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-ABSTRACT -

" The multlple 'scatterlng diatributlone of 164-MeV '016 ions from Au,

' - Ni, and Al foils end of 400-MeV A4° ions £rom Al and Zapon Iolls have

been measured. These measurements are oi intereet because they lnvolve

_blarge values (2.9 to 30.8) of the Born parameter a (which = Z 22/137p)

The 1/e widths found in this experiment are in complete agreement wlthI
L

those calculated from Molibre s Theory and verify its accuracy to within ' =

2% for large values of a. However, the accuracy is not sufficient to verify =

_“the detailed shape of the calculated distributions. The reeulte of earlier

experiments involving values of a > 1 have also been cornpared with

“.. Moli¥dre's theory. These results. ‘ with a few exceptiona. agree to withirl

5 or 10% with calculatxone based on the theory, and are scattered about the

| theoretlcal values in such a way that no systematic differences can be lnferred.

Molle're 8 theory agrees well with experiment for large values of a becauee

it relxes ona classical calculation of scattering to account for deviatione
' ~from the Born approximation. The theory of Nigam, Sundareean. and Wu,

, - ‘which uses a second Born approximation. overestimates the widths oi the

[
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D INTRODUCTION. oo T
PO <ﬁ '

The problem of calculating a multiple-scattering ilistribution involves . |

two atepa' £irat one must be able to calculate the single scattering distri-

e L. than one.’ In regions where a is much greater than one, there are large L

| reaults of references 14-19 with Molihre s theo:y and have found no

has been subject to much controversy.

) been done with electrons or positrons.’

}L mesons in nuclear emulsion.

I (up to 22, 7). but these give contradictory reaults. We have compared the

_7‘ ‘bution; second, one must then be able to calculate how éhie single scattering -
?'affecta the propagation of a beam of particles through matter. The second
-"(“7'".?; problem has apparently been 3atisiactorxly solved by the ’Wentzel-Moliére
methxo_d.1 The first step--which containe all the phyﬂic“ of the problem-- S

»

In regiona where the Born ap-’

proximatlon is strictly applicable. there ié general agreement a8 to what

e : the single ncattering diatribution should be. The Born approximation is

applicable when the "Born parameter, " o (which = 2 -22/137[3) is much lese;

SR .differences between the predictions of: the Molidre t:heory1 o4 and those of
vthe later theory of Nigam, Sundaresan, and Wu (NSW). The experimental

" results previously available are not adequate to decide clearly between

theae two theories, Furthermore, no one had surveyed these results with
the purpose of examining the validity of these theoriea for large values of a.
Most of the experimental determinations of multiple scattering have

5< '13 Since an electron of appreciable

PO range ie relativiatic. the value of a involved i is ZZ/ 137, ‘and thus never ex-
.. ceeds about 0.6, =This value of a is not large enough to make a clear dis- -
o tinction between the two theories. Several measuremente have been made s

with a = 1.1 to 2.5 of the multiple scattermg of protorxs. T mesons, and S ’

1417 18,19

Two early experiments on the

o scattering of alpha particles from metal foils involve large valnes of o

&
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. systematic discrepancies. These measurements do not, however, de-
cisively favor Molikre's theory over the NSW theory. Ixi the experiment

16 40

and A“Y fons

presented here we measure the mu.ltiple scattering oi O
in thin foils, with values of a from 2.9 to 30.8. The experime_ntal 1/e
widths are in excellent agreement with Molidre's theory and verify its
accuracy to within 2% for large values of a, The NSW theory. on the other
. hand, overestimates the width of the distributions by as much as 60%.
Moliere 8 theory is inapplicable if the nucleus cannot be coneidered
a point ¢charge without nuclear forces. If this condition is not met one
must use a nuclear form factor to describe the distribution of ‘charge in the
nucleus, and in addition, for strengly interacting particles, one must con-
sider the effects of the nuclear force (reference 15, page 285). For' ‘I
strongly interacting particles, if the mean free path for nuclear collisions’
is much greater than the thickness of the ecattering foil, then the nucleue '
can be considered a point cherge; In this experiment it can a.liwaye be 80 .
| considered; for inatance. for 164-MeV O16 ions penetratiné a .1.8'4‘-mg/ em®

Ni foil, the probability of a nuclear collision is ® 6X 1075,

|

EXPERIMENT .
{. .
The experimental arrangement is shown schematically in Fig. 1. .

