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ABSTRACT OF THE DISSERTATION

Collective Dynamics and Coherent Diagnostics
of Microbunched Relativistic Electron Beams

by

Agostino Marinelli
Doctor of Philosophy in Physics
University of California, Los Angeles, 2012

Professor James B. Rosenzweig, Chair

The x-ray free-electron laser has established itself as the brightest available source
of x-rays, extending the coherence and brilliance properties of conventional atomic
lasers down to the sub-Angstrom level. The high-brightness electron beams that
are used to drive the free-electron laser process, undergo a number of collective
instabilities that can generate complex phase-space structures and induce the
emission of coherent radiation, an effect that is generally termed microbunching
instability.

The main subject of this dissertation is the collective evolution of beam mi-
crobunching under the effect of longitudinal space-charge forces. We develop
a three-dimensional kinetic theory of space-charge effects leading to collective
suppression and amplification of beam microbunching. This model gives, for
the first time, a fully self-consistent description of the space-charge instability,
with the inclusion of three-dimensional and thermal effects. After establishing
a self-consistent theoretical foundation for space-charge effects, we present two
experiments related to the space-charge instability. The generation of broad-

band coherent undulator radiation with a longitudinal space-charge amplifier is
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demonstrated experimentally for the first time. This experiment extends the
capabilities of free-electron laser facilities by allowing the generation of coherent
broadband radiation pulses, thus accessing regimes of operation currently unavail-
able for fourth generation light sources. Finally a coherent diffraction imaging
technique for the reconstruction of beam microbunching is designed and experi-
mentally tested. This technique is based on the application of an oversampling
phase-retrieval method to the far-field coherent transition radiation emitted by a
microbunched electron beam and has applications in the diagnostic of compressed

electron beams and free-electron lasers.

While the microbunching instability is generally regarded as a detrimental
effect, this work shows that the coherent effects associated with the induced
microbunching can be optimized and used to our advantage for the development

of new coherent radiation sources and advanced beam diagnostics.
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CHAPTER 1

Introduction

1.1 The x-ray free-electron laser

Since their invention in the 1950s, lasers have risen to prominence as one of the
fundamental tools for science and technology. The unique intensity and coherence
properties of laser light, along with the great flexibility in temporal and spacial
pulse shaping, have made lasers powerful instruments for science in a wide va-
riety of fields, ranging from ultra-fast imaging to inertial fusion. Extending the
spectral range of lasers to x-rays has long been a dream for scientists, since the
wavelength associated to x-rays (on the Angstrom level) allows imaging at the
characteristic spatial scale of atomic and molecular structures. However, apply-
ing the techniques of atomic lasers to x-rays has so far proven extremely difficult
due to the challenges of generating a population inversion in the inner atomic

shells associated with sub-nanometer wavelengths.

The generation of coherent x-rays has recently been achieved with free-electron
lasers (FELs) [3]. The physics of free-electron lasers is different with respect to
atomic lasers, in which coherent radiation is emitted and amplified due to the
population inversion of discrete energy levels in a medium. Instead, in an FEL,
the coherent radiation is emitted by relativistic electrons traveling in a periodic
magnetic field and undergoing an unstable interaction process with the radiation

itself. Despite the radically different physics associated with the generation of



photons, the radiation pulses generated by an FEL share the same properties as
conventional lasers, i.e. transverse coherence, high peak power (on the order of
10 GW), short pulse duration (on the order of 10 fsec) and narrow bandwidth
(typically AN/A =~ 107* to 1073).

Compared to other sources of x-rays for scientific research, most prominently
synchrotrons, the x-ray FEL has a larger peak brilliance by 10 orders of magni-
tude, representing a ground-breaking advance for x-ray science. The high peak
brightness of x-ray FEL pulses, combined with their short duration, allows single-
shot coherent diffraction-imaging down to the Angstrom level, and enables an en-
tirely new set of revolutionary imaging experiments. In practice, the x-ray FEL
allows the imaging of samples that are either too sensitive to radiation damage
(thanks to the short pulse duration that allows collection of a diffraction pattern
before the sample is destroyed) or that are impossible to be grown into large
crystals (thanks to the high peak power that allows the single-shot imaging of
nano-crystals flowing in a gas-jet [2], see Fig. 1.1). Recent experiments at the
LCLS include the imaging of protein nano-crystals and viruses [1] (see Fig. 1.1).
Furthermore, the short pulse duration will allow future time-resolved investiga-
tion of atomic processes down to the femtosecond level, i.e. on the characteristic
time-scale of the electron orbit around the nucleus. Other applications of the
FEL are the study of matter at high energy density [5] and atomic physics [6]. A
review of the physics and history of x-ray FELs can be found in Ref. [7]
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Figure 1.1: Image of the mimivirus reconstructed from an x-ray diffraction pat-
tern at the LCLS [1] (left image) and injection scheme for nanocrystalline samples
for single-shot imaging at x-ray FEL facilities [2].

1.2 High Brightness Relativistic Electron Beams for Free-

Electron Laser Applications

Relativistic electron beams play an increasingly important role in science. In
advanced applications such as high gain free-electron lasers, plasma wakefield
accelerators or linear particle colliders the brightness of the beam, defined as the

density in six-dimensional phase-space, is a key feature.

Some examples of high-brightness electron beam facilities are the the Linac
Coherent Light Source electron injector at the Stanford Linear Accelerator Center
(see e.g.[3]) or the Pegasus Laboratory of the University of California, Los Angeles
(see [8]). In these facilities, a high intensity laser excites a photo-cathode gener-
ating an intense electron bunch which is then accelerated to relativistic energies
by a series of radio-frequency cavities. The high-density in phase-space can be
converted into high volume density by longitudinal compression and strong trans-

verse focusing, thus enabling applications that require the excitation of intense



electro-magnetic fields. An extensive review on the physics of high brightness

injectors can be found in

This dissertation is mainly devoted to the study of instabilities in free-electron
laser drive beams. To understand the connection of our work with x-ray free-
electron lasers we give a brief introduction to the physics of free-electron lasers.
In a free-electron laser, an intense relativistic electron beam propagates in a
periodic system of permanent magnets called an undulator. The undulator excites
a transverse oscillating motion which causes the beam to emit radiation. The
interaction between the beam itself and the collective radiation field generated
by the electrons gives rise to an unstable response, with an exponential growth

of the field intensity as a function of time.

The period of the undulator is typically a few centimeters long but the emitted
radiation is doppler-shifted by the relativistic electrons, with a resulting radiation

wavelength of :
1+ K?

A= Ay
272

(1.1)

where 7 is the beam energy in units of mc? and K = nf%t is the undulator
parameter, with e and m being respectively the electron charge and mass, By the
peak undulator field and k,, = 27/\, being the undulator wave-number. The
scaling of the radiation wavelength with energy (o< 1/9?) makes the free-electron

laser an attractive option for the generation of coherent x-ray pulses.

The radiation power at the emission wavelength A\, grows exponentially as a
function of time as [9]:

P = Pyet/ts (1.2)

where the FEL power gain-length is given by L, = A,/ 2v/371p, with the Pierce

parameter being defined as: p = (Kw,/4ck,)*3. The beam plasma frequency is
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Figure 1.2: Radiation Power for the Linac Coherent Light Source as a function
of the position in the undulator [3].

given by w, = \/m, with ng being the beam volume density. Typical
values for the Pierce parameters in operating FEL facilities are on the order of
p=~107*/1073.

Note that the FEL gain-length scales proportionally to -/ n(l)/ 3, which means
that high beam density (thus high beam brighness) is required for efficient FEL

operation (i.e short gain-length) at high beam energy.

In addition to the high density, the electron beam needs to satisfy other re-
quirements on the energy-spread and transverse emittance. The FEL physical
process is based on a resonant interaction between electrons and radiation in
which the velocity of the electrons is matched to the radiation frequency so that

the radiation slips forward with respect to the particles by one radiation wave-



length per undulator period. For an efficient FEL interaction, all the electrons
have to be close to the resonant velocity to guarantee the velocity spread in the

beam does not disrupt the resonant interaction.

Energy-spread and transverse emittance generate a longitudinal velocity-spread
that can compromise the FEL process. From the kinetic theory of free-electron
laser it can be shown that the requirements on the beam quality are given by

(see e.g. Ref [10]):

o)y <L p (1.3)

and:

kreLg/ﬁf < 1. (1.4)

where o, is the energy spread of the particles in units of mc?, € is the transverse
emittance, defined as the beam density in transverse phase-space, k. = 27/\,

and Sy being the beta-function of the electron beam.

From the above scaling laws it follows that high density, low emittance and
low energy-spread (i.e. high brightness) are critical features for free-electron laser
operation at short wavelengths. The generation and transport of high-quality

electron beams is key in the successful operation of x-ray FELs.

1.3 The Microbunching Instability and the Longitudinal

Space-Charge Amplifier

Due to their high brightness (and thus high-density) the electron beams that
drive the FEL instability undergo a number of collective instabilities that can
parasitically amplify shot-noise and generate an undesired density modulation

(or microbunching) in the electron beam [11]. These instabilities can degrade the



performance of the FEL and cause the emission of coherent radiation in diag-
nostic stations, making the imaging and diagnostics of high-brightness electron
beams extremely challenging. This type of process is usually referred to as mi-
crobunching instability and it is caused by the coupling of collective interactions,
like space-charge or coherent synchrotron radiation, to longitudinal motion in dis-
persive systems (for example, magnetic chicanes). The microbunching instability
has been the subject of intense research in the past few years and it represents the
main subject of this dissertation. The mitigation and control of this instability
has proven to be a critical issue in the operation of x-ray free-electron laser [12].
Furthermore, the understanding of the collective effects associated with this in-
stability has led to new important concepts, such as the longitudinal space-charge

amplifier [13] and the suppression of shot-noise in FEL beams [14, 15, 16].

The longitudinal space-charge amplifier (LSCA) has recently been proposed
to extend the capability of x-ray FEL facilities to generate broad-band coherent
radiation pulses [13]. In fact, while the narrow-bandwidth is generally regarded
as an attractive feature of the FEL, it ultimately limits the capability of FELs to

generate ultra-short radiation pulses with duration below the cooperation length.

The LSCA exploits the longitudinal space-charge induced microbunching in-
stability to generate and amplify strong density perturbations in the electron
beam at short wavelengths. The instability is caused by the longitudinal space-
charge interaction coupled to longitudinal motion in magnetic chicanes. While
the microbunching instability is generally regarded as a detrimental effect, in an
LSCA this process is optimized and controlled to induce the emission of coherent
radiation in a downstream undulator. To achieve saturation , several amplifica-
tion stages are cascaded, each composed of a focusing channel and a magnetic

chicane (see Fig. 1.3).
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Figure 1.3: Schematics of a longitudinal space-charge amplifier: longitudinal
space-charge, in combination with dispersive transport in magnetic chicanes, am-
plifies microbunching in the electron beam. The microbunched electron beam
emits coherent radiation in a downstream undulator.

Since the longitudinal space-charge instability is a broad-band effect (i.e. it
amplifies microbunching on a broad range of wavelengths), the coherent emission
can happen on a broad spectral bandwidth, depending on the emission character-
istics of the undulator. For typical high-brightness beam parameters, an LSCA
can emit coherent radiation with power comparable to an FEL operating at the
same central wavelength, with a bandwidth of AN/A ~ 20% 30%. This feature
enables the generation of few-optical cycle radiation pulses, ranging down to the
atto-second level [17]. Note that the recent ground-breaking development of few-
optical cycle coherent radiation pulses [18], enables the generation of soft x-ray
attosecond pulses with an LSCA either with direct seeding at 30 nm or with laser
compression of electron beams in an enhanced-SASE configuration [19]. Note also
that under certain optimized conditions (which will be discussed later in this dis-
sertation), an LSCA seeded from shot-noise can generate transversely coherent

radiation pulses, a property shared with the FEL.

In addition to its unique spectral properties, the LSCA is more robust than
the FEL to non-ideal beam conditions and it has been proposed as an effective

way to generate coherent radiation with advanced particle accelerators such as



laser-wakefield and plasma-wakefield accelerators, which haven’t met the beam

quality requirements for FEL operation [13].

1.4 Outline and Scope of this Dissertation

The main subject of this dissertation is the collective evolution of beam mi-
crobunching and the coherent diagnostics of microbunching in high-brightness

electron beams.

While the theory of longitudinal space-charge interactions has been the sub-
ject of intense research in the FEL community [20, 21, 22, 23], a fully self-
consistent theory had yet to be developed, leaving the role of emittance and
energy-spread in the physics of the space-charge instability unexplained. Since
the control of space-charge effects has a number of important applications for
the improvement of x-ray free-electron lasers, this subject needed a more rigor-
ous theoretical foundation. For this reason we give, for the first time, a fully
kinetic and self-consistent description of this process in six-dimensional phase-
space. This analysis enables the study of transverse and longitudinal thermal
effects, which strongly influence the formation of microbunching. In particular,
transverse thermal effects influence the spatial distribution of the microbunching
generated from shot-noise. This, in turn, determines the transverse coherence
properties of a LSCA and affects the diagnostics of electron bunches with co-
herent transition radiation. Longitudinal thermal effects can suppress the gain
at short wavelengths, thus limiting the operation of an LSCA in the VUV /soft
x-ray spectral region. This theoretical model gives deep insight into the physics
of longitudinal space-charge effects and represents a useful tool for the optimiza-
tion of space-charge based experiments, such as the LSCA and the shot-noise

suppression schemes proposed by Gover [14] and Ratner [15].



In addition to a fully consistent theory, the LSCA was also missing an ex-
perimental confirmation. In fact, while coherent radiation induced by the mi-
crobunching instability had been previously observed at several FEL injectors
24, 25, 26, 27], the optimization and control of the instability for the generation of
transversely coherent radiation pulses had not been demonstrated experimentally.
For this reason, we performed a proof of principle demonstration of this scheme
at the NLCTA test accelerator at SLAC. We turned the three-chicane setup of
the ECHO experiment into a cascaded space-charge amplifier and demonstrated
the generation of single-mode coherent undulator radiation from the space-charge
instability. This experiment paves the way for the generation of broad-band co-
herent radiation at FEL user facilities and represents a significant advancement

in the fields of high-brightness beams and coherent light sources.

The last subject tackled in this dissertation is the coherent diagnostics of
beam microbunching. We designed and experimentally demonstrated a tech-
nique for reconstruction of the spatial distribution of beam microbunching. This
experiment is the first of its kind. In fact, all previous work on the subject was
primarily focused on the characterization of the coherent radiation emitted by
microbunched electron beams rather than the structural determination of the mi-
crobunching from the coherent radiation itself. We performed a seeded coherent
transition radiation experiment at the NLCTA using the ECHO seeding beamline
and used an oversampling phase-retrieval technique for the reconstruction of the
laser induced microbunching. This type of technique has several applications as
an advanced diagnostics for FELs and for the imaging of compressed electron

beams that are affected by the microbunching instability.

The following is a detailed outline of this dissertation. In the next chapter

we discuss the basic mathematical tools for the description of collective effects
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and coherent radiation process in relativistic electron beams. From the simple
introductory analysis of the space-charge instability discussed in chapter 2, it will
be clear that this type of collective process is strictly related to the physics of
relativistic longitudinal plasma oscillations. With this idea in mind, in chapters
3 and 4 we develop a fully kinetic model of the evolution of space-charge waves
in a relativistic electron beam. In particular, in chapter 3 we describe the theory
of space-charge waves in the context of an eigenvalue-eigenmode problem. In
this approach we construct a set of self-consistent solutions to the system of
Vlasov-Poisson equations in the form of propagating longitudinal space-charge
waves. Our analysis includes the effects of longitudinal thermal motion induced
by energy-spread and transverse emittance, transverse motion due to betatron
focusing, and three-dimensional effects due to the finite transverse size of the

electron beam.

The plasma eigenmodes of the beam are used in chapter 4 as an expansion
basis for an arbitrary initial perturbation in six-dimensional phase-space. The
mode decomposition of the initial perturbation is performed by exploiting the
bi-orthogonality property of the plasma eigemodes and their set of adjoint eigen-
modes. The bi-orthogonal mode expansion of the initial value represents the
solution to an initial value problem and describes the evolution of an arbitrary
initial perturbation in six-dimensional phase-space under the effect of longitudinal

space-charge forces.

The mathematical formalism developed in chapters 3 and 4 is employed in
chapter 5 to give a fully kinetic description of the microbunching instability in-
duced by longitudinal space-charge forces. This analysis allows the study of new
phenomena, such as the effect of the emittance-induced Landau damping on the

microbunching amplification process and the suppression of higher-order modes
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induced by transverse focusing.

The modal analysis derived in the first three chapters is impractical in the
case of a fully degenerate beam (i.e. a transversely laminar beam with a radius
that is significantly larger than the microbunching wavelength as seen in the
rest frame). In this case a great number of eigenmodes should be included to
correctly describe the space-charge fields of the beam. To address this problem, in
chapter 6 we derive a quasi three-dimensional theory of the space-charge induced
microbunching instability. In this approach the electron beam is approximated as
an unmagnetized relativistic uniform plasma and the evolution of microbunching

is described in terms of plane-waves.

In chapter 7 we apply the theoretical concepts developed in the first part
of the dissertation to a space-charge amplification experiment. We report the
first experimental demonstration of the longitudinal space-charge amplifier at the
NLCTA. The experiment demonstrates cascaded amplification of microbunching
through three LSCA stages starting from shot-noise, and the subsequent emission

of transversely and longitudinally coherent radiation in a magnetic undulator.

In chapter 8 we describe an advanced diagnostic technique for the recon-
struction of the transverse dependence of beam microbunching and report on its
experimental demonstration at the NLCTA. We give a brief description of the
oversampling phase-retrieval method and describe its application to the recon-
struction of beam microbunching from the far-field pattern of coherent optical
transition radiation. Finally, we show experimental results which confirm the
use of this technique as an advanced imaging method for microbunched electron

beams.

The last chapter summarizes the most relevant findings, puts them in context

and suggests future research directions.
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CHAPTER 2

Introduction to the Collective Theory of Beams

and Coherent Radiation Processes

In this chapter we discuss the basic mathematical tools for the description of
collective beam dynamics in phase-space. We will refer to this subject as the
kinetic theory of particle beams. Starting from the Klimontovich equation, we
will derive the Vlasov equation and discuss its coupling to the equations that
describe the collective electromagnetic fields. We will then show the application
of these concepts to the simple case of the microbunching instability in the one-
dimensional limit. Finally, in the last section we briefly discuss coherent radiation

processes from relativistic electrons and their connection to beam microbunching.

2.1 The Klimontovich Equation

A relativistic particle beam is a collection of interacting point-like masses. A
collection of N particles in six-dimensional phase-space can be modeled by the

Klimontovich distribution:

—

KX )= 6 <X - X’n(t)> : (2.1)

where X,,(t) = (Z,(t), 7 (t)) is the vector representing the six-dimensional phase-

space coordinate of the ny, particle. K can be interpreted as a beam density
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distribution in phase-space, i.e. the quantity dN = K ()Z' , t)d@? is the number of

particles contained in the infinitesimal phase-space volume d5X at the time t.

By using the simple relationship 0, f (x — a(t)) = —ad, f (x — a(t)) we obtain
that:
K + 20:K + poyzK = 0, (2.2)

where # and ﬁ are evaluated at the phase-space position (Z, p) using the equations
of motion of the system. For example, if (Z,p) are a set of canonical variables,

then the equations of motion can be derived by a Hamiltonian

In general, it is not required that the phase-space coordinates be a set of
canonical variables, as long as the time derivative of the phase-space vector is
a direct function of the phase-space position, i.e. Z = D,(Z,p),p = D,(Z,p).
In fact, in this dissertation we will often use the following phase-space vector
(2, E 1,7), where Z is the position vector, 5 | is the transverse velocity normalized
to the speed of light and « is the kinetic energy in units of mc?. These are not a
set of canonical variables, nevertheless the Klimontovich equation, as well as the

Vlasov and Boltzmann equations that follow from it, still apply.

2.2 The ensemble average of the Klimontovich equation:

the Boltzmann and Vlasov equations

The Klimontovich equation is of little practical value, since its solution is equiva-

lent to the solution of the coupled equations of motion for each of the N particles
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in the beam (i.e. 6N coupled differential equations!). In fact, despite the appar-
ent simplicity of Eq. 2.4, the term ﬁ contains the contribution to the local force
from each of the N particles in the beam, in addition to any externally applied
force. A complete solution to this problem is not only impossible to pursue ana-
lytically (although it could be done numerically with highly parallelized particle
tracking codes) but also of little help in understanding the underlying physics.
In this dissertation we are concerned with certain averaged quantities, which can

be derived from the statistically averaged particle distribution function.

Consider the initial value of the Klimontovich distribution K, = K (X,0) to
be randomly distributed according to a given distribution function f;—g, i.e. the
ensemble averaged number of particles in an elementary phase-space volume be
such that < dN >=< K(X,0)d°X >= f,_od°X. We are interested in deriving an
evolution equation for the statistically averaged distribution function f ()? 1) =<

K ()Z' ,t) > at times ¢ > 0. To do so, we give the following definitions:

K=f+6f (2.5)

P =<p>+op, (2.6)

where <> indicates the ensemble average, i.e. an average over all possible real-
izations of the initial distribution with the prescription that < K ()? , O)d6)? >=
ftzgdﬁ)z . By definition, the ensemble averages of the fluctuating terms vanish, i.e.
<df >=0and < (55 >= (0. However, the cross-term < (5f(5]5> is, in general, non
vanishing. Note also that there is no fluctuation of the Z term since the instanta-
neous velocity of a particle is only dependent on its position in phase-space (i.e.
at any given time, the particle velocity does not depend on the position of the
other particles, as opposed to the force, which is determined by the interaction

with all the particles in the ensemble). By substituting the definitions in Eq. 2.6
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into Eq.2.2, we obtain the following result:
fHTZ0:f+ <> 0pf = — < 6pO0f > . (2.7)

This is the Boltzmann equation, and represents the evolution equation for a
collisional collection of particles. The term on right-hand side of the equation is
conventionally referred to as the collision operator and accounts for the change in
the distribution function due to particle to particle collisions, whereas the < }7 >
term contains the contribution coming from the collective forces of the beam
and any externally applied force. Leaving aside the discussion on the collision
operator, which is not of direct interest in this dissertation, we now focus on the
case in which collisions are negligible. In the limit of a collision-less ensemble of
particles, we can neglect the right-hand side of Eq. 2.7 and we obtain the Vlasov
equation:

f+Z0:f+ <> 0sf = 0. (2.8)

The Vlasov equation (as well as the Klimontovich equation), is formally equiv-
alent to the evolution equation of an incompressible fluid in phase-space. Note
that from the Vlasov, not only it follows that the particles are conserved, which

would be expressed by a more general continuity equation of the type:
Of +Vg(X[) (2.9)

but also that the phase-space distribution function computed along a particle
trajectory is constant. This can be understood by noting that the left-hand side
of the equation contains the total time derivative of the distribution function
along the particle trajectories df /dt|i.q;. = 0. One consequence of this is that,

given the initial distribution function f(X,¢ = 0), the distribution function at
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any given time is given by f(Xo(X,t),t = 0), where X,(X, t) is an operator that
reverts the trajectory of a particle in X at the time ¢ to its starting phase-space
position. To clarify this point, let’s consider a set of relativistic non-interacting
particles traveling in a uniform focusing channel. We choose the following phase-
space variables: X = (Z1,2,71,v,), where Z, , z are the spatial coordinates and
U, ,v, are the transverse and longitudinal velocity. The equations of motion of

the particles are:

L =U (2.10)
v, = —w%jl (2.11)
Z=wv, (2.12)
B, =0, (2.13)

where wg is the oscillation frequency of the focusing channel'. The Vlasov equa-

tion for this system reads:
200 f+0.0.f —wiT 105 f =0. (2.14)

The particle trajectories are given by:

Ty =7 coswal + 6:—; sinwgt (2.15)
Uy = U gcoswgl — wgdy osinwgst (2.16)
Z =29+ Uyt (2.17)

Uy = U0, (2.18)

!Note that Eq.2.13 is only true when averaged over an oscillation period. This approximation
is reasonable for highly directional particles in which the transverse momentum is much smaller
than the longitudinal one, as is the case of interest for relativistic particle beams.
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which can be easily inverted as:

o= coswat — Z—; sinwgt

N
[
S

ﬁL,O = ’ljl COS (,Uﬁt + wﬂfl sin (,dﬂt

DO
[\
—_

20 =2 — Uyt

Vz,0 = Uz

If the initial distribution function is given by f()?, 0) = g(x1 0,20, 810, 0:0), then

the distribution function at any given time is given by:

—
—

U
f(X,t) = g(Z) coswst — L sin wat, 2 —v,t, U coswpt +wsty sinwgt, v,), (2.23)
wp

which can be easily verified by direct substitution of this solution into Eq. 2.14

Note also that, in general, if the system has some constants of the motion, any
distribution function that only depends on any of these constants is stationary.
For example, in the case we have just discussed, any function of the two quantities

2 =9 — . . . . .
Wi + U7, v, is a stationary distribution.

For systems of interacting particles, the explicit inversion of the equations
of motion for each single particle is, in general, not possible. In this case the
Vlasov equation has to be solved directly, coupled to the equations that describe
the the collective interaction. We use the phase-space vector (Z,p), where ¥ is
the position vector and p' = ymuv is the mechanical momentum vector, where
v=1/ m is the Lorentz factor, m is the particle mass and c is the speed

of light. The Vlasov equation, is given by:

f+30sf + (Fuut + Foon)O5f =0, (2.24)
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where ﬁext is an externally applied force and the collective force ﬁcozz = e(E +
U X ]§) is given by computing the ensemble averaged electric and magnetic fields
generated by the particles. Note that in the case of electromagnetic interactions,
since the Maxwell equations are linear, the collective part of < ]7 > can be
obtained by computing the electromagnetic fields generated by the average charge
distribution p = ¢ [ fd?p and by the average current distribution i=q Jvufdp,
where ¥ = pc/ \/m gives the velocity of the particles in terms of the
phase-space momentum coordinates p and ¢ is the particle charge. The resulting

equations are:

V- E=eq[ fdp (2:25)
VxE=-8B (2.26)

V-B= (2.27)

V x B = poq [ T(p) fd*p + L0,E, (2.28)

where ¢y and p are, respectively, the vacuum permittivity and the vacuum mag-
netic permeability. Equations 2.24 and 2.28, represent a system of non-linear
coupled partial differential equations which cannot be solved analytically, in gen-
eral. These equations are generally termed the Vlasov-Maxwell system. This set
of equations fully describes the collective evolution of a set of interacting particles,
such as an intense relativistic electron beam. In the remainder of the dissertation
we will discuss the applications of the collective theory of beams that we have
introduced here as applied to the physics of longitudinal space-charge interaction

and the collective evolution of beam microbunching.
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2.3 Beam Microbunching

A periodic density perturbation in a particle beam is denominated beam mi-
crobunching. The beam microbunching is described by the so-called bunching
factor, defined as the Fourier transform of the beam’s longitudinal profile nor-

malized to the number of particles:

1 —ikzn
b=+ > e (2.29)

where N is the number of particles in the beam and z, is the longitudinal position
of the ny, particle in the beam. The bunching factor is minimum and equal to
b = 0 if the electrons are uniformly distributed along the z-axis and it is maximum
and equal to b = 1 if the electrons are periodically distributed in packets much
smaller than the wavelength A = 27/k and separated by a wavelength. Figure

2.1 shows three examples of beams with a finite microbunching.

