value operator, and Ms3(z) € Raxd”
denote the matricization of input score function tensor Sz(z) € R4*?*%; see (1.1) and (4.5) for the
definitions. For the Gaussian input x ~ N(0, I), we have E [HM:;(:E)M;—(:E)H} =0 (d*). We have
the following learning result in the realizable setting where the target function is generated by a

two layer neural network (with one hidden layer).

"We do not require the knowledge of the normalizing constant or the partition function, which is #P hard to
compute [157].
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Theorem 4.1 (Informal result for realizable setting). Our method NN-LIFT learns a realizable
target function up to error € when the number of samples is lower bounded as®,

20 (G 2{Jaen o] =),

min

Thus, we can efficiently learn the neural network parameters with polynomial sample complexity
using NN-LIFT algorithm. In addition, the method has polynomial computational complexity, and
in fact, its parallel time complexity is the same as stochastic gradient descent (SGD) or backprop-

agation. See Theorem 4.3 for the formal result.

We then extend our results to the mon-realizable setting where the target function need not be
generated by a neural network. For our method NN-LIFT to succeed, we require the approximation
error to be sufficiently small under the given network architecture. Note that it is not of practical
interest to consider functions with large approximation errors, since classification performance in

that case is poor [38]. We state the informal version of the result as follows.

We assume the following: the target function f(x) has a continuous Fourier spectrum and is suffi-
ciently smooth, i.e., the parameter C (see (4.10) for the definition) is sufficiently small as specified
in (4.15). This implies that the approximation error of the target function can be controlled, i.e.,
there exists a neural network of given size that can fit the target function with bounded approx-
imation error. Let the input = be bounded as ||z|| < r. Our informal result is as follows. See

Theorem 4.5 for the formal result.

Theorem 4.2 (Informal result for non-realizable setting). The arbitrary target function f(x) is

approzimated by the neural network f(x) which is learnt using NN-LIFT algorithm such that the

risk bound satisfies w.h.p.

Iy 2 22 1 2 2
E.[/(z) - F@)P) < 0(2C3) . <7z +51> o),

where k is the number of neurons in the neural network, and 6, is defined in (4.13).

2Here, only the dominant terms in the sample complexity are noted; see (4.9) for the full details.
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In the above bound, we require for the target function f(z) to have bounded first order moment in
the Fourier spectrum; see (4.15). As an example, we show that this bound is satisfied for the class

of scale and location mixtures of the Gaussian kernel function.

Corollary 4.1 (Learning mixtures of Gaussian kernels). Let f(z) := [ K(a(z + 8))G(da,dB),
a >0, 8 € R be alocation and scale mizture of the Gaussian kernel function K (x) = exp (—@) ,
the input be Gaussian as x ~ N(0,021,), and the activations be step functions, then, our algorithm

trains a neural network with risk bounds as in Theorem 4.2, when

la| - |G| (da, dB) < poly L —exp(~1/0%) ).
d k

We observe that when the kernel mixtures correspond to smoother functions (smaller «/), the above
bound is more likely to be satisfied. This is intuitive since smoother functions have lower amount
of high frequency content. Also, notice that the above bound has a dependence on the variance of
the Gaussian input o,. We obtain the most relaxed bound (r.h.s. of above bound) for middle values
of 0, i.e., when o, is neither too large nor too small. See Appendix D.3.1 for more discussion and

the proof of the corollary.

Intuitions behind the conditions for the risk bound: Since there exist worst-case instances
where learning is hard, it is natural to expect that NN-LIFT has guarantees only when certain
conditions are met. We assume that the input has a regular continuous probability density function
(pdf); see (4.8) for the details. This is a reasonable assumption, since under Boolean inputs (a
special case of discrete input), it reduces to learning parity with noise which is a hard problem [105].
We assume that the activating functions are sufficiently non-linear, since if they are linear, then the
network can be collapsed into a single layer [33], which is non-identifiable. We precisely characterize
how the estimation error depends on the non-linearity of the activating function through its third

order derivative.

Another condition for providing the risk bound is non-redundancy of the neurons. If the neurons
are redundant, it is an over-specified network. In the realizable setting, where the target function is

generated by a neural network with the given number of neurons k, we require (tensorizations of)
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the weights of first layer to be linearly independent. In the non-realizable setting, we require this to
be satisfied by k vectors randomly drawn from the Fourier magnitude distribution (weighted by the
norm of frequency vector) of the target function f(x). More precisely, the random frequencies are
drawn from probability distribution A(w) := ||w||-|F (w)|/C where F(w) is the Fourier transform of
arbitrary function f(x), and Cy is the normalization factor; see (4.23) and corresponding discussions
for more details. This is a mild condition which holds when the distribution is continuous in some
domain. Thus, our conditions for achieving bounded risk are mild and encompass a large class of

target functions and input distributions.

Why tensors are required? We employ the cross-moment tensor which encodes the correlation
between the third order score function and the output. We then decompose the moment tensor
as a sum of rank-1 components to yield the weight vectors of the first layer. We require at least
a third order tensor to learn the neural network weights for the following reasons: while a ma-
trix decomposition is only identifiable up to orthogonal components, tensors can have identifiable
non-orthogonal components. In general, it is not realistic to assume that the weight vectors are or-
thogonal, and hence, we require tensors to learn the weight vectors. Moreover, through tensors, we
can learn overcomplete networks, where the number of hidden neurons can exceed the input/output
dimensions. Note that matrix factorization methods are unable to learn overcomplete models, since
the rank of the matrix cannot exceed its dimensions. Thus, it is critical to incorporate tensors for
training neural networks. A recent set of papers have analyzed the tensor methods in detail, and
established convergence and perturbation guarantees [20, 18, 22, 17, 41], despite non-convexity of
the decomposition problem. Such strong theoretical guarantees are essential for deriving provable

risk bounds for NN-LIFT.

Extensions: Our algorithm NN-LIFT can be extended to more layers, by recursively estimating the
weights layer by layer. In principle, our analysis can be extended by controlling the perturbation
introduced due to layer-by-layer estimation. Establishing precise guarantees is an exciting open

problem.

In this work, we assume knowledge of the generative model for the input. As argued before, in

many settings such as experimental design or polling, the design of the input pdf p(z) is under
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the control of the learner. Even if p(z) is not known, a recent flurry of research activity has
shown that a wide class of probabilistic models can be trained consistently using a suite of different
efficient algorithms: convex relaxation methods [51], spectral and tensor methods [18], alternating
minimization [4], and they require only polynomial sample and computational complexity, with
respect to the input and hidden dimensions. These methods can learn a rich class of models which

also includes latent or hidden variable models.

Another aspect not addressed in this work is the issue of regularization for our NN-LIFT algorithm.
In this work, we assume that the number of neurons is chosen appropriately to balance bias and
variance through cross validation. Designing implicit regularization methods such as dropout [90]
or early stopping [128] for tensor factorization and analyzing them rigorously is another exciting

open research problem.

4.2 Related works

We first review some works regarding the analysis of backpropagation, and then provide some

theoretical results on training neural networks.

Analysis of backpropagation and loss surface of optimization: Baldi and Hornik [33] show
that if the activations are linear, then backpropagation has a unique local optimum, and it corre-
sponds to the principal components of the covariance matrix of the training examples. However,
it is known that there exist networks with non-linear activations where backpropagation fails; for
instance, Brady et al. [46] construct simple cases of linearly separable classes that backpropagation
fails. Note that the simple perceptron algorithm will succeed here due to linear separability. Gori
and Tesi [79] argue that such examples are artificial and that backpropagation succeeds in reaching
the global optimum for linearly separable classes in practical settings. However, they show that
under non-linear separability, backpropagation can get stuck in local optima. For a detailed survey,

see [75].
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Recently, Choromanska et al. [55] analyze the loss surface of a multi-layer ReLU network by relating
it to a spin glass system. They make several assumptions such as variable independence for the
input, equally likely paths from input to output, redundancy in network parameterization and
uniform distribution for unique weights, which are far from realistic. Under these assumptions, the
network reduces to a random spin glass model, where it is known that the lowest critical values
of the random loss function form a layered structure, and the number of local minima outside
that band diminishes exponentially with the network size [32]. However, this does not imply
computational efficiency: there is no guarantee that we can find such a good local optimal point

using computationally cheap algorithms, since there are still exponential number of such points.

Haeffele and Vidal [82] provide a general framework for characterizing when local optima become
global in deep learning and other scenarios. The idea is that if the network is sufficiently overspeci-
fied (i.e., has enough hidden neurons) such that there exist local optima where some of the neurons
have zero contribution, then such local optima are in fact, global. This provides a simple and a
unified characterization of local optima which are global. However, in general, it is not clear how

to design algorithms that can reach these efficient optimal points.

Previous theoretical works for training neural networks: Analysis of risk for neural networks
is a classical problem. Approximation error of two layer neural network has been analyzed in a
number of works [64, 93, 36]. Barron [36] provides a bound on the approximation error and
combines it with the estimation error to obtain a risk bound, but for a computationally inefficient
method. The sample complexity for neural networks have been extensively analyzed in [36, 38|,
assuming convergence to the globally optimal solution, which in general is intractable. See Anthony
and Bartlett [25], Shalev-Shwartz and Ben-David [141] for an exposition of classical results on neural

networks.

Andoni et al. [24] learn polynomial target functions using a two-layer neural network under Gaus-
sian/uniform input distribution. They argue that the weights for the first layer can be selected
randomly, and only the second layer weights, which are linear, need to be fitted optimally. However,
in practice, Gaussian/uniform distributions are never encountered in classification problems. For

general distributions, random weights in the first layer is not sufficient. Under our framework, we
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impose only mild non-degeneracy conditions on the weights. Livni et al. [120] make the observation
that networks with quadratic activation functions can be trained in a computationally efficient
manner in an incremental manner. This is because with quadratic activations, greedily adding one
neuron at a time can be solved efficiently through eigen decomposition. However, the standard
sigmoidal networks require a large depth polynomial network, which is not practical. After we
posted the initial version of this chapter, Zhang et al. [161] extended this framework to improper
learning scenario, where the output predictor need not be a neural network. They show that if
the £1; norm of the incoming weights in each layer is bounded, then learning is efficient. However,
for the usual neural networks with sigmoidal activations, the 1 norm of the weights scales with
dimension and in this case, the algorithm is no longer polynomial time. Arora et al. [31] provide
bounds for leaning a class of deep representations. They use layer-wise learning where the neural
network is learned layer-by-layer in an unsupervised manner. They assume sparse edges with ran-
dom bounded weights, and 0/1 threshold functions in hidden nodes. The difference is here, we are
considering the supervised setting where there is both input and output, and we allow for general

sigmoidal functions at the hidden neurons.

Recently, after posting the initial version of this chapter, Hardt et al. [85] provided an analysis of
stochastic gradient descent and its generalization error in convex and non-convex problems such
as training neural networks. They show that the generalization error can be controlled under mild
conditions. However, their work does not address about reaching a solution with small risk bound
using SGD, and the SGD in general can get stuck in a spurious local optima. On the other hand,
we show that in addition to having a small generalization error, our method yields a neural network
with a small risk bound. Note that our method is moment-based estimation, and these methods

come with stability bounds that guarantee good generalization error.

Closely related to this work, Sedghi and Anandkumar [140] consider learning neural networks with
sparse connectivity. They employ the cross-moment between the (multi-class) label and (first order)
score function of the input. They show that they can provably learn the weights of the first layer,
as long as the weights are sparse enough, and there are enough number of input dimensions and

output classes (at least linear up to log factor in the number of neurons in any layer). In this
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chapter, we remove these restrictions and allow for the output to be just binary class (and indeed,
our framework applies for multi-class setting as well, since the amount of information increases
with more label classes from the algorithmic perspective), and for the number of neurons to exceed
the input/output dimensions (overcomplete setting). Moreover, we extend beyond the realizable
setting, and do not require the target functions to be generated from the class of neural networks

under consideration.

4.3 Preliminaries and Problem Formulation

We first introduce some notations and then propose the problem formulation.

Let [n] :={1,2,...,n}, and ||u|| denote the {5 or Euclidean norm of vector u, and (u,v) denote the
inner product of vectors v and v. For matrix C' € R¥**  the j-th column is referred by C; or ¢,
j € [k]. Throughout this chapter, v&m) denotes the m-th order derivative operator w.r.t. variable
z. For matrices A, B € R%*_ the Khatri-Rao product C := A® B € R%*F is defined such that

C(+ (i — 1)d, j) = A(i,7) - B(l,7), for i,1 € [d], j € [k].

Derivative: For function g(z) : R — R with vector input x € R%, the m-th order derivative w.r.t.

variable z is denoted by vim g(z) € @™ R? (which is a m-th order tensor) such that

dg(x)

= ) .7"'7. Gd. 41
U15eeslm 83:2-163;2-2 e aﬂ?im 11 Im [ ] ( )

Vi g(a)]
When it is clear from the context, we drop the subscript 2 and write the derivative as V(™) g(x).

Fourier transform:For a function f(z) : RY — R, the multivariate Fourier transform F(w) : RY —

R is defined as
F(w) = flx)e 7 dg, (4.2)
Rd

where variable w € R? is called the frequency variable, and j denotes the imaginary unit. We also

Fourier

denote the Fourier pair (f(z), F(w)) as f(z) +—— F(w).
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Function notations: Throughout the chapter, we use the following convention to distinguish
different types of functions. We use f(z) (or y) to denote an arbitrary function and exploit f(z)
(or §) to denote the output of a realizable neural network. This helps us to differentiate between

them. We also use notation f(x) (or y) to denote the estimated (trained) neural networks using

finite number of samples.

4.3.1 Problem formulation

We now introduce the problem of training a neural network in realizable and non-realizable settings,
and elaborate on the notion of risk bound on how the trained neural network approximates an
arbitrary function. It is known that continuous functions with compact domain can be arbitrarily
well approximated by feedforward neural networks with one hidden layer and sigmoidal nonlinear

functions [63, 92, 35].

The input (feature) is denoted by variable x, and output (label) is denoted by variable y. We
assume the input and output are generated according to some joint density function p(z,y) such
that (x4, v;) BLd p(z,y), where (z;,y;) denotes the i-th sample. We assume knowledge of the input
density p(x), and demonstrate how it can be used to train a neural network to approximate the
conditional density p(y|z) in a computationally efficient manner. We discuss in Section 4.4.1 how
the input density p(z) can be estimated through numerous methods such as score matching or
spectral methods. In settings such as experimental design, the input density p(x) is known to the
learner since she designs the density function, and our framework is directly applicable there. In
addition, we do not need to know the normalization factor or the partition function of the input

distribution p(x), and the estimation up to normalization factor suffices.

Risk bound: In this chapter, we propose a new algorithm for training neural networks and provide
risk bounds with respect to an arbitrary target function. Risk is the expected loss over the joint
probability density function of input x and output y. Here, we consider the squared ¢5 loss and

bound the risk error

E.[|f(z) - f()], (4.3)
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where f(x) is an arbitrary function which we want to approximate by f(z) denoting the estimated
(trained) neural network. This notion of risk is also called mean integrated squared error. The
proposed risk error for a neural network consists of two parts: approximation error and estimation
error. Approzimation error is the error in fitting the target function f(z) to a neural network with
the given architecture f (z), and estimation error is the error in training that network with finite
number of samples denoted by f(m) Thus, the risk error measures the ability of the trained neural

network to generalize to new data generated by function f(z). We now introduce the realizable

and non-realizable settings, which elaborates more these sources of error.

4.3.1.1 Realizable setting

In the realizable setting, the output is generated by a neural network. We consider a neural network
with one hidden layer of dimension k. Let the output § € {0,1} be the binary label, and 2 € R?
be the feature vector; see Section 4.7.2 for generalization to higher dimensional output (multi-label

and multi-class), and also the continuous output case. We consider the label generating model

f(z) == E[jlz] = (az, 0(A] z + b1)) + ba, (4.4)

where o(-) is (linear/nonlinear) elementwise function. See Figure 4.1 for a schematic representation

of label-function in (4.4) in the general case of vector output 7.

In the realizable setting, the goal is to train the neural network in (4.4), i.e., to learn the weight
matrices (vectors) A; € R¥™* gy € RF and bias vectors by € R¥ by € R. This only involves
the estimation analysis where we have a label-function f(z) specified in (4.4) with fixed unknown
parameters Aq, b1, a9, be, and the goal is to learn these parameters and finally bound the overall
function estimation error Ey[|f(z) — f(z)[?], where f(z) is the estimation of fixed neural network
f (z) given finite samples. For this task, we propose a computationally efficient algorithm which
requires only polynomial number of samples for bounded estimation error. This is the first time

that such a result has been established for any neural network.
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Figure 4.1: Graphical representation of a neural network, E[§|z] = Ag o(A]z + b1) + ba. Note
that this representation is for general vector output § which can be also written as E[g|z] =
(ag,0(A{ x + b)) + by in the case of scalar output .

4.3.1.2 Non-realizable setting

In the non-realizable setting, the output is an arbitrary function f(z) which is not necessarily a
neural network. We want to approximate f(x) by f(m) denoting the estimated (trained) neural
network. In this setting, the additional approximation analysis is also required. In this chapter, we
combine the estimation result in realizable setting with the approximation bounds in Barron [35]

leading to risk bounds with respect to the target function f(z); see (4.3) for the definition of risk.

The detailed results are provided in Section 4.6.

4.4 NN-LIFT Algorithm

In this section, we introduce our proposed method for learning neural networks using tensor, Fourier
and regression techniques. Our method is shown in Algorithm 6 named NN-LIFT (Neural Network
Learnlng using Feature Tensors). The algorithm has three main components. The first component
involves estimating the weight matrix of the first layer denoted by A; € R4** by a tensor decompo-
sition method. The second component involves estimating the bias vector of the first layer b; € RF
by a Fourier method. We finally estimate the parameters of last layer ay € R¥ and by € R by linear

regression.
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Procedure 6 NN-LIFT (Neural Network LearnIng using Feature Tensors)

input Labeled samples {(z;,y;) : i € [n]}, parameter €;, parameter \.

input Third order score function Ps(x) of the input z; see Equation (4.5) for the definition.
: Compute T := %Zie[n} i - Ps(z;).

: {(fll)j}je[k} = tensor decomposition(T); see Section 4.4.2 and Appendix D.1 for details.

—_

o~

2
3: by = Fourier method({(z;,y;) : i € [n]}, Ay, €1); see Procedure 7.

4: (@2, b2) = Ridge regression({(zi, y;) : i € [n]}, A1, b1, A); see Procedure 8.
5: return Aj,ds, by, ba.

Note that most of the unknown parameters (compare the dimensions of matrix A;, vectors asg, by,
and scalar by) are estimated in the first part, and thus, this is the main part of the algorithm. Given
this fact, we also provide an alternative method for the estimation of other parameters of the model,
given the estimate of Ay from the tensor method. This is based on incrementally adding neurons,
one by one, whose first layer weights are given by A; and the remaining parameters are updated
using brute force search on a grid. Since each update involves just updating the corresponding
bias term b, and its contribution to the final output, this is low dimensional, and can be done

efficiently; details are in Section 4.7.3.

We now explain the steps of Algorithm 6 in more details.

4.4.1 Score function

The m-th order score function P,,(z) € @™ R? is defined as [102]

VI ()

Pu(e) = (=)=

: (4.5)

where p(z) is the probability density function of random vector z € R?. In addition, Vém) denotes

the m-th order derivative operator; see (4.1) for the precise definition. The main property of score
functions as yielding differential operators that enables us to estimate the weight matrix A; via

tensor decomposition is discussed in the next subsection; see Equation (4.6).

In this work, we assume access to a sufficiently good approximation of the input pdf p(z) and

the corresponding score functions Sa(x), S3(z). Indeed, estimating these quantities in general is a
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hard problem, but there exist numerous instances where this becomes tractable. Examples include
spectral methods for learning latent variable models such as Gaussian mixtures, topic or admix-
ture models, independent component analysis (ICA) and so on [18]. Moreover, there have been
recent advances in non-parametric score matching methods [150] for density estimation in infinite
dimensional exponential families with guaranteed convergence rates. These methods can be used to
estimate the input pdf in an unsupervised manner. Below, we discuss in detail about score function
estimation methods. In this work, we focus on how we can use the input generative information to
make training of neural networks tractable. For simplicity, in the subsequent analysis, we assume
that these quantities are perfectly known; it is possible to extend the perturbation analysis to take

into account the errors in estimating the input pdf; see Remark 14.

Estimation of score function: There are various efficient methods for estimating the score
function. The framework of score matching is popular for parameter estimation in probabilistic
models [99, 152], where the criterion is to fit parameters based on matching the data score function.
Swersky et al. [152] analyze the score matching for latent energy-based models. In deep learning,
the framework of auto-encoders attempts to find encoding and decoding functions which minimize
the reconstruction error under added noise; the so-called Denoising Auto-Encoders (DAE). This
is an unsupervised framework involving only unlabeled samples. Alain and Bengio [5] argue that
the DAE approximately learns the first order score function of the input, as the noise variance
goes to zero. Sriperumbudur et al. [150] propose non-parametric score matching methods for
density estimation in infinite dimensional exponential families with guaranteed convergence rates.

Therefore, we can use any of these methods for estimating P;(z) and use the recursive form [102]

,Pm(x) = _,Pm—l(x) ® Vx 1ng($) o V:(:,Pm—l(x)

to estimate higher order score functions.
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4.4.2 Tensor decomposition

The score functions are new representations (extracted features) of input data = that can be used for
training neural networks. We use score functions and labels of training data to form the empirical
cross-moment 7 = 1 Zie[n} y; - P3(x;). We decompose tensor T to estimate the columns of A;. The

n

following discussion reveals why tensor decomposition is relevant for this task.

The score functions have the property of yielding differential operators with respect to the input

distribution. More precisely, for label-function f(z) := E[y|z|, Janzamin et al. [102] show that
Ely - S3(x)] = E[VY f(2)).

Now for the neural network output in (4.4), note that the function f(z) is a non-linear function of
both input  and weight matrix A;. The expectation operator E[-| averages out the dependency on
x, and the derivative acts as a linearization operator as follows. In the neural network output (4.4),
we observe that the columns of weight vector A; are the linear coefficients involved with input
variable x. When taking the derivative of this function, by the chain rule, these linear coefficients
shows up in the final form. In particular, we show in Lemma 4.1 (see Section 4.8) that for neural

network in (4.4), we have

E[G-Ps(x)] = Y Aj- (A1); @ (A1); @ (Ar); € R, (4.6)

Jelk]
where (A;); € R? denotes the j-th column of Aj, and A; € R denotes the coefficient; refer to
Equation (1.5) for the notion of tensor rank and its rank-1 components. This clarifies how the score
function acts as a linearization operator while the final output is nonlinear in terms of A;. The

above form also clarifies the reason behind using tensor decomposition in the learning framework.

Tensor decomposition algorithm: The goal of tensor decomposition algorithm is to recover the
rank-1 components of tensor. For this step, we use the tensor decomposition algorithm proposed in

Section 2.3; see Appendix D.1 for more details. Here, we first orthogonalize the tensor via whitening
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procedure and then apply the tensor power iteration. Thus, the original tensor decomposition need

not to be orthogonal.

Computational Complexity: It is popular to perform the tensor decomposition in a stochastic
manner which reduces the computational complexity. This is done by splitting the data into mini-
batches. Starting with the first mini-batch, we perform a small number of tensor power iterations,
and then use the result as initialization for the next mini-batch, and so on. As mentioned earlier, we
assume that a sufficiently good approximation of score function tensor is given to us. For specific
cases where we have this tensor in factor form, we can reduce the computational complexity of
NN-LIFT by not computing the whole tensor explicitly. By having factor form, we mean when we
can write the score function tensor in terms of summation of rank-1 components which could be
the summation over samples, or from other existing structures in the model. We now state a few
examples when we have the factor form, and provide the computational complexity. For example,
if input follows Gaussian distribution, the score function has a simple polynomial form, and the
computational complexity of tensor decomposition is O(nkdR), where n is the number of samples
and R is the number of initializations for the tensor decomposition. Similar argument follows when

the input distribution is mixture of Gaussian distributions.

We can also analyze complexity for more complex inputs. If we fit the input data into a Restricted
Boltzmann Machines (RBM) model, the computational complexity of our method is O(nkdd,R).
Here dj, is the number of neurons of the first layer of the RBM used for approximating the input
distribution. Tensor methods are also embarrassingly parallelizable. When performed in parallel,
the computational complexity would be O(log(min{d, d,})) with O(nkddyR/log(min(d,d}))) pro-
cessors. Alternatively, we can also exploit recent tensor sketching approaches [158] for computing
tensor decompositions efficiently. Wang et al. [158] build on the idea of count sketches and show that
the running time is linear in the input dimension and the number of samples, and is independent

in the order of the tensor. Thus, tensor decompositions can be computed efficiently.
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Procedure 7 Fourier method for estimating by

input Labeled samples {(z;, ;) : i € [n]}, estimate A;, parameter .
input Probability density function p(z) of the input x.
1: for /=1 to k do R s
2:  Let ;= {w eER?: ||w| = 3, |(w, (A1)1)| = 1_521/2}, and |€;| denotes the surface area of d—1
dimensional manifold €2;.
3:  Draw n ii.d. random frequencies w;,i € [n], uniformly from set ;.
4: Letv:=1 D icln] _Yi_e=i{witi) which is a complex number as v = |v|e?“?. The operators | - |

p(z;)
and Z- respectively denote the magnitude and phase operators.

5 Let bi(l) :i= L(Lv— £%(1/2)), where o(z) &% 53(w).

~

6: return b;.

4.4.3 Fourier method

The second part of the algorithm estimates the first layer bias vector b; € R¥. This step is
very different from the previous step for estimating A; which was based on tensor decomposition
methods. This is a Fourier-based method where complex variables are formed using labeled data
and random frequencies in the Fourier domain; see Procedure 7. We prove in Lemma 4.6 that
the entries of b; can be estimated from the phase of these complex numbers. We also observe
in Lemma 4.6 that the magnitude of these complex numbers can be used to estimate ag; this is

discussed in Appendix D.2.2.

Polynomial-time random draw from set (2;: Note that the random frequencies are drawn
from a d — 1 dimensional manifold denoted by € which is the intersection of sphere |jw|| = & and
cone |<w, (gl)lﬂ > # in R%. This manifold is actually the surface of a spherical cap. In order
to draw these frequencies in polynomial time, we consider the d-dimensional spherical coordinate
system such that one of the angles is defined based on the cone axis. We can then directly impose
the cone constraint by limiting the corresponding angle in the random draw. In addition, Kothari
and Meka [109] propose a method for generating pseudo-random variables from the spherical cap

in logarithmic time.

Remark 11 (Knowledge of input distribution only up to normalization factor). The computation of
score function and the Fourier method both involve knowledge about input pdf p(z). However, we
do not need to know the normalization factor, also known as partition function, of the input pdf.

For the score function, it is immediately seen from the definition in (4.5) since the normalization
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Procedure 8 Ridge regression method for estimating ao and b

input Labeled samples {(3:2, yl) . i € [n]}, estimates A; and by, regularization parameter A.
1: Let h; := O’(A x; + bl) € [n], denote the estimation of the neurons.

2: Append each neuron h by the dummy variable 1 to represent the bias, and thus, h € RFHL,
3: Let 3y i= 1 5 2icln] hih] € REFD* (L) denote the empirical covariance of h.
4

: Let 5>\ € ]R’I‘H'1 denote the estimated parameters by A-regularized ridge regression as

By = (23 + Mk+1) : Z yihi | (4.7)

i€[n]

where k1 denotes the (k + 1)-dimensional identity matrix.
5: return dp := Ay(1: k), by := Ba(k + 1).

factor is canceled out by the division by p(z), and thus, the estimation of score function is at most
as hard as estimation of input pdf up to normalization factor. In the Fourier method, we can
use the non-normalized estimation of input pdf which leads to a normalization mismatch in the
estimation of corresponding complex number. This is not a problem since we only use the phase

information of these complex numbers.

4.4.4 Ridge regression method

For the neural network model in (4.4), given a good estimation of neurons, we can estimate the
parameters of last layer by linear regression. We provide Procedure 8 in which we use ridge
regression algorithm to estimate the parameters of last layer ao and by. See Appendix D.2.3 for the

details of ridge regression and the corresponding analysis and guarantees.

4.5 Risk Bound in the Realizable Setting

In this section, we provide guarantees in the realizable setting, where the function f(z) := E[j|x]
is generated by a neural network as in (4.4). We provide the estimation error bound on the overall

-~

function recovery E[|f(z) — f(z)|?] when the estimation is done by Algorithm 6.
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We provide guarantees in the following settings. 1) In the basic case, we consider the undercomplete
regime k < d, and provide the results assuming A; is full column rank. 2) In the second case, we
form higher order cross-moments and tensorize it into a lower order tensor. This enables us to learn
the network in the overcomplete regime k > d, when the Khatri-Rao product A1 ® Ay € R xk
is full column rank. We call this the overcomplete setting and this can handle up to k = O(d?).
Similarly, we can extend to larger k by tensorizing higher order moments in the expense of additional

computational complexity.

We define the following quantity for label function f(-) as
¢ Fi= f(x)dz.
R4

Note that in the binary classification setting (7 € {0,1}), we have E[j|z] := f(z) € [0,1] which is

always positive, and there is no square of f () considered in the above quantity.

Let 1 denote the noise in the neural network model in (4.4) such that the output is
g=f(x)+n.

Note that the noise n is not necessarily independent of x; for instance, in the classification setting

or binary output g € {0, 1}, the noise in dependent on x.

Conditions for Theorem 4.3:

e Non-degeneracy of weight vectors: In the undercomplete setting (k < d), the weight
matrix A; € R is full column rank and suyin(A1) > €, where spin(+) denotes the minimum
singular value, and ¢ > 0 is related to the target error in recovering the columns of A;. In
the overcomplete setting (k < d?), the Khatri-Rao product 4; ® Ay € R¥**k g full column

rank®, and spyin(A; © A1) > €; see Remark 13 for generalization.

3Tt is shown in Bhaskara et al. [41] that this condition is satisfied under smoothed analysis.
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e Conditions on nonlinear activating function o(-): the coefficients

Aji=E[0"(2)] - a2(d), Ay i=E[0"(z)] - a2i), € K],

in (4.17) and (D.11) are nonzero. Here, z := A x + b; is the input to the nonlinear operator
o(-). In addition, o(-) satisfies the Lipschitz property? with constant L such that |o(u) —
o) < L-|u—1|, for u,u’ € R. Suppose that the nonlinear activating function o(2)
satisfies the property such that o(z) = 1—o0(—z). Many popular activating functions such as

step function, sigmoid function and tanh function satisfy this last property.

e Subgaussian noise: There exists a finite opgiee > 0 such that, almost surely,
E,lexp(an)|z] < exp(a®0rye./2), Vo €R,

where 1 denotes the noise in the output .

e Bounded statistical leverage: There exists a finite py > 1 such that, almost surely,

VEk
VA + Nk

< %)

where ki \ denotes the effective dimensions of the hidden layer h := U(AlTaj +b1) as k) =
> jelk] )\;\ﬁ Here, \;’s denote the (positive) eigenvalues of the hidden layer covariance matrix

¥, and A is the regularization parameter of ridge regression.

We now elaborate on these conditions. The non-degeneracy of weight vectors are required for
the tensor decomposition analysis in the estimation of A;. In the undercomplete setting, the
algorithm first orthogonalizes (through whitening procedure) the tensor given in (4.6), and then
decomposes it through tensor power iteration. Note that the convergence of power iteration for
orthogonal tensor decomposition is guaranteed [160, 18]. For the orthogonalization procedure to

work, we need the tensor components (the columns of matrix A;) to be linearly independent. In

4 If the step function o(u) = 1{u>0}(u) is used as the activating function, the Lipschitz property does not hold
because of the non-continuity at « = 0. But, we can assume the Lipschitz property holds in the linear continuous
part, i.e., when u,u’ > 0 or u,u’ < 0. We then argue that the input to the step function 1;,50}(u) is w.h.p. in the
linear interval (where the Lipschitz property holds).
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the overcomplete setting, the algorithm performs the same steps with the additional tensorizing
procedure; see Appendix D.1 for details. In this case, a higher order tensor is given to the algorithm
and it is first tensorized before performing the same steps as in the undercomplete setting. Thus,

the same conditions are now imposed on A; ® A;.

In addition to the non-degeneracy condition on weight matrix Ay, the coefficients condition on \;’s
is also required to ensure the corresponding rank-1 components in (4.6) do not vanish, and thus,
the tensor decomposition algorithm recovers them. Similarly, the coefficients S\j should be also
nonzero to enable us using the second order moment My in (D.10) in the whitening step of tensor
decomposition algorithm. If one of the coefficients vanishes, we use the other option to perform the
whitening; see Remark 15 and Procedure 10 for details. Note that the amount of non-linearity of
o(-) affects the magnitude of the coefficients. It is also worth mentioning that although we use the
third derivative notation o(-) in characterizing the coefficients \; (and similarly ¢”(-) in );), we
do not need the differentiability of non-linear function o(-) in all points. In particular, when input z
is a continuous variable, we use Dirac delta function d(-) as the derivative in non-continuous points;
for instance, for the derivative of step function 1y,-0y(z), we have %1{x>0} () = d(x). Thus, in
general, we only need the expectations E [0”(z;)] and E [0”(z;)] to exist for these type of functions

and the corresponding higher order derivatives.

We impose the Lipschitz condition on the non-linear activating function to limit the error prop-
agated in the hidden layer, when the first layer parameters are estimated by the neural network
and Fourier methods. The condition o(z) = 1 — o(—2) is also assumed to tackle the sign issue
in recovering the columns of A;; see Remark 29 for the details. The subgaussian noise and the
bounded statistical leverage conditions are standard conditions, required for ridge regression, which
is used for estimating the parameters of the second layer of the neural network. Both parameters

Onoise; and py affect the sample complexity in the final guarantees.

Imposing additional bounds on the parameters of the neural network are useful in learning these
parameters with computationally efficient algorithms since it limits the searching space for training
these parameters. In particular, for the Fourier analysis, we assume the following conditions.

Suppose the columns of weight matrix A; are normalized, i.e., ||(A1);|| = 1,7 € [k], and the entries
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of first layer bias vector b are bounded as [b;(1)| < 1,1 € [k]. Note that the normalization condition
on the columns of A; is also needed for identifiability of the parameters. For instance, if the non-
linear operator is the step function o(z) = 1y.50y(2), then matrix A; is only identifiable up to
its norm, and thus, such normalization condition is required for identifiability. The estimation
of entries of the bias vector b; is obtained from the phase of a complex number through Fourier
analysis; see Procedure 7 for details. Since there is ambiguity in the phase of a complex number®,

we impose the bounded assumption on the entries of by to avoid this ambiguity.

Let p(x) satisfy some mild regularity conditions on the boundaries of the support of p(z). In

particular, all the entries of (matrix-output) functions
fa)-V®p(z), Vi) - Vp@)', VO f@)- p() (4.8)

should go to zero on the boundaries of support of p(x). These regularity conditions are required

for the properties of the score function to hold; see Janzamin et al. [102] for more details.

In addition to the above main conditions, we also need some mild conditions which are not crucial for
the recovery guarantees and are mostly assumed to simplify the presentation of the main results.
These conditions can be relaxed more. Suppose the input x is bounded, i.e., x € B,, where
B, :={z : ||z|| < r}. Assume the input probability density function p(z) > 1 for some ¢ > 0, and
for any = € B,.. The regularity conditions in (4.8) might seem contradictory with the lower bound
condition p(x) > 1, but there is an easy fix for that. The lower bound on p(z) is required for the
analysis of the Fourier part of the algorithm. We can have a continuous p(x), while in the Fourier
part, we only use x’s such that p(xz) > 1, and ignore the rest. This only introduces a probability

factor Pr[z : p(z) > 9] in the analysis.

Settings of algorithm in Theorem 4.3:

e No. of iterations in Algorithm 12: N = © (log %)
e No. of initializations in Procedure 2: R > poly(k).

e Parameter ¢, = O <ﬁ) in Procedure 7, where n is the number of samples.

5A complex number does not change if an integer multiple of 27 is added to its phase.
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o We exploit the empirical second order moment ]\72 = %Zie[n} yi - Pa(x;), in the whitening
Procedure 10, which is the first option stated in the procedure. See Remark 15 for further

discussion about the other option.

Theorem 4.3 (NN-LIFT guarantees: estimation bound in the realizable setting). Assume the

above settings and conditions hold. For € > 0, suppose the number of samples n satisfies (up to log

factors)
~(k
n>0 (?2 E [HMg(x)M;(x)H] (4.9)
_ E[|S8@)S] @] ¢ Amae 1 smax(AD) Jaz| |
p01y <yn’laX7 [HMg - M3T(ZE) ] E 5\ n7 )\min7 Smin(Al) ’ ‘Q ‘ L (a2)min7 ’b2’ O noises P .

See (D.3), (D.26), (D.28) and (D.30) for the complete form of sample complexity. Here, Ms(x) €
R denotes the matricization of score function tensor S3(x) € R¥*¥¥4: see (1.1) for the definition
of matricization. Furthermore, Amin 1= minjcp Al Amin = mine(y] Al Amax = maxe x| 1A,
(a2)min = minjecp laz(j)|, and Ymax is such that £ ()] < Gmax, for @ € By. Then the function
estimate f(x) = <62,0’(A1 x —1-31)) + by using the estimated parameters 21,31,62,52 (output of
NN-LIFT Algorithm 6) satisfies the estimation error

E.[lf (@) - f(2)]’] < O(€).

See Section 4.8 and Appendix D.2 for the proof of theorem. Thus, we estimate the neural network
in polynomial time and sample complexity. This is one of the first results to provide a guaranteed
method for training neural networks with efficient computational and statistical complexity. Note
that although the sample complexity in [35] is smaller as n > O (%&l), the proposed algorithm in [35]

is not computationally efficient.

Remark 12 (Sample complexity for Gaussian input). If the input x is Gaussian as x ~ N (0, ),
then we know that E [||Ms(z)Mj (z)||] = (d3) and E [||Sz(z)S; (2)||] = 0, (d?), and the above

sample complexity is simplified.

Remark 13 (Higher order tensorization). We stated that by tensorizing higher order tensors to lower

order ones, we can estimate overcomplete models where the hidden layer dimension k is larger than
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the input dimension d. We can generalize this idea to higher order tensorizing such that m modes
of the higher order tensor are tensorized into a single mode in the resulting lower order tensor. This
enables us to estimate the models up to k = O(d"™) assuming the matrix A;®---®A; (m Khatri-Rao

products) is full column rank. This is possible with the higher computational complexity.

Remark 14 (Effect of erroneous estimation of p(z)). The input probability density function p(x) is
directly used in the Fourier part of the algorithm, and also indirectly used in the tensor decompo-
sition part to compute the score function S3(x); see (4.5). In the above analysis, to simplify the
presentation, we assume we exactly know these functions, and thus, there is no additional error
introduced by estimating them. It is straightforward to incorporate the corresponding errors in

estimating input density into the final bound.

Remark 15 (Alternative whitening prodecure). In whitening Procedure 10, two options are provided
for constructing the second order moment M. In the above analysis, we used the first option which
exploits the second order score function. If any coefficient S\j, J € [k], in (D.10) vanishes, we cannot
use the second order score function in the whitening procedure, and we use the other option for

whitening; see Procedure 10 for the details.

4.6 Risk Bound in the Non-realizable Setting

In this section, we provide the risk bound for training the neural network with respect to an

arbitrary target function; see Section 4.3.1 for the definition of the risk.

In order to provide the risk bound with respect to an arbitrary target function, we also need to
argue the approximation error in addition to the estimation error. For an arbitrary function f(x),
we need to find a neural network whose error in approximating the function can be bounded. We

then combine it with the estimation error in training that neural network. This yields the final risk

bound.

The approximation problem is about finding a neural network that approximates an arbitrary
function f(z) with bounded error. Thus, this is different from the realizable setting where there is

a fixed neural network and we only analyze its estimation. Barron [35] provides an approximation
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bound for the two-layer neural network and we exploit that here. His result is based on the Fourier
properties of function f(x). Recall from (4.2) the definition of Fourier transform of f(z), denoted
by F(w), where w is called the frequency variable. Define the first absolute moment of the Fourier

magnitude distribution as

Cyi= [ ol 1P (@)l (.10

Barron [35] analyzes the approximation properties of

f@) =" aa(i)o(((A))j,2) +b1(5)),  N(A);] =L 1b1()| < 1, la2(4)] < 2Cy,j € [K], (4.11)
JE[K]

where the columns of weight matrix A; are the normalized version of random frequencies drawn
from the Fourier magnitude distribution |F'(w)| weighted by the norm of the frequency vector. More
precisely,

iid. [Jwll
iid. (W]

A Ol <A1>j=”§ﬁ, j € k). (4.12)

See Section 4.8.2.1 for a detailed discussion on this connection between the columns of weight
matrix A; and the random frequency draws from the Fourier magnitude distribution, and see how
this is argued in the proof of the approximation bound. The other parameters as, by need to be

also found. He then shows the following approximation bound for (4.11).

Theorem 4.4 (Approximation bound, Theorem 3 of Barron [35]). For a function f(x) with bounded

CYy, there exists an approrimation f(x) in the form of (4.11) that satisfies the approzimation bound

_ . 1 2
E.[[F(2) — f(@)]Y) < 0(r2C3) (\/—E T al) ,

where f(x) = f(x) — f(0). Here, for T >0,

57— = inf 26 + sup |o(1z) — 1 ; 5 13
0<§<1/2{ ¢ \z\zpf‘ ( ) {>0}( )‘} ( )

is a distance between the unit step function 1(,50y(2) and the scaled sigmoidal function o(7z).
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See Barron [35] for the complete proof of the above theorem. For completeness, we have also
reviewed the main ideas of this proof in Section 4.8.2. We now provide the formal statement of our

risk bound.

Conditions for Theorem 4.5:

e The nonlinear activating function o(-) is an arbitrary sigmoidal function satisfying the afore-
mentioned Lipschitz condition. Note that a sigmoidal function is a bounded measurable

function on the real line for which o(z) — 1 as z — oo and o(z) — 0 as z — —o0.

e For € > 0, suppose the number of samples n satisfies (up to log factors)

20§ 2 [ aan
- poly <ym E [||S2(x)S] (@)]] g2 D 1 Smas(A1)
E [[|Ms(@)Mg @[] % Mnin " Amin” Smin(A1)
90 L o2 b e ) )
where (5 := fRd )2dx; notice the difference with C 7 Note that this is the same sample

complexity as in Theorem 4.3 with §n.x substituted with ymax and ( 7 substituted with (y.

e The target function f(x) is bounded, and for € > 0, it has bounded C; as

00 <<% +51>_1 | (% i €> e H;@)uﬂ o

Lo

E(ISs@I?] S

(z)
1/}7 3 s Amin s )
E |:H82( ] Amax SmaX(Al)
1 1 (a2)min 1 1 1
)

|| llaz || |b2|70'noise7p>\

- poly

%I)—t

See (D.31) and (D.33) for the complete form of bound on C'y. For Gaussian input « ~ N (0, 1),
we have v/E [[|S3(2)[]2] = O (d*%), and r = O(Vd).

See Corollary 4.1 for examples of functions that satisfy this bound, and thus, we can learn

them by the proposed method.
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e The coefficients \; := E[0”(2)] - as(j), and \; := E[o”(2;)] - aa(j), 7 € [k], in (4.17) and

(D.11) are non-zero.

e k random i.i.d. draws of frequencies in Equation (4.12) are linearly independent. Note that
the draws are from Fourier magnitude distribution® ||w||-|F(w)|. For more discussions on this
condition, see Section 4.8.2.1 and earlier explanations in this section. In the overcomplete
regime, (k > d), the linear independence property needs to hold for appropriate tensorizations

of the frequency draws.

The above requirements on the number of samples n and parameter C'; depend on the parameters
of the neural network Ai, as, b and by. Note that there is also a dependence on these parame-
ters through coefficients \; and 5\]-. Since this is the non-realizable setting, these neural network
parameters correspond to the neural networks that satisfy the approximation bound proposed in

Theorem 4.4 and are generated via random draws from the frequency spectrum of the function

().

The proposed bound on Cy in (4.15) is stricter when the number of hidden units k increases.
This might seem counter-intuitive, since the approximation result in Theorem 4.4 suggests that
increasing k leads to smaller approximation error. But, note that the approximation result in
Theorem 4.4 does not consider efficient training of the neural network. The result in Theorem 4.5
also deals with the efficient estimation of the neural network. This imposes additional constraint
on the parameter C'y such that when the number of neurons increases, the problem of learning the

network weights is more challenging for the tensor method to resolve.

Theorem 4.5 (NN-LIFT guarantees: risk bound). Suppose the above conditions hold. Then the
target function f is approximated by the neural network f which is learnt using NN-LIFT in Algo-

rithm 6 satisfying w.h.p.

7 2 22 1 2 2
E.[/(z) - F@)P) < 0(2C3) <7z +51> o),

where 0, is defined in (4.13). Recall x € B,., where B, :={z : ||z| < r}.

®Note that it should be normalized to be a probability distribution as in (4.12).
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The theorem is mainly proved by combining the estimation bound guarantees in Theorem 4.3, and
the approximation bound results for neural networks provided in Theorem 4.4. But note that the
approximation bound provided in Theorem 4.4 holds for a specific class of neural networks which
are not generally recovered by the NN-LIFT algorithm. In addition, the estimation guarantees
in Theorem 4.3 is for the realizable setting where the observations are the outputs of a fixed
neural network, while in Theorem 4.5 we observe samples of arbitrary function f(x). Thus, the
approximation analysis in Theorem 4.4 can not be directly applied to Theorem 4.3. For this, we need
additional assumptions to ensure the NN-LIFT algorithm recovers a neural network which is close
to one of the neural networks that satisfy the approximation bound in Theorem 4.4. Therefore, we
impose the bound on quantity C, and the full column rank assumption proposed in Theorem 4.4.

