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ABSTRACT

We consider the problem of determining equilibriumimenisci in
partly-filled rotationally-symmetric-contaiﬁers oriented with axis of
symmetry parallel to the gravitational field. The problem is formu-
lated mathematically as a two-point boundary value problem_for a set
of first order nonlinear ordinary differential equatione, whose solu--
tion gives a parametric representation of the free surface. Specific
formulations are given for the case of a right circular cylindrical -
container, ﬁith either a flat or spheroidal bottom, and for the case
of a spheroidal container. The software package CAPIt, presented in
the Appendix, obtains numerical appfoximations-to the free surfaces

for these cases. .
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A SOFTWARE PACKAGE FOR CALCULATING AXISYMMETRIC MENISCI

P. Concus and V. Pereyra

1. Introduction

The problem we consider is that of determining a numerical appfoxima—
tion to an equilibrium free surface (meniscus) of a liquid that partly fills
a rotationally symmetric container under the action of surface and gravita-.

tional forces. The axis of symmetry is assumed oriented parallel to the

‘direction of gravity, and a meniscus is to be determined given the values of

the liquid volume, dimensionless gravity/surface tension parameter (Bond

number), and_liquid—conpainer4contact angle.

If the height 6f the free surface_can be expressed as a single;valued
functionAof radius, then the height satisfies a second-order nonlinear S}di;
nary differential eqﬁation subject in geqeral to two—point, poésibly non—.
linear, Boﬁndary conditions. (See,‘for example, [1;2j+ andvthe references
fherein.) The equation involvés a parameter, which is related to the meaﬁ
curvature of the free surface at the center of symmetry;.whose value in
general ié unknown. Also, the equation must be solved in an interval whose
endpbintsbméy not‘be-knownbexplicitly.

In order to represent solutiohs that may be multiple-valued, a standard
parametric.fofm of the equation consisting of a set of threé first;order
equations is used [2]. This.parametrization émploys meridionai arc—lengﬁh
as the indééendent variable. By intfoduciﬁg three newrdependent variables,
we are aBle to rewrite the probleﬁ as a system of six first-order‘equations

without unknown parameters and for which all the constraints can be expressed

*References are listed in the Appendix.



as two—point~boundary conditions at explicitly préscribed endpoints.

The basic‘part of our software package for solving this problem
numérically is the subroutine PASVA2 and ité auxiliaty subroutines U2DCGS,
CPEGEN, NEWT@N, SYSLIN, DEC¢MP, and SPLVE. PASVA2 is a general purpose
nonlinéar tw;—point boundary value probiem solver for first-order systems
[3], a deséription of which‘is given in’the-Appendix.,

| bur spftwa;e ﬁackage CAPIL, which is describéd in the Apbendix,
consists of a set of driver subroutines, and other subroutines réqui?ed by
PASVA2, for‘each of the containers of interest. The supplied driver suﬁ—
routines permit differing types of user interaction. In the simplest mode
of operation the user has only to call an appropriate.subxoqtine corfesppnd—
ing to the desired coﬂtainer shape. and to supply a few basic bafamgters.
The program will respond with a table of the cbmputed free surface, or with
an error message in case of failure. A small main program is provided for
each driver subroutine to read the parameters from data cards.

Other options allow the more sophisticated user to have closer control
of the computation by permitting chéice of some of the input to PASVA2, |
such és the number of points iﬁ the initial mesh, thevdesired accuracy, the
initial mesh distribﬁtidn, and the initial approiimation to the solution.
These options may be uSéfpl in difficult situations for which the simplest
option is inadequate, or for situations in which a éequence of related cal-
culations are to be carried out. 1In the latter situation the output of oﬁe
problem can be used to start ;he next, often at a sayings in COmputational

‘cost.

R
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2. Mathematical formulation

We consider a rotationally'symmetric_container paftly filled with
a liquid that is in equilibrium with respect to gravitational and surféce
forces. The axis of symmétry is assumed to be oriented parallel to thé
direction of gra&ity. |

If the'height u of the free éurface of the liquid (measured
positively upward from a reference plane) can be represented by a siﬁgle
valued function.of the‘polar radips r, then it satisfies the second-

order ordinary differential equation

dr

o [ T7ars
[1+(E>]2

1 _
(1) = - Bu = 2H

subject to appropriate boundary conditionms. In (1), all quantitieé are

nondimensional; B = pglz/c__is the Bond number, with p the difference

in densities between the liquid and the gas adjacent to the liquid; g

the vertical acceleration field (positive downward), o the interfacial

surface tension, and £ ‘the characteristic length with respect‘to which
physical lengths are made nondimensional. (The physical lengths are &r
and fu -- forvmany probleﬁé it may be éonvenient simply to cﬁoose Q.
equal to unity.) Ihe (unknown) parameter H is the (nondimensional) mean
curvature of the éufface atbpoints where u =20 'and'is‘related to the
pressure difference across the free surface.

In general, for the problems that we shall consider; f:ﬁe surface

cannot be represented by a single-value function u(r). Thus we introduce



a parametric representation in terms of (nondimensional) arclength s
along a meridian of the free surface measured from the symmetry axis r = 0,
or from the intersection of the surface with the container if the liquid W

does not intersect the axis. Let Y denote the angle between a tangent to

_ v
the free surface meridian and the r-axis, measured counterclockwise from
the positively directed r-axis to the tangent line,
‘tan y = du/dr
(see Fig. 1). Then we obtain, corresponding to (1), the equations
du _ |
ds ~ sin ]
dr _
(2) ds = cos (1]
Y _ pu+ om - S .
ds T
The system (2) is to be solved sgbject to endpoint conditions on r,
u,. and 'w and the constraint that the contained liquid have a prescribed
volume. These end conditions and volume constraint will determine,
uniquely in many cases of interest, the desired solution of (2). For some
cases, particularly those for which a small volume is specified, there may
be two or more physicaliy meaningful solutions. If B 1is negative, a ' ®

solution may be physically unstable with respect to small perturbations.

A further transformation is required to place (2) and the end condi—
tions in a form suitable for PASVA2; PASVA2 does not permit the appearance
of unknown parameteré, such as H that are not also dependent variables,

nor an interval length that is unknown —-- in this case S, the value of the
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Figure 1

Vertical section of container and equilibrium free surface.
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(nondimensibnal) arclength of the solution at the right-hand endpoint. We

appénd to (2) the equations

3 R0, =0,

t = s/S
Then the system becomes
du _ v.ﬂ '
it - S sin ¢ -
dr _
rrie S cos Y
- (4) gii'— - S[Bu + 25 - 318 Y,
ds _
e 0
dH
a. = 0>

which is in a form suitable for PASVA2.

If fhe initial point t =0 is on the symmetry axis r = 0, then the

regularity condition

-

can be used there to evaluate the right-hand side of (4).

B
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The.endpoint conditions at t =0 and t = i vénd the volume con-
straint are discussed in § 3 for each 6f several containers. In general
there result nonlinear, couplgd;boundafy conditions, of the type that
PASVA2 has.been désigﬁed to handlé: |

Td.use PASVAZ, oﬁe must prepare subréutines.describing the right—hand
side of (4), the boundary_conditions, and thé Jacobian matrig qf éartial
derivatives, with respe¢t to thé'dependent variables, of the right-hand

side and of the boundary conditions. ' A driver program is required also,

. which sets parameters, calculates initial approximations, and prepares the

output of the results. Several'specific cases, for which we have prepared

‘the necessary auxiliary programs, are discussed in-§ 3 and. in the Appendix.

3. Specific cases

{ : .
3.1(a) Right circular cylinder - horizontal planar bottom - large
liquid volume

Fof this case we denote the (nondimensionai) radius.of thé cylinder
by a and take the bottom tobe u=0 (Fig. 2a)+, It i; assumed that
thefe is sufficient liquid to cover the bottom entirely.

Let the specified cbntact angle betwéen the free surface and the

cylinder wall (measured interior to the liquid) be <y and the specified

‘(nondimensional) volume of  liquid be' V. Then the appropriate end-point

conditions on (4) are

1

.Figures 2, 3, and 4 can be found in the Appendix.



(5) - x(0) = ¥ =0,

a, \P(l)='ﬂ/2-Y,

.-(6) A r(l)

and that the.liquid volume be- V. The volume condiﬁion.éould be expressed
in this case as a single boundary condition at t=1. Instead, we enforce ’
the volume éonstraint in the same ﬁanner as Wiil Be éonvenient for the

cases éf éontainers with‘cﬁrved bottoms, by intfoducing an auxiliary differ4
-entiai'équatidn for the volume aléng with twé end;point conditiohs. Let v

deﬁote the (noﬁdimensional) volumé of liquid,nas a function of t, that is

contained between the free surface and the horizontal planes passing through

u(0) and u(t). Then v(t) satisfies

%) | | & - as(a-h) sin
with

& | | v(0) = 0

and

(9) L v@) + maZu(0) = V.

The problem to be solﬁed is thus (4) and (7) in the interval 0<t<1

with end-point conditions (5),:(6), (8), and (9).
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3.1(b) Right circular cylinder - horizontal planar bottom - small liquid
volume : .

This case is the same as § 3.1(a) except that there is not sufficient
liquid to cover the bottom entirely. The liquid is'éssumed to form an

annulaf_rihg intersecting the bottom and walls as shown in Fig. 2b. At the

initial point the free surface meets the cbntainer bottom with the specified .

contact angle vy. Other cases, such as one for which the liquid forms a

sessile drop intersecting the symmetry axis and the container bottom, but

not the walls, can be treated similarly but are not considered here.

'We express the volume in terms of vertical rather than horizontal slices.

 This form is not essential here, but will be convenient for the small volume

case for containers with curved bottoms, to be discussed later. Let v be

the volume of liquid contained between the free surface, the container bottom

u =.0, and the vertical plane r = r(t). Then for the configuration shown

in Fig. 2b v satisfies

dv

(" o gt = 27Stu cos ¥
with (8) and
9" B | v(1) = V.

| The othef boundary conditions are
(5" w0 =0, WO =y

and (6). The problem to be solved is thus (4) and (7') in the interval

f)< t <1 with end-point conditions (5'), (6), (8), and (9').
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3.2(a) Right circular éylinder - spheroidal bottom - large liquid volume

We consider next the case of a right circular cylindrical container
with a bottom thét is a portion of the upper surface of a spheroid (ellip-
soid of revolution). A vertical seétion of the‘configuration for which
there is sufficient liquid to cover the bottom entirely is depicted in
Fig. 3a. The (nondimensional) horizontal and vertical semi-axes of the
ellipse forming the bottoﬁ are o and B8, respectively, with. a meridién

J

uB(r) of the bottom given by

. 2 1

The center of the ellipse is at '(O’uC)’

. 2 1
: a® .3
uC = "‘8(1 - o2 ) Y

corresponding to the condition that the bottom passes through (a,O);

The equations describing this case are the same as those for the flat-

‘bottomed cylinder § 3.1(a) except for the right?hand end conditibn on the

volume. One has, in place of (9i),
9" v(1) + ma%u(0) = V + w[a? u, + 82 (u + 83 )]

The problem to be solved is thus (4) and (7) with end-point conditions

(5), (6), (8, and (9").
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3.2(b) Right circular cylinder - éphéroidal bottom — small iigpid volume’

This case is the same as § 3.2(a) except that there is not sufficient
liquid to cover the bottom entirely;_ The specific configurétion considered
is the one depicted in Fig. 3b, for which the liqui& is assuﬁed to form an
annular ring intersecting the bét;om and wélls. At_ﬁhe initial point the
free surface_méets.the container botfom'with the specified contact anglé Ys

a condition expressed by

.u(O) - uB[r(O)] = 0,

1 —Bzr(O)
o {uy [2(0) ] - u.}

P(0) - tan

As for the flat bottom - small volume case, let. v denote the volume 5
of liquid contained between the free surface, the cbntainer bottom, and the
vertical plane r = r(t). Then
7" ' - dv .ﬁ ZWSr[u;-u (r)]cos v .

. _ dt - B
The problem to be solved is thus (4) and (7") with end-point conditions

(5", (6), (8), and (9").

3.3(a) Spheroidal cdﬁtainer - large liquid volumé

For this case the container is a spheroid (ellipsoid of ‘revolution)
with vertical axis of symmetry, and the liquid covers the center (r=0)

of the tank bottom, as depicted in Fig. 4a. The horizontal and vertical
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(nondimensional) semi-axes are o and B, respectively, and the origin
is chosen ‘to be the tank bottom, so that a point (rT,uT) on the tank

-satisfies

The equations describing this case are the same as for the cylinder,

but with the volume equation given by

5
(7") v s l:-o-t—z— u(2f-u) - rz] sin ¢
B B v )

where v(t) is the volume of liquid between the planes u = u(0) and

u = u(t). The right-hand end-point conditions are

[ ] v - s 4

(6" Toww =y o, for u(l) <8

[M]ZJ, [__<_1_>_]2 -
B o : ’

where the value of the arc tangent between 0 and 7 is to be used, and

(9" v + 3 [9‘—“%] [38-u(0)] = V.

The problem to be solved is thus (4) and (7") in the interval 0 <t<1

. with end-point conditions (5), (6'), (8), and (9').



3.3(b) Spheroidal container - small liquid volume

This case is the.same-as § 3.3(a) except that the liquid does not
cover the centér of the container, either on the top or the bottom, as
depicted in Fig. 4b. Notelthat for the sphefoidal container thev"large"
and "small" volume cases do not necessarily refer to the actual amount
of liquid present, but to the position of the liquid in the container.

Obviously, a large amount of contained liquid would tend to correspond

to case (a), but for some conditions solutions can exist both for cases

' (a) and (b), and possibly even for other configuratioé& as well.

For the small-volume case depicted in Fig. 4b we express the liquid
volume in terms of horizontal slices in the same manner as for the large
volume case § 3.3(a). The condition that the free surface meet the con-

tainer bdttqm with contact angle Y at the initial point is given by

S : |
' tanml [— EE- E%é%%E } - YOy = -y, for u(0) # B

N .
(5'") .-72[_ IP(O) = -y , fqr u(O) = f

[u(O)-B]2+ [r(O)]Z .
. B ~ a 2

where the arc tangent takes on values between O and 1.
Thus the problem to be solved is (4) and (7') with end-point condi-

tions (5"'), (6'), (8), and (9'").
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4, Computer program

The’software package CAPIL for obtaining numerical solutions of the
cases discussed in § 3 is described in a self-contained manner in the
Appendix. We remark that even though Figs. 1-4 depiét the case of wetting ‘ W
liquids 0 <Yy <-g, the formulas and the computer programs generally are |

. . . m
valid for the non-wetting case §-§ Y<T7T as well.
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APPENDIX

¢

USER'S GUIDE TO CAPIL
A SOFTWARE PACKAGE FOR CALCULATING AXISYMMETRIC MENISCI

Date: December 1978

Language: ANST FORTRAN

Precision: Single (double available also)

ABSTRACT

CAPIL is évsoftware packgge for caléulating equilibrium capil-
lary free surfaces (menisci) in partly—fi%led, rotationally—symmefric : {\\
vertical containers. At its core is the general finite-difference
progfém PASVA2 for solving nonlinear first order systems of ordinary
differential equations subject to two-point boundary conditions.

CAPIL contains driveré and other auxiliary subroutines required
bby PASVA2 for certain selected container configurations; Presently,
subroutines .are included for (i) the case of a right circular |
cylindrical'contéiner, without top, and either a flat or spheroidal
bottom (subroutines CYLIND and CYLCUR, respectively), and (ii) the

.case of a spheroidal container (subroutine ELLIPS).
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CYLIND: . RIGHT CIRCULAR CYLINDRICAL CONTAINER,
HORIZONTAL PLANAR BOTTOM

The container is a right circular cylinder of RAbIUS a, no top,
and a Hdrizontal planar bottom. The user must_speCify the RADIUS, the
contact ANGLE Y between the liquid and the wall, the BPND number B,
and the V¢LUM£ of liquid‘ V. On output, a table of the coordinates
(r,u)v describing the curve that generates the rbtationélly symmetfic
free surface is given. Also the value of»arclength sr along the cur&e
and the angle Y (in degrees) that the curve makes with the r-axis are .
given at each tabular point. The value of H; a parameter related to .
the mean curvaturevof‘the f;ée.surface (see § 2), is given also. The
origin ié assumed to be at the bottom of the container, the axis of sym-
metry being taken as the u-axis (see Fig. 2).