Note that if the particles are randomly distributed in z, the density has ran-
dom fluctuations that are normally identified as shot-noise fluctuations. Shot-
noise generates a random bunching factor that has a zero statistical average but
a finite root-mean square value. This can be seen by noting that the phase-factor
associated with each electron e~*=*n averages out to zero if the position of the
electron is a stochastic variable with a uniform distribution. The absolute value

squared of the bunching factor, instead, can be expressed as:

1 —ik(zn—2m) 1 1 —ik(zn—2m)
m == N + m € . (230)

n,m n#m

b]* =

The second term in equation 2.30 averages to zero, leaving a finite value for the

average shot-noise power of [b> = <.
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Figure 2.1: Examples of beams with finite different values of the bunching factor:
= 0 (top figure), b= 0.1 (middle figure) and b=1 (bottom figure).
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Beam microbunching is a key feature in the emission of radiation from elec-
tron beams. To understand the role of microbunching in cooperative emission
processes we examine a simplified scenario in which each electron emits a plane
wave of the form: E, = Fe'*(*=2)=Y)  The field emitted by the entire elec-
tron bunch is then given by the superposition of the fields from each individual
electron:

By =Y Bt —et) = Nppeiheeh (2.31)

It follows that the emitted radiation power is proportional to P o |[b|>?N?2. If the
beam has a finite density modulation, the radiated power is proportional to the
number of particles squared. Such radiative process is denominated cooperative
emission or coherent emission. If the beam microbunching is only due to shot-
noise, then the radiation power scales proportionally to the number of particles
and the emission process is defined as spontaneous emission. This is a general
property of radiation emitted from relativistic electrons that holds for any type
of emission process like transition radiation or undulator radiation. This point

will be discussed more rigorously later in this chapter.

Beam microbunching can be generated by inducing an energy modulation
in the particle beam and let the particles travel through a beamline element
with a finite longitudinal dispersion, like for example, a magnetic chicane. To
understand this consider a beam with a Gaussian energy spread and a uniform

volume density, which can be described by the following longitudinal phase-space
2
0

202
distribution: f(zg,m0) = n/‘f/’?%' If we introduce an energy modulation the
n
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longitudinal phase-space coordinates become:

2=z (2.32)

n' = Asin(k.z2) + no.

The effect of longitudinal dispersion can be modeled with the following coor-
dinate transformation z” — 2’4 Rsen. Figure 2.2 shows the scheme of a magnetic
chicane. Four dipole magnets bend the electrons on an off-axis trajectory, whose
length is dependent on the particle energy. For a simple four dipole chicane we
have Rsg = %Lrnagﬁ2 +2L40%, where 0 is the bending angle, Liyqg 1s the length of
the dipole magnets and L4 is the separation length between the first and second

magnet and the third and fourth ones.

The bunching factor after the magnetic chicane is given by:
b(k) = /dzodﬁof(zoaﬁo)eik(zOJrR“’(”“ASi“(kzzO))). (2.33)

The z-integral selects the harmonics of the energy modulation, giving a discrete

microbunching spectrum at the harmonics of k.:

_ (nkzoy Rs6)?

b(nk.) = Jn(nk.RssA)e 2 , (2.34)

where J,, is the ny, order Bessel function of the first kind.

Figure 2.3 shows the longitudinal phase-space and the x-z trace space for a
beam with an energy modulation A = 4 x 10™* and a relative energy-spread of
0, = 1 x 107* for several values of the longitudinal dispersion Rss. Note that the

microbunching is maximized when the longitudinal phase-space is vertical (third
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Figure 2.2: Schematics of a magnetic chicane. The bending angle is correlated to
energy, introducing a correlation between the time of arrival and particle energy.

case in Fig.2.3) and it diminishes for bigger values of Rs¢ due to the overbunch-
ing of the particles. Note that for small values of the longitudinal dispersion
we have b; ~ %sz%Ae_w and the bunching factor is proportional to
the amplitude of the density modulation. We refer to the latter case as linear

microbunching regime.

2.4 The Microbunching Instability

In the previous section we have defined the concept of beam microbunching and
discussed how a density modulation can arise from an energy modulation com-
bined with the effect of longitudinal dispersion. This mechanism is general and
independent of the type of physical effect that generates the energy modulation.
An energy modulation in the electron beam, could be generated by a great num-
ber of physical effects, such as the interaction of the electrons with a laser pulse in

a magnetic undulator or by collective beam interactions. The topic of interest for
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Figure 2.3: Longitudinal phase-space (left column) and x-z trace space (right
column) for a beam with an energy modulation for different values of the longi-

tudinal dispersion Rsg.
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Figure 2.4: Example of a microbunching instability process. An electron beam
with randomly distributed electrons develops a broadband energy modulation as
a consequence of collective interactions. Longitudinal dispersion transforms the

energy modulation into microbunching.

this dissertation is the microbunching instability, in which the energy modulation

that generates the microbunching, is induced by collective fields [11].

The mechanism of the microbunching instability can be explained as follows:
a beam with a finite microbunching at some spatial frequency k excites a col-
lective electro-magnetic field (like, for example, a periodic Coulomb field or an
electromagnetic wave). The interaction of the electrons in the beam with the
collective fields, in turn, generates an energy modulation at the frequency k. The

longitudinal dispersion induced by certain systems of permanent magnets (typi-
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cally a magnetic chicane) transforms the induced energy modulation into density
modulation, generating a bunching factor higher than the starting value?. This
instability can start up from noise (which has a white microbunching spectrum)
and generate beams with significant perturbations to the density and energy pro-
files. Figure 2.4 shows a schematic of this process, in which a beam with a pure
random longitudinal distribution develops a density modulation as a consequence
of the collective longitudinal space-charge interaction followed by a finite Rsg. In
general, systems with significant longitudinal dispersion, like magnetic chicanes,
are used in cases in which strong beam compression is needed to enhance the
beam current. This is particularly true for x-ray free-electron laser injectors, in
which one or two magnetic compression devices are typically employed to gener-
ate a high-density beam for an efficient FEL process. In this case, the shot-noise
enhancement due to the microbunching instability can pose serious limitations to
the beam quality and needs to be understood in order to optimize the operation

of short wavelength FELs.

Some of the most important detrimental effects caused by the microbunching

instability are:

1) the emission of coherent radiation at beam diagnostic stations, which affects
beam diagnostic techniques based on the emission of incoherent radiation (i.e.

optical transition radiation screens).

2) The increase of the beam energy-spread and the generation of perturbations
in the beam energy and density profile. These can both lower the gain of the
free-electron laser and broaden its bandwidth when an external seed is used to

start-up the FEL interaction.

2Note that this type of process is the basis of the FEL interaction, in which the exponen-
tial amplification of the radiation is accompanied by an exponential growth of the bunching
factor at the resonant wavelength A, due to the interaction between electrons and radiation in
combination with the finite dispersion of the magnetic undulator
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3) Increase of the beam emittance in beamline systems with a finite x-z cou-

pling (e.g. the central plane of a magnetic chicane).

Microbunching instabilities can be generated by different types of electromag-
netic interactions like wake-fields in accelerating structures, coherent synchrotron
radiation fields [28, 29] in systems of bending magnets or longitudinal space-
charge fields [20, 21, 30]. The latter case is the main subject of this dissertation.
In the remainder of this chapter we derive a simplified theory of the microbunch-
ing instabiltiy for a general electro-magnetic interaction. We will then describe a
one-dimensional model of the space-charge instability and illustrate its connection

to the physics of plasma oscillations.

2.5 One-Dimensional Model of the Microbunching Insta-
bility

In this section we give a brief one-dimensional description of the microbunching
instability. We assume a parallel, quasi mono-energetic beam of central energy
ymc?. For a one-dimensional system, the electron beam can be described by a
distribution function in longitudinal phase-space f(z,7), where z is the longi-
tudinal position along the electron beam and n = d/7 is the relative energy

deviation. The meaning of f is that dN = f(z,n)dzdn is the number of particles

in the unit phase-space area dzdn.

Neglecting binary interactions, the time evolution of the distribution function

f is described by the Vlasov equation:

of .of .of

oot 2ao+

5r + 55 Tigy =0 (2.35)
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where Z and 7 are, respectively, the time derivatives of the longitudinal position
and relative energy deviation. For a relativistic beam, neglecting the transverse

emittance, the longitudinal velocity in the beam coordinate system is given by

73:;:%.

Since we are interested in the evolution of small perturbations of the distri-

bution function, the distribution function f can be expanded to first order in
2

"

. o2
perturbation theory: f = fy + fie**, where f;, = nof/;" is a stationary dis-
7T0'77

tribution function, with ny being the beam volume density and o, the relative
energy-spread, and f; < fy is a periodic perturbation. Due to the effect of
some collective field generated by the perturbation fie?*+*, the electrons receive
an energy kick with a periodic dependence in z: 7 = Z(k., fi)e*=*. Substituting
this form for the collective interaction term and neglecting the second order term

A %—{71, the Vlasov equation reduces to:

0 .
ON kst 2, )

9fo

o =0 (2.36)

For a cold beam, i.e. for k;—f” < 1, where 7, is the interaction time, the

second term in the linearized Vlasov equation can be neglected and we get:

9 fo

Ji=fio— TcZUfz)a—n (2.37)

where fi o is the initial value of the perturbation. After the interaction, the beam
goes through a magnetic chicane with a finite longitudinal dispersion Rs. The
effect of the chicane is that of shifting the longitudinal position of each electron
by an amount proportional to the energy deviation z — z + nRss. The effect
of this transformation on the phase-space perturbation is that of introducing a

phase-shift proportional to the longitudinal displacement: f; — fie~**="%5_ The
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bunching factor b = [ dnfi/N is then given by:
b= by — ik.7.RssZ k., f1)nge” F=onfiee)® (2.38)

where by = [ dnfi/N is the initial bunching factor.

For the example of the longitudinal space-charge interaction the energy kick

is given by 1 = <Lz = G [ fiodn and the density modulation due to the

~ymc? ikyeqymc?

microbunching instability is given by:

2
W 2
b = by — boy* Rsgo—e F=omfse)/2, (2.39)
C

where w? = e*ng/egmy®

Just to get an idea of the orders of magnitude involved in this problem,
consider the example of the LCLS beam at 135 MeV [21]. The beam goes through
a tight waist for a length of 7. = 2m right before the injection in the main
accelerator through a dog-leg chicane with Rz = —5mm. The beam parameters
at this point in the beamline yield: “2 ~ 27/20m, v ~ 270, and ¢,, ~ 2 x 107°.
The resulting gain at A\ = 27/k, = 800nm is roughly b/by ~ —80.

Note that the uncorrelated energy-spread appears in the exponential damping
factor in Eq. 2.38. This means that energy-spread can significantly damp the
microbunching amplification. This effect is employed in advanced FEL injectors,
in which the energy-spread of the electron beam is increased with an external

laser to limit the effect of the microbunching instability [3].

This model lacks self-consistency since it has been assumed that 7 is indepen-
dent of time, whereas the collective fields are affected by the time evolution of the
distribution function. In the next section we will give a more accurate description

of this process, including the self-consistent evolution of the distribution function
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during the beam interaction.

2.6 Self-Consistent Model of the Space-Charge Instability
and its Connection to the Physics of Plasma Oscilla-

tions

In this section we discuss a self-consistent model of the microbunching instability
induced by longitudinal space-charge forces. In the self-consistent approach, we
will not assume that 7 is constant but we will compute it from the space-charge
fields generated by the distribution function as it evolves in time. The linearized

Vlasov equation for this system is:

ofi  nofi el 0fo
E + ?E + vmczé_n = 0. (2.40)

E. is the longitudinal electric field which can be computed by solving the one-

dimensional Poisson equation:
0 e
—FE =— dn. 2.41
0z €0 / S ( )

It is convenient to solve equations (2.40) and (2.41) using the Laplace-Fourier

transforms, defined as:

fi= /fle_ikzdz (2.42)

f1=/ fret<Tdr. (2.43)
0

31



With these definitions, the Fourier-Laplace transforms of Eqgs.(2.40,2.41) yield:

W X . tkn = e = 07,
—i—f—-f + —277 1+ —2nOEz_f =0 (2.44)
c =0 7y yme dp
and
E.=—~5 [ fidn. (2.45)
k €0

After some algebraic manipulation, it can be shown that the phase-space pertur-

bation f; can be expressed as:

1w§am2/ S

where ¢, is the beam’s plasma dielectric function given by:

(.UQ ,}/2 %fv
=142 | —Z __dn. 2.47
6]7 + 02 ik —Z% + Zj:—;] n ( )

The Laplace transform in Eq. 2.46 can be inverted using the residue theorem.
By doing so, we only consider the poles corresponding to the zeros of the plasma
dielectric function, since these poles are associated with the collective response
of the electrons. The equation €, = 0, whose solutions are the collective poles of

the system, is defined as the dispersion relation.

For the moment we will be concerned with the cold beam limit, i.e. the limit
for k./kp = k.co,/wyy? << 1, where kp is defined as the Debye wave-number.
This condition means that the longitudinal displacement in a plasma-period of
a particle with a relative energy deviation n = o, is much smaller than the

wavelength .

In the cold beam limit, the plasma dielectric function can be computed in
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closed form and yields:

(p=1—-2 (2.48)

which has the following zeros wy = fw,. With this result, the Laplace transform
can be inverted, resulting in the following expression for the time evolution of the

phase-space perturbation:
72,0.::‘:7 2 9 f

A c 1 w;0 v .

fi = Z c - <_ . _P_f7_/—r0,d7/>. (2.49)

—i% 4 & Zr|,, ¢ Onik | —i=t 4 ik

+ dw |"J:l:

By multiplying Eq.(2.49) by the phase-factor e=™*="%6 which is introduced by
the longitudinal dispersion, and integrating by parts in 1 we obtain the following

value for the final microbunching:

prc> - (kz071R56)2
e 2 .

bRys = (bO COoS AL b072R56& sin (2.50)
c c

c

Equation 2.50 has an interesting physical interpretation. The bunching factor in
the drift evolves, according to the plasma oscillation mechanism, as b = b, cos WL;T
Note that the self-consistent gain formula depends on the time derivative of the
bunching factor at the drift exit. Neglecting the effect of energy spread the
bunching factor after the chicane is: bg., = b(7.) + V*Rs6db/d7|,=r,. It follows
that the gain mechanism can be interpreted as a fraction of plasma oscillation of
duration 7, followed by a space-charge free drift of length® v2Rs4, during which
the microbunching evolves ballistically (see Fig. 2.5). The same interpretation
holds for a finite energy spread, with the inclusion of the phase-mixing term

_ (kzRsgon)?
e 2

From this simplified one-dimensional model, it is clear that the physics of the

3Note that since the Rsg of a drift space of length L is given by Rs¢ = L/v?2, the equivalent
drift-length of a dispersive section is analogously defined L., = 7% Rsg.
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Figure 2.5: Physical interpretation of the space-charge induced microbunching
instability: the microbunching evolution consists of a plasma oscillation followed
by a free-drift in which the bunching factor evolves ballistically following the time
derivative of the oscillation at the exit of the interaction zone.

space-charge microbunching instability is closely related to that of relativistic
longitudinal plasma oscillations. The extension of this one-dimensional model to
a full three-dimensional kinetic model will require a more general approach, with
the inclusion of three-dimensional effects in the field equation (i.e. a full 3-D
Poisson equations with a transverse Laplacian) and longitudinal and transverse
electron motion with a thermal velocity spread. This generalized 3-D treatment
will be the subject of the following chapters. We also want to note that the
term microbunching instability might be confusing in the context of plasma os-
cillations, that are a stable process with and exponential damping induced by
thermal effects. The microbunching amplification does not arise from the collec-
tive interaction alone, but from the combination of the collective interaction with

the longitudinal dispersion in a magnetic chicane.
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2.7 Radiation Processes from Relativistic Electrons

In this section we will discuss the emission of electromagnetic radiation from
relativistic electrons. We will focus on two radiation processes that are relevant
to this work: undulator radiation and transition radiation. These processes will
be a key part of the experiments discussed in this dissertation both as part
of advanced beam diagnostics and as radiators for the generation of coherent

photons.

It is well known that an accelerating particle emits energy in the form of elec-
tromagnetic radiation. The differential energy-spectrum dI/dwd) is defined as
the energy radiated per unit solid angle df) and unit frequency dw. In this dis-
sertation we will be mostly concerned with coherent emission from a collection of
particles. To compute the coherent radiation differential spectrum one must first
compute the differential spectrum from a single particle and then sum the contri-
butions from each individual particle with the correct phase. The computation
of the radiation properties from a given process is particularly convenient in the
so-called far-field zone. The far-field zone is defined by the condition L > Av?,
where L is the distance between the observation point and the radiator, A is the
wavelength of interest and v is the Lorentz factor of the particle. In the far-field
zone, the differential spectrum only depends on the observation angle and it’s
independent of the distance L. Under these conditions it can be shown (see [31])

that the single-particle differential spectrum is given by:

L _ e |/+wﬁ % (i x B)exp (iw(t AL ))> @P, (251)

dwd) 1673 €2 c

where 7 is the unit vector that identifies the observation angle of the radiation,

7(t) is the particle position at the time ¢ and 8= chZ‘ is the particle’s velocity.
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Figure 2.6: Schematics of the transition radiation process.

In the following sub-sections we will discuss the computation of the differential

spectrum for some of the cases of interest in this work.

2.7.1 Transition Radiation

Transition radiation is emitted when a particle crosses an interface between two
different media. The case of interest in this dissertation is the interface between
vacuum and a conducting medium. Consider the following physical scenario: a
particle travels in vacuum at a constant velocity B =:8 (see Fig. 2.6) in the
z direction in the presence of an infinite conducting medium that occupies the
region z < 0. The effect of the conductive wall can be taken into account by
introducing an image charge of opposite sign that travels with the same velocity
but in the opposite direction. . At the time ¢t = 0 the particle hits a perfectly
conducting wall and both the particle and the image particle are ”annihilated”.

The fields from the two charges have to be added coherently and the differential
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spectrum is given by:

2

A _ o g 9/0 (iwt(1 — Bcosd)) + exp (iwt(1 + B eos 0)) dt
a0~ 120 |Psin - exp (iw cos exp (iw cos
(2.52)
The time integral in Eq. 2.52 can be computed explicitly and yields [32]:
dl 2 2 & 29
. F” sin (2.53)

dwdQ ~ 4mdeoc? (1 — B2cos? 0)2

1

For a relativistic electron v = Tz > 1 and Eq. 2.53 can be simplified as:

ar e 262
dwdQ — 4m3egc? (1 + ~202)2°

(2.54)

The transition radiation differential spectrum is equal to 0 on axis, has a peak
at @ = 1/~ and rolls off as 1/6? for large angles. Due to its slow roll-off at
large angles, the transition radiation angular spectrum has strong high-frequency
components which result in high spatial resolution (on the order of the wave-
length) in the near-field [33]. For this reason, incoherent transition radiation is
commonly used as a high-resolution beam profile monitor (see e.g. [34]). Also,
transition radiation is a rather simple and inexpensive way to extract coherent
radiation from a particle beam [35] and it is often used for the coherent diagnostic

of microbunched beams [36].

2.7.2 Undulator Radiation

An undulator is a periodic array of dipole magnets that are arranged with alter-
nating polarity. The periodic magnetic field excites transverse periodic oscilla-
tions in the trajectory of an electron traveling across the undulator. We will here

discuss the case of a circularly polarized undulator, also called helical undulator.
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Figure 2.7: Schematics of the undulator radiation process, illustrating the an-
gle-frequency correlation.

The field of a helical undulator can be expressed as:
B = Byi: cos(kyz) cosh(kyz) + By sin(ky,z) cosh(kyy), (2.55)

where By is the field amplitude, k, = 27/, is the undulator frequency and z, g
are the unit vectors in the transverse plane. For a relativistic electron traveling

in the z direction, the trajectories in the undulator are given by:

!

L =—— (T coskyz+ ysinky,z)
Y
(2.56)

= 2 (@sinkyz — jeosk,2),
L= (Zsinkyz — g cos kyz)

=

where K = eBy/k,mec is the undulator parameter. Note that the electron tra-

jectory is a helix with a helicity that is opposite to that of the magnetic fields.

Due to the periodicity of the electron motion, the radiation will be emitted
around a discrete set of resonant frequencies. While the emission frequencies
could be computed by substituting the electron trajectories in Eq. 2.51, it is more

instructive to give an intuitive picture of how the discrete undulator radiation
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frequencies arise. With reference to Fig. 2.7, consider an electron traveling
in a periodic trajectory in the transverse plane. The wave-fronts emitted at
each oscillation period interfere coherently only if they are emitted with a phase-
difference that is a multiple of 27. For a given observation angle, such condition
is achieved only at a discrete set of wavelengths:

2n~? '

A= My(1/B, —cosf)/n ~ )\, (2.57)

where n is a positive integer. The emission wavelengths correspond to the har-
monics undulator wavelength doppler-shifted twice: to the beam’s rest frame and
back to the laboratory frame (hence the factor 1/4% = (1+ K?)/+?). This means
that the undulator radiation can be seen as a scattering process of a virtual

photon field.

The differential spectrum is [37]:

.9 w
dI 22 [ 0 n sin (Nﬂ(w—l - n))
= J’2 _ "2 J2 ‘

(2.58)
where N is the number of undulator periods, wy = ky/c, w1 = 27%wp/1 + K? and
x = Kwl/ywy. For each angle, the frequency bandwidth is dw/w ~ 1/N (which
can be rather narrow for a large number of periods), while the integrated spectrum
has a broad frequency bandwidth due to the angle/frequency correlation. Note
that, unlike transition radiation, undulator radiation has a non-zero emission on

axis.
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2.7.3 Radiation from a Collection of Particles: Coherent vs. Incoher-

ent Emission

When computing the differential spectrum for a bunch of particles, one needs to
sum the contributions from each particle coherently. The position of each particle
in the bunch can be expressed as 7; = 7%,(t) + Z;, where it was assumed that the
relative positions of the particles (identified by the vectors Z;) are frozen during

the emission process. The differential spectrum for the entire bunch is then given

by:

ar - e*w?
dwdQ)  16m3egc?

Z/+OO A ox (A x B)exp (Zw (75— n (Fb(?ijj))) « |
o (2.59)

The term exp(—iw%) can be factored out from the time integral, leaving the

following expression for the differential spectrum:

dl dl
—— = N?|B(,w)[> ——|, 2.60
where B(n,w) = %Zj exp(—iwﬁ%j) is defined as the beam’s form factor. In

the remainder of the dissertation we will express the form factor as a function
of the wave-vector k = nw/c. With the latter notation, it is clear that the
form factor B is the three-dimensional Fourier transform of the beam’s charge
distribution normalized to the number of particles. B is the three-dimensional
extension of the bunching factor b defined in Subsection 2.3. The form factor
B has a maximum absolute value of 1, which is realized when the particles are
arranged periodically in thin microbunches oriented along the direction of k. For
a finite value of the form factor, the emission scales as I oc N2 and it said to be

coherent or superradiant. Following the same line of reasoning as Subsection 2.3
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(in particular the derivation of Eq.2.30 ), if the particles position are randomly

distributed, then the form factor has a vanishing statistical average but a non-

vanishing average power: < |B|2, .~ >= 1/N. In the latter case the emitted

energy scales like I oc N and it is defined incoherent or spontaneous emission.
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CHAPTER 3

Six-Dimensional Theory of Space-Charge Waves
in a Thermal Relativistic Electron Beam:

Eigenvalue/Eigenmode Analysis

The subject of this chapter is the eigenvalue problem of longitudinal plasma oscil-
lations in six-dimensional phase space. The aim of this analysis is that of finding
self-consistent solutions to the set of Vlasov-Poisson equations that describe the
dynamics of a relativistic electron beam under the combined effects of longitu-
dinal space-charge forces and transverse focusing. This analysis represents the
basis of our theory of collective longitudinal space-charge effects since it provides
a basis of propagating eigenmodes which will be employed in the following chap-
ters to describe collective beam effects such as microbunching amplification or

suppression.

As mentioned in the previous chapters, the theory of plasma oscillations in
non-relativistic plasmas is well established and dates back to the seminal work of
Landau [38] and Jackson [4]. The problem of plasma oscillations in the context of
high brightness electron beams has been treated previously with one-dimensional
[14] and three-dimensional theoretical models [22] in the cold, laminar beam
approximation. In a recent experiment [39], relativistic plasma oscillations in

high-brightness electron beams were directly observed at the Pegasus laboratory

of UCLA.
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In this chapter we study the plasma oscillation eigenvalue problem for a ther-
mal non-laminar electron beam in three dimensions, i.e., with the inclusion, for
the first time, of the effects of finite emittance, transverse focusing, energy spread
and edge effects due to the finite size of the beam. Our analysis is based on
the formalism developed by Kim, Yu, Xie et al. (see [40, 10, 41]) for the three-
dimensional free-electron laser dispersion relation. This approach has been highly
successful in describing three-dimensional and kinetic effects in free-electron lasers
and its extension to the study of plasma oscillations will provide a special insight
into the physics of this problem and, at the same time, be an efficient tool for a

quantitative description of the phenomena involved.

The primary focus of this chapter is the study of propagating space-charge
eigenmodes. We find solutions to the electric field equations in the form of waves
that propagate in the forward or backward z-direction with a given complex fre-
quency w and a characteristic transverse structure F,(Z). We reduce the system
of equations describing the motion of the electrons under the effect of collec-
tive longitudinal space-charge forces, to an integro-differential equation, which
we denote the dispersion relation. The complex frequency w and the spatial de-
pendence F. (%), deduced by solving the dispersion relation, define the eigenvalue

and field eigenmode of the oscillation.