See Appendix D.3 for the complete proof of Theorem 4.5.

The above risk bound includes two terms. The first term O(rzC]%) . (ﬁ + 51)2 represents the
approximation error on how the arbitrary function f(x) with quantity Cy can be approximated
by the neural network, whose weights are drawn from the Fourier magnitude distribution; see
Theorem 4.4 for the formal statement. From the definition of Cy in (4.10), this bound is weaker
when the Fourier spectrum of target f(x) has more energy in higher frequencies. This makes
intuitive sense since it should be easier to approximate a function which is more smooth and has
less fluctuations. The second term O(e?) is from estimation error for NN-LIFT algorithm, which
is analyzed in Theorem 4.3. The polynomial factors for sample complexity in our estimation error
are slightly worse than the bound provided in Barron [36], but note that we provide an estimation
method which is both computationally and statistically efficient, while the method in Barron [36] is

not computationally efficient. Thus, for the first time, we have a computationally efficient method

with guaranteed risk bounds for training neural networks.

Discussion on J; in the approximation bound: The approximation bound involves a term
0r which is a constant and does not shrink with increasing the neuron size k. Recall that §;
measures the distance between the unit step function 1;,-0)(2) and the scaled sigmoidal function
o(7z) (which is used in the neural network specified in (4.4)). We now provide the following two

observations
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The above risk bound is only provided for the case 7 = 1. We can generalize this result by
imposing different constraint on the norm of columns of A; in (4.11). In general, if we impose

2
|(A1);] = 7,4 € [K], for some 7 > 0, then we have the approximation bound” O(rzC]%)- (ﬁ + 57) .

Note that ; — 0 when 7 — oo (the scaled sigmoidal function o(7z) converges to the unit step

function), and thus, this constant approximation error vanishes.

If the sigmoidal function is the unit step function as o(2) = 1;.501(2), then §; = 0 for all 7 > 0,

and hence, there is no such constant approximation error.

4.7 Discussions and Extensions

In this section, we provide additional discussions. We first propose a toy example contrasting the
hardness of optimization problems backpropagation and tensor decomposition. We then discuss the
generalization of learning guarantees to higher dimensional output, and also the continuous output
case. We then discuss an alternative approach for estimating the low-dimensional parameters of

the model.

4.7.1 Contrasting the loss surface of backpropagation with tensor decomposi-

tion

We discussed that the computational hardness of training a neural network is due to the non-
convexity of the loss function, and thus, popular local search methods such as backpropagation
can get stuck in spurious local optima. We now provide a toy example highlighting this issue, and

contrast it with the tensor decomposition approach.

We consider a simple binary classification task shown in Figure 4.2.a, where blue and magneta data
points correspond to two different classes. It is clear that these two classes can be classified by a
mixture of two linear classifiers which are drawn as green solid lines in the figure. For this task, we

consider a two-layer neural network with two hidden neurons. The loss surfaces for backpropagation

"Note that this change also needs some straightforward appropriate modifications in the algorithm.
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Global optimum
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Al(l,zl)‘ T 7‘A1(27 1)

(a) Classification setup (b) Loss surface for backprop. (c) Loss surface for tensor method

Figure 4.2: (a) Classification task: two colors correspond to binary labels. A two-layer neural
network with two hidden neurons is used. Loss surface in terms of the first layer weights of one
neuron (i.e., weights connecting the inputs to the neuron) is plotted while other parameters are
fixed. (b) Loss surface for usual square loss objective has spurious local optima. In part (a), one of
the spurious local optima is drawn as red dashed lines and the global optimum is drawn as green
solid lines. (c) Loss surface for tensor factorization objective is free of spurious local optima.

and tensor decomposition are shown in Figures 4.2.b and 4.2.c, respectively. They are shown in
terms of the weight parameters of inputs to the first neuron, i.e., the first column of matrix A,

while the weight parameters to the second neuron are randomly drawn, and then fixed.

The stark contrast between the optimization landscape of tensor objective function, and the usual
square loss objective used for backpropagation are observed, where even for a very simple classifi-
cation task, backpropagation suffers from spurious local optima (one set of them is drawn as red
dashed lines), which is not the case with tensor methods that is at least locally convex. This com-
parison highlights the algorithmic advantage of tensor decomposition compared to backpropagation

in terms of the optimization they are performing.

4.7.2 Extensions to cases beyond binary classification

We earlier limited ourselves to the case where the output of neural network y € {0,1} is binary.
These results can be easily extended to more complicated cases such as higher dimensional output
(multi-label and multi-class), and also the continuous outputs (i.e., regression setting). In the rest

of this section, we discuss about the necessary changes in the algorithm to adapt it for these cases.
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In the multi-dimensional case, the output label g is a vector generated as
E[jle] = A3 o(A{  + b1) + by,

where the output is either discrete (multi-label and multi-class) or continuous. Recall that the al-

gorithm includes three main parts: tensor decomposition, Fourier and ridge regression components.

Tensor decomposition: For the tensor decomposition part, we first form the empirical version
of T = E[j ® S3(z)]; note that ® is used here (instead of scalar product used earlier) since 7 is not

a scalar anymore. By the properties of score function, this tensor has decomposition form

T=E[joPsn)] =Y E[0"(z)] (42 ® (41);  (A1); © (A1),
JElk]
where (A3)7 denotes the j** row of matrix Ay. This is proved similar to Lemma 4.1. The tensor T
is a fourth order tensor, and we contract the first mode by multiplying it with a random vector 6

as T(6,1,1,1) leading to the same form in (4.16) as

TO,I,1,1) =Y ) ® (A1); ® (A1);,
j€lk]
with A; changed to \; = E [0”(2;)]-((A2)?,6). Therefore, the same tensor decomposition guarantees
in the binary case also hold here when the empirical version of T (0,1,1,1) is the input to the

algorithm.

Fourier method: Similar to the scalar case, we can use one of the entries of output to estimate
the entries of by. There is an additional difference in the continuous case. Suppose that the output
is generated as § = f (z) +n where n is noise vector which is independent of input x. In this case,

the parameter C 7 corresponding to I*™® entry of output g; is changed to C = f]Rd dm + fR un 2dt.

Ridge regression: The ridge regression method and analysis can be immediately generalized to
non-scalar output by applying the method independently to different entries of output vector to

recover different columns of matrix As and different entries of vector bs.
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4.7.3 An alternative for estimating low-dimensional parameters

Once we have an estimate of the first layer weights A;, we can greedily (i.e., incrementally) add
neurons with the weight vectors (A;); for j € [k], and choose the bias b;(j) through grid search,
and learn its contribution as(j) for its final output. This is on the lines of the method proposed
in Barron [35], with one crucial difference that in our case, the first layer weights A; are already
estimated by the tensor method. Barron [35] proposes optimizing for each weight vector (A;); in
d-dimensional space, whose computational complexity can scale exponentially in d in the worst
case. But, in our setup here, since we have already estimated the high-dimensional parameters
(i.e., the columns of A;), we only need to estimate a few low dimensional parameters. For the
new hidden unit indexed by j, these parameters include the bias from input layer to the neuron
(i.e., b1(j)), and the weight from the neuron to the output (i.e., a3(j)). This makes the approach
computationally tractable, and we can even use brute-force or exhaustive search to find the best

parameters on a finite set and get guarantees akin to [35].

4.8 Proof Sketch

In this section, we provide key ideas for proving the main results in Theorems 4.3 and 4.4.

4.8.1 Estimation bound

The estimation bound is proposed in Theorem 4.3, and the complete proof is provided in Ap-
pendix D.2. Recall that NN-LIFT algorithm includes a tensor decomposition part for estimating
A1, a Fourier technique for estimating b1, and a linear regression for estimating as, bo. The applica-
tion of linear regression in the last layer is immediately clear. In this section, we propose two main
lemmas which clarify why the other methods are useful for estimating the unknown parameters
A1, by in the realizable setting, where the label 4 is generated by the neural network with the given

architecture.
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In the following lemma, we show how the cross-moment between label and score function as E[g -

S3(z)] leads to a tensor decomposition form for estimating weight matrix Aj.

Lemma 4.1. For the two-layer neural network specified in (4.4), we have

E[5-Ps(x)] = > Aj- (A1); ® (A1); ® (A1), (4.16)

JEK]

where (A1); € R? denotes the j-th column of Ay, and

A = E [0"(2))] - aa(j). (4.17)

for vector z := AlTx + by as the input to the nonlinear operator o(-).

This is proved by the main property of score functions as yielding differential operators, where
for label-function f(x) := E[y|z], we have E[y - S3(z)] = E[Vg’)f(a:)] [102]; see Section D.2.1 for a
complete proof of the lemma. This lemma shows that by decomposing the cross-moment tensor

E[g - S3(x)], we can recover the columns of A;.

We also exploit the phase of complex number v to estimate the bias vector by; see Procedure 7.

The following lemma clarifies this. The perturbation analysis is provided in the appendix.

Lemma 4.6. Let

— Z yl —J Wz7$z>' (418)

ZE[

Notice this is a realizable of v in Procedure 7 where the output corresponds to a neural network .

If w;’s are uniformly i.i.d. drawn from set €, then © has mean (which is computed over x, § and

w)
v ! L as (1))
Efo] = ] ( ) 2(1) ; (4.19)

where || denotes the surface area of d —1 dimensional manifold €y, and 3(-) denotes the Fourier

transform of o(-).
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This lemma is proved in Appendix D.2.2.

4.8.2 Approximation bound

We exploit the approximation bound argued in Barron [35] provided in Theorem 4.4. We first dis-
cuss his main result arguing an approximation bound O(T’2C]2c /k) for a function f(x) with bounded
parameter Cy; see (4.10) for the definition of Cy. Note that this corresponds to the first term in
the approximation error proposed in Theorem 4.4. For this result, Barron [35] does not consider
any bound on the parameters of first layer A; and b;. He then provides a refinement of this result
where he also bounds the parameters of neural network as we also do in (4.11). This leads to
the additional term involving ¢, in the approximation error as seen in Theorem 4.4. Note that
bounding the parameters of neural network is also useful in learning these parameters with com-
putationally efficient algorithms since it limits the searching space for training these parameters.

We now provide the main ideas of proving these bounds as follows.

4.8.2.1 No bounds on the parameters of the neural network

We first provide the proof outline when there is no additional constraints on the parameters of
neural network; see set G defined in (4.21), and compare it with the form we use in (4.11) where
there are additional bounds. In this case, Barron [35] argues approximation bound O(T2C]2c /k)
which is proved based on two main results. The first result says that if a function f is in the closure
of the convex hull of a set GG in a Hilbert space, then for every k > 1, there is an f; as the convex

combination of k£ points in GG such that
c
E[|f - fil’] < (4.20)

for any constant ¢’ satisfying some lower bound related to the properties of set G and function f;

see Lemma 1 in Barron [35] for the precise statement and the proof of this result.
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The second part of the proof is to argue that arbitrary function f € I' (where I" denotes the set of

functions with bounded CY) is in the closure of the convex hull of sigmoidal functions

G = {yo((a,z) + B) :a € R, B € R, || < 2C}. (4.21)
Barron [35] proves this result by arguing the following chain of inclusions as

I' CclGeos C el Ggtep C el G,

where clG denotes the closure of set G, and sets Geos and Ggiep respectively denote set of some
sinusoidal and step functions. See Theorem 2 in Barron [35] for the precise statement and the proof

of this result.

Random frequency draws from Fourier magnitude distribution: Recall from Section 4.6
that the columns of weight matrix A; are the normalized version of random frequencies drawn from
Fourier magnitude distribution ||w||-|F(w)]|; see Equation (4.12). This connection is along the proof
of relation I' C ¢l Gos that we recap here; see proof of Lemma 2 in Barron [35] for more details.

By expanding the Fourier transform as magnitude and phase parts F(w) = //@)|F(w)|, we have

F(@) = f(x) — £(0) = / 9, w) A(dw), (4.22)

Aw) = [l - [F(w)]/Cy (4.23)

is the normalized Fourier magnitude distribution (as a probability distribution) weighted by the

norm of frequency vector, and

g(z,w) = ﬁu—m (cos({w, z) + O(w)) — cos(B(w))) .
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The integral in (4.22) is an infinite convex combination of functions in the class

Geos 1= {l (cos({w,z) + B) —cos(B)) :w #0,|y] < C,5 € R} )

o]

Now if wy,ws,...,wy is a random sample of k points independently drawn from Fourier magnitude

distribution A, then by Fubini’s Theorem, we have

B[ | fe) -3 3 ol | ntdo) <

JEk]

where p(-) is the probability measure for #. This shows function f is in the convex hull of Geos.

Note that the bound %2 complies the bound in (4.20).

4.8.2.2 Bounding the parameters of the neural network

Barron [35] then imposes additional bounds on the weights of first layer, considering the following

class of sigmoidal functions as
Gr = {yo(r((a,z) + ) : llall < 1,|8] < 1,y < 2C}. (4.24)

Note that the approximation proposed in (4.11) is a convex combination of k points in (4.24) with

7 = 1. Barron [35] concludes Theorem 4.4 by the following lemma.
Lemma 4.2 (Lemma 5 in Barron [35]). If g is a function on [—1,1] with derivative bounded® by a

constant C, then for every T > 0, we have

inf  sup |g(z) — g-(2)] <2C9,.
greclG, |z|<T

Finally Theorem 4.4 is proved by applying triangle inequality to bounds argued in the above two

cases.

8Note that the condition on having bounded derivative does not rule out cases such as step function as the
sigmoidal function. This is because similar to the analysis for the main case (no bounds on the weights), we first
argue that function f is in the closure of functions in Gcos which are univariate functions with bounded derivative.
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Chapter 5

Identifiability of Overcomplete Topic
Models: Uniqueness of Tensor Tucker

Decomposition

Overcomplete latent representations have been very popular for unsupervised feature learning in
recent years. In this chapter, we specify which overcomplete models can be identified given ob-
servable moments of a certain order. We consider probabilistic admixture or topic models in the
overcomplete regime, where the number of latent topics can greatly exceed the size of the observed
word vocabulary. While general overcomplete topic models are not identifiable, we establish generic
identifiability under a constraint, referred to as topic persistence. Our sufficient conditions for iden-
tifiability involve a novel set of “higher order” expansion conditions on the topic-word matriz or the
population structure of the model. This set of higher-order expansion conditions allows for over-
complete models, and require the existence of a perfect matching from latent topics to higher order
observed words. We establish that random structured topic models are identifiable w.h.p. in the
overcomplete regime. Our identifiability results allows for general (non-degenerate) distributions
for modeling the topic proportions, and thus, we can handle arbitrarily correlated topics in our

framework. Our identifiability results imply uniqueness of a class of tensor decompositions with
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structured sparsity which is contained in the class of Tucker decompositions, but is more general

than the Candecomp/Parafac (CP) decomposition.

The performance of many machine learning methods is hugely dependent on the choice of data
representations or features. Overcomplete representations, where the number of features can be
greater than the dimensionality of the input data, have been extensively employed, and are ar-
guably critical in a number of applications such as speech and computer vision [40]. Overcomplete
representations are known to be more robust to noise, and can provide greater flexibility in mod-
eling [119]. Unsupervised estimation of overcomplete representations has been hugely popular due

to the availability of large-scale unlabeled samples in many applications.

A probabilistic framework for incorporating features posits latent or hidden variables that can pro-
vide a good explanation to the observed data. Overcomplete probabilistic models can incorporate
a much larger number of latent variables compared to the observed dimensionality. In this chapter,
we characterize the conditions under which overcomplete latent variable models can be identified

from their observed moments.

For any parametric statistical model, identifiability is a fundamental question of whether the model
parameters can be uniquely recovered given the observed statistics. Identifiability is crucial in a
number of applications where the latent variables are the quantities of interest, e.g. inferring dis-
eases (latent variables) through symptoms (observations), inferring communities (latent variables)
via the interactions among the actors in a social network (observations), and so on. Moreover,
identifiability can be relevant even in predictive settings, where feature learning is employed for
some higher level task such as classification. For instance, non-identifiability can lead to the pres-
ence of non-isolated local optima for optimization-based learning methods, and this can affect their

convergence properties, e.g., see Uschmajew [154].

In this chapter, we characterize identifiability for a popular class of latent variable models, known as
the admizture or topic models [43, 134]. These are hierarchical mixture models, which incorporate
the presence of multiple latent states (i.e. topics) in each document consisting of a tuple of observed

variables (i.e. words). Previous works have established that the model parameters can be estimated
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efficiently using low order observed moments (second and third order) under some non-degeneracy
assumptions, e.g. Anandkumar et al. [15], Anandkumar et al. [9], Arora et al. [30]. However, these
non-degeneracy conditions imply that the model is undercomplete, i.e., the latent dimensionality
(number of topics) cannot exceed the observed dimensionality (word vocabulary size). In this work,
we remove this restriction and consider overcomplete topic models, where the number of topics can

far exceed the word vocabulary size.

It is perhaps not surprising that general topic models are not identifiable in the overcomplete
regime. To this end, we introduce an additional constraint on the model, referred to as topic
persistence, which roughly means that topics (i.e. latent states) persist locally in a sequence of
observed words (but not necessarily globally). This “locality” effect among the observed words
is not present in the usual “bag-of-words” or exchangeable topic model. Such local dependencies
among observations abound in applications such as text, images and speech, and can lead to a more
faithful representation. In addition, we establish that the presence of topic persistence is central
towards obtaining model identifiability in the overcomplete regime, and we provide an in-depth

analysis of this phenomenon in this work.

5.1 Summary of Results

In this work, we provide conditions for generic! model identifiability of overcomplete topic models
given observable moments of a certain order (i.e., having a certain number of words in each doc-
ument). We introduce the notion of topic persistence, and analyze its effect on identifiability. We
establish identifiability in the presence of a novel combinatorial object, referred to as perfect n-gram
matching, in the bipartite graph from topics to words. Finally, we prove that random structured

topic models satisfy these criteria, and are thus identifiable in the overcomplete regime.

LA model is generically identifiable, if all the parameters in the parameter space are identifiable, almost surely.
Refer to Definition 5.1 for more discussion.
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Figure 5.1: Hierarchical structure of the n-persistent topic model is illustrated for 2rn number of
words (views) where > 1 is an integer. A single topic y;,j € [2r], is chosen for each sequence of
n views {x(j_l)nH, . ,a:(j_l)n+n}. Matrix A is the population structure or topic-word matrix.

5.1.1 Persistent Topic Model

We first introduce the n-persistent topic model, where the parameter n determines the persistence
level of a common topic in a sequence of n successive words. For instance, in Figure 5.1, the sequence
of successive words x1, . .., x, share a common topic y1, and similarly, the words =11, ..., Z2, share
topic yo, and so on. The n-persistent model reduces to the popular “bag-of-words” model, when
n = 1, and to the single topic model (i.e. only one topic in each document) when n — oo.
Intuitively, topic persistence aids identifiability since we have multiple views of the common hidden
topic generating a sequence of successive words. We establish that the bag-of-words model (with
n = 1) is too non-informative about the topics in the overcomplete regime, and is therefore, not
identifiable. On the other hand, n-persistent overcomplete topic models with n > 2 can become

identifiable, and we establish a set of transparent conditions for identifiability.

5.1.2 Deterministic Conditions for Identifiability

Our sufficient conditions for identifiability are in the form of expansion conditions from the latent
topic space to the observed word space. In the overcomplete regime, there are more topics than
words in the vocabulary, and thus it is impossible to have expansion on the bipartite graph from
topics to words, i.e., the graph encoding the sparsity pattern of the topic-word matrix. Instead,
we impose an expansion constraint from topics to “higher order” words, which allows us to incor-
porate overcomplete models. We establish that this condition translates to the presence of a novel
combinatorial object, referred to as the perfect n-gram matching, on the topic-word bipartite graph.

Intuitively, the perfect n-gram matching condition implies “diversity” among the higher-order word
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supports for different topics which leads to identifiability. In addition, we present trade-offs among
the following quantities: number of topics, size of the word vocabulary, the topic persistence level,
the order of the observed moments at hand, the minimum and maximum degrees of any topic in
the topic-word bipartite graph, and the Kruskal rank [111] of the topic-word matrix, under which
identifiability holds. To the best of our knowledge, this is the first work to provide conditions for

characterizing identifiability of overcomplete topic models with structured sparsity.

As a corollary of our result, we also show that the expansion condition can be removed if the
topic-word matrix is full column rank (and therefore undercomplete) and the model is persistent

with persistence level at least two.

5.1.3 Identifiability of Random Structured Topic Models

We explicitly characterize the regime of identifiability for the random setting, where each topic 4
is supported on a random set of d; words. Therefore, the bipartite graph from topics to words
is a random graph with prescribed degrees for topics. For this random model with ¢ topics, p-
dimensional word vocabulary, and topic persistence level n, when ¢ = O(p"™) and ©(logp) < d; <
@(pl/ ™), for all topics i, the topic-word matrix is identifiable from 2n'" order observed moments
with high probability. Intuitively, the upper bound on the degrees d; is needed to limit the overlap
of word supports among different topics in the overcomplete regime: as the number of topics ¢
increases (i.e., n increases in the above degree bound), the degree needs to be correspondingly
smaller to ensure identifiability, and we make this dependence explicit. Intuitively, as the extent of
overcompleteness increases, we need sparser connections from topics to words to ensure sufficient
diversity in the word supports among different topics. The lower bound on the degrees is required
so that there are enough edges in the topic-word bipartite graph so that various topics can be
distinguished from one another. Furthermore, we establish that the size condition ¢ = O(p") for

identifiability is tight.

As in the deterministic case, we also argue the result in the undercomplete setting and show that

if ¢ < O(p) and d; > Q(log p), then the topic-word matrix is identifiable from 2n'™ order observed
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moment with high probability under the persistent model with persistence level n at least equal to
two. Here, the upper bound on the degree is relaxed and hence there is no sparsity constraints on

the topic-word matrix.

5.1.4 TImplications on Uniqueness of Overcomplete Tucker and CP Decomposi-

tions

We establish that identifiability of an overcomplete topic model is equivalent to uniqueness of
decomposition of the observed moment tensor (of a certain order). Our identifiability results for
persistent topic models imply uniqueness of a structured class of tensor decompositions, which is
contained in the class of Tucker decompositions, but is more general than the candecomp/parafac
(CP) decomposition [108]. This sub-class of Tucker decompositions involves structured sparsity
and symmetry constraints on the core tensor, and sparsity constraints on the inverse factors of the
Tucker decomposition. The structural constraints on the Tucker tensor decomposition are related
to the topic model as follows: the sparsity and symmetry constraints on the core tensor are related
to the persistence property of the topic model, and the sparsity constraints on the inverse factors are
equivalent to the sparsity constraints on the topic-word matrix. For n-persistent topic model with
n = 1 (bag-of-words model), the tensor decomposition is a general Tucker decomposition, where the
core tensor is fully dense, while for n — oo (single-topic model), the tensor decomposition reduces
to a CP decomposition, i.e. the core tensor is a diagonal tensor. For a finite persistence level n,
in between these two extremes, the core tensor satisfies certain sparsity and symmetry constraints,

which becomes crucial towards establishing identifiability in the overcomplete regime.

5.2 Overview of Techniques

We now provide a short overview of the techniques employed in this work.

Recap of Identifiability Conditions in Under-complete Setting (Expansion Conditions on Topic-

Word Matriz): Our approach is based on the recent results of Anandkumar et al. [9], where condi-
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tions for identifiability of topic models are derived, given pairwise observed moments (specifically,
co-occurrence of word-pairs in documents). Consider a topic model with ¢ topics and observed
word vocabulary of size p. Let A € RP*? denote the topic-word matrix. Expansion conditions are
imposed in Anandkumar et al. [9] on the topic-word bipartite graph which imply that (generically)
the sparsest vectors in the column span of A, denoted by Col(A), are the columns of A themselves.
Thus the topic-word matrix A is identifiable from pairwise moments under expansion constraints.
However, these expansion conditions constrain the model to be under-complete, i.e., the number of
topics ¢ < p, the size of the word vocabulary. Therefore, the techniques derived in Anandkumar

et al. [9] are not directly applicable here since we consider overcomplete models.

Identifiability in Overcomplete Setting and Why Topic-Persistence Helps: Pairwise moments are
thus not sufficient for identifiability of overcomplete models, and the question is whether higher
order moments can yield identifiability. We can view the higher order moments as pairwise moments
of another equivalent topic model, which enables us to apply the techniques of Anandkumar et al.
[9]. The key question is whether we have expansion in the equivalent topic model, which implies
identifiability. For a general topic model (without any topic persistence constraints), it can be
shown that for identifiability, we require expansion of the n**-order Kronecker product of the original
topic-word matrix A, denoted by A®™ € RP"*9"  when given access to (2n)"-order moments, for
any integer n > 1. In the overcomplete regime where ¢ > p, A®" cannot expand, and therefore,
overcomplete models are not identifiable in general. On the other hand, we show that imposing
the constraint of topic persistence can lead to identifiability. For a n-persistent topic model, given
(2n)™-order moments, we establish that identifiability occurs when the n'*-order Khatri-Rao product
of A, denoted by A®™ € RP"*4 expands. Note that the Khatri-Rao product A®™ is a sub-matrix of
the Kronecker product A®", and the Khatri-Rao product A®™ can expand as long as ¢ < p™. Thus,
the property of topic persistence is central towards achieving identifiability in the overcomplete

regime.

First-Order Approach for Identifiability of Overcomplete Models (Expansion of n-gram Topic- Word
Matriz): We refer to A" € RP"*4 as the n-gram topic-word matrix, and intuitively, it relates

topics to n-tuple words. Imposing the expansion conditions derived in Anandkumar et al. [9] on
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A®™ implies that (generically) the sparsest vectors in Col(A®™), are the columns of A®™ themselves.
Thus, the topic-word matrix A is identifiable from (2n)™-order moments for a n-persistent topic
model. We refer to this as the “first-order” approach since we directly impose the expansion
conditions of Anandkumar et al. [9] on A®", without exploiting the additional structure present in

AP,

Why the First-Order Approach is not Enough: Note that A®™ € RP"*9 matrix relates topics to
n-tuples of words. Thus, the entries of A®™ are highly correlated, even if the original topic-word
matrix A is assumed to be randomly generated. It is non-trivial to derive conditions on A, so that
A®™ expands. Moreover, we establish that A®™ fails to expand on “small” sets, as required in [9],
when the degrees are sufficiently different 2. Thus, the first-order approach is highly restrictive in

the overcomplete setting.

Incorporating Rank Criterion: Note that A®™ is highly structured: the columns of A®" matrix
possess a tensor ® rank of 1, when n > 1. This can be incorporated in our identifiability criteria as
follows: we provide conditions under which the sparsest vectors in Col(A®"), which also possess a
tensor rank of 1, are the columns of A®" themselves. This implies identifiability of a n-persistent
topic model, when given access to (2n)""-order moments. Note that when a small number of columns
of A®™ are combined, the resulting vector cannot possess a tensor rank of 1, and thus, we can rule
out that such sparse combinations of columns using the rank criterion. The maximum such number
is at least the Kruskal rank* of A. Thus, sparse combinations of columns of A (up to the Kruskal
rank) can be ruled out using the rank criterion, and we require expansion on A®™ only on large
sets of topics (of size larger than the Kruskal rank). This agrees with the intuition that when the
topic-word matrix A has a larger Kruskal rank, it should be easier to identify A, since the Kruskal

5

rank is related to the mutual incoherence® among the columns of A, see [76].

2For A®™ to expand on a set of size s > 2, it is necessary that s - (d“““:”fl) > s+ (dm"“‘:’%l), where dmin and
dmax are the minimum and maximum degrees, and n is the extent of overcompleteness: ¢ = ©(p™). When the model
is highly overcomplete (large n) and we require small set expansion (small s), the degrees need to be nearly the same.
Thus, it is desirable to impose expansion only on large sets, since it allows for more degree diversity.

3When any column of A®" € RP"*9 (of length p") is reshaped as a n"™-order tensor T € RP*P**? the tensor T
is rank 1.

4The Kruskal rank is the maximum number k such that every k-subset of columns of A are linearly independent.
Note that the Kruskal rank is equal to the rank of A, when A has full column rank. But this cannot happen in the
overcomplete setting.

°It is easy to show that krank(A) > (maxi.; |a; a;|)~*, where a;,a; are any pair of columns of A. Thus, higher
incoherence leads to a larger kruskal rank.
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Notion of Perfect n-gram Matching and Final Identifiability Conditions: Thus, we establish iden-
tifiability of overcomplete topic models subject to expansion conditions A®™ on sets of size larger
than the Kruskal rank of the topic-word matrix A. However, it is desirable to impose transparent
and interpretable conditions directly on A for identifiability. We introduce the notion of perfect
n-gram matching on the topic-word bipartite graph, which ensures that each topic can be uniquely
matched to a n-tuple word. This combined with a lower bound on the Kruskal rank provides the
final set of deterministic conditions for identifiability of the overcomplete topic model. Intuitively,
we require that the columns of A be sparse, while still maintaining a large enough Kruskal rank;
in other words, the topics have to be sparse and have sufficiently diverse word supports. Thus, we
establish identifiability under a set of transparent conditions on the topic-word matrix A, consisting

of perfect n-gram matching condition and a lower bound on the Kruskal rank of A.

Analysis under Random-Structured Topic-Word Matrices: Finally, we establish that the derived
deterministic conditions are satisfied when the topic-word bipartite graph is randomly generated,
as long as the degrees satisfy certain lower and upper bounds. Intuitively, a lower bound on the
degrees of the topics is required to have degree concentration on various subsets so that expansion
can occur, while the upper bound is required so that the Kruskal rank of the topic-word matrix
is large enough compared to the sparsity level. Here, the main technical result is establishing the
presence of a perfect n-gram matching in a random bipartite graph with a wide range of degrees.
We present a greedy and a recursive mechanism for constructing such a n-gram matching for
overcomplete models, which can be relevant even in other settings. For instance, our results imply
the presence of a perfect matching when the edges of a bipartite graph are correlated in a structured

manner, as given by the Khatri-Rao product.

5.3 Related Works

We now summarize some recent related works in the area of identifiability and learning of latent

variable models.

137



5.3.0.1 Identifiability, Learning and Applications of Overcomplete Latent Represen-

tations

Many recent works employ unsupervised estimation of overcomplete features for higher level tasks
such classification, e.g. [57, 118, 71, 40], and record huge gains over other approaches in a number of
applications such as speech recognition and computer vision. However, theoretical understanding

regarding learnability or identifiability of overcomplete representations is far more limited.

Overcomplete latent representations have been analyzed in the context of the independent com-
ponents analysis (ICA), where the sources are assumed to be independent, and the mixing ma-
trix is unknown. In the overcomplete or under-determined regime of the ICA, there are more
sources than sensors. Identifiability and learning of the overcomplete ICA reduces to the problem
of finding an overcomplete candecomp /parafac (CP) tensor decomposition. The classical result
by Kruskal provides conditions for uniqueness of a CP decomposition [111, 112], with recent ex-
tensions to the notion of robust identifiability [42]. These results provide conditions for strict
identifiability of the model, and here, the dimensionality of the latent space is required to be of the
same order as the observed space dimensionality. In contrast, a number of recent works analyze
generic identifiability of overcomplete CP decomposition, which is weaker than strict identifiability,
e.g. [103, 116, 151, 68, 53, 45, 54]. These works assume that the factors (i.e. the components) of
the CP decomposition are generically drawn and provide conditions for uniqueness. They allow for
the latent dimensionality to be much larger (polynomially larger) than the observed dimensionality.
These results on the uniqueness of CP decompositions also lead to identifiability of other latent
variable models, such as latent tree models, e.g. [7, 6], and the single-topic model, or more generally

latent Dirichlet allocation (LDA).

In contrast to the above works dealing with the CP tensor decomposition, we require uniqueness for
a more general class of tensor decompositions, in order to establish identifiability of topic models
with arbitrarily correlated topics. We establish that our class of tensor decomposition is contained
in the class of Tucker decompositions which is more general than CP decomposition. Moreover, we
explicitly characterize the effect of the sparsity pattern of the factors (i.e., the topic-word matrix)

on model identifiability, while all the previous works based on generic identifiability assume fully
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dense factors (since sparse factors are not generic). For a general overview of tensor decompositions,

see [108, 114].

5.3.0.2 Identifiability and Learning of Undercomplete/Over-determined latent Rep-

resentations

Much of the theoretical results on identifiability and learning of the latent variable models are
limited to non-singular models, which implies that the latent space dimensionality is at most the

observed dimensionality. We outline some of the recent works below.

The works of [10, 8, 15] provide an efficient moment-based approach for learning topic models,
under constraints on the distribution of the topic proportions, e.g. the single topic model, and
more generally latent Dirichlet allocation (LDA). In addition, the approach can handle a variety of
latent variable models such as Gaussian mixtures, hidden Markov models (HMM) and community
models [13]. The high-level idea is to reduce the problem of learning of the latent variable model to
finding a CP decomposition of the (suitably adjusted) observed moment tensor. Various approaches
can then be employed to find the CP decomposition. In [15], a tensor power method approach is
analyzed and is shown to be an efficient guaranteed recovery method in the non-degenerate (i.e.
undercomplete) setting. Previously, simultaneous diagonalization techniques have been employed
for solving the CP decomposition, e.g. [10, 129, 52]. However, these techniques fail when the
model is overcomplete, as considered here. We note that some recent techniques, e.g. [68], can be
employed instead, albeit at a cost of higher computational complexity for overcomplete CP tensor
decomposition. However, it is not clear how the sparsity constraints affect the guarantees of such
methods. Moreover, these approaches cannot handle general topic models, where the distribution of
the topic proportions is not limited to these classes (i.e. either single topic or Dirichlet distribution),

and we require tensor decompositions which are more general than the CP decomposition.

There are many other works which consider learning mixture models when multiple views are
available. See [10] for a detailed description of these works. Recently, [135] consider learning

discrete mixtures given a large number of “views”, and they refer to the number of views as the
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sampling aperture. They establish improved recovery results (in terms of ¢; bounds) when sufficient
number of views are available (2k — 1 views for a k-component mixture). However, their results
are limited to discrete mixtures or single-topic models, while our setting can handle more general
topic models. Moreover, our approach is different since we incorporate sparsity constraints in the
topic-word distribution. Another series of recent works by [28, 30] employ approaches based on
non-negative matrix factorization (NMF) to recover the topic-word matrix. These works allow
models with arbitrarily correlated topics, as considered here. They establish guaranteed learning
when every topic has an anchor word, i.e. the word is uniquely generated from that topic, and does
not occur under any other topic. Note that the anchor-word assumption cannot be satisfied in the

overcomplete setting.

Our work is closely related to the work of [9] which considers identifiability and learning of topic
models under expansion conditions on the topic-word matrix. The work of [149] considers the
problem of dictionary learning, which is closely related to the setting of [9], but in addition assumes
that the coefficient matrix is random. However, these works in [9, 149] can handle only the under-
complete setting, where the number of topics is less than the dimensionality of the word vocabulary
(or the number of dictionary atoms is less than the number of observations in [149]). We extend
these results to the overcomplete setting by proposing novel higher order expansion conditions on
the topic-word matrix, and also incorporate additional rank constraints present in higher order

moments.

5.3.0.3 Dictionary Learning/Sparse Coding

Overcomplete representations have been very popular in the context of dictionary learning or sparse
coding. Here, the task is to jointly learn a dictionary as well as a sparse selection of the dictionary
atoms to fit the observed data. There have been Bayesian as well as frequentist approaches for
dictionary learning [119, 110, 136]. However, the heuristics employed in these works [119, 110, 136]
have no performance guarantees. The work of [149] considers learning (undercomplete) dictionar-
ies and provide guaranteed learning under the assumption that the coefficient matrix is random

(distributed as Bernoulli-Gaussian variables). Recent works in [124, 122] provide generalization
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bounds for predictive sparse coding, where the goal of the learned representation is to obtain good
performance on some predictive task. This differs from our framework since we do not consider
predictive tasks here, but the task of recovering the underlying latent representation. [89] consider
the problem of identifiability of sparse coding and establish that when the dictionary succeeds in
reconstructing a certain set of sparse vectors, then there exists a unique sparse coding, up to per-
mutation and scaling. However, our setting here is different, since we do not assume that a sparse

set of topics occur in each document.

5.4 Model

We first introduce some notations, and then we provide the persistent topic model.

5.4.1 Notation

The set {1,2,...,n} is denoted by [n] := {1,2,...,n}. Givenaset X = {1,...,p}, set X(® denotes
all ordered n-tuples generated from X. The cardinality of a set S is denoted by |S|. For any vector
u (or matrix U), the support is denoted by Supp(u), and the £y norm is denoted by ||ullg, which
corresponds to the number of non-zero entries of u, i.e., ||ullp := |Supp(u)|. For a vector u € R,
Diag(u) € R?7%? is the diagonal matrix with vector u on its diagonal. The column space of a matrix
A is denoted by Col(A). Vector e; € R? is the i-th basis vector, with the i-th entry equal to 1 and
all the others equal to zero. For A € RPX9 and B € R™*", the Kronecker product® A®@ B € RPm*an

is defined as [78]

auB algB e aqu

ang CLQQB R 4 7)) B
A®B= .

aplB CZPQB e aqu

SNote that in this chapter we use the notation ® to denote the Kronecker product, and use notation o to denote
the outer or tensor product; see (5.15) for the definition. This is different from previous chapters that we use ® to
denote the outer product.
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and for A = [a1]ag|- - |ay] € RP*" and B = [by|ba] - - - |b;] € R™*", the Khatri-Rao product A® B €

RP™MXT s defined as

A®B=a; ®bi|lag @bs| - |a, @ b,].

5.4.2 Persistent Topic Model

In this section, the n-persistent topic model is introduced and this imposes an additional constraint,
known as topic persistence on the popular admixture model[43, 134, 132]. The n-persistent topic

model reduces to the bag-of-words admixture model when n = 1.

An admixture model specifies a g-dimensional vector of topic proportions h € AY~! := {u € RY :
u; > 0, zgzl u; = 1} which generates the observed variables z; € RP through vectors a,...,aq €
RP. This collection of vectors a;,i € [q], is referred to as the population structure or the topic-word
matriz [132]. For instance, a; is the conditional distribution of words given topic i. The latent
variable h is a ¢ dimensional random vector h := [hq, ... ,hq]T known as proportion vector. A prior
distribution P(h) over the probability simplex A9~! characterizes the prior joint distribution over

the latent variables h;, i € [g]. In the topic modeling, this is the prior distribution over the ¢ topics.

The n-persistent topic model has a three-level multi-view hierarchy in Figure 5.1. 2rn number of
words (views) are shown in the model for some integer r > 1. In this model, a common hidden topic
is persistent for a sequence of n words {Z(j_1)n41,-->T(j—1)ntn},J € [2r]. Note that the random
observed variables (words) are exchangeable within groups of size n, where n is the persistence

level, but are not globally exchangeable.

We now describe a linear representation of the n-persistent topic model, on lines of [15], but with
extensions to incorporate persistence. Each random variable y;,j € [2r], is a discrete valued random
variable taking one of the ¢ possibilities {1,...,q}, i.e., y; € [¢] for j € [2r]. In the n-persistent
model, a single common topic is chosen for a sequence of n words {:E(j_l)n_H, e ,x(j_l)n+n},j €
[2r], i.e., the topic is persistent for n successive views. For notational purposes, we equivalently

assume that variables y;,j € [2r], are encoded by the basis vectors e;, i € [¢]. Thus, the variable
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yj,j € [2r], is
y; = e¢; € R? <= the topic of the j-th group of words is i.

Given proportion vector h, topics y;,j € [2r], are independently drawn according to the conditional

expectation
E[yj]h] =h, je€|2r],

or equivalently Pr [yj = ei|h] = hi,j € [2r],i € [q].

Finally, at the bottom layer, each observed variable z; for [ € [2rn], is a discrete-valued p-
dimensional random variable, where p is the size of word vocabulary. Again, we assume that

variables x;, are encoded by the basis vectors ey, k € [p], such as
xr; = e}, € RP <= the [-th word in the document is k.

Given the corresponding topic y;, j € [2r], words x;,l € [2rn], are independently drawn according

to the conditional expectation

E[z_1nirly; = e = ai, i € [q,5 € [2r], k € [n], (5.1)

where vectors a; € RP, i € [q], are the conditional probability distribution vectors. The matrix

A = [ail|az|- - - |ag] € RP*? collecting these vectors is the population structure or topic-word matriz.

The (2rn)-th order moment of observed variables z; € RP,[ € [2rn], for some integer r > 1, is

defined as (in the matrix form)”

Mo (2) =E |(21 ® 22 ® *+* @ Ty) (Trns1 @ Trng2 @ -+ @ Topn) | | € RPTXPT (5.2)

We now briefly remind why this matrix corresponds to the (2rn)-th order moment. Let vectors

i:= (i1,...,4mm) and j := (J1,...,Jrn) index the rows and columns of moment matrix Mo, (z).

"Vector z is the vector generated by concatenating all vectors x;,1 € [2rn].
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Then, from the above definition, the (i,j)-th entry of My, (x) is equal to

E[(z1)i, - (@rn)ivn (Trnt1)51 - (T200) iyl 5

which specifies the corresponding (2rn)-th observed moment.

For the n-persistent topic model with 2rn number of observations (words) x;,1 € [2rn], the corre-

sponding moment is denoted by M. (n)

orn (). Note that to estimate the (2rn)™ moment, we require

a minimum of 2rn words in each document. We can select the first 2rn words in each document,
and average over the different documents to obtain a consistent estimate of the moment. In this

work, we consider the problem of identifiability when exact moments are available.

The moment characterization of the n-persistent topic model is provided in Lemma 2 in Section
5.6.1. Given Mé;?z(:n), what are the sufficient conditions under which the population structure A is

identifiable? This is answered in Section 5.5.

Remark 16. Note that our results are valid for the more general linear model ; = Ay; (more
precisely, T(;_1)p4x = Ay;,J € [2r],k € [n]), i.e., each column of matrix A does not need to be a
valid probability distribution. Furthermore, the observed random variables x;, can be continuous

while the hidden ones y; are assumed to be discrete.

5.5 Sufficient Conditions for (Generic Identifiability

In this section, the identifiability result for the n-persistent topic model with access to (2n)-th order
observed moment is provided. First, sufficient deterministic conditions on the population structure
A are provided for identifiability in Theorem 5.1. Next, the deterministic analysis is specialized to

a random structured model in Theorem 5.2.

We now make the notion of identifiability precise. As defined in literature, (strict) identifiability
means that the population structure A can be uniquely recovered up to permutation and scaling
for all A € RP*4. Instead, we consider a more relaxed notion of identifiability, known as generic

identifiability.
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Definition 5.1 (Generic identifiability). We refer to a matric A € RP*? as generic, with a fixved
sparsity pattern when the nonzero entries of A are drawn from a distribution which is absolutely
continuous with respect to Lebesque measureS. For a given sparsity pattern, the class of population
structure matrices is said to be generically identifiable [6], if all the non-identifiable matrices form

a set of Lebesgue measure zero.

The (2r)-th order moment of hidden variables h € R, denoted by Ma,(h) € R?*4"is defined as

r terms r terms
"

Mo, (R) = E[(h@ ® h> <h® e ® h)T] e RT >4, (5.3)

We now provide a set of sufficient conditions for generic identifiability of structured topic models
given (2rn)-th order observed moment. We first start with a natural assumption on the hidden

variables.

Condition 1 (Non-degeneracy). The (2r)-th order moment of hidden variables h € R?, defined in

equation (5.3), is full rank (non-degeneracy of hidden nodes).

Note that there is no hope of distinguishing distinct hidden nodes without this non-degeneracy
assumption. We do not impose any other assumption on hidden variables and can incorporate

arbitrarily correlated topics.

Furthermore, we can only hope to identify the population structure A up to scaling and permutation.

Therefore, we can identify A up to a canonical form defined as:

Definition 5.2 (Canonical form). Population structure A is said to be in canonical form if all of

its columns have unit norm.

8As an equivalent definition, if the non-zero entries of an arbitrary sparse matrix are independently perturbed
with noise drawn from a continuous distribution to generate A, then A is called generic.
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5.5.1 Deterministic Conditions for Generic Identifiability

In this section, we consider a fixed sparsity pattern on the population structure A and establish
generic identifiability when non-zero entries of A are drawn from some continuous distribution.
Before providing the main result, a generalized notion of (perfect) matching for bipartite graphs
is defined. We subsequently impose these conditions on the bipartite graph from topics to words

which encodes the sparsity pattern of population structure A.

5.5.1.1 Generalized Matching for Bipartite Graphs

A bipartite graph with two disjoint vertex sets Y and X and an edge set F between them is
denoted by G(Y, X;E). Given the bi-adjacency matrix A, the notation G(Y, X;A) is also used
to denote a bipartite graph. Here, the rows and columns of matrix A € RIXIXIYT are respectively
indexed by X and Y vertex sets. For any subset S C Y, the set of neighbors of vertices in S
with respect to A is defined as No(S) := {i € X : A;; # 0 for some j € S}, or equivalently,

Ng(S):={i€ X :(j,i) € E for some j € S} with respect to edge set E.

Here, we define a generalized notion of matching for a bipartite graph and refer to it as n-gram

matching.