The Bond nﬁmber is given by B = pglz/o, where. p is the differ-
ence in densities befween the liquid and the gas adjacént to the liqui&,
g 1is the verticai acceleration field (positive downward), and o is
the interfacial surface tension. The quantity _2 ‘is the reference
characteristic length chosén by the user for caicuiating the Bond number.
If ¢ 1is chosen to be differeﬂt from unity, then all other lengths must
be made consistently nondimensional with'respeét to £ as well. That
is, the physical radius of the cylinder is fa, the physical coordinates
2r and fu, the physical afclength s, the physical volume £3V,'and
the physical mean-curvature parameter H/R. All quantities such as a,
r, u, s, V, and‘ H input fo and output from CYLIND are assumed to be
nondimensionalf | |

We distinguish two cases: large volume of liquid and small volume
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Figure 2

Right circular cylinder - horizontal planar bottom. (a) large
volume case. (b) small volume case. The solid portion of the
free-surface meridian depicts the computed arc (r(t),u(t));
the dashed portion is the rotationally symmetric image.
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of 1iquid, thé important factor being whether or not the liquid covers
the bottom completely. The large liquid volume caée is formulated mathe-
matically inv§ 3.1(a) and‘deéicted in Fig. 2a. The small liquid volume
case is formulated in § 3.1(b) and depicted in Fig. 2b. Nofe fhat the
small liquid volume case assumes that the central ﬁortion of the bottom
is the portion not covered by liquid; Othe: possible configurations are
not included in the program.

The simplest way for the user to obtain an approximation to the
parametric representation [r(t),u(t)] of a ffee surface meridian, with
paramétef t = s/S, where S is the total arclength of the curve; on a

mesh

(10) 0=t <t< ...<t.=1

is by using the program MNCLND contained in the package. MNCLND is a
small main program that reads input data from cards and calls CYLIND.

The input data cards are the following:

Data Card 1 (FORMAT 3E8.0): PAR(1) ,PAR(3) ,PAR(4)

Data Card 2 (FORMAT 2I4,5E8.0): II,N,B@ND,V@LUME,ANGLE
. : RADIUS,T@L . :

PAR is a control parameter array of dimension 6 used by CYLIND.

First we discuss the easy-to-use, automatic option.
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PAR(1) =1.-- Easj-to—use option

If PAR(1) =1., then PAR(3), PAR(ﬁ) N, and TPL need not be spec1f1e&
by the user; they are set internally to default values by CYLIND. The e
follow1ng must be spec1f1ed by the user. :

IT
Indicates the volume option to be attempted first.

= 1 Large liquid volume case (Fig. 2a) is attempted first.

4

2 Small liquid volume case (Fig. 2b) is attempted first.

If the program fails to obtain a solution for the igdicated volume
~option, it will switch automatically to the other option, print a
warning message, and try again. If the large volume option is-
specified and a solution is obtained but lies in part outside the
container, then the small volume option will be tried also.

= 999 A flag to indicate that no more problems are to be solved

and that the program should terminate by means of a ST@P
command . :

BOND
The Bond number, positive, zero, or negative. For certain nega-

tive values of the Bond number, the solution and/or the numerical
iteration procedure may be unstable.

. V@LUME

The prescribed liquid volume V (nondimensional, consistent with
B@ND) . ' '

ANGLE N - &

The contact angle <Yy in degrees, 0. < ANGLE < 180.. -

€

RADIUS

The cylinder radius a (nondimensional, consistent with B@ND).



If it is desired to solve more than one problem for a given Data

Card 1, then the user need supply only the desiredvnumber of Data Cards 2

to terminate the program.

For the input cards

columns 1-8 9-16 17-24

quantity | PAR(1) :

value ' 1.0 blank blank

columns | 1-4 5-8 9-16 17-24 . 25-32  33-40 41-48
quantity II BOND V@LUME ANGLE RADIUS

value ‘ 1 blank 1. 25. 0. 2. blank
columns 1-4

quantity 11

value ’

the following output from CYLIND was obtained on a CDC 7600.

999 blank .

' following the single Data Card 1, followed finally by an "II =999" card.

Data Card 1

Data Card 2

Data Card 2
(termination
card)
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*
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%*
*
*
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*
*
*
*®
*

A-8

~¢‘t**#**************#*t*#*#*t*********#******t***###***##*#

- MENISCUS COMPUTATIGN FOR
WITH A FLAT BOTTOM. :

CYLINDER RADIUS
- (LARGE) LIQUID VOLUME
CONTACT  ANGLE

BOND NUMBER

* +200000E+01

»250000E+02

0.

- DEGREES

«100000E+01

A RIGHY CIRCULAR CYLINDER

0.

+259632E +00
+«519264E+00

 <TT8896E+00°

«103853E+01
« 129816E+01

- «155T79E+01
«181742E+01

«207706E+01
<233 669E +01
«259632E+01

MAXIMUM
ABSOLUTE
ERRORS

H =

0. - :
«259368E+00
«517167E+00
« 171486E+00
«101974E+01

«125819E+01 .

«148127E+01

«168078E+01 -

«184493E+01
«195775E+01
+«200000E+01

«89E~-04

-« %947T74E+00

«157679E+01
«15867T2E+01
»161696E+01
+»16688B2E+01
21 74448E+01
«184685E+01

- «197929E+01

«214499E+01
«234558E+01
«257868E+01

© «283364E+01

«27E-03

ERROR s

PS1

0.

9.0315
14.1190

'19.9239

&
*
*
*
&
*
*x
E
%
*
&
*
*

el e age e e e ok e e age 2 3k o e afe e e a0 2 sl e e oo o e ok o e s e ke ok ok o o ok oo ook e ol e ok

4.4032

26. 7409
3449115

44,8345
56.9712
71.8408
90.0000

+33E~0

«58E-04

4
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Note that estimates of the maximum absolute errors in r, u, and

Y are given and also an estimate of the error in H. The column marked

s gives the values of arclergth 8; = Sti’ where § 1is the total arc-

length of the computed curvé.

In the following example, the large-volume option is specified, but

too small a value of V is deliberately given as input. This is a non-

wetting case with contact angle 180°.

For the input cards

columns . 1-8 9-16 - 17-24

quantity | PAR(1)

value , 1.0 blank blank

columns 1-4 5-8 9-16 17-24 25-32  33-40 41-48
quantity I - BOND V@LUME = ANGLE RADIUS

value 1  blank 1. 3. _ 180. 2. blank

+ termination card

the following output was obtained.

Data Card 1

Data Card 2
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t##**#*#**t**#***#*#***###*#**#*********#‘##*******#*#**#**_-

: MENISCUS COMPUTATION FOR A RIGHT CIRCULAR CYL!NDER :
« WITH A FLAT BOTTOM. *
:_  CYLINDER RADIUS = -200000E+01 :
': ‘(LARGE) Liauxnvvonuus = .3oooooe+01 | L :
: CONTACT ANGLE | =180.000  DEGREES | :
: BOND NUMBER o= .100000E+01 :
. : .

Bk fok kR ok ok ks Rk RoR Rk ok ook ok ok ok ko ook ok ak Sk Rk k&

- . T A . S S P > T W

e o

S R U PS1
O. O. +651378E+00 D
" «259632E+00 «259368E+00 «641446E+00 " -444032
- «519264E+00 «S1T716TE+00  .611213E+00 -9.0315
2 1T8896E+00 « 1711486E+00  +559351E+00 - -14.1190
«103853E+01i . «101974E+01 «483692E+00 -19.9239
«129816E+01 «125819E+01 «381324E+00 =-26.7409
«155T779E+01 «148127€E+01 - «248878E+00 =34,9115
«181742E+01 «168078E+01 .831775E-01 -44,8345
«207706E+01 «184493E+01 =+117415E+00 -56.9712
+«233669E+01 «1957T75E+01 -~ «350512E+00 -71. 8408
2 259632E+01 + 200000E+01 ~«605470E+00 -90.0000
HAXIMUM
ABSOLUTE +B9E-04 «27E~03 «33E-04
ERRORS : : ' :
H = ERROR. s

~«619311E+00 «58E-04

w%%% PART OF THE ABOVE SOLUTION SURFACE
- LIES OUTSIDE THE CONTAINER. -
SMALL VOLUME OPTION WILL BE TRIED###+




g

Qe

«141996E+00
«283992E+00
«425988E+00
« 567984k +00
« 109979E+00
» 851975E+00
«993971E+00
«113597E+0i1
«127796E+01
«141996£+01

MAXIMUM

ABSOLUTE
ERRORS

H =

A-11

R

-160900E+01
-147262E+01

«137483E+01
«134583E+01 .
«139389E+01 -

«150149E+01

«163870E+01 .

«177698E+01

«189377E+01 -

«197209E+01
« 200000E+01

<46 E-03

~«175286E+01

0..
«356938E-01
«135712E+00
«272391E+00

- «403856E+00
«494143E+00

+«525907TE+00
"~ «498098E+00

+418863E+00
«301452E+00
«163138E+00

' J46E-03

ERROR =

PS1

180.0000
150. 2321
118.3168
85,6693
54.3930
25.9540

=22.9592
- =6T7+3554
-90.0000

41E~03

.895-03
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Note that although a .solution was obtained for II=1, it was found

to lie partly below the container bottom.  Thus the II=2 option was

tried automatically, and a satisfactory solution was found.
‘Next the option is discussed of giving the user control over some of

the parameters (input and output) of CYLIND and PASVA2..

PAR(1) = 2, -~ User control option

If PAR(1) =2., then the user must specify values for all of the vari-
ables on the input cards. The remaining variables are

N

On input - the number of points in the initial mesh. N < 50.
On output from CYLIND ~ the number of points in the final mesh.
Since mesh refinement may occur within PASVA2, this number may
be larger than the number of initial points. The default value
of N for PAR(1) =1. is N=11, unless |B| Z 24, in which case
N=min(40,NB), where NB is the largest integer in |6B|%.

T@L
The desired error tolerance. The program attempts to compute
solutions with maximum absolute error less than T@L at all grid
points. The default value of TPL for PAR(1) =1. is T@L=.005.
PAR(3)

Controls output of intermediate results. These may be useful
.in troublesome cases.

= 0. Intermediate results are not printed. ' &

1. Intermediate results are printed.
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PAR(4)
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Controls whether default values or user-supplied initial values
should be used for the initial mesh {ti} and initial approxima-
tionsto u, r, Y, S, H, and wv.

= 0.

Default values are provided automatically by CYLIND. These
are that {ti} are the N uniformly spaced points on [0,1].
For II=1 the initial approximation is

u(ey) = V/(}Traz) , r(t) = at, ,
i — ,
W(ti) = (E'-'Y)ti 5 : S(ti) Za,
» H(t.) = 1 Bu(0) ‘ v(t,) = 7a t2u(0)r
1/ 2 > vy i ’

for II=2 it is

_(. () 1
u(ty) = u<2 S —1> s r(ti) = Ea(l+ti) ,
_ L
w(ti) = v + (% —Zy)ti s S(ti') = (52 +%a2) ,

' | _ r(t,) 27
H(t)) =20, v(t,) = 2mu [r_(ti)2<_§_ _?1__ - %) + ;_4} ,

— 12v

where u
2
51a

y must be given in radians, as internal to the program

Note that the initial approximation to

"is stored in radians; it. is converted to degrees for output

only. Similarly, ANGLE is converted in CYLIND from degrees
to radians before being stored as Y.

The user supplies initial values for the mesh {ti} and an
initial approximation for the unknown function values wuj,
r{, Y4, Sy, Hy, vy, 1i=1,...,N.- The initial mesh must
satisfy (10) and be stored in the array X(-+); the initial

‘unknown function values are stored consecutively in the one-

dimensional array Y(¢) in the order
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_ #***#*##*#*#*#t*##%t*#t*#**###*#t**##*#**#******#*#**##**##

. MENISCUS COMPUTATIGN FOR A RIGHT CIRCULAR CYLINDER :
*  WITH A FLAT BGTTOM. J *
. CYLINDER RADIUS = .200000E+01 .
. (SHALL) LIQUID VOLUME =  .250000E+02 - .
* CONTACT ANGLE = 0. DEGREES .
. BOND NUMBER = .100000E+01. .
:***********#**‘*##**##**#*****#ﬁ*****t*#*****#*****##****:

NEWTON DOES NOT CONVERGE
FOR MORE DETAILED OUTPUT USE PAR(3) = 1.
TRY CONTINUATIONy BETTER INITIAL VALUES, AND/OR A FINER MESH
==== ERROR 3 ====
NEWTON DIVERGED
*%**FAILURE~TRYING LARGE VOLUME OPTION**%*

S R ' V) PS1

0. 0. «157663E+01 0.
«259649E +00 +259394E+00 «158656E+01 4.4046
«519298E +00 « 5172 05E+00 +161681E+01 9.0326
. 77894 7E+00 «T71533E+00 +166868E+01 14,1198
«103860E+01 - «101980E+01 «174435E+01 19.9249
«129824E+01  .125824E+01 +184672E+01 26.7423
.155789E+01 «148132E+01 .197917E+01 34,9132
«181754E+01 .168081E+01 +214485E+01 44,8363
«207719E+01 «18449TE+01 «234540E+01 56.9724
«233684E+01 «195784E+01 «257842E+01 71.8404
« 259649E +01 « 200000E+01 +283354E+01 90.0000

MAXIMUM _

ABSOLUTE «27E-04 »33E-04  «66E=05

ERRORS

H = =~ e494T737E+0D ERROR € «81E-05
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As tﬁe output indicates, the small-volume option failed to converge,
after which an automatic switching to the correct, large-volume option
took place. The smaller error ﬁhan for the earlier example is achieved
for this case without addition of extra points. (Recali that T@PL is the
maximum error over all thé variables, not just thebones that are Qutput.)

When making a sequence of.calpulations in which the parameters are
varied through a range of values, the user can save considerable computer
time in many cases by using the output of one problem to start the next.
This savings is generally greatesf if the problems are solved in the order
of incréasing'degree of likely mesh nonuniformity.

‘In the next example we solve the same problem as above, bﬁt noﬁ for
three suécessive values of the Bond_number BND=5., 10., 20.. In order
to permit the‘output of oﬁe problem -- solution and mesh values -- to be
the input for the next, the driver pfogram MNCLND was altered by replac- i
ing tﬁe CALL CYLIND (+) statement with én appropriate DY loop.' The program

used was the same as that shown in the listing except that the
CALL CYLIND (°)
statement was replaced with

DY 30 I=1,3
CALL CYLIND (-)
B@ND = B@ND * 2,
PAR(4) = 1.

30 C@NTINUE

The data cards were
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columns | 1-8 9-16 17-24
quantity | PAR(1)  PAR(3)  PAR(4)
value ] 2.0 0. 0.
columns | 1-4 5-8 9-16 17-24  25-32  33-40  41-45
quantity | TT N  B@ND VQLUME ANGLE RADIUS  T@L
1.E-2

value , 1 5 5. 3. 30. 1.

4+ Termination Card

Data Card 1

Data Card 2

In the first call to CYLIND PAR(4) =0., and the default values are

used. - In successive calls PAR(4) =1., and the final values of N, X, Y

from the previous case are used as initial values.

is shown below.

The output from CYLIND

&
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*?*****#***t**tttﬁ**t**#t*#tti*#***t#*#*i*t#*********##t*##_

*  RENISCUS .CONPUTATION FOR A RIGHT CIRCULAR CYLINDER .
*  WITH A FLAT BOTTOM. ™
«  CYLINDER RADIUS = .100000E+01 .
: (LARGE) LIQUID VOLUME =  .300000E+0l - .
+  CONTACT ANGLE = 30.000 DEGREES :
: BOND NUMBER = .500000E+01 .
:***i*******‘*‘*#**t*"***t*#**#********#***?***#***#*****:

O

«140363E+00"
«280726E+00

421 089E+00
«561452E+00

 «701815E+00

«8421 78E+00
+982541E+00
«112290E+01

MAXIMUM
ABSOLUTE
ERRORS

.0

. 140255€+00
«2798T4E+00
«418011E+00
.553390E+00
«683931E+00
«806184E+00
«914501E+00

«100000E+01

«23E~-04

~«152116E+01

«T794934E+00
» 799554E+00
«813727E+00
«838432E+00

+875321E+00 "
«926T07E+00

«995436E+00
«108441E+01
«119515E+01

e 43E-04

ERROR <

PSI

0.
3.7939
7.8715
12.5367
18.1395
25.1027
33.9476
45,3200
60.0000

. ZZE" 04

[} 535'04
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.t*####*t***#**tt*#t##*##*#****#*###*###*t###*#**#*##*#*****

MENISCUS COMPUTATION FOR A RIGHT CIRCULAR CYLINDER

WITH A FLAT BOTTOM.

CYLINDER RADIUS

CONTACT .ANGLE

BOND NUMBER

*#*i**#**#t*#**‘##**##****#*#***#**#****t******###*******

=
&

*

*®

*®

*

* (LARGE) LIQUID VOLUME =
*x .

