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R. J. Ascuitto
Wright Nuclear Structure Laboratory
Yale University = -
New Haven, Connecticut 06520
Norman K. Glendenning
Lawrence Berkeley Laboratory
University of California -

Berkeley, California 94720

September 1971 -

Abstract

’

,-The theory of particle transfef Between heavy”ions when
Coulomb excitaﬁiok of the ions.can take place has been formulated
quahtum mechanically.‘ It‘is pointed out that the large ¢ and
r spa&és reguired.for a quantﬁm mechanical t?eatment of Coulomb
excifafion alone are not‘required fof transfer reactions éven'when

'jthe former process plays an importanﬁ role. This makes the

" quantum description of the transfer proceés délculationallyVpossible; '
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’ : : ‘ »I 1. Introduction

In the coilision, at energies near the Coulomb barrier, between an ion
such as oxygen, and a deformed r.xucleué. such as Sémarium, the pfobability that
the déformed nucieus ié left in an excited state is vefy high. Indeed it is
near unit probabilitj‘that the nucleus is in the 2+ statel). In the treatment  
of particle transfer betweeﬁ the colliding ions, it is therefore essential that
inelastic processes be iﬁcluded in the description. - Now there is no difficulty
in formuiating the quéntué ﬁechanical aescription of Coulomb excitation. Indeed
the Coulomb and nuclear forces were treated on an equal basis in a very .accurate
description of 50 MeV alpha scattering on rare earth nuclei which yielded the
first information on.higher multipoles in the nuclear shapee), Theré'howevgp the :
Coulomb field was:much weaker than the nuclear. -In thé typical Coulomb exci-
tation experiment, the reverse is true, and then while the theory is the same
as befére,‘the nugerical problems become critical. The Coqlomb;field being
the strong one;vana the quadrupole Coulomb rield falling off with distance so
slowly as l/r3, the differential equations dgscribing the COllisibn haNé to

be integrated to great distance, R, (hundreds of Fermi's) and corresponding

iarge angular momenta (m = kR i.e. hundreds). For this reason Coulomb exci-

" tation can and has been treated semi-classically, so long'as the enefgy is suffi-

cientiy lqw that nuclear intefaction does not take place; and the enormous expér~_
imental litefature on Coulomb eicitation has been based on.such a treatmentl).

With the burgebﬁing interest in héévy ion reactions, a semi—claésical'
theory of>par§icle transfer has been devéloped in énalogy to the'Coulomb

excitation théoryB). One might think at first, if Coulomb excitatioh is
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important in these transfer reections, thet the same'difficulties as to 1erge
interactioh'regions:and high partial waves willvbe present here also. This is

in fact-not’the'case_apdlcan be upderstood as folloﬁs{ At Coulomb, or sub—Coulomb
~energies, the ions aie prevented from'interpenetratiﬁg by the Coﬁlomb_barrier.
(Qﬁahtum méchanioally'we knoﬁ'that there>is‘a-small‘but'finitevprobability for
thiszv In sueh caSes‘massive'rearrangement will result aqd the ﬁerticles'are

~lost to the particolarfsimplevtransfef of one or several nucleons that we
 envision.) -Parﬁicles.can-be'exchenged‘between thevions in slightly more distant )
:collisions however because of the-finite‘probabilif&‘of their being found beyond
the nﬁcleaf surface; whefe their wave functioes are described by exponentially
decaying tails.:-However'because of the exponential decay ofrihe'tails, the
probability of transfer falls off'rabidly with distance. So there is some

region bounded on’ the lower side by the sum of the rad11 R1 + R of the two

icns and some larger but not so much larger radlus R where the product of the

3
two exponentlal tails, the particle bound in ope nucleusi and then transferred
to the other, prOduces.negligibleiprobability that the’transfer tekes.plaCe;
This outer redius for particle transfer is certainly ohly‘several fermi's
‘_larger than Rl + R2. On the other hand, because of the slowly decreas1sg