Definition 5.3 ((Perfect) n-gram matching). A n-gram matching M for a bipartite graph G(Y, X ; E)
1s a subset of edges M C E which satisfies the following conditions. First, for any j € Y, we
have |Np(7)] < n. Second, for any j1,j2 € Y,j1 # ja2, we have min{|Ny(j1), |Nar(j2)|} >

INar(d1) N N (52)]-

A perfect n-gram matching or Y-saturating n-gram matching for the bipartite graph G(Y, X; E) is

a n-gram matching M in which each vertex in 'Y is exactly connected to n edges in M.

In words, in a n-gram matching M, each vertex j € Y is at most connected to n edges in M and
for any pair of vertices in Y (j1,j2 € Y, j1 # j2), there exists at least one non-common neighbor in

set X for each of them (j; and jo).
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X
Figure 5.2: A bipartite graph G(Y, X; E) with |X| = 4 and |Y| = 6 where the edge set E itself is a

perfect 2-gram matching.
As an example, a bipartite graph G(Y, X; F) with |X| =4 and |Y| = 6 is shown in Figure 5.2 for

which the edge set F itself is a perfect 2-gram matching.

We also define the following definition of a n-gram matrix.

Definition 5.4 (n-gram Matrix). Given a matriz A € RPX9, its n-gram matriz A" € RP"*4 js
defined as the matriz whose (i,j)-th entry is given by, for i := (i1,is,...,i,) € [p]™ and j € [q],

n times

—_———
AP, ) = Ay, jAsy o Aij, or AP =A@ ©A.

That is, A®™ is the column-wise n™

order Kronecker product of n copies of A, and is known as the
Khatri-Rao product [78]. Given bipartite graph G(Y, X; A), the notation G(Y, X); A®") is also
used to denote the bipartite graph corresponding to bi-adjacency matrix A®". Here X (™ denotes

all ordered n-tuples generated from elements of set X which indexes the rows of A®".

The above two definitions might seem unrelated at the first glance, but the following lemma con-
nects them where an interesting property is stated relating the existence of perfect matching in
GY, X (n), A®™) to the existence of perfect n-gram matching in G(Y, X; A). This property is also

the original motivation behind defining such notion of generalized matching.

Lemma 1. I[fG(Y, X; A) has a perfect n-gram matching, then G(Y, X(™); A®™) has a perfect match-
ing. In the other direction, if G(Y,X(");AQ") has a perfect matching M®™, then G(Y,X;A)
has a perfect n-gram matching under the following condition on M©®™. All the matching edges
(4, (i1, .. ,in)) € M®™ should satisfy iy # ia # -+ # in for all j € Y. In words, the matching edges

should be connected to nodes in X, which are indexed by tuples of distinct indices.

See Appendix E.1.4 for the proof.
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We also provide more discussions and remarks on the n-gram matching as follows.

Remark 17 (Relationship to other matchings). The relationship of n-gram matching to other types

of matchings is discussed below.

e Regular matching: For special case n = 1, the (perfect) n-gram matching reduces to the usual

(perfect) matching for bipartite graphs.

e b-matching: For a bipartite graph G(Y, X; E), a b-matching for vertices in Y is a subset of
edges My C E, where each vertex in Y is connected to b edges. Comparing with the proposed
perfect (Y-saturating) b-gram matching, b-matching does not enforce that the set of neighbors

be different.

Remark 18 (Necessary size bound). Consider a bipartite graph G(Y, X; E') with |Y| = gand | X| =p
which has a perfect n-gram matching. Note that there are (fL ) n-combinations on X side and each
combination can at most have one neighbor (a node in Y which is connected to all nodes in the

combination) through the matching, and therefore we necessarily have ¢ < (fL)

Finally, note that the existence of perfect n-gram matching results in the existence of perfect (n+1)-
gram matching?, but the reverse is not true. For example, the bipartite graph G(Y, X; E) with
|X|=4and |Y]| = (;1) = 6 in Figure 5.2, has a perfect 2-gram matching, but not a perfect (1-gram)

matching (since 6 > 4).

5.5.1.2 Identifiability Conditions Based on Existence of Perfect n-gram Matching in
Topic-word Graph
Now, we are ready to propose the identifiability conditions and result.

Condition 2 (Perfect n-gram matching on A). The bipartite graph G(Vj, Vo; A) between hidden

and observed variables, has a perfect n-gram matching'°.

9Note that the degree of each node (on matching side Y) in the original bipartite graph should be at least n + 1.
OParameter n in all of the conditions refer to the same parameter n as the persistence level of the model. Note
that we are considering the n-persistent topic model proposed in Section 5.4.
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The above condition implies that the sparsity pattern of matrix A is appropriately scattered in
the mapping from hidden to observed variables to be identifiable. Intuitively, it means that every
hidden node can be distinguished from another hidden node by its unique set of neighbors under

the corresponding n-gram matching.

Furthermore, condition 2 is the key to be able to propose identifiability in the overcomplete regime.
As stated in the size bound in Remark 18, for n > 2, the number of hidden variables can be more

than the number of observed variables and we can still have perfect n-gram matching.

Definition 5.5 (Kruskal rank, [112]). The Kruskal rank or the krank of matriz A is defined as

the mazimum number k such that every subset of k columns of A is linearly independent.

Note that krank is different from the general notion of matrix rank and it is a lower bound for the

matrix rank, i.e., Rank(A) > krank(A).

Condition 3 (Krank condition on A). The Kruskal rank of matriz A satisfies the bound krank(A) >
dpmax(A)", where dyax(A) is the maximum node degree of any column of A, i.e., dmpax(A) =

max;c(q || Aeillo. Here n is the same as parameter n in Condition 2.

In the overcomplete regime, it is not possible for A to be full column rank and krank(A) < |V3| = q.
However, note that a large enough krank ensures that appropriate sized subsets of columns of A
are linearly independent. For instance, when krank(A) > 1, any two columns cannot be collinear
and the above condition rules out the collinear case for identifiability. In the above condition, we

see that a larger krank can incorporate denser connections between topics and words.

On the other hand, the bound in Condition 3 imposes sparsity on the columns of topic-word matrix
as dax(A) < krank(A)'/™. Under such sparsity constraint, each topic (indexing the columns of A)
is supported on a specific set of words which enables us to distinguish between different topics and

identify the model. But, it seems that this bound is not tight!!.

"'The looseness originates from bound (E.13) as ‘NA@TL

Rest.

(S)‘ > |Na(S)| + |S| in the proof. See Defini-

tions 5.4 and E.1 for the definition of AR", . Note that many terms in this lower bound on ’NAQn (S)’ are ignored
: Rest.

which leads to a loose bound that might be improved.
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The main identifiability result under a fixed graph structure is stated in the following theorem for
n > 2, where n is the topic persistence level. The identifiability result relies on having access to

the (2rn)-th order moment of observed variables x;,l € [2rn], defined in equation (5.2) as
Mo (2) =E [(21 @22 @ -+ @ Ty ) (Trnt1 ® Typnsa @ -+ @ o) | | € RPTHXPT

for some integer r > 1.

Theorem 5.1 (Generic identifiability under deterministic topic-word graph structure). Let Mz(fgl(a:)
in equation (5.2) be the (2rn)-th order observed moment of the n-persistent topic model for some
integer r > 1. If the model satisfies conditions 1, 2 and 3, then, for any n > 2, all the columns of
population structure A are generically identifiable from Mz(fgl(x) Furthermore, the (2r)-th order

moment of the hidden variables, denoted by Mo, (h), is also generically identifiable.

The theorem is proved in Appendix E.1. It is seen that the population structure A is identifiable,
given any observed moment of order at least 2n. Increasing the order of observed moment results

in identifying higher order moments of the hidden variables.

The above theorem does not cover the case when the persistence level n = 1. This is the usual
bag-of-words admixture model. Identifiability of this model has been studied earlier in [9] and we

recall it below.

Remark 19 (Bag-of-words admixture model, [9]). Given (2r)-th order observed moments with r > 1,
the structure of the popular bag-of-words admixture model and the (2r)-th order moment of hidden

variables are identifiable, when A is full column rank and the following expansion condition holds

[9]
INA(S)| > |S| + dimax(4), ¥S C Vi, 5] > 2. (5.4)

Our result for n > 2 in Theorem 5.1, provides identifiability in the overcomplete regime with weaker
matching condition 2 and krank condition 3. The matching condition 2 is weaker than the above

expansion condition which is based on the perfect matching and hence, does not allow overcomplete
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models. Furthermore, the above result for the bag-of-words admixture model requires full column

rank of A which is more stringent than our krank condition 3.

Remark 20 (Kruskal rank and degree diversity). Condition 3 requires that the Kruskal rank of the
topic-word matrix be large enough compared to the maximum degree of the topics. Intuitively, a
larger Kruskal rank ensures enough diversity in the word supports among different topics under a
higher level of sparsity. This Kruskal rank condition also allows for more degree diversity among
the topics, when the topic persistence level n > 1. On the other hand, for the bag-of-words model
(n = 1), using (5.4) implies that 2dmin > dmax, Wwhere dyin, dmax are the minimum and maximum
degrees of the topics. Thus, we provide identifiability results with more degree diversity when

higher order moments are employed.

Remark 21 (Recovery using ¢; optimization). It turns out that our conditions for identifiability
imply that the columns of the n-gram matrix A®", defined in Definition 5.4, are the sparsest
vectors in C01<M2(Z) (:17)), having a tensor rank of one. See Appendix E.1. This implies recovery
of the columns of A through exhaustive search, which is not efficient. On the other hand, efficient
¢1-based recovery algorithms have been analyzed in [148, 9] for the undercomplete case (n = 1).
They can be employed here for recovery from higher order moments as well. Exploiting additional
structure present in A®™, for n > 1, such as rank-1 test devices proposed in [68] are interesting

avenues for future investigation.

In Theorem 5.1, we provide our identifiability result for the overcomplete topic-word matrix A
under topic persistent model. The result for the bag-of-words admixture model is also reviewed
in Remark 19 under the assumption that A is full column rank. In the following corollary, we
provide the strong identifiability result for the full column rank topic-word matrix under the topic

persistent model.

Corollary 5.1 (Identifiability for undercomplete topic-word matrix). Let Mé?gl(:n) in equation (5.2)
be the (2rn)-th order observed moment of the n-persistent topic model for some integer r > 1. If
the model satisfies condition 1, and in addition A is full column rank, then for any n > 2, all

n)

the columns of population structure A are generically identifiable from Mz(m(x) Furthermore, the

(2r)-th order moment of the hidden variables, denoted by Ma,.(h), is also generically identifiable.
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Comparing to Theorem 5.1 and Remark 19, the expansion (and krank) conditions are not required
in the above result which is a huge relaxation. The reason is both undercomplete regime and topic
persistence are assumed here which relaxes the other conditions. Note that the assumptions that
topic persists with persistence n > 2, and the topic-word matrix is full column rank (and therefore

undercomplete) is reasonable in many applications.

5.5.2 Analysis Under Random Topic-word Graph Structures

In this section, we specialize the identifiability result to the random case. This result is based on
more transparent conditions on the size and the degree of the random bipartite graph G(V,, V,; A).
We consider the random model where in the bipartite graph G(V},V,; A), each node i € V}, is

randomly connected to d; different nodes in set V,,. Note that this is a heterogeneous degree model.

Furthermore, the random identifiability result is provided with high probability which is defined as

follows.

Definition 5.6 (whp). A sequence of events &, (depending on size parameter p) occurs with high
probability (whp) if Pr(€,) =1— O(p™) for some € > 0.
Condition 4 (Size condition). The random bipartite graph G(Vy,,Vy; A) with |Vi| = q,|V,| = p,

and A € RP*9 | satisfies the size condition q < (c%)n for some constant 0 < ¢ < 1.

This size condition is required to establish that the random bipartite graph has a perfect n-gram
matching (and hence satisfies deterministic condition 2). It is shown in Section 5.7.2.1 that the
necessary size constraint ¢ = O(p") stated in Remark 18, is achieved in the random case. Thus,

the above constraint allows for the overcomplete regime, where g > p for n > 2, and is tight.

Condition 5 (Degree condition). In the random bipartite graph G(Vy, V,; A) with |Vi| = q,|V,| =
p, and A € RP*9 the degree d; of nodes i € Vi satisfies the following lower and upper bounds

(dz € [dmina dmax]):

e Lower bound: dp;, > max{1+3logp,alogp} for some constants 3 > ﬁ, a > max{2n2 (5 log %—i—
1),26n}.
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Parameter ‘ Representing

P dimension of observed variables
q dimension of hidden variables
n persistence level

c size ratio such that ¢ < (c%)n

Constants for lower bound on degree

f such that dpi, > max{1l + Slogp, alogp}

Table 5.1: Table of parameters.

e Upper bound: dpax < (cp)%

Intuitively, the lower bound on the degree is required to show that the corresponding bipartite
graph G(V,,V,; A) has sufficient number of random edges to ensure that it has perfect n-gram
matching with high probability. The upper bound on the degree is mainly required to satisfy the
krank condition 3, where dpmax(A)™ < krank(A). As discussed after Condition 3, this upper bound

is not tight.

It is important to see that, for n > 2, the above condition on degree covers a range of models from
sparse to intermediate regimes and it is reasonable in a number of applications that each topic does

not generate a very large number of words.
The proposed parameters in Conditions 4 and 5 are summarized in Table 5.1.

The main random identifiability result is stated in the following theorem for n > 2, while n =1
case is addressed in Remark 23. The identifiability result relies on having access to the (2rn)-th

order moment of observed variables z;,1 € [2rn], defined in equation (5.2) as

MZTn(x) =FE (331 Rra®- - Q xrn)(xrn-i-l R Trp42 @ -+ & x2rn)T S Rprnxp”l,

for some integer r > 1.
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Probability rate constants: The probability rate of success in the following random identifiability

result is specified by constants 5’ > 0 and 7 = v; + 72 > 0 as

B'=—Blogec—n+1, (5.5)
2
_ C (& ’
n=e"! <nn_1 + 1_—51”6 +1>, (5.6)
cn—le2
- - 5.7
s Tln(l — (52) ’ ( )
. . 2(p —Blog 1/C Cn7162 —ﬁ,
where 01 and Jo are some constants satisfying e <ﬁ> <odr <land “55p " <dy < 1.

Theorem 5.2 (Random identifiability). Let Mé%(m) in equation (5.2) be the (2rn)-th order ob-
served moment of the n-persistent topic model for some integer r > 1. If the model with random
population structure A satisfies conditions 1, 4 and 5, then whp (with probability at least 1 —vp_ﬁl
for constants ' > 0 and v > 0, specified in (5.5)-(5.7)), for any n > 2, all the columns of popula-

tion structure A are identifiable from VA

orn(Z). Furthermore, the (2r)-th order moment of hidden

variables, denoted by Mo, (h), is also identifiable, whp.

The theorem is proved in Appendix E.2. Similar to the deterministic analysis, it is seen that the
population structure A is identifiable given any observed moment with order at least 2n. Increasing

the order of observed moment results in identifying higher order moments of the hidden variables.

Remark 22 (Trade-off between topic-word size ratio and degree). When the number of hidden
variables increases, i.e. ¢ increases, but the order n is kept fixed, the bounds on degree in condition 5
also needs to grow. Intuitively, a larger degree is needed to provide more flexibility in choosing
the subsets of neighbors for hidden nodes to ensure the existence of a perfect n-gram matching in
the bipartite graph, which in turn ensures identifiability. Note that as ¢ grows, the parameter [,
which is the lower bound on d also grows, and the probability rate (i.e., the term —flog ¢) remains
constant. Hence, the probability rate does not change as c increases, since the increase in the degree

d compensates the additional “difficulty” arising due to a larger number of hidden variables.

The above identifiability theorem only covers for n > 2 and the n = 1 case is addressed in the
following remark.
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Remark 23 (Bag-of-words admixture model). The identifiability result for the random bag-of-words
admixture model is comparable to the result in [148], which considers exact recovery of sparsely-used
dictionaries. They assume that Y = DX is given for some unknown arbitrary dictionary D € R9*9
and unknown random sparse coefficient matrix X € R?*P. They establish that if D € R?*? is full
rank and the random sparse coefficient matrix X € R?*P follows the Bernoulli-subgaussian model
with size constraint p > Cqlog ¢ and degree constraint O(log ¢) < E[d] < O(qlog q), then the model
is identifiable, whp. Comparing the size and degree constraints, our identifiability result for n > 2
requires more stringent upper bound on the degree (d = O(p'/™)), while more relaxed condition on

the size (¢ = O(p™)) which allows to identifiability in the overcomplete regime.

Remark 24 (The size condition is tight). The size bound ¢ = O(p™) in the above theorem achieves
the necessary condition that ¢ < () = O(p") (see Remark 18), and is therefore tight. The
sufficiency is argued in Theorem 5.3, where we show that the matching condition 2 holds under the

above size and degree conditions 4 and 5.

As in the deterministic case, we finish this section by providing random identifiability result for the

full column rank topic-word matrix under the topic persistent model.

Corollary 5.2 (Random identifiability for undercomplete topic-word matrix). Let M. (n)

arn () in
equation (5.2) be the (2rn)-th order observed moment of the n-persistent topic model for some
integer v > 1. If the model with random population structure A € RP*? satisfies condition 1, size
condition q < cp for some constant 0 < ¢ < 1 and the degree condition dyiy > 1+ Blogp for some

constant B > 0, then whp (with probability at least 1 — O(z~P1°8 1/C) where ﬂlog% > 0), for any
n)

n > 2, all the columns of population structure A are identifiable from Mz(m(x) Furthermore, the

(2r)-th order moment of hidden variables, denoted by Mo, (h), is also identifiable, whp.

Comparing to Theorem 5.2, the upper bound on the degree (sparsity constraint) is not required in

the above result which is a huge relaxation.
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5.6 Identifiability via Uniqueness of Tensor Decompositions

In this section, we characterize the moments of the n-persistent topic model in terms of the model
parameters, i.e. the topic-word matrix A and the moment of hidden variables. We relate identifia-
bility of the topic model to uniqueness of a certain class of tensor decompositions, which in turn,
enables us to prove Theorems 5.1 and 5.2. We then discuss the special cases of the persistent topic
model, viz., the single topic model (infinite-persistent topic model) and the bag-of-words admixture

model (1-persistent topic model).

5.6.1 Moment Characterization of the Persistent Topic Model

In the following lemma, which is proved in Appendix E.1.2, we characterize the observed moments
of a persistent topic model. Throughout this section, the order of the observed moment is fixed to

2m.

Lemma 2 (n-persistent topic model moment characterization). The (2m)-th order moment of

observed variables, defined in equation (5.2), for the n-persistent topic model is characterized as'?:

e if m =rn, for some integer r > 1, then

r times r times

N T
M) () = (A@" ® - ® A®"> Mo, (h) (AQ" ® - ® A®"> : (5.8)

where Ma,.(h) € R >4 s the (2r)-th order moment of hidden variables h € R%, defined in

equation (5.3), and the n-gram matriz A°™ is defined in Definition 5./.

o Ifn>2m, then

M () = (A9™) My (R) (A%™) T (5.9)

2m

where My(h) := Diag(E[h]) € R9*? is the first order moment of hidden variables h € R,

stacked in a diagonal matriz.

2The other cases not covered in Lemma 2 are deferred to Appendix E.1.2. See Remark 32.
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(a) Single topic model (b) Bag-of-words admixture model
(infinite-persistent topic model) (1-persistent topic model)

Figure 5.3: Hierarchical structure of the single topic model and bag-of-words admixture model
shown for 2m number of words (views).

Thus, we see that the observed moments can be expressed in terms of the hidden moments M (h)
and the Kronecker products of the n-gram matrices. In the special case, when the persistence level
is large enough compared to the order of the moment (n > 2m), the moment form reduces to a
Khatri-Rao product form in (5.9). Moreover, in (5.9), we have a diagonal matrix Mj(h) instead
of a general (dense) matrix Mo, (h) in (5.8), when n < 2m = 2rn. Thus, we have a more succinct

representation of the moments in (5.9) when the persistence level of the topics is large enough.

In the following, we contrast the special cases when the persistence level n is n — oo (single topic
model) and n = 1 (bag of words admixture model), as shown in Fig.5.3a and Fig.5.3b. In order to
have a fair comparison, the number of observed variables is fixed to 2m and the persistence level is

varied.

Single topic model (n — oc): The condition in (5.9) (n > 2m) is always satisfied for the single-topic

model, since n — oo in this case, and we have
oo m my T
M) (@) = (A°™) My (h) (A4°™) " (5.10)

Note that Mj(h) is a diagonal matrix.

Bag-of-words admizture model (n = 1): From Lemma 2, the (2m)-th order moment of observed

variables x;,1 € [2m], for the bag-of-words admixture model (1-persistent topic model), shown in
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Figure 5.3b, is given by

MV (z) = (A ; ; m@ A) Moy (h) (A ; tm@ A) " (5.11)

where Mo, (h) € R?"*4™ is the (2m)-th order moment of hidden variables h € RY, defined in (5.3).

Note that Ma,,(h) is a full matrix in general.

Contrasting single topic (n — o) and bag of words models (n = 1): Comparing equations (5.10)
and (5.11), it is seen that the moments under the single topic model in (5.10) are more “structured”
compared to the bag of words model in (5.11). In (5.11), we have Kronecker products of the topic-
word matrix A, while (5.10) involves Khatri-Rao products of A. This forms a crucial criterion in

determining of whether overcomplete models are identifiable, as discussed below.

Why does persistence help in identifiability of overcomplete models? For simplicity, let the order of

the moment 2m = 4. The equations (5.10) and (5.11) reduce to

M{™(z) = (A® A) Diag (E[h]) (A® A)T, (5.12)

MV ()= (A AE[(heh)(hoh) (A A)T. (5.13)

Note that for the single topic model in (5.12), the Khatri-Rao product matrix A ® A € RP*X4 has
the same as the number of columns (i.e. the latent dimensionality) of the original matrix A, while
the number of rows (i.e. the observed dimensionality) is increased. Thus, the Khatri-Rao product
“expands” the effect of hidden variables to higher order observed variables, which is the key towards
identifying overcomplete models. In other words, the original overcomplete representation becomes
determined due to the ‘expansion effect’ of the Khatri-Rao product structure of the higher order

observed moments.

On the other hand, in the bag-of-words admixture model in (5.13), this interesting ‘expansion
property’ does not occur, and we have the Kronecker product A ® A € Rp2xq2, in place of the

Khatri-Rao products. The Kronecker product operation increases both the number of the columns
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1 2 3 4

a) Structure of an overcomplete matrix A € R**5 having a perfect 2-gram matching.
g g g

1 2 3 4 5

x(2) O
(1,1) (1,2) (1,3) (1,4 (1) (2,2) (2,3) (2,49 B,1) (3,2) (3,3) (3,4 (4,1) (42) (43) (44)

(b) Structure of A ® A € R'*®*5 having a perfect (Y-saturating) matching, highlighted by dashed
red edges.
1,1 1,2 (1,3 (1,5 (2,1) (2,20 (2,3 4,5) (5,1) (5,2) (5,3) (5,4) (5,5)

vy (2)

x(2)
(1,1 1,2 (1,3 14 (2,1) (2,2 (23 (4,2)  (4,3) (4,4)

(c) Structure of A ® A € R16X25_ For simplicity, only a few edges and nodes are shown and the
dashed edges denote the bunch of edges connected to each node, not specifically shown.

Figure 5.4: An example of an overcomplete matrix A and the matrices A ® A and A ® A. The
corresponding bipartite graphs encode the sparsity pattern of each of the matrices. A ® A expands
the effect of hidden variables to second order observed variables which is crucial for overcomplete
identifiability, while in the A® A, the order of both the hidden and observed variables are increased.

(i.e. latent dimensionality) and the number of rows (i.e. observed dimensionality), which implies

that higher order moments do not help in identifying overcomplete models.

An example is provided in Figure 5.4 which helps to see how the matrices A® A and A® A behave

differently in terms of mapping topics to word tuples.

Note that for the n-persistent model, for n = 2, the 4" order moment reduces to
MP (z) = (A0 AE[RAT(A® A)T. (5.14)

Contrasting the above equation with (5.12) and (5.13), we find that the 2-persistent model retains

the desirable property of possessing Khatri-Rao products, while being more general than the form
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for single topic model in (5.12). This key property enables us to establish identifiability of topic

models with finite persistence levels.

5.6.2 Tensor Algebra of the Moments

In Section 5.6.1, we provided a representation of the moment forms in the matrix form. We now
provide the equivalent tensor representation of the moments. The tensor representation is more
compact and transparent, and allows us to compare the topic models under different levels of per-
sistence. We compare the derived tensor form with the well-known Tucker and CP decompositions.

We first introduce some tensor notations and definitions.

5.6.2.1 Tensor Notations and Definitions

A real-valued order-n tensor A € ;- RPi := RP1*"*Pn ig a n dimensional array A(1 : p1,...,1:
Pn), where the i-th mode is indexed from 1 to p;. In this work, we restrict ourselves to the case
that py = -+ = p, = p, and simply write A € @" RP. A fiber of a tensor A is a vector obtained by
fixing all indices of A except one, e.g., for A € ®4 R3, the vector f = A(2,1:3,3,1) is a fiber.

For a vector u € RP, Diag,(u) € @"RP is the n-th order diagonal tensor with vector u on its

diagonal. The tensor A € @™ RP, is stacked as a vector a € RP" by the vec(-) operator, defined as
a=vec(A) & a((it — L)p" '+ (i — )p" 2+ + (in1 — Dp+1iy)) = A1, 2, ..., in).

The inverse of a = vec(A) operation is denoted by A = ten(a).

(1PN}

For vectors a; € RPi i € [n], the tensor outer product operator “o” is defined as [78]
n
A=ajoazo---oay € QRP & Aliy, iz, ... in) 1= a1(i1)az(iz) - - - an(in). (5.15)
i=1

The above generated tensor is a rank-1 tensor. The tensor rank is the minimal number of rank-1 ten-
sors into which a tensor can be decomposed. This type of rank is called CP (Candecomp /Parafac)

tensor rank in the literature [78].
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According to above definitions, for any set of vectors a; € RPi i € [n], we have the following pair

of equalities:

vec(ajoag 0 - 0ay) =a1 Qaz® -+ Q ay,

ten(a; ® ag @ -+~ ® a,) = a1 0 ag 0 - - - 0 ay,.

For any vector a € RP, the power notations are also defined as

n times
—————— n
A" =0®a®---®acRF,

n times

n
e N
" :=Goao---0q€ RP,

The second power is usually called the n-th order tensor power of vector a.
Finally, the Tucker and CP (Candecomp/Parafac) representations are defined as follows [78, 108].

Definition 5.7 (Tucker representation). Given a core tensor S € @ | R" and inverse factors

U; € RPiX7i i € [n], the Tucker representation of the n-th order tensor A € Q- RPi is

T1 T2 Tn

A= Z Z Z S(it,ig, ... in)Ui(:yi1) 0 Ua(: i) 0 - - o Un sy i) =: [[S; Ur, Usy - .., U],

i1=112=1 in=1

(5.16)

where Uj(:,4;) denotes the i;j-th column of matriz U;. The tensor S is referred to as the core tensor.

Definition 5.8 (CP representation). Given A € R",U; € RPi*" j € [n], the CP representation of

the n-th order tensor A € Q. RPi is
A= " NUL(:, 1) 0 Ua(:,4) 0+ - 0 Up(s,8) =: [[Diagn(A); Ur, Ua, - .., Un]l, (5.17)
i=1
where Uj(:,1) denotes the i-th column of matriz U;.

Note that the CP representation is a special case of the Tucker representation when the core tensor

S is square and diagonal.
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5.6.2.2 Tensor Representation of Moments Under Topic Model

We now provide a tensor representation of the moments.

For the n-persistent topic model, the 2m-th observed moment is denoted by " (x), which is the

2m
tensor form of the moment matrix M. (n)

om (@), characterized in Lemma 2. It is given by

Tom (%) (i1 ig, i) = E[21(31)22(i2) - - T2m (i2m)], 41,12, .., 92m € [D], (5.18)

where Th,, () € @*™ RP.
This tensor is characterized in the following lemma, and is proved in Appendix E.1.2.

Lemma 3 (n-persistent topic model moment characterization in tensor form). The (2m)-th order

moment of words, defined in equation (5.18), for the n-persistent topic model is characterized as'3:

e if m = rn for some integer r > 1, then

q q q
TR @) =3 S Elhihiy - hiy Jaf" 0 a0 0 alt (5.19)

where S, € ®2T" RY is the core tensor in the above Tucker representation with the sparsity

pattern as
Mo.(h), ) ) ) ) 1N=10="" =1lp,lnt] =1Into="r =12, ...
Sr(i) _ 7”( )((Z,’L722n7',,7Z7«/n/)7(Z(T.+1)/n/7Z(T-+2)’n/7.__7227‘n)) ! ns ‘n+ n+ n
0 ,0. W.,
where 1:= (i1,i9,...,92mm)-

3The other cases not covered in Lemma 3 are deferred to Appendix E.1.2. See Remark 32.
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o Ifn>2m, then

2m times
Ty (z) = Y Elhi]as?™ = [ [Diagy, (E[]); A, 4, ..., A]]. (5.20)

i€[q]

The tensor representation in (5.19) is a specific type of tensor decomposition which is a special
case of the Tucker representation (since S, is not fully dense), but more general than the CP

representation. The tensor representation in (5.20) has a CP form.

5.6.2.3 Comparison with Single Topic Model and Bag-of-words Admixture Model

We now provide the tensor form for the special cases single topic model and bag-of-words admixture
model. In order to have a fair comparison, the number of observed variables is fixed to 2m and the

persistence level is varied.

CP representation of the single topic model: The (2m)-th order moment of the words for the single

topic model (infinite-persistent topic model) is provided in equation (5.20) as

2m times
Ty (2) = Y Elhilas®™ = [[Diag,, (E[R]); 4, 4, ..., A]]. (5.21)
i€(q]
This representation is the symmetric CP representation of 7. 2(210 ) (). In Appendix E.3, we provide

a more detailed comparison between our approach and some of the previous identifiability results
for the (overcomplete) CP decomposition. In particular, we show that our uniqueness result for
CP decomposition is the sparse analogue of uniqueness result in Lathauwer [116] where the factors
of CP tensor decomposition (the columns of matrix A) satisfy specific sparsity constraints. See

Appendix E.3 for the details.

Tucker representation of the bag-of-words admizture model: From Lemma 3, the tensor form of the

(2m)-th order moment of observed variables x;,1 € [2m], for the bag-of-words admixture model
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(1-persistent topic model) is given by

q q q
TZ(rIrZ (:E) = Z Z T Z E[hil hiz T hiQm]ail O Qjy © O Ay,
i1=1142=1

iom=1

2m times

= [[E[peem);a,4,. 4] . (5.22)

This representation is the Tucker representation (decomposition) of TQ(;) (z) where the core tensor

S=E [h°(2m)] is the tensor form of the (2m)-th order hidden moment My, (h), defined in equation

(5.3), and the inverse factors correspond to the population structure A.

Comparing the tensor forms for the n-persistent topic model (5.19), single topic model (5.21), and
bag of words admixture model (5.22), we find that all of them involve Tucker decompositions, where
the inverse factors correspond to the topic-word matrix A, and the only difference is in the sparsity
level of the core tensor S. For the bag of words model, with n = 1, the core tensor is fully dense in
general, while for the single topic model, with n — oo, the core tensor is diagonal which reduces
to the CP decomposition. For a general topic model with persistence level n, the core tensor is in
between these two extremes and has structured sparsity. This sparsity property of the core tensor
is crucial towards establishing identifiability in the overcomplete regime. The bag-of-words model
is not identifiable in the overcomplete regime since the core tensor is fully dense in this case, while
an overcomplete n-persistent topic model can be identified under certain constraints provided in

Section 5.5, since the core tensor has structured sparsity and symmetry.

5.7 Proof Techniques and Auxiliary Results

The main identifiability results are given in Theorems 5.1 and 5.2 for deterministic and random
cases of topic-word graph structures. In this section, we provide a proof sketch of these results,
and then, we propose auxiliary results on the existence of perfect n-gram matching for random

bipartite graphs and a lower bound on the Kruskal rank of random matrices.
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condition 1 on h

Size & degree Matching & krank Rank & expansion
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Theorems 5.3,5.4 Lemma 5 Theorem E.1
for random case on A on A®™

Figure 5.5: Proof outline: flow of conidtions and results

5.7.1 Proof Sketch

Summary of relationships among different conditions: To summarize, there exists a hierarchy among
the proposed conditions as follows. See Figure 5.5. First, in the random analysis, the size and the
degree conditions 4 and 5 are sufficient for satisfying the perfect n-gram matching and the krank
conditions 2 and 3, shown by Theorems 5.3 and 5.4. Then, these conditions 2 and 3 ensure that the
rank and the expansion conditions 6 and 7 hold, shown by Lemma 5. And finally, these conditions
6 and 7 together with non-degeneracy condition 1 conclude the primary identifiability result in

Theorem E.1. Note that the genericity of A is also required for these results to hold.

Primary deterministic analysis in Theorem FE.1: The deterministic analysis is primarily based on
conditions on the n-gram matrix A®™; but since these conditions are opaque (mainly expansion
condition on A®" provided in condition 7), this analysis is related to conditions on the matrix A
itself (see Lemma 5). See Theorem E.1 in Appendix E.1.1 for the identifiability result based on
AP We briefly discuss it below for the case when 2n words are available under the n-persistent
topic model. From equation (5.8), the (2n)-th order moment of the observed variables under the

n-persistent topic model can be written as
n n n T
M (z) = (A® )E[hhT] <A® ) . (5.23)

The question is whether we can recover A, given the Méz) (z). Obviously, the matrix A is not
identifiable without any further conditions. First, non-degeneracy and rank conditions (conditions

1 and 6) are required. Assuming these two conditions, we have from (5.23) that

col<M§Z) (2)) = col<A®").
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Therefore, the problem of recovering A from Méz) (z) reduces to finding A®™ in Col (A®™).
Then, we show that under the following expansion condition on A®™ and the genericity property,
matrix A is identifiable from Col(A®™). The expansion condition (refer to condition 7 for a more

detailed statement), imposes the following property on the bipartite graph 4 G(Vh, Vo(n); A@"),

‘NA@n (5)‘ > |S| + duax (A@"), VS C Vi, |S| > krank(A), (5.24)

Rest.

where dpax (AG”) is the maximum node degree in set V}, and the restricted version of n-gram
matrix, denoted by Agg‘sw is obtained by removing its redundant (identical) rows (see Definition
E.1). The identifiability claim is proved by showing that the columns of A®™ are the sparsest
and rank-1 vectors (in the tensor form) in Col(AQ") under the expansion condition in (5.24)
and genericity conditions. Note that since we only require expansion on sets larger than Kruskal
rank, the expansion condition (5.24) is a more relaxed condition compared to expansion condition

proposed in [9, 148] for identifiability in the undercomplete regime. For a more detailed comparison,

refer to Remark 31 in Appendix E.1.1.

Deterministic analysis in Theorem 5.1: Expansion and rank conditions in Theorem E.1 are imposed
on the n-gram matrix A®™. According to the generalized matching notions, defined in Section 5.5.1,
sufficient combinatorial conditions on matrix A (conditions 2 and 3) are introduced which ensure

that the expansion and rank conditions on A®™ are satisfied.

Recall Lemma 1 which says that existence of perfect n-gram matching in G(Y, X; A) (condition
2) implies that G(Y, X (n). A®™) has a perfect matching. Then, it is straightforward to argue that
the expansion and rank conditions on A®" are satisfied, which is shown in Lemma 5 in Appendix

E.1.3. This leads to the generic identifiability result stated in Theorem 5.1.

5.7.2 Analysis of Random Structures

The identifiability result for a random structured matrix A is provided in Theorem 5.2. Sufficient

size and degree conditions 4 and 5 on the random matrix A are proposed such that the deterministic

14Vo(") denotes all ordered n-tuples generated from set V, := {1,...,p} which indexes the rows of A®™.
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combinatorial conditions 2 and 3 on A are satisfied. The details of these auxiliary results are
provided in the following two subsequent sections.!®> In Section 5.7.2.1, it is shown in Theorem
5.3 that a random bipartite graph satisfying reasonable size and degree constraints, has a perfect
n-gram matching (condition 2), whp. Then, a lower bound on the Kruskal rank of a random
matrix A under size and degree constraints is provided in Theorem 5.4 in Section 5.7.2.2, which
implies the krank condition 3. Intuitions on why such size and degree conditions are required, are

mentioned in Section 5.5.2 where these conditions are proposed.

5.7.2.1 Existence of Perfect n-gram Matching for Random Bipartite Graphs

We show in the following theorem that a random bipartite graph satisfying reasonable size and

degree constraints, proposed earlier in conditions 4 and 5, has a perfect n-gram matching whp.

Theorem 5.3 (Existence of perfect n-gram matching for random bipartite graphs). Consider
a random bipartite graph G(Y,X;E) with |Y| = q nodes on the left side and |X| = p nodes
on the right side, and each node i € Y is randomly connected to d; different nodes in X. Let
dmin = mingey d;. Assume that it satisfies the size condition q¢ < (c%)" (condition 4) for some
constant 0 < ¢ < 1 and the degree condition dyi, > max{l + Blogp,alogp} for some constants
g > ﬁ,a > max{2n2 (6 log% + 1),2571} (lower bound in condition 5). Then, there exists a
perfect (Y -saturating) n-gram matching in the random bipartite graph G(Y, X; E), with probability

at least 1 —y1p~7" for constants ' > 0 and v, > 0, specified in (5.5) and (5.6).

See Appendix E.2.1 for the proof.

Note that the sufficient size bound ¢ = O(p™) in the above theorem is also necessary (see Remark

18), and is therefore tight.

Remark 25 (Insufficiency of the union bound argument). It is easier to exploit the union bound
arguments to propose random bipartite graphs which have a perfect n-gram matching whp. It is

proved in Appendix E.2.1 that if d > n and the size constraint [Y| = O(|X|2?) for some 6§ > 0

5Since these auxiliary results can also have independent interests as combinatorial results, we put them as theorems
in the main part of the chapter.
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is satisfied, then whp, the random bipartite graph has a perfect n-gram matching. Comparing
this result with ours in Theorem 5.3, our approach has a better size scaling while the union bound
approach has a better degree scaling. The size scaling limitation in the union bound argument
makes it unattractive. In order to identify the population structure A in the overcomplete regime
where Y| = O(|X|"), we need access to at least (4n)-th order moment under the union bound

argument, while only the (2n)-th order moment is required under our argument.

5.7.2.2 Lower Bound on the Kruskal Rank of Random Matrices
In the following theorem, a lower bound on the Kruskal rank of a random matrix A under dimension
and degree constraints is provided.

Theorem 5.4 (Lower bound on the Kruskal rank of random matrices). Consider a random matriz

A € RP* where for any i € [q], there are d; number of random non-zero entries in column i. Let

dmin = min(g d;. Assume that it salisfies the size condition q < (c%)n (condition 4) for some
constant 0 < ¢ < 1 and the degree condition duyi, > 1+ Blogp for some constant B > ﬁ (lower

bound in condition 5) and in addition A is generic. Then, krank(A) > cp, with probability at least

1 —yop~? for constants 8’ > 0 and vo > 0, specified in (5.5) and (5.7).

See Appendix E.2.1 for the proof.
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Appendix A

Proofs for Overcomplete CP Tensor
Decomposition: Incoherent

Components

A.1 More Related Works

Tensor decomposition for learning undercomplete models: Several latent variable models
can be learned through tensor decomposition including independent component analysis [69], topic
models, Gaussian mixtures, hidden Markov models [15] and network community models [12]. In the
undercomplete setting, Anandkumar et al. [15] analyze robust tensor power iteration for learning
LVMs, and Song et al. [147] extend analysis to the nonparametric setting. These works require
the tensor factors to have full column rank, which rules out overcomplete models. Moreover,
they require whitening the input data, and hence the sample complexity depends on the condition
number of the factor matrices. For instance, when k = d, for random factor matrices, the previous
tensor approaches in Song et al. [147], Anandkumar et al. [11] have a sample complexity of Q(k6-),

while our result provides improved sample complexity Q(kQ) assuming incoherent components.
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Learning overcomplete models: In general, learning overcomplete models is challenging, and
they may not even be identifiable. The FOOBI procedure by De Lathauwer et al. [69] shows that a
polynomial-time procedure can recover the components of ICA model (with generic factors) when
k = O(d?), where the moment is fourth order. However, the procedure does not work for third-
order overcomplete tensors. For the fifth order tensor, Goyal et al. [80], Bhaskara et al. [41] perform
simultaneous diagonalization on the matricized versions of random slices of the tensor and provide
careful perturbation analysis. But, this procedure cannot handle the same level of overcompleteness
as FOOBI, since an additional dimension is required for obtaining two (or more) fourth order tensor
slices. In addition, Goyal et al. [80] provide stronger results for ICA, where the tensor slices can be
obtained in the Fourier domain. Given 4th order tensor, they need poly(k?*) number of unlabeled
samples for learning ICA (where the poly factor is not explicitly characterized), while we only
need Q(k?°) (when k = ©(d?)/polylog(d)). Anderson et al. [23] convert the problem of learning
Gaussian mixtures to an ICA problem and exploit the Fourier PCA method in Goyal et al. [80].
More precisely, for a Gaussian mixtures model with known identical covariance matrices, when the
number of components k& = poly(d), the model can be learned in polynomial time (as long as a

certain non-degeneracy condition is satisfied).

Arora et al. [27], Agarwal et al. [3], Barak et al. [34] provide guarantees for the sparse coding
model (also known as dictionary learning problem). Arora et al. [27], Agarwal et al. [3] provide
clustering based approaches for approximately learning incoherent dictionaries and then refining
them through alternating minimization to obtain exact recovery of both the dictionary and the
coefficients. They can handle sparsity level up to O(v/d) (per sample) and the size of the dictionary
k can be arbitrary. Barak et al. [34] consider tensor decomposition and dictionary learning using
sum-of-squares (SOS) method. In contrast to simple iterative updates considered here, SOS involves
solving semi-definite programs. They provide guaranteed recovery by a polynomial time complexity
kO1/9) for some 0 < § < 1, when the size of the dictionary k = ©(d), and the sparsity level is k9.
They also provide guarantees for higher sparsity levels up to (a small enough) constant fraction of
k, but the computational complexity of the algorithm becomes quasi-polynomial: OUogk), They
can also handle higher level of overcompleteness at the expense of reduced sparsity level. They do

not require any incoherence conditions on the factor matrices and they can handle the signal to
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noise ratio being a constant. Thus, their work has strong guarantees, but at the expense of running
a complicated algorithm. In contrast, we consider a simple alternating rank-1 updates algorithm,

but require more stringent conditions on the model.

There are other recent works which can learn overcomplete models, but under different settings than
the one considered in this work. Anandkumar et al. [14] learn overcomplete sparse topic models,
and provide guarantees for Tucker tensor decomposition under sparsity constraints. Specifically,

h

the model is identifiable using (2n)™ order moments when the latent dimension k£ = O(d") and
the sparsity level of the factor matrix is O(dl/ ™), where d is the observed dimension. The Tucker
decomposition is more general than the CP decomposition considered here, and the techniques

in [14] differ significantly from the ones considered here, since they incorporate sparsity, while we

incorporate incoherence here.

Concentration Bounds: We obtain tight concentration bounds for empirical tensors in this work.
In contrast, applying matrix concentration bounds, e.g. [153], leads to strictly worse bounds since
they require matricizations of the tensor. Latala [115] provides an upper bound on the moments
of the Gaussian chaos, but they are limited to independent Gaussian distributions (and can be
extended to other cases such as Rademacher distribution). The principle of entropy-concentration
trade-off [138], employed in this work, have been used in other contexts. For instance, Nguyen
et al. [131] provide a spectral norm bound for random tensors. They first apply a symmetrization
argument which reduces the problem to bounding the spectral norm of a random Gaussian tensor
and then employ entropy-concentration trade-off to bound its spectral norm. They also exploit the
bounds on the Lipschitz functions of Gaussian random variables. While Nguyen et al. [131] employ
a rough classification of vectors (to be covered) into dense and sparse vectors, we require a finer
classification of vectors into different “buckets” (based on their inner products with given vectors)
to obtain the tight concentration bounds in this work. Moreover, we do not impose Gaussian
assumption in this work, and instead require more general conditions such as RIP or bounded

2-to-3 norms.
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A.2 Deterministic Assumptions

In the main text, we assume matrices A, B, and C' are randomly generated. However, we are not

using all the properties of randomness. In particular, we only need the following assumptions.

(A1)

(A2)

(A3)

Rank-k decomposition: The third order tensor T" has a CP rank of £ > 1 with decompo-

sition

T = Zwi(ai®b,~®ci), w; > 0,a;,b;, ¢ ESd_l,ViG [k], (Al)
i€[k]

where 8?1 denotes the unit d-dimensional sphere, i.e. all the vectors have unit! 2-norm
as |la;l| = ||bs]| = [lci|| = 1,4 € [k]. Furthermore, define wyiy := minep) w; and wpax =

max,-e[k] W -
Incoherence: The components are incoherent, and let

(07

Nz (A.2)

p = I?QX{K%@M, |(bi, bj) |, [{ci, )|} <

for some a = polylog(d). In other words, ATA = I+ Jq, B'B =1+ Jg, and C'C =
I+ Jo, where Jyu, Jp, and Jo, are incoherence matrices with zero diagonal entries. We have

max {[|Jallco, [[Bloc, [| /ol } < p as in (A.2).

Spectral norm conditions: The components satisfy spectral norm bound

k
mase (A1, 151, 11 < 1+ 0y

for some constant g > 0.