This analysis has been published in [42]. In this dissertation we will give a

more detailed explanation of the mathematics involved.

This chapter is organized as follows: in section 3.1 we derive the dispersion
equation for the plasma eigenmodes and define the dimensionless scaling param-
eters and variables that describe the problem; in section 3.2 we show how our
three-dimensional approach reduces to a one-dimensional (1-D) problem when

finite beam effects and transverse focusing are negligible and the well known
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1-dimensional dispersion relation for a thermal plasma is derived in the limit
for negligible emittance; in section 3.3 a variational approximation for the dis-
persion relation is derived and employed to find closed form expressions for the
plasma oscillation frequency for a cold beam, as well as numerical solutions for
a warm beam describing the Landau damping due to the longitudinal thermal
motion induced by energy-spread and emittance; in chapter 3.4 the dispersion
relation is expressed in the spatial frequency domain by means of a transverse
two-dimensional Fourier transform and show how the effect of plasma-betatron
beat-waves arises from this form of the equation; finally in section 3.5 we com-
pute numerical solutions to the exact dispersion relation using a discretization

method.

3.1 Three-dimensional dispersion relation with energy spread,

emittance and betatron focusing

In this section the dispersion relation for the plasma oscillation modes is derived.

We assume a coasting, non-accelerating relativistic beam, which propagates in

a uniform focusing channel. The electron beam is described by a distribution

function in six-dimensional phase space f(Z, 5 1, 2,1,T), where ¥ is the transverse

position, ﬁi is the transverse velocity normalized to the speed of light, n is the
2

relative energy deviation with respect to the central beam energy ymc*, z is

the longitudinal position along the electron beam relative to a reference particle
traveling at 3, = /1 —1/42 and 7 = ct.

The evolution of the six-dimensional distribution function is governed by the
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Vlasov equation:
O-f + BL-Vaf + BV f+20.f +70,f = 0. (3.1)

The Vlasov equation describes the phase-space evolution of a collisionless plasma.
As discussed in chapter 2, the Vlasov equation can be derived from first princi-
ples and can be interpreted as the evolution equation of an incompressible fluid
in six-dimensional phase-space. The obvious physical interpretation is that the
time evolution of an electron beam is such that the overall phase-space volume
occupied by the particles is a constant of the motion. Another way of stating this
concept is that the distribution function f computed along the particle phase-
space trajectories is constant in time. It follows that for a set of constants of the
motion (cy, ¢g, ...c,) any function of the type f(cy, ¢, ...c,) is a stationary solution

to the Vlasov equation.

We expand the distribution function to first order in perturbation theory:
f = fo + fie™* where f, is a stationary solution to the Vlasov equation and
|f1] << |fo]. We also assume that the electron beam is matched to the focusing

channel. The unperturbed trajectories of the electrons are:

—

Bl

T = Zpcos kgT +
ks

sin kg7
Bl = —]Cgfo sin k?ﬁT + Blo COS ]{757'

(3.2)
="

i (77)
z=zy— —dr + 7| =
/0 2 2

where (Z, Blo, 20, 1o) 1s the phase space position at 7 = 0 and ckg is the betatron

32
frequency of the focusing channel. Since n and 7* + i—é are constants of the
5
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32
motion, it follows that any function of the type fo(7? + %777) is a stationary

solution to the Vlasov equation.

With these underlying assumptions, expanding Eq.(3.1) to first order we ob-
tain the linearized Vlasov equation for the system:

c2

S > , eé,
Orfr+BL-Vafi — k3T - Vi hi+ikifi + —=0,fo=0 (3.3)

ym
where 2 = n/y* — (k32% + 32)/4 and, for the sake of simplicity, the 32 /2 term
in the longitudinal velocity Z has been replaced with its average over a betatron

period. Equation 3.3 can be rewritten in a form that is both more simple and

physically more intuitive:

D 5 - . . o - eé"z (f_t,_)

Ef1($+75+) + ik 2 f1(Z4, By) = —W@;fo (3.4)
where 7, (7) = @ cos kg7 + % sin kg, Bi(r) = — kg sin kg + 310 cos kg and
DQT is the total derivative computed along the unperturbed trajectories (¥, Bl).ln

this form, the linearized Vlasov equation has a simple physical interpretation: if
we turn off the longitudinal space-charge field, the evolution of the perturbed
distribution is ballistic and it’s just given by the initial phase-space perturbation
transported along the 0-th order particle trajectories

fi = fio <fcos kgt — % sin kg, kgZ'sin kg + 3. cos k57'> e=*=57 where fi is
the the phase-space perturbation at 7 = 0. If we include a finite space-charge
field &, the distribution function f; receives an energy kick that is proportional
to the electric field at the local position in phase-space, which corresponds to the

right hand side of Eq. 3.4.

Since we are looking for steady-state solutions to the space-charge wave prob-

lem, we can assume that the interaction between the electron beam and the space-
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charge field takes place from 7 = —oo. With this above assumption, Eq.(3.3) can

be solved as:

e

0
— szZT B
fi= p— /OO &, (T cos ks’ + — s

sinkgt’, 7' 4+ 7)0, fodT'. (3.5)

The longitudinal space-charge field &, can be derived by solving Poisson’s

equation in the beam’s rest frame, where self-magnetic fields can be neglected

43, 30]:
K2 & e , -
V2 - 2= = ——/ e*=2dnd® 5, . 3.6
Vi 72)—% Ye€o S b (3.6)

Assuming that &, = E.(Z)e™***~"* and substituting Eq.(3.5) into Eq.(3.6),

we obtain the following integral equation for the plasma oscillation modes:

(V2 —k—z)E _ - // R B (2 cos T—l—g—J—Sink’ )0, fodrdnd®5
N2/ F 7 Bmc2eg s ks BT )OnJodTana 1 -
(3.7)

Note that, so far, no assumption has been made on the explicit form of fy and

Eq.(3.7) applies to any stationary distribution. In what follows we will assume the

2

following form for the zeroth order distribution: fy = nge ¢ %% 2% /(2m)3/2 ork30,

where ng is the beam volume density on axis and o, is the root mean square size

of the matched charge distribution.
Performing the integral in dn by parts one obtains:
k:2 12

2 202 X 2432
v - g - B // ERES L .

,-)/2 y 202

(3.8)
x E.(Zcos kgt + i— sin kgT)foLdeQEL
B
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2

where w? = nge?/v3mey is the relativistic beam plasma frequency and fo, =

e % kG 2mo2k3. Equation (3.8) is an eigenvalue integral equation which has
to be solved in w and FE,(Z), its solutions are the eigenvalues and eigenmodes of
the plasma oscillation problem. The resulting electric field &, = E,(7)e™=*~"""
describes a wave that propagates in the longitudinal direction (either backwards
or forward depending on the relative signs of w and k,) with a fixed transverse

profile.

3.1.1 Universally scaled dispersion equation

The dispersion relation in Eq.(3.8) can be expressed in terms of four dimensionless

scaling parameters. We give the following definitions:

D = k.0, /v is the 3-D parameter, which accounts for edge effects due to the
finite size of the beam. To understand intuititively how edge effects affect the
plasma dynamics, we recall that the single-particle longitudinal electric field, in
the frequency domain, can be expressed as: E,(Z) = ;YL;;KO (@) The single
particle field tends to zero exponentially as a function of k|Z|/v for k|Z|/y > 1.
For D >> 1, then, edge effects can be neglected since the electrons in the center

of the beam are not affected by the field generated by those at the edges, whereas

for D << 1 the system is dominated by edge effects;

K, = k,co,/wyy? is the energy spread parameter and corresponds to the ratio
of the longitudinal wave-number k, to the Debye wave-number associated with
energy spread. This parameter can be interpreted as the ratio of the longitudinal
thermal displacement in a plasma period to the wavelength 27 /k. If K, << 1
thermal motion due to energy spread is negligible on the time-scale of a plasma

oscillation and the effects of energy spread can be neglected;
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K. = k,c(kgo,)?/2w, is the emittance parameter and it corresponds to the
ratio of k, to the Debye wave-number associated with emittance. K, has a similar
physical meaning as K, with longitudinal thermal motion being induced by

transverse emittance instead of energy spread;

K3 = kgc/w, is the focusing parameter. If Kz << 1 transverse motion due
to focusing is negligible on the time-scale of a plasma oscillation and the electron
dynamics can be considered transversely laminar, we will thus refer to this limit
as the laminar beam limit. In the opposite limit (K3 >> 1) particles perform
several betatron oscillations in a plasma period and transverse motion cannot be

neglected, we will denote this condition the high betatron frequency limit.

Finally the mode oscillation frequency is normalized to the plasma frequency

as 2 = w/w,. The resulting universally scaled dispersion relation is then:

D (3.9)

X Ez(X cos K3T + Bsin KgT)Fy, dTd*B

where Fy, = (kgo,)?fo. and we have introduced the following scaled variables:
T ==z, X =&/o,, B= gL/kgom.

Finally by changing the integration variable in the d2B integral to X' =
EsinKﬁT + )?COSKgT, we get:

1 — — — —
(ﬁvi — 1) E, = —/EZ(X’)H(X,X’)OFX’ (3.10)
with:
0 _ D2 o —(X24X2-2X. X cos KT) éltZKKBT)T
— — e
(X, X = / TR dr.  (3.11)
—c0 B
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Solution of Eq.(3.11) gives the eigenmode E, and the scaled oscillation frequency
2 in terms of the four scaling paramters D, Kg, K, and K.. In the following
sections we will find solutions to the dispersion relation and derive some of its

relevant limiting forms.

3.2 The one-dimensional limit: transverse mode degener-

acy and degeneracy breaking

A particularly important limiting form of the dispersion relation is found in the 1-
dimensional (1-D) limit, i.e. the limit for D — oo and Kz — 0. Mathematically,

this limit is obtained by using the following identity:
(}?2+X’2_2}?-)?’ cos KET)(l-HKeT)
lim g, 0 me 25in? KgT = 70X’ — X) and by noting

that, for D — oo the transverse Laplacian in Eq.(3.10) is negligible. In the one-
dimensional (1-D) limit , all the modes are degenerate (i.e. they all have the
same eigenvalue) and the dispersion relation reduces to:

0 T (KyT)?
1— — ez 8T — . 3.12
/ itk (3.12)

Finally, taking K. — 0, Eq.(3.12) reduces to the well-known one-dimensional

dispersion relation for a thermal plasma derived in [4]:

1 Q
1——27' ( ) ~=0 (3.13)
2K?2 V2K,

where Z' is the complex derivative of the plasma dispersion function [4] defined
as Z(¢) = 2ie= ¢ fio e~**dz (see the derivation in the Appendix). For K. = 0,
Eq.(3.13) has two solutions 2 = £1 (or w = +w,) which are the one-dimensional

oscillation frequencies for a cold relativistic plasma.
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Mode degeneracy in the one-dimensional limit can be explained by examining
the system in its rest frame. In the rest frame, for D >> 1 (or k% >> 1) the
wavelength is much smaller than the transverse size of the beam. In this case,
if the transverse motion is laminar, the beam can be considered as a uniform
infinite plasma, in which different regions of the transverse plane evolve inde-
pendently, thus allowing plasma oscillations with an arbitrary transverse profile.
Mode degeneracy is broken when the electric field phase information is trans-
ferred across the beam’s transverse distribution and the electrons at the center
of the beam are affected by those at the edges. This can happen either by geo-
metrical or kinetic effects. Namely if D >> 1 does not apply, the single particle
electric field establishes a transverse correlation across the whole beam (see the
discussion on the D parameter in section 3.1.1), whereas if K3 << 1 does not
apply the phase information is carried by the electron betatron motion across the

transverse plane.

Degeneracy breaking of the plasma eigenmodes induced by transverse focus-
ing is an important new result of our kinetic analysis with respect to previous
models based on the laminar beam approximation. This effect has experimental
relevance since mode degeneracy in the 1-D limit has immediate applications in
shot-noise reduction experiments. Noise reduction can be achieved on a broad
angular spectrum only if all the modes have the same oscillation frequency and,
thus, reach the one-quarter plasma oscillation point at the same time (note that
shot-noise will couple to several transverse modes due to its broad angular dis-
tribution).This can only be obtained in the D >> 1 limit for K3 << 1. If this is
not the case, shot-noise reduction may be obtained only on one transverse mode,
which can still be of interest in applications such as seeded free-electron lasers, in
which the main contribution from shot-noise comes from the fundamental trans-

verse mode.
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3.3 Variational Solution for the Fundamental Mode

A good approximation for the eigenvalues of the plasma oscillation dispersion
relation can be obtained with a variational method. The variational method for
the fundamental mode can be implemented by projecting the dispersion equation
in Eqs.(3.10,3.11) on a pure gaussian mode E, = e~wI XL and imposing the
condition that the eigenvalue be stationary as a function of w: dQ2/dw = 0[41, 10].
This procedure is equivalent to approximating the fundamental plasma eigenmode
with a gaussian shaped mode and finding the value of w for which the gaussian

best approximates the exact mode.

This results in two coupled equations that need to be solved for 2 and w:

(KyT)2 .
BRLLLLY .

1 1 0 Te 5 — QT
1t , . —_aT  (3.14)
dw  2D? oo (L +iKT)? + 4w(1 4+ (K. T) + 4w? sin® KgT

1 /0 4(14+iK.T) + 8wsin® KzT (5 T)?

. sTe™ =2 TdT.
4w —oo (1 +iK.T)? + 4w(l 4+ iK.T) + 4w? sin® KT
(3.15)

Simultaneous solutions of Eqs. (3.14,3.15) provide an approximate solution to
the eigenvalue problem of Egs.(3.10, 3.11) in terms of the dimensionless scaling

parameters.

'The choice of a Gaussian distribution allows the analytical computation of the spatial and
velocity integrals, thus giving simple solutions for the integro-differential dispersion relation.
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3.3.1 Variational solutions in the cold beam limit

The cold beam limit is identified by the conditions of vanishing energy spread
(K, << 1) and vanishing emittance (K. << 1). The laminar beam limit is
identified by the condition Kz << 1, in which the transverse position of the
electrons can be considered fixed for the relevant time scale. In the cold, laminar

beam limit the time integrals in Eqgs. (3.14, 3.15) can be solved analytically and

yield:
= + N (3.16)
dw 2D 144w Q2 ‘
1 4 1
= — 1
dw? (14 4w)? Q2 (3:17)
which have the following solutions:
2D
Q=4 V2 (3.18)

1++2D

with w = D/2+/2. This result can be identified as the fundamental mode plasma
frequency reduction factor in the variational approximation and accounts for edge
effects due to the finite size of the beam. Note that in the D >> 1 limit we recover
the 1-D oscillation frequency whereas for D << 1 the oscillation frequency is
significantly reduced. This effect is due to the suppression of longitudinal fields
caused by the geometry of the electron beam in its rest frame. In the D << 1
limit (or k.o./7 << 1), the transverse size of the beam is smaller than the
wavelength in the rest frame and the collective longitudinal electric field (which

is Lorentz-invariant) is strongly reduced.

Another relevant limit, from the experimental point of view, is the high be-

tatron frequency limit for a cold beam, i.e. the limit for K3 >> 1, K, << 1 and
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K. << 1 (the condition on Kjp can actually be relaxed, as we will see in Section
3.4: in most practical cases the high betatron frequency condition can be iden-
tified as Kz > 1). In many experiments related to high frequency space-charge
phenomena, in fact, the beta-function is very small to enhance the collective
response of the electrons (thus fulfilling the high betatron frequency condition)
but the brightness of the electron beam is high enough that the low emittance
approximation is still valid. The case in which the latter condition is not verified

will be discussed in the next subsection.

For Kz >> 1, the sin® K3T term in the time integral in Eqs. (3.14,3.15) can
be substituted with its average value. With this approximation the time integral

can be solved analytically and the two resulting variational equations are:

11 | 1

L _ Ea 3.19

dw 2D2 T 1+ 4w+ 2ur P (3.19)
| 444 1

- o (3.20)

Aw? (14 4w + 2w?)2 Q2

For D >> 1, Egs. (3.19,3.20) yeld: Q = % /3=t ~ £0.765 and w ~ 5. In the
V3
o N -~ D D
opposite limit (D << 1) we have Q ~ +v/2D(1 — v/2D) and w ~ m(l — m).

Note that for D << 1 the eigenvalues in the laminar beam limit and in the
high betatron frequency limit agree to second order in D. This can be understood
by noting that, for D << 1, the transverse profile of the electric field extends well
beyond the transverse beam distribution. In this case, the field can be considered
uniform within the electron beam and betatron motion makes little difference
since an electron oscillating transversely samples no field variation across the
transverse plane. For D >> 1, instead, the collective response is reduced for

Kz >> 1 with respect to the laminar beam limit (K3 << 1). This can be
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explained as follows: in the cold, laminar beam limit, for D >> 1, we found that
the fundamental plasma eigenmode tends to be confined close to the center of
the beam (w = D/2 >> 1); betatron motion in the Kz >> 1 limit, however,
tends to spread out transversely the perturbed charge distribution, reducing the
intensity of the space-charge field. The resulting steady state situation is that of
a mode with a transverse size comparable to the beam size (w = 1/v/2) and a
weaker collective response from the electrons. The following heuristic formula is

valid within 5% of the numerical solution for D > 0.01:

V2D

with 8 = v/2 /0.763 and o = 3 — V2. Note that this formula approaches asymp-
totically the exact solution in both the D > 1 and D < 1 limits.

3.3.2 Energy-spread and emittance effects: the Landau damping con-

stant

In the case of a beam with finite emittance (K. # 0) and/or finite energy spread
(K, # 0), the collective response is exponentially damped due to the longitudinal
thermal motion of the electrons, i.e. the oscillation frequency €2 has a finite
negative imaginary part. This collisionless damping process is usually denoted
Landau damping. The variational equations, in this case, have to be solved
numerically. Figure 3.1 shows the oscillation frequency and the Landau damping
constant, defined as —3{Q}, as a function of K, and K., for D = /2 and Kz >>
1. Note that the response is radically different depending on the sign of K..
For positive K, which corresponds to a forward propagating wave, the damping
constant has a very weak dependence on the emittance parameter whereas for

K. < 0, corresponding to a backward propagating wave, it grows rapidly, reaching
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values of order 1 for K, ~ —0.5. This feature is quite general and does not depend

on one particular choice of D or Kp.

The physical explanation of this anisotropy is the following: the electron lon-
gitudinal velocity shift due to emittance is always negative, or, in other words, the
spread in longitudinal velocity in the beam is larger for negative velocities than
for positive velocities, where negative and positive velocities are defined relatively
to the reference particle traveling at 5, = m Since Landau damping
becomes important when the phase velocity of the plasma wave is comparable to
the thermal velocity spread, waves that propagate in the forward direction (again,
relatively to the reference particle) are less attenuated than waves that propagate
in the backward direction. One consequence of this is that a sinusoidal density
perturbation in z (which contains both a positive and a negative wavenumber k)
gives rise to a stationary plasma wave for small values of K. and to a forward

propagating plasma wave for |K,| ~ 1.

Emittance induced Landau damping can be an important parasitic effect in
space-charge based experiments. In fact, in these scenarios, it is generally desir-
able to focus the beam to a tight spot in order to increase the beam density and
enhance the collective response of the electrons (namely to increase the plasma
oscillation frequency). However, in a non-accelerating beam, the geometrical
emittance € = kgo? = 0,04 is a constant of the motion. This means that increas-
ing the beam density comes at the cost of increasing the longitudinal velocity
spread due to emittance, thus inducing Landau damping (since K, o €?/a,). It
follows that, for a given beam emittance, the beam density has an optimum value
for achieving the strongest plasma response, which is ultimately determined by
the emittance parameter K.. Beam optimization for space-charge based experi-

ments is currently under intense investigation and the application of the present
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2.5

Figure 3.1: Oscillation frequency (upper plot) and Landau damping constant
(bottom plot) as a function of the energy spread (K,) and emittance parameter
(K.) for D = /2 and Kz >> 1.
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theory to this topic will be the subject of a subsequent publication.

3.4 The exact dispersion relation in the spatial frequency

domain: limiting forms and physical interpretation

The plasma oscillation eigenmodes can be found, in principle, by solving Eq.(3.10)
for Q2 and E.,. In the previous section we have found approximate solutions to the
dispersion equation using a variational approach. To find solutions to the exact
dispersion relation, however, it is more convenient to write Eq.(3.10) in a different
form, which is more fit for a numerical solution with a discretization method.
For this purpose we first expand the electric field in a series of azimuthal modes,
i.e. we find solutions in the form E, = E,,(R)e"™?, where R and ¢ represent the
position in the transverse plane in polar coordinates. Finally we perform a Hankel
transform of the resulting expression, defined as H, fo m(QR)RAR,
where J,,, is the m-th order Bessel function of the first kind. The details of the

derivation are contained in the Appendix, the resulting dispersion relation is:

~

EnlQ) = /0 1,(Q.Q)En(@)QdQ (3.22)

where the integration kernel T;,, is:

1 0 T <QQ’ oS KBT)

Tn(Q,Q) = ——5 - m :
(@, Q) 1+ € ) OTikT) 1 +iK.T (3.23)

2 /
where I, is the m-th order modified Bessel function of the first kind. The so-
lutions to Eq.(3.22) provide the eigenvalue €2 and the eigenmode E,, in the fre-

quency domain. The eigenmode in the space domain can be recovered by inverting
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the Hankel transform as: E,,(R) = [~ En(Q)Jn(QR)QAQ.

To explain some important physical aspects of the problem we derive the
limiting forms of Eq.(3.22) in the case of a cold beam (K, << 1, K, << 1) for
both the laminar beam (K3 << 1) and the high betatron frequency (Kz >> 1)
limits.

For the laminar beam limit Kz << 1 the dispersion relation reduces to:

. 1 * 24Q? ~
EnelQ) = e | @) S h, @ae. e

D2

Note that for a given eigenmode Em(Q) there are two associated eigenvalues
4+ which means that the general response in this limit is that of a stationary

oscillation.

In the case of a cold beam in the high betatron frequency limit Kz >> 1,
it is convenient to perform a Fourier expansion of the integration kernel in the

betatron phase KgT'. The resulting integration kernel is:

_Q%ia? , ,
T.(0.0)=——" N I (QQ ) j. (QQ ) ! 3.95

n

where the sum is performed over all even/odd integers n for an even/odd az-

imuthal number m (see the derivation in the Appendix).

Note that each term in the summation in Eq.(3.25) is associated to a harmonic
of the betatron frequency nKjg. In particular, for an even/odd value of m, the
dispersion relation couples to all even/odd harmonics of Kz and the integration
kernel T, is strongly peaked around (2 ~ nKj irrespective of its dependence

on (@Q,Q). This has an interesting physical interpretation: as the beam goes
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K, T=0 K, T=n/4

Figure 3.2: Ballistic evolution of a helical charge density perturbation correspond-
ing to an m = 1 transverse mode.
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through half a betatron oscillation period, the transverse positions of all the
electrons are mirrored in x and y across the z-axis. For a charge perturbation
of the form oc €™, mirroring the positions of all the electrons results in a new
charge perturbation with the same radial and azimuthal dependence multiplied
by a factor ™. This means that the density perturbation replicates itself every
half betatron oscillation period, unchanged for even m and with a negative sign for
odd m (see Fig. 3.2 for a visual example of this effect). It follows that, under the
effect of transverse focusing, the evolution of an even/odd m mode is periodic and
composed of even/odd harmonics of the betatron frequency Kpg. Recall that in
our linear analysis, the particle’s response to the collective field is computed as a
small perturbation to the zeroth order trajectories. Since the zeroth order motion
of the electrons drives an oscillation of the field at the even/odd harmonics of Kp
(for an even/odd value of m), it follows that only these harmonics will couple to

an even/odd m plasma eigenmode through the dispersion relation.

Since the integration kernel in Eq.(3.25) is highly peaked around the harmon-
ics of the betatron frequency, we will look for solutions in the form € = hKg+ €2
with Q2 << Kjs, where h is either an even integer (for even m) or an odd in-
teger (for odd m). With this ansatz, we neglect all the terms corresponding to

harmonics different than h and the dispersion relation is further simplified:

A Too Q207 QQ' QQ'
Em,h,r(Q)=m/o e I*”Jh( 2 )Im;h( 2 )

X Em,h,r (Q/)QldQl :

(3.26)

In this case, for the same eigenfunction, the corresponding oscillation fre-

quencies are: © = £(hKp £ 0€2). For h = 0 the plasma oscillation frequency
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contains the collective response of the electrons averaged over the betatron mo-
tion. For h # 0, instead, this set of solutions corresponds to a beatwave, with
a fast betatron oscillation modulated by the slow collective response described
by the eigenvalue 62 and we will denote it Plasma-Betatron Beatwave (PBW).

Figure 3.3 shows a schematic representation of the evolution of a PBW mode.

Mathematically, the beat happens between the two eigenfrequencies of the
system hKz £ 62 which, for Kz >> 1, differ by a small value 26€2. Physically
this effect can be explained as follows: consider for simplicity an odd m mode.
The ballistic evolution (i.e. with no collective fields) of the mode is periodic and
composed of odd harmonics of the betatron oscillation frequency. In the Kz >> 1
limit, the time-scale associated with the plasma oscillation is much larger than
the betatron oscillation period and the exchange between energy and density
modulation, which causes the plasma oscillation, happens in several betatron
periods. Since betatron motion drives a fast oscillation of the electric field at the
odd harmonics of the betatron frequency and the plasma oscillation has a time
scale that is larger than the betatron period, the mode evolution is composed
of the fast ballistic evolution driven by betatron motion (at the characteristic
frequency hKj3), modulated in time by the slow collective plasma oscillation (with
frequency 0€2). The same argument can be used for even m modes for harmonics

of the betatron frequency different than zero.

It is very important to emphasize that, in the Kz >> 1 limit, the collective
physics is contained in the reduced eigenvalue 6€2. We will thus denote 6€) the
effective plasma frequency. The eigenfrequency 2 = hK 3+ 062, instead, describes
the combined effects of zeroth order motion and collective response. In light of
this, it is convenient to classify the modes differently in the two limits of laminar

motion and high betatron frequency. In the first case, Kz << 1, the modes are
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Figure 3.3: Schematics of the plasma-betatron beatwave mechanism. The blue
line represents the time evolution of the electric field, the red dashed line shows
the envelope of the beatwave, evolving according to the effective oscillation fre-
quency 0f2.
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denoted as FE,, where m is the azimuthal number and r is the radial number,
with the modes ordered in r by decreasing oscillation frequency €2 (i.e. the lowest
order mode is the one with the highest space-charge oscillation frequency). In the
Kpg >> 1 case, instead, the modes are naturally identified by their relationship to
the discrete harmonic of the betatron oscillation frequency. The modes are then
denoted i, p, where h is the associated harmonic number and the modes are
ordered in the radial index r by decreasing 2. The fundamental mode discussed
in Section 3.3, for example, is identified as the Eyo mode for Kg << 1 or the
Ey 0 mode for Kg >> 1. Note that for even m modes, h = 0 is a valid harmonic
number whereas for odd m, the lowest possible harmonic number is h = 1, which

means that in the Kz >> 1 limit odd m modes only exist in the form of PBWs.