We measure the distribution of X coordmates of the particle tracks on

' the emulsion plate. If the effects of finite slit size and imperfeet collima-

. tion .can be neglected, then the distribution of" X' coordinatee is the prejected
| scettering distribution in the emall-angle approximation. It has been shown

by’ Barkas (reference 15, page 248) that the projected and space distributiona
are equivalent in the sense that one may be derived from the other provided

| only that the scattering has cylindrical symmetry. T_hie is true even when_

~ the small angle approximation is not assumed.
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. : ! _ c \ l I
The beam from the Berkeley heavy-ion accelerator wasg collimated -

g sy the two slits labeled No. 1 and No. 2 in Fig. 1. The pcmermg foil - f

R was placed immediately ,behind slit No. 2, The entire bqam is recorded -

. by a 4X4-in, nuclear emulsion plate with its surface perpendicular to the.

Y beam, as shown in Fig. . Slit No. 2:was aoout 0.5 mm wide. We found

" that if too narrow colhmation was attempted. the fraction of particles
: \

e acattering from the edges of the slit was undesirably l.a?ge. The dietance

of the emulsion plate from the scattering foil was ad;uqted to gwe a distribue-

L .. tion of convenient size at the emulsions. Distances varying from 90 to 336

B dnced the beam to a known dietrnbution of charge sta.tes. The strxpped O

. cm were used. . A stripper foil, located at the exit of the accelerator. re- | |
16

" beam is 98% fully charged. with 2% charge-? ions, and a neghgible nnmber

" with lower charges. ’I‘he stripped argon beam congists ofl 52% charge-t8‘ N |

1 fons, 39% charge-'t? ions. and 9% charge-16 ions.

20 D

The energy of the beam was measured by obaerving track ranges in

B . - 1X3«in, glass-backed emulsions placed so that the beam entered the

" emulsion with a dip angle of 10 ‘deg. No foreign or energy~degraded ions
: {

o were found in the 01.6 ion beam. The A4° beam. however, was found to

- contain a large amount of contamination, Thie required that the ecattermg

"_T':.distributione for tiae A

40 beam be measured with emulsions placed at a : L

"' small angle to the beam 80 that background tracks could be eliminated by .- :

L * could not be applied effect'tvely_' if the beam entered the emulsion platev.\:;_.v"f."': “

'r_ange and track-width comparisons, (These discriminatory procedures f._:jjf;-' L

. normally. )

We measured dietributione obtained with no scattering fotl 80 that

we could evaluate the effects of imperfect collimation and slit scattering.

: in all cases these weTre: found to be negligtble. A list of the foils and beam .

) ions used, together with parameters of interest, whtch are defined in the

T results eection. appearn in 'I‘a.ble 1.

R %,
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. EMULSION SCANNING '
The rerti‘cal tracks were counted visually under 1%00)( magnification,
-'The projected eeattering' distribution was measured by e:e;mting the number .
of tracks in narrow strips, 10 to 100p wide, extending beyond the limits of _
the distribution in the slit direction. The width and spacing of the scanned
areas were adjusted to achieve the desired smtistica. v
| A somewhat different procedure was used in scan?xing the argon plates.
In these eaeea. the emulszon plate, Inclined at 10 deg with respeet to the
beam, did not record the entire distribution of tracks.’ Therefore, a pro- |
file of the beam perpendicular to the slit was taken. This gives the projected
- distribution correctly, proirided that the distance of the particle tracks from
the slit image remains amall compa.red with the slit height, For this reieon
| the argon dietributions were not extended to Large anglee. l

