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Abstract

The issue of stategy selection n solving the Tow er of
Hanoi (TOH) problam is Investigated by focusing on the
critical issues of whether the selecton process is
contingent and adaptive. The results of an experin ent in
w hich participants solved a series of different fourdisk
TOH prwblms under hstuctons requiring accuracy
maxin ization vs. effort m nin ization are presented. A
com puter simulation, comparing a number of known
stategies o the experin ental data, has been carried out
o try o dentify the stategies used by the participants.
The findings support the hypothesis of adaptive and
contingent strategy selection in the TOH dom ain.

Introduction

M uch work in the problem solving arena has dealtw ith
the Tower of Hanoi (TOH }— considered as a typical
w ell-stuctured problem — producing In portant
theoretical and empirical results. Researchers have
discovered teresting phenom ena and tred t© provide
explanations for them . Several solution strategies have
been described Sin on, 1975), and various m odels have
been proposed o sin ulate hum an perform ance on this
task Kamt, 1982; Ruiz & Newell, 1989; Anderson,
Kudmerick & Lebiere, 1993; Anderson & Lebiere,
1998; Almamn & Tmfton, 2000). D etailed accounts of
Jleaming how to solve the TOH on a tralby-rial basis
Anzai& Sinon, 1979) have been put fow ard together
wih hypotheses conceming the stategies and the
heuristics people seam t© leam In successive attem pts to
solve the problem  (VanLehn, 1991).

Degpie these achievements, many issues are sHll
unresolved and m any topics are currently nvestigated.
Tw 0 recent exam ples nvolve the role of goal encoding
and retrieving n memory @A lmann & Trafton, 2000),
and the possible use of active plaining to avoid
previously visied sates O avies, 2000).

G ven that different m odels and strategies have been
proposed In different experin ental settings, it seems
Inportant to try to dentfy the factors affectng the
selection of solution strategies 1 this dom atn.

"The oder of authorhip is atbimary; each author
contrbuted equally t© all phases of this project.

W e propose the hypothesis that stategy selection in
the TOH is a contingentprocesses, ie., it is sensitive t©
task and oontextual factors. Following a widely
accepted idea about human problem solving Simon,
1975; Anderson, 1990; Christensen-Szalanski, 1998)
and decisionmaking (Payne, Bettman & Johnson,
1993), it is further hypothesized that stategy selection
is adaptive. G ven a specific task and context, it is
fimctional to the achievement of a good tade-off
between accuracy and coognitive effort (Christensen-
Szalanski, 1998; Fum & DelM issier, 2000).

These two stategy-rhted questions ({e., is the
process of stategy selection contingent? is it adaptive?)
are the m ain topics of thiswork . Th the paperw e briefly
discuss som e issues conceming research on the TOH
strategies. Then w e present the results of an experin ent
T which participants solved a series of different four-
disk TOH prblms under hstuctions mequiring
accuracy maxin zation vs. effort m Inin ization. A
computer simulaton, comparing several solution
strategies o the experim ental data, has been carried out
o try t© dentfy the stategies used by participants in
the tw o Instruction groups.

Issueson Strategy R esearch

Research on stgategies n TOH, and rhted problem
olving tasks, must deal w ih several theoretical and
em pirical issues.

A first issue concems identificability (@ nderson,
1990) : pattems of behavioral data are used as a trace t©
hduce the existence of a given stategy, but in many
cases the dam do not allow discrin nating am ong
distinct m odels of stategic behavior. T our specific
domamn, however, very few attempts @n exception
being represented by Almam & Tmafton, 2000) of
directly com paring different m odels on the same data
sethave been done.

Other theoretical problems deal wih the under-
goecification and the Iow generalizability of som e of the
proposed strategies. W ith underspecification we m ean



the fact that the description of a strategy does not allow

a unigque dentification of the m ove to be done forevery
prblem sate. W ith ow genemlizability we mean the
fact that the proposad strategy results ad hoc and carmot
be extended to dealw ith som e classes of TOH problem s
pecpk are able t olve.