Finally we observe that, by comparing Eq.(3.26) and Eq.(3.25), follows that
the condition under which the high betatron frequency limit is approached can
be relaxed. For a given value of 0€2, the condition for having a PBW is that

00* << 4K} which, in many cases, holds even for values of K of order 1.

3.5 Eigenvalues and eigenmodes of the exact dispersion

relation

In this section we find numerical solutions to the exact dispersion relation to give
a quantitative description of the effects described in the previous section. We will
be concerned with the cold beam limit (K, << 1, K. << 1). In this limit, the
two parameters of interest are the 3-D parameter D and the normalized betatron
frequency K3, we will thus explore the behavior of the plasma oscillation as a
function of D in the two important cases of laminar motion Kz << 1 and high

betatron frequency Kz >> 1.
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Figure 3.4: Fundamental mode oscillation frequency as a function of D for the
laminar beam limit (blue curve) and for the high betatron frequency limit (red
curve) as found with the matrix method for a cold beam.

Eq.(3.22) can be solved numerically by discretizing @ and ’. Upon dis-

cretization, the integral equation becomes a matrix equation[10]:

A

M,y () E, =0. (3.27)

Eq.(3.27) has non-trivial solutions only if det(M, ,(€2)) = 0. The zeroes of the de-
terminant and the matrix eigenvectors represent the eigenvalue/eigenmode pairs

for the plasma oscillation modes.

Figure 3.4 shows the solutions to the exact dispersion relation for the cold
beam case in the laminar beam limit and the high betatron frequency limit as a
function of D for the fundamental m = 0 mode, compared to solutions from the
variational approach (shown as dashed lines). The solutions to the exact disper-

sion relation confirm, with a good approximation, the results from the variational
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method: in the laminar beam case, the oscillation frequency approaches the 1-D
limit 2 = +1 as D — oo, whereas, for K3 >> 1 the oscillation frequency reaches
a smaller value €2 ~ £0.756 due to the effect of betatron motion. As D decreases
the oscillation frequency decreases monotonically, asymptotically approaching 0

as D — 0 in both cases.

Figure 3.5 shows the mode profile for the fundamental m = 0 mode for several
values of the 3-D parameter. For D = 0.1 the mode profile extends well beyond
the beam distribution, while for D = 10 it is confined within the beam. This can
be understood by considering the field distribution as a convolution between the
perturbed charged distribution (which is typically confined within the beam) and
the single particle longitudinal electric field. Since for D << 1 the single particle
field extends well beyond the 0-th order charge distribution (see the discussion
on the D parameter in Section 3.1.1), its convolution with the perturbed charge
distribution has a transverse profile which is significantly broader than the beam
size. Figure 3.5 also shows the transverse profile of three higher order radial

modes for D =1 and Kz >> 1.

Finally, we illustrate the effect of betatron oscillations on the higher order
modes. Fig. 3.6 shows the effective oscillation frequency for the lowest order
m = 1 and m = 2 modes in both the laminar beam limit (K3 << 1) and the
high betatron frequency limit (K >> 1) as a function of the 3-D parameter D.
Note that in the D >> 1 limit, for Kz << 1, all the eigenvalues tend to the one-
dimensional limit 2 = 1, as predicted in section 3.1 by taking the one-dimensional
limit of the dispersion relation. For K3 >> 1, instead, transverse focusing breaks
the degeneracy of the different azimuthal modes for D >> 1. Also, comparing
the solutions for the laminar beam to the ones for the high betatron frequency

limit, we conclude that the suppression of the collective response due to betatron
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Figure 3.5: Left figure: Mode profile for the fundamental m = 0 mode, for
Kz >> 1 and D = 10 (blue curve), D =1 (red curve), D = 0.1 (black curve).
Right figure: Mode profile for the three higher order radial modes for D = 1 and
Kpg >> 1. For comparison, the beam density profile is plotted as a black dotted
line.
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Figure 3.6: Lef figure: Effective plasma oscillation frequency 6$2 as a function of
D for the E 1 (red solid line) and Es 0 (red dashed line) modes for Kz >> 1.
The blue lines show the oscillation frequency € for the corresponding eigenmodes
in the laminar beam limit (K << 1), i.e. the E o (blue solid line) and Es (blue
dashed line) modes. Right figure: Effective plasma oscillation frequency for the
plasma-betatron beatwave modes associated with the 3rd 5th and 7th harmonic
for m=1 and for the lowest order of radial mode.
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motion is much stronger for the higher order modes compared to the fundamental
m = 0 mode (compare Figs. 3.4 and 3.6). Also, suppression of the higher order
modes due to transverse focusing happens over a broad range of values of D,
including the limit for D << 1, in which the fundamental mode is unaffected by
transverse motion. Figure 3.6 also shows the effective oscillation frequency 62 for
the third, fifth and seventh harmonics of the betatron frequency Kg for m = 1,

indicating that the collective response is slower for higher harmonics.

This has strong implications from the experimental point of view. Space-
charge based amplifiers [13] can benefit from the suppression of higher order
modes in terms of increased transverse coherence when starting from shot-noise.
In addition to that, the strong separation in oscillation frequency of the different
eigenmodes could be used as a tool for selective microbunching amplification. In
fact, since microbunching amplification is maximized when the beam drifts for
one-quarter plasma oscillation, optimum amplification happens at different points
along the beamline for different transverse modes. This effect could be used, for
example, as a low noise preamplifier in a High Gain High Mode Generation free-

electron laser scheme for the production of orbital angular momentum modes|44].

3.6 Conclusions

In this chapter we have studied the properties of longitudinal plasma waves in a
thermal relativistic electron beam. This analysis addresses an eigenmode/eigenvalue
problem and provides a set of propagating space-charge modes and their associ-

ated oscillation frequencies.

We have derived a three-dimensional dispersion relation for the longitudinal

plasma oscillation modes. The dispersion relation can be expressed in terms of
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four dimensionless scaling parameters and includes the effects of energy spread,
finite emittance and betatron motion as well as edge effects due to the finite size

of the beam.

The dispersion relation has been solved for a broad range of values of the
dimensionless scaling parameters using both a variational approach and a dis-
cretization method. The results have been used to describe several novel physical

effects.

We have studied geometrical effects for the fundamental mode as well as for
few higher order modes, showing how the plasma oscillation frequency is reduced
with respect to the one-dimensional limit when the 3-D parameter D = ko, /7 is

of order 1 or smaller.

We demonstrate how the longitudinal velocity spread due to emittance induces
an anisotropy between forward and backward propagating plasma waves, with a
stronger Landau damping of backward propagating modes with respect to the

forward propagating ones.

The effects of transverse focusing are also of great importance. We show how
betatron motion breaks the degeneracy of the plasma modes in the infinite beam
limit (ko /v >> 1) introducing a phase correlation of the electric field across the
whole transverse plane, an effect that has practical consequences for shot-noise
reduction schemes. Transverse focusing, coupled to the transverse structure of
the plasma eigen-modes, also gives rise to a beatwave between plasma and beta-
tron oscillations. This effect is denoted Plasma-Betatron Beatwave and consists
of a fast oscillation of the electric field driven by betatron oscillations, superim-
posed to the slow collective response of the electrons. Finally, betatron oscilla-
tions are shown to suppress the collective response of the beam, an effect that is

particularly noticeable for higher order modes, with important consequences for
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space-charge based amplifiers.

3.A Mathematical derivations and useful formulas

In this appendix we derive some of the formulas discussed in the text.

3.A.1 Relationship to the plasma dispersion function

We start by casting the following relationship, which should clarify the connection

of our approach to some of the previous literature:

0 _ioT— K212 . d 0 _iqT— K212 1 Q
/_ Te or 2 dT:Zd—Q _006 ar 2 dT:2K2Z/<\/§K) (328)

[e.e]

where Z' is the complex derivative of the plasma dispersion function Z. The
plasma dispersion function can be defined in two equivalent ways:

i¢

b T i ~a?
Z(O_\/%/dex—g 2ie / e "dx (3.29)

— 00

where ¢ stands for the Landau contour which runs in the complex plane from
—o0 to +00 and below the singularity at x = (. The equivalence between the
two formulas is derived in [4]. For |[¢| >> 1 we have Z'(¢) ~ 1/¢?. It follows that

for K, << 1 the time integral in Eq.(3.28) reduces to:

0 . 22 1
/ Te T dT ~ — (3.30)

3.A.2 Azimuthal mode expansion and Hankel transform

To derive Eq.(3.22) we start by performing the azimuthal mode expansion of the

dispersion relation. Using the relation e¢®s(#) = S I,(C)e™? we get:

m=—00
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with:

<R2+R’2 ) (14iKT)

Gm(R,R’) _ /0 e*%%mﬂe_wﬂn (RR’(I—I—?I%T) COSK5T>
2sin” KgT'

—00

(3.32)

Finally, the Hankel transform of Eq.(3.31) can be performed using the follow-

ing formulas: [;° ze= " I (Bz)J, (yr)dr = ie% Jl,(g—g) and [ ze= " J,(Bx)J, (v )da
e T L,(5).

3.A.3 Limiting forms of the dispersion relation

Eq.(3.24), which represents the limiting form of Eq.(3.22) for a cold, laminar
beam can be obtained by setting K3 — 0 and K. — 0 and using Eq.(3.28) to

compute the integral in 7"

~ Z,(\/EQK ) o Q%+Q"”% ~
— —’Y / - B} / /d / )
Bnnl@) = o / L (QQ) e 5 B (@)QdQ (333)

and finally using Eq.(3.30) to take the limit for K, — 0.

Eq.(3.25) can be derived by using the formula fOW/Q 1+, (2a cos x)cos|(pn — v)z|dx

51u(a)l,(a). We obtain the following Fourier expansion:
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I,(QQ cos KgT) = Z Rl F <%) Im_p, (QQ/> (3.34)

n=—0oo

for even m and:

+oo / ’
I, (QQ cos K5T) = Z et tDKST T, myl <%) Im—1_, (QQ ) (3.35)

n=—oo

for odd m.

The resulting integration kernel is:

_Q%41Q7 +Q’2

, QQ’) (QQ’) ,(Q—anﬁ>
T,.(Q, Inin Im_, [ 2= ) 727 [ ———£
(@.Q) = 2K2<HD2)H_ZOO ( A VoK,

(3.36)

for even m and:

_Q%+Q"? 400 , ,
T(QQ) = ———— 3 L, (%) Lot (QQ ) 7 (Q —(2n+ 1)Kﬁ)
2K2 (14 %) v

for odd m. Egs. (3.36,3.37) reduce to (3.25) for K., — 0.
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CHAPTER 4

Initial value problem of space-charge waves in

six-dimensional phase-space

In chapter 3, the propagation of plasma waves in a relativistic electron beam
was tackled in the context of and eigenvalue problem. While the solution to
the eigenvalue problem provides a set of steady-state solutions to the coupled
Vlasov/Poisson equations, the self-consistent evolution of an arbitrary initial
phase-space perturbation under the effects of longitudinal space-charge forces
is yet to be addressed. The latter problem is defined as the initial value problem

(IVP) of space-charge waves and this chapter is devoted to its solution.

The IVP of longitudinal plasma oscillations in high brightness electron beams
was previously solved in [22] for the case of a cold laminar beam whereas the
effects of transverse and longitudinal velocity spread were discussed in [30] with
a quasi-three-dimensional approach. In both cases the analysis was based on the
Laplace transform method. However, when transverse betatron oscillations and
finite beam emittance are included, the coupling of the plasma eigenmodes to the
initial perturbation is challenging and the methods based on the Laplace/Fourier
transforms become highly impractical. In this chapter, the IVP is solved by
means of a bi-orthogonal mode expansion in six-dimensional phase space. Our
analysis follows the approach of Kim [40], Xie [45] and Huang [46] for the grand

initial value problem of free electron lasers in three-dimensions.We develop a gen-
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eral formalism for the solution of the plasma oscillation problem in terms of the
eigenmodes of a Schrodinger-like equation in six-dimensional phase space. The
difficulty of the problem lies in the non-orthogonality of the plasma eigenmodes.
The IVP is solved by projecting the initial value onto the plasma eigenmodes
with the aid of the property of bi-orthogonality with respect to the set of ad-
joint eigenmodes, a method which is generally referred to as Van Kampen mode

expansion.

The chapter is organized as follows: in section 4.1 we develop the general
formalism for the IVP in terms of phase-space eigenmodes. In section 4.2 we find
explicit analytic solutions for the coupling of an initial coherent perturbation to
the dominant fundamental plasma eigenmodes which we use to describe the time
evolution of a coherent density modulation. In section 4.3 we discuss the coupling
of the fundamental mode to shot-noise. Finally we discuss the application of this
model to an experimental scenario and the implications of our theory for shot-

noise reduction experiments.

This analysis was published in Ref. [47].

4.1 General formulation of the initial value problem

In this section we derive a general solution for the IVP of plasma oscillations.
We work under the same assumptions as chapter 3: we assume a coasting, non-
accelerating electron beam of energy ymc?, matched to a uniform focusing channel
of betatron frequency kg/c. The electron beam is described in the six-dimensional
phase-space by a distribution function f(Z, 5 1,2,m,7) where Z is the transverse
position with respect to the propagation axis, 5 | is the transverse velocity nor-

malized to the speed of light, n = 577 is the relative energy deviation, z is the
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longitudinal position along the beam and 7 = ¢t where ¢ is the time variable
and c is the speed of light. The distribution function is expanded to first order
in perturbation theory: f = fy + fie**** where f, is a stationary distribution

function and |fi| < fo. We assume the following form for the 0-th order dis-

72
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tribution function fy = nge ¢ % 27 /(27)3/ *02k%0, where ng is the beam
volume density on axis and o, is the root mean square (RMS) size of the matched
charge distribution. The perturbed distribution function evolves according to the

linearized Vlasov equation coupled to the Poisson equation:

> = JEF—— . . egz

Orf1+ BL-Vafi — k3T - Vi h+ik.zfi + ,ymc28,7f0 =0 (4.1)
k. & e , -

Vi-2)—— =—— [ fie™Fdnd’ 42

(V1 72)_% o Ji nd- 31 (4.2)

where z = n/~* — (k32° + 3%) /4.
The initial value problem of plasma oscillations can be addressed by casting

the system of equations that describe the plasma eigenvalue problem in the form

of a Schrodinger-like equation:

O-f1 = L(f1) (4.3)

where L is a linear operator defined as:

- = D — . . eé;z(fl)
L(f1) = =B Vafi — k@ - Vg fi+ik.2fi + S

Oy fo)- (4.4)

and &.(f1) is a linear operator which acts on f; to give the implicit solution to
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Eqn. (4.2) via the Green’s function method:

E(f) = / LT (& o 7) Eny(i — ) (4.5)

with E,, (%) = Q;fffOK <kz|x‘) being the single particle longitudinal electric field

in the longitudinal frequency domain (see, for example [31]).

The eigenvalues and eigenfunctions of the L operator represent a set of so-
lutions to the system of Vlasov-Maxwell’s equations for the plasma oscillation
problem. Namely, if L( fn) = —j4n fn, then f,e "% is a solution to the plasma

oscillation problem. The eigenmode of L associated with an eigenvalue w,, is:

0

fo= il [ ) (1.6)

—0o0

where Z, (1) = & cos klgT—i—i—; sin kg7 and F,,, w, are the solutions to the eigenvalue

equation derived in chapter 3:

k2 ]f2 2 (sznT —i k%52+6L wnT —
(V2 72) = / / TE 2v4 s 4 ¢ E ( ( ))fOJ_de2/BJ_
(4.7)
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with fo, = e % 43 /2moks and ”Oe

g — being the one-dimensional plasma
oscillation frequency. We will denote f (@, 6 1, 1) the phase-space eigenmodes and

E,.(Z) the field eigenmodes.

The initial value problem can be addressed by decomposing the initial per-
turbation fi in a sum of eigenmodes of L. For this purpose it is useful to define

a scalar product in 5-dimensional phase space as:

(6, f) = / dn B PEf(E, Bin, )9, B, 7). (48)
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With the above definitions, we can define an adjoint operator L associated

with L as the operator that fulfills the following condition:
(9, L(f)) = (L¥(9), f). (4.9)

Using elementary properties of the convolution operator, it is possible to show

that L' is given by:

e&.(f10,.fo)

ymc?

LY(f1) = —(—BL'ﬁffl+/€§f'651f1+ik;z2f1+ ). (4.10)

The L operator is not self-adjoint, as a result its eigenvectors are not mutually
orthogonal. However, it is a general property that the eigenvectors of a linear
operator are mutually orthogonal to the eigenvectors of its adjoint operator. In
our case we have: (fI. f,) = (fI, fa)0nm. It follows that, given an initial per-
turbation of the distribution function f; , assuming that fn is a complete set of

eigenmodes !, we have:

i et (ff, Fr0)
fi(T) =) faeT e SR (4.11)

2
Eq. (4.11) describes the time evolution of a given initial perturbation f o in phase
space under the effect of collective longitudinal space-charge forces. Note that
for a cold beam, one field eigenmode can correspond to several eigenvalues [42].

For example, in the laminar beam limit there are two eigenvalues wy = Fw for

each field eigenmode E. In this case, the phase-space eigenmodes corresponding

'The completeness of this type of eigenmodes has not been demonstrated. However, it can
be demonstrated from basic principles that a bi-orthogonal expansion minimizes the distance of
the expanded solution to the real solution. We believe that this type of mode expansion gives
an accurate description of collective effects but it misses some features due to single-particle
poles, which become important in the evolution of shot-noise fluctuuations for warm beams.
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to each eigenvalue

0
fo=———50ufo / e T (T, (7)) dr (4.12)

2
yme o

are to be considered as distinct eigenmodes of the L operator and have to be

accounted for individually in the eigenmode expansion of Eq.(4.11)

We now find explicit expressions for f;{ in terms of the LSC eigenmodes.
Multiplying by 9, fo both sides of Eq. 4.10 we obtain that the eigenvalues of LT

correspond to those of L and that the eigenmodes are given by:

0
L / eI ik O (3 (1)) dr, (4.13)

ymc?

—00

where 7_(7) = @ cos kg — ﬁ sinkgT and E] is a solution to the field dispersion
relation in Eq.(3.8), corresponding to the eigenvalue w,,. If w, is a non-degenerate
eigenvalue then El = E,,, as is the case for modes with radial symmetry. Modes
with with azimuthal dependence of the type E,(Z) = Ry,,.(|Z])e™? (where ¢ is
the azimuthal angle in the transverse plane) are degenerate since the mode with
opposite azimuthal dependence (E,(Z) = R, (|Z])e~"?) is also a solution to the
field dispersion relation associated with the same eigenvalue. In this case the

bi-orthogonality property is fulfilled by choosing: E,, = R,,.(|Z])e™? + E! =
Ry (1))

In what follows we will use the dimensionless variables and scaling param-
eters defined in [42]. We give the following definitions: T' = *£7, X = Z/o,,
B = 51/ kgo,. We define the following independent dimensionless scaling pa-
rameters: D = k.o, /7 is the 3-D parameter and accounts for edge effects due to
the finite size of the beam; K., = k,co,/w,7? is the energy spread parameter and

corresponds to the ratio of the longitudinal wave-number k. to the Debye wave-
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number associated with energy spread; K, = k.c(kgo,)?/2w, is the emittance
parameter and it corresponds to the ratio of k, to the Debye wave-number asso-
ciated with emittance; Kp = kgc/w, is the focusing parameter. Finally the mode

oscillation frequency is normalized to the one-dimensional plasma frequency as

Q= w/w,.

4.2 Time evolution of a coherent density modulation

Equation (4.11), combined with Eqgs. (4.6,4.13), formally solves the IVP of plasma
oscillations. However, to develop an intuition on the physical processes involved,

it is useful to study the evolution of some specific forms of the initial perturbation.

In particular we will study the evolution of the fundamental mode starting
from a coherent density modulation. In what follows we will make use of the
dominant pole approximation, i.e., we will only retain the two solutions to the
dispersion equation with the lowest Landau damping constant fi, Q.. The
notation + refers to the sign of the real part of the eigenvalue, corresponding
to a forward or backward propagating wave depending on the sign of k, (in
particular, for positive k,, €2, corresponds to the forward propagating mode
while ©Q_ corresponds to the backward one). As was shown in [42], emittance
induces an anisotropy between fi, with the forward propagating mode having a

smaller damping constant.

With the above definitions and assumptions, the fundamental mode phase-
space perturbation generated by an initial perturbation f; is given by:
<f—TH f1,0> —iQ4+T ¢ <fi, f1,0>€—iQ,T

F(T) = frtie + for?l

LI NE )
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In [42], an approximate variational method for the plasma oscillation eigen-
value problem was developed. In the variational approach, the fundamental mode
is approximated with a pure gaussian mode F, = e~X* The eigenvalue ) and
the variational parameter w are then computed by projecting the dispersion rela-
tion (3.8) on the gaussian mode and imposing the condition that the eigenvalue
be stationary as a function of w, i.e. % = 0. Note that, in general, the field
eigenmodes corresponding to the forward and backward propagating waves are

different (except for the case of a cold beam, as discussed in section 4.1). Conse-

quently the variational condition has to be applied separately for the two modes:

aQt
dw+ 0

The normalization coefficient for the fundamental mode can be computed
explicitly in the variational approximation. With this simple form for the electric
field the normalization coefficient ( fl, fi) can be expressed, in dimensionless

units, as (see the derivation in the Appendix)):

N, Z’kn)\c?) 0 T2efiQiT77(K72T>2
(Gl =05 [ dr . —
Yws S (LHIKT)? +4wi(1 4K T) + 4wy sin” KgT'

(4.15)
where ny = ng2mo? is the average linear beam density and we have omitted the
factor —e/ymc? from fi and fL since it appears in both the numerator and the

denominator of all the terms in Eq.(4.14).

To find a closed form expression for the coupling coefficient ( fl, f10), one has
to make some assumptions on the initial phase space perturbation. In this section
we will discuss the case of a coherent density modulation, which can be generated,
for example, through the interaction of the electrons with a resonant external

radiation source in an undulator or by illuminating a photo-cathode with a laser
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pulse with an amplitude modulation [39]. For a coherent density modulation we
have: f1 o= p(Z) fo(Z, 8L, n). We will also assume that the input bunching factor
has a gaussian shape: p = Z—i(l + 20)e X where o = fdnd%lcl?ffl,o is the
amplitude of the initial density perturbation and v = ¢2/0? with o}, equal to

the RMS transverse size of the charge perturbation p. The resulting coupling

coeflicient is:

. [0 e_iQiT_M

/\_i_ . 2

, =no(14+2v)— dr - .
(i fro) = ol )wp /_oo (14 iKT)? 4+ 2(ws +v)(1 +iK.T) + dwivsin® KgT

(4.16)

Equations (4.15) and (4.16), solve the initial value problem for the fundamen-
tal mode in the variational approximation, starting from a transversely gaussian
density perturbation. To quantitatively describe the evolution of the plasma
eigenmode we define the density modulation corresponding to the fundamental

mode as:
i = / dnd®B, T f;. (4.17)

Note that, up to a factor % this definition is equivalent to that of the bunching
factor commonly used in free-electron laser theory. Following this definition and
using the results in Eqgs.(4.15,4.16), the time evolution of the fundamental mode

longitudinal density modulation, starting from a coherent seed, is given by:

; ¢ oy o (KA T2
P _Zkzn)\c2 oI T (fjr>f1,o> /0 I T e+ T ——5—
vy i S QKT 4 20, (1 + K1) s
4.18
ftof — iy TH?
+6—iQ,T<fo1,0> /0 JT T -T' ==
) e (U+iK T2 + 2w (1 +iK.T)

In the cold beam limit (K, < 1,K. < 1) we have Q; = £Q, wy = w,
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{2} =0 and I{w} = 0 and Eq. (4.18) reduces to:
n = nol cos QT (4.19)

where 1 is the initial value of the density perturbation and the geometrical

; : _ 1420 144w _ (142v)(1+H4w+2w?)
coupling factor is I' = Tro(wi7) Tiow for Kg < 1land I' = T+ (wtv) 12wr) (1520) for

K5>>1.

Note that Eq.(4.18) only contains the response of the electrons coupled to
the fundamental mode. A more realistic description of the system should take
into account several transverse modes. For many applications, however, we are
mostly concerned with the evolution of the fundamental mode since it is the one

with the strongest collective response from the electrons.

Figure 4.1 shows the geometrical coupling coefficient I' as a function of D and
v for both the laminar beam limit (K3 < 1) and the high betatron frequency limit
(Kg > 1). Note how I # 1, which means that this type of initial perturbation

excites several higher order radial modes other than the fundamental one.

4.3 Plasma dynamics of shot-noise

In a relativistic electron beam, the intrinsic discreteness of the particle distribu-
tion gives rise to a density perturbation commonly referred to as shot-noise. The

density modulation induced by shot-noise can be expressed as:
~ 1 —ikzz;
an = T Z e (4.20)
j

where z; is the longitudinal position of the j-th electron and the sum is performed

over the N particles in the region 0 < z < L. If the electrons are randomly
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Figure 4.1: Geometrical coupling coefficient for a coherent gaussian density per-
turbation I' for the laminar beam limit (upper plot) and the high betatron fre-
quency limit (bottom plot) as a function of D and v.
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distributed the statistical average of ng, vanishes but the absolute value squared

. . ~ 2 .
has a non vanishing average value [fis,|” = " which we denote as average shot-

noise power.

Density perturbations due to shot-noise excite fluctuations in the LSC fields
which, in turn, can give rise to collective plasma oscillations. It is then important
to compute the coupling of shot-noise to the plasma eigenmodes in order to study
the evolution of shot-noise microbunching under the effect of LSC self-fields. Note
that, by construction, our analysis only includes the coupling to the collective
space-charge modes. As shown by Kim et al., when thermal motion due to the
finite energy spread of the electrons is significant (namely a non-negligible value
of K.), single-particle effects can suppress the plasma behavior of shot-noise.
We will thus limit our shot-noise analysis to small values of the energy spread

parameter.