' RESULTS AND DISCUSSION

Figures 2 through 6 show the experimenta.l projected scattering dis-
tributions. These distributions ere normalized‘eo‘tixat j: £(0) do = 2.
The errors shown are due entirely to counting statisrics; no, other appre-"
ciable errors are believed to be present. The eolid curves are ca.lculated
according to Molidrt's:theory of multiple scattermg. [Diacuesious of
; Molidre's theory have been given by H. Bethe. Phya. Rev. 89, 1256 (1953).
and by Ww. T. Scott, reference 4'] It should be pointed out that this theory
contains no free pa.rameters. Table I summarizes the results of this. exe
periment and compares them'with two multxple-scattering theories. that of
Molidre, and that of Nigam, Sundaresan, and'Wu. 2 These are discussed in

-

" a later section,
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The full width at.1/e times the peak value of the djstribution is used
for comparing the experimental values with theory., We'determined the best
experimentai values of the 1/ e widths by least-aquares fit;ting a Gaussian to
the central peak of the experimental distribution. Experimental points'were
included in this fit if they had values of £(0) greater tha.n 10% of the maximum
value. ' This avoided including the non-Gaussian tail of the distribution in the

anaiyeis. The errors given in the widths are external errors, derived from

the errors in the coefficients of the least-squares fit, ! R

COMPARISON WITH THEORY

In order to calculate mult{'ple scattering distributions, one ;xeeds to
know cross sections for very amali angles, where the effects of electronie
screening are important. Because a multiple scat‘teﬂng distribution is the
result of a large number of aingle collisions, it does not reflect the detailed
shape of the alngle-scattering distribution involved. For this reason, it is
.poasible to describe the effects of electronic acreening--ao far as multiple

scattering is concerned--by a single parameter X called the screening

1,4.

angle. This waslshown explicitly by Moliere. . The parameter Xa ' is

easily calculated in the Born approximation for simple potentials approxirxi

mating a Fermi-Thpmae atom. Nigam, Sundaresan, and Wu used the Dalitz
: . . Bt
formula (2) to calc¢ulate x up to the aecond Bot¥n approximation. They

| obtain the result,

2 ‘ . .
...f_.z..a 1+4ayx,[(1- pz) Iny, +0.2310 + 1,448 pzl .. (1)

X,

where x;; 2 -:_f--, and r, is the Fermi-Thomas radius, r,=0.889 a, i"1/3.
J o ' ’ '

. * ‘o
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Since the small-angle approxtmationa x;equires thata X, <<'{, X, never |
- differs very much from Xg. according to the NSwW calcq}o:tion.

Motiare's approach is to catculate Xa in the limi;jiof small.a (Born
approximation) and in the limit of 1ai'ge a (c}asaicel approximatton). and to

interpolate quadratically for intermediate values. 22 He obtains | '.

x Z/x 2 =1.13 + 3.76 a2, (2)
~Thus, accoreing to Molidre's reeult:' xo differs grea.tl)[' tfom' X 0 for
large values of a. It is noted that Moliére's single-ece'ttering £orri';ula

[Eq. (8.4) of reference 4] does not enter ioto the determination of Eq. (2)«=
except insofar as it may verify the interpolation echeme used to obtaie (2).
Nigam, Sundaresan, and Wu are thus incorrect in tr.ying to trace the dis:' '
crepancy between (1) and (2) to errors in Molidre's single-scattering fori"fmula.
furti:er'more. tﬁese authors apparently failed to observe that the so-cauec}
"correction term" in Eq. (2) (ttxe second 'term) actually 're?resents a

_correct classical celeulatiox; for Xa ' and that it is .not correct to make

" assumptions about its validity for a >>1 on the basisrof a disagreement
between this! and their Born-approximanon result, It should be pointed

" out that the NSwW calculationa differ from Moliere 8 in waye additional

" to the diecrepancies between the Xa 's. . ' The NSW theory contains new

terms arising from relativistic effects and from spin-dependent terms. '

" These are, however, all too ‘small in our work to affect the results. Fortherf

more. NSW use a free parameter L in the form of the scattering potential,

+

. V(z) = (Zgée 2/x) exp(-ur/ 7o) _ - (3)
NSW mtroduce p. to account for the fact that the form of (3) does not exactly
- " fit the Fermi-Thomas distribution., The quantity X =px then repla.ces x o

" in the theory. Moliére, on the other hand. uses a more complicated expression

Al
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N . curves for the NSW theory were calculated as outlined by Scott, 3 and hi"»"

: - scattering through foils that involve large values of a known' to us are -
i 'those of Geiger
- Williams

RS ', - ‘UcaL~u‘u4

“than (3). and fits the parametere to the Fermi-Thomas Potential, thus |

.