Coulomb fleld Coulomb exc1tat10n between states in the target nucleus as

mentioned earlier can take place even at several hundred fe;mirbeyond Rl +:R2a

However any such collision with impact parameter R which is much larger than
Ri + R2.cannot'contribute to the transfer of particles between the ions. There-
3fofe only‘such'pertiallwaves are relevant for the transfer of particles which

11e within £ < R /k. (The radial wave'function oorresbonding to anguler.momentum

2 increases from zero and has its first maximum near R = £/k where k is the wave .

v

p %j

b
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.number of relative motion.) Higher partial Wéveé, while they mey excite the

target will not give rise to particle transfer!
The above argument establishes that particle transfer reactions between
_ _ - | | .

heavy ions, even when Coulomb excitation of an excited state has a high proba-

Bility, is governed by a much more modést’number of partial waves tﬁan the

|
i

Coulomb cross section, namely those co%responding to the nuclear fegion, 2 <§R3/k.
However, codsi@éring the final partitibn of the system after particle transfer

has taken place, Coulomb excitatidn'of!the final nucleus among the above

"limited number of partial waves is still possible and implies, because of the

slow fall off of theﬂCoulomb_field, that the e@uatidns describing the
reactioh will have to be integrated to distances considerabl& in access of the
nuclear region, though much smaller thén the dist?nce‘required_to describe
Couiomb éxcitation alone. |

For the above reason it is feasib1e to do a-fully quantum mechanical
treatment of particle transfer reactions bétﬁeen hesvy idné at Coulomb
energiés when Cpulomb excitation is present. |

Iﬁ this.paper we formulate the solution to the above problem using the
source term methodh). Thefzero—range approximation, which is a plausible appréxi—
mation for transfer from light nuclei, is untenable vfor‘transfer from ions of
a . few mass units or more, and so the finite-range of the étripping intefaction
5,6)}- However.the means by which this is done limits its

validity up to energies which are not much gireater than the Coulomb barrier _

‘where the transfer of partiéles occur from the exponential tail regions of

their wave functions.
In the following; when we speak of the tranéfer of a particle, it nay

be a nucleon or several particles such as an alpha-like group.
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2. Formulation of the Coupled Equations

We use the following suggestive notation to’denote the particles of

(

the reaction B _ . ) .

Dp+a > P+B - | .. _ R
’_D'”=-P’,+N Y B=a+N , : S (1)v

in which for the usual (d,p) reaction D would stand for the deuteron, P for
pfoton,_ahd N.fcr neutron. Here we mean to use thié notation»only'to héip the“
reader'£§ keep“in’mind which are the'"fundamental"Iparticlés.df the reaction.
".'[“n‘usb both ‘P‘ and N may be compléx particles.  If they are, then the c‘oéfdinate.s :
ﬁéed'béloﬁ refer to their centers ofimass. Their intérnai‘struCturé does not
enﬁer intovthe-basic equatidﬁs descfibed below save as consﬁants in Qell isb—
lated plaées ﬁhich wé_point\out when‘they arise. Their Values can be computed
~ from the detailed structure of the nuclei ipﬁolved and as such does not fall
within théfspeqifiq province of this paper. |

The coordinate system is shown in fié. 1 whichvéhows the most massive
“eleﬁentary" pafticle as A, (in our eiaﬁple in the introduction, samarium) the
transferred object N vhich with A*conétitﬁtes the other massive ion B, and P
the 6utéoing iight ion, (some deri%ati&e éf oxygen. in ouf earlier‘example after

N has been removed) .

gy
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In the source term methodh), the problem breaks up into two parts, one
corresponding to the initial partition D + A, and one corresponding to the final
partition P + B.