!This normalization is for convenience and the results hold for general case.
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(A4) Bounds on tensor norms: Tensor T" satisfies the bound

HTH < Wmax @0,

|73 (ay, 05, 1) :=

Z ’(Ui((li, aj><bi7 bj>Cj
i#£]

< QWmax 7 >

for some constant oy and «a = polylog(d).
(A5) Rank constraint: The rank of the tensor is bounded by k = o (d1'5 / polylog d).

(A6) Bounded perturbation: Let ¢ denote the spectral norm of perturbation tensor as
v =2l (43)

Suppose 1) is bounded as 2

Wmin,

. 1 degk
vmn{5 20}

where aq is a constant.

(A7) Weights ratio: The maximum ratio of weights v := ¥max satisfies the bound

=0 (min v 271

(A8) Contraction factor: The contraction factor ¢ in Theorem 2.4 is defined as

2
2Wmax | 2a k ,
q:= P~ ﬁ <1 + 040\/%) +06|, (A.4)

for some constants ag, 3’ > 0, and a = polylog(d). In particular, we need aagV'k/d + ' <

Winax/10Wmin which ensures ¢ < 1/2. This is satisfied when vVk/d < Wmax/Wmin poly log d
and 8’ < wmpax/20wWmin. The parameter 4’ is determined by the following assumption (initial-

ization).

2Note that for the local convergence guarantee, only the first condition ¢ < fmin js required.
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(A9) Initialization: Let
€0 := max {dist <6(0), aj> , dist @(0), bj>} ,

denote the initialization error w.r.t. to some j € [k]. Suppose it is bounded as

. B/ Wmin  Wming 2wmax Wmin \/E
€p < ming —, ) ) - )
Qo 6wmax 4wmax Wming 6wmax d

for some constants «g, 8’ > 0, o = polylog(d), and 0 < ¢ < 1/2 which is defined in (A.4).

(A10) 2 — p norm: For some fixed constant p < 3, max{||AT ||a—p, [| BT |l2=p, |C T |l2—p} < 14+0(1).

Remark 26. Many of the assumptions are actually parameter choices. The only properties of
random matrices required are (A2), (A3), (A4) and (A10),. See Appendix A.2.1 for detailed

discussion.

Let us provide a brief discussion about the above assumptions. Condition (A1) requires the presence
of a rank-k decomposition for tensor 7. We normalize the component vectors for convenience,
and this removes the scaling indeterminacy issues which can lead to problems in convergence.
Additionally, we impose incoherence constraint in (A2), which allows us to provide convergence
guarantee in the overcomplete setting. Assumptions (A3) and (A4) impose bounds on the spectral
norm of tensor 7" and its decomposition components. Note that assumptions (A2)-(A4) and (A10)
are satisfied w.h.p. when the columns of A4, B, and C' are generically drawn from unit sphere S¢1
(see Lemma A.1 and Guédon and Rudelson [81]), all others are parameter choices. Assumption

(A5) limits the overcompleteness of problem which is required for providing convergence guarantees.

The first bound on perturbation in (A6) as ¢ < “=i» is required for local convergence guarantee
and the second bound ¢ < “’“‘2‘07‘/\/1? is needed for arguing initialization provided by Procedure 2.
Assumption (A7) is required to ensure contraction happens in each iteration. Assumption (AS8)
defines contraction ratio ¢ in each iteration, and Assumption (A9) is the initialization condition

required for local convergence guarantee.

The tensor-spectral norm and 2 — p norm assumptions (A4) and (A10) may seem strong as we

cannot even verify them given the matrix. However, when k < d''2°~¢ for arbitrary constant € > 0,
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both conditions are implied by incoherence. See Lemma A.3. We only need these assumptions to

go to the very overcomplete setting.

A.2.1 Random matrices satisfy the deterministic assumptions

Here, we provide arguments that random matrices satisfy conditions (A2), (A3), (A4), and (A10).
It is well known that random matrices are incoherent, and have small spectral norm (bound on

spectral norm dates back to Wigner [159]). See the following lemma.

Lemma A.1. Consider random matriz X € R*k

where its columns are uniformly drawn at
random from unit d-dimensional sphere S*1. Then, it satisfies the following incoherence and

spectral bounds with high probability as

e
max [(X;, X:)| < —,
i.jelk] i I i)l Vd

k
11 < 1+ a0y 5

for some a = O(\/log k) and ap = O(1).

The spectral norm of the tensor is less well-understood. However, it can be bounded by the 2 — 3
norm of matrices. Using tools from Guédon and Rudelson [81], Adamczak et al. [2], we have the

following result.

Lemma A.2. Consider a random matriz A € R¥™* whose columns are drawn uniformly at random,

from unit sphere. If k < dP/?/ polylog(d), then

47, < 1+ 0(0).

This directly implies Assumption (A10). In particular, since we only apply Assumption (A10) to
unsupervised setting (k < O(d)) in Appendix A.5, for randomly generated tensor, Assumption

(A10) holds for all p > 2 (notice that we only need it to hold for some p < 3).
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We also give an alternative proof of 2 — p norm which does not assume randomness and only relies

on incoherence.

Lemma A.3. Suppose columns of matriz A € R>* have unit norm and satisfy the incoherence
condition (A2) and spectral norm condition (A3). If k < d“?>=¢ for arbitrary constant ¢ > 0, then
for any p > 3 — 2¢, we have

AT, < 1+o(D).

Proof: Let L = \/E/ poly log d. By incoherence assumption we know every subset of L columns

in A has singular values within 1 £ o(1) (by Gershgorin Disk Theorem).

For any unit vector u, let S be the set of L indices that are largest in AT u. By the argument above
we know ||(Ag) ul| < [|As|/lull < 1+ o(1). In particular, the smallest entry in Alu is at most
2/v/L. By construction of S this implies for all i not in S, |Au| is at most 2/v/L. Now we can

write the £, (p > 2) norm of ATu as

1A llp = > (AT ulf + > (Al uf?

i€S igs
<D 1ATuP + @/VLP? YA W
ics igs
<1+o(1).

Here the first inequality uses that every entry outside S is small, and last inequality uses the bound

argued on ||(As) Tu||, the spectral norm bound assumed on Age and the fact that p >3 — 2. O

The 2 — 3 norm implies a bound on the tensor spectral norm by Holder’s inequality.

Fact 1 (Holder’s Inequality). When 1/p+1/q = 1, for two sequence of numbers {a;},{b;}, we have

% )
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Consequently, we have the following corollary.

Corollary A.1. For vectors f,g,h, and weights w; > 0, we have

Zwifigihi < wmax”f”?»”gH3Hh”3'
)

Proof: The proof applies Holder’s inequality twice as
> wifigihi < wmax Y |figihil < wmax O FYA O 1gihil*?)¥® < wmaxl 113l gls [,

where in the first application, p = 3 and ¢ = 3/2, and in the second application, p = ¢ = 2 (which

is the special case known as Cauchy-Schwartz). O

In the following lemma, it is shown that the first bound in Assumption (A4) holds for random

matrices w.h.p.

Lemma A.4. Let A, B, and C be random matrices in R¥™* whose columns are drawn uniformly

at random from unit sphere. If k < d®/?/polylog(d), and
T = Zwiai®bi®ci,
i€[k]

then

1T < O(wmax)-

Proof: For any unit vectors a, b, ¢, we have

T(@b,0) =Y wi(A'a)(B'b):(CTe)
i€[k]

< wimax[| A T@l3[| B blls | C el
T ~ T N T P~
< Wiax || A" [l2—allal] - [ B [la-a[[bll - 1€ [la-z el

= O(wmax)7

187



where Corollary A.1 is exploited in the first inequality, and Lemma A.2 is used in the last inequality.

0

For the case with two undercomplete and one overcomplete dimensions (see Corollary 2.2), we can

prove the tensor spectral norm using basic properties of the matrices A, B, C'.

Lemma A.5. Let A, B € R%™** be matrices with spectral norm bounded by O(1), and C € R%*k

be a matriz whose columns have unit norm. Let

k
Tzzwiai@)bi@%
i=1
then we have
1T < O(wmax)-
Proof:  For any unit vectors u,v € R% and w € R%, by assumptions we know |[[ATul <

O(1),|BTv| < O(1) and ||C"wl||so < 1. Now we have
k
T(u,v,w) = Zwi<ai7u><biav><ciaw>
i=1
k
< wmaxz ’<ai7u><biav>‘
i=1

< Wiax[| AT ull[| BT o]

= O(Wmax)-

The first inequality uses triangle inequality and the fact that |{¢;, w)| < 1. The Cauchy-Schwartz

inequality is exploited in the second inequality. Therefore, the spectral norm of the tensor is

bounded by O(wmax)- O

Finally, we show in the following lemma that the second bound in Assumption (A4) is satisfied for

random matrices.
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Lemma A.6. Let A, B,C € R¥* be independent, normalized (column) Gaussian matrices. Then
for alli € [k], we have with high probability

[ VE
=0 (wmaxj) .

i

HC\z’ diag(w\')(J4 * Jp),’

Proof: We have

C\i diag(w\")(J 4 * JB)ZV = Z Cjwj(Ai, Aj)(Bi, Bj) = Z C05,
i J#i

where ¢; := w;(A;, A;)(B;, Bj) is independent of C;. From Lemma A.1, columns of A and B are

incoherent, and therefore, for j # i, we have

|5j| = O(Wmax/d).

Now since C}’s are independent, zero mean vectors, the sum ) ki 0;C} is zero mean and its variance

is bounded by O(w?2,,.k/d?). Then, from vector Bernstein’s bound we have with high probability
. AT k

|y ding(wy (T4 % 7)) = (wmax§> |

The proof is completed by applying union bound. O

Spectral norm of Khatri-Rao product

For the convergence guarantees of the second step of algorithm on removing residual error, we need

the following additional bound on the spectral norm of Khatri-Rao product of random matrices.

(A11) Spectral Norm Condition on Khatri-Rao Products: The components satisfy the

following spectral norm bound on the Khatri-Rao products as

k
w146 B, B CI. |46 C} €1+ ap
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for ag < polylogd.

We now prove that Assumption (A11) is satisfied with high probability, if the columns of A, B and

C' are uniformly i.i.d. drawn from unit d-dimensional sphere.

The key idea is to view (A ® B)T(A ® B) as the sum of random matrices, and use the following

Matrix Bernstein’s inequality to prove concentration results.

Lemma A.7. Let M = Y7 | M; be sum of independent symmetric d x d matrices with E[M;] =0,
assume all matrices M;’s have spectral norm at most R almost surely, let o = |[E[M?]||, then for
any T

—72/2
Prl|| M| > 7] <2 —_—— .
1] > 7] < 2aexp 12

A.2.1.0.1 Remark: Although the lemma requires all M;’s to have spectral norm at most R
almost surely, it suffices to have spectral norm bounded by R with high probability and bounded by
R*> = poly(d, k) almost surely. This is because we can always condition on the fact that |M;|| < R
for all 4. Such conditioning can only change the expectations by a negligible amount, and does not

affect independence between M;’s.

Random unit vectors are not easy to work with, as entries in the same column are not independent.
Thus, we first prove the result for matrices A and B whose entries are independent Gaussian

variables.

Lemma A.8. Suppose A, B € R¥>¥*(k > polylogd) are independent random matrices with inde-
pendent Gaussian entries, let M = (A® B)T(A® B) = (AT A) (BT B), then with high probability

M — diag(M)|| < O(dy/klog d)
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Proof:  Let aj,as,...,aq € RF be the columns of AT (the rows of A, but treated as column

vectors). We can rewrite M — diag M as

M —diag M = () aa}) « (B'B—diag(B'B)) = > (aia; )« (B' B — diag(B' B)).
i€[d] i€ld]

Now let Q = B"B — diag(B' B), and M; = (aiaiT) x (), we would like to bound the spectral norm
of the sum M = 37,1y M;. Clearly these entries are independent, E[M;] = Ela;a] |*Q = I+Q = 0,

so we can apply Matrix Bernstein bound.

Note that when d < k, by standard random matrix theory we know ||@Q|| < O(k). Also, every row of
@ has norm smaller than the corresponding row of B' B, which is bounded by || B|| 1@l < O(Vkd).
When d > k, again by matrix concentration we know [|Q| < O(v/dklogd). Every row of @ has
norm bounded by O(\/k_d) (because entries in a row are independently random, with variance equal

to d).

First let us bound the spectral norm for each of the M;’s. Notice that for any vector v, v'[(a;a; ) *
QJv = (vka;)" Q(v*a;) by definition of Hadamard product. On the other hand, |[vxa;|| < |[v]|]|a;||co-
With high probability ||a;|ls < O(v/Iogk), hence | M;| < |lai||%||Q]|. This is bounded by O(k log d)

when d < k and O(V'kdlog? d) when k < d.

Next we bound the variance [E[} ;¢4 M?2]|. Since all the M;’s are ii.d., it suffices to analyze
E[M?]. Let T = E[M}] = E[((a1a] ) * Q)?], by definition of Hadamard product, we know

Tpg= E[Z QprQrqa1(p)ar(q)ar (r)?].

relk]

This number is 0 when p # ¢ by independence of entries of a;. When p = ¢, this is bounded
by 33 e Qz%m because Elai(p)?a1(r)?] is 1 when p # r and 3 when p = r. Therefore T}, <
32 el = 3|QW? < O(dk). Since T is a diagonal matrix, we know ||T| < O(dk), and
o? = ||dT|| = O(d?k).

By Matrix Bernstein we know with high probability ||M| < O(dv/klogd). O
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Using this lemma, it is easy to get a bound when columns of A, B are unit vectors. In this case,

we just need to normalize the columns, the normalization factor is bounded between d?/2 and 2d?

with high probability, and therefore, [|[(AT A)(B" B) — I|| < O(v/klogd/d).

A.3 Proof of Convergence Results in Theorems 2.4 and 2.5

The main part of the proof is to show that error contraction happens in each iteration of Algo-
rithms 1 and 4 as the two main parts of the algorithm. Then, the contraction result after ¢ iterations

is directly argued.

In the following, we first provide a local contraction result for the tensor power iteration (2.6) in
Algorithm 1 given noisy tensor T. This leads to Lemma 2.2 which is the local convergence guarantee
of the tensor power updates. Then, we provide a local contraction argument for the coordinate

descent step (2.10) in Algorithm 4.

Combining the above convergence arguments for both updates conclude the overall local conver-
gence guarantee in Theorem. 2.4. Then, combing this local convergence guarantee and the ini-
tialization result in Theorem A.l1 leads to the global convergence guarantee in Theorem 2.5. In
addition, the result in Corollary 2.2 is similarly argued where the bound on the spectral norm of

the tensor is argued in Lemma A.5.

A.3.1 Convergence of tensor power iteration: Algorithm 1

In this section, we prove Lemma 2.2 which is the local convergence guarantee of the tensor power

updates in Algorithm 1.

Define function f(e;k,d) as

VE 2« k 2 9
f(e;k‘,d)::a7+% 1+ ag P € + ape’, (A.5)
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where a = polylog(d) and a9 = O(1). Notice that this function is a small constant when k <

d'5/ poly log d.

Lemma A.9 (Contraction result of Algorithm 1 in one update). Consider T =T+T as the input
to Algorithm 1, where T is a rank-k tensor, and ¥ is a perturbation tensor. Suppose Assumptions

(A1)-(A5) hold, and estimates @ and b satisfy distance bounds

dist(@, a;) < eq,

~

dist (b, b;) < e,

for some j € [k], and €4,e, > 0. Let € := max{eq, €y}, and suppose 1 defined in (A.3) be small
enough such that®

w; — wj62 — Wmax f(6; k,d) — 1 >0,

where f(e;k,d) is defined in (A.5). Then, update ¢ in (2.6) satisfies the following distance bound

with high probability (w.h.p.)

wmaxf(e; ka d) + 1,[)

dlSt(C’ Cﬁ) — w; — u)j62 — wmaxf(E; k’ d) — 9

(A.6)

Furthermore, if the bound in (A.6) is such that dist(c,c;) < €, then the update W := f(a,ﬁ, c) in
(2.8) also satisfies w.h.p.

@ — wj| < 2w;€* + wmax f (€ k, d) + .

Remark 27. In the asymptotic regime, f(e;k,d) is

fek,d)y=0 (?) +0 (max{%, ds—%}) e+ O(1)é2

Note that the last term is the only effective contracting term. The other terms include a constant

term, and the term involving € disappears in only one iteration as long as k,d — oo, and O (#) —

0.

3This is the denominator of bound provided in (A.6).
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Remark 28 (Rate of convergence). The local convergence result provided in Theorem 2.4 has a linear
convergence rate. But, Algorithm 1 actually provides an almost-quadratic convergence rate in the
beginning, and linear convergence rate later on. It can be seen by referring to one-step contraction
argument provided in Lemma A.9 where the quadratic term age? exists. In the beginning, this
term is dominant over linear term involving €, and we have almost-quadratic convergence. Writing
ap€e? = opeSe? ¢, we observe that we get rate of convergence equal to 2 — ¢ as long as we have
initialization error bounded as 68 = O(1). Therefore, we can get arbitrarily close to quadratic
convergence with appropriate initialization error. Note that when the model is more overcomplete,
the algorithm more rapidly reaches to the linear convergence phase. For the sake of clarity, in
proposing Theorem 2.4, we approximated the almost-quadratic convergence rate in the beginning

with linear convergence.

Lemma A.9 is proposed in the general form. In Lemma A.10, we provide explicit contraction
result by imposing additional perturbation, contraction and initialization Assumptions (A6), (A8)
and (A9). We observe that under reasonable rank, perturbation and initialization conditions, the
denominator in (A.6) can be lower bounded by a constant, and the numerator is explicitly bounded

by a term involving €, and a constant non-contracting term.

Lemma A.10 (Contraction result of Algorithm 1 in one update). Consider T =T+V as the input
to Algorithm 1, where T is a rank-k tensor, and ¥ is a perturbation tensor. Let Assumptions* (A1)-
(A9) hold. Note that initialization bound in (A9) is satisfied for some j € [k]. Then, update € in

(2.6) satisfies the following distance bound with high probability (w.h.p.)

)

dist(c, ¢;) < Const,
ist(¢, ¢j) < ons + qeo

non-contracting term  contracting term

where

Const. :=

d

Wmin

(1/1 + wmaxa@> ; (A.7)

4As mentioned in the assumptions, from perturbation bound in (A6), only the bound ¢ < #min js required here.
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and contraction ratio ¢ < 1/2 is defined in (A.4). Note that o = polylog(d). In addition, if the

above bound be such that dist(c, ¢;) < €, then the update W := f(a,B, ¢) in (2.8) also satisfies w.h.p.

Wmin

| — w;| < Const. +wWming€o-

Proof of Lemma 2.2: We incorporate condition (A7) to show that ¢ < 1/2 in assumption (AS)
is satisfied. In addition, (A7) implies that the bound on ¢ in assumption (A9) holds where it can
be shown that the bound in (A9) is bounded as O(1/v). Then, the result is directly proved by

iteratively applying the result of Lemma A.10. g

Proof of auxiliary lemmata: tensor power iteration in Algorithm 1

Before providing the proofs, we remind a few definitions and notations.

In Assumption (A2), matrices J4, Jp, and Jo, are defined as incoherence matrices with zero
diagonal entries such that ATA = I + J4, B'B = I + Jg, and CTC = I + Jo. We have

max {[|Jallco, |8 loc, [[Jolloc} < p as in (A.2).

Given matrix A € R?*¥ the following notations are defined to refer to its sub-matrices. Aj denotes
the j-th column and A’ denotes the j-th row of A. Hence, we have A; = a;,j € [k]. In addition,
Ay € R>*(+=1) is A with its j-th column removed, and AV € RE=D*k is A with its j-th row

removed.

Proof of Lemma A.9: Let z; L a; and z; L b; denote the vectors that achieve supremum

o~

value in (2.13) corresponding to dist(a,a;) and dist(b, b;), respectively. Furthermore, without loss

of generality, assume ||2}|| = ||z;|| = 1. Then, @ and b are decomposed as
a = (aj,a)ya; + dist(a, a;)z;, (A.8a)
b = (bj, b)b; + dist(b, b;)z . (A.8D)
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Let C := C Diag(w) denote the unnormalized matrix C, and ¢ := f(fi, b, I ) denote the unnormalized
update in (2.6). The goal is to bound dist (¢,C;). Consider any z. L Cj such that ||z = 1. Then,

we have

~

(2,8) = T(@,b, z.) = T(@,b, z.) + (@, b, z.).
Substituting @ and b from (A.8a) and (A.8b), we have

~ -~ o~

T(aa ba ZC) = <ajva> (bj7 b>T(aj7 bj7 ZC) + ((Ij, a> diSt(b7 bj)T(ajv Zl;kv ZC)
Sl SQ

-~ o~

+ dist(a, a;)(b;, b)T'(z;, b, zc) + dist(@, a;) dist(b, b;) T (2, 23 , z¢) -
53 S4

In the following derivations, we repeatedly use the equality that for any u,v € R% we have

T(u,v,I) = C(ATux B"v). For S, we have

St < |T(aj,bj,2)| = |2] C(ATaj x BTb;)|

2l C [ej + (Ja * JB)J} ‘

2Ty (Jax Jp)Y ‘
Vk

< WiaxQ >

d

where equalities AT A = I + J4 and B' B = I + Jp are exploited in the second equality, and the
assumption that z, L Uj is used in the last equality. The last inequality is from Assumption (A4).

For S5, we have

Sy < &|T(aj, 2, 2)| = ep|2d C(ATa; * BT 2})|

:Eb

L0y () * (By) " 4]

<a |yl ||| -]/Bu) "=

2
k
(1 + O‘O\/g) €b;

< Wiax

Sk
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for some a = polylog(d) and ap = O(1). Second inequality is concluded from |Ju*v|| < ||ul|oc - [|v]],

and Assumptions (A2) and (A3) are exploited in the last inequality. Similarly, for S3, we have

S3 < €

21Ty [(Ue)) + (4y) " =]

2
< a 1+« \/Z €
Wmax —F7—= i a-

Finally, for S4, we have

Sy < Gaeb‘T(ZZ, Z;; 20)’ < 6aGbH,T” < Winax®0€q €hs

for some oy = O(1). The bound on ||T']| is from Assumption (A4). Note that for random com-
ponents, we showed in Lemma A.4 that this bound holds w.h.p. exploiting Assumption (A5) and

results of Guédon and Rudelson [81]. For the error term U(d, b, z.), we have
\P(a7 bv zC) S ¢7

which is concluded from the definition of spectral norm of a tensor. Note that all vectors @, g, Ze

have unit norm.

Let € := max{e,, €5}. Then, combining all the above bounds, we have w.h.p.
<ZC7 6> < wmaxf(@ k, d) + 1/}7

where f(e; k,d) is
2
VE 2« k
flek,d) = a—- + 7 1+ ap p €+ ape’.
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For ¢, we have

~

&=T(ab,I)+ U(a,b,I)

> wia;, a)(bi, bye; + ¥ (@b, 1)

= wj{a;,@)(b;,b)c; + > wilai, @) {bs, b)e; + ¥(@,b, 1),
i#j

and therefore,

Il = ||uos (@, @) b5 Dyes | - ~ | w(@b, 1)

> " wilai, @) (b, byei
7]

> wj — wje? — wax f (€ k,d) — 1,

where inequality <aj,a>(bj,g> > 1 — €2 is exploited in the last inequality. Hence, as long as this

lower bound on ||¢|| is positive (small enough € and 1)), we have

o wmaxf(€§k7d) +
) < ’
dlSt(C, C]) - wj — wj62 — wmaxf(E; k’ d) B ¢

(A.9)

Since dist(-,-) function is invariant with respect to norm, we have dist (¢, ¢;) = dist (5, 6j) which

finishes the proof for bounding dist (¢, ¢;). Note that ¢ = ||¢||c, and C; = w;c; where w; > 0.
Now, we provide the bound on |w; — @w|. As assumed in the lemma, we have distance bounds

max {dist (a,a;),dist </b\, bj> ,dist (¢, cj)} <e.

~

The estimate w =T (a,E, ¢) proposed in (2.8) can be expanded as

@ =T(@,b,¢) + U(a,b,0)

= > wilai,@)(bi, b)(ci, ©) + ¥(@,b,0)

= w]<a]7a><b]7/5><c]7/c\> + Zwl<aua><bug><cwa + \Il(aagy E)a
i#
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and therefore,

> " wilaz, @) (bi, b){c;, €)
i#]

+ |w@5,9)

lwj —w| < ‘wj (1 - (%@(bjagﬂ%a)‘ +

< w; (1 —-(1- 62)1'5) + Wmax f (€ K, d) + ¢

< 2wj€2 + Wmax f (€ k, d) + 9,

where <aj,?i><bj,/b\> (cj,0) > (1— 62)1'5 is exploited in the second inequality. Notice that this argu-

ment is similar to the argument provided earlier for lower bounding ]|

0

Proof of Lemma A.10: The result is proved by applying Lemma A.9, and incorporating
additional conditions (A6), (A8), and (A9). f(eo;k,d) in (A.5) can be bounded as

2
k2 k
f(€0§/<37d) = a% + % <1+ao\/g> €0 +aoeg

2
vk | 2a \/E
< o—— — 11 — /
_ad + a + g d +06| €

\/E Wmin
=a— +
d 2Wmax

geo,
where ¢y < 5—(; from Assumption (A9) is exploited in the inequality. The last equality is concluded
from definition of contracting factor ¢ in (A.4). On the other hand, the denominator in (A.6) can

be lower bounded as

x x 11 1 -
Wmin |1 — Zma 63— e feosk,d) — 0 } 2 Win [1— ————— } = wmm7

Wmin min Wmin

where Assumptions (A9) and (A6) are used in the inequality. Applying Lemma A.9, the result on

dist(c, ¢;) is proved.
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From Lemma A.9, we also have

@ — w;| < 2wj€d + Wmax f (€03 k, d) + 1)

Wmin Wmin

< —5 Const. +2w;eg + qeo
W
< —= Const. +Wmingéo-
where ¢y < % from Assumption (A9) is used in the last inequality. O

A.3.2 Convergence of removing residual error: Algorithm 4

In this section, we provide convergence of the coordinate descent of Algorithm 4 for removing the

residual error. We first provide the following definition.

Definition A.1 ((no,n:)-nice). Suppose

k
(Al 15,11 < my

Given an approxzimate solution {E,E,é,@}, we call it (ng,m)-nice if matriz A (similarly B and

5) satisfies

. Vk .
AA;| == [|a; — aq| < =g Vi € [k],
- k
1A < oy,

and the weights satisfy

_ Vk
w; — wz| < nmeaXF-

Given above conditions are satisfied, we prove the following guarantees for removing residual error,

Algorithm 4.

Lemma A.11 (Local convergence guarantee of the iterations for removing residual error, Algo-

rithm 4). Consider T as the input to Algorithm 4, where T is a rank-k tensor. Suppose Assumptions
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(A1)-(A5) and (A11) hold (which are satisfied whp when the components are uniformly i.i.d. drawn
from unit d-dimensional sphere). Given initial solution {2@),1?(0),6(0),@(0)} which is (o, m1)-
nice, all the following iterations of Algorithm 4 are (2n9,3m )-nice. Furthermore, given the exact
tensor T', the Frobenius norm error max{||AA| r, ||AB| r, ||AC| F, |Aw|/wmin} shrinks by at least
a factor of 2 in every iteration. In addition, if we have a noisy tensor T = T+ such that [P <,

then

d

max{|AAO ], [ABO ], [ACO [, 4w | fuin} < 27’5 +0 @ﬂ) .

Proof: iteration for removing residual error in Algorithm 4

We now prove Lemma A.11 as the local convergence guarantee of the iterations for removing residual

error, Algorithm 4.

To prove this lemma, we first observe that the algorithm update formula in (2.10) is (before nor-

malization) wi(ai,’diﬂbi,gﬁci + ¢; where

In the following lemma, we show that the error terms ¢;’s are small.

Lemma A.12. Before normalization w;¢; = wi(ai,’dﬁ(bi,gﬁci + ¢; where

k
D lel® < o) (wmax (IAA) | + 1AB)F + IAC)[F) + [[Aw]?).
i=1
Proof: By the update formula in (2.10), we know

ei =Y (wilaj,ai) by, bi)e; — (@i, aj) (bi, b;)E)).
i

201



We expand it into several terms as follows.

e = > (wilag, @by, bi)e; — @i (@i, a;) (i, b))

i
= ai, a;)(bi, bj) (wjc; — W;¢;)  (type 1)

i

+ ) wjlaj, AAN Db, bide; + Y wjlag, ai)(bj, ABj)e;  (type 2)
j#i i

= " @jlag, ai) (b, AB)E; — Y Wi{aj, ai)(AB;, b;)E
J#i i
i J#i

+ Z(aj, AA;)(bj, AB;)c; (type 3)
i

=Y wjlag, AA) by, AB)E; — Y @5(AA;, @) (b, ABy)e
JF JFi

= @j{aj, AAY(AB; ) — Y @ (AA;,G)(AB;, bi)E.
J#i J#i

The norm of three different types of terms mentioned above are bounded in Section A.3.2, which

conclude the desired bound in the lemma. O

We are now ready to prove main Lemma A.11.

o~

Proof of Lemma A.11: Since @; is the norm of w;{(a;, a;){(b;, b;)c; + €;, we know
(@i — wi| < [le]| + wi(O(|AA® + [|AB:]*)),
and therefore

[0 = wl| < o(1)(wmax (IAA) |7 + [AB)||lF + |AC)][F) + [[Aw]).
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On the other hand, since the coefficient w;(a;, d;)(b;, b;) is at least 1 — o(1), we know ||& — ;|| <

4||€;]] /wmin. This implies
IC = Cllr <o()((IAA)Ir + IAB)IIF + IAC)||F) + | Aw]| /1inin)-

By Lemma A.13, we know after the projection procedure, we get |C—C||p < 2||C'—C| . Therefore

combining the two steps we know

IC = Cllr < 2C = Cllr < o()(|AA)|[F + |AB)|[F + | AC)||F + | Aw]| /wmin)-

When we have noise, all the ¢;’s have an additional term \If(ai,@, I) which is bounded by ¢, and

thus, the second part of the lemma follows directly.
O

Handling Symmetric Tensors: For symmetric tensors we should change the algorithm as com-

puting the following:

d
PN 1 PN 1.
T(a;,b;, I) — p E T(ei e, I) — E w; ((@;, a;)(bi, bj) — E)Cj' (A.10)
i1

The result of this will be a change in the term of type 1. Now the Q matrix will be (A ® A)T(A®

A) — (1 — 5)I — 1J which has desired spectral norm for random matrices.

Claims for proving Lemma A.12

The first term deals with the difference between C' and C.

Claim 1. We have

k
DD aisag) (i by) (wics — @) < o(1) (wmax | AC|| F + [|@ — wl]).
i=1  j#i
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Proof: This sum is equal to the Frobenius norm of a matrix M = (QZ. Here the matrix ) is a

matrix such that is equal to Q = (A® B) ' (A® B) — I

<ai7aj><bi7bj>7 i 7é ja

0, =7,

Qij =

The matrix Z has columns Z; = w;¢; — w;¢;. By assumption we know [|Q]] < o(1), and ||Z||p <

Wax||AC||F + || — w||. Therefore we have

[IM||r = [1QZ]lr < IR Z]lF < o(1)(wmax [AC|F + [l — w]]).

0

Of course, in the error ¢;, we don’t have ., {(a;, a;)(b;,bj)wic;, instead we have terms like

> j2i(@isa;j)(bi, bj)wic;. The next two lemmas show that these two terms are actually very close.

Claim 2. We have

k
DD {AAL @) (i, b)) D |1? < o(wmax) |AA] p-

\ i=1  j#i

k
DD (AA; @) (i, b)) B2 < o(wmax) | AA]| .
i=1  j#i

Same is true if any~ is replaced by the true value.

Proof:  Similar as before, we treat the left hand side as the Frobenius norm of some matrix

M = QZ. Here Z; = w;c;, and @ is the following matrix:

2 =

0, =7,

We shall bound || M ||r by || Z]|||@||r- By assumption we know || Z|| < wmax-2m\/k/d = O(wmaxr/k/d).
On the other hand, we know (b;, b;) < O(1/v/d) hence |Q||r < O(1/Vd)| AT AA||r < O(1/Vd)||All[| AA||F =
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O(Vk/d)||AA| . Therefore we have

IM[e < 1ZIQllF < O(wmaxy/k/d)-O(wmaxVE/d) | AA| = O(k/dVA) | AA|F = 0(winax) [AA] -

Notice that the proof works for both terms. O

Claim 3. We have

k

J DD (AALE)(AB, by @iE | < o(wmax) (|AA|F + [ AB]|F).
=1 j#i

The same is true if the inner-products are between (AAj;, a;) or (AB]-,EZ), or if any ™~ is replaced by

the true value.

Proof:  Similar as before, we treat the left hand side as the Frobenius norm of some matrix
M = QZ. Here Z; = w;c;, and @ is the following matrix
iyj =
0, =7,
Now using definition of 2 — 4 norm and 2ab < a? + b? we first bound the Frobenius norm of the

matrix Q:

k
D (AL ABL b)) < (AL E)) +(ABL b)) <Y IAT [ama|AA*+[ BT [laal| ABi||*
i] i#] i=1

Now we first bound the 2 — 4 norm of the matrix AT = AT + AAT. By assumption we already

know [|A"||2—4 < O(1). On the other hand, for any unit vector u
k i k
D (A4 ut < max(A Ay, u 2D (A4 u)? < O(K?/d®) = o(1).
=1 i=1

i=1

Here we used the assumption that [|AA;]| < O(vE/d) and [|AA| < O(\/k/d). Therefore | AT ||os <
AT [la—4 + |AAT Ja—s < O(1) (and similarly for BT).
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Therefore

k
1QIF < | D IAT losalAA 4 + [ BT [l2a | ABi||*
i=1

K
<O0(1) Z [AA;|* + [[AB;|*

i=1

k
k
< 0(1) - miax(|AA]l + [ AB]) | 30 IAA 2 + [ ABy2

i=1

< OWVk/d)(|AA|lF + |AB| F)-

On the other hand we know || Z|| < O(wmax\/k/d), hence | M||r < || Z]|[|QllF < o(wmax)(||AA|F +
IAB[F)-

Projection Procedure 5

In this section, we describe the functionality of projection Procedure 5. Suppose the initial solution
{121\0, B°, (0, @°} is (1o, n1 )-nice. Then, given an arbitrary solution {4, B, C, &}, we run projection
Procedure 5 to get a (219, 471 )-nice solution without losing too much in Frobenius norm error. This

is shown in the following Lemma.

Lemma A.13. Suppose the initial solution {207§07@07@0} is (no,m)-nice. For any solution
{A,B,C,w}, let error E = max{||A — A||p, | B — B||r, ||C — C||p, |0 — w||/wmin}. Then after the

projection Procedure 5, the new solution is (219, 3n1)-nice and has error at most 2F.

Proof: Intuitively, by truncating D the matrix we get is closest to A among matrices with

spectral norm n;+/k/d. We first prove this fact:

Claim 4.

IQ—Allp= min __|[M—Ap.
Il<om /%74
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Proof: By symmetric properties of Frobenius and spectral norm (both are invariant under
rotation), we can rotate the matrices @, M, A simultaneously, so that A becomes a diagonal matrix
D. Since M has spectral norm bounded by 71+/k/d, in particular all its entries must be bounded

by n1+/k/d. Also, we know |D — D||z = min \/—HD M]||p, therefore |D — D|p =

V(Z J Ml 3<771

min” M{<m /R ||D — M||p. By the rotation invariant property this implies the claim. O

Since the optimal solution A has spectral norm bounded by 7, \/m, in particular from above claim
we know ||Q — A||p < ||A — A r. By triangle inequality we get |Q — A||r < 2E. In the next step
we are essentially projecting the solution @) to a convex set that contains A (the set of matrices
that are column-wise n;v'k/d close to 121\0), so the distance can only decrease. Similar arguments

work for B , C , W, therefore the error of the new solution is bounded by 2F.

By construction it is clear that the columns of the new solution is within ngvk /d to the columns
of the initial solution, so they must be within 2nyv/k/d to the columns of the true solution. The

only thing left to prove is that [|A]| < 3n/k/d.

First we observe that A = A° + Z where Z is a matrix whose columns are multiples of QQ — go,
and the multiplier is never larger than 1. Therefore ||A|| < [|RA%|| + [|Z] < || A°] + |Q — A% <
2| A°|| + (|Q| < 3m\/k/d. O

A.4 SVD Initialization Result

In this section, we analyze the SVD-based initialization technique proposed in Procedure 2. The
goal is to provide good initialization vectors close to the columns of true components A and B in

the regime of k = O(d).

Given a vector # € R? matrix T(I,I,0) results a linear combination of slices of tensor 7. For

tensor 7" in (A.1), we have

T(I,1,0) = > wilf, ci)aib] = Niaib] = ADiag(\)BT, (A.11)
i€ (k] i€[k]
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where \; := w;{0,¢;),i € [k], and X := [A1, Aa,..., A\x] | € RF is expressed as
A = Diag(w)C' 6.

Since A and B are not orthogonal matrices, the expansion in (A.11) is not the SVD® of T'(I, I, 0).
But, we show in the following theorem that if we draw enough number of random vectors # in the

regime of k = O(d), we can eventually provide good initialization vectors through SVD of T'(I,1,6).
Define

g(L) = /2In(L) — h;(ln(ﬂ NGYN)

21In(L)
Theorem A.1l (SVD initialization when k = O(d)). Consider tensor T = T 4+ U where T is a
rank-k tensor, and VU is a perturbation tensor. Let Assumptions (A1)-(A3) hold and k = O(d).
Draw L i.i.d. random vectors 09) ~ N(0,1y),j € [L]. Let ugj) and v&j) be the top left and right

singular vectors of f(], I,H(j)). This is L random runs of Procedure 2. Suppose L satisfies the

bound
Winax (1 + 1)
L) > 4/Tog F,
g( ) " Wmin — pwmax(l + ,u) s
with p = 2‘“}*_’5_1 < fni’;i;‘p —1, for pr and pmin defined in (A.14), and some 0 < i < 1. Note that

p < % is also defined as the incoherence parameter in Assumption (A2). Then, w.h.p., at least

one of the pairs (ugj),vgj)),j € [L], say j*, satisfies

)

max {dist (uﬁj*), al) , dist (Ugj*), bl)} < Aimasimin(1 + p)v/1og  + oV
Wininfig(L) — apVdip

where 1) := ||V|| is the spectral norm of perturbation tensor ¥, and cg > 1 is a constant.

Proof: Let A\() := Diag(w)CT0Y) € R* and A\U) := 079U ¢ R¥. From Lemmata A.14 and

A.15, there exists a j* € [L] such that w.h.p., we have

: O] . G*) < HminA(2) + 1w (I,1,0)|
max{dlst <U1 ,a1> , dist <1)1 ,b1>} S Tim Lo

®Note that if A and B are orthogonal matrices, columns of A and B are directly recovered by computing SVD of
T(I,1,0).
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From (A.12), with probability at least 1 — 2k~!, we have
A > wing(L).
From (A.13), with probability at least 1 — k=7, we have

A < i (pigf” +4,/log k) < dwmax (1 + p)/log k,

)

where in the last inequality, we also applied upper bound on 5\3] Y, Combining all above bounds

and Lemma A.19 finishes the proof. U

A.4.1 Auxiliary lemmata for initialization
In the following Lemma, we show that the gap condition between the maximum and the second
maximum of vector A required in Lemma A.15 is satisfied under some number of random draws.

Lemma A.14 (Gap condition). Consider an arbitrary matriz C € R>* with unit-norm columns

which also satisfies incoherence condition max;.;

(ci,cj)| < p for some p > 0. Let
A := Diag(w)C'" 6 € R,

denote the vector that captures correlation of § € R* with columns of C. Without loss of generality,

assume that A\i = max; [\i|, and let Ay := max;x1 [N\i|. Draw L i.i.d. random vectors 6U) ~

N(0,1;),7 € [L], and A\U) := Diag(w)CT0Y). Suppose L satisfies the bound

In(L) <1 CIn(n(L) +c ln(k;)) o W14 p1)
81In(k) 41n(L) In(L) | = wWmin — pWmax(1 + 1)’

for some 0 < p < Lmin. 1 Then, with probability at least 1 — 2k~ — k=7, we have the following

Wi
Wmax P

gap condition for at least one draw, say j*,

A > (14 ).
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Proof:  Define \ := Diag(w) A = CT0. We have \; = w; ), € [k].
Each vector A) is a random Gaussian vector AU) ~ A7 (0,CTC). Let j* := arg mMax;e(r] ;\gj). Since

)

max;e(z) 5\3] , is a 1-Lipschitz function of L independent A/ (0,1) random variables, similar to the

analysis in Lemma B.1 of Anandkumar et al. [15], we have

P\ 2 V(D) - SR )| 21 ] (A12)

Any vector ¢;,7 # 1, can be decomposed to two components parallel and perpendicular to ¢; as

¢ = (¢i,e1)e1 + Pi., (¢i). Then, for any i i # 1, we have

i =(0,¢) =07 (c;,c1)e +0TPJ_C1 (ci) .

=i =i, L

Since P, (¢;) L c1,i # 1, we have 5\,4,2' # 1, are independent of A1 := 0" ¢q, and therefore, the

following bound can be argued independent of bound in (A.12). From Lemma A.17, we have
Pr mﬁlx S\EJL) > 44/logk| < kT
For S‘i,llv we have

Aijj = 0" (ci,er)er < pfTer = phi,

T

where we also assumed that A\; := 6#'¢; > 0 which is true for large enough L, concluded from

(A.12). By combining above two bounds, with probability at least 1 — k=7, we have

S\g)) < pAi + 4+/log k. (A.13)

From the given bound on L in the lemma and inequalities (A.12) and (A.13), with probability at

least 1 — 2k~1 — k7, we have

507 s Wmax(L 4+ p) 507 _ 507
)\1 " Wmin — pwmax(l + :u') <)\(2) p)\l ) .
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Simple calculations imply that

wmin:\gj ) > (1 + :u)wmaxj\g))-
Incorporating inequalities A1 > wmin:\l and /\(2) < wmaxj\(g) finishes the proof saying that the result

of lemma is valid for the j*-th draw. O

In the following lemma, we show that if a vector § € R? is relatively more correlated with ¢;
(comparing to ¢;,i # 1), then dominant singular vectors of T(I ,1,0) provide good initialization

vectors for a; and b;.

Before proposing the lemma, we define

2
k k. « k )
LE = a\/g <2 + 2a0\/g+ ﬁ) , MR = <1 + 040\/2) , Mmin = min{up, urt. (A.14)

where a = polylog(d), and ap > 0 is a constant.

Lemma A.15. Consider T =T + W, where T s a rank-k tensor, and V¥ is a perturbation tensor.
Let assumptions (A1)-(A3) hold for T. Let uy and vy be the top left and right singular vectors of
T(I,1,6). Let

A := Diag(w)C' 6 € R¥,

denote the vector that captures correlation of 6 with different c;,i € [k], weighted by w;,i € [k].
Without loss of generality, assume that \1 = max; |\;|, and let \p) := max;x1 |\;|. Suppose the

relative gap condition

At = (14 p)A), (A.15)
is satisfied for some p > mlu}{— 1, where pr and piyin are defined in (A.14). Then, with
high probability (w.h.p.),

:umin/\(2) + ||\I’(Iv I, 9)“

dist dist(v1, b1)} <
max{ 1S (u17a1)7 18 (U17 1)} - IEL}\l - ”\:[1(17170)” 7

211



for |[®(I,1,0)||/\ < fp <1 defined as

~._1+,u—2,uR
: 71_1_” .

Proof: From Assumption (Al), T'(I,1,6) can be written as equation (A.11), Expanded as

T(I,I, 9) = )\1(11()]— + Z )\ZaZbZT .

i#1
R

From here, we prove the result in two cases. First when ugp < pgr and therefore pmin = pg, and

second when up > ug and therefore pmin = UR.

Case 1 (ug < pr): According to the subspaces spanned by a; and by, we decompose matrix
R to two components as R = P (R) + P(R). First term P (R) is the component with column
space orthogonal to a; and row space orthogonal to by, and 77||(R) is the component with either

the column space equal to a; or the row space equal to b;. We have

PL(R) = (I = Pay)R(I — By,),

PH (R)=P,,R+ RP,, — P,,RP,,,

where P,, = alalT is the projection operator on the subspace in R? spanned by ai, and similarly
By, =b blT is the projection operator on the subspace in R% spanned by b;. Thus, for T=T+ v,

we have

T(I,1,0) = Marb{ + P, (R)+Py(R)+¥(1,1,0).