*

*

*

]

*

= 30.000

«100000E+01
«300000E+01

‘DEGREES

+»100000E+02

*
&
*
*
%
*
&
&
*
*
&
E
*

0.
+136490E+00
«2T29T9E+00
» 4094 69E +00
«545959E+00
«682448E+00 .
-818938E+00
«955428E+00
«109192E+01

MAXIMUM
ABSOLUTE
ERRORS

O.
«136449E+00
e 2726T4E+00
»408299E+00

«542604E+00 .

«674089E+00
« 799595E+00
<912564E+00

« 100000E+01 .

0935'04

-<390794E+01

+»838081E+00

. «B40747E+00
«849099E+00

»864309E+00

«888493E+00

»924948E+00
«978367E+00
«105462E+01
«115836E+01

«12E-03

ERROR <

P

SI

0.
2.2601

8.1132

1245540

18.8224
27.8540
40.9789
60,0000

«34E-04 .

«28E-03

L]
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T T S S R R T e s s e e ST R s T R e

*  MENISCUS COMPUTATION FOR A RIGHT CIRCULAR CYLINDER  #
¢ WITH A FLAT BOTTOM. | *
* CYLINDER RADIUS = .100000E+01 .
+  (LARGE) LIQUID VOLUNE = -300000€+01 .
. 'CONTACT ANGLE = 30.000 DEGREES .
+  BOND NUMBER o = .200000E+02 .
. .

#{#f**###tt###‘#‘*##‘*#***#**t*ﬁt#*t#t*i*###****#***t**#*

s R ThE PSI
0. 0. «880242E+00 0.
«133142E+00 « 1331 33E+00 .881355E+00 .9711
+266284E+00 «266224E+00 «884963E+00 2.2060
«399426E+00 «399173E+00 «892063E+00 4.,0527
. 532568E+00 «531714E+00 «904625€+00 . 7.0407
«66571 0E+00 «663087E+00 <92616TE+00 12.0503
« 798852E +00 «791097E+00 «962671E+00 20.5817
«931994E+00 »909375E+00 «102361E+01 35.2029
«106514E+01 « 100000E+01 .111899E+01 60.0000
MAXIMUM . |
ABSOLUTE «28E~03 «22E-03 .13E-03
ERRORS
H = -.868077E+01 ERROR < «75E-03
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For this example the starting mesh ﬁitﬁ N==5 points was incremented
to one with N=9 points by CYLIND for the first problem. That mesh was
then adequate for the other two problems. R

| The usef will'likely alter MNCLND to suit his particular requirements.
He shouid téke care to have in any alteration the correct DIMENSI@N, C@PMM@N,
and CALL CYLIND statements, as providéd in the program.

The solution {u(s),r(s)} is available to the user through C@MM@N

upon exitvfrom.CYLIND for further processing, such as plotting.
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CYLCUR: RIGHT CIRCULAR CYLINDRICAL CONTAINER,
SPHEROIDAL BOTTOM

This case is the same as the one for CYLIND, except that the right

circular cylindrical container has a bottom that is spheroidal. A verti-

cal section of the container depicting the portion of the ellipse uB(r)

forming the bottom is shown in Fig. 3,

, ) L
uB(r) =.uC+AB<1’-‘—r—2—> .

o

- The user must specify the (nondimensional) horizontal semi-axis o and

vertical semi-axis B of the ellipse, in addition to those quantities
required by CYLIND. On output the coordinates of the center (O,uC) of

the ellipse are given, as a check for the user. The value of uC’

is such that the.ellipsé éasses through the point (a,0) (Fig. 3). .

The driver MNCLCR is used in the same manner as MNCLND. Data Card 1
is identical for the two drivers, and the expanded Data Card 2 for MNCLCR
is o

Data Card 2 (F@RMAT 2I4,7E8.0): II,N,B@ND,V@LUME,ANGLE,
RADIUS, T@L ,H@RZ , VERT.

The additional quantities are



A=-24

—C

XBL 792-582

Figure 3

Right circular cylinder - spheroidal bottom. (a) large volume
case. (b) small volume case. The solid portion of the free-
surface meridian depicts the computed arc (r(t),u(t)); the
dashed portion is the rotationally symmetric image.
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'HPRZ

The horizontal semi-axis o of the bottom (nondimensional, con-

sistent with B@ND) . - HSRZ must be > RADIUS.

VERT

The vertical semi-axis B of the bottom (nondimensional, consist-

ent with B@ND).

For the input.cards

columns

1-8 9-16 17-24
quantity | PAR(1)
value .l 1.0 blank blank
Data Card 1
columns 1-4 = 5-8 9-16 17-24 25-32 33-40 41-48 49-56 57-64
quantity II . B@ND V¢LUME ANGLE - RADIUS H¢RZ VERT
" value . 1  blank 5. 3. 0. 1.  blank . 1.5 - 3.
Data Card 2

+ termination card

the following output from CYLCUR resulted.
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’ ##*#******#**#*##*t###t*##t***##*##t*#t*t*###*t#*#**t*###*t

*  MENISCUS COMPUTATION FOR A RIGHT CIRCULAR CYLINDER .
s WITH A SPHEROIDAL BOTTOM. , *
. CYLINDER RADIUS = .100000E+01 .
«  ELLIPSE VERTICAL SEMI-AXIS =  .300000E+01 .
: HCRI ZONTAL SEMI-AXIS = .150000E+01 : :
*  CENTER AT (0 » -.2236E+01) | .
+  (LARGE) LIQUID VOLUME. =  +300000E+01 .
% CONTACT ANGLE = 0.  DEGREES .
. BOND NUMBER = '.5000005,01 .
ve I

*'t*t*#t*****#i**#t#t*t*t*******#*#*##*#*#*#**#**#*t**##*

O R | u PSI
0. , R «116547€+01  0e . -
 .127285E+00 «127184E+00 +116974E+01 3.8652
 «2545T1E+00 «2537T4E+00  .118279E+01 7.9679
+381856E+00  .379013E+00  ,120535E+01 12.5587
«509141E+00 .501828E+00 ~  .123863E+01 17.9194
+636426E+00  «620570E+00 «128431E+01 24.3807
« 7637T12E+00 . 732653E400 - .134445E+01 32.3380
«890997E +00 «834038E+00 °  <142118E+01 42,2682
.101828E+01 « 918606E+00 «151602€+01 5447406
«114557E+01 +977600E+00  .162841E+01 70.4136
.127285E+04L ~ .100000E+01 .175300E+01 90,0000
MAXIMUM |
ABSOLUTE «50E-04 +14E-03 «4TE-04
ERRORS - - S
H = -.238884E+01 ERROR < .12E-03
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Controls whether default values or user-supplied initial values
should be used for the initial mesh {ti} and initial approxima-
tionsto u, r, ¢, S, H, and .

= 0.

Default values are provided automatically by CYLIND. These
are that {ti} are the N uniformly spaced points on [0,1].
For II=1 the initial approximation is

u(ti) = V/(ﬂaz) . r(ti) =at; ,

, . .

U)(ti) = (f—y)ti_,- S(ti) Za,

H(t)) = - L Buo) | Cw(t.) = ma t2u(0.)r
1’ 2 , 1 i ;

for II=2 it is

— [ () 1
u(ti) = u<2 3 —1)_, r(ti) = E—a(l%—ti) s
5
= r_ - =2 ,1 2
w(ti) -\(+(2 2y)ti . S(ti) = (u +4a) .
r(t,) - 2
- - 9w 2(2 47 1), a”
H(ti) =0, v(ti) = 2Tu [r(ti) <3 S 2> + 24] .
= 12v . e A
where . u = . Note that the initial approximation to
5ma : 4

Y must be given in radians, as internal to the program
is stored in radians; it is converted to degrees for output
only. Similarly, ANGLE is converted in CYLIND from degrees
to radians before being stored as .

The user supplies initial values for the mesh {ti} and an
initial approximation for the unknown function values uq,
ri, Vi, Sy, Hy, vy, 1i=1,...,N.° The initial mesh must

satisfy (10) and be stored in-the array X(+); the initial

unknown function values are stored consecutively in the one-

dimensional array Y(e¢) in the order
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woor W S vy m by
R
; Y1) Y(2) Y(3) Y(&) Y(B) Y(6) Y () Y(9) ... .

The user must add the necessary FPRTRAN statements to the
main program MNCLND to input the desired initial values,
taking note that ANGLE is in degrees and -wi in radians.

ol

The user should take precautions that the initial values
provided for ¢ 1lie in the appropriate quadrants. For the
large volume case, { generally increases with t from the
value of zero at the axis if the free-surface meridian
curves upward, and decreases with t if the meridian curves
downward. For the small volume case the situation may be
more complex, particularly for nonwetting contact angles.
For the example shown in Fig. 2b, ¢ increases with t from
a value between 0 and m/2 at t=0 to a value betyeen 0
and m/2 at t=1. Whereas for the nonwetting, small-
volume example calculated above, § decreases with t from
avalue of 7T at t=0 to a value of -m/2 at t=1.

Examples of the user-control option follow. For the first example
we set PAR(3) =PAR(4) =0. so that there is no intermediate printing and

default values are used for the initial approximation. For TPL the value

1.0><10'_3 is specified, which is smaller than the default value 5.0><lO—3
used in the first examples.
columns 1-8 9-16 17-24- '
quantity PAR(1) PAR(3) PAR(4) -

- , = Data Card 1
value } 2.0 0. 0.
colﬁmns 1-4 5-8 9-16  17-24. 25-32 33-40  41-48
quantity I1 N BUND V@LUME ANGLE RADIUS TOL

Data Card 2

value v l 2 11 = 1. 25. 0. 2. 1.E-3

+ Termination Data Card 2
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The following output was obtained from CYLIND (and PASVAZ). Here,
the wrong value is assigned deliberately to II 'so that the small volume

option will be tried first.



A-16
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. MENISCUS COMPUTATION FOR A RIGHT CIRCULAR CYLINDER :
*  WITH A FLAT BOTTOM. | *
*  CYLINGER RADIUS = .200000E+01 .
+  (SMALL) LIQUID VOLUME = .250000E402 .
*  CONTACT ANGLE = 0. DEGREES .
: BOND NUMBER = .100000E+01 .
:** Aok Ak 3ol 3k e e ol ek 3 e e oz o e aleale 2l ae ok o e ok ok e o e e ke e ek ok dk ok ****‘***********:

NEWTON DOES NOT CONVERGE
FOR MORE DETAILED OUTPUT USE PAR(3) = 1. |
TRY CONTINUATION, BETTER INITIAL VALUES, AND/OR A FINER MESH
==== ERROR 3 ====
NEWTON DIVERGED

*#**FAILURE;TRYING LARGE VOLUME OPTION*#*&*

PSI

S R ' u
O- O. «157663E+01 o.
«259649E+00 . «259394E+00 «158656E+01 4.4046
«519298E+00 - «51T7205E+00 »161681E+01 9.0326
« 77894 7E+00 «771533E+00 «166868E+01 14.1198
'e103860E+01 «101980E+01 «174435E+01 19.9249
«129824E+01 2125824E+01 «184672E+01 26.T7423
«155789E+01 «148132E+01 . «197917E+401 34.9132
«181754E+01 »168081E+01 +214485E+01 44.8363
«207719E+01 «18449TE+01 «234540E+01 56.9724
«233684E+0l «195784E+01 «257842E+01 71.8404
« 259649E+01 » 200000E+01 »283354E+01 90.0000
MAXIMUM
ABSOLUTE «2TE~04 +33E-04 - «66E~05
-ERRORS :
H = . =e49473TE+0D ERROR s +«81E-05
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As the output indicates, the small-volume option failed to converge,
after which an automatic switching to the correct, large-volume option
took place. The smaller error than for the earlier example is achieved

for this case without addition of extra points. (Recall that TPL is the

maximum error over all the variables, not just the ones that are output.)

When making a.sequence of calculations in which the parameters are
varied through a range of values; the user can save considerable computer
time in many cases by using the output of one pfoblem to start thevnext.
This savings is generally greatesf if the problems are solved in the order
of incféasing_degree of likely mesh nonuniformity.

In the next example we solve the same problem as above, bﬁt hoﬁ for
three suécessive values of the Bond_number BOND = 5., 10., ZQ.. In order
to permit the output of oﬁe problem —-- solution and mesh values —-- to be
the input for the next, the driver program MNCLND was altered by replac- H
ing tﬁe CALL CYLIND (°) statement with an aﬁpropriate DP loop. The program

used was the same as that shown in the listing except that the
CALL CYLIND (°)
statement was replaced with

DY 30 I=1,3
CALL CYLIND ()
B@ND = B@ND * 2.
PAR(4) = 1.

30 C@NTINUE

The data cards were
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" columns 1-8 9-16 17-24
quantity | PAR(1) PAR(3) PAR(4)
- Data Card 1
value ‘ 2.0 0. 0.
columns 1-4 5-8 - 9-16 17-24 25-32 33-40 41-45
quantity | II =~ N BAND V@LUME ANGLE RADIUS  T¢L
: : Data Card 2
value 1 5 5, 3. 30. 1. 1.E-2

+ Termination Card

In the first call to CYLIND PAR(4)==0., and the default values are
used. In successive calls PAR(4) =1., and the final values of N, X, Y
from the previous case are used as initial values. The output from CYLIND

is shown below.
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**#*#***#*{***#!&***t**##*##***#***t#*****tt#**#**#****t**#J

. MENISCUS COMPUTATIGN FOR A RIGHT CIRCULAR CYLINDER :
* WITH A FLAT BOTTOM. *
«  CYLINDER RADIUS = .100000E+01 .
| . (LARGE))LIQUID VOLUME =  .300000E+01 .
. CONTACT ANGLE = 30.000 DEGREES :
g BOND NUMBER = .500000E+01 | 2 |
****t**************#*‘t**********#***t**********#***#****#*

s | R U PSI

Qe .0 o 194934E+00  °0 .
«140363E+00 » 140255E+00 » T99554E+00 3.7939
«280726E+00 «27987T4E+00 «B13727E+00 78715
+421 089E+00 +418011E+00 +838432E+00 12.5367
+561452E+00 «553390E+00 +875321E+00 " - 18.1395

" «701815E+0Q0 «683931E+00 «926TCT7E+00 25.1027 .
«8421 78E+00 +806184E+00 «995436E+00 33.9476
'« 982541 E+00 +914501E+00 «108441€E+01 45.3200
«112290E+¢01 «100000E+01 «119515€+01 " 60,0000

MAXIMUM ,

ABSOLUTE «23E~-04 «43E-04 « 22E-04

ERRORS

H = "=~ e1i52116E+01 ERROR s «53E-04
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WITH A FLAT BOTTOM.

CYLINDER RADIUS =

(LARGE) LIQUID VOLUME =

CONTACT ANGLE

BOND NUMBER

= 30.000

«100000E+01
«300000E+01

DEGREES

.100000E+02

T R A R R I PP R T T R e

0. -

«136490E+00
«272979E+00
+ 4094 69E+00
«545959E+00

«682448E+00 .
«818938E+00

«955428E+00
»109192E+01

MAXIMUM
ABSOLUTE

ERRORS

C.

«136449E+00

«2726T4E+00

»408299E+00

«542604E+00
«674089E+00
« 7199595E+00
«912564E+00

» 100000E+01 .

«93E-04

-<390794E+01

«»838081E+00

. «B40747E+00
«849099E+00

+864309E+00
«888493E+00
«924948E+00
«978367E+00
«105462E+01
«115836E+01

«12E-03

ERROR <

v***f*#*t**###t**#*ﬁ#*#t*#*****#*#*#*#t*##t*#*#**#****#**##*

*
*
*
*
#*
*
*
&
*
*
*
*
&

PS1I

0.

2.2601
" 4.8409

8.1132
1245540
18.8224
27.8540
40.9789
60.0000

0345-04‘

«28E-03
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MENISCUS COMPUTATION FOR A RIGHT CIRCULAR CYLINDER

WITH A FLAT BOTTOM.