In the initial partition we introduce the chénnel functions
b = (22, 01 R : (2)
dnI %!Jd A I‘ | _ : o _ .
where QA ~is the nuclear wave function for A and 5% is a spin-orbit function

for the projJectile comnstructed from its internal wave function @D, and the

spheriéal harmonic describing the relative angular momentum between D and A

}zjd‘='[ygd(Rd) @D]jd . | | - (3)

Finally d stands for the collection of quantum numbers

- f,d,‘,jd, D: A

o
It

"Alsc I is the total angular momentum and T the parity

£ : N
_ d S - .
m= (=) "A_HD

The solution to the scattering of D by A is governedvby the Hamiltonian

H=H +H

atHp TV, - S w

vwheré the notation is_ob#ious, T being the relative kinetic energy. One seeks

a solution to the Schroedinger equation by expanding its solution as
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wl\d/'lnI = Ra Z (R Q@ ¢d1rI . o 2 (5

. \

) { ‘ B ( .
and substituting into (H-E)¥ = 0 one obtains in the usual way a set of coupled

equations for each.channel d:

[.Tc_i . ﬂI(R ) + Z T ;gf(gd) =0 N o ‘
Cwith
' E, = E"‘Eﬁ ;>EA»- | . ._ | ', )

v V(R:);»=<¢dﬂ|v(A D)lcbd.TTI N - @

dad''d

! )

‘Further details en definitions\and boﬁndéry conditions éan be found in ref. h_
In an analogous way, for the final partition, P + B we introduce the

channel functions

1”7 [?/Jp 50 . - BT
sy, (R) el o |
%Jp -Qp'-, p° P ;p - . (10)
P

P= 25,3p,B,P .

An analogous'system'Of equations to (6) would result, save according to the
rationale givén‘in ref. h, thefe»Should appear a.source tgrm’corresponding
‘to'theaproducﬁion of_fhe'particles3P by meéns-of the“transfer cf NfOnto_the_

various,states;of A that are excited as a result of the collision Qf.D?énd-A.
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The‘equation'therefore reads

. ] R ) r‘ , |
[T, - B Jw (R) +Z.Vpp'(RP) i (R)) = %pd,pmp) ., ()
R : .pv - . o

where pd p corresponds to thé source of P at Rp due to the transfer in the
‘ , . , _

~channel D of N onto A formihg'the channel p. Also Vpp’ on the channel matrix

elements of V(P,B):. Since we are assuming that the experiments are carried out

af such ‘an energy that there is little ihterpénetratién éf the particles, the

interéctions*V(P,B) and V(D,A) are Coulombic. They could be expressed directly

in terms of meésured moments, or a;tefnétely in terms of the nuclear shapee);
These équations ére to be solved with boundary anditions as given in

Ref. L, This yields the S-matrix elements from which the amplitude for the

reaction can ve constructed in analogy with that reference.
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3. Evaiuatiqn of the Source Term

As discussed in our earlier work the strucfure of the source term ish)

o uﬂI(R\), . \
‘ p I(r ) = R <: Ivtr e, L& . S (12)
dp''p pnI PN''TdnI R, ? o

‘where ‘all coordinates are integfated, save Rp. With this source, and the

neglect of inelastic[excitation, (i.e. off-diagonal elements of V(D A) and

v(P, B)) the above equatlons lead to the usual DWBA theory for partlcle transfers)Q

—

Now if we. restrlct ourselves to situations where only a few nucleqns

of D are transferred, i.e.
L H<<D o, o o | - (13)
then we may make the approximation

R, *R_ ., | b':A - | ” (14)

.80 that the qourcé term now appears as

dp“‘p’* bt Vgl gy .09

The task now\is.to evaluate fhe matrix element appeari#g_in this

equation. To begin, we introduce the parentage expansions

(ié)f

R ffJEE:. iB(P"Jl)~[?P’wzljl(rpn)]n —_— C ARl
Rt AR RN
b Ty BN (o ()l - o an

g . ' . ! - . - . ~
LA -l | f | |
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Here Jl,.which @ay have several values, COrrespondg to the angular momentum |
carried by the center-of-mass of N with respect to P, and 32, the angular
‘ momentum'of N'wiﬁh respect to A. 'In'brief N ié transferred f;om.orbit Jl in D
. to orbit 32 in B. The particular values that the parenﬁagg amplitudés take is
.of course a gquestion of the detailed structure of the nucléi inﬁolved; | |

. Writing now the full meaning of the matrix element in (15)

<¢plv(rPN>l¢d>= Z Z B(P,J,) -‘B(A,Jz) <{[Y"p(§p)".¢P-]«ip ,

24y 205

vir..)