A further theoretical 1in itation is constgtuted by the
fact that some stategies ar willfully optmal
Anderson & Lebire, 1998), whilk people ssldom
achieve such a brilliant perform ance Goel & Grmafman,
1995;M iyake etal., 2000; K arat, 1982).

On the empircal side, there is the prblem of the
htmisiveness of the methods utlized to dentfy the
exisence of a given stategy. Verbal protocols, for
nsance, @nzai& Sinon, 1979;Van Lehn, 1991) have
proved t© be a ussful explomtory tool, but there is
evidence Stnessen, 1985; Ahlum Heath & DiVess,
1986) that participants vetbalizihg during the task
perform differently fiom partdcipants that do not
verbalize. The very use of verbal protocols could
prom ptthe adoption of different solition stategies.

A rlted issue deals w ith the suggestiveness of the
experin ental Instuctions. For mstnce, Anderson,
Kudmerick & Lebiere @1993) gave hnts that
delberately encouraged the adoption of a particular
sategy. The genemlizabiliy of their model is,
therefore, directly related to the way the sam e stategy
is spontanecusly adopted by the participants when no
hints are given.

Another concem is consttuted by the fact that
stategy selection In the TOH has often been studied by
having peopk perform many trals over the sme
pwblem . Tn this way it cannot be excluded that the
In provem ent n the participants perform ance could be
attrbute t© Mt memorzaton nsead of genuine
laming. To contol for this factr, Anderson,
Kudm erick & Lebiere (1993) presented a w ider range
of problem s o their participants preventing them from
evolving special-case strategies.

T our experin entw e Ivestigated a factor that could
possbly affect the adoption of different solution
stategies, and we @n a smulaton sudy t© ty
dentify them . To do this, we had to make some
underspecified stategies com putationally workable by
postulating a few addidonal assumptions. W e
concentrated our attention on general stategies— ie.on
strategies capable of solving problem s put not only n
thelr sandard (e, twertotower) form— and on
strategies that do not prescribe an optim al solution.
Futhemore, we rmfrained to force participants t
Justfy and comment on thelr moves, and carefully
avoilded suggesting any specific solution procedure.
Finally, w e utilized a setof different problem types.

The Experin ent

The main goal of the experinent was t test the
hypotheses of contingent and adaptive stategy
selection. W em anipulated the experim ental nstructions
o modify the inporeance participants gave to the
distnct goals of accuracy maxin ization vs. effort
m Inin ization.

A coording to the contingent and adaptive hypothesis,
w e expected t© find a ratbonal use of different strategies
T different experin ental groups. The stategies used by
participants In the accuracy group should ncrease the
accuracy of the solutions by paying a higher tem poral
cost. The strategies used in the effort group should yield
effort savings but less accurate solutions.

M ethod

Participants The participants w ere 34 undergraduates
students, aged between 18 and 24 . None of them was

suffering from any perosptual, cognitive or motor
deficiency. The sample was babnoed for gender. ATl
the participants had a basic fam fliarity w ith com puters
and w ere able t© use them ocuse.

Proocedure Participants read an instruction docum ent
that explained the basic miles of the TOH , showed the
Interface used by the com puter program , and described
how to use it. The mstuctions required the participants
o solve the problem “in the few est possible num ber of
m oves” or “1n the shortest possible tim ", depending on
the group (@ccuracy vs. effort, respectively) t© which
they werr mndomly assigned. The expermenter
(@lw ays one of the authors) asked the participants about
their know ledge of the task and was w illing to answer
possble questions about the procedure. A fler going
through a short training session, participants started t©
solve the series of testproblem s.

M aterials A number of different three- and fourdisk
TOH pmwblkms wer 1mndomly genemted for the
experin ent. The problem s comprised four possble
configurations of disks obtained by com bining a flatvs.
tow er disposition in the sart sate w ith a flat vs. tower
disposition 1n the goal state.