CYLINDER RADIUS =

CONTACT . ANGLE

BCND NUMBER

"t.-#*l‘l_***#**ttt“*i##“*#**t**#‘*ti**#tt*“#****** ek kkkkkEk

*
x

*

*

*

* (LARGE) LIQUID VOLUME =
x

*

*

*

*

*

= 30,000

.100000E +01
+300000E+01

DEGREES

«200000E+02

*
*
*
%*
*
*
*
*
*
*
%*
*
*

Oe.
«133142E+00
«266284E+00
«399426E+00
+532568E+00
«665T710E+00
- 798852E+00
«931994E+00
«106514E+01

MAXIMUM
ABSOLUTE
ERRORS

O.
«133133E+00

«266224E+00

«399173E+00
«531T714E+00
«66308TE+00
« 7191097E+00
»909375E+00
«100000E+01

0285"03

-.86807TE+01

«880242E+00
+881355E+00
«884963E+00
«892063E+00

«904625E+00 -

«92616TE+00
«96267T1E+00
.102361E+01

«22E-03

ERROR s

PSI

O.
9711
2.2060
4.0527
7.0407
12.0503
20.5817
35.2029
60.0000

.13E-03

«75E~03
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For this example the starting mesh with N=5 points was incremented

to one with N=9 points by CYLIND for the first problem. ' That mesh was .

then adequate for the pther two problems. .

| The user will‘likely alter MNCLND to suit his particular requirements.
He shoﬁid téke care to have in any alteration the correct DIMENSI@N, C¢MM¢N,
and CALL CYLIND statements, as providéd in the program.

The solution {u(s),r(s)} is available to the user through C@MM@N

upon exit‘from.CYLIND for further processing, such as plotting.

g
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CYLCUR: RIGHT CIRCULAR CYLINDRICAL CONTAINER,
SPHEROIDAL BOTTOM

This case is the same as the one for CYLIND, except that the right

‘circular cylindrical container has a bottom that is spheroidal. A verti-

cal section of the container depicting the portion of the ellipse uB(r)

forming the bottom is shown in Fig. 3,

. ) L
uB(r) =_uC¥B< —-1;-2-> .

o

- The user must specify the‘(nondimensional) horizontal semi-axis o and

vertical semi-axis B of the ellipse, in addition to those quantities
required by CYLIND. On output the coordinates of the center (O,uC) of

the ellipse are given, as a check for the user. The value of Uos

is such that the‘ellipse ﬁasses through the point (a,0) (Fig. 3).

The driver MNCLCR is used in the same manner as MNCLND. Data Card 1
is identical for the two drivers, and the expanded Data Card 2 for MNCLCR
is o

Data Card 2 (F@RMAT 2I4,7E8.0): II,N,B@ND,V@LUME,ANGLE,
RADIUS,T@L,HPRZ,VERT.

The additional quantities are
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>c

> c

XBL 792-582

Figure 3

Right circular cylinder - spheroidal bottom. (a) large volume
case. (b) small volume case. The solid portion of the free-
surface meridian depicts the computed arc (r(t),u(t)); the.
dashed portion is the rotationally symmetric image.
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HPRZ

The horizontal semi-axis o of the bottom (nondimensional, con-
sistent with BYND). - HPRZ must be > RADIUS. :

VERT

The vertical semi-axis f of the bottom (nondimensional, consist-
ent with B@ND). '

For the input cards

columns 1-8 9-16 17-24
quantity | PAR(1)
value l 1.0 blank blank
Data Card 1
columns 1-4 5-8 9-16 17-24 25-32 33-40 41-48 49-56 57-64
quantity II BYND V@PLUME ANGLE  RADIUS HORZ VERT
value . | 1 .blank 5. 3. 0. 1. - blank 1.5 3.
Data Card 2

+ termination card

the following output from CYLCUR resulted.
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AR AR EFE RS SRRSO RREERE KR EEXREE R RS EBERE L RS E R SRR SRR kB ¥ %

*  MENISCUS COMPUTATION FOR A RIGHT CIRCULAR CYLINDER '
*  WITH A SPHEROIDAL BOTTOM. *
. CYLINDER RADIUS = .100000E+01 .
+  ELLIPSE VERTICAL SEMI-AXIS =  .300000E+01 .
*  HORIZONTAL SEMI-AXIS L -150000E+01 .
*  CENTER AT (0 » =.2236E401) | .
. (LARGE) LIQUID VOLUME =  .300000E+01 .
: CONTACT ANGLE = o  DEGREES :
+  BOND NUMBER , = +500000E+01 .
: I

#tt#*##t**#***#*************#********t‘#**##*##*##*#**#**

0. .

© +127285E+00
«254571E+00
+381856E+00
«509141E+00
+636426E+00
«763712E+00
+890997E +00
<101828E+01
«114557E+01
.127285E+01

MAXIMUM
ABSOLUTE
ERRORS

0.
«127184E+00
« 253 TT4E+00
«379013E+00
«501828E+00
«6205T0E+00
. 732653E+00

.834038E400
«918606E+00

«977600E+00

«100000E+01

oSOEfo4

~+238884E+01

- «116547€+01

+116974E+01

‘«118279E+01
- «120535E+401
" «123863E+01 .

«128431E+01
¢134445E+01
«142118E+01
«151602E+01

" «162841E+01

«175300E+01

+14E-03

ERROR =

PSI

0. .
3.8652
1.9679
12.5587
17.9194

- 24,3807

32,3380
42.2682'
54.7406 ° -

T70.4136

90.0000

b475‘04

«12E-03
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The default values for

when PAR(4) = 0. are

for II=1,
| - 1[v. 222 3 3
u(ti) Zu-= u. + —E-[E-+ —5 (B +-uC) , r(ti) = at, ,
a 3R '
Tr . ) -
W) = (G-t . s(t,) =a,
H(t,) = g v('t ) =Vt
i 2 o4 ity ;
for II=2,
L
2772
Tu=u.+8B 1-(3—) r(t.) =2 (1+¢t.)
u(ty) =u=ug 20, ’ i’ T2 i’ o
w(ti)'=y+(%—2v)ti, S(ti)Elz'-a,
H(t) 20, v(t,) = %ﬁ(uti)z; %a2> :
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the initial approximation provided in CYLCUR

Ih other respects the operation of MNCLCR and CYLCUR is the same as

that of MNCLND and CYLIND.

of the usage options.

See the description of CYLIND for a discussion
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ELLIPS: SPHEROIDAL CONTAINER

For this case, the container is a spheroid (ellipsoid of revolution)
with axis_of symmetry oriented vertically. A vertical section is depicted
in fig. 4. The (non&imensional) horizontal and vertical semi-axes are o p
and B, respectively, and the origin is at the center of the tank bottom. .

Note that here "lafge" and "small" Volumé of liquid. do not necessarily
réfer to the actual amount of liquid, buﬁ rather ‘to the position of~the
liquid in the container. Obviously, a lérge amount of contained liquid
will tend to correspond to case (a), but for some conditionsisolutions can
exist both for cases'(a) and (b), as well as for other configurations.

The usage of ELLIPé and of its driver MNELPS is essentially the same as
for the programs for the cylindrical containers. Data Card 1 is the same
as previously and hefe Data Card 2 is

Data Card 2 (F@RMAT 214,7E8.0): 1II,N,B@ND,V@LUME,ANGLE,
RADIUS, T@L,ALFA,BETA.

II, N, B@ND, V@LUME, ANGLE, and TPL are as defined previously.

RADTUS
This quantity is not used by MNELPS and may be left blank. It is
present -for the sake of uniformity of format of data cards 2.

ALFA
The horizontal semi-axis o of the container (nondimensional, con-
sistent with B@ND). ’

BETA

The vertical semi-axis B of the container (nondimensional, consist-
ent with B@ND).
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XBL 792-583

Figure 4

Spheroidal container. (a) large volume case. (b). small volume
case. The solid portion of the free-surface meridian depicts the
computed arc (r(t),u(t)); the dashed portion is the rotationally
symmetric image. '
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For the input cards

columns 1-8 9-16 17-24
quantity | PAR(1)
value ' 1.0 blank blank
Data Card 1

columns 1-4 5-8 9-16 17-24 25-32 33-40 41-48 49-56 57-64
quantity IT BGND VQLUME ANGLE ALFA BETA .
value I 1 blank 5. 2.  60. blank blank 2. 1.

| Data Card 2

+ termination card

the following output from FELLIPS resulted.
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ttt**#**#*#**#**#t##*##****#**t***#‘#*t*t###t*#*#t#***t*t##

* % 3 Mo o RN n

##**#‘**t**#***#*#t##******#*t#*#ttt###t**t***t***t*tt#**#

HENISCUS CUHPUTATION FOR A SPHEROIDAL

CONTAINER WITH

HORIZONTAL SEMI-AXIS (ALFA) =
VERTICAL SEMI-AXIS

(LARGE) LIQUID VOLUME =

CONTACT - ANGLE

BOND NUMBER

o= 60.000

(BETA) =

+»200000E+01
.IOOOOOE+01

.ZOOOOOE*OI,

DEGREES

.5000005*01

%
¥
*
*
¥
*
*
.
*
*
*
*
L
*

0.‘ :

«146756E+00
«293512E+00
+440268E+00

- «587023E+060

«133779E+00

- «880535E+00

«102729E+01
«117405E+01
»132080E+01

1 46756E+01.

‘MAXIMUM
AB SOLUTE

ERRORS

0.

«440003E+00
-586322E+00
«732198E+00
« 877281 E+00
«102095€+01

»116210E+01
«129878E+01 -
e 142749E+01

«11E-03

-«151522E+01

.146747E000'
«293439E+00

u

+555314E+00
«553937E+00
«549698E+00

- «542253E+00
" «530994E+00

«515002E+00
«4929T2E+00C
«463117E+00
«423062E+00

«369764E+00 .
- #299597E+00

«52E-04

ERROR s

PSI

0.
~1.0814%
-2.2513
-3,6054

. =T23438

=10.0466
- =13.5994%
=18.3127
=24.5983
' =33.0000

«66E~-04
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The default values for the initial approximation provided in ELLIPS

when _ PAR(4) = 0. are

for I1I=1 ,
- ) o L
u(t;) T u = Y , . , r(t,) =at,|1 - 1.1 2 ,
i 2 i B
oL
— 5 )
. o (4
Y(e,) =0, s(t;) = a-[ <8 1)] ,
- _Bu . .
H(tl) =5 ) V(ti) =Vt ’
for II=2 ,
. 2t, -1 5 ' _ \k
_ 2 =2 - = _ 2 v
u(t)) —B[1+ — @ -1) ], r(t,) =r= <oc | TWB) ,
28,2 —2.%
Wep = w2, s(ep) =22 2-TH
~1/1 , _
H(ti) = —2—<? BB> s : V(ti) = Vti .
See the description of CYLIND for the details of progfam usage. w
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PASVA2

The pfbgréms descriﬁed in the previous sections.all call PASVA2 to
solQe numerically the appropriate system of first—drder nonlinear ordinary
differential equations subject to two-point boﬁndary conditiéns. For most
probleﬁs of interest these driver programs are adequate fbrrobtaining a
solution. However, the user may wish to call PASVA2 with his own driver
program for cettain problems, so as to bbtain maximum flexibility and to
employ all the features built into this general—purposQ solver. A descrip-
tion of PASVAZ2 follows.

PASVA3, a revised version of PASVA2, is also available [9]. This ver-
sion is documented somewhat more cbmplétely and has a simpler format for
'communiqation with the user-supplied subroutines.  In its operation, how-
ever, ;t is essentially the same as PASVA2. Copies of the PASVA3 program
and writeﬁp can be obtained from the Lawrence Bepkeiey Laboratory Computer_v

Cernter.
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IDENTIFICATION .

A. NAME : PASVA2 —- No point boundary problem solver for nonlinear
' first order systems .

B. AUTHORS M. Lentini aﬁd V. Pereyra

C. DATE :+ September 1977

D. LANGUAGE : ANSI FOR'i‘_RAN

E. PRECISION : Single (déuble available also)

ABSTRACT

PASVA2 is an adaptive (variable order, variable step) finite difference

solver for nonlinear first order systems of ordinary differential equations

subject to nonlinear two point boundary conditions.

This Rrogram shoﬁld adequately solve problems with mild bbundarY
layers, ‘sbikes, and in general, problems with solutions va_fying sharply
in some regions. "It will also sélvé smooth and linear prébl’ems efficiently
and accurately. |

This is an updated version of program PASVAR, which is described in
detail in reference [3]

USAGE

A. Consider the two point boundary value problem:

y' = fx,y), x¢ [a, b],
g (y(2)) ‘ - =0 p initial conditions,
1
(1) g, (y(a), y(b)) =0 r coupled conditions,

g3(y(b)) 0 m-(p+r) final conditions,
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where vy,f,g = (g ,g , 8 )T are m-vectors. We assume that
1 2 %
2<m, o sp<m, o< ptr s m,
and that the problem has an isolated solution yﬂ\(x).

To obtain an approximation to y'F(x) on a mesh 7° = {xi}i—l. N '

a' = x1 < Xz <... <’xN =b, with a maxirhum absolute ei‘ror less than

TOL (on all components and mesh points).

CALL PASVA2 (M, N, P, R, A, B, TOL, X, Y, ABT, FF,

| JACOB, PAR, JERROR) |

where(*)

~(I) M (Integer) is the num‘be.r of equations,

(I- ¢) N (Integer) is on input lthe number .of points in the initial
mesh 7° and on output the numbebr of points in the final mesh
7 (which will contain z°), | |

(I) P (Integer) is the number of initial conditions,

(Ii R (Integer) is the number of coui)led boundary conditions,

(I) A (Real) is the left end of the interval, |

(I) B (Real) is the right end of the interval,

(I) TOL (.Real) is the desired tolerance,

(I-¢) X(325) (Real array) is a N-vector cdntéining the initial mesh
on input and the final mesh on output.

(i-(p) Y(650) (Real array) is a N x M vector containing on input the
initial guess for the solution véctor on the mesh X, and the
final computed éolution on output. - The é.pproxim,ations té the

vector valued function y'P(x) at each grid point are stored

consecutively as:

(*) (I) stands for input parameter, and (¢) for output parameter.
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¥ (x , * (x s e, YVE(x ), VR ),..., ¥y (x..).
yRx), yx&) Vialx )y v¥E ) y ¥, (2

(¢) ABT (10) (Real array) is an M-vector containing the com.pon_ents of the

estimated maximum absolute error

ABT(I)

max

T = 1,...,N

on the final mesh 7.

1Y e ysnor Y5 G50 |

(I) FF is a user provided subroutine with the heading

SUBROUTINE FF(X, Y, N, F, ALPHAA)

where X, ¥, N are as aboveand F is a M x N vector which should

be filled with the values of the right hand side vector function

f(x, y) computed 'at each of the grid points X = (x ,... ,xN), and
: o 1

ordered in the same fashion as Y. The vector ALPHA (M) should

be filled with  -g(y(a), y(b)= -[g, g, g3] o
' 1 2

(I) JACOB is a user provided subroutine with the heading

SUBROUTINE JACG¢B (X, Y, C, N, Al, Bl) where X, Y, N are as

above and C 1is a two dimensiona_l real array of dimensions (650, 10). »

C should be filled with the values of the Jacobian matrix of f(x,y) with

respect to y, evaluated at all the points of the mesh X. These values -

should be stored in the following'way: -

”

of ooy ‘
3y (xl, y (xl) )

Sy

]

/

J

where the i, k element of the M x M submatrix g—ir (xj, y.) is
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of,

-é?r_ (Xj’ y(xj) ).  The 10 x 10 matrices Al, Bl should be filled with
k .

the Jacobians of the boundary conditions in the following format

r B [

o

v p{ le(a)
A = : B = | g i
! 18y | Bye)
:’

0 ] o

FF and JACOB‘w be in an EXTERNAL statement in the calling pro-

gram., |

(I) PAR(6) (Real array) is an a.rl.'ay which allows the user to choose
certain options. If PAR(1) is set to O, fhen the default options are
activated.‘and the remaining elements of PAR are disregarded,

PAR (1) = 1. indicates tﬁat non default options will be active a_nd the
user m_u_s_g provide values for all the components of PAR.

0.< PAR(2) < 1: a continuation option with step ?AR(2) is activated. The

user must then have in his subrou_tines FF and JACQOB a continuation

parameter called EPSNU and passéd via the statement

COMMON/C1/EPSNU

EPSNU willvbe chah’ged from 0.to 1. in stepé of PAR(2). This is recommend-
ed in cases of divergence of Newton's method due to poor initial condi-
tions (see[4]).

Default value: PAR(Z) = 0. (no continuation).

PAR(3) = 1. Intermediary results are printed out.
Default value: PAR(3) = 0, (no. printed outpu{: with the exception .

of error messages).
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PAR(4) = 1. Initial mesh X and trajectory Y are input by the user.
Deféult value:  PAR(4) = 0. (The program provides anA initial
| uniform mesh X with N points, and sets Y = 0).
PAR(5) = 1. This value should only be used if the problem is linear,
and it wiil result inra mo_i‘e efficient performance. |

Default value: PAR(5) = 0. (which is the value for nonlinear

‘problems).

PAR(6) - Not used by PASVAZ.

(¢) JERROR The value of this integer parameter upon output indicates

one of a number of termination conditions.

JERROR = 0 Tolerance was achieved. »

JERROR = 1 Data error. Check values of M, N, P, R.