In the case of coupling to shot-noise the IVP must be treated statistically.
Namely, the coupling coefficients ( fl, f10) have to be modified to take into ac-
count density fluctuations due to the intrinsic discrete nature of the six-dimensional
particle distribution. Expressing the initial particle distribution as a sum of -

functions in six-dimensional phase space we get:

F 1 sy [ i =
(fL, fro) = Zzeﬂ’% / e~ e FRAT R (F5_ (7)) dr (4.21)
J

— 00

where (fj,g 1j,%j,m;) is the position in phase-space of the j-th particle and

Tj_(1) = ZjcosksT — B,jﬂ’j sin kgT. The sum is performed over the N particles

in the region 0 < z < L. For an uncorrelated initial distribution, in which the
initial phase-space perturbation is only due to shot-noise, the statistical aver-

age of the coupling coefficient vanishes but its average absolute value squared is
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different than zero. We shall thus compute the average microbunching power as:

[f* =e* T ey PI(FL fro) P + 20 e P, fr0)?

| (4.22)
+ 2R {7 =T et (£ i) (L, fr0)7}
with: 2
) ; (K4T)
0 —iQ T =5
dT/T/ ‘e - _ -
ch = Wy f_oo (+iK.T )2+4w:t(1T+/)’2K€T) (4.23)

T/QG—iQ:tT/_ (K’YQ
(1+iKT")2+ 4wt (1+iK ") +4w? sin? KgT'

© 0 ar

It can be shown that the statistically averaged coupling coefficients are given

by (see the derivation in the appendix):

dT’ :
00 _Z(Qi - Q>I<:i:)
_ K2Tl2
e —5—
(14 iK.T')? + 4R{ws }(1 + iK.T") + 4w |? sin® KT"

‘<ng7f1,o>’2 =

ng\CQ /0 =T _ o~ T
o 2
pr _

(4.24)

while the cross-term (f1, f10)(f1, fi0)* can be computed as:

2.2 0 —iQy T’ —iQ* T
AT AT * :nAC dTle * — € B
P o =5 [
. K2T12
e —5
(14+iKT")? + 2(wy +w)(1 +iKT") + 4w w* sin® KgT"
(4.25)

We recall that in the cold beam limit (K, < 1, K. < 1) we have Q = £Q,
we =w, N} =0 and I{w} = 0. In this limit Eq.(4.22) reduces to:

7] = |fign|T2, cos? QT (4.26)
where the shot noise geometrical coupling coefficient is ['?, = (11;r24ww)2 for Kz <1
and 2 = % for Kz > 1. Note that 'y, < 1, which means that the
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density modulation associated with the fundamental mode at 7" = 0 is smaller
than the shot-noise density perturbation \ﬁsn|2. This inconsistency arises because
shot-noise couples to a great number of plasma eigenmodes while here we are
only considering the fundamental one. As mentioned before, in many practical
cases we are mostly concerned with the dominant mode since it is the one with
the strongest response from the beam. For example, for shot-noise suppression
experiments, we are interested in studying the evolution of the fundamental mode
since it is the mode that mostly contributes to the noise contamination of seeded

free-electron lasers.

Figure 4.2 shows the shot-noise geometrical coupling coefficient I'y,, as a func-
tion of D. Note that, for D < 1 the coupling coefficient tends to one, which indi-
cates that in this limit excitation of higher order radial modes from shot-noise is
strongly suppressed. In the opposite limit (D > 1), for K3 > 1 the fundamental
mode is strongly coupled to shot-noise whereas, for Kz < 1, the coupling coeffi-
cient decreases monotonically as \/%' The latter condition (D > 1, Kg < 1) is
identified as the one-dimensional limit, in which the plasma eigenmodes are fully
degenerate [42]. In this limit, our three-dimensional modal description should
take into account a great number of radial modes and a one-dimensional or quasi-

three dimensional theory (as the one found in [30]) would be more suited for the

description of the IVP.

Note that the different behavior of I, for large values of D in the two opposite
limits of laminar motion (Ks < 1) and high betatron frequency (Kjz > 1) is a
direct consequence of the degeneracy breaking induced by transverse focusing,

which was discussed in [42].
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Figure 4.2: Shot noise geometrical coupling coefficient as a function of the 3-D pa-
rameter for the laminar beam limit (blue curve) and the high betatron frequency
limit (red curve)
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4.4 Numerical Examples

In this section we describe some specific application of the theory described in this
chapter. We will refer to the following beam parameters, roughly corresponding
to the compressed mode of operation of the Next Linear Collider Test Accelerator

(NLCTA):

e beam energy: E, = 120MeV;
e beam current: I, = 350A4,;
e normalized transverse emittance: € = 3mm X mrad;

e slice energy spread: o, =5 x 1072 .

We will study the evolution of an initial coherent density perturbation under
the effect of longitudinal space-charge forces to show how three-dimensional and

thermal effects affect the plasma dynamic of the beam.

Note that for a non-accelerating beam the transverse emittance is a conserved
quantity. The transverse beam size is related to the normalized emittance as:
Op = \/E where the § function is defined as 5y = 1/ks. In space-charge based
experiments (such as microbunching reduction or amplification) it is generally
desirable to increase the intensity of the longitudinal space-charge forces by in-
creasing the density of the beam (namely by matching the beam to a small value
of By). However, for a given transverse emittance, we have: K, o 1/0, 1/ B}/ 2
which means that increasing the collective response by strongly focusing the beam
comes at the expense of increasing the longitudinal velocity spread due to emit-
tance, which leads to damping of the microbunching structure. Figure 4.3 shows

the time evolution of the fundamental mode excited by an initial coherent den-

sity perturbation at a wavelength of A = 27/k, = 800nm. The initial density
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Figure 4.3: Time evolution of a coherent density modulation for the NLCTA
beam parameters and 5y = 6m (blue line) and 5y = 0.3m (red line)
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perturbation is given by: fi0 = bofo, with by < 1 (corresponding to v = 0 with
reference to section 4.2) for several values of the beta function. As expected the
microbunching plasma dynamic is faster for stronger focusing. For small values
of the beta function, emittance induced Landau damping becomes important,

exponentially suppressing the backward propagating mode.

Note that the bunching factor in Fig.4.3 does not go to zero after a quarter
of plasma period since the backward and forward modes have different frequen-
cies and different coupling coefficients. This effect is particularly noticeable for
smaller values of y (which correspond to higher values of the emittance param-
eter K.). This can be an important limitation in noise reduction schemes, where
the shot-noise microbunching of an electron beam is suppressed by letting the

beam perform a quarter plasma oscillation [14]

To better understand this effect we study the effect of emittance on the am-
plitude of the shot-noise bunching factor after one quarter plasma period. Fig.4.4
shows the amplitude of the first minimum of the shot-noise microbunching W
as a function of 3; for several values of the beam emittance. Ideally, for a cold
beam, the shot-noise bunching factor is suppressed after one quarter plasma oscil-
lation. However when emittance is included, the first minimum of the shot-noise
amplitude is different than zero and its amplitude increases with decreasing 3y
(i.e. increasing K). This limits the amount of suppression achievable in a noise-

suppression experiment. A similar effect can be caused by energy spread, as

discussed by Kim.
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Figure 4.4: Amplitude of the first minimum of the RMS shot-noise microbunching

normalized to the starting shot-noise level |7iz,|* as a function of the 3 ¢ function
for several values of the normalized transverse emittance.

91



4.5 Conclusions

In this chapter we have analyzed the initial value problem of longitudinal plasma
oscillations for a thermal relativistic electron beam. Our analysis is based on an
eigenmode expansion of the initial perturbation in six-dimensional phase-space
and includes the effects of energy-spread, finite emittance, betatron motion and
edge effects due to the finite size of the beam. The eigenmode expansion relies
on the solutions of the plasma oscillation eigenvalue problem discussed in [42]
and takes advantage of the bi-othogonality property of the phase-space plasma

eigenmodes and their set of adjoint eigenmodes.

We have derived a general formalism for the IVP which describes the evolution
of an arbitrary initial perturbation under the effect of longitudinal space-charge
forces for a beam matched to a focusing channel. Later on we have derived
closed form expressions for the evolution of the fundamental plasma eigen-mode
starting from a coherent density perturbation as well as from density fluctuations
due to shot-noise. FExplicit solutions for the coupling coefficient of the initial
perturbation to the fundamental mode have been derived in the cold beam limit
and used to describe how three-dimensional effects and betatron motion affect

the physics of this problem .

Finally, the mathematical formalism of the IVP, and its implementation for
the fundamental mode have been used to describe the time evolution of beam
microbunching for a specific example corresponding the the NLCTA beam pa-

rameters.
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4.A Derivation of the normalization coefficients for a co-

herent density modulation

In this section we derive some of the expressions reported in section 4.2. Following
the definitions given in Section 4.1, the normalization coefficient for a transversely

Gaussian field can be expressed as:

zk’n)\c

<f:t>fi

/ dT/ dT//dzBd2XFOJ_E (X4(T)) E.(X-(T"))

(B (T+T")? (X214 B2)iKe(T+T')
2 2

(T + T/)e—le: (T-‘rT/)—
(4.27)

where (21 and fy are, respectively, the two dominant roots (with positive /negative
real part) of the dispersion relation and the two associated eigenfunctions in the
variational approximation, ny = n¢2mo? is the average linear beam density and

we have omitted the inessential factor —e/ymc? from both fi and fl.

The X d?B integral yields:

(L fa) = — B / dT / AT/ (T 1 Ty i) - T

Vw3
1

(1+iK (T +T"))2 + 4wy (1 +iK (T + T")) + 4w? sin® K5(T + 1)
(4.28)

By performing the change of variables T'+ T = T" and integrating by parts in
dT we finally obtain

(KWT)

ikn 63 0 T2 —iQ4T—
hota) =05 [ dr _—
V2wp Jooo (L HIKT)? + dwe(1 41K T) + 4wi sin® KT
(4.29)
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4.B Derivation of the statistically averaged coupling co-
efficients of shot-noise to the fundamental plasma

eigen-mode

By taking the absolute value squared of Eq.(4.21), recalling that e**=(zi=2) = §;

we have:

_— N . 0 0 . R L w4 . .W*i Nt
(fL fro)l? = / @*B1d%% / C”/ dr' foBs (T4 (7)) B2 (- (1)) ' HharmiCabkear,

(4.30)
Performing the integral in d? E L d*7 we have, in dimensionless units:
_ n3c? . K2(T )
|<f:|:7f10 /\ / dT/ AT’ e~ (T LT~
1
+ (L — + W4 + (L — + 4|w4|* sin — '
14+iK (T —1T"))? + 4R 14+ K (T -1 4 2sin? Kg(T —T"
(4.31)

Finally, performing the change of variables T'— 7" = T" and integrating by parts

we obtain the final result shown in section 4.3:

22 p—iQLT _ QLT
(L hal =5 [ ar ==
—i(Qe — Q)
e (4.32)

2
(1 +iK.T')? 4+ 4R{w+ Y (1 + iK.T") + 4w+ |?sin® KzT"

Similarly we can compute the cross-term in Eq.(4.22) as

n C , K2(T T)2
<f+7f10><f_ f10 = )‘ / dT/ dT' e —i(QT-Q*T")—

(1+iK (T —=T"))% 42wy +w*)(1 + ZKE(T —T") + 4wyw* sin® Kg(T — T")
(4.33)
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which reduces to:

n2c2 [0 o T! _ =i T
L Frol (T Fro) =2 / e :
- Nw? J_ —i(Qy — QF)
- K?yT/Q

2
(14+iKT")? + 2(wy +w)(1 +iK.T") + 4w w* sin® KgT"
(4.34)
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CHAPTER 5

Three Dimensional Kinetic Theory of the

Longitudinal Space-Charge Amplifier

In the previous chapters, the self-consistent evolution of small perturbations in
six-dimensional phase-space was analyzed in the context of an initial value prob-
lem based on a bi-orthogonal eigenmode expansion in six-dimensional phase-
space. This analysis allows to study the effects of transverse betatron motion
and longitudinal velocity spread on the beam space-charge waves and it’s the
basis for a self-consistent kinetic analysis of space-charge induced microbunching

amplification.

Space-charge based microbunching amplification is a two-step process (see
Fig. 5.1): an electron beam with a small density modulation travels through a
drift space or a focusing channel and the longitudinal space-charge field generates
an energy modulation. After the drift, a magnetic chicane or any transport
element with a significant longitudinal dispersion, shifts the longitudinal position
of the particles proportionally to their energy, thus transforming the accumulated
energy modulation into a density modulation. For a high quality beam (low
energy spread and emittance) the final amplitude of the density modulation can
be much higher than the initial value, resulting in a significant amplification of

the bunching factor.

This effect is usually referred to as microbunching instability and it can
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strongly affect the operation of high gain free-electron laser compromising the
beam quality and interfering with beam diagnostic instruments. Recently, the
longitudinal space-charge microbunching instability has been proposed as a broad-

band amplifier for advanced free-electron laser seeding schemes [13].

In this chapter we use the results from chapters 3 and 4 to give a self-consistent
theoretical description of this process, with the inclusion of the kinetic effects
described in the previous chapters (betatron motion, energy-spread and finite
emittance). This chapter is organized as follows: in section 5.1 we describe
the use of the formalism for the 6-dimensional initial value problem to describe
the microbunching amplification induced by space-charge; in 5.2 we find explicit
expressions for the microbunching gain associated with the fundamental plasma
eigenmode starting from a coherent density modulation; in 5.3 we use the present
formalism to analyze the amplification of shot-noise microbunching coupled to
the fundamental mode; finally we show the application of this analysis to the
optimization of a microbunching amplification experiment at the NLCTA test

facility.

5.1 Six-dimensional model of space-charge microbunching

In this section we derive a general formulation for the microbunching induced
by LSC starting from an arbitrary perturbation in six-dimensional phase-space.
Throughout this chapter we will refer to the physical scenario described in fig.5.1.
An electron beam with an initial perturbation in phase-space travels through a
focusing channel, where the LSC field induces an energy modulation in the beam.
After the focusing channel, a magnetic chicane introduces longitudinal dispersion,

transforming the energy modulation into density modulation.
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The self-consistent evolution of six-dimensional phase space under the effect
of LSC can be described using the formalism developed in chapters 3, 4. We
assume a coasting, non-accelerating electron beam of energy ymc? matched to a
uniform focusing channel. The electron beam is described by a six-dimensional
phase-space distribution function f(& ﬂ , 2,1, T) where Z is the transverse position
with respect to the propagation axis, 5 is the transverse velocity normalized to
the speed of light, n = 577 is the relative energy deviation, z is the longitudinal
position along the beam and 7 = ct, where ¢ is the time variable and c¢ is the
speed of light. The distribution function is expanded to first order in perturbation
theory f = fo + fie*** where f, is a stationary distribution function and | f;| <

fo. We assume a gaussian stationary distribution function of the type:f, =
) B“i n?

nee 202 20%2 20,7/(27]_)3/2 Qkﬁan

The perturbed phase-space distribution f; evolves under the effect of LSC
forces starting from an initial value f; . The evolution of the phase-space per-
turbation can be expressed in terms of the plasma eigen-modes of the beam. We
define the LSC field eigenmodes F,, and eigenvalues w, as the solutions to the

following eigenvalue equation:

k2 kQ 2 (kzon"'> ok 9‘0’2+[3 jenT g
(Vi - 2)E, = // rem ket g (2)) fodrd®f

2
g Ve

(5.1)
Frid il

_ , 203 20%k% 21.2 7 -~ B o 2 _ mnge?

where fo, = e 5 [2mozkG, ¥+(T) = ¥ cos kBTﬂ:E sin kg7 and w, = 295 s

the one-dimensional plasma oscillation frequency. The field eigenmodes represent

a set of propagating solutions to the system of coupled Poisson/Vlasov equation.

The phase-space eigenmodes of the beam associated with the field eigenmodes

are
0

fom oty [ ERE, @) i 52

—00
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with 2 = n/y* — (k32° + 32)/4 and (1) = T cos ksT + % sin kg7. The adjoint

phase-space eigenmodes are

0
fim-ts [ e @) ar 5.3)

2
yme? J

where, for a general field eigenmode of the type E, (%) = R, (|7])e™? (where ¢
is the polar angle in the transverse plane) the adjoint field eigenmode is given by

the following relation E,, = R, .(|Z]|)e™? <> El = R, .(|7])e~"™?.

The phase-space eigenmodes represent a set of propagating solutions to the
system of coupled Maxwell/Vlasov equations described in [42] and in chapter
3. These solutions can be employed as a representation basis for the perturbed
phase-space distribution starting from the initial perturbation f; o. The evolution
of the phase-space perturbation in the focusing channel is then computed by using
the bi-orthogonality property of the phase-space eigenmodes with respect to the

set of adjoint eigenmodes:

Al =) ﬁe‘“%. (5.4)

— —

where < a,b >= [ dnd25d2fa(x, E, n, T)b(Z, E, n,T) is the five-dimensional scalar

product.

Equation (5.4) solves our problem up to the entrance of the magnetic chicane.
To complete the analysis we have to describe the effect of longitudinal dispersion
in the magnetic chicane. The magnetic chicane introduces the following coor-
dinate transformation z — z + Rs¢n. The effect of this transformation on the
phase-space perturbation is that of introducing a phase-shift proportional to the

energy deviation as: f; — fie”#fss  Tt follows that the density modulation after
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Figure 5.1: Schematic representation of a longitudinal space-charge amplifier.

a focusing channel of length L; and magnetic chicane dispersion Rjsg is given by:

AT — ~ . .wnL

i, = Y i) [ nd i et (5.5)
n <fn7 fn>

Equation (5.5) describes the density modulation induced by LSC starting from

an arbitrary perturbation f;o. In the following sections we will find explicit

closed-form expressions for some of the cases of interest to illustrate the physical

processes involved in the LSC gain mechanism.

In what follows, we will use the dimensionless scaling parameters and variables

introduced in chapter 3.

5.2 Microbunching gain for the fundamental plasma eigen-

mode

In this section we will compute the microbunching gain in Eq.(5.5) for the funda-
mental plasma eigenmode. For the sake of simplicity we will use the variational
solutions to the plasma eigenmode problem that were derived in [42]. In the vari-
ational approximation, the electric field is approximated with a gaussian mode

E, = e~ X” The plasma eigenvalue ) and the variational parameter w are

100



computed by projecting the field dispersion equation (3.8) on the gaussian mode
and imposing the condition % = 0. We will also work in the dominant pole
approximation, and we will keep the two roots of the dispersion relation with the
lowest Landau damping constant. The two roots are identified as €2, and are
associated with the phase space eigenmodes fi and the field eigenmodes with
variational paramters wy. The notation + refers to the sign of the real part
of the eigenvalue, corresponding to a forward or backward propagating space-
charge wave depending on the sign of k.. Note that the propagation properties
of the forward and backward modes are different due to the anisotropy induced
by transverse emittance. In particular the backward propagating mode has a

stronger emittance induced damping. With the above notation and assumptions

the density modulation amplitude after longitudinal dispersion is given by:

f —i i s (EyT)?
n >~ ik R56nA6—K7“2* e—z‘mTM /0 i o QiR K )T =225
Z (f1F) Jeoo (DHIKT)? 4 20 (140 KCTY)

T’)2

f —i i Ky T
4T <fi>f1,0> /0 dT"’ e~ Q- ik Kg)T x )

(17 (1 +iK.T)2 +2w_(1 +iK.T")
(5.6)

with K4 = ko,Rss. Note that in Eq. (5.6) we have only kept the term pro-

—00

portional to Rsg, which accounts for the microbunching enhancement due to

longitudinal rearrangement.

In chapter 4, explicit expressions for the coupling and normalization coeffi-
cients were found for the fundamental mode in the variational approximation. In

dimensionless units we have:

2
PR iknyc® [° T2e—i0eT— 55
(fL fuy = e /  — , )
Viwy Jooo (L +HIKT)? 4 dwi(1 +iKT) + 4wi sin® KgT

where ny = ng2mo? is the average linear beam density and we have omitted the
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inessential factor —e/ymc? from both fi and f1.

To find a closed form expression for the coupling coefficient ( fl, f10), one has
to make some assumptions on the initial phase space perturbation. In this section
we will discuss the case of a coherent density modulation with the following
type of perturbation: f10 = p(%)fo(Z, A, n). We will also assume that the input
bunching factor has a gaussian shape: p = Z—i(l + 2u)e*”)?2. The resulting
coupling coefficient is for this type of initial perturbation was computed in chapter

4:

(KA T)?
7 U

0 —1Q4
i = (142 i/ dT ‘ .
s fror =o(L+20) 0 | A e o e T o) (L £ KT + dwaw sin® KT

(5.8)

In the cold beam limit (K, < 1, K. < 1) Eqs.(5.6,4.15,4.16) reduce to:

5 Wy o, %3 :
n=—ng—y Rsge” 2 ['Q; sinQ, T, (5.9)
c
where the geometrical coupling coefficient is given by: I' = (14&12;?(/1)5:;3;1)@) for
Ky < landT = (14&12&2/()1:;;0;3?3@ for K3 > 1. Note that, up to a factor T,

this formula is equivalent to the one derived in [30], revealing the same under-
lying physical process. The gain mechanism induced by the longitudinal space-
charge corresponds to a fraction of plasma oscillation of duration t,. followed
by a space-charge-free drift of length L., = 7*Rs6. The resulting microbunch-
ing gain can be interprepeted as the time-derivative of the density modulation
dn/dt = —Twsinwt,. times the crossing time of the space-charge free drift. Fi-
nally, the phase mixing effect due to the finite energy spread introduces the term
e~ %3/2. Note that even for K., < 1 energy spread can have a significant effect due
to the phase mixing term. In other words, energy spread can have a negligible

effect on the plasma oscillation but it can become important in the longitudinal
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rearrangement process.

5.3 Shot-noise amplification

In the case of coupling to shot-noise the problem of microbunching gain must
be treated statistically. Namely, the coupling coefficients ( fl, f10) have to be
modified to take into account density fluctuations due to the intrinsic discrete
nature of the six-dimensional particle distribution. Expressing the initial particle

distribution as a sum of -functions in six-dimensional phase space we get 4:

(L fro) Z / TR (& () dr (5.10)
—0oQ

where (2}, ﬁj, z;,1;) is the position in phase-space of the j-th particle and z;_(7) =

Zjcos kg — % sin k7. The sum is performed over the NV particles in the region

0 < z < L. For an uncorrelated initial distribution the average density modula-

tion vanishes but the average absolute value squared is different than zero. We

shall thus compute the averaged microbunching power as:

12 = g, PIL, FLod P+ Tl PIUE, o) P42R{e @20 g g (fFF f oV (T, fro)*)

(5.11)
with:
(K~T )
Z(QiJrlK—yKd))T/ e —
2. 92 2 /e

wyy Rse _Xg f dr (K T2+ dw(1+iK. 1)

gﬂ: = 2 € 2 (K T’)Q (512>
C T/2e_iQiTl_427

[0 dr

(1+iKT")2+4w(1+i K T ) +4w? sin? KgT’

By taking the absolute value squared of Eq.(4.21), recalling that e?*=(z—2) =
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9,1, and using the results from chapter 4:

- 2.2 [0 QT =i QLT
= 2 ¢ g7 e
|<fi7f1,0>| ng /Oo _Z(Q:I:_Q*i)
_ o (5.13)

2
(1+iKT")2 + AR{ws } (1 4+ iK.T") + 4w |? sin® KgT"’

and
2.2 0 —iQ. T’ —iQ* T’
AT AT * :nAC dTle * — € B
<f+7f1,0><f7af170> ng /oo —Z(QJF_Qi)
7K,2yT'2

2
(14+iKT")? + 2(wy +w)(1 +iK.T") + 4w w* sin® KgT"
(5.14)

In the cold beam limit (K, < 1, K. < 1) we have Q_ — — and S{Q.} —
0. In this limit Eq.(5.11) reduces to:

~ 12 - 2 Wp o ,K;QP . 2
17|” = |Tisn] <an?7 Rsge™ 2 €y sin Q+T) (5.15)

where the shot noise geometrical coupling coefficient was defined in chapter 4 as:

T2, = iy for Ky < 1and T2, = SR for [y > 1, while [7i,[* = 2 s

the average shot-noise power.

5.4 Cold beam spectrum

In this section we will show some applications of our self-consistent analysis. We
will consider the example of the Next Linear Collider Test Accelerator (NLCTA)

at SLAC. We will assume the following beam parameters:

e beam energy: E, = 120MeV;

104



e beam current: [, = 2004;
e normalized transverse emittance: € = 3mm X mrad;

e slice energy spread: o, =5 x 1075 .

In this sub-section we study the amplification spectrum for the NLCTA beam
in the cold beam limit. In this limit, we neglect the longitudinal velocity spread
induced by emittance and we use the closed-form expression in Eq. (5.9). Since
the coupling coefficient I depends on the details of the initial distribution of the
beam microbunching, and it is typically of order ~ 1 for many cases of interest,

we will neglect it.

Figure 5.2 shows the microbunching power gain g = |fig., /fo|? for a transverse
beam size of o, = 50um and a drift length of Ly = 0.5, Ly = 1 and L; = 1.5
respectively. The longitudinal dispersion is chosen to optimize the gain at A =

800nm for the assumed energy spread of o, =5 x 107°, i.e. Ry = 1/ko,

The gain is maximum around A\ ~ 1um and it rolls off as e~ (kRs6on)* at short
wavelengths due to the phase-mixing induced by energy-spread. At long wave-
lengths the gain decays due to transverse edge effects, which make the plasma
frequency tend to zero as D — 0. Using the variational solution the mode oscilla-
tion frequency scales as w oc 1/, giving a scaling for the gain of g oc 1/A? for an
interaction length much shorter than a quarter plasma period and g oc 1/A? for
an interaction length close to a quarter plasma period. Note that the accuracy of
the variational solution based on a Gaussian mode decreases for very small values
of D (below 0.01), where the decay to 0 is slower than o D (see e.g. the thin
beam limit in Ref. [48]). However the previous discussion remains valid since

variational solution is accurate within 10% for D > 0.01.
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Figure 5.2: Amplification spectrum for the NLCTA beam paramters, with
0, = 50pum and several values of the drift length.