Two random Iy generated three-disk problem s, w ith
an optin al solution path of seven m oves and w ith a flat-
to-flat configuration, were used for tmining and
presented to the participants in casual order.

The test set comprised eight rmndom Iy generated
fourdik prblems, two for each possble
configuration. Each problem had an optim al solution
path of 15 moves. The test set was delivered using
block rmndom ization.

Apparatus A PoweM acintosh 9500 computer was
used for the experiment. A program in plem enting the



TOH task waswrtten usingM CL 43 and CLIM 2.The
program recorded each participantm ove (Including the
moves violhting the TOH mles) wih the associted
time.

The mnterface was composed by two identical
w Indow s, vertically stacked and centered. The upper
whdow showed the nnitial sate of the problem and
oould be acted upon by the participants. The ower
w Indow , w hich show ed the goal state, presented a fixed
display . The participants had to perfform a dmg-and-
drop operation w ith the m ouse to m ove disks fiom peg
o peg In the upperw ndow . T case of an illegalm ove,
an audiory waming was delivered, and the dragged
disk w as foroed back to its source peg.

Experin entalD esign Tw o Independent varisbles— one
betw een-subects (nstruction type) and one within-
subpcts (il number)— were manipubted In a 2x8
m ixed design. The number of trials in the test session
eht) was chosen to obtaln an acceptable balance
betw een the possibility of obtaining leaming effects and
that of inducing fatigue effects. The basic dependent
varibles w ere the num ber of enors {e. legalm oves n
additon to mininum path length), the number of
attem pted illegal moves, the total time t© solve the
poblem , the mean move htency (excluding the first
m ove), and the tin e necessary to execute the firstm ove.

Resuls

A1l the data analyses w ere perform ed on 31 cases (15
n the accuracy, 16 I the effort group) either on
transfom ed and untransform ed varizbles’ . G wven the
absence of any difference, we will present only the
results obtained using the untransform ed varisbles.

Errors A 2x8 analysis of variance ANOVA) on the
num berof enors Figure 1) show ed the significantm an
effects of nstouction type & (1,29)=657,M SE=173 53,
p< 05), and trial F (7,203)=4 95, M SE=69 33, p< 001).
The Interaction w as not significant. The participants n
the accuracy group m ade few er enrors that those 1 the
effortgroup M =6.73 foraccuracy; M =11 02 foreffory).
Th both groups the num ber of enors decreased from  the
first block of four trals to the second block (M =11 38
for the first block, M =6 38 for the second one). A post
hoc analysis caried out wih the Tukey HSD test

"Two cases were excluded because the participants needed
more than the maxinum allbwed tine @5 m i) t© complte
the first o prblems I the test session. One case was
excluided because the participant said, only at the end of the
session, that she had previously w ritten a program capable of
olving thiskind of task.

’A logarittm i tensfom ation was perfomed on all the
variables m easuring tin e, while a square-root transform ation
was applied t© all the varibles weoording the number of
moves.

show ed significant differences between the follow ing
pairs of trials: 15 (o< 05),1-6 fo< 01),1-8 fo< 05),25
fo< 01),2-6 (< 001) and 2-8 o< 01). The Bonferroni
procedure confim ed the results.
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Figure 1:Numberof enors foreach trial In the
accuracy and effort conditions.

Tegal M oves Participants attem pted to execute very
few 1llegal moves. The number of such moves was
how ever Iow er In the accuracy group than in the effort
goup M =0.77 foraccuracy, M =187 foreffor), and
decreased fiom the first o the second block of trals
M =200 for the first; M =065 for the second block).
Both the effects, but not the mntermaction, were
satistcally significant F (129)=6.71, M SE=1117,

p<05 and F(7203)=637, MSE=3.76, p<d001,
respectively) .
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Figure 2: Solution tines for each trial in the
accuracy and effort conditions.