JERROR = 2 The program attempted to use a grid with more
than 650/M points.

JERROR = 3 . Newton diverged. _

JERROR = 4 Newton iteration reached round off level,

B. RESTRICTIONS

The program wuses the labeled Common biocks NEWT, C1, and the
auxiliary subroutines: U2DCGS, COEGEN, SYSLIN, DECOMPl,' SOLVE. All
these are reserved names.

With the present dimensioning a maximum of MMAX = 10 equations canv
‘be solved. . The maximum number of grid points NMAX depehds upon the
actual size M of the system being solved: M x NMAX < 650.

Instructions on how to change these dimension statements are inciuded
‘as comments in the program.

C, ACCURACY

Normally, the program will end when max ABT(I) s TOL. COtherwise,
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an error, rnes'sage will be printed (z;ega.rdless of the value df PAR (3)).
Since _f:he program confrols maximum absoiute accuracy ovel; all the
components, large changes in scale will irhpiy that some components
m,éy have more significant digits than others. In any case, TOL should
not be smaller than the computer word allows, and thus, it _should satisfy

approximately

«l6 '
10 *max[y’jl‘ (x) [<TOL, j=1 ..., M,

‘xg [a,b]

for double precision on IBM machines.
IV. PROBLEM DESCRIPTION
The main, publishéd source describing the problem and techniques
used in this program are [3,8,9]. See also [4,5,6].

The main difference with the pfogram described in [1] are the follow-
ing: |
(2) A more stable linear equation solver is used. An LU decompo.sition
procedure which preserve.s the sparse structure of the matrix that appears |
when Newton's method is applied has been implemented, (see [7] f.or a
“description). With this change we have been able to enlarge the class of
pro'blems that can be solved with our technique. (b) The Newton solver has
been made cbnsiderably more efficient by observipg that after solving |
succeséfully the first system _of nonlinear equations we have a fairly accurate
Jacobian matrix. This fact coupled with the LU decomposition' of (a) is used
to implement a very fast and economical modified Newton iteration in which the
Jacobians are kept fixed. Therefore, each subsequent iteration only requires
the back solx}ing of a linear systém, in LU form.

(c) Also using the LU decomposition it is now possible to process linear



o
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problems in a more economical way than before, since now the matrix of
system will remain constant throughout the process (unless the mesh is

changed, in which case we have to restart). -

the
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RESTRICTIONS

The package CAPIL, including PASVA2, uses the following labéled

COMMPN blocks

NEWI, Cl, CYLIN, F1, ELIPSE ,

and the SUBR@UTINEs

PASVA2, U2DCGS, C@EGEN, SYSLIN, DEC@MP, S@LVE,
CYLIND, CYLCUR, ELLIPS, FFl, FF2, JAC@Bl, JAC@B2,

FCURL, FCUR2, JCURL, JCUR2, IMPR

All fhese are reserved names. Each of CYLIND,KCYLCUR, aqd ELLIPS con-
tains its own versions of several of the above'SUBk¢UTINEs; thus>only
‘one of these programs should be loaded apd run at a time.

Input is read from logical unit 5, and output is writteg on logical

unit 6. During execution several of the subprograms may write output.

ACCURACY

Normally the program will terminate with maximum absolute error
over all components < T@L. In the default option PAR(1) =1., TOL is
set to 0.005 and N = min[40,max(11,NB)], where NB is the largest

. 1 :
integer in ]6.*B¢ND|6. If this tolerance fails to be met an error

message will be printed.
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TPL should not be smaller than a value permitted by the computer .

word length; a good rule of thumb is to take

100 X & x max(V,RADIUS) < T@L ,.

where € 1is the relative precision of floating point arithmetic (e:"==10-»-8

for'Single precision on the UNIVAC 1100 Series).

STORAGE

The compiled program for each container, including PASVA2, occupies
approximately 17,500 (decimal) lécations in memory on the CDC 7600; includ-
ing CYMMPN blocks and data storagé arrays. Approximately 14,250 (decimai)
of the locations are occupied by PASVA2. -Each program,-including comments,
consists of approximately 1,800 Fort;an statements, of which appro#imately

1,300 are for PASVA2.
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PROGRAM LISTINGS:

Listings of the programs in CAPIL, including PASVAZ,_folIow. These
. programs are the (single-precision) versions that wefe run on the LBL CDC
7600 computer. The versions tun on other computers may differ slightly.
For example, on the UNI?AC llOO series, the program cards (first'cards)'of
ﬁNCLND, MNCLCR, MNELPS_would,havé a different format, appropriate to the
operating system, and the quantify EPSMAG (éee the second.page of'the list-
ing of PASVA2), which is apprqximately te; times the relative precision of
the machine floating point arithmetic; w§u1d have a valpe of approximately'
10'7. | o
These programs are developmental in nature, and listings of Fhem_are
inciuded here primarily for reference purposes,'not'as text ﬁq Be read. .
Most of the crucial items are noted in the comment cards, butzotherwise no

attempt was made to prepare within the programs complete, self-contained

documentation.
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PROGRAM MNCLND(INPUT OUTPUT TAPES=INPUT+TAPEE&=0QUTPUT)

MAIN PROGRAM FOR COMPUTING THE MENISCUS
IN A RIGHT. CIRCULAR CYLINDER WITH

———mem==SINGLE PRECISIQON— ===
*#t#**#***#*##*####**#***##*##*##**## .

" DIMENSION PAR(6)+S(50),U(5C) sR{50) 4X(50) ,Y(350)

COMHONICYLINIVV,GAM,RADIUS’SoUvR'X,YvTGLvN

REAC (5910) PAR(I)vPAR(B)yPAR(4)
FORMAT (3E8.0) '

CONTINUE

REAC (5420) II4NyBOND;VOLUME,ANGLEsRADIUS,TOL
FORMAT (214,7E8.0)

IF Il .EGa. 999) STOP

CALL CYLIND(BONDy VOLUMEsANGLEsRADIUSyII,PAR)
60 10 1 .
END
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SUBROUTINE CYLIND(BONDQVvGAMMAvRADIUS:IItPAR)

RIGHT CIRCULAR CYLINDER WITH A FLAT BGTTOH

IT=1  LARGE LIQUID VOLUME

11=2 SMALL LIQUID VOLUME

GAMMA = CONTACT ANGLE IN DEGREES
BOND = BOND NUMBER.

PAR = PARAMETER ARRAY COF LENGTH 6

PAR{1) .NE. 2. CYLIND WILL SET

N = MIN(4CyMAX{11,4SQRT{6.*ABS(BCND))))
X = UNIFORM MESH IN <0,1] WITH N

PCINTS (COUNTING THE END POINTS).

Y = APPROPRIATE FIRST APPROXIMATION

ON X

NG INTERMECIARY OUTPUT WILL BE PRINTED.
NO OTHER ELEMENTS OF PAR NEED BE ’

FILLED.
PAR(E) = 2. THE USER MUST GIVE VALUES
FOR N, PAR(3), PAR(4), AND TOL (SEE
BELOW) .

N oLE. 50 NUMBER CF POINTS IN INITIAL MESHe
UPON OUTPUT IT WILL CONTAIN THE NUMBER
OF POINTS IN FINAL MESHe

X = INITIAL MESH WITH N POINTS IN <0,11.
X{1) MUST BE = 0.EQC AND X(N) = 1l.EO.
THE MESH NEED NOT BE UNIFORM.

Y = INITIAL APPROXIMATION TO THE SIX
VARIABLES UsR¢PSI¢SeHsV ON MESH X.

PAR{3) = 0. NGO INTERMEDIARY OQUTPUT 1S

FRODUCED. |
PAR(3) = 1. INTERMEDIARY OUTPUT 1S :
PRINTED. ' -
PAR(4) = L. THE USER GIVES VALUES FOR X,Y.

PAR(4) = 0. CYLIND ASSIGNS VALUES TO XsYe
IF PAR(1) = 2. TFE CALLING PROGRAM
SHOULD CONTAIN THE STATEMENT

COMMON/CYLIN/VVQGAHyRADIUSqSl50)’U(50)'RR(50)' :
X(50)oY(350)yIOL,N : -

TOL = MAXIMUM DESIRED ABSOLUTE ERROR OVER ALL
COMPONENTS OF THE SOLUTION AND ALL MESH POINTS.
TOL SHOULLC BE LARGER THAN THE MACHINE PRECISION.

THE FINAL VALUES OF THE MENISCUS CURVE U(S) » RIS)

ARE AVAILABLE UPON EXIT THROUGH COMMON /CYLIN/
FOR FURTHER PROCESSING {I.E. PLOTTING).

3 o e e e e o ale ok o e ok e o e e obe e e ol e e okl ok ek ik kol o ekl ke e

EXTERNAL FFl,JACOB1
EXTERNAL FF2,JAC0B2
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COMMON /F1/ BO |
COMMON /CYLIN/ vv,CAM.RAo,S.u,RR,x.v.TGL.N
INTEGER PR
DIMENSION ALPHA(T)¢AL(7s 71+BL(T, T)4X(50),
Y{(350) 4ABT(T) 4 PAR(E)

+5(50),U{50) yRR{50)
IF(IT «NE. 1 <AND. II .NE. 2) II =1
WRITE(6461)
WRITE(6460)
WRITE{6970)
WRITE(6,50)
WRITE(6+70)
WRITE(6,51) RACIUS
WRITEL6470)
IF (II «NE. 1) 60 7O 3
WRITE(6452)V
GO TQ 4
WRITE(6453)V
WRITE(6,70)
WRITE( &y 54 )GAMMA
WRITE(6+70)
WRITE( €56 )BOND
WRITE(6,470)

"WRITE(6+60)

IF(V GT. O.E0 +ANDe RADIUS +GT. O0.EO .AND. GAMMA .GE. 0.EQ)
GO TO 10 ' ‘

WRITE(6+98)

RETURN

BO=BCOND

1CON=0

M=6

R=1

P=3

A=0,EQ

B=1.E0

PIE=1.5707963267548S6E0

GAMMA= PIH*GAMMA/9O EQ

vv=v

GAM=GAMMA

RAC=RADBIUS

IFIPARI1) oNE. 1.E0 +AND. PAR{1) .NE. 2.E0)PAR(1)=1.EO

NG=N

NB=SQRT(6.*ABS{BOND) )

FAR{2)=0.EC

PAR{5)=0.E0Q

IF(PARE1} .EQ. 2.EG) GO TO 30

PAR{1)=1.EC ' '

PAR(3)=0.EC

TOL=.5E~2

RAC=RADIUS

IF{I1 .EQ. 2) GO TG 300
IF{ICON .EQ. 3) GG TO 2000

ICON=1CON+1

IFCICON <EQs 3) WRITEL(6,95)

IFIPAR{1) .EQ. 2.EC) GO TO 32

N=MINO{40sMAXO{11,NB))

GC TQ 34

N=NO

IFIPAR(4) .EQ.'I.EG «AND. ICON .EQ. 1) GOTO 26

H=1.EO/(N-1)
PAR(4)=1.EC
00 20 I=1,N.
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X(I)=(I-1)*H

KI={I-1)%*6 A

Y(KI+1)=V/{2.E0%PIH*RADIUS**2)

YEKI+2h=X{ I)*RADIUS »

YIKI+3)=(PIH-GAMMA)®X{])

Y{KI+4}=RADIUS

Y(KIfS)-—BOND*Y(l)*.SEO

YIKI #63=X{])%%2*%V

CONTINUE -

CALL PASVAZ(N,N’P1R'A,BgALPHA,Al)BlQTQL'X'Y'
ABT9FF19JACOBY » PAR y JERROR)

THE NEXT BLOCK OF STATEMENTS CHECKS WHETHER THE
COMPUTED SURFACE LIES WITHIN THE CONTAINER.

INSIDE=1
UTOL=-TOL
RTCL=RADIUS+TOL
DG 37 INDEX=1,N
KI=( INDEX-1)#%6 , -
IF(Y(KI#1) «LTe. UTOL .ORe YUKI+2) .GT. RTGL) INSIDE=0
CONT INUE

IFUINSIOE +EQe 1 oAND. JERROR JNE. 3) GO TO 500
IF{ICON +EGC. 3) GO TO 2000

ICCN = ICON+2

IFLICON .ECe2) GO TO 41

IF{JERROR.NE.3) GO TO 40

WRITE(6456)

GO To 41

CALL IMPR(X:Y,NoABToJERRGR)

WRITE( 6450}

IF{PAR(1) .EQ. 2.EC) GO TO 42
N=MINO(40yMAXO{114NB}}

GO TO 44

N=NO

IF(PAR(4) .EQe 1.EC <~AND. ICON .EQ. 2)GO TQO 46

"H=1l,E0/(N-1)

UBAR=6.E0%V/{5¢ EO*PIH*RADIUS**Z)
0O 200 I=14N
X{I)=(1I-1)%H
Ki=6#*{I-1)
Y{K]I +2 )=.5E0*RADIUS*(X(I)+1.EQ) _ '
Y{KI+1 )=UBAR*{2.E0*{Y{KI+2)~RADIUS)/RADIUS+1.EQ)
Y{KI+3)={PIH-2 . EO%GAMMA ) %X {1 ) +GAMMA
Y{KI+4)= SQRT(UBAR**Z*.ZSEO*RADIUS**Z)
Y{KI+5)=0.EQ
Y{KI+6)=UBAR®{ Y {KI+2)%¥2% (2, EQ*Y{KI+2)/
' (3 EO*RADIUS )= «5E0 ) +RADIUS#%2/24 .E0 ) %4 *P[H
CONT INUE
PAR{4)=1.EC
CALL PASVA2(MyNyPoRe1AyByALPHA9AL1BLlsTOL Xy Yo ABT,
FF2yJACOB249PARyJERRCOR)
IF(JERROR .EQ. 3) GG TO 100
CALL IMPR(XsYsNsABT,JERROR)
GAMMA=90.EO*GAMMA/PIH
FORMAT {1H +45H% MENISCUS COMPUTATION FOR A RIGHT CIRCULAR »
14H CYLINDER *9/920H * WITH A FLAT BOTTOM. " 929K 9 1H¥)
FORMAT 12GH * CYL INDER RADIUS =9El4e69 16Xy 1H*) '
FORMAT(1H »28H* ({LARGE) LIQUID VOLUME =9E1l4.6+L6Xye1iH* )
FORMAT (1H +28H* (SMALL) LIQUID VOLUME =4El4e6+16XKe1H* )
FORMAT {1H +17H%® CONTACT ANGLEs10Xy1lH=9FT.3,410H DEGREESy 13Xy .
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2 1H*) -
56 FORMAT (1H o15H%*  BOND NUMBER»12Xy1H=yEl4.6916X,1H%)
60 FORMAT(L1H +59(1H*))
61 FORMAT {1H1 )
70 FCRMAT(LH 9lH*457Xs1H%)
: DO i000 I=1,N
SUI)=X{I)*Y(4)
 KI=tI-1)%6
| UL =Y (KI+1)
1000 RRII)=Y(KI+2)
. RETURN
2000 WRITE(6,80)
RETURN -
80 FORMAT (31H **%%FAILURE-CHECK YOUR DATA®%#/)
90  FORMAT (1H ,42H%%%% PART OF THE ABOVE SOLUTION SURFACE 7

2 . 38H LIES OUTSIDE THE CONTAINER. /
-3 38K SMALL VOLUME OPTION WILL BE TRIED*%*%*%//)

98 . FORMAT(17H *%*DATA ERROR***//30H EITHER VOLUME,RADIUS OR GAMMA,
2 : 12H IS NEGATIVE)

95 FORMAT (43H ***¥*FAILURE-TRYING LARGE VOLU¥E OPT ION*%*%%//)
96 - FORMAT(43H *%¥%%FATLURE~TRYING SMALL VOLUME OPT ION%*%x%x//)
END

SUBROUTINE FFL{XsYsNeFFyALPHA)}
DIMENSION X{1),¥{i)sFF(1)
2 +ALPHAILLl)
COMMON /CYL IN/V+GAMMA,,RAD
CGMMCN /F1/7 B
PI=3.8415926535897S2E0
00 10 I =1i.N
KI=(I-1)%6
SENUX'SIN(Y(KI+3))
COSX=COS{Y(KI+3))
S=Y(KI+4)
FF{KI+1)=S*SENOX
FFE{KI+2)=S*COSX o
IF{I <EQa 1 .OR. ABSIY{KI+2)) .LT. 1.E~10) GO 70 5
FRIKI+3)=S*{BRY{KI+1 }+2.EQ*Y{KI+5)—-SENOX/Y(KI+2))

. .60 TO 6
5 FFIKI+3)=S*(. SEO*B*Y(KI+1)+Y(KI*‘)!
6 FF{KI+4)=0.EQ

FF{KI+5)=0.E0
FF(K1+6)=PI*S*SENUX*(RAD**Z-Y(KI*2)**2)