106



5.5 Optimization of a short-wavelength longitudinal space-

charge amplifier

The longitudinal space-charge amplifier has been proposed as a source of broad-
band radiation in the VUV / soft x-ray region. While the amplification of optical
microbunching induced by space-charge happens spontaneously in x-ray FEL
beamlines and has been observed at several facilites, the use of a longitudinal
space-charge amplifier at short wavelenghts poses several challenges due to the
effects of longitudinal thermal motion. These effects lead to Landau damping
of the microbunching structure during the space-charge interaction [42], leading
to suppression of the microbunching gain. At short wavelengths and high beam
energies, the main contribution to thermal motion comes from emittance, since
the longitudinal velocity-spread induced emittance scales like o5, oc 63 ox 1/92,

where €, is the beam’s geometrical emittance (as opposed to the energy-spread

term which scales as 05, o< 1/9%).

The optimization of a space-charge amplifier at short wavelengths, has to
include the effects of emittance by balancing two competing effects. On one hand,
by strongly focusing the beam the space-charge fields are enhanced and the gain
tends to increase. On the other hand, strong focusing enhances the longitudinal
velocity-spread due to transverse emittance, which tends to suppress the collective
response of the electrons. The gain is then maximized when the two effects
balance each other or, if the beam is cold enough, when the plasma oscillation

mechanism makes the space-charge fields vanish after one-quarter plasma period.

Note that the same effect happens in x-ray high-gain free-electron lasers (see
for example [10]), in which the beam focusing channel is designed to minimize the

gain-length by balancing high-density and emittance-induced velocity spread.
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Figure 5.3: Microbunching power gain as a function of the beam 3, function
for the 30nm longitudinal space-charge amplifier as derived from the cold beam
(black line) and warm beam (red line) models.

To illustrate this point, we will discuss the example of a LSCA at A = 30nm.

We assume the following beam parameters:

e beam energy: E, = 1GeV;
e beam current: [, = 15004;
e normalized transverse emittance: e = Imm X mrad;

e slice energy spread: o, =1 x 107 .

Figure 5.3 shows the microbunching power gain after L; = 5m, as a function

of the beam beta-function 5y = 1/ks for both the cold beam and the warm beam

108



theory. The longitudinal dispersion is chosen to optimize the gain at 30nm. In
the cold beam model the gain increases with decreasing [y until it reaches a
maximum corresponding to the point in which the drift-length is equal to one-
quarter plasma period. If we include the effects of emittance, however, the gain
reaches a lower maximum value. For this value of the focusing function, we have
K. ~ 0.5. For smaller values of the beta-function, the gain is suppressed due to

the Landau damping induced by transverse emittance.

5.5.1 Higher order modes

In sections 3.4 and 3.5 we described the propagation features of higher-order
plasma eigenmodes. It was found that, when the betatron frequency is larger
than the beam plasma-frequency, the oscillation frequency of the higher-order
plasma eigenmodes is significantly reduced with respect to the fundamental mode.
This can have a significant impact on the transverse shape of the microbunched

distribution.

In this section we will compare the gain mechanism for the fundamental mode
and for the lowest order m = 1 transverse mode (the E ; o eigenmode) in the high-
betatron frequency limit. We will not give the explicit details of the mathematical

derivation but we will state some of the most important results.

The lowest order m = 1 eigenvalues are: {25 ; = K3 £+ ). It can be shown
that the coupling and normalization coefficients have the same value for the the
four associated phase-space eigenmodes fLi,i. It follows that the microbunching

gain for the lowest-order m = 1 mode is given by:

(kzonRs6)? 0
ﬁR56/1,1,0 = —7711067 E e Fl’lyowp ’}/2R56 COS KﬁT sin 5QT, (516)
C
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where I'y 1 ¢ is a coupling coefficient of order ~ 1.

The term cos KgT' accounts for the ballistic evolution of the beam pertur-
bation under the effect of transverse focusing, while the term sin 0Q27" describes
the collective response of the electron beam. Note that, up to the geometrical
coupling coefficients I', the ratio of the power gain for the fundamental mode and
the higher order mode scales as (€20,0,0sin 2 077/98 10 sin 591’170T)2. Note also
that, for the high betatron frequency limit 6€2; 1 o < 0.682 o for any wavelength.
This has interesting consequences for the transverse coherence properties of the

longitudinal space-charge amplifier.

For Q;owy,Lq < 7/2, the ratio of the gain for the two modes scales as
90.00/91.10 < (2000/0Q110)* and the amplification of the higher order mode
is strongly suppressed with respect to the fundamental mode. In this case, the
effect of betatron motion is that of increasing the transverse coherence of the
microbunching by suppressing the gain on the high-order modes. This effect will
be particularly noticeable when starting from shot-noise, which couples strongly

to a great number of transverse modes.

In cases in which € gw,Lq ~ 7 the plasma frequency reduction induced by
betatron motion can be employed to selectively amplify higher order modes. In
this case, in fact, the gain of the fundamental mode is null, while the high order
mode undergoes a significant amplification. As mentioned in Section 3.5, this
effect could be employed in an advanced FEL seeding scheme for the generation

of light with orbital angular momentum [44]
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5.6 Conclusions

In this chapter we have developed a three-dimensional kinetic model of the lon-
gitudinal space-charge microbunching instability. Our analysis is based on the
modal decomposition of the phase-space perturbation developed in chapters 3
and 4. We derive a general formalism for the microbunching induced by longi-
tudinal space-charge for a beam with finite emittance, energy spread, betatron

motion and finite transverse size.

The general formalism is employed to find closed form expressions for the
microbunching gain for the fundamental plasma eigenmode starting from both a

coherent density modulation or shot-noise.

Finally we employed our model to describe a specific experimental scenario
corresponding to the compressed NLCTA electron beam. We derive a closed form
solution for the microbunching gain in the case of a cold beam which we use to
describe the spectral properties of the LSCA. We show how emittance can sup-
press the microbunching for strong beam focusing, an effect which is due to the
emittance induced Landau damping of the space-charge oscillations. We show
how our theoretical model can be employed for the design and optimization of a
space-charge experiment, again with the example of the NLCTA beamline. Fi-
nally we briefly discuss the effect of betatron motion on the amplification of higher

order transverse modes and its impact on the transverse coherence properties of

a LSCA.
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CHAPTER 6

Quasi-Three-Dimensional Analysis of

Space-Charge Induced Optical Microbunching

In the previous sections, we have derived an analysis of longitudinal space-charge
interactions based on a modal expansion in six-dimensional phase-space. In the
1-D limit, in which the plasma eigenmodes are totally degenerate, the modal
expansion is highly impractical since many transverse modes need to be included
to describe the transverse distribution of the beam microbunching. In this case,
it is more convenient to give a local description of the process in a so-called
quasi three-dimensional model. The the analysis contained in this chapter was

published in [30].

In the high-frequency regime, the transverse beam size fulfills the condition
ox > Y\/2m, where o, is the root mean square transverse size of the electron
beam, A is the wavelength of interest and the Lorentz factor v is the energy

2. In this limit, the Fourier components

of the electron beam normalized to mc
of the electric field generated by an uncorrelated electron distribution have a
transverse correlation area which is much smaller than the electron beam section
[20]. Under these conditions, the collective physics of the electron beam can

be treated in analogy to an unbounded uniform plasma. In this context, it is

useful to work in the spatial frequency domain in three-dimensions and define
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the bunching factor with an angular dependence [21]:

N
Z e—ik(zn—f—sin 0(xn cos p+yn sin @)) (6 ]_)

n=1

1
Pey
where N is the number of particles in the electron bunch, 6 and ¢ are, respectively,
the polar and azimuthal angles relative to the beam propagation axis z, z, is the
longitudinal position along the bunch of the n-th particle and x,, and vy, are the
transverse positions. With this definition, the bunching factor is effectively the
three-dimensional Fourier transform of the electron density and accounts for any

transverse structure in the micro-bunched beam.

A detailed computation of the angular distribution of the micro-bunching is of
fundamental importance since the angular spectra of the radiation processes used
to experimentally diagnose this effect, such as coherent optical transition radia-
tion, are extremely sensitive to the transverse structure of the micro-bunched dis-
tribution. With the assumption of transverse laminar motion, the micro-bunching
geometry matches that of the longitudinal space-charge fields, yielding an angu-
lar width for the micro-bunching gain of 6. = 1/v [21]. Emittance effects in
space-charge interactions, however, significantly modify the transverse structure
of the micro-bunching pattern, and a kinetic treatment of the interaction be-
tween electrons and space-charge fields is needed to fully understand the physics

of longitudinal space-charge-induced micro-bunching in this limit.

In this chapter, we show that in the high frequency limit, with the assumption
that longitudinal motion is quasi-laminar, the problem of space-charge interac-
tions leading to micro-bunching growth becomes formally equivalent to that of
one-dimensional plasma oscillations in a warm electron plasma. The theory of

such electrostatic oscillations in thermal plasmas has been discussed in two sem-
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inal papers by Landau [38] and Jackson [4]; our present work represents a new
application of these venerated techniques of mathematical physics in a radically
different context than the one considered in the original papers. We show that
transverse emittance induces strong Landau damping at high transverse spatial
frequencies, significantly narrowing the angular width of the micro-bunching gain
with respect to the characteristic angular width of the space-charge fields. Finally
we compare the results of our analysis and those of high resolution molecular dy-
namics simulations, capable of investigating spatial features in the fields below

the mean inter-particle distance.

6.1 Longitudinal Space-Charge Induced Micro-bunching
in the High-Frequency Limit

In this section we derive the equations that describe the formation of micro-
bunching starting from shot-noise through the effect of collective longitudinal
space-charge forces. We base this analysis on the Vlasov equation, a kinetic
approach that is appropriate for a warm plasma in which the number of beam
electrons acting collectively to produce the electric and magnetic fields is much
larger than unity. This is true when the condition nyy?A*> >> 1 applies, where
ng is the electron density and A is the wavelength of interest. This condition
is equivalent to requiring that the wavelength of interest, as seen in the beam’s
rest frame v\, is much bigger than the rest frame mean inter-particle distance
(7/no)"/3. Obviously this approach precludes the possibility of describing beam
crystallisation processes, which require an analysis of particle to particle corre-
lations on the scale of the mean inter-particle distance in the beam’s reference
frame. Such analysis is the subject of current investigation and we will not discuss

it here.
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To aid in analysis and to compare to previous theoretical work, we assume a
coasting (non-accelerating) beam with constant current. We also limit ourselves
to the high-frequency limit of space-charge interactions (o, >> y\/27). In the
high-frequency limit, edge effects due to the finite transverse size of the beam can
be neglected and the 0-th order charge density can be considered constant over

the characteristic transverse scale of the problem.

Consistent with the current theoretical and experimental understanding of
the process, we model the formation of micro-bunching as follows: the electron
beam initially undergoes an external-force-free drift and space-charge generates
an energy modulation starting from shot-noise. After the drift the electrons go
through a series of optical elements which rearrange their longitudinal and trans-
verse phase space coordinates according to a given transfer matrix R;;. The
electron beam particle distribution is described by a six-dimensional distribution
function f(Z,, z, 5 1,1, 7). Where Z, is the transverse position, z is the longi-
tudinal position in the beam coordinate system, 5 | is the transverse velocity
normalized to the speed of light, n = A~v/~ is the relative energy deviation and
T = ct where c is the speed of light and ¢ is the time, measured from the beginning
of the interaction. The distribution function is normalized to the total number

of particles N.

We expand the distribution function to first order in perturbation theory:
f = fo+ fi, with |fi] << |fo|]. In the high-frequency limit we can specify the
following form for the 0-th order distribution function: fy = ngf, (E 1,7), where ng
is the local average particle density. For simplicity we assume that f, is isotropic
in transverse velocity. Also, for simplicity, we will assume that ng is independent
of time. This assumption is reasonable if the interaction happens close to a

waist and the maximum distance from the waist is significantly shorter than
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the minimum [-function. If the waist is at the center of the drift the following
condition has to apply: Ly < 040/0s,0, where Ly is the length of the drift and
0.0 and ogg are, respectively, the root mean square (RMS) transverse size of
the beam and the transverse velocity spread (normalized to c¢) at the waist. If
this condition does not apply, a possible solution is that of defining an equivalent
drift length [21], shorter than the actual drift length, over which the beam density
can be considered constant. In this chapter we will not be concerned with this
problem and we will assume that the condition Lq < 0,0/0530 is verified, leaving

a detailed study of the effect of density variation for future investigation.

The collective beam dynamics in the drift are described by the Vlasov equa-
tion, coupled to the Maxwell equations. In the coasting beam case, we may derive
the fields from the scalar potential computed in the beam rest frame. With these
underlying assumptions the linearized Vlasov equation for the electrons in the

drift reads:

of

nof | F.0f,  Fi Of,
o7 +

— n — . n —
20z yme 0 an  ymc? 0 oJe]

B Vifi+ —0 (62

4z ~ p/~?, valid for relativistic electrons has been used.

where the approximation 2
F, and F, are respectively the longitudinal and transverse forces generated by
the collective electric and magnetic fields of the electrons and can be computed
solving Poisson’s equation in the beam rest frame, where self-magnetic fields are
negligible: ;

[VL ; %%} o= = [ funct (6.3
Longitudinal forces are Lorentz invariant while transverse forces transform as

F, — F| /v going from the beam rest frame to the laboratory frame, we then

have: F, = ¢ ‘% and FL eVL¢.
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It is convenient to solve equations (6.2) and (6.3) in the Laplace-Fourier do-

main. We give the following definitions:

fl _ /fle—i(kzz-‘rELf)dZin: (64)

]?1 = /0°° fre=mdr (6.5)

and similarly for F, and F|. Since the system is isotropic in the transverse
dimension we can set k, = &k, without loss of generality. We also work in the
paraxial approximation and set k, = k and k, = k. With the above definitions,

the Laplace-Fourier transform of equations (6.2) and (6.3) yields:

sh— Al +ikos, + k1) fr
Ton 8’} (6.6)
g (Fa—n T Fwaﬁi) 0
e [ Ranes 67)
F, = 0F, (6.8)
where fl . is the spatial Fourier transform of the initial value of f;.

From Egs. 6.6 and 6.8 we can express fl in terms of FZ:

LS 8fu 8fv
=0 yme £ ( on * 98590) > (6.9)

X 1 o
= s+ik(eﬁx+;7—2)<f1

Inserting Eq. (6.9) into (6.6), recalling that F, does not depend on p and E,

we have:
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’ keoepy 1+(10)* ) 5. 4 ik (961 + %)

where €, is the beam’s plasma dielectric function defined as:

v 4 9Ot

wy 7 9 B 2
Bz 2
A+ O T s vt (05, + )
with w z "0- heing the relativistic beam plasma frequency.

Inserting Eq. (6.10) back into Eq. (6.9), after some algebraic manipulation,

we obtain the following expression for the first order distribution function:

~

1 wl27 (af'u afv)’YQ/ fl =0 1 12 1
I - le) =0___gy/d
=0 €, c2(14 (70)?) \ In 0B ) ik | s+ k(65! + %) " 5)
(6.12)

X 1 ~
fr= s+z’k:(96m+%)(f1
In what follows it will be understood that all the above integrals are analyti-

cally continued in the complex variable s to the half-plane R[s] < 0.

In performing the inverse Laplace transform we will only consider the zeros of
the plasma dielectric function since these are the poles that describe the collective
response of the electrons. Also, for the moment, we will only retain the Rss matrix
element in the transport matrix describing the optical elements after the drift. A
more general treatment applicable to arbitrary linear phase space transformations

is included in the appendix.

The bunching factor in the frequency domain is defined as the Fourier trans-

form of the density perturbation normalized to the number of particles, i.e.:

Blk., k) = / Freih==kL®) g 2 7 dnd? 5. (6.13)
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In order to arrive at the final prediction for the bunching factor, after the space-
charge forces have modulated the particle energy distribution, we must account
for the effect of longitudinal dispersion due to systems of bending elements (e.g.
magnetic chicanes). The effect of the longitudinal dispersion, modeled through
the Rs¢ matrix element, is that of shifting each particle’s longitudinal position by
an amount proportional to its energy deviation, i.e. z — z + nRs6. The effect of
this transformation on the spatial Fourier components of the distribution function
is that of introducing a phase shift proportional to the spatial rearrangement:
fi = frem#nfss,

It follows that the bunching factor after the particles’ rearrangement following

the drift, can be expressed as:

1 Ly 1
Js

S§=Sj

6.14
v g (6.14)

e~ thnkse . i .
/ ( on 0Bx ) dnd2ﬂ / 7=0 d?’]dQB
s; + ik (eﬁm + 3) s; + ik (9533 n g)

where L4 is the length of the drift and the sum is performed over all the zeros s;

of the plasma dielectric function.

Integrating the first integral on the right-hand side of Eq. (6.14) by parts
in 7, and retaining only the term proportional to Rss, that accounts for the
micro-bunching enhancement due to the longitudinal rearrangement, we obtain:
w2 Ry

1 s;Lg 1
BR56 - N ZJ: € Jep 62(1 + (’}/9)2)
Jds ]

S5=8;

(6.15)

~

e—iknRsef . 1 N
/ z dnd?*B / =0 dnd®f3.
i+ ik (08, + ) s+ ik (05, + 2 )
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Finally, if the initial value of the perturbation f; results from shot-noise, repre-
senting the individual particle positions in terms of §-functions, we may write the

final integral in Eq. 6.15 as:

—i(kzn+kbzn)

N
=0 dndQE: Z €

fi
/ s+ ik (eﬁx + g) = stk (eﬁm + ”—) . (610

where the particle positions are assumed random.

6.2 The Laminar and Quasi-Laminar beam cases

Before proceeding to discuss the general case of interest in this chapter, that of
a transversely warm beam, we first examine analytically the limiting cases in
which transverse thermal effects play a small role. To that end, in this section we
derive a closed form expression for the micro-bunching in two simplified cases:

the laminar and quasi-laminar beam.

In the laminar beam approximation, where to lowest order particles are fixed
in beam-frame position with respect to each other, we may write f, = 8(n)02(5).

In this case the plasma dielectric function can be easily computed analytically:
& =1+——. (6.17)
The zeros of €, are sy = +iw,/c. Inserting sy in equation (6.15) we get:

w. w
Bp.. = — Byy?Ryg——P i (—pL)
Rse 07 560(1_1_(79)2) S .

(6.18)
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where By = % Zgzl g~ i(kzntkbzn) r—0, with z,, and x,, being randomly distributed,
is the shot-noise bunching factor and we have made the approximation w,Lg/c <<

1.

To describe the quasi-laminar beam approximation, we assume the following
n? _ 2

form of velocity distribution: f, = ( 1 e 1 5 with ko, /v? << w,/c and

kbos << w,/c. These assumptions mean that the electron displacement due to
thermal motion in a plasma period (7, = 27/w,) is much smaller than the wave-
length A = 27 /k longitudinally and A/6 transversely. Since the plasma oscillation
period sets the time scale for space-charge effects, thermal effects become negligi-

ble when the thermal displacement in a plasma period is smaller than the length

scale of the problem.

With this assumption, the plasma dielectric function is approximately equal

to that found in the cold beam case and the bunching factor is given by:

. wyL
B __p [epflesin = Gen?
Rs¢ — — L0 € 2

c(1+(70)?)

N (ywp)? _ (koy Rse)?
==t () ka5

(6.19)

Finally, the micro-bunching gain is defined as the ratio of the statistical av-
erages of the absolute values squared of the final to original bunching factor

g = < |Bpy|* >/<|Bo|?> > = N < |Bp,|* > and it is equal to:

20 Rsg sin “2ld ?
— 7 pLl56 [4 6_(kUWR56)2
c(1+(70)?)

< (E2) L pr,) et
c 1+ (v0)? p65d ’

In both the laminar and quasi-laminar beam approximations, the electron thermal

(6.20)
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motion can be considered frozen on the scale of a plasma period. Thus, the
micro-bunched distribution is transversely correlated on the same scale as the
longitudinal Fourier components of the electric field generated by shot noise:
yA/27 (with A = 27 /k equal to the wavelength of interest). This results in a

cut-off angle of . = 1/~ in the micro-bunching gain.

Note that the same result (up to a geometric factor due to the assumptions

on the 0-th order charge density) has been obtained previously in [21].

6.3 The transversely warm beam case

In this section we treat the case that is most often found in experimental sce-
narios of interest: that of a beam that is transversely warm but longitudinally
quasi-laminar, i.e. we keep the assumption ko,/7? < w,/c but we make no as-
sumptions on og. Since space-charge forces naturally yield an angular cut-off of
1/, transverse temperature effects will be important only if kog > yw,/c, which
is applicable for many relevant experimental situations.

By performing a double integration by parts (in n and in (,) in the term

df.
on

proportional to in (6.11), and performing the integration in dn and df,, the

plasma dielectric function can be expressed as:

w2 1 Ofv

— 12— [ % 45 21
“=1t 2 L s vk ™ (6:21)

In the case of a warm beam, the analyticity of €, as a function of the complex
variable s has to be enforced by deforming the integration path in (6.21) so that
it runs in the complex plane below the singularity at 5, = —s/ikf as shown in
figure 6.1 (the resulting integration path is usually referred to as Landau contour

[38] and we will denote it ¢).
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Figure 6.1: Landau contour in the complex S, plane. The deformation of the
integration path makes the plasma dielectric function analytical as a function of
S.

The zeros of the plasma dielectric function, in this case, cannot be expressed
in closed form. It is then useful to express equation (6.21) in dimensionless form.
We give the following definitions: kp = w,/cog is the Debye wave-number, which
we employ to normalize the transverse wave-number as K = kf/kp; the Laplace
variable s is normalized to the plasma frequency as 2 = —cs/iw,; finally, we
normalize the transverse velocity to the thermal velocity spread: B = /03,

2

F = We_%. Note that the Debye wavelength A\p = 27 /kp is the transverse
thermal displacement in a plasma period and is the fundamental parameter that
describes thermal effects in warm plasmas. The resulting scaled beam plasma

dielectric function is then

oOF
e:1—i/id3 (6.22)
. o |5 lalb .

K

Note that the plasma dielectric function, as a function of €2, depends only on
one external dimensionless parameter K. Since longitudinal thermal effects have

been neglected and the system is azimuthally symmetric, this three-dimensional
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problem reduces formally to that of one-dimensional plasma oscillations discussed
in [4].

The zeros €2; of (6.22) can be found numerically [4] and are, in general, com-
plex. The imaginary part of the scaled frequency €; is always negative, resulting
in an exponential decay of the micro-bunching as a function of the drift length
(this collisionless damping process due to thermal motion is usually denoted Lan-
dau damping). Also, if Qr—i€); is a solution (with Qg, Q; positive real numbers),
then —Qp — €2 is also a solution [4]. We will thus denote as 24 the two dom-
inant roots of the dielectric function (i.e. the roots with the smallest damping

constant).

To develop an intuition on the physical processes involved, we examine Figure
6.2 which shows the real and imaginary parts of the dominant root Q, (see
also [4]). The imaginary part of —€), is a growing function of K. For small
values of K the damping constant —3{€2, } is small and can be neglected for
drifts that are significantly shorter than a plasma wavelength, as is usual in most
experimental situations. However, for K > 1 the damping term is significantly
bigger than 1, resulting in a strong suppression of the micro-bunching gain at
angles bigger than kp/k. Equivalently, one could state that a transversely warm
electron beam is unable to develop transverse structures on a scale that is smaller

than Ap = 2mcop/w, under the effect of longitudinal space-charge forces.

To find the actual angular dependence of the micro-bunching gain we must
compute the square of the absolute value of (6.15) and perform a statistical

average. It can be shown that equation (6.15), with the above approximations,
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Figure 6.2: Real part (red line) and imaginary part (blue line) of the roots of
the plasma dielectric function for a transversely warm beam, as a function of the
scaled wave-number K [4].
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can be simplified to:

w _ (konRs6)?
5 7 Rse 2

oo = =10 (30p)

N .
1 iR K e—z(kzn-l—k@xn)
IR B S

Taking the statistical average of the absolute value squared of (6.23), recalling
that < e~ #(zn—2m)=ikf(@n—2m) ~ — Opnm (Where 9§, ,,, is the Kronecker delta), from

the definition of micro-bunching gain we obtain:

2
_ Wp 2 — (ko R56)2/ i err, K 1
9=\ 77— Rsa) e dBF(B) e " ; :
(T D
o wp K 1
—iQ., 2L

Ze e Q2 Q)

i - P ™%
(6.24)

In the dominant pole approximation, we keep only the two dominant roots in

the summation in (6.24). In this case, expression (6.24) can be simplified to:

2

2 —q “p 7ﬁ
g = 2 ( Wp '}/2R56> 6_(k0'nR56)2 ( Ke 7 L ‘K2<1 + K2> . \/%K%{e 2K2}
(1

+(26)?) - = % {0}
QL 2L ? 2 2 o
Ke ¥+ ta K (1+ K T 2K?
- R ¢ oy ( —; ) —V kS " )
1 — —f= Q3 Q.
1+ K2

(6.25)

Note that the quasi-laminar beam case corresponds to | K| << 1. It can be shown
2
that in this limit Q; ~ 14 3K? — i\/§€_1;?{12< /K3 [38, 4]. With this asymptotic

expression, equation (6.25) reduces to (6.20).
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6.4 Numerical Examples

As an example, we display a numerical evaluation of the angular dependence of
the gain for the following beam parameters, corresponding to a typical electron
beam produced by an RF photo-injector. We assume a uniform beam with a
current of I = 40 A and an RMS envelope size of o, = 85 um and an energy of

135 MeV (y = 270). The length of the drift is L; = 4 m.

Figure 6.3 shows the angular dependence of the micro-bunching gain for sev-
eral values of o for a wavelength of A = 0.5 ym. We can see that for reasonable
values of the emittance, transverse Landau damping can have an important role
in the formation of micro-bunching, significantly reducing the angular width of
the gain with respect to the laminar beam case. Note that, for the 1mm — mrad
case we have Ly ~ 20, /050 and the results of the theory, in this case, are not

accurate and should be interpreted with care.

6.5 Molecular Dynamics Simulations

Numerical modeling of space-charge induced optical micro-bunching at optical
and sub-optical wavelengths is a challenging task since it requires high resolution
and a great number of macro-particles. Ideally, to correctly reproduce shot-
noise statistics in the electron distribution, each particle in the simulation should
correspond to a particle in the beam. Also, resolution well below the optical
spectrum is required to correctly compute the collective fields generated by the

electrons.

Recently, the use of large computer clusters with parallel codes has allowed
simulations with unprecedented resolution in the computation of self-fields, reach-

ing down to the few um level [49]. However, the resolution needed for optical
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Figure 6.3: Angular dependence of micro-bunching gain for different values of o
corresponding to a normalized emittance of € = 0 (gray line), € = 0.1 mm-mrad
(red line), € = 0.5 mm-mrad (blue line) and ¢ = 1 mm-mrad (black line).

and sub-optical micro-bunching represents a serious challenge even for highly

parallelized codes.