Solution TimesA 2x8 ANOVA on the solution tines
Fiure 2) rvealed the significant m ain effects of the
instuction type F (1,29)=783, M SE=7947 67, p< 01)
and of the trial (F (7,203)=8 68,M SE=2259 27, p< 001),
while ther Interacton was not significant. The
participants needed m ore tin e t© solve the problem s n
the accuracy than I the effort gwoup M =100 s for
accuracy, M =69 s for effort). The time necessary to
com plete the task decreased from the first to the second
block of trals M =103 s for the first, M =66 s for the



second) . The Tukey test and the Bonfenoni procedure
highTlighted significant differences betw een the firsttrial
and the last six and betw een the second trial and the last
four @ ih the exception of the pair2-7).

M ove Latencies A 2x8 ANOVA on move ltency
tin es show ed a significant Interaction F (7,203)=3 10,
M SE = 946783, p< 01) betw een nstructions and trial.

The man effects wer alo significant:
F (1 29)=14 85,M SE=9131212, p< 001 for mstmctons,
F (7203)=8.00, M SE=946783, p< 001 for the tral. A
2x7 ANOVA wih the exclusion of the first trial
confimed the main effects but not the mteraction
F©,174)=129, M SE=745583, p=26). This resul
suggests that the Iteraction could be attrbuted © the
exttemely high latencies of the participants in the
accuracy group on the first trial. This w as confim ed by
the post hoc tests on the first ANOVA . The move
ltency was higher in the accuracy group than i the
effort gwoup M =382 s for accuracy, M=234 s for
effort), and decreased from the first to the second
M =346 s first block; M =271 s second block). The
Tukey post hoc analysis on the second ANOVA
showed significant differences between the pairs 25
fo< 05), 26 fo< 05) and 2-8 fo< 05). The Bonfenoni
proocedure confim ed only the difference between the
trials 2 and 8 (o< 05).

FirstM ove Latency A 2x8 ANOVA on the firstmove
Btency showed only the significant m an effect of the
Thstruction type & (L, 29)= 1318, M SE=583 18, p< 01)
wih latency higher for participants n the accumacy
goup M =14 .78 s foraccuracy, M =3 64 s foreffort).

Cluster Analysis of M ove Latencies W e perform ed
also a k-m eans cluster analysis to determ ine w hetherthe
m eans of the m ove Jatencies and the m ean percentages
of moves wihin given htency boundaries were
different between the two nstmuction groups. The
cluster analysis was perform ed on all the moves that
required Jess than 4 s © be executed’ . Foreach subjgct
a soluton wih 2 clusters fmoves having an almost
exclisive m otor com ponent vs. m oves requiring m ore
relevant cognitive processes) w as looked for.

A 2x2 (M ove x Ihstuction) ANOVA on the cluster
m eans show ed a significant nteraction F 1 29)=9 46,
M SE=80919, p< 01) and significantm ain effects of the
movekind F (@1,29)=249981,M SE=10229,p< 001) and
of the nstouction type ¢ (1,29)=1031, M SE=10229,
p< 01). The interaction is explained by the fact that the

*G fen an independent estin ate of 2 15 s for the tin e needed
o move a dik ushg a TOH progrem wih a diect
m anjpulation user nterface Anderson, & Lebiere, 1998), we
assum e thatm oves r=quiring 4 s orm o are also affected by
som e kind of higher-order cognitive operation.

difference of 140 m s betw een participants . the two
Tnstruction groups for the “cognitive” moves M =308 s
for accuracy and M =2 94 for effort) was significantly
am aller than the difference of 305 ms found betw een
the groups for the sin plest “execution” m oves M =1 87
for accuracy vs. M=157 for effor). These resuls
confim the ndications obtained fiom the previous
move htency analysis, but suggest also a potental
execution speed-up for the partcipants In the effort
goup.