——
=M = F

Looking at M, it becomes more clear why we proposed the above decomposition for R. Since the
column and row space of P, (R) are orthogonal to a; and by, respectively, the SVD of M has a;
and by as its left and right singular vectors, respectively. Hence, M has the SVD form

A1

M = [a1 ﬁg] [bl ‘72]—'—7

0 X
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where P, (R) = ﬁgigff; is the SVD of P, (R). Let g9 := max,-(i‘,g)ii. From gap condition (A.15)
assumed in the lemma and inequality (A.16), we have \; > &, and therefore, a; and b; are the
top left and right singular vectors of M. On the other hand, T (I,1,0) has the corresponding SVD

form

01

f(f,[, 9) = [u1 UQ] [Ul V2]T7

0 X5

where w1 and vy are its top left and right singular vectors. We have

o2 = [[PLB)| < [|R]]

k
=2

< A [[Av]] HB\TIH

<A llal|[BT|

2
k
< <1 + ao\/%) A@2) = LRA2) (A.16)

where the sub-multiplicative property of spectral norm is used in the second inequality, and the

last inequality is from Assumption (A3). From Weyl’s theorem, we have

lor = Ml < B[+ V(T 1,0)]|

k k «@
< _ o
< A(2)04\/; (2 - 2010\/;4- \/&> + 1 ®(L, 1,0

—: A + WL, 1,0)], (A.17)
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where (A.18) is used in the second inequality. Therefore, we have

01— 02 =01 — A + A1 — 02
> —ppe) — [V, L0)|| + A1 — prA(2)
1+ p

DA = 1L L 0)] =

where bounds (A.16) and (A.17) are used in the first inequality, and the second inequality is
concluded from the gap condition (A.15) assumed in the lemma. Therefore, since o1 > 5 4 v and
b9 < f3 for some 5 > 0, Wedin’s theorem is applied to the equality (I ILO)=M+FE+Y(1,1,0),

which implies that

|E+ Y(I,1,0)]

1%

pEA2) + W, 1, 0)|

fud — [[W(I, 1,0)|

PminA2) + [[W(L, 1, 0)]|
/1)\1 - ”\II([? 176)” 7

max{\/1—<u1,a1 \/1— (v1,b1)? }

where we used pmin = g and fiy > [ in the last inequality when up < pg. Since dist2(u1, ay) +

(u1,a1)? = 1, the proof is complete for this case.

Bounding the spectral norm of E: For any i # j, let pl(.;) = [{a;, a;)| and pl(-s) = [(bs, bj)|. We

have

FE = 'P”(R) = PalR + RPb1 — Pa1 RPbl,
= alalTR + Rble —a1a; Rblbl

= Nara aib] + > N[ bib] = Naraf ab] bib]

i1 i#1 i#1
= Z )\,plZ ale + Z )\,p1Z a,bT Z)\th P1s alblT
1#£1 1#1 1#£1

= Aq) Diag(Aq)) B\, + A\1 Diag(A@)) B(y) — Ay Diag(Aa)) B(3);

Eq FEo E3
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k—1 times

——T—
where A(l) = [CL1’CL1’ s ’a1:| S Rdx(k_l), B\l = [bg‘bg‘ ce ‘bk] S Rdx(k_l), and )‘(a) = [)\z’pg[;)]isﬁl €
R*=1. The other notations are similarly defined.

For E4, we have

IE1 |l < | Ay Diag(A) 1l BV, |
= [IA @l a1l B\

< VEXgol B ||

Where the first equality is concluded from Lemma A.18, and Assumptions (A2) and (A3) are

exploited in the last inequality. Similarly, for Fs and E3, we have

k k
B2l < Ao/ (1 MO@) ,

VEk
B3]l < /\(2)0427-

Therefore, we have
k k Q
|E| < )\(2)04\/; (2 + 2040\/24- ﬁ) . (A.18)

Case 2 (ug < pg): The result can be similarly achieved when ur < pg. Here we directly apply
Wedin’s theorem to f(], 1,0) = M\jaib] + R+ V(I,1,0), treating R + (I, 1,6) as the error term.

From Weyl’s theorem, we have

o1 > M — |RI| — [ (1,1,6)] > (1 - 1“ju) M- (L)),
H—/
=:fi2
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where (A.16) and gap condition (A.15) are used in the second inequality. Since 2 = 0, by Wedin’s

theorem, we have

prA@) + (I, 1,0)]

fich1 — W (1, 1,0)]

fminA2) + [[W(1, 1,0)]|
pAr = W (I,1,0)|

max{\/l —{ur,a1)2, /1 — (vl,b1>2} <

where we used pmin = pgr and fig > [ in the last inequality when pup < pg. Since dist2(u1, a) +

(u1,a1)? = 1, the proof is complete for this case. O

The above lemma concludes the proof for initialization procedure, except for a few auxiliary lem-

mata that we prove next.

First we use Gaussian tail bounds to prove that the largest entry of a Gaussian vector can be quite

large with inverse polynomial probability:

Lemma A.16. Let x ~ N(0,0) be a Gaussian random variable with mean zero and variance o.

Then, for any t > 0, we have

where f(t) = %6_9/2.

Proof:  Let z = 7, where z ~ N(0,1) is a standard Gaussian random variable. Then, we have
Pr[z > t] = Pr[z > t/o], and therefore, the result is proved by using standard tail bounds for

Gaussian random variable. O

Lemma A.17. Consider r = [Tl,Tg,...,Tk]T € R* as a k-dimensional random Gaussian vector

with zero mean and covariance X, i.e., r ~ N(0,X). For any k > 2, we have

Pr [7‘(1) > 4amax\/@} <k
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Proof: From Lemma A.16, for any i € [k], we have

8 < k,—8’

1 _
Pr [|7‘z| > 40 max/log k‘} < mk‘ <

where the last inequality is concluded from the fact that £ > 2. The result is then proved by taking

a union bound. O

Next we prove a basic fact about spectral norm that is used in the proof of Lemma A.15.

Lemma A.18. Given h € R™ and v € R", let H = [h|h|---|h]Diag(v) € R™*". Then, | H| =
1Al[oll-

Proof: By definition

[H]| = sup [[Hz|.
leli=1

We have Hx = (v, z)h, and therefore, ||[Hz| = |(v,z)|||h||. This is maximized by z = v/||v||, and

this finishes the proof. O

Finally, we show that noise matrix W¥(I,I,6) has bounded norm with high probability which is

useful for initialization argument in Theorem A.1.

Lemma A.19. Let # € R? be standard multivariate Gaussian as N'(0,1;). Then, for any ag > 1,

we have

Pr [||x1f(1, 1,9)| < aox/&p] > 1 — ¢ (00=1)%/2.
where 1) := ||V|| is the spectral norm of error tensor W.
Proof: Let 8, := ”T}HH denote the normalized version of 6. Then, we have

(L L O) = 1101 - 1% (L, 1, 0) [ < (1014,

where the last inequality is from the definition of tensor spectral norm. Applying the bound on

|0]| in Lemma A.20 finishes the proof. O
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The following lemma provides concentration bound for the norm of standard Gaussian vector which

is basically a tail bound for the chi-squared random variable.

Lemma A.20 (Lemma 15 of Dasgupta et al. [66]). Let the random vector 6 is distributed as

N(0,1;). Then, for any ag > 1, we have

Pr [H@H > ao\/ﬂ < e~(@0-1)2%d/2,

A.5 Clustering Process

In the last step of main algorithm, we need to cluster the generated 4-tuples into k clusters. The-
oretically, we only have convergence guarantees when the initialization vectors are good enough,
while the other initializations can potentially generate arbitrary 4-tuples. In the worst case, these
arbitrary 4-tuples can make the clustering process hard, and therefore, we provide specific Proce-

dure 3 for which the output properties are provided in Lemma A.23.

Note that the key observation for the algorithm is if T'(a, Z, ¢) is large for some (a, Z, ¢), then these

vectors are close to (a;, b;, ¢;) for some i € [k].

For simplicity, we only prove this when the initialization procedure in Theorem 2.5 takes polynomial
time, namely & = O(d) and wpax/wWmin = O(1). Without loss of generality, we also assume
Wmax = W] > W9 > -+ > Wi = Wpin. In this case, we choose the threshold e in the following
lemmata to be some small constant depending on k/d and wpax/Wmin. Also, we work in the case

when noise ¥ = 0, however the proof still works when the noise ¢ = ||¥| = o(1).

Lemma A.21. Suppose

~

max{|(a;, @)[, [(bs, b)], [(ci, ©)[} <€, Vie[t—1],
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Wmin

for some t € [k]. Let 6 := O (Me?’_p), and assume |T(@,b,¢)| > (1 — 8)wy. Then, there exists

some j such that

max{dist(a, a;), dist(b, b;), dist (¢, ¢;)} < 18";‘: .

Proof:  Partition tensor T = Zie[k] w;a; Q@ by ® ¢; to T1 + Th, where T contains all the terms

indexed from 1 to ¢t — 1, and T5 contains the remaining terms. From Corollary A.1, we have

Ty (a, b 0)| < Wmax

il ol o,

)

where A;_q) € R denotes the first ¢ — 1 columns of A, and similarly for Bjy_q; and Cp_y).

We also have
HA[t e H HA -1¢ H - max [{a;, @) = O (¢77),

p i€ft—1]

where Assumption (A10) and the assumption in the lemma are exploited in the last step. Similar

arguments hold for b and ¢. Combining with the earliest inequality, we have
IT1(@,b,€)| < WinaxO (77) < wyd,

where the definition of § is exploited in the last inequality. Applying assumption ]T(Ei,?)\, o) >

(1 — §)w, to the above bound, we have

1T5(@,0,0)| > (1 — 28)w;. (A.19)

On the other hand, from Corollary A.1,

T2(@,5,9)] < wil| ATal5| BTB]5]|C el
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Since all the 3-norms are bounded by 1+ o(1), each of them must be at least 1 — O(J) to let

inequality (A.19) hold. Now we have

IVE

1-0(8) < ) ey, @) < max{[(a;,a)[}* pZI {aj, @) < (1+ o(1)) max{|{a;, a)[}* 7,

1

J

where the last inequality is from Assumption (A10). This implies max{|(a;j,a)|} = 1 —O(J), which

in turn implies there exists a j such that
dist(@, aj) < Wmin/10Wmax

when € and ¢ are small enough.

By symmetry we know there is also a j' such that dist(g, bjr) < Wmin/10Wmax. If j # j', then it is

easy to check Ts(a, Z, ¢) cannot be large. Hence, j = j’ and the Lemma is correct. O

On the other hand, we know if there is a good initialization, the largest T'(a, b, ¢) must be large.

Lemma A.22. Suppose there exists a good initialization (see initialization condition (2.14) in the

local convergence theorem) for some column t € [k], and

maxc{|(ai, @), [(bi, O, (e, @)} <6, Vi At

Let 6 :== O (“’ma: 3= 1”). Then the corresponding output of iterations in Algorithm 1 denoted by

o~

(a,b,¢) satisfy
IT(@,b,0)] > (1 - 6)w,.
Furthermore, for any i # t, max{|(a, a;)|, |(3, bi)l, (¢, ci)|} < ofe).

Proof: Similar to the proof of Lemma A.21, partition tensor T = Zie[k} wia; ® by @ ¢; to

Ty = wiar @by R ¢ and T7 = T — Ts. Since the initialization is good, by the local convergence result
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in Theorem 2.4, we have

Wmin d

dist(@, a;) < O <wmax @> < o(9),

where the incoherence condition and p > 2 are exploited in the last step. Therefore, |T5(a, Z, o) >

(1 - 5/2)w.

Similar to Lemma A.21, by using Corollary A.1, we have |T} (Zi,g, ¢)| < wid/2. Applying these

bounds, we have

IT(@,b,2)| > |T2(@,b,¢)| — |T1(a,b,8)| > (1 — 8)wy.

The last part of the Lemma is trivial because dist(a, a;) is small and (a;, a;) is small by incoherence.

O
Finally we prove the clustering process succeeds.

Lemma A.23. Procedure 3 outputs k cluster centers that are O (% %) close to the true com-

ponents of the tensor.

Proof:  We prove by induction to show that every step of the algorithm correctly computes one

component.

Suppose all previously found 4-tuples are O(wmaX\/E/ wmind) close to some (a;, b, ¢;) (notice that
this is true at the beginning when no components are found). Let ¢ be the smallest index that has

not been found. Then all the remaining 4-tuples satisfy

~

max{|(a;, a)|, |(bi, 0)], [(ci, )} <€, Vi<t

By Lemma A.22 we know there must be a 4-tuple with |T(@, b, ¢)| > wy(1—6). On the other hand, by

Lemma A.21 we know the 4-tuple we found must satisfy max{dist(@a, a;), dist(b, b;)} < Wmin/10Wmax

for some j (and this cannot be some j that has already been found). This tuple then satisfies the
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conditions of the local convergence Theorem 2.4. Hence, after N iterations it must have converged

to (aj,bj,c¢j). At this step the algorithm successfully found a new component of the tensor.
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Appendix B

Proofs for Overcomplete CP Tensor

Decomposition: Random Components

Proof of Lemma 2.6: Recall that we have updates of the form
Ft+1) _ A(y(t))*Z’ w® — (y(_t)l)a@’ y(t) — AT2®

Let
XN . [x@), o \x(t’} ,

and let the rows of Y are partitioned as the first and the rest of rows as

.
vl — [Yl[tﬁ‘y_[tf] '
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Table B.1: Table of parameters and variables. Superscript (¢) denotes the variable at ¢-th iteration.

Variable Space Description Recursion formula
A Rxk mapping matrix in update formula (2.20) | n.a.
(t)y*2
z® R update variable in (2.20) 2+ = m
y(t) RE intermediate variable in update formula y(t) — AT 2
(2.20) '
® R? unnormalized version of z(?) ) = A(y1)*2
z® R? noisy version of z(*) i® =z 4 £0); see (2.27)
£(t) R4 Contribution of noise in tensor power 20 — 2 4 é(t)' see (2.27)
update given noisy tensor ' =T + FE ’
matrix A :=[a; az -+ ai] with first
B R (k—1) column removed, i.e., na
B :=[ay a3 --- ag]. Note that the first
column a; is the desired one to recover.
conditional distribution of B given
Bt Rx (k—1) previ(.)us iterations at the middle of ¢*® RBt.1) ) B|{X[t], Y[t}}
iteration (before update step
ol yEY=AGY ]
conditional distribution of B given
pt2) | pdx(k-1) previc‘)us iterations at the end of ¢*" Bt2) @ BI{x+1 yli
1teration (after update step
o EY=AGY ]
t,1 _ idual ind dent d left i .
Br(cs.) Rax(k=1) r}f(stl,l)l%asetaan)negae;ﬁ,ran omnuess el see equation (2.23)
£,2 _ idual ind dent d left i .
Br(cs.) RAx(k=1) rBe(Stlg)l%aseleanFr)neIrxllae;.ﬁ.ran omness el 1 see equation (2.25)
_ int diat iable i date f 1 X
w® RF-1 1(121 ;gr)ne iate variable in update formula w® — (y(—t)1) 2
u® R part of z® representing the left L) = B(t,l)w(t)
independent randomness ’ res
o® RE-1 part of y(_t)l representing the left o) (Br((t;s_m))Tx(t)
independent randomness '
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We now make the following simple observations

BN @ gyl Z 4T x| N 4yl
WD gyt = BTxM, XN — g (v 4 gty

(i)B’{vu) = BTz®, . o® = (BEL2YT 40,

re;

W@ = gD 0 _ =11, (1)

res. ryrtty res. }7

where the second equivalence comes from the fact that B is matrix A with first column removed.

Now applying Corollary 2.3, we have the result. The distribution of B®2 follow similarly. O

B.1 Analysis of Induction Argument

In this section, we analyze the basis of induction and inductive step for the induction argument

proposed in Section 2.6.1.3 for the proof of Lemma 2.3.

B.1.1 Basis of induction

We first show that the hypothesis holds for initialization vector z(1) as the basis of induction.

Claim 5 (Basis of induction). The induction hypothesis is true fort = 1.

Proof:  Notice that induction hypothesis for t+ = 1 only involves the bounds on ||z(V)|| and
(a1, 3:(1)> as in Hypotheses 1 and 3, respectively. These bounds are directly argued by the correlation

assumption on the initial vector z(!) stated in (2.19) where §; = 67 = A% = 1. O

B.1.2 Inductive step

Assuming the induction hypothesis holds for all the values till the end of iteration ¢t — 1 (stated in
Section 2.6.1.3), we analyze the ¢-th iteration of the algorithm, and prove that induction hypothesis

also holds for the values at the end of iteration ¢t. See Figure 2.2 where the scope of iteration ¢ and
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the flow of the algorithm is shown. In the rest of this section, we pursue the flow of the algorithm at
iteration ¢ starting from computing y*) and ending up with computing z**1) to prove the desired

induction hypothesis at iteration t.

Hypothesis 4

We start by showing that the induction Hypothesis 4 holds at iteration ¢ using the induction

Hypotheses 1 and 2 in the previous iteration.

Claim 6. We have

51‘, k‘ (t) \/E

N VE
aVh - (t+1)) < AL

Proof: Recall that v(®) = (Bﬁé;l’z))%(t), and by applying the form of Br(és_,m) in (2.25), we

have

@ T
VO=EP BT, w Y. (B.1)

Since random matrix B’ € R¥™(* =1 ig an independent copy of B with i.i.d. Gaussian entries
BZ{]- ~ N(0, é), we know v(® is a random Gaussian vector in the subspace orthogonal to w1, On

the other hand, for any vector z € R?, we have

E [||B'Tz\|2} = 'E [B’B’T] = %

[E

where E [B’ B’ T] = %I is exploited. Let z = P L z®. Then, by applying the above equality

(t—1]

to the expansion of v() in (B.1), we have

k—t k-1 k—t
E o] = =5 - = 1P 2P = == 1P

k £\ k
W12 e |2k _t) k
-1 d - e[étd<1 k)’d]’
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where dim(W[t_l}) =t — 1 is also used in the first step, and the last step is concluded from

Hypothesis 1. Finally, by concentration property of random Gaussian vectors, when ¢ < d we have
o |k k
0 ¢ _t\ﬁ Q\ﬁ _
o] [2 byt

Similarly, for u(t+1) .= Br(é’sl.)w(t), and by applying the form of Bﬁﬁ;}) in (2.23), we have

with high probability

WL B w®), (B.2)

(t—1]

Since random matrix B € R¥(# =1 ig an independent copy of B with i.i.d. Gaussian entries Bij ~
N(0, é), we know u(tt1) is a random Gaussian vector in the subspace orthogonal to X[, On the

other hand, for any vector z € RF=! we have
E ||1B2)?] = ="E [BTB) = = |)2I1%

where E [BTB] = I is exploited. Let z = PJ_W[til]w(t). Then, by applying the above equality to

the expansion of u(**1) in (B.2), we have
d—t ko(ot k
B [l = T e € @ (1-5) 8]

where dim (X [t]) =t is also used in the first step, and the last step is concluded from Hypothesis 2.
Finally, by concentration property of random Gaussian vectors, when ¢ < d we have with high
probability

sVEk o VEk
(t+1) YT gAY
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Hypothesis 2

Computing y®: In the first step of iteration ¢, the algorithm computes y®). By induction
Hypothesis 3, we know ]ygt)] = O(dP? ' \/k/d). The other coordinates of y®) := ATz® are y(_t)l =

BTz® which conditioning on the previous iterations are equivalent (in distribution) to

—~

s 2 (Be-12) 40

(u(i—i—l)(PJ_W[il]w(i))T PLX[il]:E(i)(U(i))T)
i€[t—1] ”PJ-W[i—l]w(l)H2 ”PJ-X[F1]x(Z)”2

T

L Bt-12) | L0

res.

= (& OYNC 5 i i
= 30 (0(F) Pro w0 £ B a0 400, (B3)

1€t—1]

where form of B(*~12) in (2.24) is used in the second equality. The bounds on the norms come from
Hypotheses 1 and 2. The last term is by definition v® = (Br(é;l’m)Tx(t). Note that differences in

polylog factors in the (upper and lower) bounds in Hypotheses 1 and 2 are represented by notation

o).
We will establish subsequently that if & > d, the terms involving v()’s in the above expansion

dominate, and the terms involving P Lt w’s have norm of a smaller order; see Claim 7.

li

Computing w®: In the next step of the algorithm at iteration ¢, w® is computed for which we
now argue if the induction hypothesis holds up to iteration ¢, both lower and upper bounds at

iteration ¢ as ||PJ_W[t71]w(t) | €[4}, A;]@ (see induction Hypothesis 2) also hold.

Lower bound: For the lower bound, intuitively the fresh random vector v® should bring enough

randomness into w®. We formulate that in the following lemma.

k

Lemma B.1. Suppose R and R’ are two subspaces in R* with dimension at most t < T6(og )2 *

Let p € R¥ be an arbitrary vector, z € R* be a uniformly random Gaussian vector in the space

orthogonal to R, and finally w = (p+ z) * (p+ 2z). Then with high probability, we have

 Ell=]

P w .
IPuul 2 =
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Recall that w(®) := yg)l * yg)l, and y@l is expanded in (B.3) as sum of an arbitrary vector and a
random Gaussian vector. Applying above lemma with R = R/ = span(W[t_l]), we have with high
probability

E[lo® )] _ &
(CNTI Sl 11 A U BN
HPJ—W[t—l]w H = 40\/% = 160\/E/d’

where Hypothesis 4 gives lower bound |[v®| > §;/21/k/d (used in the second inequality). By

choosing d; = 62 /160 the lower bound in Hypothesis 2 is proved.

Upper bound: In order to prove the upper bounds in Hypothesis 2, we follow the sequence of

arguments below:

)2

. t L B.2
Claim 7: [y} oo = [[w®[loo =222 1Py 0Ol = [P, w )|

First we prove a bound on the infinity norm of y(t)lz

Claim 7 (Upper bound on Hy(_t)lﬂoo) We have

/ 2
0 o tlosd . (AH) L:0~<L>
[y oo < 5 Vd ( ) 5, VE Nz
Proof: We exploit the induction hypothesis to bound the £,, norm of all the terms in the

expansion of y@l in (B.3).

For the terms involving v, since they are random Gaussian vectors with expected square norm

at most k/d, by Lemma B.4 we know [[v |, < 182 with high probability. In addition, for v(®,

Vid
i < t, the coefficient is bounded as
P,z p®
Py : )t _1 (B.A)
”PJ—X[i—l]‘T(Z)H ”PJ_X[FH;L'(Z)H 0

where the last step uses Hypothesis 1. Therefore, the total contribution from terms involving v(®

in ||yg)1||oo is bounded by g_tli/ggd'

229



For the terms involving P lw[iq]w(i)vi € [t — 1], we have from Hypothesis 2 that the ¢, norm is

bounded as || P, w5 < AlZ.In addition, the corresponding coefficient is bounded by

wli—1]

(@D, 2®)  JuV - Jla@] 24

. . B.5
1P @@ = P w2 = 57 ﬁ (B:5)

wli—1]

Again bounds in Hypotheses 2 and 4 are exploited in the last inequality. Hence, the total contri-

. / 2
w? i€ [t—1]in Hy 1HOO is bounded by (¢t — 1) (At 1) ﬁ

bution from terms involving P Lot
t 1

1]
Combining the above bounds finishes the proof. O

®) .0

Since w® = Y1 *y_], the above claim immediately implies that

[0 < 6 (5) | (B.6)

Now we have the /5, norm on w, however we need to bound the £, norm of the projected vector

le[til]w(t). Intuitively this is clear as the vectors in the space W1 all have small o as

guaranteed by induction hypothesis. We formalize this intuition using the following lemma.

Lemma B.2. Suppose R is a subspace in R* of dimension t', such that there is a basis {ri,...,r¢}

with ||77]]co < % and ||r5]| = 1. Let p € RF be an arbitrary vector, then

Vit
IP1plloc < lplloo +IPIA -7

Let R = span(W[I~1). Then the vectors P, w® /|| Py 1]w(i)H, i € [t — 1] form a basis for

wli—1] wli—
subspace R, and we know from Hypothesis 2 that the /., norm of each of these basis vectors is

t—l
7
6t 1

bounded by -2 Tk for A := which is of order polylogd. Applying above lemma, we have

/
1L 0O < 0@ loo(1 + AVE—T) < 2t

W[t—l]w

where the last inequality uses bound (B.6), and appropriate choosing for A} which is of order

polylog d and only depends on ¢ and logd. This concludes the upper bound on the fo, norm in
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Hypothesis 2. The upper bound on the 5 norm is also immediately argued using this £, norm

bound where an additional vk factor shows up.

Hypothesis 1

Computing z(t+1):

In the next step of iteration ¢, the algorithm computes 1), Conditioning on the previous

iterations, the unnormalized version #(*1) is equivalent (in distribution) to

00 @ 1,0 4 () 0)20,

i+1 )\ T i iINT
_ ul )(le[ifﬂw()) () PLx[ifl]x()(v()) w® £ B ,® (t)\2
Z HP w(z)”2 w +Z HP G H2 + Dres. +(y1 ) al
1€t—1] Lwli-1 i€t L]
= > @< ) ut(py D)+ 3 OMPL_, 2@ @, w®) +utD) 4 ()2,
i€ft—1] i€(t]

(B.7)

where form of Bt in (2.22) is used in the second equality. The bounds on the norms come from
Hypotheses 1 and 2. The last term is the definition of wt+l) — Br(CS )w( ). Note that differences in

polylog factors in the (upper and lower) bounds in Hypotheses 1 and 2 are represented by notation

o(.).

The goal is to prove Hypothesis 1 holds at ¢-th iteration (which is to show the desired lower and

upper bounds on || P lX[ﬂx(tH)H) assuming induction hypothesis holds for earlier iterations. Given

t+1)

the normalization z(*1 := (41 /|41 || in each iteration, we have

1
‘|Plx[t]x(t+1)|| = WHPJ_ ] (t+1)||‘ (BS)
Therefore, we first bound the norm of 1) which turns out to be ||Z(+D|| = (@) as argued

in the following.
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t+1

Lower bound: The lower bound on ||Z**V)| simply follows from the term «(**1) which is an

independent random Gaussian.

Claim 8. Ift < %, then we have whp

!
||j(t+1)|| > é\/_E
— 4 d
Proof: We have
DN 2 | P xt6, 018 a0y BN = | Pt gt a2 -

Note that the equality is concluded from expansion of £t in (B.7) where all the components of

20+ in the subspace Span(X[ﬂ Ut a1)* is represented by w1 The vector Pspan(X[t] Ul ap)t u(t+D)

t+1)

is the projection of a random Gaussian vector u/ in to a subspace of dimention d — o(d). Hence

12
it is still a random Gaussian vector with expected square norm larger than %d%. By Lemma B.3,

with high probability the desired bound holds. O

Upper bound: The upper bound is argued in the following claim.

Claim 9. We have either

<x(t+1)7a1> >1 -7

for some constant v > 0 or

Proof: Let 21 in (B.7) be written as (1) = 2 + (y&t))zal where vector z € R? represents all

the other terms in the expansion. The analysis is done under two cases 1) (y%t))2 > %HZH and 2)

(t)

(t))2 < %Hz” for some constant v > 0. Note that the left hand side is the norm of (y;”)%a; since

(yl

|la1]] = 1, and in addition (ygt))2 = (2, ;)2
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Case 1 ((ygt))2 > %HzH) For the z(+1) .= (41 /| 204D || we have

1
<$(t+1),al> = T@ + (y§t))2a1,a1>

Iz + ()2
> ——o— ()~ |21
)

where triangle and Cauchy-Schwartz inequality are used in the first bound, and the second inequal-

ity is concluded from assumption (ygt))2 > 2| 2|

Case 2 ((ygt))2 < %Hz”) We exploit the induction hypothesis to bound the norm of all the terms

in the expansion of Z(+1) in (B.7).

For the terms involving utV) i € [t], we have |[ul*D| < 2A;4 from Hypothesis 4 and the

argument for ||u(*tV]||. In addition, for u(t1) i € [t — 1], the coefficient is bounded as

(Pryey o) ) A
”le[i—uw(’)ﬂz - HPJ-W[ifl]w(Z)H -8

(B.9)

where Cauchy-Schwartz inequality is used in the first bound, and the bound in Hypothesis 2 and
(B.6) are exploited in the last inequality. Therefore, the total contribution from terms involving

. ’2
w0t in ||| is bounded by %@.

For the terms involving P, @ i € [t], we have HPJ-X[i—l] 2| < 1, but the coefficient (v, w®))
needs further analysis to be bounded which is done in Lemma B.3 saying |(v® w®)| < O (#)

This implies that the total contribution from terms involving PJ_X[iil]fE(i) in ||2¢+Y]| is bounded

byO(%)

Combining the above bounds and considering the assumption that the norm of (ygt))2a1 in the

t+1)

expansion of i( is dominated by the norm of other terms argued above, the proof is complete

concluding that Hj(t+1)” <0 (@) -
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Lemma B.3. Under the induction hypothesis (up to update step g+ = A(y(t))*2 at iteration t),

we have for i € [t],

Using (B.8) and the fact that ||zt =6 (%), we have

- (d 5
HPJ_X[t].Z'(t-l-l)H > O <ﬁ> HPspan(X[t],U[t],a1)lu(t+1)H > th

where the bound || Py, xt1 i1 q,)L utHD || > %% is also used. This finishes the proof that Hy-

pothesis 1 holds.

Hypothesis 3

Finally we prove Hypothesis 3 at iteration t given earlier induction hypothesis. The first part of

the hypothesis is proved in the following claim.

Claim 10. We have
k
o, a®)] € [, A 0 2

Proof:  We first show the correlation bound on the unnormalized version as (a1, Z(*t1)). Looking
at the expansion of Z(**1) in (B.7), the correlation (a;, 2(**1)) involves three types of terms emerging

from (ygt))%l, uw(* and P L 2@ In the following, we argue the correlation from each of these

)

terms where we observe that the correlation is dominated by the term (yg))zal, and the rest of

terms contribute much smaller amount.

For the term (ygt))zal, we have

g

(ar, (")) = 1")? € ()7, (A0 5,

where the last part exploits induction Hypothesis 3 in the previous iteration.
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For the terms involving w1 these vectors are random Gaussian vectors in a subspace (with

dimension €2(d)), and therefore, we have with high probability

fa1,ut9) < B[]0 (221 <6 (d—“@ <o(%).

where the correlation bound between two independent random Gaussian vectors in €(d)-dimension
is used in the first inequality ', Hypothesis 4 is exploited in the second inequality, and finally last
inequality is from assumption k > d. In addition, the coefficient associated with u(*1) is bounded
by A}/8} argued in (B.9). Hence, the total contribution from terms involving u(+1) in (241 a;)

is bounded by O (Ekg)
For the terms involving P lx[@;ux(i)v by Hypothesis 3 we have

vk

(4) *gB82' !
<a1,PJ_X[i71]x > § Ald d

In addition, the associated coefficient is bounded by O <§) from Lemma B.3. Hence, the total

contribution from terms involving P Ly 71]a:(i) in (21 a;) is bounded by O (d52t71d%>.

[

Combining the above bounds implies

’<a179~n(t+1)>’ < é <dﬁ2td_k‘2> '

Finally, using the bound on the norm of Z(*t1) argued as [|z(*+V|| = © (%) finishes the proof. O

To prove the last part of Hypothesis 3, we use the following lemma which is very similar to

Lemma B.2.

Lemma B.4. Suppose R is a subspace in R? of dimension t', such that there is a basis {ri,...,r¢}

with |(ri,a1)| < A and ||ri]| = 1. Let p € R be an arbitrary vector, then

[(PLgp,a1)| < [(p,a1)| + [P AVE.

'For two independent random Gaussian vectors p,q € R?, we have with high probability (p,q) < E[||p|] - E[|l¢|] -
log d
0 (‘).
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We apply this lemma with R = span(X"), and the basis is P| yu-g XD /||P| yu-uX@|. By
induction hypothesis A in the lemma is at most Aidmt VE/d, let v = (D then this gives the

desired bound.

Let R = span(X ). Then the vectors PLX[i,l]x(i)/HPL @[, i € [t] form a basis for subspace

T
xi—1]
R, and we know from Hypotheses 1 and 3 that the correlation between these basis vectors and aq
is bounded by A := A} ar? ! 4. Applying above lemma, we have

vk

(PLya ™ an)] < [@D, )| + AVE < AL d™ =

where the last inequality uses the first part of Hypothesis 3 proved earlier in this section. Note

that A}, is a new polylog factor here.

B.1.3 Growth rate of &, 6;, A}, 6}, A}

We know that if the number of iterations t is a constant, then the 6 and A parameters (i.e., J¢,
8;, A}, 8f, AF) in the induction hypothesis are bounded by polylog factors of d. Here, we show
that these parameters can be still bounded even when the number of steps is slightly larger than a
constant. Let

Ry :=max{1/6;, A;_ /6,1, A} /6; }.

We know R; = 1, and by the inductive step analysis we have the following polynomial recursion

property.

Claim 11. R;y1 = poly(Ry,t,logd).

This claim follows from the proof of inductive step, where in every step the § and A parameters

are bounded by polynomial functions of previous §’s (A’s), t, and log d.

We now solve this recursion as follows.
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Lemma B.1. Suppose Rii1 < coR;*t%(log d)® where ¢y, c1,ca,c3 are positive constants, and we
know Ry = 1. Then
Ry < (logd)*™",

for some constant ¢y > 0 depending on cqg, ¢y, co, C3.

Proof: Without loss of generality assume c¢g > 1, co > 1, ¢c3 > 1, and Ry > logd. Given
these assumptions, we have R; > max{co,t,logd}, for ¢t > 1. Applying this to the assumption

Rit1 < coR;*t%2(log d)“3, we have
R < R%+C1+Cz+03‘ (B.lO)
Pick some ¢ > 0 such that R; < (logd)?’, and pick some

¢y > max{q,logs(l +c¢1 +c2+c3)}.

Now we prove the result by the induction argument. Since ¢4 > ¢, the basis of induction holds for

R;. As the inductive step, suppose R; < (log d)2c4t. Applying this to (B.10), we have

Riy1 < (log d)(1+01+02+03)2c4t < (log d)QC4(t+1)

)

where 24 > (14 ¢1 4+ c2 + ¢3) is used in the last inequality. This finishes the inductive step and the

result is proved. O

Using the above bound, we show in the following corollary that the 6 and A parameters in the
induction hypothesis are bounded by polylog factors of d even if the number of steps t goes up
to cloglogd for small enough constant c. In addition, we show that if 5 > (logd)~% for some
constant cs > 0, then the power method converges to a point z®) which is constant close to the

true component.
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Corollary B.1. There exists a universal constant cs > 0 such that if
B = (logd)™,

and the initial correlation is lower bounded by d6§ (see (2.19)), then with high probability the
power method gets to a point that is constant close to the true component in O(loglogd) number

of steps.

Proof:  Pick the number of steps to be t = (log log d)/2c4, where ¢4 is the constant in Lemma B.1.

Then, from Lemma B.1 we have
Ry < (log d)V'¢? < o(d),

where the last inequality can be shown by taking the log of both sides. This says that the analysis

of inductive step still holds after such number of iterations.

Finally, by progress bound in (2.26), we can see that if 5 > (logd)~°, then the power method

converges to a point z(!) which is constant close to the true component. O

B.2 Auxiliary Lemmas for Induction Argument

In this section we prove the lemmas used in arguing inductive step in Appendix B.1.2.

We first introduce the following lemma proposing a lower bound on the singular value of product

of matrices.

Lemma B.2 (Merikoski and Kumar 125). Let C' and D be k x k matrices. If 1 < i < k and
1<i<k—i+1, then

0i(CD) 2 0i41-1(C) - op—141(D),

where 0j(C) denotes the j-th singular value (in decreasing order) of matriz C.
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B.2.1 Properties of random Gaussian vectors

We start with some basic properties of random Gaussian vectors. First as a simple fact, the norm
of a random Gaussian vector is concentrated as follows which is proved via simple concentration

inequalities.

Lemma B.3. Let z € R? be a random Gaussian vector with E[zzT] = 11. Then we have with high

probability < ||z|| < 2.

Next we show the £, norm of a Gaussian vector is small, even if it is projected on some subspace.

Lemma B.4. Let R be any linear subspace in R? and z € R? be a random Gaussian vector with

E[2zT] = 1I. Then we have with high probability || Py, z||ec < l%d.

Proof:  Since P, is a projection matrix, in particular the norm of its columns is bounded by

1. Hence, each entry of P| ,z is a Gaussian random variable with variance bounded by é implying

that with high probability the absolute value of each coordinate is smaller than l‘z}ggd. Finally, the

desired £, norm bound is argued by applying union bound. O

We can also show that most of the entries are of size at least %.

Lemma B.5. Let R be any linear subspace in R® with dimension t < E and z € R? be a

—_d
16(log d

random Gaussian vector with E[zzT] = LI. Then we have with high probability at least 1/2 of the

entries i € [d] satisfy |(PL,2)i| > 4%/&.

Proof:  Since the entries of z are independent Gaussian random variables with standard deviation

L we know with high probability at least 1 /2 of the entries have absolute value larger than =

Vd’ 2Vd’

On the other hand, Pgz is also a random Gaussian vector with expected square norm bounded by

_EY _

E[| Prz|? =
P21 < 16(logd)?  16(logd)?’

where the assumption on the dimension of subspace R is used in the inequality. By Lemma B.4
we know with high probability entries of Prz are bounded by 1/ 4v/d. Now P, p? = 2z — Pgpz must

have at least 1/2 of the entries with absolute value larger than 1/4v/d. O
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Using the above lemmas, we can prove Lemma B.1.

Lemma B.1 (Restated). Suppose R and R’ are two subspaces in R* with dimension at most
t < m. Let p € R* be an arbitrary vector, z € R* be a uniformly random Gaussian vector in

the space orthogonal to R, and finally w = (p + z) % (p+ z). Then with high probability, we have

E[Hz|]2]
P, _,wl| > .
H Tr ” o 40\/E

Proof: Let 2,2 be two independent samples of z, and w, w’ be the corresponding w vectors. We

have
w—w'=(p+2)x(p+tz)—p+)x(p+2)=02p+z+2)x(z-7). (B.11)

By properties of Gaussian vectors, z + 2/, z — 2’ are two independent random Gaussian vectors in
the subspace orthogonal to R each with expected square norm 2E[||z|?]. We use 21 := 2 + 2’ and

29 1= 2z — 2’ to denote these two random Gaussian vectors.

Next, we show that with high probability

IER
= 20Vk

Note that this implies the result of lemma as follows. Suppose [P, w|| < 55E[[|z%*]/Vk with
probability . Since w’ is an independent sample, with probability 62 this bound holds for both w
and w’. When this happens, we have ||Py _, (w —w')|| < +E[||2]/%]/Vk by triangle inequality. Since

we showed 2 is negligible, § is also negligible.

First we sample 29. Let R” = span(R’, p * 23). Then by expansion of w — w’ in (B.11), we have

1Ly, (w—w)|| = |PLy, (2(p#22) + (215 22)) | = [ PLy, (z1%22)|| = || PL, Diag(z2) Py, (B.12)
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where the inequality is concluded by ignoring the component along p*zs direction. The last equality
is from 2 u x v = Diag(u) - v (for two vectors u and v), and the assumption that z; = z + 2’ is in the
subspace orthogonal to R. For the matrix Py , Diag(22) Py ,,, we have 3
P, Di P ) > Di p p - VE[I=[*]
Uk/4( Lgn iag(z2) J—R) = Uk/2( iag(z2)) - U?k/8( L) U?k/S( LR,,) Z W’

where the first inequality is from Lemma B.2, and the last step is argued as follows. By Lemma B.3,
with high probability zo has square norm at least E[|22|%]/2 = E[||2||?], and therefore, by Lemma B.5
at least k/2 of its entries have absolute value larger than ++/E[[|z[[2]/Vk. Therefore, we can restrict

attention to the space spanned by the k/4 top singular vectors. In addition, within this subspace

we have with high probability ||z1]|? > E[||z]/?]/8, and hence,

RIER
20Vk

”PJ-RHDia‘g(ZQ)PJ-RZ:lH >

which finishes the proof by applying (B.12). O

B.2.2 Properties of projections

In this part we prove some basic properties of projections. Intuitively, if the whole subspace has
small inner-product with some vector, then the projection of an arbitrary vector to the orthogonal
subspace should not change the inner-product with that particular vector by too much. This is

what we require in Lemma B.4.

Lemma B.4 (Restated). Suppose R is a subspace in R? of dimension t', such that there is a basis

{r1,...,re} with |{(r;;a1)| < A and ||ri]| = 1. Let p € R be an arbitrary vector, then

[(PLgp,a1)] < [(p,a1)| + [P AVE.

2For vector u, Diag(u) denotes the diagonal matrix with u as its main diagonal.
3Recall that o;(A) denotes the I-th singular value (in decreasing order) of matrix A.
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Proof: We have P| ,p=p— ZE;I@, ri)7i, and therefore

t,

(PLpp,ar)| < [(p,an)| + ) {p,ridar, mi)]
i=1

tl

< [p.a)l + A |(p,ri)|

=1

< [{p,ar)| + A

< [(p,a1)| + Allp[| V.

The first step is triangle inequality and the third is Cauchy-Schwartz. g

Lemma B.2 is very similar.

Lemma B.2 (Restated). Suppose R is a subspace in RE of dimension t', such that there is a basis

{ri,...,re} with ||ri]|co < % and ||ri|| = 1. Let p € R¥ be an arbitrary vector, then

Vi
1P1 plloe < [Plloc + lelﬁﬁ-
This lemma essentially follows from Lemma B.4, because f, norm is just the maximum inner-

product to a basis vector. More specifically, the above lemma is applied for all a; = ej,j € [k],

where e; denotes the j-th basis vector in R~

B.2.3 Bounding correlation between v and w

We are only left with Lemma B.3. The main difficulty in proving this lemma is that the later steps
are dependent on the previous steps. In the proof we show the dependency is bounded and in fact

we can treat them as independent.

242



Lemma B.3 (Restated). Under the induction hypothesis (up to update step &+ .= A(y®))2 qt

iteration t), we have for i € [t],

Proof:  Recall w®) = yg)l * y(_t)l, and y(_t)1 is specified in (B.3). We now expand the Hadamard

product in w® and bound all the resulting O(t?) terms.

The first type of terms has the form <U(i), P L, wl) x P L, w(i2)>, which can be bounded as

(i1 —1] lio—1]

w) <k o]l - 11

logd (A)_1)?
<2

() (i1) (i1) (i2)
W PL g @ % PL g,y w0 W PL g W e

where ||v? s is bounded by Lemma B.4, and £, norm of other vector is bounded by induction
Hypothesis 2. In addition, the corresponding coefficient is bounded by (see (B.5), and note that
both i1,15 < t)

A(ALy)? &

0" k-

Hence, the total contribution from such terms is bounded by

2 (A7 1)" logd

8t . (B.13a)
(01" Vd
The second type of terms has the form (v(i),PlW[ilil]w(il) s 0(2)) = (p(0) « v(i?),le[ilil]u)(il»7
which can be bounded as
i B, i [o @2 + [0 k
121 gyl 0@ 0@y < 1Py oo SR gy K
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where the last inequality is concluded from Hypotheses 2 and 4. In addition, the corresponding

coefficient is bounded by (see (B.4) and (B.5), and note that both i1,is < t)

oA, d
(01-1)20—1 V&

Hence, the total contribution from such terms is bounded by

(A_)? VE
8t27—. B.13b
AN (B.130)

The third type of terms has the form (v, v(1) x v(2)) with coefficient bounded by 1/62 | (see
(B.4)). For bounding these inner products, we need to use the fact that they are random Gaussian
vectors, however the main difficulty is that they are correlated (if i > j, then the subspace that
v® is in that depends on v(j)). To resolve this difficulty, we treat v ¢ R¥=1 as projection of

t—1]
9y

n® ¢ RF1 into subspace orthogonal to W where n()’s are independent Gaussian vectors

in the full £ — 1 dimensional space. Independent of the ordering of i,41,43, we have with high

@) plin) 4 pli2)y < O i :
(n' n n'?) < (d\/a

probability

since it is a sum of k£ — 1 independent mean-0 entries each with variance d%,. On the other hand,

from Hypothesis 4, we have E[[[v()|?] < 4%, and since vector n — v(?) is in the subspace W1

with dimension ¢, we have

@ _ 02 <oft). ¥ _o(t
Bl -0 <0 (1) -5 =0(5).

and therefore, we have with high probability ||n(®) —v®|| < O(y/t/d) for all i € [t —1]. Using this,

the difference between (n(?), n(1) x n(2)) and (v®, (1) % ¢(2)) can be bounded as

B @) 5 0@y _ (o @) 4 @ < 0 [ (log k1Y
[(n', nt* s ) — (0 0t k02 < O | (log )d\/E ;
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where the right hand side is the bound on the dominant term in the expansion of difference as

[(n® | (n) =y« (nl2) — @) < In@ |- [[(n) — o)) 5 (nl2) — 402Dy

<0 <(log k)\/é) -0 (2)

N vk
=0 <(log k)td—\/a> .

Here, the first inequality is the Cauchy-Schwartz, and the second inequality is from bound on the
norm of random Gaussian vector n(9), and the bound on the norm of difference vectors n(i) — p(i1)

stated earlier. Hence, the total contribution from such terms is bounded by

logk Vk
ol . B.13
( 5 d\/3> (B-13¢)

Taking the sum of all the terms in (B.13a)-(B.13¢) gives the desired bound.

B.3 Additional Arguments for Noise Analysis

Proof of Lemma 2.7: We prove this by an induction argument.

Basis of induction: For t = 1, z(!) is the initialization vector and thus, 5(1) = 0. Hence, the

proposed bound holds for the basis of induction ¢ = 1.
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Inductive step: Assuming the inductive hypothesis holds for step ¢, we prove it also holds for

step t + 1. We have

2+ 4 et+) — Norm (T($<t> Fe® g0 4 e®) 1))

— Norm (T(az(t),x(t), 1)+ 200, O 1) + 7e® ¢® 1y 1 E(:@<t>,az~<t>,1)) .

(B.14)

The first term T'(z®, z(® T) corresponds to the main signal; recall that (1) = Norm(T'(z®, 2", I))
in the noiseless setting, where the unnormalized version Z(+t1) := T'(z(®), () I) has norm at least
Q(vk/d) which is argued in the induction argument for Hypothesis 1. We now bound the desired

property of noise terms in the above expansion.

For the second term, we break it into two terms as
2T (2", W, 1) = 2(2®, a1) (€W, a1)ay + 27" (2D, ¢, 1) = p+ ¢,

where 7" := 3", a; ® a; ® aj. Here p := 2(z® a1)(€® a1)ay corresponds to the multilinear form
from first component of T', and ¢q := 27" (:E(t),f O 1 ) corresponds to the multilinear form from the

rest of components.