: | introducing no free parameters. The parameter p haa been ¢:alculatteci3 ‘
: :'-: to be 1.12, but NSW found that in order to fit experimental distributions of .'
<. multiply scattered electrons, they needed to use a value~ of u=1.8. We

e _have. therefore. calculated the 1/e widths f°r =2 and 1. 8,

In Table I we cornpare the 1/ e widths calculated according to Moliere's' .

theory with those obtained in this experiment. The agreement is excellent." ,

B Values of the Born parameter e are also given in Table 1. It is seen that -

: {‘ the second (clasaical)iterm of Eq. (2) is dominant in all caees. and the
o validity of thia term is well demonstrated. . We aleo list in Table I the i/e

" widths according to the NSW theory. to show that the Born approximation

greatly overestimates the widthg of these distributions. 'l‘he.theoreticallll'}f

( v 'i"", ‘ tabulated values of the NSW "D“ functions were used. We inciuded ail ." | _4 ‘

‘terms of the expansion aeries for which the D functions were tabulated. :

The calculations for the Moli2re theory were perforx’ned as outlined by

Molihre. using his tabulated values of the "f" functions.

. .. v 5
D . . . e
. . Y

t

i COMPARISON WITH MOLII\QRE'S THEORY OF OTHER EXPERIMENTS

THAT INVOLVE LARGE VALUES OF a

‘As mentionedeariier. the only other measurements of multipie

* i

18 and of Mayer. 19 These experiments were discussed by

23 to show that a classical calculation of the multiple scattenng

o f‘_‘distributione was appropriate to these cases. Geiger measured the most
e probable value of the apatial scattering angle for alpha particles. and ;‘5 R
Mayer measured the average projected angle of scattering.' Both authora

. »_reduced their results to a foil thicknees equivalent in stopping to iem of air. o
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' We calculated the foil thicknesses using the range-energy tablea of

24

Blchsel. Tables II and Il show the comparison betweexz these experi-

mental results and calculations according to Moliére's theory. The reaults .
of Geiger are consistently higlxer than. the caloulations of Molidre's theory
by 5 to 10%. The results of Mayer are rather scattered ebout the theo-
retical values. , ‘ - | . ' . N _ -

| Four meesurementsif°1-7 of the m_ultiple scattering of protons a'nd-
7 and 4 mesons in nucleax; emulsion irivolve v'a.lues ofa 1; .Tlx_eae'caaes
do not involve well-defined values of @, but we may give'appro:;irnate values
by assigning to Z the value for silver, vlzhich cotnprlses about one half of the
emulsion by welgnt. These measurements are taken along the partlcle'a
trajectory, and thns do not involve a definite value for B. We take an average
value of (32 over the range interval measured to arrive at a value of a for tl:‘e
purpose of judging how badly the Born approxlmatlon criteria are-violated. )
Thus . . . .; . ', B . ,. | v ‘ . --..

a = 4 L. e |
137 sz>

It should be empha.alzed that the calculational procedure for obtaining the
‘theoretical results listed in Table IV are perfectly well defined even though
we cannot give a definite Va‘lue to a. Table v summa.rizes the results of
,,these emulsion measurements. The theoretical va.lues for references 14 and

12

17 were calculated by using the relation of Voyva.dic'and Pickup, *“ which is

' derived from the Williams' theory with the employment of Molidre's "y" factor,

25 Thia should make nc difference in

rather than for Moliére's theory itaelf.
these comparisous. aince Voyva.dic and Pickup state that the results of this
procedure agree to within 1% with results ca.lculated entirely by Moliére's’

theory. The agreement with theory is generally good. Two £acts should be

kept in mind in evaluating these results. First, the parameters measured
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"in an emulsion or cloud chamber expenment are not simply connected to the o