A further analysis was focused on the mean
percentages of cases belonging to the tw o m ove clusters
and to the m oves requiring 4 sorm ore (the thid cluster
of “long” m oves) I both nstruction groups. The results
showed significant differences between the accuracy
and effort gwoups for the execution moves M ann-
W hiney U test, U=57, z=2 49, p< 05) and long ones
U=32, z=347851, p<001). I partcular, the mean
percentage of cases belonging to execution m oves w as
greater n the effortgroup M =61.77, SD=8 35) than In
the accuracy group M =5094, SD=1211). The reverse
was twe for the Iong moves @ccuacy: M =24 82,
SD=1026;effort:M =12 .08, SD =5 98) . This could m ean
that partcipants in the effort group made a higher
percentage of execution m oves and a low er percentage
of cognitive m oves In com parison w ith the m ovesm ade

by the participents In the accuracy group.

D iscussion

There is clear evidence that the experinental
m anipulation has been very effective in changing the
way the TOH pmblms arr solved. As expectd,
participants are able to achieve their respective goals of
m Inin izing effort and m axin izing accuracy, and they
are foroed by the nstructions t© trade a Iow er num ber
ofm ovesw ih a highersolition tin e.

There is also clear evidence of the existence of a
leaming effect. Participants in both gmwups leam to
perform better n successive trials, m aking few er enors
and using less tin e. The leaming profiles for the two
groups rem ain how everdistnct across all the trials. The
difference concems not only the enors made and the
timnes needed for solution, but extends t© all the
dependent varisbles suggesting that participants n the
tw o gmoups were selecting and using different solution
stategies.

The Sin ulation

The goal of the sin ulation was t© try to dentify the
stategies used n each trial by participents n the two
Tnstruction groups by com paring several known TOH
solution stategies on their capacity o fit the data.



The Im plem ented Strategies

For the sinulation we developed a series of ACTR
(Anderson & Lebiere, 1998) m odels in plem enting the
follow Ing solution strategies:

SS1 The selective search strategy describbed by Anzai &
Sinon (1979), and subsequently studied by Van Lehn
(1991).A teach step only disks thatare free to move n
the curent sate are considered. The choice of which
disk to move and where is guided by two heuristcs:
“(1) do notm ove the sam e disk on consecutive m oves,
and () do notm ove the an allestdisk back to the peg it
was on just before it was moved to is cunent peg”
(Van Lehn, 1991, p. 6). Because the stategy is under-
goecified, an additional assum ption hasbeen m ade: “ 3)
w henever possble, choose the move which has the
effect t put the largest out of place disk (the LOOP
disk) nto the target peg”, which gives the stategy a
more goaloriented attitude. Because the participants
did not alw ays follow the directives of the don’tmove-
twice and don’tundo-move heuristcs, the model
empbys them prmbabilistically according to two
em pirically-derived param eters (93% of the cases In
which they could be applied when modeling the
participants I the accuracy condition, and 90% of the
tin es for the effort condition) . Fially, w henever there
is sdll uncertamnty about which move t make, the
m odel chooses random Iy .

SS2 The selective search strategy previously described
augm ented w ih the new one-follow s+wo heuristics that
states that if you have justm oved the disk of din ension
tw o, you should now putthe sn allestdisk on top of it.
SP The (sin ple) perceptual stategy described In Sinon
(1975) and rephrased as follow s: “ (1) if alln disks are
placed on the argetpeg, stop; else @) find the nextdisk
(@) t be placed on the targetpeg @) if there are an aller
disks on top of disk i, clearthem @) cleardisks am aller
than ioff the targetpeg ) move disk ito the targetpeg
E)ogot1” Goel& Grafman, 1995, p.633). I oder
o avold being stuck o an finite lop, because
clearing the source peg to move disk i will block the
target peg and vice versa, a sadk of subgoals is
m aintained w hich allow s the strategy t© be rescued.

KR The stategy descrbed In Kamt (1982) which
com bines elem ents of dom ain-specific know ledge mto
a general problem -0lving framework. The stategy
adopts a lim ited lock-shead: if the m ovem ent of the
LOOP disk fiom its source t© the target peg is blocked
by only the an allest two disks, the task of m oving the
am all disks on the thid peg is considered as trivial, and
the m oves are in m ediately executed.