B+ < O(1/V/d), we get an extra 1/v/d factor in

For ¢, we apply Lemma B.6. Note that since [z(*)|

the bound provided by Lemma B.6, and therefore we have
lallz < O(ed®™ " Vk/d),

where we also used the induction hypothesis |[€® || < O(ed??" ).

For p, we have

Ipll = 2/, )] - 1€, an)] < O (ed® VE/d)

where the inequality is from the signal and noise induction hypotheses; see Equation (2.26) for the

signal induction hypothesis.
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The third term T(6®, £ I) has £, norm bounded as
1T, €0, D < ITEV]? < OW@™ ) < O(ed™ VE/d),

where the first inequality uses the sub-multiplicative property, and the second inequality exploits
the bounded norm of random tensor T" as ||T'|| < O(1), and the induction hypothesis in ¢-th step.

The final inequality uses the assumption e < o(v/k/d) in the lemma.

The fourth term E(z®,#®, I) has £5 norm bounded by
1E@D, &0, D) < |E)||27)? < eVE/d,

where we use the sub-multiplicative property in the first inequality, and the assumption on the
norm of error tensor E in the lemma, and the fact that ||#(*)|| = 1 are exploited in the second

inequality.

Summarizing the above calculations on different terms of the update in (B.14), the signal plus noise

vector before normalization is
T(zW, 2O 1) + 270, O 1)+ 7D, O 1)+ BE@EW, 20 1) = az™D 4 2,
where « is a coefficient which is lower bounded as a > Q(v/k/d). The vector z also satisfies
2]l < O(ed™ Vk/d), (B.15)

which is derived by combining the bounds we argued on the second, third and fourth terms.

Note that until the very last step we always have d%2" < o(d/v'k) (otherwise we are constantly close
to the true component, and we are done). In this case the norm of z is negligible compared to « since
|2]| < o(a), and thus, the normalization factor is equal to ||az®*tV) + z|| = a(1 % o(1)). Therefore,
after the normalization, we have the noise vector £+ = /241 1 32 where |o/| < |2]|/a < o(1)

and |8] < 2/a < O(d/Vk), hence we know [|€EHD || < O(edP?").
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For the last step of the induction, the norm of T(x(t), W T ) is also larger (it has norm dP2'k; /d?,

which is larger than v/k/d for the last step). Since € < o(v/k/d) we still know the noise is negligible.
O

Lemma on the property of | - ||, norm defined in Definition 2.2:

Lemma B.6. Consider a random tensor T = Zje[k} a; ®aj®aj where a;’s are zero-mean random
Gaussian with expected unit norm. Let A € R¥™¥ be the matriz lat,...,a,], T' = Zj>1 a; ®a;®aj
and B € R™* =1 be the matriz [ag, as, . .., ax]. Then for any vectors w,v such that ||u|p- < 1 and

llvll2 < 1, with high probability we have

IT" (u,v,1)]2 < O (m) .

Proof: = We prove this lemma along similar ideas provided in the proof of Anandkumar et al. [21,
Claim 1]. Let 7;’s be independent random =1 variables with Pr[n; = 1] = 1/2. We rewrite tensor
T as

T = anaj ® a; ® a;. (B.16)
Jj>1

Since a;’s are zero-mean random Gaussian vectors, we have n;a; ~ a;, and thus, the new 7" has
the same distribution as the original one. We now first sample vectors a;’s, and this already makes
the norm || - || g« well-defined. In addition, the value of 7;’s does not change the singular values of
A or B. Also note that since a;’s are zero-mean random Gaussian vectors with expected norm 1,
they also satisfy with high probability the incoherence condition such that |(a;,a;)| < O(1/v/d) for
all i # j. Thus, we condition on all these fixed events, and the only remaining random variables

are just the n;’s.

The proposed statement in the lemma is equivalent to bounding

sup |T'(u,v,w)‘ .
lull B+ =1,]Jv]|=[w]=1
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In order to bound it, we provide an e-net argument. We construct an e-net such that for any vector
u € R? with unit || - || g+ norm, there is a vector u’ in the net such that |BT (u — /)| < 1/k%. We
also construct standard e-net for vectors u, w € R? with unit £5 norm. By standard construction,
this e-net has size exp(O(dlogd)). We now show that for all u in e-net with unit || - || g« norm,
and all v,w in e-net with unit 5 norm, the desired bound |T”(u,v,w)| < O < k:/d) holds with
high probability. Then for the other vectors (u,v,w) not in the e-net, the result follows from their

closest points in the net.

Now for a fixed triple (u,v,w) in the e-net, we have
T/(’LL, v, w) = Z nj (’LL, (Ij><U, (Ij><’w, aj>7
j>1
which is a sum of independent random variables; recall that the randomness is from 7;,’s, and a;’s
are already sampled and thus they are fixed here. We partition the above sum into large and small

terms as T"(u,v,w) = S + Spe such that the summation Sy, is the sum of large terms including

terms in set
Li={j €23, k}: (v, > logd/VaV|(w,a;)| > logd/Vd},

and the rest are the small terms forming Sre. Note that |(u,a;)| < 1 since ||u|| g« = 1.

Bounding |Sre|: Since the variables are bounded in this summation corresponding to small terms, we

v/ klog1/é-polylogd

use Bernstein’s inequality, and thus with probability at least 1 —4, we have

for the fixed point in the e-net. By choosing small enough ¢ = exp(—Cdlogd) (where C is large
enough constant), we can apply the union bound on the e-net, and conclude that for all the vectors

in the net, |Sze| is smaller than O(y/k/d) with high probability.

Bounding |St|: Since the columns of matrix B are random Gaussian vectors, it satisfies the RIP
property with high probability (see Remark 3 in Anandkumar et al. [21] for the precise definition of
RIP), and thus by the definition of RIP and Lemma 3 in Anandkumar et al. [21], we have ||Br| < 2

where By, is the sub-columns of matrix B specified by set L.
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We now have
1521 < D s ag)l - 1w, 05| - [, a)] < D (w05 1w, a5)] < | BLo| - | BLw| <4,
jer jeL

where the second step uses the fact that |[(u,a;)| < 1, the third step exploits Cauchy-Schwartz
inequality, and the last step uses bound || By || < 2. Notice that matrix B is already sampled before
we do the e-net argument, and therefore, we do not need to do union bound over all u, v, w for this

event.

Since we assume the overcomplete regime k > d, the bound on |Sf¢| is dominant which finishes the

proof.
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Appendix C

Proofs for Learning Overcomplete

Latent Variable Models

C.1 Proof of Learning Theorems

The semi-supervised and unsupervised learning results for each latent variable model are proved
by combining the corresponding tensor concentration bound proposed in Section 3.4 and the con-

vergence guarantees of the tensor decomposition algorithm provided in Chapter 2.

Proof of Theorem 3.7: The result is proved by applying the tensor concentration bound in
Theorem 3.4 to the local convergence result of Algorithm 1 recapped in Theorem 2.4. Note that in
the high noise regime (2 = O(1), the term (3\/g in Theorem 3.4 is dominant, and in the low noise

regime (2 = © (é), the term ¢ wmaX% in Theorem 3.4 is dominant.

Note that the sub-Gaussian property of conditional observed distributions is used to provide the
labeled sample complexity. Since the distribution of observed variables given hidden state is sub-

Gaussian with covariance matrix (27 as in model S described in Section 3.3.1, we have the following
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(0)

concentration bound where with probability at least 1 — §, the empirical estimate aj satisfies
~ 2dlog(1/5 .
Ha§°) — ajH <Oy ¢“dlog(1/9) Ogg / ), j € [K],
my;
for some constant C7 > 0. ]

Proof of Theorem 3.8: The result is proved by applying the tensor concentration bound
in Theorem 3.4 to the global convergence result of Algorithm 1 recapped in Theorem 2.5. The
dominant error bounds in Theorem 3.4 are the same as what stated in the proof of Theorem 3.7.

0

Proof of Theorem 3.12: The learning results for the sparse ICA are proved similar to the ICA

case, with the difference that the sparse ICA concentration bound in Theorem 3.6 is exploited here.

O

Proof of Theorem 3.13:  Given linear model x = Ah, the 4th order observed moment is
expanded as

E[¢%1] =E[n®1] (AT, A7, 47,47), (C.1)

where the multilinear notation defined in (1.2) is exploited.

Expanding E [h®4], and treating Eie[k} E[h}] ez®4 as the main signal, the remaining term is

R .= ZE h2h2 ®2 ® 6;-@2,
i#j

where we also exploited the assumption that the expectation of terms involving odd powers of h;

are zero. Then, from (C.1), the spectral norm of perturbation tensor is bounded as

W = HR(AT,AT,AT,AT)H ZEhZhZ @ ©a??|| < 7| Al

252



where we used E[hfhjz] < 7 in the last inequality. Imposing condition ||¥|| < O (wmin/d), and then

applying Theorem 2.5, the result is proved. Note that wpiy := min;ey E[h}] = Bs/k. O

C.2 Proof of Tensor Concentration Bounds

In this section, we provide the proof of tensor concentration bounds for different latent variable
models including multiview linear mixtures model, ICA and sparse ICA. In order to get polynomial
sample complexity bounds for unlabeled samples in semi-supervised and unsupervised learning
results, it is usually enough to treat the tensor as a vector/matrix and apply appropriate vec-
tor/matrix concentration bounds such as Bernstein bounds. However, these bounds can be signif-
icantly improved in many cases by considering the concentration property of the tensor spectral

norm directly.

C.2.1 Multiview linear mixtures model

In this section, we prove the tensor concentration result for the multiview linear mixtures model

provided in Theorem 3.4.

Proof of Theorem 3.4: FExpanding the difference T-T , we have

.1 . . .
T-T= ;(3d1'5 Y diwep®el (C.24a)
1€[n]
Lo i i i i i i
—I—Egdz(ahi®€B®6C—|—5A®bhi®5C—|—5A®6B®chi) (C.20)
1€[n]
1 . . )
+ EC\/E Z (ahi ® bp, ® o+ ap;, ® e ® Ch; +ey ® bp, ® Chi) . (C.2¢)
1€[n]

There are three types of terms in the above difference which are bounded separately in Claims 12-14

in Section C.2.1.2. Combining the results of claims, the theorem follows directly.
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C.2.1.1 Basic definitions and lemmata

In the proof of the claims in Section C.2.1.2, we extensively apply two different types of partitioning

as follows.

Definition C.1 (Small and large terms). Consider matrices Ea = [el,e%,...,€%] € R and
Ep and Ec which are similarly defined. For any set of vectors u, v and w, the set of columns

[n] are partitioned into 2 sets called sets of small and large terms according to the value of inner

products (u,e'y), (v,e'z) and (w,ex) as follows. The set of small values denoted by L C [n] is

defined as

10log d

10log d A
Vd

Al{v,ep)] < 7

L¢:= {z € [n]: [{u,el)| <
and the rest of columns belong to the set of large values denoted by L C [n].

Note that when necessary, the above partitioning is similarly applied to one or two matrices.

Lemma C.1. Suppose matriz E := [e',e2,... "] € R¥*" satisfies the RIP property (RIP). For a
vector u € R?, let set L C [n] denote the set of columns of E corresponding to large inner products

(u,e') as defined in Definition C.1, i.e.,

- {z €] |(u,e™)] > 101"gd}.

Vd

Then, the size of set L is bounded as

d
< — .
~ 25log?d

L] (C.3)

Proof: It can be shown by a contradiction argument assuming |L| > Consider submatrix

d
25logZd”
E[L] (matrix E with columns restricted to set L). We have

1001og? d

1B 2 (BT = Yo 2 1=

1€l

> 4,
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where the first inequality is from the definition of large terms for which |(u,&?)| > 10logd/+/d,
and the second inequality is from contradiction assumption on |L|. This contradicts with the RIP

property that ||E[L]|| < 2, and therefore the bound in (C.3) holds. O

The above partitioning into small and large sets is good when all we care about is the inner-products
between a fixed vector and the noise vectors. However, when we are also interested in the inner-
products between a fixed vector and columns of A, B, C, it is often not tight enough, and in order

to get a tight bound, we propose the following finer partitioning.

Definition C.2 (Buckets and constrained vectors). Consider matriz C := [c1,ca,. .., c;] € R¥¥E,
and let t = {logQ \/31 For any unit vector w, the set of columns [k] are partitioned into t + 1

buckets according to the value of inner products (c;j,w) as

Koi= {5 € W bl < 5= 1

wi={iew peule (32 2] rem

Furthermore, the constrained vector 2zt € R¥, 1 € {0,1,2,...,t}, corresponds to the inner products

i bucket ! as

<Cj,w>, jeKl7
07 J ¢Kl

One advantage of bucketing (which is not applicable to the small and large partitioning in the
previous definition) is that buckets with large value has a smaller e-net. This exploits the additional

property of matrices with bounded 2 — 3 norm.

Lemma C.2. Consider matriz C := [c1,ca, ..., c;] € R¥*F where the columns have unit norm, and
IC " |l2—s3 = O(1). For a vector w with unit norm, consider the buckets on columns of matriz C

defined in Definition C.2. For constrained vector 2',1 € [t], let p; := 2!=1. Then, we have

d3/2 .
e z! has at most O < o3 ) nonzero entries.
1
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e There is an e-net of size exp (O (% (logk + log %))) for 2.

Proof:  For the first part, we know the number of non-zero entries in 2! is |K;|. For any unit

vector w, we have

o) > HCTwHi > ; [(w, ¢;)* > K] <%>3,
J l

which implies the desired bound on |Kj]|.

Let q; := O(dz#) be the maximum number of nonzero entries in z'. First enumerate the support
1

of z'. There are (Z) possibilities for the location of ¢; nonzero entries in z! which is bounded as

<k> < <eﬁ>ql < Olarlogk)
@) \a)

For a given support, take an e-net for all vectors in that support which has size
Olalos(2))

The union of these e-nets is a valid e-net for z! of the desired size. This finishes the proof of second

claim.

A similar (but stronger) lemma can be proved for RIP matrices:

Lemma C.3. Consider matriz E := [¢},2,...,e"] € R¥*" where the columns have unit norm, and

it satisfies RIP property (RIP). For a vector w with unit norm, consider the buckets on columns of
matriz E defined in Definition C.2. For constrained vector ¢, let p; := 2=, Then, forl > 4loglogd

we have

e 2! has at most O <;z%> nonzero entries.
l

o There is an e-net of size exp <O <I—;i§ (logn + log %))) for 2.
l

256



Proof:  The first claim follows from the same argument as in Lemma C.1. The e-net is constructed

in the same way as in the previous lemma. O

C.2.1.2 Proof of claims

In this section, we separately bound different error terms (C.2a)-(C.2¢). Among all the terms, the
terms like (C.2¢) is most difficult to bound (intuitively because terms like by, are not “as random”
as terms like £4). In fact, the proof for the term (C.2¢) can be adapted to bound all the other
terms. Here for clarity we start from the simplest term (C.2a), and point out new ideas in the

proofs of (C.2b) and (C.2¢).

Claim 12 (Bounding norm of (C.2a)). With high probability over €'y,e%. et ’s and h;’s, we have

SO<%+%>.

Proof: Let
1 < . . .
T = — v t ...
1 n Z €A & EB (9 Ec
i=1
Rewrite the tensor as
1< . . .
T, = Ezni»sg@e:lg@slc, (C4)

1=1

where 7;’s are independent random =+1 variables with Pr[n; = 1] = 1/2. Clearly, T} has the same
distribution as the original term, because of the symmetry in error vectors implying e.g. mafg ~ EQ.

We first sample the vectors 6f4, gty,el,, and therefore, the remaining random variables are just the

bl

7;'S.
The goal is to bound norm of 7; in (C.4) which is defined as

1 & . . .
T3] == sup |71 (u, v, w)| = sup = niu, €ly) (v, ) (w, b)) (C.5)

l[ull=llvl|=w]|=1 lull=llvll=llwl=1 | ;=
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In order to bound the above, we provide an e-net argument. Construct an e-net for vectors u, v and

w with € = 1/n?. By standard construction, size of the e-net is ¢Oldlogn)

. First, for any fixed triple
(u,v,w), we bound |17 (u, v, w)| where T} (u,v,w) is a sum of independent variables. As introduced

in Definition C.1, we partition the sum into large and small terms as

1 & . . .
Tl(u,v,w) = E Z’I’}Z‘<’LL,€%><’U,€ZB><’[U,€ZC> =S5 + SLca
i=1

where Src is the sum of small terms consisting of terms satisfying

101og d
< 8

10log d A
Vd

7 [(w, )] < 7

A, eB)] <
and Sy, is the sum of large terms including all the other terms.

Bounding |Sre|: The sum Spe is just a weighted sum of 7;’s, and the Bernstein’s Inequality is

exploited to bound it. Each term in the summation is bounded as

log® d

where the bound on the small terms is exploited. The variance term is also bounded as

logbd
o(nd3>.

Applying Bernstein’s inequality, with probability at least 1 —e

—Cdlogn (where C is a large enough

constant), the sum of small terms |Szc| is bounded by O (ﬁ)

Bounding |St|: From RIP property (RIP), we know that noise matrices E4 := [}y,...,e%], Ep =

[5]15, ..., ep) and Eg = [5};, ..., €] satisfy the weak RIP condition with high probability such that

for any subset of O <logd2 d) number of columns, the spectral norm of matrices restricted to those
columns is bounded by 2. Let L denote the set of large terms in the proposed partitioning, and

E4[L], Eg[L] and E¢[L] be the matrices E4, Ep and E¢ restricted to the columns indexed by L.
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Applying Lemma C.1, we have

3d

L] < ———.
25log“d

Note that an additional factor 3 shows up here since the set of small terms is defined as the
intersection of 3 sets comparing to what proved in Lemma C.1. Therefore, RIP property of E4,
Ep and E¢ implies that E4[L], Ep[L] and Ec[L] have spectral norm bounded by 2. Now applying

triangle inequality, we have

1581 < 3 It ) o, e )] < = S Vel i)l < [ Balzd | Bl <
1€ i€l

4
n?
where the second step uses the fact that |[(w,ek)| < 1, the third step exploits Cauchy-Schwartz
inequality, and the last step uses bounds ||[F4[L]|| < 2 and ||Ep[L]|| < 2. Notice the three matrices
are already sampled before we do the e-net argument, and therefore, we do not need to do union

bound over all u, v, w for this event.

At this point, we have bounds on |Sz| and |Sgc| for a fixed triple (u, v, w) in the e-net. By applying
union bound on all vectors in the e-net, the bound holds for every triple (u, v, w) in the e-net. The
argument for other (u,v,w)’s which are not in the e-net follows from their closest triples in the

e-net. O

Claim 13 (Bounding norm of (C.2b)). With high probability over €'y,e%’s and h;’s, we have

~ (1 Wmax
<O|—-+ .
<n n\/3>

n
1 ) )
H— E €A®€B®Chi
ni:l

Proof: The proof is similar to the previous claim. Let
1 n
T2 = ; 2177267;4 ®€ZB ® Chi,
1=

where 7;’s are independent random =+1 variables with Pr[n; = 1] = 1/2. Similar to the previous
claim, we first sample the vectors EQ, EiB and h;’s, and therefore, the remaining random variables

are just the n;’s. Assume the matrices F4, Ep satisfy the RIP property, and the number of times
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h; = j for j € [k] is bounded by [nwmin/2, 2nwmax]. All the events happen with high probability

when n > Q(1/wmin) and n < poly(k).

The goal is to bound ||T5||. We construct an e-net for vectors u and v with ¢ = 1/n2. First, for
any fixed pair (u,v), we bound ||T%(u,v,I)|| where To(u,v,I) is a sum of independent zero mean

vectors. As introduced in Definition C.1, consider partitioning on columns of F4 and Ep as
1 n
Th(u,v, 1) = — Zni<u,6f4>(v,€§9>chi = St + Ste,
i

where Sy is the sum of small terms consisting of terms satisfying

; 10logd i 1010gd}
U, € < N |{v, e < )
{1 el < 2B [0 < 2 E

and Sy, is the sum of large terms including all the other terms.

Bounding ||SL||: This is bounded in a similar way to the argument for bounding Sy, in the previous
claim. From RIP property (RIP), we know that noise matrices E4 := [5}4, ...,&%] and Ep :=
[ElB, ..., €] satisfy the weak RIP condition with high probability. Let L be the set of large terms
in the proposed partitioning, and F4[L|, Fp[L] be the matrices E4, Ep restricted to the columns

indexed by L. Applying Lemma C.1, we have

2d

L] < o~
25log”d

Therefore, RIP property of E4 and Ep implies that E4[L] and Ep[L] have spectral norm bounded
by 2. Applying triangle inequality, we have

4
n

IS0 < = 3l il -1 (v, )| < || Balzl o] - |11 To| <
€L

)

where Cauchy-Schwartz inequality is exploited in the second inequality, and the bounds | E4[L]|| < 2
and ||Ep[L]|| < 2 are used in the last inequality. Notice the two matrices are already sampled before
we do the e-net argument, and therefore, we do not need to do union bound over all u,v for this

event.
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Bounding ||Sre|: Similar to how we bounded |Sre| in the previous claim by applying Bernstein’s
inequality, it is tempting to apply vector Bernstein’s inequality here. However, vector Bernstein’s
inequality does not utilize the fact that the matrix C'' has small 2 — 3 norm, and results in a

suboptimal bound. Here, we try to exploit this additional property to to get a better bound.

Let L€ denote the set of small terms in the proposed partitioning on columns of F4 and Eg. Then,

we have

<SLC7w> = % Z 77i<U75f4><U=€iB><w=Chi>-

1eLe

Now, we try to bound the above inner product (Sre,w) by considering an e-net on w as well (Note
that the e-nets on u and v are already considered). To do that we partition the inner products

(cj,w) into t + 1 buckets (¢ := [log, v/d]) as defined in Definition C.2 where

Koi={i €l leswl < =,

ki={iewsieme (2= 2] e

Let @Q; denote the sum of all terms that fall into bucket K as

Qims S milu ) (v, 2w, ). (C.6)

n
€L h; €K,
Note that by construction of buckets, we have
¢
(Spesw) =>_ Q.

=0

There are only O(logd) terms in this summation, and therefore, it suffices to show each term @Q; is

small.

For Qo, it is a weighted sum of 7;’s with weights bounded by O(1/d®/?), so the situation is exactly

the same as Claim 12.
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For @y,1 € [t], the argument is as follows. Let p; := 2/~'. Applying Lemma C.2, we have

3/2
b

As stated in the beginning of proof, each hidden state h; € [k] appears in at most O(2nwpyax)
samples w.h.p. Hence, the total number of terms in the summation form (C.6) for @; is w.h.p.

bounded as

d3/2

H{ie[n]:h € K} <O <nwmax—3) .
p

l

Now the sum @; in (C.6) is a weighted sum of 7;’s and the Bernstein’s inequality is exploited to

bound it. Each term in the summation is bounded as
A Di
0 (nd3/ 2) ’
where the bound on the small terms and the bound on terms in bucket K; are exploited. The

Wmax
Ol —= .
<npzd3/2>

Applying Bernstein’s inequality, with probability at least 1 — e

variance term is also bounded as

—Cdlogn {5 large enough constant

C, we have (notice below that p; < O(v/d))

A Db Wmax A 1 Wmax
<O <0O| - .
@< (\/En " npz\/3> - <n " n\/3>

At this point, we have bounds on [|Sz|| and ||SLe|| for a fixed pair of vectors (u,v) in the e-net. By
applying union bound on all vectors in the e-net, the bound holds for every pair (u,v) in the e-net.
The argument for other (u,v)’s which are not in the e-net follows from their closest pairs in the

e-net. O

Now we are ready to bound the last term (C.2c).
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Claim 14 (Bounding norm of (C.2¢)). With high probability over €'y’s and h;’s, we have

< O <l + wmax) .
n n

Hl n
= ey @by, @ cp,
ni:l

Proof:  Again, rewrite the tensor as

I~
T3 = E z; 771'6?4 ® bhi & Ch,, (07)
1=
where 7;’s are independent random =1 variables with Prlp; = 1] = 1/2. First sample ¢!, and

h;’s, and therefore, the remaining random variables are just the 7;’s. In addition, assume F4 :=
[ely, 2, ..., %] satisfies the RIP property (RIP) and each h; € [k] appears between nwmi,/2 and

2nwmax times where both events happen with high probability.

The goal is to bound norm of T3 in (C.7) which is defined as

1 <& ,
T3] := sup |T5(u, v, w)| = sup —Z(u,emv,bmﬂw,cw : (C.8)

ul=[lo]|=[lw]=1 luli=llol=llwl=1 | ™ ;=

In order to bound the above, we provide an e-net argument similar to what we did for bounding
Sre in the previous claim with the difference that here we apply bucketing to all three matrices F 4,
B and C. First, for any fixed triple (u, v, w), we partition the inner products in (C.8) into buckets
as defined in Definition C.2. Let K}', K lb and K| denote the bucketing of matrices E4, B and C,

respectively.

In addition, we merge the buckets Kg, K{,... ,Kzlogbgd into K§. This means K§ now contains

all ¢’s with inner product
; 16log d
ey, u)| < ,
(o) < =2

and Kj'’s for 1 <1 < 4loglogd are empty. Let

Jiy o 5 7= {z €n]:ie K Nhi€ K}, Ah; € ch3}7
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and @y, 1,1, be the sum of terms in summation (C.8) on this set, i.e.,

Quisis = 30 {wsh) o,y ) s, (©9)

ieJll,lg,lg

Note that by construction of buckets, the summation in (C.8) is expanded as

—Z u EA v, bh w Ch E Qll,l2713

i=1 11,l2,13=0

There are only O(t3) = O(log® d) terms in this summation, and therefore, it suffices to show each

term Qy, 1,1, is small.

For Qo,0,0, it is a weighted sum of n;’s with weights bounded by O(l / d3/ 2), and therefore, it follows

from the same arguments as Claim 12.

For Qi 15,1, wWith max{ly,ls,13} > 0, let p; := omax{ly,l2,ls}—1 By Temma C.2 and Lemma C.3, the

total number of terms in the summation form (C.9) for @y, ;, 1, is w.h.p. bounded as

d3/2
’Jll,lz,lgl < @ NWmax——3— plg s

and there exists an e-net of size

d3/2
exp| O —logn
pl

with ¢ < 1/n%. For every u,v,w in the e-net, this term n - Q1, 12,15 1s a weighted sum of n;’s, and the

Sp?

Bernstein’s inequality is exploited to bound it. Each term in the summation is bounded as TR

where the bound on the terms in buckets are exploited. The variance term is also bounded as

3
Dy
O <n’wmax W) .

Applying Bernstein’s inequality, with probability at least 1 — exp ( C’ log n) for large enough
constant C, we have

anle,lg < O (1 + \/nwmax) .
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Taking the union bound over all triples in e-net, this bound holds for all such triples. For u, v, w

which are not in the e-net, the bound follows from the closest point in the e-net.

C.2.2 ICA

In this section, we prove the tensor concentration result for the ICA model provided in Theorem 3.5.

Recall the 4th order modified moment tensor in equation (3.5) as
My =Ez@zrerz]—T,
where T' € R4*dxdxd ig the fourth order tensor with
Ty iniisis = Blxi, 23 |Elwiy i, ] + Elzg, 2, |Elxi, @i, ] + Elwi, 4, JElwi,2i,], 1,40, 43,14 € [d].

Let ]\/4\4 be the empirical estimate of My given n samples.

Proof of Theorem 3.5: Let W := 13"  2i(2)7, and therefore, the empirical estimate of T is

given by
Til,iQ,iS,i4 = Wi17i2 Wi37i4 + Wi17i3Wi2,i4 + Wil,i4 Wi27i3' (C.lO)
Then, the empirical estimate of My is given by

1 . N
M4 = — Z(wl)®4 —T.
i=1
The proof directly follows from Claims 16 and 17, which bound the perturbation of the two terms
separately. Claim 16 bounds the 4th order term perturbation E[z®4]— 13" (2%)®4 and Claim 17

n

bounds the 2nd order term perturbation T — T. O
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C.2.2.1 Proof of claims

Before bounding the 4-th order term we first give the following claim which bounds a sum of

subgaussian variables raised to the 4-th power.

Claim 15. Suppose hi,i € [n], are independent q-subgaussian random variables. Then, for any
d > 1, with probability at least 1 — e~wdlogn) ye hape

1 n

LS m )

n-
i=1

(Notice that here d is intended to be the dimension in later applications. However, for this claim

we can choose d to be an arbitrary real number that is at least 1.)

Proof: We prove
1
Pr [—
n

where med(-) is the median of the distribution. By doing simple integration (for d from 1 to co),

n

o i
;hl med(;m)

s B
<0 (% - ﬂ)] > 1 — e w(dlogn) (C.11)

this concentration bound implies
4
~( 4
E <0O|—].
- < \/ﬁ>

Therefore, when d > 1 the difference between mean and median is negligible, and we get the desired

f: hf] ~ med (f: hf-‘)
i=1 =1

bound in the claim.

In order to prove the deviation bound from the median in (C.11), we use the standard sym-
metrization argument: it is enough to take two independent sample sets {hy,hs,...,h,} and
{i~11,l~12, .. ,fln} with the same distribution, and bound !% Zie[n](h? — ﬁf)! In order to bound

the sum, we rewrite it in the form

1 -
S i hE— R4
Q nE nilh; — hil,

i€[n]
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where 7;’s are independent random +1 variables with Pr[n; = 1] = 1/2.

Now we partition the terms in the summation for ) into multiple buckets according to the magni-
tude of |h} — flﬂ Let ¢ := [logy d? + C'logylogy n] (where C’ is a large enough constant). Then

the buckets are defined as

Ky :

{z‘e [n] : |hd — B2 §q4},
{i e n]: |ht—Ri| e (2’—1q4,2lq4]}, Let,

K = {z € [n]:|h}t—hi> 2tq4}.

K;:

Let @; denote the sum of all terms that fall into bucket K; as

1 -
Q== 3 Iht—htm (€.12)

i€[n] i€ K;

Note that by construction of buckets, the original summation ) = Zfié Q. There are only O(log d)

terms in this summation, and therefore, it suffices to show each term (); is small.
Note that since h;’s and h;’s are g-subgaussian random variables, we have

Pr [|h;l ~ Ry > Aqﬂ < Pr[h} > Ag*/2] +Pr [ﬁ;* > /\q4/2}

= 2Pr [|h] = (Ag*/2)"]

< 4dexp (—%) , (C.13)

where the last inequality uses g-subgaussian property.

For @;,0 <1 < 2loglogn, we apply Bernstein’s inequality directly. Each term in the summation

for Q; is bounded as O(q*/n), and the variance term is also bounded as O(¢q%/n). By applying

Bernstein’s inequality, with probability at least 1 — e~w(dlogn) e have
~ [ q*d 8d
Ql§0<q——|— q—), 0 <1< 2loglogn.
n n
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For Q;,2loglogn < I < t, we first bound the number of terms in bucket K;. From (C.13), we have
Pr [|Kl| > Q <d2_l/2)] < gw(dlogn),

Each term in the summation @ is bounded by 2!¢*/n, and therefore, by applying triangle inequality

we have with probability at least 1 — e—w(dlogn)

B 21 4 _ 4 2l/2 B 4 72

QlSO(d2_l/2>—q§O<qd §O<ﬁ>, 2loglogn <1 < t.
n n n

Here the last inequality uses the fact that [ < ¢, which implies 2/2 = O(d)

For the last term Q;41, again from (C.13), we have with probability at least 1 — e~w(dlogn) “there

is only one term in the sum and that particular term is smaller than O(q*d?/n).

Now by union bound, with probability at least 1 — e~“(@1°8n) 3]l the terms are bounded by
O~(q4al2 /n++/q¢®d/ n), which implies the summation @ is also bounded by

[ a2 8
O<ﬂ+ ﬂ)
n n

Now we are ready to bound the 4-th order term perturbation E[z®4] — L 377  (27)®4,

Claim 16. Suppose ||A| < O(\/k/d) and the entries of h € R* are independent subgaussian

variables with E[h?] = 1. Given n samples ' = Ah',i € [n], we have with high probability

i€[n]

Proof: The desired spectral norm in the lemma is defined as

sup 1 Z(u,xi>4 — E[(u,2)"]]| .

—1|M
[lull=1 icln]
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In order to bound it, we provide an e-net argument. Construct an e-net for vectors u in the unit

ball S%~! with ¢ = 1/n?. By standard construction, size of the e-net is ¢O(dlogn)

. For any fixed u
in the e-net, let v := ATu. Since #* = Ah’,i € [n], we have (u,2') = (v, h?). Therefore, for any

fixed u (and the corresponding v) in the e-net, we would like to bound

Q= % S (o, B — Ef{v, Y1)

1€[n]

Since h'’s have independent subgaussian entries, we know that (v, h?) is ||v||-subgaussian. On the
other hand, we have

[oll < [ Alll[ull = O(Vk/d),

and therefore, (v, h') is a O(y/k/d)-subgaussian random variable. By Claim 15, with probability

at least 1 — e~¢?198™ (for large enough constant C') we have

~ [ k2 | k4
<O|— — |-
@l <n * d3n>
By applying union bound on all vectors in the e-net, the bound holds for every vector u in the

e-net. The argument for other u’s which are not in the e-net follows from their closest vectors in

the e-net.
O

The 2nd order term 7" in (3.6) is sum of three terms, each of which is an outer-product of two

matrices. Hence, it is good enough to apply a matrix concentration for bounding this term.

Claim 17. Suppose |A| < O(\/k/d) and the entries of h € R¥ are independent subgaussian
variables with E[h?] = 1. Given n samples x* = Ah',i € [n], for T in (3.6) and the empirical

estimate T in (C.10), if n > d, we have with high probability

~ . A
T-T| < —-— .
IT-T) <0 <\/ dgn)
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Proof: Recall W := % S 2%(z")T. We prove the result for the first term

~

Th [Z'I, 12,13, i4] = Wi1,i2 Wi37i47

or equivalently Ti = W@W. The analysis for the other two terms follow similarly from symmetry.

Let Ty = E[z2 "] @ E[zx "] = E[W] ® E[W]. We have
T, — T, = (W —E[W]) @ E[W] + E[W]® (W — E[W]) + (W — E[W]) ® (W — E[W]).
For any matrices A and B, we have |A ® BJ| < ||A]|||B]|. Thus,
1Ty = Ta|l < 2|W —E[W]] - [[E[W]]| + |W — E[W]]> (C.14)

We bound ||W —E[W]|| by Matrix Bernstein’s inequality. For applying Matrix Bernstein’s inequality,
we need a bound on the norm of each term in the summation form of W, i.e., bound on ||z%(z%)T||

which holds almost surely. Therefore, we apply the Bernstein’s inequality on the bounded version

of W as

1< .
/. T
W= szl(xl) 121 <0(VElogn)’
=1

where 1|| 21| <O(VF log n) is an indicator variable. Since x = Ah and entries of h are subgaussian, the
indicator variables are 1 with probability 1 — n~1°8". Therefore, W and W’ are equal with high

probability at it suffices to apply Matrix Bernstein’s bound on W',

For the summation W', the norm of each term is bounded by O(k/n), and for the variance term,

we have

O(k)AAT.

SN

E[w/w)T] = %E 1122 @) L i <o Rrogm]| 2 %O(k)E [+ =
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Since ||A|| < O(y/k/d), it is concluded that the variance is bounded by O(k?/dn). Therefore,

Matrix Bernstein’s inequality implies that with probability at least 1 — d/n,

~ [k k
W' — E[W <O<—+—>.
W B < 0 (% + =
Since W is equal to W’ with high probability and ||[E[W] — E[W’]|| is negligible, we also have
|W —E[W]|| < O(k/vdn) (when n > d).

On the other hand, E[WW] = AAT, and therefore, ||[E[W]|| < k/d. From (C.14), we have

. e
T —T1| < — .
[Ty — Ta| _0<\/ d3n>

C.2.3 Sparse ICA

In this section, we prove the tensor concentration result for the sparse ICA model provided in The-
orem 3.6. This is the sparse coding problem in the sparse ICA setting (where h;’s are independent
and sparse). The proof can be generalized to the case when h;’s are negatively correlated or more

generally when concentration bounds hold for h;’s.

The proof of Theorem 3.6 is similar to the proof of Theorem 3.5, where the 4th order term pertur-

bation E[z®4] — 1

n

S (@9)®%] and the 2nd order term perturbation T — T are separately bounded
in the following two claims. First, we bound the perturbation of the 4th order term in the following

claim. Note that this is the sparse version of Claim 16.

Claim 18. Consider the sparse ICA model described in Theorem 3.6. Given n independent samples

x' = AR i € [n], we have with high probability
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Proof:  The proof uses ideas from both Claims 13 and 15 . Without loss of generality, we assume
s/k < 1/2. Otherwise, h;’s are 2-subgaussian, and therefore the dense case argument in Claim 16

implies the desired bound.

Let 7;’s be independent random +1 variables with Pr[n; = 1] = 1/2. We equivalently bound

% Z i (($i)®4 _E [($z)®4])
i=1

‘ = sup |+ > mi ((u,2")* = Ef(u, 2%)Y)| .

11N
flull=1 i€[n]

In order to bound it, we provide an e-net argument. Construct an e-net for vectors w in the unit

eOdlogn)  For any fixed u

ball S¥~1 with ¢ = 1/n2. By standard construction, size of the e-net is
in the e-net, let v := ATu. Since 2! = Ah',i € [n], we have (u,z') = (v, h?). Therefore, for any

fixed u (and the corresponding v) in the e-net, we would like to bound

S (fw By — [, B (C.15)

Now, we follow the ideas of Claim 15, and apply the standard symmetrization trick: it is enough to
take two independent sample sets {h',h2,...,h"} and {h', A2, ..., A"} with the same distribution,

and bound |13 in] i ((v, h*)* — (fu,fli>4)‘ instead of (C.15). Note that the difference between

ic
mean and median here is negligible because our distributions have first and second moments poly-
nomial in parameters, and strong exponential concentration. Therefore, for any vector u (and the
corresponding v), we would like to bound the sum

<U7 h2>4 - <U7 BZ>4 :

%Zm

i€[n]

The techniques we use to prove bounds on sums of random variables Y | ;2 (either Bernstein’s
inequality, or bounding the number of terms and then using triangle inequality) all works if we just

know an upper bound of z;. Therefore, we can equivalently bound

Q== ({0, + (w0 ))

1€[n]
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where the subtraction is replaced with addition.

Now, we partition the entries of vector v = ATu € R¥ into different vectors v; according to the
magnitude of entries (this is very similar to Claim 13). In particular, we partition entries (inner

products) v; = (u,a;),j € [k], into ¢ + 1 buckets (¢ := [log, v/d]) where (similar to Definition C.2)

Koi={i € W+ lwa)l < o= 1.

ri={iewsmae (22 2] rew

In addition, we merge the buckets Ky, Ki,..., K 1 loglogd into Ky. This means Ky now contains all

7’s with inner product

:

log

)

[{u, a5)] <

S

and Kp’s for 1 <[ < %log log d are empty. Now, let v; denote the restriction of vector v to entries
indexed by K, i.e.,

v(j), J €Ki,

0, J¢K.

v(j) =

Let p; := 271, By RIP property of matrix A, and exploiting Lemma C.3, the number of nonzero

entries in v; is bounded as

a4

el = 1K < 0( d
Dy

1
>, l> §loglogd.

Exploiting the above partitioning, the term (v, h*)* in summation @ can be upper bounded as

t t t
Uhl <Zvl, ) <7f—|—1 Z’L)l,hZ > t—l—lgz’ul, ,
=0 =0 =0

where the equality is concluded from the fact that nonzero values of v;’s are derived from partitioning

of values of v, and Cauchy-Schwartz inequality is exploited in the last two steps. Applying this
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upper bound on ), we would like to bound

]~

Q= % dom(t+1)°

1€[n] l

<<vl, A + (v, ili>4> .

Il
=)

In order to bound Q’, we break it into sum of ¢t + 1 terms as Q' = Zfzo Q) where

Q=+ 1* (G by 4 (o, ).

1€[n]
All terms Q) can be bounded in the same way as Claim 15. Especially, directly from Claim 15, we

2 4
AP o} Y
QOSO(n—i_ d3n>’

For the other terms Q},1 > %log log d, we need to analyze the tail behavior of (v;, h')*. The tail

have

behavior of this variable is affected by two phenomena: 1) the size of intersection of the supports

of v; and h?, and 2) given the intersection, the tail behavior of

oty = Y ulilglil (C.16)
JElk]:s'[j]=1
which is a sum of subgaussian random variables. Recall that h'[j] = s'[j]¢'[j] where s' € R* with

i.i.d. Bernoulli random entries specifies the support of h.

The first part (the intersection of supports) can be bounded by Chernoff bound as

)

Pr[z s'[j] > (1—|—5)8} < <(1+§w>s.

JE[k]

The second part follows from subgaussian concentrations bounds. Let 6; := \2/—%. For bucket Kj,
and subsequently )} where v; has entries in the interval (6;/2,6;], we discuss the tail behavior in

two cases where 1/(9l2 > s and 1/(9l2 < s.

Case 1 (1/6? > s): In this case, most of (v, h')* are of size s?/k® which is very small. For any

q € [\/s/(k6?) polylog(n), s], since the summation in (C.16) is y/s6;-subgaussian, with probability
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at least 1 — =29 we have

(v, h)* € (¢*0}/2,4%0}] .

Therefore in this range, with probability at least 1 — e—2(1/67 ), the summation Q) is bounded by

494 302 2
w0 () o (5) =0 (%),
n 07q n n
where the last inequality uses the fact that 912 <1/s.

For any q € (s,/s/6? log? n], since the summation in (C.16) is y/sf;-subgaussian, with probability
at least 1 — e‘Q(qQ/s), we have

(v, Y € (¢*0}/2,40}] .

Therefore in this range, with probability at least 1 — e—S21/07 ), the summation Q] is bounded by

Lo a ¢*07's < (s°
= < 2
n0< 0l02 2/8> O< n =0 n)’

where the last inequality uses the fact that ¢> = O(s/6?).

When ¢ > /s/6? log? n, there are no term (v, h*)* in this range with high probability. Therefore,

in the first case, by doing union bound Q)] is always bounded by

Case 2 (1/6? < s): In this case, again most of (v, h')? are of size s?/k* which is very small.
The only difference with case 1 is the two ranges where instead of being separated at s, they are

separated at 1/67 because there are at most o1/ 6?) nonzero entries in v; as shown earlier.

For any g € [{/s/(k67) polylog(n),1/67], since the summation in (C.16) is \/s6;-subgaussian, with

probability at least 1 — e‘Q(‘Z), we have

(v, h)* € (¢*0}/2,4%0}] .
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Therefore in this range, with probability at least 1 — e—0(1/67 ), the summation Q) is bounded by

4p4 3p2 2
o) =0 (%) =0 (%),
n 07q n n
where the last inequality uses the fact that 67 < 1/s.

For any ¢ € (1 /02,1/s/ 6? log? n], since the summation in (C.16) is 1/sf;-subgaussian, with proba-

bility at least 1 — e~ a*07 ), we have
(v, k)" € (¢*0}/2,4%0}] .

Therefore in this range, with probability at least 1 — e—21/67 ), the summation Q) is bounded by

1~( 44 1 ~ (¢? ~ (s?

il - VY =0o(L)Y<o (=

0 (o) =0 (%) <0(%).
where the last inequality uses the fact that ¢> = O(s/67) < O(s?).

When ¢ > /s/6? log? n, there are no term (v, h*)* in this range with high probability. Therefore,

in the second case, by doing union bound Q)] is always bounded by
~ (82 st

Combining the bounds on all terms finishes the proof. O

In the next claim we bound the perturbation of the 2nd order term 7. Note that this is the sparse

version of Claim 17.

Claim 19. Consider the same sparse setting as in Theorem 3.6. Given n samples ' = Ah',i € [n],

where | A|| < O(/E/d), for T in (3.6) and the empirical estimate T in (C.10), if n > d, we have

~ . 54
— < = 1.
IT -7 _0<\/ dgn)

with high probability
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Proof:  The proof is very similar to Claim 17. Recall W := % S 2%(2?)T. We prove the result

for the first term

~

Ty [ih 12,13, i4] = Wil,iz Wi37i47

or equivalently ﬁ = W @ W. The analysis for the other two terms follow similarly from symmetry.

As in (C.14), we have

ITy = T1l < 2|W — W] - |E[W]| + [W — E[W]?.

We bound |W — E[W]|| by Matrix Bernstein’s inequality. As in Claim 17, we first construct

e ., .
W'==3 a'(a") "o slogny
i=1

where 1,:1<0(/s10gn) 1S an indicator variable. Since = Ah and entries of h are subgaussian, the
indicator variables are 1 with probability 1 — n~!°"_ Therefore W and W’ are equal with high

probability at it suffices to apply Matrix Bernstein’s bound on W',

For the summation W', the norm of each term is bounded by O(s/n), and for the variance term,

we have
1 |20 1~ il 1~
E[W/(W)T] = 2B [[aIP2(c) " Ljpsj<orsionm| < ZOGIE |2'(@")T] = ~0(s?/k)AAT.