10 CCONT INUE

‘ KI=6*{N-1)

ALPHA(L)=-Y(2)
ALPHA(2)=-Y{3)
ALPHA(3)=-Y(06)
ALPHAL4)=V-YIKI+6)—PI*Y{1}*RAD**2
ALPHA{ 5) =, 5E0%P I-GAMMA-Y (KI+3)
ALPHAL(6)=RAD-Y(KI+2)
RETURN
END

SUBROUTINE JACOBL{XsYyCyNyAL,BL)
DIMENSION Y{1)¢X(1)9C(350+47),

2 Al{747)4B1(747)
CCOMMON /F1i/ B
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CCMMON/CYL IN/ VsGAMMA,RAD
- TPI=6.28318530TLTSE84EQ
PI=TPI*.5EC
DO 60 I=1,6
DO 60 d=1,¢
Al{1+4)=0.EO
Bi({I+J)=0.E0
AL{1,2)=1.E0 . : . _
AL{2,3)=1.E0 ' ‘ 3 -
AL(346)=1.E0
Al(4491)=PI*RAD¥*%*2
Bl{4+6})=1.E0
Bi(5+3)=1.E0
Bil6+2)=1.E0
NE6=6%N
00 50 1I=14N6
D0 50 J=14+6
CllyJ)=0.EQ
DO 10 I=1,N .
KI=(I-31)%6
SINX=SIN{Y{(KI+3))
COSX=COS{Y(KI+3))
S=Y(KI+4)
CI{KI+143)=COSX*S
CIKI+L +4)=SINX
CIKI4293)=-S*SINX
C{KI*+254)=C0OSX
C(KI+3,1)=5%8
IF(I +EQ. 1 «.OR. ABSIY{(KI*2)) .LT. 1.E-10) GO TQ 5
CIKI#+3,2)=S*SINX/{YIKI#+2)%%2) -
CIKI#393)=-S*COSX/Y{(KI+2)
CIKI+3,44)=B*Y(KI+1)+2.EO*Y{KI+5)- S(NX/Y(KIfZ,
Ci{KI+395)=2.,E0%*S .
GO0 TO0 6
CIKI+344)=.5E0%B*Y(KI+1)+Y(KI+5)
C(KI*B,I)—-SEO*S*B
CiKI+3,45)=$
CUKI+642)=—TPI*SHSINXXY{KI+2) .
CAKI 4693 )=PI*S*COSX* (RAD¥%2-Y(KI+2)%*%2)
C(Kl+6,4)-PI*SINX*(RAD**Z—Y(KI*2)**2)
- CONTINUE
RETURN
END

SUBROUTINE IMPR{XyYsNyABTyJERROR)

DIMENSION X{i),Y(L},ABT{])

IF {JERROR GT. 0) WRITE(6,10)

WRITE(6,70)

WRITE(6420)

CC 5 I=1l4N

1I1=01-1)%6

S=X{1}*Y{4)

TE=90.EO0*Y([I1#3)/1.5707963267S48S6EQ

WRITE(6930) SeYUII42)oY{1I41),TE
© WRITE(6+40) ABT(2),ABT(1)+ABT(3)

WRITE(6950) Y{5),ABT(5])

WRITE(6+70)

RETURN |

FORMAT{iH /44H THERE HAS BEEN AN ERROR WARNING IN THIS 7/
2 39H COMPUTATION. CHECK ANSWERS CAREFULLY./)
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FORMAT(LH //99Xe1HS 914X 91HRy13X91HUy12X¢3HPSI/ /)
FORMAT(1H ¢3E15.69F13.4)

FORMAT(1H oI4X’7HMAXIMUM/4X08HABSOLUIE73X;3515o2/4X’

6HERRORS/) .
FORMAT (1H /TX,
SH H = 4EL5.699Xy9H ERROR s .510.2///)

FORMATI(1H +//59(1H-})
ENDC ' o

SUBROUTINE FF2(XsYsNoFF4ALPHA)
DIMENSION X{1)2Y(1l)eFF(1])
2ALPHALLl)

COMMON/CYL IN/VsGAMMARAD
COMMCN /F1/ B

Pl=3. 141592653589792E0

DO 10 I =1.N

KI=(I-1)%6

SENOX=SINI(Y{KI+3)})
COSX=COSIY(KI+3))

S=Y{K]+4)
FF{KI+1)=S*SENOX .

FRIKI+2)=S*CCSX

FFIKI+3)=5#{B*Y(KI+1)+2, EO*Y(K[+5) SENUX/Y(KI*Z))
FF(KI+4)=0.E0 ‘

FFIKI+5)=0.E0

FFIKI+61=2, EO*PI*S*COSX*Y(KI+2)*Y(KI*ll

CONTINUE

KI=6%(N~-1)

ALPHAL1)=-Y(1)

ALPHA(2)=GAMMA-Y(3)

ALPHA(3)=-Y(6)

ALPHA{ 4)=V-Y{KI+6)

ALPHA{5)=, SEO*P [-GAMMA—-Y(K]I+3)

ALPHA(6)=RAD-Y(KI+2)

RETURN '

END

SUBRGUTINE JACOB2(XsYsCoNsAleBl) -
DIMENSION Y{1)sX(1)4C{350,7),
AlE7+7)¢B1(T7,7)

.COMMGN /Fi/ 8

TPI=6.28318530717G6584EC
PI=TPI%,5E0 °

CO 60 I=%,¢

CO 60 J=1,6
Al(1,J)=0.E0
BliI,J)}=0.EQ
Alf{l.1)=1.EQ
Al€24+3)=3.EQ
Al(346)=1.E0
Bli4+6)=1.EQ

B81(543)=1.E0

Bl{64+2)=1.E0
Né&=6*N .
L0 50 I=14N6
D0 50 J=1s6€
ClIsJ)=0.EC
CO 10 I=1,N
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KI=(I-1)%6

SINX=SINIY(KI+3))"

COSX=COS(Y(KI+3))

S=Y(KI+4)

C{KI+1,3)=C0OSX*S

CUKI+154)=SINX

C(KI+243)=—S¢SINX

CUKI+2,4)=COSX

ClKI+3,1)=5%8

CUKI+3,2)=S*SINX/{Y{KI+2)¥%2)

CUKI+3,3)=—S¥COSX/Y{KI+2)

CUKI+344)=B*Y{KI+1 )#2.EOXY(KI+5)-SINX/Y(KI+2)

CLKI+3,5)=2.E0%S
CKI+6,1)=TPI*COSX*SHY(KI+2)
CCUKI+692)=TPI*S*COSX*Y(KI+1)
CUKI+693)==TPI*SESINXSY(KI+2)%Y (KI+1)
CLKL+6y4)=TPI¥COSX*Y(KI+2)4Y (KI+1)
CONTINUE

END
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PROGRAM MNCLCR{UINPUTOUTPUT »TAPES=INPUT»TAPEG=0UTPUT)
MAIN PROGRAM FOR COMPUTING THE MENISCUS

IN A RIGHT CIRCULAR CYLINDER WITH

SPHEROIDAL BCTTCM. .
~er——wm=w—eSINGLE PRECISION—~———u-

kbR R Rk kR kR ok Aok ok

i0

20

'DIMENSION PAR{6)+5(50),U(50)4R(50)¢X{50),Y(350)
" COMMCN/CYLIN/VVsGAMyRADIUSyVERT ¢HORZ 9SsUsR e X9 Yo TCL 4N

READ (5+10) PAR(l)vPAR(3)9PAR(4)
FORMAT (3E8.C)

CONTINUE

READ (5+20) I1I1sNsBOND, VOLUMEoANGLE'RADIUSoTULyHORZsVERT
FORMAT (21447E8.0)

IF ¢11 JEC. 999) STOP
CALL CYLCUR(BONDyVGLUME,ANGLE,RADIUSQIIoPAR,VERT,HﬂRZ)
GO 10 1

END
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SUBROUTINE CYLCUR(BONDsV »GAMMA, RADIUS,» 11 4PARsVERTHORZ)

RIGHT CIRCULAR CYLINDER WITH AN ELLIPSCIC CF REVOLUTIGNvBOTTUM.

I1=i -~ LARGE LIQUID VOLUME
1I=2 — SMALL LIQUIC VOLUME
GAMMA = CONTACT ANGLE IN DEGREES

BOND = BOND NUMBER.
VERT = VERTICAL SEMI-AXIS OF ELLIPSE.
- HORZ = HORIZONTAL ... cms ace

HORZ SHOULD BE .GEs RADIUS OF CYLINDER.
PAR = PARAMETER ARRAY CF LENGTH 6.

e e e o o o ok ok

- PAR{L) oNE. 2. CYLIND WILL SET -

N = MIN(40sMAX{11SQRT (6.*¥ABS{BOND)))})
X = UNIFORM MESH IN <0411 WITH N

POINTS (COUNTING THE END POINTS).

Y = APPROPRIATE FIRST APPROXIMATICN

UN Xe i

NO INTERMELCIARY OUTPUT -WILL BE PRINTED.
NO OTHER ELEMENTS OF PAR NEED BE
FILLED.

PAR(1) = 2.  THE USER MUST GIVE VALUES
FOR Ny PAR(3), PAR(4), ANO TOL {SEE
BELOW) «

N «LE. 50 NUMBER CF POINTS IN INITIAL MESH.
UPCON OUTPUT IT WILL CONTAIN THE NUMBER
OF POINTS IN FINAL MESH.

f
X = INITIAL MESH WITH N POINTS IN <0,%il.
X{1) MUST BE = Q0.EC AND X{N) = 1.EQ.
THE MESH NEED NOT BE UNIFORM.

Y = INITIAL APPROXIMATION TC THE SIX
VARIABLES UsRoPSI¢Se¢HsV ON MESH Xe

PAR(3) = 0. NG INTERMEDIARY CUTPUT IS

PRODUCED.
PAR{3) = 1. INTERMEDIARY GUTPUT IS
PRINTED. . -
PAR{ 4) l. THE USER GIVES VALUES FOR XsYa

hon

PAR(4) 0. CYLCUR ASSIGNS VALUES T0O X,Y.
IF PAR(iL) = 2. THE CALLING PROGRAM
SHOULD CONTAIN THE STATEMENT -

CGHMON/CYLIN/VV:GAM’RADIUS9VER79HORZ’S(5OIoU(50!¢RR(SO)’
Xt50) Y3501+ TOLyN

TOL = MAXIMUM DESIRED ABSOLUTE ERROR OVER ALL
COMPONENTS OF THE SOLUTION AND ALL MESH POINTS.
TJOL SHOULD BE LARGER THAN THE MACHINE PRECISION.

'THE FINAL VALUES OF THE MENISCUS CURVE UILS) » RI(S)

ARE AVAILABLE UPON EXIT THROUGH COMMON. /CYLIN/
FOR FURTHER PROCESSING {I.E. PLOTTING).
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EXTERNAL FCUR1,JCURL

EXTERNAL FCURZ,JCUR2

COMMON /F1/ 80

CGMMON  /CYLIN/ VV’GAM’RAD'VER)HOR'S’U'RR’X'Y'TGL'N

INTEGER PyR

DIMENSION ALPHA(T)sA1(T7y T)sBL{Ty 7)9X{50),

Y{35C) +ABT(T7) +PAR( )

2S(50),U(50)4RR{50)

WRITE(6461)

WRITE(64960)

WRITE(6,70)

WRITE{6+50)

WRITE(6+70) P :

WRITEL6+51) RADIUS -

WRITE(6470)

WRITE(69210) VERT

WRITE(6470)

WRITE(6,220) HCRZ

E=VERT/HORZ

S UC=-EXSQRT(HORZ*%2-RAD*%2)

WRITEL6,70)

WRITE(6,230)UC

WRITE(6,701%

IF {11 -NE. 1} GO 71O 3

WRITE(6552)V c

GC TC 4

WRITE(6453)V

WRITE(6470)

WRITE(6,5%)GAMMA

WRITEL{6470)

WRITE{(6+56)BOND

WRITE{6,70)

WRITE(6460) |

IF{V oGTe OoEO oANDe RADIUS .GTe 0.E0 <AND. GAMMA .GE. 0.EV
«AND. HORZ .GEe. RADIUS) GO 10 10 '

WRITE(6498)

RETURN

BD0=BOND

ICON=0

M=¢

R=1"

P=3

A=0.EO

B=1.EQ

PIH=1.5707%63267948G6EC

PI=2.E0*PIFE

GAMMA=PIH®*GAMMA/S0. EO

vv=V

GAM=GAMMA

VER=VERT

HOR=HORZ

RAD=RADIUS - |

IF{PAR(L) .NE. 1.E0 AND. PAR{1l) .NE. 2.EQ0)PAR{1)=1,.EQ

NO=N : » v

NB=SQRT(6.*ABS(BOND))

PARL2)=0.EQ

PAR{5)=0.EQ ‘

IF(PAR(1) .EQ. 2.EC) GO TO 2C.
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PAR(1)=1.EC
PAR(3)=0.EC
TOL=.5E-2

_RAD=RADIUS

IFUII +EQ. 2) GO 7O 300
IF{ICON .EQ. 3) GO TO 2000

ICON=1CON+1

IFLICON <EGe 3) WRITE(64S5)

IF(PAR(1) .EQ. 2.EQ) GG TO 32

N=MINO( 40y MAXO(1L,NB))

GG TO 34

KN=NO :

IFIPAR(4) .EQ. 1.EQ .AND. ICON .EQ. 1) GO TO 36

H=1,EQ/FLOAT(N-1)

PAR(4) = 1.EO

UBO = (V/PI+HORZ**2%x{2,*UC**3/(3, EO*VERT**Z)*Z EO*VERTI3 E0))/
' RADIUS*%*2 + UC

.00 20 I=%sN

X{I)=FLOAT (I-1)%K

KI={I-1)%6

Y(KI+1)=UBG

Y(KI+2)=X( I)#RADIUS

Y(KI+3)={PIH-GAMMA )®X( 1)

Y(KI+4)=RACIUS

Y{KI+5)=—BOND*UBO%* .5E0

Y(KI+6)=X( 1)%%2%V

CCNT INUE

CALL PASVAZ(MsNePyRyAy By ALPHA+AL 81 +TOL 9 Xs Yy
ABTs FCURLy JCURL s PAR, JERROR)

THE NEXT BLOCK OF STATEMENTS CHECK WHETHER THE COMPUTED
SURFACE LIES WITHIN THE CONTAINER.