AT T additon to inplementing the above m entioned
strategies, we utlized alwo the activation-based m odel
of memory forgoals @lman & Tmfton, 2000)*. The

“W e thank Erk A Im ann form aking the m odel available and
allow Ing us to use i the sim ulation study

model adopts the stategy of Anderson & Lebiere
(1998), but stores goals as ordinary declarative m em ory
elem ents nstead of caching them in the architectural
goal sadk, and uses a stengthening process for
encoding and prin ing from cues for retrieval.

A s previously m entioned, all the stategies are sub-
optimal, ie. they do not genemally reach the solution
wih the m minum number of moves, a perform ance
that also our participants were seldom (ie., 12% of the
tines In the accuracy, and 5% 1 the effort condition)
able to m ake.

Procedure and R esuls

W e executed a simulation of all the stategies on the
TOH problem sused I the experin ent.

W e decided to compare the stategies only on their
capacity t© predict the num ber of enors m ade by the
participants. Additonal assumptions and param eter
ttning would be rmquired t© model alo the times.
Therefore, w e prefenead t© stick t© a very conservative
sim ulation policy .

The trblbytial resuls of the smulton ar
presented I Table 1. The tablke shows the stategies
that, In each trial, predicted a num ber of enors falling
nto the 99% oconfidence mtervals CI) com puted from
the experin entaldata.

Table 1: Trialby-trial sin ulation results.

G moup Trial

1 2 3 4 5 6 7 8
KR | KR KR KR | KR

Accuracy | SP | SP | SP | SP | SP | SP | SP | SP
AT AT AT AT
S2

Effort KR | KR | KR | KR | KR | KR KR
Sp | sp | sp SP

The global fitof the three best stategies SP, KR and
AT) measured usihg the mean absolute difference
MAD), the mot mean square enor RM SE) and the
percentage of trials in w hich the prediction of the m odel
isw ihin the 99% CI P99CI ispresented I Tabk 2.

Table 2 : Sin ulation results for the best stategies.

Stategy Gmoup MAD RMSE P99CI
KR accuracy | 3098 | 3615 | 625%
Sp accuracy | 2899 | 3239 | 100%
AT accuracy | 5093 | 5763 | 50%
KR effort 2264 | 3074 | 875%
Sp effort 5992 | 7111 | 50%
AT effort 9382 | 10112 | 0%

The best fiting stategies are SP In the accuracy
condition and KR 1 the effort condition. The AT



strategy yields good results on half of the trals ;n the
accuracy conditon. The selective search stategies are
notable to achieve a good fit: only the use of SS2 1n the
first trial of the effort condition cannotbe excluded.

D iscussion
The basic conclusion that can be drewn fiom the
sin ulation is that the results are manly I com pliance
w ith the contingentand adaptive selection hypotheses.
The perceptual strategy is actually m ore accurate but
probably more effortfinl than the K arat's stategy that
does not require expensive recursive operations). The
Almam & Tmfton’s model is m ore accurate than the
other tw o stategies, but probably m ore expensive than
the Karat'sm odel.
Further sinulations, usihg model-tacing and time
data, should provide additonal supporting evidence.

Conclusions

A prelininary support has been gained for the
contingent and adaptive nature of stategy selection in
the TOH . On this basis, we suggest that it is in portant
o pay attention to the problem solving factors affecting
the accuracy vs. effort trade-off, due o their influence
on the strategy selection.

M any other issues m ustbe cleared t© obtain a desper
understanding of the selection processes In the TOH
and in sin ibrw ell-stuctured problem s. Tn this context,
w e regard as especially in portant the transition tow ards
m ore detailed, cognitively grounded stategies to further
constram and specify the existing m odels, and t© allow
m ore detailed com parisons.

This process could yield both the rdesion of old
strategies and the definition of new ones. Almamn &
Trafton Q000) offered a first in portant contribution
with their mem ory-based model of the Anderson &
Lebiere (1998) srategy . W e think thata closer analysis
and experim ental investgation of the attentional and
perosptual processes in the TOH could produce
significative advances In our undersending of the
cognitive processes underlying the solution stategies.
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