N multiple scattering distribution, and a great amount of interpxetation. tn-

: volving various approximations. must be made before the results can be

' compared with multiple scattering theory. Second, errors 6ther tha.n'

| statistical errors are generally present. and are not easily detected. These AR
' '1 8rroxs in general cause one to overestimate the scattering. - |
Finally. we summarize in Fig. 7 the results of this experiment and all

: other experiments known to us which involve values of a? 1, Ag_ainst awe

" plot the percent disagraement of the experimental resultq with those calcue .

v

" lated according to Molidre's theory: - ~‘_¢

" & (peveont) s Lloxpth oV (Molidre) ' 100, R
o . V (Moli¥re) , P | T
where V stands for the qua.ntity measured in thé experiment (1/e width. :

: "sca.ttertng consta.nt. " etc.)
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Table I. Summary of measurements done in this exp'erimeht and
comparison with the results of Molidre and of Nigam, !%(unda.reaan.

and Wu. (Angles are in degrees.)

. .

Projectile | 016 C)16 ‘ ‘016 A4° A40

- Target Al " Ni ‘ Au Al . Zapon
Z, Projectile 8 . 8 | 8" 18 T
z, Target . 13 28,19 1:;* L -
Mass, projectile 16,0 16.0 - 16,0 "39.94 g . .‘ | 39.94
Maas.taz'gqt' , - o ' _ C

nucleus 26.98 58.71 197.0 26.98 . -

Thickness . . ’ - -
(mg/cm?) _ 1.74 1.83 | 3.12 0.320 . 0,400
a - . 507 10,9 - 30.8 - 414 - 29*
X, Molidre - | 2.53%40°3  6.99X1073 2,79X10°2 3.53X1073 T
Xq+ NSW, p=1.12 z.sexa'o‘? 3.70X1074 5.20X1074 1,79)«0"4

Xq+ NSW, u=1.8 - 4.613«0'4 5,94X10°4 8.33X10°4 2.87X1074 .

wi'/e. petdz 0416 0579 1,335 0,142

W,/qr het.8' - 0,346 0.560 4498 043

‘W g+ Molidre 0.339 0.446 0,754 0,108 " 0,052

'wi/e’ exptl | '0.339*0.606 0.445+0.009 0.739+0.017 0,40940.005 .051£,004

Bais not_v;rell defined for a mixture of elements; we have assigned the
value for c'arbon to this case: This is for comparison only; the ‘calcula~

tional procedure does not involve this arbitrariness.

W
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Table II, Comparison of Geiger's results for the most probable -
. g

‘ scattering angle with the results of Molidre's theory. m' The alpha-
' , I :

N particle energy was 6,26.MeV. .
‘ o Scattering angle (deg)

Foil

Element thickness _ v

"7 (mg/em?) - - a . Observed " Molitre
. ~ - - ) - * ‘ *

Au 0386 .- 19,9 0 1 24 - . 4,96

Sm . 0,277, - 426, 4.5 U 1,43

Ag . 0.267 1.8 w5 “a40
‘Cu . . 0206 | .3 11 105

Al 0.146 3.3 0.6 0.67

| Rl
Table IlI. Comparison of Mayer's results for the average projected '

scattering angle with’the reaﬂts -of Molidre's theory. The alpha.

-

particle’energy was 4.84 MéV.

ottt e e i o e oot o e gy -y

Scattering angle (deg)

Foil
‘ thickne’szp C o o
Element  (mg/cm%) a Observed © ~  Molidre . .
Aw 038 v 227 472 - .. 2.40
Pt 0377 224 .. 185 23
Ag - - 0267 . . - 435 . 200 ..  1.69
cu ' 0206 83 . 436 - 425
AL 046 R % A X 0.80°

o |

~ X a .
e e e
%
3
F
-
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. Table 1V, | Compariaon of multiple scattering mea.eurerx':ente made in

u\
M

nuclear emulsion with Molidre's theory.

Ref, - Particle Energy <pz'>_ a . Moliére o, Experimental
. .  (MeV) S -

T .14 proton and ' (a)
D p Mesons |, 5-50 0.068  1.32 ‘Kc =25.6 26’.(1.‘ tO?