(o, v, . (x, )13 | W) | L0y, (),
A TR, AN B PN 2, p

(0 ¥y 5 Gan)pl; > %) ;r> e o (8)

'Note that on accdﬁnt of the orthOgonality of the nuclear functions
-8 . - o Vg ' .
‘(Q‘P’QP") (SPP' and ((DA’(DA') _GAA, sums on P' and A do not oceur
To proceed further, we introduce explicitly the assumption that the re
action'occurs at an energy near Or below the Coulomb barrier, so that the transfer
of particles involves only the exponential tails of their wave functions. We

may write therefore

. , . | |
wlljl(rPN) = N.i ! hél (1K, rPN)%%' (outside) o (19)
gy () = B, i h(ﬂl)(lxz rAN)Z/* © (outside) (20)

pdp P
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(1)

" where h is'a spherieal Hankel fhnction and
ey, o) e, - ()
%31- "%1 PN’ N, o | | o
U LR e 9
3 9‘32 = [Y22<rAN)'¢N]j‘ . . | | N (gg)

2

Note that an additional éssUmptien has been nade at this_point namely
Ithat the same internal functlon describing the transferred partlcle appears in
(21) and (22) If N were a‘nucleon there would be no , other eh01ce. If N is’
comp051te the function which descrites its.internai motion may be different in
ﬁ;tnan'in A. Hewever in the natrix-element (185 the intrinsic spin of this
partlcle'"annot change " So 2t ‘most an overlan appears, say Q . which depends
as do the B's in (16) and (17) on the detailed structure of D and A.

Having made the assumption leading‘to (19) and (20) the addition theerem’gf

Buttle and Goldfarb ) can now be used to ellmlnate rAN in favor of Ton and Rp.

The integration on r and Rp can then be done leav1ng the matrix element as a

~PN
function of RP alone, as anticipated.
The addition theorem appears, in terms of the vectors shown in fig. 1

as

. A g4h-r (AR ‘2
22(1K ax Yﬁérm) =T ) iz (@—) 000
- \ AX 2 4
K
(<2 <1)(1K R) 3y (1K2 PN) [Y R®) ¥, (= PN)]m Lo (23)
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We abbreviate

6 o = i2.2+A-)\ AL /2 CA)\22 _ | ' . (o)
AAL ~ .. 000 '
2 . L : ‘
N ( 2
k4
" Then
' ' ' - 22 *
= - N PSRN I
Co_IV(xpy) 16,0 Z Z B(P.3)) B(A,) M, & }A; (W
| lljl 2232 . . A
<{[Y-'(§—)®] [(D [(Y(ﬁ)y(§ ))v@] ]}I
L i A? A A CTPN')e N i
p P Py . P Y1, Mo )
i fy, G (ol 1y, Gy ), 0, I h("7lx R) L (25)
L el Mopr e oM Yy, 'l g, A ’
d 1 - 1 d ‘ _
where
[-9) i )
I = f *iK, ) V(r - n{l )(11( r_ ) re dr - - (26)
AL 2 "PN L 1 "PN° PN PN '
-1 % 1
The angle integral; which appears very complicated, can be done most easily by
dding various recouplings. We now drop expliéit reference to the angie coordinates,
of which there are only Rp and ;fN since their association'with an angular
momentum symbol in what follows can be 1dent1f1ed through (26) We write the
¢ v
bracket in- (26) as.
L'\:
ﬂ_(v»