INSIDE=1

DO 37 INDEX=1,4N
KI={INDEX-1)%*¢
UTGL=({ ABS(Y{KI#1)-UC)+TOL)/VERT)*%2

" RTOL=U{Y{KI+2)+TOL)/HORZ) #*2

IF{{UTOL+RTOL) oLT. 1l.) INSIDE=C
ITFIY{KI+2) GT. {RADIUS+TCL)) INSIDE=0
ZT0L=-TCOL
IF(Y(KI+l) .LT. ZTOL) INSIDE=0

CONT INUE -

IF{INSIDE +EQe. 1 oAND. JERROR «NE. 3} GO TO S00
IF(ICON .EC. 3) GU TO 2000 S
ICCN = ICON+2

IFCICON JEC.2) GG TO 41

IF{JERROR.NE«3) GO TO 40

WRITE(69G56)

GO TO 41

CALL IMPR{XsYsNyABT+JERRCOR)

WRITE(64950)

IF(PAR(L) <EQe. 2.EC) GO TO 42

N=MINO{40y MAXC{11,NB})

GG TC 44

. N=NO

IF(PAR{4) <EQ. 1.EO0 <AND. ICON .EQ. 2) GO TO 46
H=1.EO/FLOAT(N-1)

UBO=UC +SQRT{ABS{ VERT#% 2— [E*XRADIUS*.5)%%2))

DG 2030 I=1,N |

X{I1)=FLOAT (I-1)*H
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KI=6*(1~1)

Y(KI+1)=UBO

YIKI+2 )=RADIUS*(X(1)+1.EOQ)*,5E0D
Y{KI#3)=(PIH-2 EQO*GAMMA)*X{] )+GAMMA
Yi{KI+4)=.5E0*%RADIUS

Y{KI+5)=0. EQ
Y(KI+6)=PlH*(Y(KI*Z)**Z—RADIUS**Z*.ZSEO)*UBO

200 CONT INUE
PAR(4)=1,EQ .
46 CALL PASVAZ‘MQN’PchA’BQALPHA’Al'Bl'TOLQX9Y'ABT’
. FCUR24JCUR29PARyJERROR)
IF{JERROR .EQ. 3) GO TG 100
500 CALL IMPR{XsYyNysABToJERROR)
50 FORMAT (1H 445H% MENISCUS CCMPUTATIGCON FOR A RIGHT CIRCULAx
14H CYLINDER *9/930H * WITH A SPHERCIDAL BOTTOMes29X 9 1H*)
51 FORMAT {29H * CYLINDER RADIUS =9El4afy 16Xy 1H*)
52 FORMAT (1H +28H* (LARGE) LIQUID VOLUME =9E14.6916X91H* )
53 FORMAT(1lH ,28H*% (SMALL) LIQUID VOLUME =49El4+6916Xe1H* )
54 FORMAT{1H 917H* CONTACT ANGLE’IOX'IH—'F7 3410H DEGREESy 12X,
1H%*)
56 FORMAT{1H 415H% BOND NUHBER!IZX)IH~9514.6'16X 1H*)
81 FORMAT{1HY)
60 FORMAT {iH ¢55(1H*))
70 FORMAT {1H 91H*,57Xy1H%) .
210 FORMAT(1H 433H%* ELLIPSE VERTICAL SEMI-AXIS =9El4.691%Xei H¥*)
220 FORMAT(1H +33H% HORIZONTAL SEMI-AXIS . Z9El4eb9ll Xeu H¥*)
230 FORMAT(1H ,18H* CENTER AT (0
Eile49slH) 928Xy 1H%)
00 1000 1I=1sN
S(I)=X{1)*Y{4}
KI=(1-1)%6
UlI)=YI{KI+1)
1000 RRELI=YIKI+2)
RETURN
2000 IF(Y(1) oLTe 0.E0) WRITE(6,+90)Y{1)
WRITE(6,80) '
RETURN -
. 80 FORMATI(31H *%x%FAJLURE-CHECK YOUR DATA%*%*%/)
S0 FORMAT {1H o42H**%x%x PART OF THE ABOVE SOLUTION SURFACE /
38H ‘ LIES OQUTSIDE THE CONTAINER. /
3 38H SMALL VOLUME OPTION WILL BE TRIED:*%%/ /) :
.98 FORMAT (17H *%%DATA ERROR**%*//30H EITHER VOLUME,RADIUS OR GAMMA,
12H IS NEGATIVE)
g5 FORMAT {43H **x*FAJLURE—-TRYING LARGE VOLUME OPTION*%%%//)
S6 FORMAT i43H *%%%xFAJLURE-TRYING SMALL VOLUNME OPT ION*%%3//7)
END
C ~
C
C

SUBROUTINE FCUR1(XyYoNoFFyALPHA)
DIMENSIOGN XiSO)oY(350)QFF(350)

2 ALPHALT)
CGNMGN/CYLIN/V’GAMHAvRAD'VERT'HURZ
COMMON /Fi/ B

Pl=3. 14159&65358979250

00 10 I =14N

KiI={I-1)%6

SENOX=SIN{Y{(KI+3))
COSX=COS(Y(KI+32)})

S=Y{(Kl+4)

FF{(KI+1)=S*SENCX

FF{KI+2)=52C0SX
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iF{l .EQ. 1 «ORe ABSI{Y(KI+2)) .LT. 1.E-10) GO 10 5
FFIKI+3)=S*{B*Y{KI+1)+2.EO*Y(KI+5)— SENOX/Y(K1+2))
GC TG 6
FF{KI+3)=S*(S5EQ0*B*Y(KI+1)+Y(KI+5))

FF(KI+4)=C.L.EQ
FF(KI*S)—O EC
FF(KI+6)—PI*S*SENGX*(RAD**Z—Y(KI*2)**2)
CONT INUE :
E2={ VERT/HCRZ ) **2
UC=—VERT/HORZ * SQRT{ABS(HORZ**¥2-RAD**2))
KI=6%{N-1) :
ALPHA(1)=-Y{2)
ALPHAL2)=-Y(3)

~ALPHAL3)=-Y(6)

ALPHAL 4)= V—YlKI*b)-Pl*Y(l)*RAD**2+PI*UC*RAD**2*(VERT**3+UC**51
%2 JEOQ¥PI/(3.EQ0*E2)

ALPHA({ 5) =4 5E0*PI—GAMMA—Y(KI+3)

ALPHA{ 6)=RAD-V{KI+2)

RETURN

END

(aNale)

60

50

SUBROUTINE JCUR1{XsYsCsNyAl,B1)
DIMENSION Y(350) +X{(50)9C(35047),

AL TeTHeBLITNT)

CCMMON /F1/ B
CCMMON/CYL IN/ VvGAHMA’RAD
TPI=6.2831E5307179584EQ
PI=TPI*,5EC
CO 60 I=ly6
DO 64 J=1is¢
Akl .+Ji)=0.EQ
Bl(I,J)=0.EO
Al(l+2)=1.EOQ
Al(2,3)=1.E0
A1{3,6)=1.EQ
All4y1 )= PI*RAD**Z
Bl(4+6)=1.E0
81{543)=1.E0
BLl{b64+2)=1.EOC
N6=6*N
DO 50 I=14N6
0O 50 J=146
ClIeJ)=C.EQ
DO 10 I=1sN
KI={1-1)%6
SINX=SINLY(KI+3))
COSX=COS(Y(KI+3))
S=Y{KI+4)
CUKI+1 +3)=C0OSX*S
C{KI+144)=SINX
C(KI+243)=-S%SINX
C(KI+2,4)=C0SX
CLKI+3,1)=5%B '
" IF(l JEQe 1 <OR. ABS({Y(KI#*2)) .LT. 1.E-10) GO TQ 5
CLKI#342)=S*SINX/{Y(KI#+2)%%2) : '
C{KI+3,3)=—5%COSX/Y{KI+2)
CIKI+3 44 )=B%Y(KI+]1 )42 . EO0FY(KI+5)— SlNX/Y(KI*Z)
CeKI+3,5)=2.E0%*S
GO T0 6
CIKI#394)=5E0%BXY(KI+1)+Y(KI+5)
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C(KI#3491)=.5E0%5%*B
CI{KI+3,45)=$
CIKI#+6+42)=~TPI%S*SINX*Y{KI+2)
CUKI+693)=PI%*S%COSX* ([RAD**2-Y (KI*Z)**Z)
CUKI+694)=PI¥SINX* (RAD¥**2-Y(KI+2)*%2)
CONTINUE :

RETURN

END

[a X aN g

10
20
40

50

70

SUBROUTINE IMPR(XyYeNsABToJERROR)
DIMENSION X{50),Y(350)4ABT(7)

IF {JERROR «GT. 0} WRITE(6,10)
WRITEL64570) '
WRITE(64+20)

00 5 [=1,N

H={1-1)%6

S=X{1)*Y{4)

TE=90.EO0*Y{[143)/5.5707963267948S6E0

WRITE(6+30) SeY(II42)sY{II+1),TE

WRITE{ 69403 ABT(2)+ABT(1)ABT(3)

WRITE(6950) Y(5)4ABT(5)

WRITE(6,70)

RETURN :

FORMAT (1H /44H THERE HAS BEEN AN ERROR WARNING IN THIS

36H COMPUTATION. CHECK ANSWERS CAREFULLY./)

FORMAT(1H //9s9XeiHS924X9AHR¢13Xe1HU+12Xs3HPSI//)

FORMAT (1H +3E15.6+F13.4)

FORMAT(1H 974Xy THMAXIMUM/4X 9 BHABSOLUTE+3X93EL15.274X)
6HERRORS/)

FORMAT {1H /77Xy

SH H = 4sEL5.6+9X9SH ERROR < ,EL0.2/7/)

FORMAT(1H 4//59(1H-)) '

END

[2 X nXa!

10

SUBROUTINE FCUR2{XsYysNsFFysALPHA)

DIMENSION X{50),Y{350)4+FF(350])
yALPHA(T7)

CQMMCN/CYLIN/V’GAMNA'RAD,VERT,HORZ

COMMON /Fl/ B

UBOT {R)=UC+SQRT {ABS (VERT#% 2-R¥#2%E 2) )

-E=VERT/HGRZ

E2=E*%2

UC=—E*SQRT {ABS{HORZ*%2~-RAL*%2) )
PI=3.141592653586792E0

D0 1C I =1+N

KI={I-1)%6

SENOX=SIN(Y(KI+3))}
COSX=CUOS{Y{(KI+3))

S=Y{KI+4)

FFIKI+1)=S*SENOX
FF(K1+2)=S*C0OSX
FFIKI¢3)=S*(BxY{KI+1)+2.EQ0%Y[KI+5)~ SENGX/Y(KI*Z,’

- FFIKI+4)=C.EQ

FFI{KI+5)=0.E0 -
FF{Kl+6)-2.EO*PI*S*COSX*Y(KI+2)*(Y(KI*I)—UBOT(Y(KI*Z)))
CONT INUE

KI=6*{N-1)

TE=UEBCT(Y(2))

/

-~
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ALPHA{1)=TE-Y(1)

TE=TE-UC
ALPHA(Z)-GAMMA—Y(B)+ATAN(—E2*Y(2)/TE)
ALPHA(3)=-Y(6)

ALPHAL4)=V-YIKI+6)
ALPHA(5)=.5E0%PI-GAMMA~Y(KI+3)

ALPHA({ 6)=RAD-Y{KI+2)

" RETURN

END

s Xnka

60

50

SUBROUTINE JCUR2({XsYesCysNeAl,B1)
DIMENSION Y{3500¢X150)4C{350,7)
vAL(797)sBRLT,7)
COMMON /Fl1/7 B
COMMON/CYL IN/ VoGAMMAyRADvVERTrHGRZ
UBOT(R)=UC+SQRT(ABS{VERT*%2—R¥%2%E2) )
E=VERT/HORZ-
E2=E*%2
uc= —E*SQRT(ABS(HORZ**Z“RAD**Z,)
TE=UBOTIY{2))—-UC
TPI=¢.283185307179584E0
PI=TPI*.,5EQ
DO 6C I=3%+¢
0C 60 J=1l,¢
Al{I+J)=0.E0
Bi(1,J)=0.E0
ALl{is1)=1i.EC
Al{l.2)=E2*Y{2)/TE
EYSQ = (E2%Y{2))1%%2
Al{24+2)={E2%TE%X%2 + EYSQ)/(TE*(TE**Z + EYSQ))
Al(2+43)=1.EQ
Al(346)=1.E0
Bl{4+6})=1.E0
Bl(5,3)=1.E0
Bl(642)=1.EC
N6=6*%N
LCQ 50 I=1,.N6
DC 5C J=1,46
Ci{l,J)=0.EC
DO 10 I=1+N
KI={I-1)%6
SINX=SIN(Y(KI+3})
COSX=COSIY{KI+3))
S=Y(KI+4)
CiKI#+1,3)=COSX*%*S
CIKI+1+4)=5INX
CUKI+293)=-S*SINX
C(KI+244}=C0SX
C{KI+3,10=5%B
CIKI+3 92 )=S*SINX/LIYI(KI+2)%%2)
C{KI+3 93 )=—5*%COSX/Y{KI+2) . .
CIKI+3,4)=B*Y{KI+L )+2.EOY{KI+5)-SINX/Y{(KI+2)
CIKI+3,45)=2.E0%*S
C(KI*b,l)STPI*COSX*S*Y(KI*Z)
UBOTT = UBOTIY({KI#+2})
TE=AMAX1{1.E~10,UBGCTT-UC)
CIlKI+E92)= TPI*S*CQSX*((Y(KI*E"UBDTT‘
+Y(KI+2)*E2*Y(KI+2)/TE) :
C(KI*6933‘°TPI*S*SINX*Y(KI*Z)*(Y(KI*ll‘UBOTT,
CIKI+634)=TPI*COSXRY(KI+2)*{(Y{KI+]1)}—-UBQTT)
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RETURN

END

'CONTINUE

A-61
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PROGRAM MNELPS{INPUT OUTPUT »TAPES=INPUT,TAPES=0UTPUT)
MAIN PROGRAM FOR COMPUTING THE MENISCUS '
IN A SPHERCGICAL CONTAINER. '

——— _SINGLE PRECISION—---—-— '
**#*#**##*#*#***t****#**####*t###*##* .

DIMENSION PAR(6)5S(50)5U150)4R{50)4X(50)4Y{350)
COMMON/ELIPSE/VOLUME sANGLEsALFABETAsSsUsR9XeY

REAC (5+10) PAR(1)+PAR(3)4PAR(4)
FORMAT (3E8.C)

CCNTINUE

READ fS,ZO) I1sNy BOND;VOLUME,ANGLE,RADIUS'TOL9ALFA98ETA_
 FORMAT (21447E8.0)

IF (LI .EC. 999) STOP

- CALL ELLIPS(BDNDvVOLUHE:ANGLE,ALFA.BETA'Il PAR'NqTOL)
GG 10 1
END
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SUBROUTINE ELLIPS(BONDyV+GAMMA,ALFAyBETA9IL4PARyN,TOL)

SPHERCIDAL CONTAINER

11=1 LARGE LIQUID VOLUME

11=2 SMALL LIQUID VOLUME

GAMMA = CONTACT ANGLE IN DEGREES

BOND = BGND NUMBER. :
ALFA = HORIZONTAL SEMI-AXIS OF ELLIPTICAL
CROSS-SECTION. ' )

BETA = VERTICAL SEMI-AXIS.

PAR = PARAMETER ARRAY OF LENGTH 6

PAR{1) oNE. 2. ELLIPS WILL SET
N = MIN(4OyMAX{11lySQRT (6. *ABS(BOND))))

X = UNIFORM MESH IN <0,11 WITH N

PCINTS (CGUNTING THE END PGINTS).

Y = APPROPRIATE FIRST APPROXIMATICN

ON  Xe

NO INTERMEDIARY QUTPUT WILL BE PRINTED.
NO OTHER ELEMENTS OF PAR NEED BE

FILLED.

PAR(L) = 2. THE USER MUST GIVE VALUES
FOR Ny PAR{3)s PAR(4)y ANC TOL (SEE
BELOW) » '

N .LE. 50 NUMBER OF POINTS IN INITIAL MESH.
UPON OUTPUT IT WILL CONTAIN THE NUMBER
CF PCINTS IN FINAL MESH. '

X = INITIAL MESH WITH N POINTS IN <0»1l.
X{1) MUST BE = 0.E0 AND XIN) = 1.EQ.
THE MESH NEED NOT BE UNIFORM.

'Y = INITIAL APPROXIMATION TO THE SIX

VARIABLES UjsRyPSI9SseHsV ON MESH X.

PAR(3) = 0. NO INTERMEDIARY OQUTPUT IS
FRCDUCED.
PAR(3}) = 1. INTERMEDIARY OUTPUT IS

PRINTED.
PAR(4) = 1. THE USER GIVES VALUES FOR X,Y.
. PAR(4) = 0. ELLIPS ASSIGNS VALUES TG XoY.

IF PAR{L) = 2.
THE CALL ING PROGRAM
SHOULD CCNTAIN THE STATEMENTS

COMMON /ELIPSE/ VOLUME jANGLEyALFA,BETAsSsUsReXsY
DIMENSION S(50)9U{50)9R{50)9X(50)+Y(350)¢PAR(6)

TOL = MAXIMUM DESIREC ABSOLUTE ERRCR OVER ALL
COMPONENTS OF THE SOLUTION AND ALL MESH FOINTS.
TOL SHOULLC BE LARGER THAN THE MACHINE PRECISION.

THE FINAL VALUES OF THE MENISCUS CURVE U(S) » RI(S)
ARE AVAILABLE UPON EXIT THROUGH COMMON /ELIPSE/
FOR FURTHER PROCESSING {(I.E. PLOTTING).