Since ||A|| < O(y/k/d), it is concluded that the variance is bounded by O(s?/dn). Therefore,

Matrix Bernstein’s inequality implies that with probability at least 1 — d/n,

WV—HWW§O<%+£%>

Since W is equal to W’ with high probability and ||E[W] — E[W’]|| is negligible, we also have
|W —E[W]|| < O(s/vdn) (when n > d).
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On the other hand, E[W] = £AAT, and therefore, |E[W]|| < s/d. From (C.14), we have

. . 5
T —T1| < —— | .
[Ty -Thl| <O <\/ d3n>
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Appendix D

Proofs for Guaranteed Training of

Neural Networks

D.1 Details of Tensor Decomposition Algorithm

The goal of tensor decomposition algorithm is to recover the rank-1 components of tensor; refer
to Equation (1.5) for the notion of tensor rank and its rank-1 components. We exploit the tensor
decomposition algorithm proposed in Section 2.3. In addition, the whitening procedure is also
proposed here. For the sake of completeness, the power iteration and SVD initializations are
again provided with the appropriate changes compared to Section 2.3. Figure D.1 depicts the
flowchart of this method where the corresponding algorithms and procedures are also specified.
Similarly, Algorithm 9 states the high-level steps of tensor decomposition algorithm. The whitening
preprocessing is applied to orthogonalize the components of input tensor. Note that the convergence
guarantees of tensor power iteration for orthogonal tensor decomposition have been developed in

the literature [160, 18].

The tensorization step works as follows.
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®3

)

Input: Tensor T' = Zie[k] il
{
Whitening procedure (Procedure 10)

{
SVD-based Initialization (Procedure 13)

{
Tensor Power Method (Algorithm 12 )

J
Output: {ui}ie[k]

Figure D.1: Overview of tensor decomposition algorithm for third order tensor (without tensoriza-
tion).

Algorithm 9 Tensor Decomposition Algorithm Setup

input symmetric tensor 7'.
1: if Whitening then
2:  Calculate T =Whiten(T'); see Procedure 10.
3: else if Tensorizing then
4 Tensorize the input tensor.
5. Calculate T =Whiten(T'); see Procedure 10.
6: for j =1 to k do
7. (vj,puj,T) = tensor power decomposition(7"); see Algorithm 12.
8: (A1); = Un-whiten(v;), j € [k]; see Procedure 11.
9: return {(A1);} e

Tensorization:The tensorizing step is applied when we want to decompose overcomplete tensors
where the rank k is larger than the dimension d. For instance, for getting rank up to k = O(d?),

we first form the 6th order input tensor with decomposition as

6
T=> X ec @R
]

jelk
Given T, we form the 3rd order tensor T € ®® R which is the tensorization of T’ such that

T(ix + d(in — 1), jo + d(j1 — 1),1o + d(ly — 1)) == T(i1, 42, j1, o, l1, l2). (D.1)

This leads to T having decomposition
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Procedure 10 Whitening

input Tensor T € Réxdxd,

1: Second order moment M, € R is constructed such that it has the same decompositon form
as target tensor T (see Section D.2.1.1 for more discussions):

e Option 1: constructed using second order score function; see Equation (D.10).

e Option 2: computed as My := T(I,1,6) € R¥9 where § ~ N(0, I) is a random standard
Gaussian vector.

2: Compute the rank-k SVD, My = U Diag(y)U ", where U € R¥* and v € RF.
3: Compute the whitening matrix W := U Diag(y~1/2) € R,
4: return T (W, W, W) € Rkxkxk,

Procedure 11 Un-whitening

input Orthogonal rank-1 components v; € R* j € [k].
1: Consider matrix My which was exploited for whitening in Procedure 10, and let 5\]-, Jj € [k]
denote the corresponding coefficients as My = A; Diag(X\)A]; see (D.10).
2: Compute the rank-k SVD, My = U Diag(y)U ", where U € R¥* and ~ € RF.

3: Compute
1

Ny

(A1); = U Diag(y/*)v;,  j € [k].

4: return {(Al)j}je[k}'

We then apply the tensor decomposition algorithm to this new tensor 7. This now clarifies why the
full column rank condition is applied to the columns of A® A = [a; ® ay - - - ax © ag]. Similarly, we
can perform higher order tensorizations leading to more overcomplete models by exploiting initial

higher order tensor T’; see also Remark 13.

Efficient implementation of tensor decomposition given samples:The main update steps in
the tensor decomposition algorithm is the tensor power iteration for which a multilinear operation is
performed on tensor T'. However, the tensor is not available beforehand, and needs to be estimated
using the samples (as in Algorithm 6 in the main text). Computing and storing the tensor can
be enormously expensive for high-dimensional problems. But, it is essential to note that since we
can form a factor form of tensor T using the samples and other parameters in the model, we can
manipulate the samples directly to perform the power update as multi-linear operations without
explicitly forming the tensor. This leads to efficient computational complexity. See [20] for details

on these implicit update forms.
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Algorithm 12 Robust tensor power method

input symmetric tensor T e Rd/Xd/Xdl, number of iterations /N, number of initializations R.
output the estimated eigenvector/eigenvalue pair; the deflated tensor.

1: for =1 to R do

2:  Initialize 6((]7) with SVD-based method in Procedure 13.
3: fort=1to N do
4

Compute power iteration update

~(1) . T(I7 @151)17 6151)1)
B S PG
T (1,9, 0,4l

(D.2)

o Let 7° = argmax, e {T@, 57, 0) -

)

6: Do N power iteration updates (D.2) starting from v * to obtain v, and set fi := T(0,7,7).
7: return the estimated eigenvector/eigenvalue pair (7, i); the deflated tensor T' — i - H®3.

Procedure 13 SVD-based initialization
input Tensor T’ € RY XAd/Xd/.
1: for 7 =1 to log(1/6) do
2. Draw a random standard Gaussian vector (") ~ N(0, I).
3:  Compute ugT) as the top left singular vector of T'(I,1,0(")) € R¥*¢
LT . ()
4: Vo 4= MAX_001/5)) <u1 >min.
5: return .

D.2 Proof of Theorem 4.3

Proof of Theorem 4.3 includes three main pieces which is about arguing the recovery guarantees of
three different parts of the algorithm: tensor decomposition, Fourier method, and linear regression.
As the first piece, we show that the tensor decomposition algorithm for estimating weight matrix
Ay (see Algorithm 6 for the details) recovers it with the desired error. In the second part, we
analyze the performance of Fourier technique for estimating bias vector by (see Algorithm 6 and
Procedure 7 for the details) proving the error in the recovery is small. Finally as the last step, the
ridge regression is analyzed to ensure that the parameters of last layer of the neural network are
well estimated leading to the estimation of overall function f (z). We now provide the analysis of

these three parts.
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D.2.1 Tensor decomposition guarantees

We first provide a short proof for Lemma 4.1 which shows how the rank-1 components of third

order tensor E [7 - P3(x)] are the columns of weight matrix A;.

Proof of Lemma 4.1: It is shown by Janzamin et al. [102] that the score function yields

differential operator such that for label-function f(z) := E[y|x], we have
Ely - S3(z)] = E[VY f(2)].
Applying this property to the form of label function f(z) in (4.4) denoted by f(x), we have
E[j-Ps(x)] = Elo" ()(a2, Al , Al , A])],
where ¢”(-) denotes the third order derivative of element-wise function o(z) : R¥ — R¥. More

concretely, with slightly abuse of notation, ¢”/(z) € R¥*kxkxk ig a diagonal 4th order tensor with

030(z;)
82?

its j-th diagonal entry equal to : R — R. Here two properties are used to compute the
third order derivative V§E3) f (z) on the R.H.S. of above equation as follows. 1) We apply chain rule
to take the derivatives which generates a new factor of A; for each derivative. Since we take 3rd
order derivative, we have 3 factors of A;. 2) The linearity of next layers leads to the derivatives

from them being vanished, and thus, we only have the above term as the derivative. Expanding

the above multilinear form finishes the proof; see (1.2) for the definition of multilinear form. O

We now provide the recovery guarantees of weight matrix A; through tensor decomposition as

follows.

Lemma D.1. Among the conditions for Theorem 4.3, consider the rank constraint on Ay, and the
non-vanishing assumption on coefficients \;’s. Let the whitening to be performed using empirical

version of second order score function as specified in (D.10), and assume the coefficients 5\j ’s do
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not vanish. Suppose the sample complezity

mm ’ mln( €1

n > max {O (g]ﬁlaxE [HM;;(x)M3 H] )\Zlax max(/hlh) 12> ’ (D.3)

~ 3
0 @I%lax'E[HM:;(mMJ(x)H]-<§‘“?"> e il B

>\m1n min mln(

O(gz E[|S:@S] @[] 1 )}
o E[HM3($ :;I' H]1/2 )\l?nln' mm(Al)

holds, where Mz(z) € R¥4 denotes the matricization of score function tensor Ss(z)

dxdxd.
€ Rdxdxd.

see (1.1) for the definition of matricization. Then the estimate 21 by NN-LIFT Algorithm 6 satisfies
w.h.p.

Zeng:nl} ||(A1)] — Z (Al)]H § O (gl)a ] € [k]7

where the recovery guarantee is up to the permutation of columns of Aj.

Remark 29 (Sign ambiguity). We observe that in addition to the permutation ambiguity in the
recovery guarantees, there is also a sign ambiguity issue in recovering the columns of matrix Ay
through the decomposition of third order tensor in (4.16). This is because the sign of (A;); and
coefficient \; can both change while the overall tensor is still fixed. Note that the coefficient A;
can be positive or negative. According to the Fourier method for estimating by, mis-calculating
the sign of (A1), also leads to sign of by(j) recovered in the opposite manner. In other words, the

recovered sign of the bias by(j) is consistent with the recovered sign of (Ay);.

Recall we assume that the nonlinear activating function o(z) satisfies the property such that o(z) =
1 — o(—z). Many popular activating functions such as step function, sigmoid function and tanh
function satisfy this property. Given this property, the sign ambiguity in parameters A; and by
which leads to opposite sign in input z to the activating function o(-) can be now compensated by

the sign of as and value of by, which is recovered through least squares.

Proof of Lemma D.1: From Lemma 4.1, we know that the exact cross-moment T = E[j - S3(x)]
has rank-one components as columns of matrix A;; see Equation (4.16) for the tensor decomposition

form. We apply a tensor decomposition method in NN-LIFT to estimate the columns of A;. We
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employ noisy tensor decomposition guarantees in Anandkumar et al. [22]. They show that when the
perturbation tensor is small, the tensor power iteration initialized by the SVD-based Procedure 13
recovers the rank-1 components up to some small error. We also analyze the whitening step and

combine it with this result leading to Lemma D.2.

Let us now characterize the perturbation matrix and tensor. By Lemma 4.1, the CP decomposition

form is given by T = E[j - S3(z)], and thus, the perturbation tensor is written as

E:=T-T=E[j Ssz ——Zyz Ps(z (D.4)

1€[n]
where T = % Zie[n} Ui - P3(x;) is the empirical form used in NN-LIFT Algorithm 6. Notice that in
the realizable setting, the neural network output g is observed and thus, it is used in forming the

empirical tensor. Similarly, the perturbation of second order moment M, = E[jj - Sa(x)] is given by

FEs = Mg - ]/\4\2 [y 52 - = Z Yi - P2 xz (D5)

26 [n]

In order to bound [|E||, we matricize it to apply matrix Bernstein’s inequality. We have the

matricized version as

Bom Blp My(@)] =+ 3 g Ma) = Y = (Elp- Ma(a)) = 5 M),

i€[n] 1€[n]

where Ms(z) € R? %% is the matricization of S3(z) € R¥d; gee (1.1) for the definition of
matricization. Now the norm of E can be bounded by the matrix Bernstein’s inequality. The norm
of each (centered) random variable inside the summation is bounded as g”‘%E[HMg(:ﬂ)H], where

Umax is the bound on |g|. The variance term is also bounded as

| [ MM (@0)] | < S [ a5 ()]
€[n]
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Applying matrix Bernstein’s inequality, we have w.h.p.

151 < 181 < 0 (222 e [ @] (D.6)

For the second order perturbation F», it is already a matrix, and by applying matrix Bernstein’s

inequality, we similarly argue that w.h.p.

221 <0 (22 Ells@sI @] ). (.7)

There is one more remaining piece to complete the proof of tensor decomposition part. The analysis
in Anandkumar et al. [22] does not involve any whitening step, and thus, we need to adapt the
perturbation analysis of Anandkumar et al. [22] to our additional whitening procedure. This is
done in Lemma D.2. In the final recovery bound (D.17) in Lemma D.2, there are two terms; one
involving ||E||, and the other involving ||E2||. We first impose a bound on sample complexity such
that the bound involving ||E| dominates the bound involving ||Ez| as follows. Considering the
bounds on ||E|| and ||Es|| in (D.6) and (D.7), and imposing the lower bound on the number of

samples (third bound stated in the lemma) as

E [||$:(2)S] ()] 1 )

>O Ymax
( E [||Ms(2) M (« \HW Novin * Snin (A1)

leads to this goal. By doing this, we do not need to impose the bound on ||Fs| anymore, and
applying the perturbation bound in (D.6) to the required bound on [|E|| in Lemma D.2 leads to

sample complexity bound (second bound stated in the lemma)

020 (o2 o] (322 o

mln min mln(
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Finally, applying the result of Lemma D.2, we have the column-wise error guarantees (up to per-

mutation)

o (11) S s VE [ Ms ()M )]
Amin V mln )\%1’1?1’1 : mln Al) \/ﬁ

I(A1); = (Al < O <0 (&),
where in the first inequality we also substituted the bound on ||E| in (D.6), and the first bound

on n stated in the lemma is used in the last inequality. ([l

D.2.1.1 Whitening analysis

The perturbation analysis of proposed tensor decomposition method in Algorithm 12 with the
corresponding SVD-based initialization in Procedure 13 is provided in Anandkumar et al. [22].
But, they do not consider the effect of whitening proposed in Procedures 10 and 11. Thus, we
need to adapt the perturbation analysis of Anandkumar et al. [22] when the whitening procedure

is incorporated. We perform it in this section.

We first elaborate on the whitening step, and analyze how the proposed Procedure 10 works. We
then analyze the inversion of whitening operator showing how the components in the whitened
space are translated back to the original space as stated in Procedure 11. We finally provide the

perturbation analysis of whitening step when estimations of moments are given.

Whitening procedure: Consider second order moment M, which is used to whiten third order

tensor

T=> ® (A1); ® (A1); (D-8)

JEk]

in Procedure 10. It is constructed such that it has the same decomposition form as target tensor

T, i.e., we have

= 3% (An); @ (A, (D.9)

JElk]
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We propose two options for constructing M, in Procedure 10. First option is to use second order

score function and construct My := E [j - Po(z)] for which we have

My :=E[j-Pa(x)] = > X ( A1)j, (D.10)
JE[K]
where
N =E[0"(z))] - aa(j), (D.11)
for vector z := AlTa: + b; as the input to the nonlinear operator o(-). This is proved similar to

Lemma 4.1. Second option leads to the same form for M; as (D.9) with coefficient modified as

A =Xj - ((A1);,0).

Let matrix W € R4** denote the whitening matrix in the noiseless case, i.e., the whitening matrix
W in Procedure 10 is constructed such that W' MyW = I;.. Applying whitening matrix W to the
noiseless tensor T = > e i+ (A1); ® (A1) @ (A1), we have

TW,W,w) =3\ ( )®3:Z 2/2 <WT(A1) \/A:> =3 w3, (D.12)

jElH] =R ielk]

where we define

A < .
i = 5\3—;27 vi = WA\ N, € [K], (D.13)

J

in the last equality. Let V := [v; vy --- v;,] € R¥*F denote the factor matrix for T(W, W, W). We

have
V := W T A Diag(A\/?), (D.14)

and thus,

VVT =WT A Diag(MA] W = W T MW = I.
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Since V is a square matrix, it is also concluded that VTV = I, and therefore, tensor T (W, W, W) is
whitened such that the rank-1 components v;’s form an orthonormal basis. This discussion clarifies

how the whitening procedure works.

Inversion of the whitening procedure: Let us also analyze the inversion procedure on how to
transform v;’s to (A1);’s. The main step is stated in Procedure 11. According to whitening Pro-
cedure 10, let My = U Diag(7)U ", U € R¥¥_~ € R¥, denote the rank-k SVD of M,. Substituting

whitening matrix W := U Diag(y~/?) in (D.14), and multiplying U Diag(y'/?) from left, we have
U Diag(7"/?)V = UU " A; Diag(\'/?).

Since the column spans of A; € R¥™* and U € R¥¥ are the same (given their relations to My),
A is a fixed point for the projection operator on the subspace spanned by the columns of U.
This projector operator is UU " (since columns of U form an orthonormal basis), and therefore,

UUT A, = Ay. Applying this to the above equation, we have
A; = U Diag(y'/?)V Diag(A~'/?),
ie.,

1
—U Diag(y"?)v;, j € [k]. (D.15)

Vi

The above discussions describe the details of whitening and unwhitening procedures. We now

(A1) =

provide the guarantees of tensor decomposition given noisy versions of moments My and T.

Lemma D.2. Let My = My — Ey and T=T-E respectively denote the noisy versions of

MQ = Z /N\j . (Al)j & (Al)j, T = Z Aj - (Al)j ® (Al)j ® (Al)j' (D-16)
]

JElk JE[K]
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Assume the second and third order perturbations satisfy the bounds

- A/ 1
1Bl <O (A”s in s%mnml)m),

min /—Xmax
1

- 15
. Ao

E| <O duin | =2 3,.(A)—=

H ”— (/\max> ( 1)\/E

Then, the proposed tensor decomposition algorithm recovers estimations of rank-1 components

(A1), s satisfying error

B 2 -
/\S’n?n ’ s?nin(Al) /\rln?n ’ sf’nin(Al)

/\min \% 5\min

”(Al)j_(gl)j” < O <SmaX(A1) ) /N\?nax . [

) . jelk]. (D.17)

Proof: We do not have access to the true matrix My and the true tensor T, and the perturbed
versions Mg = Mg — F5 and T =T — E are used in the whitening procedure. Here, FEs € Réxd
denotes the perturbation matrix, and E € R?*9*? denotes the perturbation tensor. Similar to the
noiseless case, let W € R™* denotes the whitening matrix constructed by Procedure 10 such that

WTMQW = I, and thus it orthogonalizes the noisy matrix M. Applying the whitening matrix

W to the tensor T , we have

TW, W, W)=TW,W,W)-TW - W,W - W,W — W) — E(W,W,W)

=D mv” — Bw, (D.18)
JElk]

where we used Equation (D.12), and we defined
Ew =TW -W,W-W,W —W) + E(W,W,W) (D.19)

as the perturbation tensor after whitening. Note that the perturbation is from two sources; one is
from the error in computing whitening matrix reflected in W — /W, and the other is the error in

tensor T reflected in E.
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We know that the rank-1 components v;’s form an orthonormal basis, and thus, we have a noisy
orthogonal tensor decomposition problem in (D.18). We apply the result of Anandkumar et al. [22]

where they show that if
HminV/10g k
Oéo\/E ’

for some constant oy > 1, then the tensor power iteration (applied to the whitened tensor) recovers

1Ew| <

the tensor rank-1 components with bounded error (up to the permutation of columns)

oy~ < 0 (121, (D.20)

Hmin

We now relate the norm of Eyy to the norm of original perturbations £ and FEs. For the first term

in (D.19), from Lemmata 4 and 5 of Song et al. [147], we have

IT(W - W, W —W, W —W)| < %
)\rﬁin ’ Smin(Al)

For the second term, by the sub-multiplicative property we have

8| £

$3 . (AN2

min min

1EW, W, W)l < [|E]|- [IW]* < 8| E]| - [W]* <

Here in the last inequality, we used

where Sk(Mg) denotes the k-th largest singular value of Ms. Here, the equality is from the definition
of W based on rank-k SVD of M, in Procedure 10, and the inequality is from My = A; Diag(S\)AlT.

Substituting these bounds, we finally need the condition

~ 64 B |? i} 8| £l < )‘miNH\/logk
)\i’li—’n 'S?nin(Al) AL (Al) B ao)‘rlﬁgx\/E’

33
min “min
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where we also substituted bound fimin > Amin/ S\Eﬁgx, given Equation (D.13). The bounds stated in

the lemma ensures that each of the terms on the left hand side of the inequality are bounded by the
right hand side. Thus, by the result of Anandkumar et al. [22], we have ||v; — ;| < O (||[Ew ||/ ftmin)-

On the other hand, by the unwhitening relationship in (D.15), we have

. . . 5 _
I Diag(v"2) o~ B < Loy 0 < suna( A1) - ] S22 [0y 3.

- J —
A/ )‘j )\min )\min

1(A1); = (A1) =

(D.21)

where in the equality, we use the fact that orthonormal matrix U preserves the £5 norm, and the
sub-multiplicative property is exploited in the first inequality. The last inequality is also from
Ymax = SmaX(Mg) <82, (Ap)- S\max, which is from My = A, Diag(S\)AlT. Incorporating the error

bound on ||v; — ;|| in (D.20), we have

N = 5\max E ~ Smax A 5‘r2nax
1(A1); — (A < O | smaxl(Ar) - 1Bw]] go( (). |mm0,

min Hmin Amin V Amin

b

1.5
max

where we used the bound pmin > Amin/ A in the last step. O

D.2.2 Fourier analysis guarantees

The analysis of Fourier method for estimating parameter by includes the following two lemmas. In
the first lemma, we argue the mean of random variable v introduced in Algorithm 6 in the realizable
setting. This clarifies why the phase of v is related to unknown parameter b;. In the second lemma,
we argue the concentration of v around its mean leading to the sample complexity result. Note

that v is denoted by v in the realizable setting.

The Fourier method can be also used to estimate the weight vector as since it appears in the
magnitude of complex number v. In this section, we also provide the analysis of estimating ay with
Fourier method which can be used as an alternative, while we primarily estimate ao by the ridge

regression analyzed in Appendix D.2.3.
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Lemma 4.6 (Restated). Let

. 1
=Ly

Ui —jlwies)
| ) e . (D.22)
1€[n]

p(
Notice this is a realizable of v in Procedure 7 where the output corresponds to a neural network 7.

If w;’s are uniformly i.i.d. drawn from set €, then © has mean (which is computed over x, § and

w)

E[7] = ﬁz (%) as(1)em™1 O (D.23)

where || denotes the surface area of d —1 dimensional manifold €, and 3(-) denotes the Fourier

transform of o(-).

Proof: Let F(w) denote the Fourier transform of label function f(z) := E[j|z] = (a2, 0 (A = +
b1)) which is [121]

= az(j) < Wy ) 2y () 24— ( Ry . )
F(w) = — — | e ANy (wo ———=A1(\d, ) |, D.24
“ % [Ar(d, )7 \Ai(d, ) Ao () (2
where Y(-) is the Fourier transform of o (), ul = [u,ua, ..., uq_1] is vector v with the last entry

removed, A;(\d,7) € R4 is the j-th column of matrix A; with the d-th (last) entry removed, and

finally 6(u) = d(u1)o(uz) - - - d(uq).

Let p(w) denote the probability density function of frequency w. We have
- v
E[0]| =E, 7., | —e ]<w’x>]
[ ] Yy [p(a:)

g .
=Fpw |Esjipot | ——e 7 :L",w”
| [ e Locc)

293



where the second equality uses the law of total expectation, the third equality exploits the label-
generating function definition f(x) := E[j|z], and the final equality is from the definition of Fourier
transform. The variable w € R% is drawn from a d — 1 dimensional manifold €; ¢ R%. In order to

compute the above integral, we define d dimensional set

1 1—¢2/2
Ql;uzz{wew Y <l < 5+ [ (B 2 Tl/}

for which €; = lim,,_,¢+ €, Assuming w’s are uniformly drawn from €2;,,,, we have

E[o] = lim F(w)p(w)dw

v=0% Jo, v
+oo
/ F(w)lq,, (w)dw.
—0Q0 ’

= lim

v—07t ‘Ql;,,’

The second equality is from uniform draws of w from set €2;,, such that p(w) = ‘Q o e ,(w), where
15(-) denotes the indicator function for set S. Here, €| denotes the volume of d dimensional
subspace €., for which in the limit v — 07, we have || = v-|€], where || denotes the surface

area of d — 1 dimensional manifold ;.

For small enough €; in the definition of €);,,, only the delta function for j = [ in the expansion of

F(w) in (D.24) is survived from the above integral, and thus,

. ) 1 oo ay(l) Wy j2mby (1) 24— Wy
Ejv)=1 by AED§ (wo — ———=A1(\d,1) | 1 dw.
1= 5 g L Pt () <8 (o - ) 1, o

In order to simplify the notations, in the rest of the proof we denote [-th column of matrix A; by

vector a, i.e., a := (Ay);. Thus, the goal is to compute the integral

too
[ / R (ﬂ) ERLAOE <w_ _ ﬂa_> lg,, (w)dw,
—00 ‘ad’ Qd Qd 7

and note that E[0] = ag(l) - lim,_,o+ ﬁ The rest of the proof is about computing the above
integral. The integral involves delta functions where the final value is expected to be computed
at a single point specified by the intersection of line w_ = #2a_, and sphere [lw| = + (when we

consider the limit ¥ — 0T). This is based on the following integration property of delta functions
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such that for function g(-) : R — R,

/ T 06yt = g(0). (D.25)

—00

We first expand the delta function as follows.

+oo 1 o wg a
I = / — <ﬂ> 6]2 bl(l)aj& (wl — ﬂwd> ) (wd—l _ %d lwd> 1Ql‘y(w)dw,
—0 ]ad] (6% (6% (%] !

+0oo . w
= // by <ﬂ> J 055 <w1 — ﬂ%) 5 <wd_2 - ad_2wd>
—00 Qg oy Qy

1QL;U (w) . 5 (adwd—l - ad_lu.)d) dwl c Wy,

where we used the property ﬁ&(t) = §(ft) in the second equality. Introducing new variable z, and

1
Qd—1

+oo . wq
I= // bY <ﬂ> 105y s <w1 — ﬂwd> Y (Wd—z - ad_2°"d>
oo oyq oy oyg
Lo, (W) - 6(2)dwy - - - dwg—1 —
—+o00 1 . “Wd—1
_ / - / R (@) 2 <w1 _ @ wd_1> . (wH _ wwH)
oo Q41 \ Q-1 g1 Qg1

o
Lo, <|:W1,W27 e, Wd—1, —Wd—l}> dwy -+ dwg—1.
Ag—1

applying the change of variable wy = (gwgq—1 — z), we have

For the sake of simplifying the mathematical notations, we did not substitute all the wy’s with z
in the first equality, but note that all wy’s are implicitly a function of z which is finally considered

in the second equality where the delta integration property in (D.25) is applied to variable z (note

that z = 0 is the same as ‘O‘j—j = %) Repeating the above process several times, we finally have
oo g w j w1 « Qg «
I = / — (—1> 6]27rb1(l)a1 . 1Ql‘u <[w1, —2&.}1, ey d 1w1, _dW1:|> dwl.
—0o @1 (05} ! (05} [e5] a1
There is a line constraint as :—1 = g—g == Z—Z in the argument of indicator function. This implies
that |lw|| = %wl = 24, where we used [la|| = [|(41);]| = 1. Incorporating this in the norm bound
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o1

imposed by the definition of €., we have G-(1 —v) < wi < % (14 v), and hence,

oyl
I / ' (14v) iz <ﬂ> ej27rb1(l)%dwl'

Fa-v) a1 g

We know E[0] = ay(l) - lim,,_,+ IT{I’ and thus,

1 1 1 ; 1 1 1 »
Dl = - —_ . N _ .]27Tb1(l)_ — - jﬂ'bl(l)
E[v] = aa(l) ] alua12<2>e p az (D)% <2>e ,

where in the first step we use [€,,| = v - [, and write the integral I in the limit » — 0. This

finishes the proof. O

In the following lemma, we argue the concentration of v around its mean which leads to the sample

complexity bound for estimating the parameter b; (and also ay) within the desired error.

Lemma D.3. If the sample complexity

Gk
n>0 (7/1—% log 5) (D.26)

holds for small enough €5 < CNf, then the estimates as(l) = %m, and gl(l) = L(4b—£%(1/2))

for 1l € [k], in NN-LIFT Algorithm 6 (see the definition of v in (D.22)) satisfy with probability at

least 1 — 0,

1]
m|%(1/2)|[az (1))

laa() — ()] < =0, i) B <

=(1/2) O&).

Proof:  The result is proved by arguing the concentration of variable ¥ in (D.22) around its mean

characterized in (D.23). We use the Bernstein’s inequality to do this. Let ¢ := 3., v; where

v; = %%e‘j {wi-zi) - By the lower bound p(z) > ¢ assumed in Theorem 4.3 and labels g;’s being

bounded, the magnitude of centered o;’s (0; — E[v;]) are bounded by O(wl—n) The variance term is

also bounded as
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where @ denotes the complex conjugate of complex number w. This is bounded as

o? <> E [i5) :%ZE[Z’—Q}

\2
1€[n] 1€[n] p(:pl)

Since output 7 is a binary label (j € {0,1}), we have E[j%|z] = E[§|z] = f(z), and thus,

. [pfﬂ - [E [za(lﬂ)'” - lz;f(f))] < 3 L Fwis = iz)_f

where the inequality uses the bound p(z) > ¢ and the last equality is from definition of ¢ i This

provides us the bound on variance as ~
o2 < ﬁ
= on
Applying Bernstein’s inequality concludes the concentration bound such that with probability at
least 1 — §, we have
$

1 1 i 1
—log =+ 1/ Llog = | <0(&),

v -Epll<0 PYn 0 Pn 0

where the last inequality is from sample complexity bound. This implies that ||9] — |E[7]|] < O(é2).

Substituting |E[?]| from (D.23) and considering estimate ay(l) = %m, we have

]

O(&),

o~

which finishes the first part of the proof. For the phase, we have ¢ := Z0 — ZE[0] = 7(b1 (1) — b1 (1)).

On the other hand, for small enough error é; (and thus small ¢), we have the approximation

¢ ~ tan(¢p) ~ % (note that this is actually an upper bound such that ¢ < tan(¢)). Thus,
- 1 3 €| .
01(1) = b1(1)] £ === 0(E2) < O(é2).
|E[o]| m|5(1/2)|laz (1)]
This finishes the proof of second bound. O
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D.2.3 Ridge regression analysis and guarantees

Let h := J(AlTx + b1) denote the neuron or hidden layer variable. With slightly abuse of notation,
in the rest of analysis in this section, we append variable h by the dummy variable 1 to represent

the bias, and thus, h € R¥t1. We write the output as § = h' 8 + 1, where
B = [ag,bQ] S RFHL,

Given the estimated parameters of first layer denoted by ;1\1 and 51, the neurons are estimated
as h = J(AT T +?)\1). In addition, the dummy variable 1 is also appended, and thus, h € RF+L,

Because of this estimated encoding of neurons, we expand the output g as

g=h"8+ (W —h")B +\77/=f(ﬁ)+777 (D.27)

bias (approximation): b(ﬁ) noise

where f(h) := E[j[h] = h7B + b(h). Here, we have a noisy lincar model with additional bias
(approximation). Let 3y denote the ridge regression estimator for some regularization parameter

A > 0, which is defined as the minimizer of the regularized empirical mean squared error, i.e.,

B 1= argﬁmin% S (R )+ AlI>

i€[n]

We know this estimator is given by (when EA]B + A > 0)
. . -1
o= (S5 + A1) - EGy),

where 23 = %Zie[n} lAL,EZT is the empirical covariance of /H, and E denotes the empirical mean
operator. The analysis of ridge regression leads to the following expected prediction error (risk)

bound on the estimation of the output.

Lemma D.4 (Expected prediction error of ridge regression). Suppose the parameter recovery results
in Lemmata D.1 and D.3 on A1 and by hold. In addition, assume the nonlinear activating function

o(-) satisfies the Lipschitz property such that |o(u) — o(u')] < L - |u — /|, for u,u’ € R. The
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following noise, approximation and statistical leverage conditions also hold. Then, by choosing the

optimal A > 0 in the A-reqularized ridge regression (which estimates the parameters as and 32 ), the

~

estimated output as f(x) = ZiQTU(ANlrx +by) + by satisfies the risk bound

n

~ ~ 2 ~ ~
lf) - fwP <0 (25 o <\/ 2B (mpci) + azoisem)) +EB(R,

where
1]
1/2)|az(1)]

2
BB < |7+ | w0

Proof:  Since h := O’(@x +by), we equivalently argue the bound on E[(h" 3y — f())?], where
f(x) = f(lAt) = ETBA. From standard results in the study of inverse problems, we know (see

Proposition 5 in Hsu et al. [96])
E[(AT By — F(1))’] = E[(h 8 — F(h)*] + 1IBx — BII3..
Here, for positive definite matrix X > 0, the vector norm || - |5 is defined as ||v||y := Vo T Zv. For

the first term, by the definition of f(ﬁ) as f(lAt) = E[gﬂﬁ] =hTB+ b(ﬁ), we have

~

E[(h'8 — f(h))?] = E[b(h)?].

Lemma D.5 bounds E[b(2)2] and bounding ||3y — BH%E is argued in Lemma D.6 and Remark 30.

Combining these bounds finishes the proof. O

In order to have final risk bounded as E[|f(m) — f(@)]2] < O(é?), for some € > 0, the above
lemma imposes sample complexity as (some of other parameters considered in (D.3), (D.26) are

not repeated here)

k||8I2
2

€

n>0 <L (1+ aﬁoise)> . (D.28)

Lemma D.5 (Bounded approximation). Suppose the parameter recovery results in Lemmata D.1 and D.3

on Ay and by hold. In addition, assume the nonlinear activating function o(-) satisfies the Lipschitz
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property such that |o(u) —o(u')] < L-|u—1/|, for u,u’ € R. Then, the approzimation term is

bounded as
N2 €] ? 272 ~2

Proof: We have
E[b(h)?) = E[(h — 1, 8)%] < ||8]1* - E[||h — h||?]. (D.29)

Define € := max{é;, é2}, where €; and €y are the corresponding bounds in Lemmata D.1 and D.3,

respectively. Using the Lipschitz property of nonlinear function o(-), we have

o~

by =Bl = o({( A0, @) + b1 () = o((An)i,2) +Bi(0)
< L- [{(AD = (A0 a) |+ o () = B (0]

1€ .
ﬂmummmf®y

<1 |0 +

where in the second inequality, we use the bounds in Lemmata D.1 and D.3, and bounded x such

that ||z|| < r. Applying this to (D.29) concludes the proof. O

We now assume the following additional conditions to bound ||y — 5\@%. The following discussions

are along the results of Hsu et al. [96].

We define the effective dimensions of the covariate h as

)\‘ p
kp,)\:zz<)\_j_)\> ) p€{172}7

jelk] N7

where \;’s denote the (positive) eigenvalues of X7, and A is the regularization parameter of ridge

regression.

e Subgaussian noise: there exists a finite opgise > 0 such that, almost surely,

Eylexp(an)|h] < exp(a®0hye/2), Va €R,
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where 1 denotes the noise in the output .

e Bounded statistical leverage: there exists a finite p) > 1 such that, almost surely,

vk
VG } + Nk

< pPx

e Bounded approximation error at A: there exists a finite Byasx > 0 such that, almost surely,

P <Bmax + \/EHﬁ”) < Bhias,a,

where |b( )| < Bmax- Note that the approximation term b(lAt) is bounded in Lemma D.5. The

parameter B, ) only contributes to the lower order terms in the analysis of ridge regression.

Lemma D.6 (Bounding excess mean squared error: Theorem 2 of Hsu et al. [96]). Fiz some

A > 0, and suppose the above noise, approximation and statistical leverage conditions hold, and in

addition,

n > 0(p3k1n)- (D.30)

Then, we have

183 = 812, < 0 (= (B0 + 7h/2) + 200 (14 E2ELY ) 4 o),

where E[b(ﬁ)Q] is bounded in Lemma D.5.

In the above lemma, we also used the discussions in Remarks 12 and 15 of Hsu et al. [96] which

include comments on the simplification of the general result.

Remark 30 (Optimal A). In addition, along the discussion in Remark 15 of Hsu et al. [96], by

choosing the optimal A > 0 that minimizes the bound in the above lemma, we have

16y - B, <O<kH/3|y2> O(\/M (E[b(ﬁ) J+o 2/2))
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D.3 Proof of Theorem 4.5

Before we provide the proof, we first state the details of bound on Cy. We require

(171 -1 1 A2 3 (A
Cf é min O ; <ﬁ + 51) : ;\‘;mn : )\min : % : g1 ) (D31)
2 max
E[[[Ss(@)[|"]  “max '

-1 T 1.5
o) % (\/LE + 51> ;2  Amin (;mm> s3. (A) - ik; ,
E[[|Ss(z)||"] max

-1 211/4
Proof of Theorem 4.5: We first argue that the perturbation involves both estimation and
approximation parts. Perturbation decomposition into approximation and estimation
parts: Similar to the estimation part analysis, we need to ensure the perturbation from exact
means is small enough to apply the analysis of Lemmas D.1 and D.3. Here, in addition to the
empirical estimation of quantities (estimation error), the approximation error also contributes to
the perturbation. This is because there is no realizable setting here, and the observations are from
an arbitrary function f(x). We address this for both the tensor decomposition and the Fourier

parts as follows.

Recall that we use notation f (x) (and y) to denote the output of a neural network. For arbitrary
function f(z), we refer to the neural network satisfying the approximation error provided in Theo-
rem 4.4 by §y. The ultimate goal of our analysis is to show that NN-LIFT recovers the parameters
of this specific neural network with small error. More precisely, note that these are a class of neural
networks satisfying the approximation bound in Theorem 4.5, and it suffices to say that the output

of the algorithm is close enough to one of them.

Tensor decomposition: There are two perturbation sources in the tensor analysis. One is from

the approximation part and the other is from the estimation part. By Lemma 4.1, the CP decom-
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position form is given by Ty = E[j; - S3(z)], and thus, the perturbation tensor is written as

E:=T;— T =E[j; - Ss( ——Zyz Ps (1),

1€[n]

where T = % Zie[n] yi - P3(x;) is the empirical form used in NN-LIFT Algorithm 6. Note that the

observations are from the arbitrary function y = f(x). The perturbation tensor can be expanded

as
E =Elgy - S3(2)] — Ely - S3(2)] + Ely - S3(2)] — — Z yi - Pa(x
‘= Eapx. ze [n]
1=Fest.

where F,pc and Eg. respectively denote the perturbations from approximation and estimation

parts.

We also desire to use the exact second order moment Mg’f = E[gs - So(x)] for the whitening
Procedure 10 in the tensor decomposition method. But, we have an empirical version for which

the perturbation matrix FEsy := MZ F— ]\72 is expanded as

By =E[jy - Sa(2)] — Ely - Sao(w)] +Ely - Sa(a)] - — Z yi - Pa(s),
::E2,apx. ZE[’/L
::EQ,est.

where Fo ,nx. and Fo . respectively denote the perturbations from approximation and estimation

parts.

In Theorem 4.3 where there is no approximation error, we only need to analyze the estimation
perturbations characterized in (D.4) and (D.5) since the neural network output is directly observed
(and thus, we use g to denote the output). Now, the goal is to argue that the norm of perturbations
E and E5 are small enough (see Lemma D.2), ensuring the tensor power iteration recovers the rank-
1 components of T ¥ = E[gy - S3(x)] with bounded error. Again recall from Lemma 4.1 that the

rank-1 components of tensor T = E[j; - S3()] are the desired components to recover.
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The estimation perturbations Ees. and Fs . are similarly bounded as in Lemma D.1 (see (D.6)

and (D.7)), and thus, we have w.h.p.

Bl < 0 (222 R M @] ).

IBre | <0 (22 e a0 @] ).

where M3(x) € R4 denotes the matricization of score function tensor S3(x) € R4 and ypax

is the bound on |f(z)| = |y|.

The norm of approximation perturbation E.,y = E[(J; —y) - S3(x)] is bounded as

| Eaps. || = [[E[(7r —y) - Ss(2)]]]
< E[ll(@r —v) - Ss()]l]
= E[lgy =yl - 1S3()]]

< (El3; - v - ElS:@)12)

where the first inequality is from the Jensen’s inequality applied to convex norm function, and we
used Cauchy-Schwartz in the last inequality. Applying the approximation bound in Theorem 4.4,

we have

[ Eaps || < O(rCy) - (%E + 51) VE[Ss (@)1, (D.32)

and similarly,

1Bz | < O(rCy) - (% ; 51) ElS@),

We now need to ensure the overall perturbations E' = Eegt. + Eapx. and Fo = Fo et + Fo apx. satisfies
the required bounds in Lemma D.2. Note that similar to what we do in Lemma D.1, we first impose
a bound such that the term involving ||E|| is dominant in (D.17). Bounding the estimation part
|| Eest.|| provides similar sample complexity as in estimation Lemma D.1 with §max substituted by

ymax .
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For the approximation error, by imposing (third bound stated in the theorem)

1/1 TEISs @I 5 .
Cy <O (; <\/_E + 51> W * Amin - Srlni5n(A1)> )

we ensure that the term involving || E|| is dominant in the final recovery error in (D.17). By doing
this, we do not need to impose the bound on || E3 apy || anymore, and applying the bound in (D.32)

to the required bound on ||E|| in Lemma D.2 leads to bound (second bound stated in the theorem)

- 1.5
~[1/1 -1 1 A 1
Cf < o1 - <_ + 51) " )‘min <~m1n> mm(Al)
r \VE E{)Ss(2)]/*] Aua Vi

Finally, applying the result of Lemma D.2, we have the column-wise error guarantees (up to per-

mutation)

- ~ Smax(Al) ~2 HEeSt ” + HEaPX H
A — ()] < imax
H( 1)] ( 1)]” =¢ < Amin \/ min Arln?n ’ m1n Al)

S O <>‘r2nax Smax(Al) |:ymax \/E ?:r(x)m

A2 Amin - 55 (A)
4y (\/LE +6) - Bl @R )

min

<O0(&),

where in the second inequality we substituted the earlier bounds on ||Eest. || and || Eapx. ||, and the

first bounds on n and Cy stated in the theorem are used in the last inequality.

Fourier part: Let

Vf 1= — e LR
= pl;)

Note that this a realization of ¢ defined in (D.22) when the output is generated by a neural network
satisfying approximation error provided in Theorem 4.4 denoted by g; see the discussion in the

beginning of the proof.
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The perturbation is now

1 .
e=E[oy] -~ et

Similar to the tensor decomposition part, it can be expanded to estimation and approximation
parts as

e :=E[0¢] — E[v] +E[v] —v.
—_—— ——

Capx. €est.

Similar to Lemma D.3, the estimation error is w.h.p. bounded as
‘eest.‘ S 0(62)7

if the sample complexity satisfies n > O (%), where (¢ 1= fRd f(x)%dx. Notice the difference
2

between (y and ¢ 7 The approximation part is also bounded as

1 1 1
sl < 3Bl —vl) < -/Ell7; — uP) < S00.Cp)- (_ + 51> ,

where the last inequality is from the approximation bound in Theorem 4.4. Imposing the condition

—1
Cr < % <% + 51) - O(1éy) (D.33)

satisfies the desired bound |eapx.| < O(€2). The rest of the analysis is the same as Lemma D.3.

Ridge regression: It introduces an additional approximation term in the linear regression formu-
lated in (D.27). Given the above bounds on Cf, the new approximation term only contributes to

lower order terms.

Combining the analyzes for tensor decomposition, Fourier and ridge regression parts finishes the

proof. O
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D.3.1 Discussion on Corollary 4.1

Similar to the specific Gaussian kernel function, we can also provide the results for other kernel
functions and in general for positive definite functions as follows. f(z) is said to be positive definite
if > iwsf(xj —a) > 0, for all wj,z; € R?. Barron [35] shows that positive definite functions

have Cy bounded as

Cr < V=1(0)-V2[(0),

where V2f(z) = 2 icld] 0% f(x)/0z?. Note that the operator V2 is different from the derivative
operator V() that we defined in (4.1). Applying this to the proposed bound in (4.15), we conclude
that our algorithm can train a neural network which approximates a class of positive definite and
kernel functions with similar bounds as in Theorem 4.5. Corollary 4.1 is for the special case of

Gaussian kernel function.

Proof of Corollary 4.1: For the location and scale mixture f(z) := [ K(a(z+ 3))G(da,dB), we
have [35] Cf < Ck - [|a| - |G|(de, dB), where Ck denotes the corresponding parameter for K (x).
For the standard Gaussian kernel function K (z) considered here, we have [35] Cx < v/d, which

concludes

C; < Vi [ la]- [6l(da.ds).

We now apply the required bound in (4.15) to finish the proof. But, in this specific setting, we also

have the following simplifications for the bound in (4.15).

For the Gaussian input z ~ A(0,021,), the score function is

1 1
Sg(%):ELt@?)_FZ(x®€j®€j+€j®x®€j+€j®€j®$),
* ¥ jeld)

which has expected square norm as E[||S3(x)||?] = O(d®/a9).
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Given the input is Gaussian and the activating function is the step function, we can also write the

coefficients \; and 5\j as

Aj = az(j) - \/%afg - exp (‘b;(aj;) ' (blg%‘f N 1> ’

-\ 2
b=ty 20 (7Y

Given the bounds on coefficients as |b1(j)| < 1, |a2(j)| < 2C%, j € [k], we have

Mnin - (@2)min - (B)min 300029,

Amax 2Cy
a2 Jmin . .
Amin > (a2) exp(—1/(202)) - min |by (j)* /o2 — 1].
2103 J€lk]

Recall that the columns of Ay are randomly drawn from the Fourier spectrum of f(x) as described
in (4.12). Given f(z) is the Gaussian kernel, the Fourier spectrum ||w|| - |F(w)| corresponds to a

sub-gaussain distribution. Thus, the singular values of A; are bounded as [139]

Smin(Al) 1-— k/d

smax(A1) ~ 1+ +/k/d 2 0),

where the last inequality is from k& = Cd for some small enough C' < 1.