To model high-frequency space-charge phenomena with a low computational
cost, we have created a code which computes the electron dynamics with peri-
odic boundary conditions in all three dimensions. Periodicity allows to limit the
simulation window to a small fraction of the beam (few gm in the longitudinal
dimension and several tens to few hundreds of um transversely depending on the
energy) thus reaching the resolution required (few nm to few tens of nm longi-
tudinally). Also, due to the periodic boundary conditions, the code works in the
high-frequency limit (see figure 6.4) since edge-effects due to the finite size of the

beam cannot be included. This limits the use of the code to very high-frequency

128



250

200

o
a
o

y (microns)

50

0 50 100 150 200 250
X (microns)

Figure 6.4: Longitudinal Fourier transform of the electric field (in arbitrary units)
generated by an uncorrelated electron distribution for v = 270 and A\ = 0.5um,
illustrating the features of the high-frequency limit of space-charge fields.

phenomena.

The code has the capability of including external fields (accelerating and fo-
cusing) and internal fields. The high frequency components of the collective fields
are computed solving Poisson’s equation in the beam rest frame with discrete

Fourier transform (DFT) methods.

We have performed simulations for the model assumed in section 6.1 with
no acceleration but only a free drift with subsequent rearrangement through

longitudinal dispersion. The beam parameters are those described in section 6.4.

Figure 6.5 shows the z-z trace space after longitudinal dispersion for two
simulations with and without the effect of emittance. Note that in the zero
emittance simulation, the position and size of the micro-bunches varies randomly

with the transverse position, resulting in a broad angular width of the micro-
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Figure 6.5: x-z trace space after a drift and longitudinal dispersion without
emittance (upper plot) and with 1 mm-mrad emittance (lower plot) showing the
effect of Landau damping on the transverse structure of micro-bunching.
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Figure 6.6: Theoretical results (solid lines) versus numerical simulations (dashed
lines) for different values of o5 corresponding to a normalized emittance of e = 0
(gray line), € = 0.1 mm-mrad (red line) and € = 1 mm-mrad (black line). The
results of the simulations are averaged over 50 independent runs

bunching pattern.

Figure 6.6 shows a comparison between the results of the theoretical model
and the numerical simulations. The two are in good agreement, validating the

theoretical analysis described earlier.

6.6 Conclusions

In this chapter we discussed a kinetic analytical description of space-charge in-

duced optical micro-bunching based on the beam plasma dielectric function.

The theory developed is fully three-dimensional and accounts for the angu-
lar dependence of the micro-bunching in the high-frequency limit. The kinetic

approach allows for the inclusion of transverse thermal motion due to finite trans-
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verse emittance.

With the approximation that longitudinal motion is quasi-laminar, which
holds for typical high brightness electron beam parameters, the problem can be
treated with the same mathematical methods used to describe one-dimensional
plasma oscillations in thermal plasmas, as discussed in the work from Landau and
Jackson [38, 4]. In particular, the effect of Landau damping of transverse modes
due to finite emittance has been discussed and found to be of great importance
when typical values of emittance and beam plasma frequency are considered, sig-
nificantly reducing the angular width of the micro-bunching gain with respect to

the natural width 6. = 1/~ of longitudinal space-charge fields.

With the further assumption of transverse quasi-laminar motion, the results
of our theory agree with those derived in previous papers on the same subject
[21].

Finally the results of our analysis have been compared to those generated by
high resolution molecular dynamics simulations with periodic boundary condi-
tions. The analytical and numerical results are found to be in good agreement,

validating the theoretical analysis derived in this chapter.

6.A Derivation of the closed form expression for the micro-

bunching gain

With the assumption of longitudinal quasi-laminar motion, equation (6.15) can be
simplified taking advantage of the analytical properties of the plasma dispersion

function, defined as Z(¢) = —= [;dB

e_B2
B—-C"

The plasma dispersion function is

analytical in  in the whole complex plane and can be shown to have the following
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properties [4]:

Z(C) = 2ie™ / ¢ e dx (6.26)
Z'(¢) = =2 —2¢Z(C) (6.27)

where Z’ is the complex derivative of Z and erfc(() is the complex valued com-

plementary error function.

Integrating by part the plasma dielectric function, we obtain:

1 Q
=1- A . 2
N 2K (\/ﬁK > (0:2%)

Using equations (6.27) and (6.28) we can express the plasma dielectric function

and all its derivatives at the zeros of the plasma dielectric function. In particular

we have:
1+ K2
Dm0 = ———KV2 (6.29)
Z'|e,=0 = 2K* (6.30)
1+ K?
2" o = 22K ( +Q - Q) . (6.31)

Finally we express the integrals in 6.15 as a function of Z and its derivatives,

with the approximation of longitudinal quasi-laminarity:

_ (ko Rsg)?

e~ thkpltse f - ce Q;
u dpd®B ~ — Z ( J ) (6.32)
/ s; + ik (9& + %) iKwyV2 V2K
Je, c AR YY )
— |mg, R . 6.33
ds o=, i2v/2K3w, <\/§K (6:33)
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Equation 6.15 follows immediately substituting equations (6.29) and (6.31)
into equations (6.32) and (6.33).

The same method can be applied to derive equation (6.25). By computing the
partial fractions expansion of the integrand in equation (6.24) we can reduce it
to a sum of Z functions. Equation (6.25) then follows easily using the symmetry

properties of Z:
Z(—=C) = —Z(C) + 2iv/me™ ¢ (6.34)

Z(¢*) = Z*(¢) + 2iy/me . (6.35)

6.B Micro-bunching gain with transverse matrix elements

The model developed in the previous sections can be easily generalized to in-
cluded transverse transport matrix elements. Note that the inclusion of carte-
sian matrix elements breaks the azimuthal symmetry of the problem even if
the transverse velocity distribution is isotropic. It is then necessary to set-
up the problem in a more general way. We adopt the following convention:
k=k:+ko cos(¢) + k@ sin(¢)y. We also define § and 5, the parallel and per-
pendicular components of transverse velocity with respect to k 1. Finally we define
ke = k(O cos(¢)Ri1 + Rs1), ky, = k(fsin(¢)Rss + Rs3), Re = 0cos(¢)Riz + Rss
and R, = 0sin(¢)Rss + Rs4. With these definitions, the derivation of the micro-

bunching gain is similar to that of the previous sections with a few differences:

~ ~ e—tkpR56 Ofv —
. . 2 .
ko is now replaced by 4/k? + k2 and the integral i mdpd [ is replaced
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by [ e_ikpR56_ik~Rxﬁf_ikRyﬁy% dpd?3. The final result is given by:
si+i(V/R2HRZ B+ 5 )

2

=9 wp}}2+1;2 ’YQRE,G ¢~ (konRse)® —k*(Ri+Ry)oj
c(1+7*(==4))
ik(Rg cos R, sin o —i “p 2 2
( LT s— ‘KQ(l )| g Bl
R—— 7'r —
(151:2) Q. Qi {2}
) cos sin o - “p o
. KZ(\%*K | k(R (¢)\J/r§Ry () £)e= i+ P La K2(1+ K?) 5 Ke—ﬁ
o (1+K32) 0 Q2 B T Q
o + *
(6.36)

with the following substitution: K = cozy/k2 + 155 Jwp. Z is the called plasma

dispersion function defined in appendix 6.A.
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CHAPTER 7

Experimental Demonstration of a Cascaded

Longitudinal Space-Charge Amplifier

The analysis discussed in chapters 3,4, 5 and 6 provides a strong theoretical
background for the space-charge induced microbunching instability and for the

Longitudinal Space-Charge Amplifier (LSCA).

Space-charge induced microbunching is a robust effect that happens over a
broad frequency bandwidth. At short wavelengths, the spectral properties of
this amplification mechanism are determined by thermal effects, with a cut-off
caused by the phase mixing induced by energy spread, which results in the fast
decaying term e*(k"’iR“)Q). At long wavelengths, instead, the amplification is
suppressed by edge effects due to the finite size of the beam, which slow down
the space-charge dynamics of the electrons when D = k.0, /v < 1. In an LSCA,
the microbunching induced by the space-charge instability is optimized and em-
ployed in a downstream undulator for the emission of coherent radiation. As
was discussed in the introductory chapters, since the space-charge insability has
a broad amplification bandwidth, the LSCA can deliver intense broad-band ra-
diation pulses, accessing operating regimes that are beyond the capabilities of

currently operating free-electron lasers.

In this chapter we present the first experimental demonstration of a longitudi-

nal space-charge amplifier at optical wavelengths. The experiment has been car-
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ried out at the Next Linear Collider Test Accelerator at SLAC. Our experimental
setup employs the three-chicane Echo bemline [50, 51], which is customarily used
for the generation of high-harmonic seeded microbunching via the echo mecha-
nism. In our experiment, operating with a strongly compressed electron beam,
we turn the NLCTA echo-beamline into a cascaded 3-stage LSCA, leading to
strong amplification of shot-noise microbunching for the emission of broad-band

coherent undulator radiation.

While the generation of coherent radiation induced by the microbunching
instability was observed in the past in several FEL injectors, the optimization and
control of the gain process demonstrated here are two crucial novelties, that pave
the way for the generation of broad-band coherent pulses at fourth generation
light sources. The most striking features of our experiment are the temporal and
longitudinal coherence properties of the radiation pulses. We demonstrate the
generation of radiation pulses with a single transverse mode and single spectral
spike, which are indication of fully coherent photons. Both these features are
related to the strong electron beam compression along the amplifier, leading to
up-shifting of the microbunching frequency from the far-infrared to the optical

scale and to the generation of a short microbunching structure.

7.1 The Next Linear Collider Test Accelerator

In this section we describe the experimental facility where the LSCA experiment
was performed. The Next Linear Collider Test Accelerator (NLCTA) is a test
facility located in the SLAC Accelerator Laboratory. The NLCTA is a mixed x-
band/s-band accelerator which operates at energies up to 120 MeV. The beamline
setup for the LSCA experiment is illustrated in Fig. 7.1 The electrons bunches

are generated by radio-frequency (RF) gun, which is composed of a laser excited
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Figure 7.1: Overview of the NLCTA beamline for the LSCA experiment.

photocathode and a 5MeV s-band accelerating RF cavity. After the generation
in the RF gun, the electrons are accelerated to energies of up to &7 = 60MeV by
the first x-band accelerating cavity, referred to as station 0 (st0). After st0, the
beam goes through a large magnetic chicane with tunable dispersion (chicane -1).
Chicane -1 can be bypassed sending the beam through a straight drift section.
The beam is then accelerated up to a final energy F,,.. < 125MeV by a second

x-band structure (stl).

The photoinjector delivers low emittance bunches (e ~ 1.1um) with a charge
ranging from few pC to ~ 100pC'. The duration of the uncompressed bunches is

T, ~ 1psec. Figure 7.2 shows a picture of the RF gun and of st1.

The space-charge amplifier setup is composed of three-magnetic chicanes, sep-
arated by drift-spaces, with an undulator after the last magnetic chicane. The
three-magnetic chicanes (labeled chicane 0,1,2) have tunable dispersion, with a
range 0.bmm < Rzs < 10mm at 80 MeVs. The lower limit is set by three optical
mirrors that are used, in the echo experiment, to inject and eject the two seed
lasers, while the upper limit is set by the size of the vacuum pipe. The flexibility
in the choice of the longitudinal dispersion is a key element to the experiment,
since it allows to study several different modes of operation , as well as to give a

direct demonstration of cascaded space-charge amplification.

The radiator is a helical undulator with 10 periods of length A, = 1.9¢m and

an undulator parameter K = 0.58.
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Figure 7.2: The NLCTA RF gun (left image) and the x-band accelerating struc-
ture stl (right image).

The drift space between chicanes 1 and 2 is occupied by a 77 period radio-
frequency undulator. The RF undulator was not used as the final radiator but
only as a diagnostic for the microbunching. Unless otherwise noted, the RF

undulator can be considered as a free-drift space for the scope of this experiment.

7.2 Space-charge gain in the compressed mode of opera-

tion at the NLCTA

The NLCTA injector generates electron bunches with currents of up to a few
tens of Amperes. To achieve microbunching gain, longitudinal compression is
required. At the NLCTA the electron beam is compressed inducing an energy
chirp by accelerating off-crest in either of the accelerating sections. For reasons
that will be explained later, we decided to bypass chicane -1 and compress in the

last three-chicanes. This means that the compression mechanism happens during
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Figure 7.3: Chicane 2 (left image) and the helical undulator (right image).

the amplification process, which has important consequences for the coherence
properties of the space-charge amplifier. In this section we will describe the

chicane compression mechanism and its effect on microbunching gain.

7.2.1 Linear compression

In the idealized case of a linear energy-chirp and linear transport through the
magnetic chicane, given a z-energy correlation h = dn/dz, the beam is compressed
by the compression factor C' = 1/1 — hRjs¢ 1ot, Where Rsg 10 is the cumulative Rsg
of the transport beamline. When hRs6.t =~ 1, energy-spread effects become
dominant, limiting the maximum compression factor achievable. For a gaussian
uncorrelated energy distribution with uncorrelated relative energy-spread o, the
shortest RMS beam length attainable with linear compression is Rsgt0t0,,. Fig.

7.4 shows a schematic representation of this idealized compression scheme.

An energy chirp can have a strong effect on the microbunching dynamics. If
the beam has a periodic phase-space perturbation at the wavelength A = 27 /k,,
the wavelength is shifted by the compression mechanism to A — A\/C (see Fig

7.4). The microbunching gain is also affected by compression and the power-gain
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Figure 7.4: Schematics of the linear bunch compression mechanism.

formula for a beam with a linear chirp has to be modified as follows:
w w (Chzon Rsg)? 2
g= <72R56C'Q—p sin(Q—=LLge™ 2 ) : (7.1)
c c

where, for simplicity, we have assumed the cold-beam limit and we have omitted
the coupling coefficient I'. The eigenvalue €2 has to be computed using the beam
parameters before compression and the uncompressed wavelength k.. Note that
for a given final wavelength ky;,, = Ck,, it is convenient to operate at strong
compression, since the gain depends quadratically on the compression factor C.
In the case of the three-stage amplifier discussed here the compression process
happens gradually along the amplifier. For a given energy chirp, the total Rs¢ is
limited by the condition that the beam be not overbunched h Rzt < 1. The way
the total Ry is distributed along the three amplification stages has important
consequences on the amplification mechanism. In general it is convenient to

work with decreasing values of dispersion, i.e. the first chicane should have the
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strongest dispersion and the last one should have the smallest. This point can
be understood by considering that concentrating the larger part of the total
dispersion at the first stage generates a high current that can be exploited to

increase gain in the last two stages.

Operating a longitudinal space-charge amplifier with a chirped beam has im-
portant consequences on the transverse structure of the microbunching and, thus,
on the transverse coherence of the radiation pulse emitted in the radiator. As
discussed in the previous chapters, the space-charge eigenmodes of a laminar
beam are fully degenerate for large values of the 3-D parameter D = k,o, /7, i.e.
for short wavelengths. As a consequence of the full degeneracy, the transverse
distribution of microbunching in this limit is composed of several uncorrelated
speckles. This type of microbunching would radiate a transversely incoherent
mode in the radiator. This effect limits the operation of an un-chirped LSCA to
wavelengths A\ > 0, /27y. For the typical operating condition of the NLCTA, this
would limit the operation of the LSCA to far-infrared wavelengths. This problem
can be overcome by operating the LSCA with an energy-chirped beam. In fact,
due to beam compression, the optical microbunching generated at the last stage
corresponds to the long wavelength microbunching generated at the first stage
and frequency up-shifted by the compression mechanism in the second and third
chicanes. As a result, the microbunching is transversely coherent and the beam
radiates a single transverse mode in the undulator. A similar mechanism was
proposed in [17] in the context of the generation of attosecond pulses in the soft

x-ray region by laser-compression of UV microbunching.
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Figure 7.5: Simulated phase-space for the non-linear compression scheme at the
NLCTA (first figure) and corresponding current distribution (second figure). The
third figure shows the bunching factor as a function of wavelength while the fourth
image shows the corresponding undulator radiation spectrum.
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7.2.2 Non-linear compression

The linear model of beam compression that we described earlier is only accu-
rate for very short beams with a small energy-spread. In more realistic cases,
non-linear effects associated with a quadratic energy dependence induced by the
accelerating fields, and to motion in the magnetic chicane should be taken into
account. The first effect can be understood by looking at the z-dependence of
the accelerating field E,; = Eycos (k,f(z — ct)) (where z; is the longitudinal co-
ordinate along the accelerator), which generates a z-energy correlation of the
type:

0y = +Avycos((krrz + dacc) (7.2)

where 07 is the energy gain of a particle traveling in the accelerating station, z is
the longitudinal position along the electron bunch and ¢c¢ is the accelerating
phase of a reference particle at z = 0. This gives a non-linear energy-chirp: v =
Yot+hzthoz?, where h = —k, fAysin(pacc)/Yaw and hy = —kZ; Ay cos(dpace) /Yav,
where 7,, is the mean energy at the exit of the accelerating station normalized

to mc?.

Non-linear effects in chicane transport can be modeled with the Ts¢6 and
Usges elements. The longitudinal coordinate change introduced by the magnetic

chicane can be expressed, to third-order in energy deviation, as:
z = 2o + Rsgn + Tseen” + Useeen”, (7.3)

where n = (v —0)/7 is the usual relative energy deviation variable. For a simple

four-magnet chicane we have: Tss6 = —R563/2, Usges = 2R56-

The combined effects of the non-linear energy-chirp and non-linear longitudi-

nal transport generates a triangular current distribution after compression with
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a sharp spike in the head of the beam (see Fig.7.5). While the spike itself has
a very large energy-spread it still gives a large contribution to the amplification
process, due to its high peak current. Since the high-gain region of the beam has
a length on the order of the slippage length in the final undulator, a spectrum

with few spectral spikes is expected.

Figure 7.5 shows a diagram of current as a function of longitudinal position
and the associated longitudinal phase-space for the electron beam after chicane 2
from a 1-D simulation model. The simulation was performed with the approach
described in [17], where the effect of the longitudinal space-charge fields in each
drift space is described in terms of a beam impedance averaged over the drift
length. The simulation contains 3-D effects due to the finite beam size and energy-
spread effects in chicane transport. This approximate modeling gives an intuition
about the effect of the non-linear compression scheme on the gain mechanism and

on the spectral properties of the emitted radiation.

7.3 Experimental results

In this section we present the results of the LSCA experiment. The goal of the
experiment was to give a demonstration of the most important features of the

LSCA mechanism:
-high-gain (of several orders of magnitude);
-broad spectral bandwidth;
-transverse coherence;
-cascading.

The diagnostic setup for the coherent undulator radiation is shown in Fig. 7.6:

a near and a far-field camera are used to characterize the transverse structure of
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Figure 7.6: Diagnostic setup for the LSCA: a near and a far-field camera are used
to characterize the transverse structure of the radiation, while the spectrometer
camera is used for spectral measurements. A photodiode is setup to measure
absolute gain.

the radiation, while the spectrometer camera is used for spectral measurements.
A photodiode is setup to measure absolute gain. A system of mirror flippers was

used to switch from one diagnostic device to the other.

In the experiment the chicane setup was held fixed and compression was
scanned by varying the accelerating phase of station 1. In general this method
perturbs the orbit and transport of the electrons, since the focusing properties of
the RF accelerating fields are dependent on the accelerating phase. In this case,
however, this problem was not important since a significant amplification was
only observed in a narrow window of phase values (see, for example, Fig, 7.9).
This allowed us to tune the beam transport at an accelerating phase close to the
optimum phase (roughly 10 degrees away from maximum compression) avoiding
the effects of coherent transition radiation on the beam diagnostics. After the
machine tuning was completed, a small variation in phase allowed us to observe

coherent radiation with a negligible effect on the beam transport.
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Figure 7.7: True-color far-field radiation pattern from the compressed electron
beam radiating through a 77-period radio-frequency undulator. The strong an-
gular dependece and the broad frequency content of the radiation wavelength,
extending all the way from violet to red, illustrates the broad-band nature of the
space-charge instability.

Note that, while the final undulator selects a broad but finite emission band-
width, the LSCA generates microbunching over a larger bandwidth, ranging down
to sub-optical wavelengths. Figure 7.7 shows a real-color far-field image of co-
herent undulator radiation from the RF undulator. Due to the large number of
periods N,, rp = 78, the emission bandwidth for each angle is rather narrow, giv-
ing a sharp frequency/angle correlation. Figure 7.7 gives a striking demonstration

of the broadband feature of the LSCA microbunching amplification mechanism.

The experiment was performed operating at different values of charge. The

most significant results were obtained in the range of () ~ 8 = 12pC'. The initial
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Figure 7.8: Microbunching power gain as a function of wavelength for the NLCTA
beam parameters in the single-spike regime, from the linear theory. The overall
compression factor is C = 15.

root mean square (RMS) beam length was roughly o, = ¢x 1psec. The transverse
beam size was measured to be respectively o, ~ 160um and 0,2 ~ 150pm in
the drift spaces after chicane-0 and chicane-1. For the first amplification stage,
we estimate that most of the gain happens in the last 10 meters before chicane-0,
where the average beam-size is 0,9 ~ 250pum. Note that the electron beam is
not axisymmetric: the x and y rms widths are different and there are strong x-y
correlations. The numbers reported are an estimate of the size of an axisym-
metric electron beam that has the same transverse area as the measured beam.
For the measured beam size before chicane-0, the microbunching is transversely
coherent if starting from wavelengths on the order of \;, >~ 10um, which requires

a compression factor of C' ~ 15 for single transverse mode operation
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7.3.1 Single-spike regime

The best results in terms of gain were observed with the following chicane setup:
Rss0 = 4mm, Rssq = 2.5mm, Rsso = 1.5mm and a beam energy of £, =
72.5M eV at full compression. Figure 7.8 shows the microbunching gain spectrum
for this configuration for an overall compression factor of C' = 15. The gain
peaks in the optical spectral region for the idealize linear gain model. Figure
7.9 shows the integrated signal on the near-field camera as a function of the
accelerating phase for this chicane configuration. Significant gain with respect
to spontaneous radiation is obtained over a phase range of about 10 degrees. To
get an accurate measurement of the absolute integrated intensity gain, we used a
high dynamic range photodiode detector. The average gain in integrated intensity
with respect to spontaneous emission, measured at Q = 12pC', i L,z / Iine = 600
with peaks up to 1000. Note that the angular width of the coherent radiation
is narrower than the incoherent. Furthermore, as discussed in section 7.2.2; only
a fraction of the electron bunch contributes to the coherent emission, while the
entire electron bunch contributes to incoherent emission. This means that the
local microbunching power gain, in the region of high microbunching, is higher
than the intensity gain. By comparing the coherent and incoherent far-field
distributions, we measure a larger angular width for the incoherent radiation by
a factor 2.2. Furthermore, from the numerical simulations discussed in section
7.2.2, we estimate that the current peak that drives the microbunching process has
contains roughly 20% of the bunch charge. It follows that the local microbunching

power can be estimated to be four orders of magnitude above the shot-noise level.

Figure 7.10 shows the coherent undulator radiation spectrometer image for the
highest gain phase and for intermediate gain. A spectrometer image corresponds

to a two-dimensional correlation plot of intensity as a function of wavelength and
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Figure 7.9: Integrated signal on the far-field camera as a function of accelerat-
ing phase in station 1. The emitted radiation energy increases with increasing
compression reaching an optimum for maximum compression. For phases larger
than ~ 30 deg the beam is overcompressed, giving a fast decay of the coherent
emission with accelerating phase.

vertical angle 6, = k,/k,. The intermediate gain configuration corresponds to a
weaker current compression than the peak gain. For this value of compression, the
spectrum exhibits a spiky structure, due to the fact that the slippage length in the
undulator is shorter than the fraction of the beam that contributes to coherent
emission. Note also that for moderate compression the coherent field exhibits
speckles in the transverse dimension (see the 6, dependence of the intensity). In
the optimal compression case, instead, the spectrometer shows a single spectral
spike and a single transverse mode. As the result of strong compression, the
microbunched fraction of the beam is shorter than the slippage length, resulting
in the single spike spectrum. The transverse single mode, instead, is due to the
wavelength shift of the transversely uniform far-infrared microbunching to optical

wavelengths. The on-axis FWHM bandwidth is AA/A ~ 10%, corresponding to
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Figure 7.10: Spectrometer image (upper imgaes), on-axis spectrum (middle im-
ages) and integrated spectrum (lower images) from a fully compressed image
(right images) and for moderate compression (left images). The figure shows
the transition from a spiky regime to the single spike regime, in which slippage
of the radiation over the compressed electron bunch generates a single spectral
mode. Note also how a single smooth transverse mode is achieved as the result
of compression. The FWHM bandwidth on axis is A\ ~ 65nm.

the on-axis emission bandwidth of the undulator. The integrated spectrum has
a wider bandwidth AX/X ~ 14% since the off-axis emission happens at longer

wavelengths than on-axis emission.

Figure 7.11 shows a single-shot far-field image of coherent undulator radiation.
As inferred from the spectrometer image, the far-field transverse distribution ex-
hibits a single mode structure. As mentioned above, this results from the effect
of wavelength compression from the far-infrared to optical wavelengths, which
transfers the transverse coherence properties of the long-wavelength microbunch-

ing to the optical spectrum.
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Figure 7.11: Far-field undulator radiation image at maximum compression. This
image shows the transverse structure of the emitted radiation for the configura-
tion yielding the highest radiated energy. The image shows a single transverse
mode, which is the result of compression of far-infrared microbunching to optical
wavelengths.

7.3.2 Multi-spike regime

To better characterize the LSCA mechanism, we performed an experiment with a
chicane setup yielding an overall larger total Rss compared to the case discussed
in the previous sub-section. The chicane configuration is Rss = dmm, Rss1 =
omm, Rseo = 4mm.

In this regime, the length of the current spike that contributes to gain is larger
than in the previous case, which causes the undulator slippage length to cover
only a fraction of the microbunched part of the electron beam. Furthermore, this

high Rs6 configuration favors gain at long wavelengths, resulting in an overall shift
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Figure 7.12: Spectrometer image (upper images), on-axis spectrum (middle im-
ages) and integrated spectrum (lower images) from a fully compressed image
(right images) and for moderate compression (left images). In this high Rsg
configuration, the spectrum is spiky even in the case of highest compression.

of the coherent emission towards the infrared spectral region. The absolute gain
measurement in this regime yields an overall gain of a factor 5 smaller than the
previously discussed case (an average of 4./ Line >~ 120 with peaks of 200), this
decrease in intensity, however, is mostly due to the narrow angular distribution

(see Fig. 7.13) which yields a lower angle-integrated signal.