B E<(.Qprjp' , (A, [(M)Ry; N15,)B; I[{Qd’ e, (llN)_jllD} Jgo A5 T) ,,.(27,,)-.-._ |
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The Bra we trénsforﬁ as-

P, (8s (M, wj,)B; I-|

EzixAx Ip M %0) APV, (s [A’(AN)JIJé)B; 1]

R . J . v y
o C A+3,B o o
=)y, Z(-) Ulaydp T A 37B) CLOLRYIL, [A,(Mglagh 57, 45
o i L P 3.
| : Atj,-B P P Aaa A1/3
Ji! . &l ox
LLems, ol < o x| . (@)

~

In the above the U functions are related to the 6-jvcdefficients as defined in

Edmonds7), At this point by means of the three transformations the bra has been

arranged to have the same ordering in most of its dependences as the ket of (27) so

that we arrive immediately at
| R | A+ ,-B
B = UIAL 3 £50)) U(3,3, T A3 §gB) (=)

L
&

L. P 3

. . . | A A A ~ 1/2 o . g
Af I ’324 .‘.(%d D:jpijz) .‘Gxgif(lpA)gdlldl? e -:(‘9)"

‘a D Jq

[N

A S
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The evaluation of the last bracket is easily accomplished through the addition

theorem of the two spherical harmonies on the left, since the argument of all

>
. 2 (E K)1/2 A |
Ca gl = () ° () o000/ - o

The final result for the source te;m is

three, & A and 2. is R. .
P S0d

T, _ _ p = - A
pa() =@y 5§ mm, BE.g) Blauy) ) & 1t
113y %pdp ' A

[} L A &
(’L*’“*A‘LJB(’LZ) e 0 0 6 0 0

L P
p P dp

A SRR TR 2231) (2 55 5,02

d D 2
Rd D Jg

U3 3, 1A 3.8 I, ok, ) u™(R) . (31)
p 2 | 21 A 72 7p" Td p
The oVerlap'QN between the internal motion of the cluster which is transferred
appears as a multiplicative factor which'merely:effeéts the overall magnitudé

of the cross sections bﬁt not their relative values between transitions}
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h; SUmmary,and Discussionnof_the.Approkimatiohs '

a) The.transfer process is weak: This assumption is implicit in the fact
that we write a source term only in the equatiOns descrihing the final'partition
(11) and not in (6), and corresponds to treatlng the reaction in first order,
although the Coulomb excitation is treated to all orders. Thls ‘assumption can
'be'relaied by intrbducing the inverse source term into'eq. (6) so that the
, transferred particle N can go back and forth between the two ions.

b) It 1s assumed that the mass of the transferred particle N is small
compared to the masses of the other ions. It,would be numerically very awkward

to evaluate the ‘source term without thls assumption which allows us to use (lh).

c) It is assumed if several nucleons are transferred,rthat'their'relative

state of“motion amengst themselves does ndt”change; ndr_dees the intrinsic spin
of the’trahsferred object change. This assumption-is'implieit in the absence

of any reference to the interhal motion of N in the parentage expansiohs (16) and
(17) where only reference is made to the angular“hohenta they ‘possess in their
host nuclei. The assumption manifests itself again in (21) and (22) and in the
final result for the source term (31) where a simple overlap'QNvappears (which
wquld be unity for nucleon transfer). &his assumption ceuld be relaxedlby
summing over various~QN corresponding to various intrinsic spin and internal
mqtions of the transferred particle. There would‘remain the implicit
asSumptibn that these states of N are not disturbed in the course of the-
transfer. |

a) _Thehreaction takes place near or below the Coulombrbarrier:‘ This

assuﬁption appears in the replacemeht of the wave funetions by their Hankel:
vfunctibn tails (19) and (20) and further implies that no charge is transferred.

However it is probably not a serious approximation to use these same functions

for a small charge transfer.
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