-

14 protoms | . 9-35  0.020 2.45 K_ =259 .2L5 0.5

45 -pMesons  0-4.5 0,040 172  K'P)=0.146.. 0.149\.*0.003“)
16  protons . 0-=55 6.06"’;’ 1.37 K = 0.417 0.105 0,005
17 . ¥ Mesons 3.4=7.2 0.076 1.24 K ‘=263 251 =0.42{%

17 Mesons 2.8-6.4 0.087 1,46 . K =263 . 258 . *o.4z(d)

o (a) For a defuution of the scattering factor K and K, eee reference 15.

'-pagee 294 - 296, ; | o L L s'

. .(b) : For a. definition of the scattering factor Ky see reference 15. page 326.

L The calculations of Ko from Moliére'a theory are taken from Fig. 24 of
reference 16, T}xe p-fneson results reported in refe;'ence_ 15 wer’e

obtained without a cutoff angle. The meeauremente in reference 16

- |
- were done with a cutoff angle of 4°. .

. (¢c) . This value differs from the one given in reference 15.» 'I'he ’original
- calculatione used R inetead of R in Eq. (8. 11.7) of reference 15. .
‘This correction was suggested by Dr. Barkas. |

| (d) We have averaged the values for plus and minus particlee. since

o

no difference could be detected between them. L ] -,' T

-
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that the difference between Xq for the\Born and claaeica.l cases is
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through which a particle scattere if it passes an atom with impa.ct

'~ parameter equal to the acreening radius. The scattering angle for a

pui'e Coulomb field in Born approximation is equal to /b, where b
is the impect parameter. In the classical case, the scattering angle
is Zizz/(b.-- 1/2 sz) - Thus the value of Xa ‘should differ in the Born

" and classical approximations by the factor (22 1Zz/'brzn\l'?'r bmvVv/ = 2a.

zr which is -approx-_

imately equal to Moliere'a expression for Xq
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7'*' . “ - ' FIGURE CAPTIONS ‘s
) K R ‘
i.' Schematic diagram of the experimental arrangemeat:. o ‘ ' ’_; h

“from a Ni foil 1.827 mg/ em? thick, The solid curve ia calculated

Multiple scattering distribution for i64-MeV O

- according to Moli%re 8 theory.

16

ions scattered from

‘an Au foil 3.12 mg/ em? thick. The solid curve ie calculated according ‘

toMoliére‘e theory. L

Multiple tcattering distribution for i64-MeV D

"to Molidre's theory.

) '», an Al foil 0.32 mg/cm thick,

to Molidre's theory.

Multiple scattering distribution of 41 8-MeV A

b

16 ione scattered frorn

5t
an Al foil 1.74 mg/ cm? thick. The solid curve\,iu calculated according

N N -
' .
* . “

. '
‘ .

Multiple scattering distribution for 418-MeV A 0 ions scattered from

The solid curve ie calculated according

Ty
4 AR .
. . :
S
+ -

40 ucattered from a

Zapon (plastic) foil 0.1 mg/ cm thick. The 8olid curve ie calculated

according to Moliére 8 theory.

- . e, " "

Comparison of multiple acattering meaeurementa involving values of

a >1 with Molidre's theory.

See text for definition of the'ordinate.

. @, data from Gottetein (reference i4). [:] , data from Hughes and
Sinclair (reference iO). Vv, data from Simon (reference 16). .

A ~data from Geiger (reference 18); A, data from Mayer (reference i9).
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This report was prepared as an account of Government
sponsored work. Neither the United States, nor the Com-

mission, nor any person acting on behalf of the Commission:

.A. Makes any warranty or representation, expressed or
implied, with respect to the accuracy, completeness,
or usefulness of the information contained in this
report, or that the use of any information, appa-
ratus, method, or process disclosed in this report
may not infringe privately owned rights; or

B. Assumes any liabilities with respect to the use of,
or for damages resulting from the use of any infor-
mation, apparatus, method, or process disclosed in .
this report. '

As used in the above, "person acting on behalf of the
Commission" includes any employee or contractor of the Com-
mission, or employee of such contractor, to the extent that
such employee or contractor of the Commission, or employee
of such contractor prepares, disseminates, or provides access
to, any information pursuant to his employment or contract
with the Commission, or his employment with such contractor.