7.4 Demonstration of Cascaded Gain

While high gain was demonstrated with the gain measurements described in the
previous section, cascading requires a separate discussion. In fact, the observa-
tion of high-gain through a system of three chicanes does not guarantee that the
gain process is multiplicative along the three stages. Moreover, the observation of

increased microbunching from one chicane to another does not prove multiplica-
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Figure 7.13: Far-field image for the spiky spectrum case. The far-field still ex-
hibits a clean single-mode structure due to strong compression.

tive gain. In fact, the three chicanes might be converting the energy modulation
generated before chicane-0 into microbunching, gradually along the beamline,

which would result in an additive gain process rather than a multiplicative one.

Cascaded amplification can be proved by changing the relative values of the
individual Rsgs but keeping the sum constant. In this case, if the gain process
is additive instead of multiplicative, varying the relative values of the dispersion
does not change the final gain, whereas in the case of cascaded gain it would
significantly affect it. Figure 7.14 shows the integrated signal on the near-field
camera for four different chicane configurations yielding the same total Rs. The
figure shows a comparison with the theoretical prediction for the microbunching
gain, with the assumption of linear compression and with the measured beam
parameters. The last three configurations can be obtained from the original one
(4mm — 3mm — 2mm) by switching the Rs¢ of two chicanes piecewise. The mea-

surements were performed adjusting the beamline so that the beamsize between
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the three chicanes would remain roughly constant. This was accomplished by
compensating the change in vertical focusing due to the chicane magnets with
the magnetic quadrupoles. The plot shows a variation of the intensity with dif-
ferent chicane configurations, which is an indication of cascaded gain. Note that,
even though the product of the three Rss is constant the gain is still expected
to change since the compression factor C' at each chicane changes for each con-
figuration. We also note that the configuration with decreasing Rs¢ shows the

highest intensity gain, in good agreement with our theoretical model.

The last data shows some disagreement with the theory, which predicts a
smaller gain than observed. This is likely due to non-linear compression, which is
not included in the theoretical model. In the growing Rs¢ configuration, in fact,
most of the compression happens in the last chicane. This means that the mi-
crobunching is not confined to the leading current peak and it is more uniformly
distributed along the electron bunch than in the decreasing Rj¢ configuration. In
this case, a larger fraction of the bunch contributes to the coherent emission com-
pared to the previous cases, an effect that compensates the lower microbunching

gain.

7.5 Conclusions

In this chapter we have discussed the first experimental demonstration of a cas-
caded longitudinal space-charge amplifier. Coherent radiation induced by the
microbunching instability was demonstrated in the past in several experiments,
in the context of transition radiation diagnostics for FEL drive beams. The dif-
ference with respect to previous experiments is that, in our case, the instability
was controlled and optimized to generate intense and transversely coherent un-

dulator radiation pulses. This provides a proof of principle demonstration for the
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Figure 7.14: Integrated camera intensity for four different chicane configurations
Rs60 — Rs61 — Rse2 (measured in mm), yielding the same total Rss. The max-
imum intensity is achieved for decreasing Rsq (first data point). The red dotted
curve shows the theoretical prediction, based on the assumption of linear com-
pression, normalized to the first experimental point. Changing the partition of
the longitudinal dispersion keeping the sum constant changes the intensity gain,
which is a signature of cascaded microbunching gain over the three chicanes.

generation of broad-band coherent radiation at fourth generation light sources.

In particular, the experiment has demonstrated high-intensity, broadband
coherent undulator radiation pulses from an electron beam modulated by the
longitudinal space-charge instability. The regime of strong compression due
to chirped beam operation, results in coherent radiation pulses with a single
transverse mode, consistently with our theoretical understanding of the amplfi-
cation/compression process. Due to the short duration of the electron bunch, a

single spectral mode has been observed under conditions of strong compression.

Finally, cascading between the three chicanes has been proved by scanning

156



the relative values of the three Rs¢s and keeping the total compression constant
(i.e. keeping the same total Rss). Cascading is a crucial feature of the LSCA

which will enable, in the future, high gain at sub-optical wavelengths.
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CHAPTER 8

Single shot reconstruction of beam
microbunching by phase-retrieval of optical

transition radiation images

The generation, compression and transport of such high-density, cold relativis-
tic electron beams in FEL injectors poses several challenges, especially due to
beam collective instabilities that develop during acceleration and transport, that
amplify the beam’s shot-noise-derived microbunching. As discussed in the in-
troductory part of this dissertation, this effect generates strong perturbations in
the beam’s longitudinal phase-space, which serve to reduce the efficiency of the
FEL process in the downstream undulator [48, 12] and induce the emission of
coherent radiation in beam diagnostic stations [24, 27, 52, 53]. While the effect
of the microbunching instability on the FEL performance can be mitigated using
a laser heater, this does not suppress the emission of coherent optical transition
radiation (COTR) to a manageable level [12] making the use of beam profile

monitors impractical for compressed electron beams.

In this chapter we discuss a method for the reconstruction of the transverse
spatial structure of beam microbunching from a single-shot, far-field coherent op-
tical transition radiation (COTR) image, and report on the experimental demon-
stration of this technique at the Next Linear Collider Test Accelerator (NLCTA),

located at the SLAC National Accelerator Center. The technique proposed is gen-
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eral and can be applied to any type of microbunching, such as the microbunching
generated by the FEL interaction or by the microbunching instability [21, 30] or
to a helical microbunching structure used to drive the emission of orbital angular
momentum modes in FELs [54, 44]. In particular, in this chapter we will focus on
the specific case of microbunching generated by the interaction of the beam with
an external laser pulse in a magnetic undulator, henceforth referred to as laser in-
duced microbunching (LIM). This specific case is particularly convenient, since it
allows the benchmarking of our technique using and incoherent optical transition
radiation (OTR) image, thus allowing a proof of principle demonstration of this
technique. The reconstruction of LIM is also of importance for the diagnostics of
compressed electron beams, such as the ones used to drive high-gain x-ray FELs.
As mentioned above, the diagnosis of these beams is severely compromised by the
emission of COTR, which makes it impossible to directly measure the transverse
profile of the beam with a simple near field OTR image. Recently several meth-
ods have been proposed to avoid this problem, by using fluorescent screens that
emit in the UV spectral region [55], or combining a scintillation screen with a
gated optical camera [56]. However, phosphorescent-screen-based measurements
are are affected by beam surface-field-driven image blooming [57], which limits
the resolution of these imaging techniques. The reconstruction of LIM, that is
demonstrated in this chapter, allows the reconstruction of compressed beams even
in the presence of the microbunching instability. In fact if the beam microbunch-
ing has a uniform transverse distribution (as is the case of LIM from a laser pulse
that is transversely larger than the electron beam) the transverse distribution
of the microbunching provides a direct map of the beam density distribution,
extending the applicability of commonly used diagnostic techniques based on
(incoherent) OTR to beams that are strongly affected by collective instabilities

through use of the dominant coherent signal. This overall approach has also been
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proposed in a related context of reconstructing the beam’s longitudinal profile,
in a scheme known as an optical replica synthesizer, or ORS [58]. In contrast, we
will refer to the transverse reconstruction technique introduced in this chapter as

the transverse optical replica (TOR).

8.1 Reconstruction Method

The emission of coherent radiation from a relativistic electron beam requires the
formation of a density modulation on the scale of the radiation wavelength. This
type of density modulation, generally termed beam microbunching, is commonly
quantified by the bunching factor, defined as the Fourier transform of the beam
longitudinal density profile normalized to the number of particles:
b(k) = S /da:dydz p(z,y, z)e” % = X Ze‘ik% (8.1)
N N

n

where z is the longitudinal position along the beam axis, x,y are the transverse
positions, p(z,y, z) is the three-dimensional beam density distribution, N is the
number of electrons in the beam and z, is the longitudinal position of the ny, elec-
tron. The bunching factor is nearly equal to 0 for a beam with a uniform density
profile, with a small component due to shot-noise. On the other hand approaches
unity (b(k) = 1) if the electrons are arranged in z into periodic structures smaller

than the relevant period wavelength, A\ = 27 /k.

For a beam with microbunching above the shot-noise level, the radiated power
from a given emission process (e.g. transition radiation or undulator radiation)
scales proportionally with |b(k)|?N?; in the case of randomly distributed electrons
in which the emission is incoherent, the bunching factor scales as 1/N'/2? and the

total radiated power scales proportionally to V.
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While the one-dimensional bunching factor b captures the basic features of
cooperative radiation processes, in many cases it is more useful to keep track
of the transverse distribution of the density modulation and give a generalized
three-dimensional definition of the bunching factor as the longitudinal Fourier

transform of the three-dimensional beam volume density:
1 —ikz
b(z,y, k) = N dzp(x,y, z)e "=, (8.2)

The goal of our experiment is that of reconstructing the spatial dependence
of b(x,y,k,) from a single-shot, far field COTR image. The far field COTR

differential power spectrum emitted by a microbunched beam is given by

dP dP

- N%|B 2 .
dodss — dwdn Y 1Bk Ky ko)L (8.3)

P _ €2 B2 sin? 9
where 056 = Tecom? (=32 cos? 0)

> indicates the single particle differential spectrum,
e is the electron charge, ¢ is the speed of light, ¢, is the vacuum permittivity
and [ is the beam velocity normalized to the speed of light. The polar angle is
related to ky, ky, k. by cosf = \/];E—\/k—% The form factor B is defined as the

three-dimensional Fourier transform of the beam’s charge density distribution:

1 o
Bk, by, be) = / dadydz p(x,y, z)e et ik, (8.4)

Note that b(x,y, k,) and B(ky, ky, k,) are a two-dimensional Fourier transform
pair, i.e.

B(ky, ky, k) = / dxdy b(x,y, k.)e H=r= kv (8.5)

From the above definitions, it follows that, from a single shot, far-field COTR

image one can measure the amplitude of B. The spatial dependence of the beam
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microbunching can, in principle, be recovered by an inverse discrete Fourier trans-
form (DFT). However, to invert the DET one needs information about the com-
plex phase of B, which cannot be inferred directly from the far-field image. How-
ever, it has been understood in recent years that the phase of a two-dimensional
signal can be recovered by means of an iterative phase-retrieval algorithm, pro-
vided that |B(ky, ky, k)| is sampled with high enough resolution in the frequency
domain. The condition that needs to be satisfied is dk < 7/L where dk is the
resolution in the transverse frequency domain and L is the characteristic size
of the beam in the space-domain. In practice, L is the size of a finite support
in z,y that fully contains the signal. This condition is often referred to as the

oversampling condition.

Iterative phase-retrieval algorithms (see e.g. [59, 60] ) are now used in a
great number of advanced applications, such as coherent diffraction imaging of
non-crystalline samples [61]. Figure 8.1 shows a schematic of the algorithm.
The retrieval algorithm starts by applying a random phase to the signal in the
frequency domain (or reciprocal space). An inverse fast Fourier transform (IFFT)
is then applied to obtain a trial signal in the spatial domain. At this point a given
set of constraints (discussed below) is applied in the spatial-domain and a fast
Fourier transform (FFT) is performed. Finally, one substitutes the amplitude in
the frequency domain with the measured amplitude while keeping the phase from
the FFT.This process is repeated for several iterations (typically a few hundreds
to thousands) until the amplitude of the final FFT is equal to the measured

amplitude within a small tolerance.

The constraints applied in the spatial domain depend on the type of measure-
ment performed but usually include a support constraint, i.e. the signal in x,y

is constrained to be equal to zero outside of a given finite support. The size of
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the finite support depends on the oversampling ratio of the measured amplitude
in frequency domain [59]. Furthermore, if the beam microbunching is real and
positive in the spatial-domain, a positivity constraint can be applied by keeping
just the real part of the spatial-domain signal and setting to zero all the data
points that have a negative value. This kind of constraint increases the speed of
the reconstruction algorithm and ensures the uniqueness of the solution [59]. The
latter constraint can be applied in the case of LIM, which is the case of interest
for this chapter. This can be understood by noting that a seed laser with a flat

transverse profile generates a density distribution of the type

Pund = p(x,y, 2) <1 +2 Z an, cos(nkzz)> : (8.6)

where a, = Jn(nkzénR%)e_kz"%Rgfi, J,, is ny, order Bessel function of the first
kind, o7 is the amplitude of the laser-induced energy modulation normalized to
the beam energy, o, is the relative energy-spread and Rse is the longitudinal
dispersion of the bunching magnetic chicane. The resulting microbunching dis-

tribution is given by b(z,y, k.) = % [ dzp(z,y, z) which is an everywhere positive

function that represents the transverse profile of the beam.

8.2 Experimental demonstration

To test this reconstruction method, we have performed a seeded COTR experi-
ment at the NLCTA. The schematic layout of the experiment is shown in Fig.8.2.
The experimental setup corresponds to the first part of the ECHO beamline
[50, 51]. An electron beam of energy £ = 120 MeV is sent through an undulator,
copropagating together with a resonant laser of wavelength A = 800 nm. The

resonant interaction generates an energy modulation in the electron beam which
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Figure 8.1: Schematics of a phase-retrieval algorithm.

is then transformed into density modulation by a subsequent magnetic chicane.
The electron beam is then sent through a metal foil, causing the emission of a
COTR pulse that is collected by a CCD camera focused to infinity. Figure 8.3

shows a picture of the seeding beamline.

The imaging system is composed of two CCD cameras (see Fig. 8.4). The
first camera is focused to infinity to collect the far-field coherent image. A second
camera is focused on the metal foil to collect a near field image of the incoherent
OTR that is used to benchmark the reconstruction. The diagnostic switches from
one camera to the other by means of a mirror flipper. Note that the seed laser
leaks through the chicane mirror (see Fig. 8.2) and affects the measurement.
A simple solution to this problem is that of slightly off-setting the emission fre-
quency of COTR by introducing a small linear energy chirp in the electron beam

and using an optical filter to select the shifted emission wavelength.
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Figure 8.2: Layout of the experimental setup.

The seed laser has a transverse size that is significantly larger than the electron
beam, giving a nearly transversely uniform electric field that interacts with the
beam electrons. Under these conditions, the microbunching is, to an excellent
approximation, a replica of the transverse shape of the electron beam. Since
in the experiment we worked with an uncompressed beam which is not notably
affected by the microbunching instability, the measurement can be benchmarked
by comparison with a near-field incoherent OTR image obtained without the
LIM applied. Figure 8.5 shows a far-field COTR image and the inferred beam
form factor. Note that, since the COTR single particle differential intensity is
zero on axis, the beam form factor cannot be measured for £, ~ 0,k, ~ 0. The
amplitude of B close to the axis is then reconstructed by the retrieval algorithm
simply keeping the amplitude and phase of the IFFT near the axis as the last
step of each iteration. This issue is analogously found in coherent diffraction
imaging experiments, where the near axis diffraction pattern is dominated by the
direct beam (see e.g. Ref. [61]) and it is commonly referred to as the missing
center problem. Figure 8.6 shows the reconstructed phase of B and the resulting

transverse dependence of the beam microbunching b(x, y, k. ).

The NLCTA photoinjector-derived beam possesses small shot-to-shot fluctu-
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Figure 8.3: Photograph of the seeding beamline.

ations of the beam transverse shape, which gives some slight variations in the
comparison beam profiles, thus allowing a less than exact benchmarking of this
measurement. Nevertheless, there are many repeatable features of the beam pro-
file that bear comparison. Figures 8.7 and 8.9 show a comparison between sev-
eral reconstructed bunches and near-field OTR images for two different beamline
configurations, yielding two significantly different beam profiles. The incoher-
ent OTR images show some fluctuations in the beam shape. However, as noted
above, the characteristic size and shape of the beam consistently reproduced in

the reconstructed microbunching images. Finally, Fig. 8.8 shows a reconstructed
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Figure 8.4: Photograph of the diagnostic system.

microbunching and the corresponding OTR image with a comparison of the x
and y projected profiles. We note that the near-field OTR images are calibrated
by taking an image of the OTR screen fiducials, while the far-field COTR images
are calibrated with an incoherent far-field OTR measurement, which has a peak
at \/k2 + k2 = k./v. The two calibrations are consistent, as shown in Fig. 8.7.
This indicates that the method can be used quantitatively to image compressed

beams when near-field OTR imaging is impossible.

Indeed, both incoherent and coherent OTR-based diagnostics methods may
be undesirable due to their destructive nature. In this regard, the technique
described and demonstrated in this chapter would be greatly enhanced by the use

of non-destructive coherent undulator radiation, as proposed in the original ORS
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Figure 8.5: Raw far-field COTR image (left image) and inferred amplitude of the
beam’s form factor (right image).

scheme. This scenario would evade the problem of zero emission on axis, which
limits the amount of information gathered with COTR near the k, ~ 0,k, ~
0 far-field region. A further refinement to the method employed here would
involve the simultaneous use of near- and far-field COTR images, which would
greatly improve microbunching reconstruction by imposing a more stringent set

of constraints for the phase-retrieval algorithm.

8.3 Conclusions

In this chapter we have introduced, and experimentally tested, a technique for
the single-shot reconstruction of the transverse shape of beam microbunching for
a relativistic electron beam. This technique is based on far-field COTR imaging
and on the application of a phase-retrieval algorithm. The technique is general
and could be applied to the case of arbitrary microbunching structures. We have
demonstrated this method in the case of uniform microbunching generated by

resonant interaction of the electrons with an external laser pulse in an undulator.
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This case is of great relevance to x-ray free-electron lasers since it extends the
customary beam profile monitor techniques based on OTR to compressed beams,
even in the presence of coherent light emission induced by the microbunching
instability. Further, we note that by combining this measurement to those dis-
cussed in [58], one may obtain a 3D replica of the beam distribution. Finally,
in the absence of externally imposed microbunching, the method promises to
be a keen tool in unfolding the details of transverse spatial distribution of the

collective instability-induced microbunching itself.
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CHAPTER 9

General Conclusions

9.1 Concluding Remarks

The main topic of this dissertation has been the space-charge microbunching
instability. Experimental evidence for this effect in free-electron laser (FEL) in-
jectors was found at several facilities, where the induced microbunching causes
the emission of coherent transition radiation. The microbunching instability is
usually regarded as a parasitic effect since the induced microbunching strongly
disturbs the beam diagnostics in particle accelerators and generates perturbations
in the beam phase-space which compromise the efficiency of the FEL. Recently,
however, the space-charge microbunching instability has been proposed as a co-
herent microbunching amplifier for advanced free-electron laser seeding schemes,

a configuration that is now referred to as Longitudinal Space-Charge Amplifier

(LSCA).

The physics of this instability is rather complex and is strictly related to that
of relativistic plasma oscillations. Previous theoretical work on this subject relied
on the "frozen beam” approximation, in which the electrons do not move with
respect to each other during the collective interaction. While this simple two-step
cold-beam theory captures the basic features of the microbunching instability, un-
derstanding thermal motion due to emittance and betatron motion, and the effect

of beam plasma oscillations induced by the self-consistent response of the beam,
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is very important for the design and optimization of advanced microbunching
experiments, such as shot-noise suppression or coherent microbunching amplifi-

cation.

Our theoretical approach is based on a kinetic theory of space-charge waves

in six-dimensional phase-space and consists of three different steps:

1) finding the propagating eigenmodes of space-charge waves in six-dimensional
phase-space;
2) using the self-consistent eigenmodes as an expansion basis for an arbitrary

initial phase-space perturbation to (i.e. solving the initial value problem)

3) using the general formalism derived in the first two steps to describe the

collective evolution and amplification of beam microbunching.

In chapter 2 we described the propagating eigenmodes of the space-charge
fields. We derived a dispersion relation for the plasma eigenmodes and expressed
it in terms of four dimensionless scaling parameters. The dispersion relation was
solved for a broad range of the scaling parameters and used to describe several
properties of the beam plasma oscillations. In chapter 3 we studied the coupling
of these modes to an arbitrary initial perturbation of the six-dimensional phase-
space distribution. These two chapters provided a theoretical description of the
self-consistent evolution of a phase-space perturbation under the effect of space-
charge, which was used in chapter 4 to model the amplification of microbunching
due to the combined effects of space-charge interactions and longitudinal dis-
persion in bending magnets. Finally, in chapter 5 we developed a quasi-three
dimensional model for the microbunching instability of a transversely large beam
with no transverse focusing, a case in which the modal analysis described in the

previous chapters fails due to the degeneracy of the plasma eigenmodes.

One of the most important features of this theoretical model is the study of
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transverse motion due to emittance. This effect is very important since it ulti-
mately determines the transverse distribution of the beam microbunching. We
demonstrated how transverse motion can increase the transverse coherence of
the amplification process, strongly suppressing the amplification of higher order
modes. In particular, when the beam travels in a focusing channel, transverse mo-
tion gives rise to plasma-betatron beat-waves for higher order transverse modes,
with a fast oscillation of the microbunching due to the betatron oscillations, su-
perimposed on the slow collective response of the electrons. In this case, the
amplification of complex transverse structures is suppressed due to the slower

plasma response with respect to the laminar beam approximation.

Another important effect due to transverse emittance is the longitudinal veloc-
ity spread induced by transverse motion. This is a second order effect, since the
longitudinal velocity deviation of a particle due to its finite betatron amplitude
is given by z. = — (kg2 + 3%) /4. Since the velocity deviation due to emittance is
always negative, this effect induces an anisotropy in the plasma response of the
beam, causing strong Landau damping of the space-charge waves that propagate
in the negative z-direction (relative to the electron beam). The Landau damping
due to emittance is a critically important effect which ultimately determines the
optimal focusing for a space-charge experiment. We used our theory to describe
emittance effects in both shot-noise suppression and microbunching amplifica-
tion experiments. We showed how the optimal design of such experiments has to
balance the field enhancement due to strong transverse focusing and the longitu-
dinal velocity spread due to emittance which dominates the behavior of strongly
focused beams. Finally, the reduction of the plasma oscillation frequency due to
the finite size of the beam was determined to be a critical effect, suppressing the

microbunching amplification at long wavelengths.
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In the one-dimensional limit (i.e. the limit for a large quasi-laminar electron
beam), total mode degeneracy makes the use of the bi-orthogonal mode expansion
highly impractical. For this specific case, we developed a quasi three-dimensional
model in which the electron beam is modeled as a uniform unmagnetized plasma
and the evolution of beam microbunching is analyzed in terms of plane plasma
waves. Our model shows how transverse motion due to emittance induces strong
Landau damping of high k&, components of optical microbunching, reducing the
angular width of the gain induced by space-charge. As a general rule, the char-
acteristic transverse coherence length of the microbunching is given by v\, or by
the Debye length A\p whichever is larger. This effect is critical for the coherent
optical transition radiation diagnostics of the microbunching instability, since it

determines the angular distribution of the coherent signal.

After establishing a strong theoretical background for the space-charge in-
stability, we performed a proof of principle experimental demonstration of the
longitudinal space-charge amplifier (LSCA). In an LSCA, the longitudinal space-
charge microbunching instability is employed to generate a strong modulation in
the electron beam, which is then used to generate coherent radiation in an undula-
tor. The experiment was performed at the NLCTA test facility and demonstrated
the key features of a LSCA: broadband (AA/A ~ 15%), high-gain (up to three or-
ders of magnitude over spontaneous emission), cascaded amplification and single
transverse mode operation. A single transverse mode is obtained as the result of
strong compression, which shifts the transversely coherent microbunching gener-
ated at long wavelenghts to the optical spectral region. Strong compression also
results in a single spectral spike in cases in which the slippage length in the radi-
ator is shorter than the microbunched portion of the electron bunch. Cascaded
amplification was proved by varying the Rsg partition along the amplification

beamline and keeping the total compression factor constant. This experiment
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proves the feasibility of broad-band coherent radiation sources at free-electron
laser user facilities and opens new possibilities for the free-electron laser user

community.

Finally, we developed and demonstrated experimentally a coherent diffraction
imaging technique for the reconstruction of beam microbunching. This technique
relies on far-field imaging of coherent transition radiation pulses and on the ap-
plication of an iterative phase-retrieval algorithm. The technique is general and
could be applied to any type of microbunching. We have successfully tested this
method with laser-induced optical microbunching at the NLCTA test facility. As
mentionedin chapter 8, this experiment has a wide number of applications in the
diagnostics of compressed electron beams in free-electron laser injectors or as a

diagnostic for advanced free-electron laser experiments.

9.2 Future Directions of Investigation

The physics of longitudinal space-charge effects has raised significant interest in
the free-electron laser community and the broader field of particle accelerators.
The experimental demonstration of the LSCA accomplished in this PhD disser-
tation opens new lines of research in advanced FEL seeding schemes. The next
generation of experiments will have to demonstrate the emission of ultra-short
pulses with a LSCA seeded by an ultra-fast external laser and the extension of

the LSCA to VUV and soft x-ray wavelengths.

While the LSCA holds great promise as a source of coherent broad-band ra-
diation, I believe that alternative amplification mechanisms need to be pursued
to improve the operation of broad-band coherent amplifiers at short wavelengths

(specifically the nanometer level and sub-nanometer level). I am currently in-
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vestigating the two-stream amplifier (2SA) as an alternative to the LSCA, with
a number of collaborators. The 2SA shares the same conceptual layout as an
LSCA: a collective instability is used to generate microbunching (starting from
shot-noise or an external seed), which is then employed in an undulator for the
emission of coherent photons. However, unlike the LSCA, in this case the am-
plification mechanism consists of the unstable response of an electron beam with
two distinct energy levels. This type of instability is driven by longitudinal space-
charge but it does not require a magnetic chicane since the microbunching grows
exponentially as a function of time. The three-dimensional theory of this effect,
based on the same formalism developed in this dissertation, is currently being

investigated and future experiments at the NLCTA are in the planning stages.

The coherent imaging technique developed in this dissertation is also being
expanded to measure more general forms of microbunching. In fact, extending
this method to cases where the microbunching has large phase variations in the
transverse plane presents several challenges. This is the case of the space-charge
induced microbunching for a degenerate beam, or the helical microbunching that
drives orbital angular momentum modes in an FEL. A more robust reconstruction
method can be achieved with simultaneous near and far-field imaging of coherent
transition radiation. With this approach, a stronger constraint can be applied to
the signal in the space-domain, ensuring convergence of the phase-reconstruction

algorithm even for cases in which sign constraints cannot be imposed.

The lines of research opened by this dissertation will generate new and exciting
science in the near future, and will contribute to the development of ultra-fast
radiation sources aiming to reach the attosecond level at the next generation of

light sources.
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