Substituting these bounds in the required bound in (4.15) finishes the proof. O
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Appendix E

Proofs for Identifiability of

Overcomplete Topic Models

E.1 Proof of Deterministic Identifiability Result (Theorem 5.1)

First, we show the identifiability result under an alternative set of conditions on the n-gram matrix,
AP and then, we show that the conditions of Theorem 5.1 are sufficient for these conditions to

hold.

E.1.1 Deterministic Analysis Based on A®"

In this section, the deterministic identifiability result based on conditions on the n-gram matrix,

A®" s provided.

In the n-gram matrix, A®" € RP"*4 redundant rows exist. If some row of A®" is indexed by
n-tuple (i1,...,4,) € [p]™, then another row indexed by any permutation of the tuple (i1,...,%,)
has the same entries. Therefore, the number of distinct rows of A®™ is at most (p+z_1). In the
following definition, we define a non-redundant version of n-gram matrix which is restricted to the

(potentially) distinct rows.
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Definition E.1 (Restricted n-gram matrix). For any matriz A € RP*9, restricted n-gram matriz
A%’gst € R¥¥ g = (p+z_1), is defined as the restricted version of n-gram matriz A" € RP"X4,

where the redundant rows of A®™ are removed, as explained above.
Condition 6 (Rank condition). The n-gram matriz A®™ is full column rank.

Condition 7 (Graph expansion). Let G(V}, Von); A®™) denote the bipartite graph with vertex sets
Vi, corresponding to the hidden variables (indexing the columns of A®™) and Vo(n) corresponding to
the n-th order observed variables (indexing the rows of A®™) and edge matriz A®™ € R'V"(n)‘XWh'.
The bipartite graph G(Vy, Vo (), : AO™) satisfies the following expansion property ! on the restricted

version specified by Ag:st ,
‘NA@n ‘ > 15| + dinax (A®"), VS C Vi, |S] > krank(A), (E.1)

where dmax <A®”> s the maximum node degree in set Vj,.

Remark 31. The expansion condition for the bag-of-words admixture model is provided in (5.4),
introduced in [9]. The proposed expansion condition in (E.1) is inherited from (5.4), with two
major modifications. First, the condition is appropriately generalized for our model which involves
a graph with edges specified by the n-gram matrix, A®™, as stated in (5.23). Second, the expansion
property (5.4), proposed in [9], needs to be satisfied for all subsets S with size |S| > 2, which is a

stricter condition than the one proposed here in (E.1), since we can have krank(A) > 2.

The deterministic identifiability result based on the conditions on A®", is stated in the following
theorem for n > 2, while n = 1 case is addressed in Remarks 19 and 31. The identifiability result
relies on access to the (2n)-th order moment of observed variables x;,1 € [2n], defined in equation

(5.2) as

Mop(z) =E |(21 @22 ® -+ @ ) (Tps1 @ Tpga @ -+ @ :vzn)T] € RP"P",

Note that this notion of generalized expansion is different from unbalanced expander graphs proposed in the
compressed sensing literature [106, 100]. For a left regular bipartite graph G(Y, X; A) with regular degree d for the
vertices on Y side, we say that it is a (k, €)-expander if for any set S C Y with |S| < k, we have N4(S) > |S|d(1 —¢).
This is completely different with the expansion condition we define here in some aspects: first our expansion condition
is additive while this one is multiplicative, and second our expansion condition is imposed on large sets while this
one is imposed on small sets.
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Theorem E.1 (Generic identifiability under deterministic conditions on A®™). Let MQ(Z) (z) (de-
fined in equation (5.2)) be the (2n)-th order moment of the n-persistent topic model described in
Section 5.4. If the model satisfies conditions 1, 6 and 7, then, for any n > 2, all the columns of

population structure A are generically identifiable from Méz) ().

Proof:  Define B := A®" € RP"*4. Then, the moment characterized in equation (5.23) can
be written as Méz) (r) = BE [hhT] BT. Since both matrices E [hhT] and B have full column
rank (from conditions 1 and 6), the rank of BE [hhT] BT is ¢ where ¢ = O(p"), and furthermore
Col(BE [hhT] BT) = Col(B). Let U := {uy,...,us} € RP" be any basis of Col(BE [hh'] BT)

satisfying the following two properties:

1) The maximum of ¢y norm of u;’s is minimized (among all basis sets).

2) The tensor rank of u;’s (in the n-th order tensor form) is equal to 1, i.e., Rank(ten(u;)) =

1,i € [q].

Let the columns of matrix B be b; for i € [g]. Since all the b;’s (which belong to Col(BE [hh'] BT))
are rank-1 in the n-th order tensor form (since ten(b;) = a;") and the number of non-zero entries
in each of b;’s is at most dypax(B) = dmax(A)", we conclude that

max Rank(ten(u;)) =1 and max||u;|lo < dmax(B). (E.2)

(2

The above bounds are concluded from the fact that b; € Col(BE [hhT] BT), i€ [q], and therefore
the o norm and the rank properties of b;’s are upper bounds for the corresponding properties of
basis vectors u;’s (according to the proposed conditions for wu;’s).

Now, exploiting these observations and also the genericity of A and the expansion condition 7, we
show that the basis vectors u;’s are scaled columns of B. Since w; for i € [g], is a vector in the
column space of B, it can be represented as u; = Bwv; for some vector v; € R?. Equivalently, for

®" is the j-th column of matrix B and v;(5) is a scalar

any i € [q], u; = 23:1 v;(j)b; where b; = a;
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which is the j-th entry of vector v;. Then, the tensor form of u; can be written as

q q q
——
ten(u;) Z ) ten (b Zvl ten(as™) = Z = [[Diagy (v:); 4, ..., 4]], (E.3)
: ]:1 :

where the last equality is based on the notation defined in Definition 5.8, and Diag, (v;) is defined
as the n-th order diagonal tensor with vector v; on its diagonal. We define v; := [v;(j)];.0, (j)#0 as
the vector which contains only the non-zero entries of v;, i.e., v; is the restriction of vector v; to its
support. Therefore, 7; € R, where r := ||v;||o. Furthermore, the matrix A; := {a; 1 vi(j) # 0} €
RP>T is defined as the restriction of A to its columns corresponding to the support of v;. Let (a;);

denote the j-th column of A;. According to these definitions, equation (E.3) reduces to

— r
ten(u;) = [[Diagn (3;); Ai, ..., Ail] = > T(§)[(@);]°", (E.4)
j=1
which is derived by removing columns of A corresponding to the zero entries in v;.
Next, we rule out that ||v;|lo > 2 under two cases (2 < ||v;]|o < krank(A) and krank(A) < ||vi]lo < q),

to conclude that u;’s vectors are scaled columns of B.

Case 1: 2 < |vi]lo < krank(A). Here, the number of columns of A; € RP*I¥illo is Jess than or equal
to krank(A) and therefore it is full column rank. Since, all the components of CP representation
in equation (E.4) are full column rank 2, for any ® n > 2, we have Rank(ten(u;)) = r = |lvi]lo > 1,

which contradicts the fact that max; Rank(ten(u;)) =1 in (E.2).

Note that for the full column rank topic-word matrix A € RP*? (where Rank(A) = krank(A) = ¢)
as in Corollary 5.1, it is sufficient to argue this case and there is no need to argue next case. This

is why the expansion condition is not required in Corollary 5.1.

Case 2: krank(A) < |jvillo < g. Here, we first restrict the n-gram matrix B to distinct rows,

denoted by BRrest., as defined in Definition E.1. Let u} = BRrest.v;. Since u/ is the restricted version

2Note that for n > 3, this full rank condition can be relaxed by Kruskal’s condition for uniqueness of CP decomposi-
tion [112] and its generalization to higher order tensors [143]. Precisely, instead of saying Rank (Al) = krank(Ai) =7,
it is only required to have krank(Zi) > (2r+mn—1)/n to argue the result of case 1. This only improves the constants
involved in the final result.

3Note that for n = 1, since the (tensor) rank of any vector is 1, this analysis does not work.
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of u;, we have

luillo > [luillo = || Brest.villo
> | NBgew.. (Supp(v;))| — | Supp(v;)|

> dmax(B)a

where the second inequality is from Lemma 4 (which is stated and proved right after this theorem),
and the third inequality follows from the graph expansion property (condition 7). This result

contradicts the fact that max;||u;|lo < dmax(B) in (E.2).

From above contradictions, ||v;][o = 1 and hence, columns of B := A®™ are the scaled versions of

u;’s. O

The following lemma is useful in the proof of Theorem E.1. The result proposed in this lemma is
similar to the parameter genericity condition in [9], but generalized for the n-gram matrix, A®™.

The lemma is proved along the lines of the proof of Remark 2.2 in [9].

Lemma 4. If A € RPXY s generic (see Definition 5.1), then the n-gram matriz A" € RP"*4
satisfies the following property with Lebesgue measure one. For any vector v € R? with |jv]lg > 2,

we have
[ARess.vllo > ‘NAg;;L(Supp(v)) — | Supp(v)],

where for a set S C [q], Non(S) :={i € [p|" : A®"(i,5) #0 for some j € S}.

Here, we prove the result for the case of n = 2. The proof can be easily generalized to larger n.

Let A := P + Z be generic, where P is an arbitrary matrix perturbed by random continuous

independent 4 perturbations Z. Consider the 2-gram matrix B := A® A € RP*X4, We show that

. . ~ (p+1) . ..
the restricted version of B, denoted by B := BRest. € R X4 satisfies the above genericity

condition. Before that, we first establish some definitions and one claim.

“Note that the distribution of Z does not matter as long as the independence and continuous conditions hold.
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Definition E.2. We call a vector fully dense if all of its entries are non-zero.

Definition E.3. We say a matriz has the Null Space Property (NSP) if its null space does not

contain any fully dense vector.

Claim 20. Fiz any S C [q] with |S| > 2, and set R := N(po2)_ _ (S). Let C be a|S|x|S| submatriz
of ER,S- Then Pr(é has the NSP) = 1.

Proof of Claim 20: First, note that B can be expanded as

B = (A ® A)Rest. = (P ® P)Rest. + (P OZ+Z0 P)Rest. + (Z ® Z)Rest. .

=U
Let s = | S| and let C' = [¢1]é]| - - |¢] T, where ¢! is the i-th row of C. Also, let C := [c1]ca| -+ |es] T
and W := [wy|wsa]| - - - |ws]" be the corresponding |S| x | S| submatrices of (P®?) oy and U, respec-

tively. For each i € [s], denote by N; the null space of the matrix C; = [¢,|¢2| - -|&]T. Finally let
No = R%. Then, Ng D N7 D --- D N,. We need to show that, with probability one, A does not

contain any fully dense vector.

If one of N;,i € [s], does not contain any full dense vector, the result is proved. Suppose that

N; contains some fully dense vector v. Since C is a submatrix of (P@2) every row ciTH of C

R,S?

contains at least one non-zero entry. Therefore,

?)Téi_:,_l = Z U(j)éi-‘rl(j)

JEls]

— Z v(j)(cit1()) + wir1(4)),

JEls]:ci+1(4)#0

where {w;1(j) : j € [s] s.t. ¢i+1(j) # 0} are independent random variables, and moreover, they

are independent of ¢;,...,¢ and thus of v. By assumption on the distribution of the w;11(j),
Pr[v € Niq1 51,52,---,@'] ZPI“[ Z v(j)(civ1(j) +wir1(j)) = 0|é1,E2,..., & | = E.5)
JE[s]:ci+1()7#0
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Consequently,

Pr|dim(N;41) < dim(Nf;)

51,52,...,51} =1 (E.6)

foralli =0,...,s — 1. As a result, with probability one, dim(N) = 0. O
Now, we are ready to prove Lemma 4.

Proof of Lemma 4: It follows from Claim 20 that, with probability one, the following event
holds: for every S C [q],|S| > 2, and every | S| x |S| submatrix C of ER,S where R := Npoz)  (95),
then C has the NSP.

Now fix v € RY with [[v]lp > 2. Let S := Supp(v) and H := Bg g. Furthermore, let u € (R\ {0})]
be the restriction of vector v to S; observe that u is fully dense. It is clear that ||Buvlo = ||[Hullo,

so we need to show that
[Hullo >[R[ - [S]. (E.7)

For the sake of contradiction, suppose that Hu has at most |R| — |S| non-zero entries. Since
Hu € RIEl there is a subset of |S| entries on which Hu is zero. This corresponds to a |S| x |S]
submatrix of H := §R75 which contains w in its null space. It means that this submatrix does
not have the NSP, which is a contradiction. Therefore we conclude that Hu must have more than

|R| — |S| non-zero entries, which finishes the proof. O

E.1.2 Proof of Moment Characterization Lemmata

Remark 32. In Lemmata 2 and 3, a specific case of order and persistence (m = rn) was considered.

Here, we provide the moment form for a more general case. Assume that m = rn 4+ s for some
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integers r > 1,1 < s < %, then

r times

M2(:Ln)($) :<A®n ®-~®A®"®A®S>

r—1 times
.

T
M2r(h) <A@(7L—S) ® A@Tl R ® A@n ®A@(28)> 7

7“+1><q'r+1

where Mgr(h) c R is the hidden moment as

Elhiy -+ hi b7 By - hyp ] ifie = g,

M2T(h)((il7"'7i7'+1)7(j1,---,jT'Jrl)) o O

0. W.

The tensor form is also characterized as

2m times

@) = [[5: A4 4],

2m

where S, € ®2m RY is the core tensor in the above Tucker representation with the sparsity pattern

as follows. Let i:= (i1,19,...,49y). If
i1 =1d2 =" =lnyin+1 = Int2 =" =20, " 52— Dntl = U2r—nt2 =~ = 2rn,
Z.2(777,—5)-‘,-1 = Z'2(m—s)+2 = =l2m,

we have

Sy (i) = Ma(h) (

(in 7i2n7~~~7i7'7lvim)7(i(r+1)n 7i(r+2)7lv~~-7i2rn7i2m))

Otherwise, S, (1) = 0.

Proof of Lemma 2: The proof is basically incorporating the conditional independence relation-

ships between random variables z; and y; under the n-persistent topic model.
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In order to simplify the notation, similar to tensor powers for vectors, the tensor power for a matrix

U € RP*Y js defined as

r times

UPr . =UeU®---@U c RF*T, (E.8)

First, consider the case m = rn for some integer » > 1. One advantage of encoding y;,j € 2],
by basis vectors appears in characterizing the conditional moments. The first order conditional

moment of words z;,1 € [2m], in the n-persistent topic model can be written as

El2(—1ynskly;] = Ay;, § € [2r], k € [n],

where A = [aj|az]|---|ag] € RP*9. Next, the m-th order conditional moment of different views

x1,1 € [m], in the n-persistent topic model can be written as

Elz) @22 ® - @ Zp|y1 = €1, Y2 = €igy -+, Yr = €;,] =a§"®a§"®m®a®",

r

which is derived from the conditional independence relationships among the observations x;, [ € [m],
given topics y;, j € [r]. Similar to the first order moments, since vectors y;, j € [r], are encoded by

the basis vectors e; € R, the above moment can be written as the following matrix multiplication

Qr

Elor @02 © -+ 8 amlyr vy 0] = (A7) (1 @@ 0 y), (E.9)
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where the (-)®" notation is defined in equation (E.8). Now for the (2m)-th order moment, we have

Méfn)(:n) = E[(:m Rr2® - QTm)(Tmt1 @ Tmg2 @ -+ @ x2m)T]
= E(yl,yz,...,ygr) _]E |:($1 - ® $m)($m+1 Q- ® $2m)T|y17 Y2, ... 7y27":|]

= E(ylvy27---7y2'r) _E[(‘/El Q- @ xm)lyL, .. ’y2T]E[($m+1 Q- ® $2m)T|y1’ T ’yzr]]

= E(y1 yo,...920) E[ 1@ @)y, Yr | E[(Tmg1 ® - @ o) Y1, - ,y%H
( AG” T) YR RY) (Y1 @ @ yar) | ([AQ”} ®T>T]

- <[ " > (e @) e @p)] ([AQ"}@)T

@ <[A®"] ®T>M2r(y)<[A®"} ®’">T, (E.10)

where (a) results from the independence of (x1, ..., 2, ) and (T4, .- -, Tom) given (y1,y2, .-, Yor)

©
= E(yl Y25 Y2r)

and (b) is concluded from the independence of (z1,...,%y) and (Yri1,--.,Y2r) given (yi,...,y)
and the independence of (zy41,...,%2m) and (y1,...,¥y,) given (Yp41,...,y2.). Equation (E.9)
is used in (c) and finally, the (2r)-th order moment of (yi,...,y2-) is defined as M. (y) =

E [(yl D @) (Y1 @ Dya) | in (d).

For Ms,(y), we have by the law of total expectation

My (y) =E[(1 @ @yr) (hrs1 ® - @ y2y) ']

= Eu[E[n @ @ 9,) (g1 @ @ 10) " [1]]

rtimes rtimes

:Eh[<h®---®h)<h® ‘@ h) ]

- M2r(h)a

where the third equality is concluded from the conditional independence of variables y;,j € [27],
given h and the model assumption that E [y;|h] = h,j € [2r]. Substituting this in equation (E.10),
finishes the proof for the m-persistent topic model. Similarly, the moment of single topic model

(infinite persistence) can be also derived. O
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Proof of Lemma 3: Defining A := My, (h) € R? %7 and B := [A®"] #T e RFXG the (2rn)-th

order moment M. (n)

o (z) € RP™™XP™ of the n-persistent topic model proposed in equation (5.8) can

be written as

2rn

(z) = BAB'.

Let bg,,..4) € RP"" denote the corresponding column of B indexed by r-tuple (iy,..., i), i €

[q], k € [r]. Then, the above matrix equation can be expanded as

My @) = > Al i), (0 30) D)D)

ilrnyi'rE[q]
Jis--Jr€lq]
= > AMGresin), Gy ) 08" @ @ @205 @ - @ aFMT
ily---yire[Q]
J1ye-5dr €[4
where relation by, ;)= af’i"@. . ®a§", i1,...,10r € [g], is used in the last equality. Let mg;,)l(:n) €

RP*™ denote the vectorized form of (2rn)-th order moment Mé;ﬁ(m) € RP""XP™  Therefore, we

have

i, (@) 1= vee( M) (2))

rn

= Y MG ), (G de)) el @ @0l @ aS" @ - @l

ily---vir'e[‘ﬂ
j1,~~~7j7‘€[q]

Then, we have the following equivalent tensor form for the original model proposed in equation

(5.8)

i) (x) :=ten <mgf,)1(x)>

2rn
_ - - . . on on on on
= E A((zl,...,zr),(jl,...,jr))ailo---oairoajlo---oajr.
i1,..,9r€[q]
Jis--Jr€lq]
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E.1.3 Sufficient Matching Properties for Rank and Graph Expansion Condi-

tions

In the following lemma, it is shown that under a perfect n-gram matching and additional genericity

and krank conditions, the rank and graph expansion conditions 6 and 7 on A®", are satisfied.

Lemma 5. Assume that the bipartite graph G(Vy, Vo3 A) has a perfect n-gram matching (condition

2 is satisfied). Then, the following results hold for the n-gram matriz A®™:

1) If A is generic, A°™ is full column rank (condition 6) with Lebesque measure one (almost

surely).

2) If krank condition 3 holds, A®™ satisfies the proposed expansion property in condition 7.

Proof:  Let M denote the perfect n-gram matching of the bipartite graph G(V4, V,; A). From
Lemma 1, there exists a perfect matching M®" for the bipartite graph G(V},, on); A®™). Denote
the corresponding bi-adjacency matrix to the edge set M as Ap;. Similarly, Bys denotes the
corresponding bi-adjacency matrix to the edge set M®". Note that Supp(Ay) € Supp(A4) and

Supp(Bar) C Supp(A©™).

Since By is a perfect matching, it consists of g := |V}| rows, each of which has only one non-zero
entry, and furthermore, the non-zero entries are in ¢ different columns. Therefore, these rows form
q linearly independent vectors. Since the row rank and column rank of a matrix are equal, and the
number of columns of By is ¢, the column rank of By is ¢ or in other words, Bjs is full column
rank. Since A is generic, from Lemma 6 (with a slight modification in the analysis®), A®" is also

full column rank with Lebesgue measure one (almost surely). This completes the proof of part 1.

Next, we prove the second part. From krank definition, we have

INA(S)| > |S'| for S" CVj,|S'| < krank(A),

5The Lemma, 6 result is about the column rank of A itself, but here it is about the column rank of A®™ for which
the same analysis works. Note that the support of Bas (which is full column rank here) is within the support of A®™
and therefore Lemma 6 can still be applied.
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which is concluded from the fact that the corresponding submatrix of A specified by S’ should be

full column rank. From this inequality, we have
INA(S")| > krank(A) for S’ C V,,|S’| = krank(A). (E.11)
Then, we have

INA(S)| > |Na(S)| for S" € S CV,,|S| > krank(A),|S’| = krank(A),
> krank(A)

> dimax(A)", (E.12)

where (E.11) is used in the second inequality and the last inequality is from krank condition 3.

In the restricted n-gram matrix AR" , the number of neighbors for a set S C Vj, |S| > krank(A),

can be bounded as

[Nyen (8)] = INa(S)|+ 18] (E.13)

Rest.

> dimax(A)" +|S]  for |S| > krank(A),

where the first inequality is due to the fact that the set NV A9 consists of rows indexed by the
following two® subsets: n-tuples (7,1, ...,7) where all the indices are equal and n-tuples (iy, ... ,i,)
with distinct indices, i.e., i1 # ia... # i,. The former subset is exactly N4(S) while the size of
the latter subset is at least |S| due to the existence of a perfect n-gram matching in A. The bound

(E.12) is used in the second inequality. Since dpax (AQ") = dmax(A)", the proof of part 2 is also

completed.

O

Remark 33. The second result of above lemma is similar to the necessity argument of (Hall’s)
Theorem E.2 for the existence of perfect matching in a bipartite graph, but generalized to the case

of perfect n-gram matching and with additional krank condition.

SNote that many terms in this bound are ignored which leads to a loose bound that might be improved.
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E.1.4 Auxiliary Lemma

Proof of Lemma 1: We show that if G(Y, X; A) has a perfect n-gram matching, then G(Y, X ("); A®™)
has a perfect matching. The reverse can be also immediately shown by reversing the discussion
and exploiting the additional condition stated in the lemma.

Let E®™ denote the edge set of the bipartite graph G(Y, X(); A®"). Assume G(Y,X;A) has a
perfect n-gram matching M C E. For any j € Y, let Ny, (j) denote the set of neighbors of vertex j
according to edge set M. Since M is a perfect n-gram matching, |Nys(7)| = nforall j € Y. It can be
immediately concluded from Definition 5.3 that sets Ny (j) are all distinct, i.e., Nas(j1) # Nar(j2)
for any j1,j2 € Y, j1 # jo. For any j € Y, let N},(j) denote an arbitrary ordered n-tuple generated
from the elements of set Nj/(j). From the definition of n-gram matrix, we have A" (N7}, (), j) # 0
for all j € Y. Hence, (j, N};(j)) € E®™ for all j € Y which together with the fact that all N},(j)’s
tuples are distinct, it results that M®" := {(j, N},(4))lj € Y} C E®" is a perfect matching for

G(Y, XM, AOm), O

Lemma 6. Consider matriz C € R™ " which is generic. Let C € R™ " be such that Supp(C) C
Supp(C) and the non-zero entries of C are the same as the corresponding non-zero entries of C.

If C is full column rank, then C is also full column rank, almost surely.

Proof:  Since C is full column rank, there exists a r X r submatrix of 5, denoted by 55, with
non-zero determinant, i.e., det(és) # 0. Let Cg denote the corresponding submatrix of C' indexed
by the same rows and columns as 53.

The determinant of Cg is a polynomial in the entries of C's. Since 55 can be derived from Cg by

keeping the corresponding non-zero entries, det(Cs) can be decomposed into two terms as
det(Cyg) = det(Cs) + f(Cs),

where the first term corresponds to the monomials for which all the variables (entries of Cg) are
also in 55 and the second term corresponds to the monomials for which at least one variable is
not in C'g. The first term is non-zero as stated earlier. Since C is generic, the polynomial f(Cyg) is

non-trivial and therefore its roots have Lebesgue measure zero. It implies that det(Cg) # 0 with
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Lebesgue measure one (almost surely), and hence, it is full (column) rank. Thus, C is also full

column rank, almost surely. O
Finally, Theorem 5.1 is proved by combining the results of Theorem E.1 and Lemma 5.

Proof of Theorem 5.1: Since conditions 2 and 3 hold and A is generic, Lemma 5 can be applied
which results that rank condition 6 is satisfied almost surely and expansion condition 7 also holds.
Therefore, all the required conditions for Theorem E.1 are satisfied almost surely and this completes

the proof. O

E.2 Proof of Random Identifiability Result (Theorem 5.2)

We provide detailed proof of the steps stated in the proof sketch of random result in Section 5.7.2.

E.2.1 Proof of Existence of Perfect n-gram Matching and Kruskal Results

Restatement of Theorem 5.3 Consider a random bipartite graph G(Y, X; E) with |Y'| = q nodes
on the left side and | X| = p nodes on the right side, and each node i € Y is randomly connected to
d; different nodes in X. Let dyin := mingcy d;. Assume that it satisfies the size condition q¢ < (c%)n

(condition 4) for some constant 0 < ¢ < 1 and the degree condition dyi, > max{1+ (logp,alogp}

for some constants B > ﬁ, a > max{2n2 (5 log % +1) , 2571} (lower bound in condition 5). Then,

there exists a perfect (Y -saturating) n-gram matching in the random bipartite graph G(Y,X; E),

with probability at least 1 — yip~®" for constants 8/ > 0 and v, > 0, specified in (5.5) and (5.6).

Proof of Theorem 5.3: Vertex sets X and Y are partitioned, described as follows (see Figure

E.1). Define J := cE. Partition set X uniformly at random into n sets of (almost) equal size T,

denoted by X/, € [n]. Define sets X; := U._; X!, 1 € [n]. Furthermore, partition set Y uniformly

2

at random, hierarchically as follows. First, partition into J sets, each with size at most (c%)n_l,

"By almost, we mean the maximum difference in the size of partitions is 1 which is always possible.
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Xn

Figure E.1: Partitioning of sets Y and X, proposed in the proof of Theorem 5.3. Set X is randomly
(uniform) partitioned into n sets of (almost) equal size, denoted by X/,I € [n]. Set Y is also
randomly partitioned in a recursive manner. In each step, it is partitioned to J = ¢ = O(p)
number of sets. These smaller sets are again partitioned, recursively. This partitioning process is
performed until reaching sets with size O(p). The first two steps are shown in this figure.

and denote them by Y;,i € [J]. Next, partition each of these new smaller sets Y; further into J
sets, each with size at most (c%)n_2. Do it iteratively up to n — 1 steps, where at the end, set Y

is partitioned into sets with size at most c¢2. The first two steps are shown in Figure E.1.

Proof by induction: The existence of perfect n-gram matching from set Y to set X is proved by an
induction argument. Consider one of intermediate sets in the hierarchical partitioning of Y with size
O(p') and its further partitioning into J := cE sets, each with size O(p!~1), for any I € {2,...,n}.
In the induction step, it is shown that if there exists a perfect (I — 1)-gram matching from each
of these subsets of Y with size O(p'~!) to X;_1, then there exists a perfect [-gram matching from
the original set with size O(p') to set X;. Specifically, in the last induction step, it is shown that
if there exists a perfect (n — 1)-gram matching from each set Y;,1 € [J], to set X,,_1, then there

exists a perfect n-gram matching from Y to X,, = X.

Base case of induction: The base case of induction argument holds as follows. By applying Lemma 8
and Lemma 7, there exists a perfect matching from each partition in ¥ with size at most ¢2 = O(p)

to set X1, whp.

Induction step: Consider J different bipartite graphs G;(Y;, X,,—1; E;), € [J], by considering sets

Y; and X,,_1 and the corresponding subset of edges F; C FE incident to them. See Figure E.2a. The
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(a) Partitioning of sets Y and X pro- (b) Partitioning of set Y through perfect
posed for the induction step. (n — 1)-gram matchings M;,i € [J].

Figure E.2: Auxiliary figures for proof of induction step. (a) Partitioning of sets Y and X proposed
in the proof, where set Y is partitioned to J := c% partitions Y7,...,Y; with (almost) equal size,
for some constant ¢ < 1. In addition, set X is partitioned to two partitions X,,_; and X/ with sizes
|Xn—1] = Z2p and |X}| = 2. The perfect (n — 1)-gram matchings M;,i € [J], through bipartite
graphs G;(Y;, X,,—1; E;), i € [J], are also highlighted in the figure. (b) Set Y is partitioned to subsets
Pa(S),S € P,—1(X,—1), which is generated through perfect (n — 1)-gram matchings M;,i € [J].
S1, S and Ss are three different sets in P,_1(X,—_1) shown as samples. In addition, the perfect
matchings from Pa(S),S € P,—1(X,-1), to X/, proposed in the proof, are also highlighted in the
figure.

induction step is to show that if each of the corresponding .J bipartite graphs G;(Y;, X,—1; E;),i €
[J], has a perfect (n — 1)-gram matching, then whp, the original bipartite graph G(Y, X; E) has a

perfect n-gram matching.

Let us denote the corresponding perfect (n — 1)-gram matching of G;(Y;, X,,—1; E;) by M;. Fur-
thermore, the set of all subsets of X,,_; with cardinality n — 1 are denoted by P,_1(X,-1), i.e.,
P, 1(X,_1) includes the sets with (n — 1) elements in the power set® of X, ;. For each set
S € P,_1(X,—1), take the set of all nodes in Y which are connected to all members of S according
to the union of matchings U/, M;. Call this set the parents of S, denoted by Pa(S). According
to the definition of perfect (n — 1)-gram matching, there is at most one node in each set Y; which
is connected to all members of S through the matching M; and therefore, |Pa(S)| < J = c£. In
addition, note that sets Pa(S) impose a partitioning on set Y, i.e., each node j € Y is exactly
included in one set Pa(S) for some S € P,_1(X,,—1). This is because of the perfect (n — 1)-gram
matchings considered for sets Y;,i € [J].

Now, a perfect n-gram matching for the original bipartite graph is constructed as follows. For any

S € P,_1(X,_1), consider the set of parents Pa(S). Create the bipartite graph Gg(Pa(S), X,,; Es),

8The power set of any set S is the set of all subsets of S.
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where Eg C F is the subset of edges incident to partitions Pa(S) C Y and X/, C X. Denote by
dg the minimum degree of nodes in set Pa(S) in the bipartite graph Gg(Pa(S), X),; Fs). Applying

Lemma 8, we have

2 (duin — A1 log(p/n))2> (E.14)

Prldg = 1+ Blog(p/n)] =1 — Jexp<_m

dmin

>1— Ep—ﬁlogl/c —1— O(p—ﬁlogl/C)7

3

where Blog1/c > n — 1, and the last inequality is concluded from the degree bound dy;, > alog p.
Furthermore, we have |Pa(S)| < ¢2 = ¢[X]|. Now, we can apply Lemma 7 concluding that there
exists a perfect matching from Pa(S) to X within the bipartite graph Gg(Pa(S), X/ ; Es), with
probability at least 1—O(p~#1°8 1/ ). Refer to Figure E.2b for a schematic picture. The edges of this
perfect matching are combined with the corresponding edges of the existing perfect (n — 1)-gram
matchings M;,i € [J], to provide n incident edges to each node i € Pa(S). It is easy to see that
this provides a perfect n-gram matching from Pa(S) to X.

We perform the same steps for all sets S € P,,_1(X,,—1) to obtain a perfect n-gram matching from
any Pa(S),S € P,—1(Xn—1), to X. Finally, according to this construction, the union of all of these
matchings is a perfect n-gram matching from Ugep, | (x,_,)Pa(S) =Y to X. This finishes the
proof of induction step. Note that here we analyzed the last induction step where the existence
of perfect n-gram matching is concluded from the existence of corresponding perfect (n — 1)-gram
matchings. The earlier induction steps, where the existence of perfect I-gram matching is concluded
from the existence of corresponding perfect (I — 1)-gram matchings for any [ € {2,...,n}, can be

similarly proven.

Probability rate: We now provide the probability rate of the above events. Let Nl(hp),l € [n], denote
the total number of times that perfect matching result of Lemma 7 is used in step [ in order to
ensure that there exists a perfect I-gram matching from corresponding partitions of Y to set Xj,
whp. Let NP = Zle[n] Nl(hp). As earlier, let Pl—l(Xl—l) denote the set of all subsets of X;_;

with cardinality [ — 1. We have
X, =1
|P1 (X)) | = (‘l i i‘) = (l”_ID, l1e{2,...,n}.
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According to the construction method of I-gram matching from (I — 1)-gram matchings, proposed
in the induction step, ‘Pl_l (Xl_1)| is the number of times Lemma 7 is used in order to ensure that
there exists a perfect I-gram matching for each partition on the Y side. Since at most J"~! number

of such [-gram matchings are proposed in step [, the number Nl(hp) can be bounded as

-1

N < Py (X )| = T (lT_ ?) l€{2....n}. (E-15)

(hp)

Since in the first step, N;* = J" ! number of perfect matchings needs to exist in the above

discussion, we have

n— & h
N@p) — g1y ZNI( p)
1=2

n I—
< Jn—l + Z Jn—l Tlp
- P [—1

()

=2

EEn(@%)n_1==CNp"_U,

where inequality (E.15) is used in the first inequality and J := ¢£ and inequality (Z) < (e%)k are
exploited in the second inequality.

Since the result of Lemma 7 holds with probability at least 1 — O(p~#1°8 1/ ¢) and it is assumed that
Blog1/c > n—1, by applying union bound, we have the existence of perfect n-gram matching with
probability at least 1 — O(p~?"), for f/ = 5log% —(n—1)>0.

Furthermore, note that the degree concentration bound in (E.14) is also used O(p"~') times.
Since the bound in (E.14) holds with probability at least 1 — O(p~?1°81/¢) and it is assumed that
Blog1/c > n — 1, this also reduces to the same probability rate.

The coefficient of the above polynomial probability rate is also explicitly computed, saying that the
perfect n-gram matching exists with probability at least 1 —y1p~?, with

2
_n-1(_C ¢ ﬁ’—l—l)
mn=e <7”Ln_1 +1—51n ’

]

—Blogl/c
) <6 < 1. 0

. . . 2
where 47 is a constant satisfying e <n
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Proof of Theorem 5.4: Let G(Y, X;A) denote the corresponding bipartite graph to matrix A
where node sets Y = [¢q] and X = [p| index the columns and rows of A respectively. Therefore,

Y| = ¢ and |X| = p. Fix some S C Y such that |S| < p. Then

Pr(IN(S)| <[S)) < > Pr(N(S)CT)
TCX:
IT|=|S]

- > 1()/)
|T= \SI
:‘;CXSZGS( >dl
<> I(5)

TCX: €S
IT|=|5]

(B

d;
where the bound (‘51_ |) / ( 5_) < (%) is used in the second inequality, and the last inequality is

T

<

@\g

concluded from the fact that % <1.

Let £ denote the event that for any subset S CY with |S| < r, we have |[N(S)| > |S|, i.e.,
E=YWSCYANLL|S]| <r:|IN(S)|>|9].

Then, by the union bound and inequality (E.16), we have

Pr(£% =Pr(3S CVs.t.1 < |S| <r A|N(S)| < |§]) < ’“1 <q> <p> <§>dmins

r e2q7~dmin_2 S
<> S )
- pdmin_1
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where the bound (Z) < (e%)k is used in the second inequality. For » = ¢p , the above inequality

reduces to

r
— Z e2c/pn—1—610g1/c>8

s=1
2./
e“c / 1
<———— =0@p?), for g =pBlog=—(n—1)>0,
S ") f=plog- —(n-1)
where the size condition assumed in the theorem is used in the second inequality with ¢’ := %(%)n,

and the degree condition is exploited in the third inequality. The last inequality is concluded from
the geometric series sum formula for large enough p.
Then, Lemma 9 can be applied concluding that krank(A) > r = ¢p, with probability at least

L —ap™ for constants §' = flog ¢ — (n—1) > 0 and 7 > 0 as

cn—le2
2= n"(l - (52)7
where 8, is a constant satisfying ¢e2p™? < 8y < 1. g

Proof of Remark 25: Consider a random bipartite graph G(Y, X; E') where for each node i € X:

1. Neighbors N (i) C X are picked uniformly at random among all size d subsets of X.

2. Matching M (i) C N (i) is picked uniformly at random among all size n subsets of N (7).

Note that as long as n < d, the distribution of M (i) is uniform over all size n subsets of X.

Fix some pair 4,7’ € Y. Then

Pr(M(i) = M(i')) = <|X|>_l.

n
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By the union bound,

Pr(EIi,i/ €Y,i#is t.M(@) = M(z”)) < ('g') <|X|>_1,

n

which is ©(|Y'|?/|X|") when n is constant. Therefore, if d > n and the size constraint |Y| = O(| X|*)
for some s < 7 is satisfied, then whp, there is no pair of nodes in set ¥ with the same random
n-gram matching. This concludes that the random bipartite graph has a perfect n-gram matching

whp, under these size and degree conditions.

E.2.2 Auxiliary Lemmata

Lemma 7 (Existence of perfect matching for random bipartite graphs). Consider a random bipar-
tite graph G(W, Z; E) with |W| = w nodes on the left side and |Z| = z on the right side, and each
node i € W is randomly connected to d; different nodes in set Z. Let dy, := min;ew d;. Assume
that it satisfies the size condition w < cz for some constant 0 < ¢ < 1 and the degree condition
dy > 1+ Blog z for some constant > 0. Then, there exists a perfect matching in the random

bipartite graph G(W, Z; E) with probability at least 1 — O(z=21981/¢) where ﬁlog% > 0.

Proof:  From Hall’s theorem (Theorem E.2), the existence of perfect matching for a bipartite

graph is equivalent to occurrence of the following event

£:=“YSCW:|N()| >|S|".
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Similar to the analysis in the proof of Theorem 5.4, applying the union bound we have

Z( oIGIch
<> (S )

where the bound (Z) < (e%)k is used in the second inequality. From the assumed lower bound on

the degree d,, and the fact that 0 < ¢ < 1, we have

w w 2

2

~ S S

Pr(ef) < Z(‘BQCmogZ) - Z<62Zmogc) = ﬁlogel > =1 - 51Z_610g1/c’
z c — e

s=1 s=1

where the second inequality is concluded from the geometric series sum formula for large enough

z, and §; is a constant satisfying e2z—Flogl/c < 5, < 1. g

Lemma 8 (Degree concentration bound). Consider a random bipartite graph G(Y,X; E) with
Y| = q and | X| = p, where each node i € Y is randomly connected to d; different nodes in set X.
Let Y C Y be any subset® of nodes in' Y with size |Y'| = ¢’ and X' C X be a random (uniformly
chosen) subset of nodes in X with size |X'| = p/. Create the new bipartite graph G(Y', X'; E')
where edge set E' C E is the subset of edges in E incident to Y’ and X'. Denote the degree of each
node i € Y' within this new bipartite graph by d;. Let dwyin := miney d; and d, ;= min;cy d,.

Then, if dmin > 7‘1% for a mon-negative integer r, we have

dmin

Pr{djy > 7+ 1] 21— ¢ exp<—2(p’/p)2 (nin — /1 /)7’)2>.

Proof: For any i € Y/, we have

Pr(d, <r] = JZZ:O <];> (2,.__]?)/ <§>

9Note that Y’ need not to be uniformly chosen and the result is valid for any subset of nodes Y’ C Y.
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where the inner term of summation is a hypergeometric distribution with parameters p (popu-
lation size), p’ (number of success states in the population), d; (number of draws) and j is the
hypergeometric random variable denoting number of successes. The following tail bound for the

hypergeometric distribution is provided [56, 146]
Prld, < 1] < exp(~262dy),

for t; > 0 given by r = (% — ti)di. Note that assumption dyi, > Z%r in the lemma is equivalent to

having ¢; > 0,7 € Y. Considering the minimum degree, for any i € Y’, we have
Pr[d, < 7] < exp(—2t3dpmin),

for t > 0 given by r = (% — t) dmin. Substituting ¢ from this equation gives the following bound

Pild, < 1] < exp 20/ L= 1/ pW). (B.17)

dmin

Finally, applying the union bound, we can prove the result as follows

PI'[ ;nin >r+ 1] ZPr[ﬂglzl{d; >r+ 1}]

/

q

>1— ZPr[dé <]

i=1
d /1o (i — (0/P')1)
>1 - exp| —2(p'/ )2
ZZ:; p( pp dmin >
o N2
=1-¢ exp<—2(P,/P)2(dmm d(p/p) ) >=

where the union bound is applied in the first inequality and the second inequality is concluded from

(B.17). 0

A lower bound on the Kruskal rank of matrix A based on a sufficient relaxed expansion property

on A is provided in the following lemma which might have independent interest.
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Lemma 9. If A is generic and the bipartite graph G(Y,X; A) satisfies the relazed!'® expansion

property |N(S)| > |S| for any subset S CY with |S| < r, then krank(A) > r, almost surely.

Before proposing the proof, we state the marriage or Hall’s theorem which gives an equivalent

condition for having a perfect matching in a bipartite graph.

Theorem E.2 (Hall’s theorem, [83]). A bipartite graph G(Y, X; E) has Y -saturating matching if
and only if for every subset S C Y, the size of the neighbors of S is at least as large as S, i.e.,

IN(S)| = |S]-

Proof of Lemma 9: Denote the submatrix Ay(g) s by Zs, ie., Ag = Apn(s),s- Exploiting
marriage or Hall’s theorem, it is concluded that the bipartite graph G(S, N(S); /Ts) has a perfect
matching Mg for any subset S C Y such that |S| < r. Denote by A Mg the corresponding matrix to
this perfect matching edge set Mg, i.e., A M keeps the non-zero entries of Avs on edge set Mg and
everywhere else, it is zero. Note that the support of A Mg is within the support of Avs. According
to the definition of perfect matching, the matrix EMS is full column rank. From Lemma 6, it is
concluded that Ag is also full column rank almost surely. This is true for any Ag with S C Y and

|S| < r, which directly results that krank(A) > r, almost surely. O

Finally, Theorem 5.2 is proved by exploiting the random results on the existence of perfect n-gram

matching and Kruskal rank, provided in Theorems 5.3 and 5.4.

Proof of Theorem 5.2: We claim that if random conditions 4 and 5 are satisfied, then deter-
ministic conditions 2 and 3 hold whp. Then Theorem 5.1 can be applied and the proof is done.

From size and degree conditions, Theorem 5.3 can be applied, which implies that the perfect n-gram
matching condition 2 is satisfied with probability at least 1 —~yp~? for g’ = Blog % —(n—1)>0.
The conditions required for Theorem 5.4 also hold and by applying this theorem we have the bound
krank(A) > c¢p, with probability at leastl—’ygp_ﬁl. Combining this inequality with the upper bound

on degree d in condition 5, we conclude that krank condition 3 is also satisfied whp. Hence, all the

0T here is 10 dmax term in contrast to the expansion property proposed in condition 7.
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conditions required for Theorem 5.1 are satisfied with probability at least 1 — ’yp_ﬁl, where

n—1,2

2
_ _n-1(_C € B’+1) c €
TEntr=e <nn—1 T ) T =gy

and this completes the proof. O

Finally, Corollary 5.2 can be also proved by showing that the size and degree conditions satisfy the

full column rank condition required in Corollary 5.1. This is proved in Lemma 7.

E.3 Relationship to CP Decomposition Uniqueness Results

In this section, we provide a more detailed comparison with some uniqueness results of overcomplete
CP decomposition. Here, the following CP decomposition for the third order tensor T € RP*$*9 ig

considered,
T
T = Zaiobioci, (E18)
i=1

where A = [a1]...]a,] € RP*", B = [by]...|b,] € R®*" and C = [¢q]... |¢;] € RT*".
The most important and general uniqueness result of CP, called Kruskal’s condition, is provided in

[112], where it is guaranteed that the above CP decomposition is unique if
krank(A) + krank(B) + krank(C) > 2r + 2.

Since then, several works have analyzed the uniqueness of CP decomposition. One set of works
assume that one of the components, say C, is full column rank [116, 103]. It is shown in [116], for
generic (fully dense) components A, B and C, if r < g and r(r — 1) < p(p — 1)s(s — 1)/2, then the
CP decomposition in (E.18) is generically unique.

Now, we demonstrate how this CP uniqueness result can be adapted to our setting. First, consider
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the matrix M € RP$*? which is obtained by stacking the entries of T" as
Mi-1ys1jk = Tijk-
Then, we have
M= (A®B)C'. (E.19)

On the other hand, for the 2-persistent topic model with 4 words (n = 2, m = 2), the moment can

be written as
MP (z) = (Ao AE[hLT](A® A)T,

for A € RP*4. The following matrix has the same column span of M, f) (x),

M = (Ao A)C'T,

for some full rank matrix C’ € R?%%. Our random identifiability result in Theorem 5.2 provides the
uniqueness of A and C’, given M’, under the size condition ¢ < (cg)2 and the additional degree
condition 5. Note that as discussed in the previous section, this identifiability argument is the same
as the unique decomposition of the corresponding tensor.

Thus, in equation (E.19), by setting A = B and a full rank square matrix C, we obtain the 2-
persistent topic model, under consideration in this work. Thus, the identifiability results of [116]
are applicable to our setting, if we assume generic (i.e. fully dense) matrix A. However, we
incorporate a sparse matrix A, and therefore, require different techniques to provide identifiability
results. We note that the size bound specified in [116] is comparable to the size bound derived
in this work (for random structured matrices), but we have additional degree considerations for
identifiability. Analyzing the regime where the uniqueness conditions of [116] are satisfied under

sparsity constraints is an interesting question for future investigation.
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