Hpdr kb kngddokk bk ddk bk ok koo gk kg
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EXTERNAL FFi.JACOBY
EXTERNAL FF2,JAC0B2
CCMMCON /F1/ 8O o
COMMON /ELIPSE/ VVsGAMsALF¢BET9sSesUsRRy Xy Y
INTEGER PsR '
DIMENSION ALPHALT) +ALLTs 7)+BilTs T)eX(5C),
2 YI(350),ABT(7)4PAR(E), ’
3 S{50)»ULS50)4sRR{50)
" IF{11 JNE. 1 .AND. II ONE. 2) 11 = }
PIH=1.570756326754896E0
WRITE(6461) . '
WRITE(64960)
WRITE(6470)
WRITE(&,950)
WRITE(6470) :
WRITE(6+51) ALFA,BETA
WRITE(6570)
IF (Il .NE. 1) GG TO 3
WRITE{ €452)V
GO 10 4
3 KRITEL&,53)V
4 WRITE(6570)
WRITE(6954)GAMMA
WRITEL 62700
WRITE{6956)B0OND
WRITEL(6+70)
WRITE(6460)
VOLM=8 .EQ*PIH*AL FA*®*2*8ETA/3.,E0
IFLV «GT« VOLM)GG TG 5
IFIV 4GTe GC+EQ0 JANLe ALFA 4GT. 0.EC
2 e«AND+ BETA .GT+ O0.EQ oAND. GAMMA L.GE. 0.EQ)
2 GO 70 10 . :
WRITE(6,98)
RETURN
WRITE{6,480)
WRITEL64+99) VOLM
RETURN
10  BO=BOND
ALF=ALFA
BET=BETA
ICON=0
M=6
A-‘-OuEO
B=1.EO )
-GAMMA=PIH*GAMMA/90 .EC
vy=y
GAM=GAMMA o |
IF(PAR{L) oNEs 1.EC <ANDe PAR(1) oNEs 2.EQ)PAR(1)=1.EO
NO=N _ o :
NB=SQRT(6.%ABS(BOND))
FAR{2)=0.EC
PAR{5)=0.EQ .
IF{PAR(1) .EQ. 2.EC) GO TO 30
PARL1)=1,EO '
PAR{(3)=0.EC

TOL=.5E-2
30 IF(iI .EQ. 2) GO TG 300
100 IFLICON +EQ. 3) GO TO 2000

ICCON=ICON+1
IF{ICON .EC. 3) WRITE(6+55)
IF{PARI1) .EQ. 2.ECQ) GO TO 32
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N—MINO(401HAX0(11:NB))

. GO TC 34

N=NO ‘

IF{PAR(4) .EQ. 1.EQ <AND. ICON .EQ. 1) GOTO 36
H=1.EQ/{N-1) . ‘
FAR{4)=1.E0

TE1=V/ (2. EC*PIH*ALFA*%2)

TE2=-BOND*TE1*.5E0

R=}%

p=3

TElO‘ALFA*SQRT(l EO-{TE1/BETA-1. EO)**Z)
0O 20 I=1.N -

X{I)={1I-1)%*H

KI=(I-31)%6

YI{K1+1)=TEl
Y{KI+2)=X{1}*TE1O
Y(KI+3)=0l.EQ

Y{KI+4)=TELO

YI{KI+5)=TE2

Y{KI+6 )=VEX{1)*%2

CONTINUE

CALL PASVAZ(MsNsPsRe Ay B'ALPHA,Al’Bl’TOL'X'Y’
ABT:FFI:JACﬁBlyPAR:JERRGR’

THE NEXT BLOCK OF STATEMENTS CHECK WHETHER THE COMPUTED

SURFACE LIES NITHIN THE CONTAINER.

INSIDE=1

DO 37 INDEX=14N
KI=(INDEX~-1)%*6 :
UTOL=( {ABSIYIKI+1)= 8ETA)~TOL)/BETA)**2
RTIOL={{Y(KI+2)-TOL) /ALFA)**2
IF{{UTOL+RTOL) oGT. 1) INSIDE=0

CCNT INUE

IF(INSIDE -EQ. 1 .AND. JERROR .NE. 3) GO TO 500
IF{ICON +EQ. 3) GO:TG 2000 |
ICON = ICON+#2 '

*1IF{ICON .EC.2) GO T0 41

IF{JERROR.NE.3) GG TO 40
WRITE(6496) ' , §

GO TO 41

CALL IﬂPR(XyY,NyABTyJERRORl
WRITE(6+950)

CIF(PAR{L) <EQ. 2.EC) GO TO 42

N=MINO {40y MAXO{11,NB))

GO TC 44

N=NO :

IF(PAR{4) +EQe 1.E0 +AND. ICON .EQ. 2)GO TQ 46
H=1.E0/(N-1) _ .
TE1=SQRTIV/{ 4. EO*P IH*BETA))

TE2=2. EO*BETA*TE1/ALFA

.TE3‘SQRT1ALFA**2-V/(4 EO*PIH*BETA)) ' o

R=0
P=3
CO 200 1=1,N -
X{I)=(I-1)*H
KI=6*{1-%) :
Y{KI+1)=BETA*{1.EG+TELI*{2.EG*X(1)~1)/ALFA)
Y{KI+2)=TE2
Y(KI+3)=PIH
Y{KI+4)=TE2
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200
46

500

50
51
52
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-

54
56

€l

.70

GO0

1000
2000
80
S0
S8

385
96
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Y(KI+5)=.5E0%(1. EO/SQRT(ALFA**2-V/ 4. EO*PIH*BETA))—BETA*BOND)
Y(KI+6)=V*X{1I)

CONTINUE

PAR(4)=1.EQ

CALL PASVA2(MsNysPyRyAy By ALPHAJALyB1lsTOLy X9 Y4ABT,

FF24JAC0OB2yPARyJERROR)

IFIJERROR <EQ. 3) GO TO 100

CALL IMPRIXsYyN,ABT,JERROR)

GAMMA=S0,.EC*GAMMA/PIH

FORMAT (45H *  MENISCUS COMPUTATION FOR A SPHEROIDAL  514Xs1H¥/

20H *  CONTAINER WITH 439X,1H*) _

FORMAT {34H *  HORIZONTAL SEMI-AXIS (ALFA) = 4El4.6911Xe1H*/,
34H * VERTICAL SEMI-AXIS (BETA) = ,El4.6911Xy1H*)
FORMAT{29H *  (LARGE) LIQUID VOLUME =,4El4.6¢16Xs1H%¥)

FGRMAT (26H *  (SMALL) LIQUID VOLUME =9El4.6916Xs1H*)
FORMAT(18H *  CONTACT ANGLE 10Xs1H=4F7.3,10H DEGREES,13A'ﬁH*I
FORMAT{16H *  BOND NUMBER12XelH=3El4.6+16Xe1H*)

FORMAT {1H1) ‘

FORMATLLH 95911H*))

FORMAT (2H #*457Xs1H*)

- DO 1000 I=1yN

SUId=X{1)*Y(4)
KI=(I-1)%6
ULI)=YI{KI+1)
RRII)=Y(KI+2)
RETURN
WRITE(6480)
RETURN
FORMAT (32H #*%%*FAJLURE-CHECK YOUR DATA®#%/)
FORMAT (43H *¥%% PART OF THE ABOVE SOLUTION SURFACE /
6X932HLIES OUTSIDE THE CONTAINER. /7
38H SMALL VOLUME OPTION WILL BE TRIED**%%//) ,
FORMAT (17H **%DATA ERRCR**#%//33H EITHER VOLUME ,ALFA,BETA Ok GAMMA,
12H IS NEGATIVE) ‘ | ,
FORMAT (43H *%%%FAILURE-TRYING LARGE VOLUME OPTION®*%%//)
FORMAT (43H *#%*FAILURE-TRYING SMALL VOLUME OPT ION®%%%//)
FORMAT (42H **%#MAXIMUM VOLUME FOR THIS CONTAINER IS,Ell.4/)
END |

SUBROUTINE FFL(XeYsNsFFeALPHA)
DIMENSION X(50),Y{350)FF(1),
ALPHA(7)

COMMON/ELIPSE/V,GAMMA,ALFA,BETA

COMMON /F1/ B

PI1=3.1415926535857S2E0

00 10 I =1,N

KIi=({1-1)%6

SENOX=SIN{Y(KI+3)) _
COSX=COS(Y(KI+3)) B /
S=Y(KI +4) : :
FF(KI+1)=S*SENCX
FE(KI+2)=5*COSX

IF(1 .EQe 1 «OR. ABS{Y{KI+2)) .LT. 1.E-10) GG 10 5 o
FR(KI+3)=S*(B*Y{KI+1)+2.EO*Y (KI+5)-SENOX/Y(KI+2))
GO T0 6
FF{KI+3)=S3{SEQ*B*Y{KI+1)+Y(KI+5))
FFIKI+4)=0.EQC
FF(KI+5)=0.E0

FF(KI+6)=P I*S*SENOX*(( ALFA/BETA ) %% 20y (KI+1)#

(2.EO*BETA-Y (KI+1) )-Y{KI+2)%%2)
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CONT INUE
KI=6*(N-1)
ALPHA(LR)=-Y12)
ALPHA(2)=-Y{(3)
ALPHAL3)=-Y(6) .

ALPHAL 4)=V=Y(K1+6)~ PI*(ALFA*Y(I)/BETA)**Z*(BETA—Y(I)/3 EQ)
IF{ABS{Y(KI+1) — BETA) .LE. 1.E-10) GO TQ 20
TE=ATAN(—(BETA/ALFA)*¥23Y(KI+2)/(Y(KI+1)-BETA))

IFC(TE «LT. 0.EQ) TE=TE+PI
ALPHA(5) =GAMMA+Y(KI+3)-TE

GG T0 30
ALPHA(5)=GAMMA+Y!KI+3)—.5EO*PI
CONTINUE

ALPHA{6)=1 .EO~ ((Y(KI+1)—BETA)/BETA)**2—

: (Y{KI+2)/ALFA)*%2
RETURN
END

N 2 XaX3)

60

40

50

Bl{4+6)=1.E0

SUBROUTINE JACOB1{XsYsCoeNsAl,B81)
CIMENSION YU350)¢4X{50)+C{3250,7),
AL{T7+T7)+BL(T7,7)

CCMMON /F1/ B

COMMCN/ELIPSE/ VoGAMMA JALFA,BETA
TPI=6.283185307179584EC
PI=TPI*.5EQ

DO 60 I=1,¢

CO 60 J=1,¢€

AL{I 44)=0.EO

BI(I+J)=0.E0

A1{1+2)=1.E0

Al{2,3)=1.E0

PL(3+6)=1.E0

Al(#;l)=PI*(ALFA/BETA)**2*Y(1)*(2 EC*BETA-Y{1))

KI={N-1)%*6

Bi{691)=2-EQ*(Y{KI+1)-BETA)/(BETA**2)

IF(ABSCY(KI+1) - BETA) .LE. 1l.E-10) GO TO 40
TEl= lALFA*BETA)**2/(ALFA**4*(Y(KI*1)‘BETA)**Z*

BETA%k4%kY{KI+2)%%2)
B1{5,1)=Y(KI+2)*TE1 |
B145,2)=—TEL*(Y(KI +1)-BETA)
B1(5,2)=—-1.EQ |
B1(6+2)=2.EO*Y(KI+2)/(ALFA#¥2)
N6=6%N

- 00 50 I=1lsN6

DC 50 J=146

Ci1,41=0.EQ

O 10 I=14N
Ki=(1- 1)*6
SINX=SINI{YI(KI+3))

- COSX=COS(Y(KI+3))

S=Y(KI+4)
C{KI+1l3)=COSX*S
CiKI+1+4)=SINX
CIK[+293)=—S¥SINX
C(KI*+244)=C0SX .
IF({] .EQ. I +OR. ABS(Y{KI+2))
CIKI+3,1)=5%8
CIKI#3,2)=S*SINX/ZIYI{KI+2)%%2)
CIKI+3,3)==52C0OSX/Y(K]I+2)

.LVTVO

1 .E-I 0,

60 T0 5
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CAKI+3,4)=B*Y(KI+1)+2 EOXY(KI+5)=SINX/Y(KI+2)
 CUKI+3,5)=2.E0%S
GO TO 6
CUKI+394)= JSEO*BHY (K141 ) +Y (KI+5)
CUKI#3,1)=.5E0%5%8
CIKI+3,5)=$
CIKI+6,2)==-TPI*SESINX*Y(KI+2}

.TE1=(ALFA/BETA)**Z*Y(Kl*l)*(Z.EO*BETA-Y(KI*lI)

CUKI+693)=PI*S*COSX*{TEL-Y(KI+2)#%2)
CIKI+694)=PIASINX*(TELI-Y(KI#+2)%*%2)
C(KI*b,l)’?PI*S*SINX*(ALFAIBETA)**2*(BETA—Y(KI+1))

CONTINUE
RETURN
END

SUBROUT INE IMPR{XyYeNyABT+ JERROR)
DIMENSION XU50)sY(350) yABT(7)
IF {JERROR «GT. 0) WRITE(6+10)

 WRITE(6,70)

WRITE{64+20)

0O 5 1=1,N

11={]-1)%6

S=X{1)*Y(4)

TE=90.E0*Y({11+3)/1. 570796326794896E0
WRITE(6+30) SoYU(II+2),Y({11+#1),TE
WRITE(6+40) ABTIL2)4+ABT(1),ABT(3)
WRITE(6+50) Y(5)4ABT(5)

- WRITE(6,70)

RETURN '
FORMAT{43H THERE FAS BEEN AN ERROR WARNING IN THIS /
384 COMPUTATION. CHECK ANSWERS CAREFULLY./) :
FORMAT{LIH //35X91HS914X91HRy13Xy1HU912X93HPS1/)
FORMATULH +3E15.69F13.4)
FORMATILH /74X ¢ 7HMAXIMUM/ 44Xy BHABSOLUTE$3X93EL15.274X0
' 6HERRORS/)
FORMATL{LH /77Xy
SH H = 9E15.695X99H ERRCOR < ,E10.2/7/)
" FORMAT(1H 4//5S{1H-)}) '
END

2

SUBROUTINE FF2({X,YyNoFFyALPHA)
DIMENSION X{50)+Y(350)+FF(1)
+ALPHALT)
COMMON/ELIPSE/VsGAMMA,ALFA4BETA
COMMON /F1/7 B
PI=3.,141592653585752E0
CC 10 1 =1yN
KI={I-1)1%6
SENOX=SIN{Y{(KI+3))
COSX=COSIY(KI+3))
S=Y{KI+4)
FF(KI+1)=S*SENOX
FF{KI+2)=S*L0SX
FF(KI+3) S*(B*Y(Kl*l)*Z.EO*Y(KI*5) SENOX/Y(KI*Z‘)
FFIKI*+4)=0.E0Q
FF{KI+5)=0.E0 :
FF(KI+6)=PI*S*(SENOX!*((ALFA/BETA)**Z*Y(KI*I’*
(2. EO%BETA-YIKI+1) )-YIKI#2)%%2)
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CONT INUE

KI=6#%{N~-1) '

ALPHA(2)=1., EO—(Y(I)/BETA~1 EO)**Z‘(Y(Z)/ALFA)**Z
ALPHA(3)=~Y{6)

IF(ABS(Y(1) — BETA) .LE. 1.E-10) GO TO 20
TE=ATAN(—(BETA/ALFA)**Z2*Y{2) /{Y(2)-BETA))

IF (TE «LTe 0.EQ0) TE=TE+PI]

‘ALPHA(1I=—GAMHA+Y43) -TE

GG TG 30

ALPHA(1)=—GAMMA+Y(3)-.5E0%P]

IF(ABS{Y{(KI+1l) - BETA) .LE. 1.E-10) GO TO 40

TE=ATAN{- (BETA/ALFAI**Z*Y(KI*Z)/(Y(KI*I)—BETA))

IF{TE LT. O.EOQ) TE=TE+P] ﬁ

ALPHA( 4) =GAMMA+Y(KI+3)~-TE

GO 70 50

ALPHA(4)=GAMMA+Y(KI+3)—.5EO*PI
ALPHA(S)=V-Y{KI+6)

- ALPHA(6)=1,.E0-(Y(KI+1)/BETA-1. EO)**Z—(Y(KI*Z)/ALFA)**Z

RETURN
ENC

60 -

20

30

50

SUBROUTINE JACOB2{ XsYsCoNyAZ,8B81)

CIMENSION Y(35015X{501+C{(350+7),
AL{747)+B1(7,7)

CGMMON /Fi/ B

COMMON/ELIPSE/ V,GAMMALALFA,BETA

TPI=6.283185307179584EC

PI=TPI*,.5E0

DO 60 I=1,6

DO 60 J=ly¢

AL{I+J}3=0.E0

B111,33=0.EQ

RO=1.E0/ (ALFA®%4%(Y{1)~ BETA)**2+BE7A**4*Y(2)**2)

KI={K-1)%*6

Ri=i. EOI(ALFA**4*(Y(K{+1)—BETA)**Z*BETA**G#Y(KI+2)**2)

IF{ABSIY{(1) -~ BETA) JLE. 1.E~10)6G0 10O 20

TECO={ALFA*BETA )¥*2%R0

AL{1,1)=Y({2)%TEQ

AL{1+2)=—TEO*{Y{1)-BETA)

Al{l+3)=-1.E0

Al1251)=2.E0*(Y{1)-BETA)/(BETA**2)

Al{2+42)=2.E0%Y{2)/ (ALFA®*2)

IF(ABS{Y{Ki+l) —-BETA) .LE. 1.E—-10) GO TO 30

TEL={ALFA*BETA)**2%R1
Bil{4+A =Y KI+2}*TE]

. Bl(4921=~TE1*(Y{KI+1)-BETA)

Bl{4+3)=-1.E0

AL(3+6)=31.E0

Bi{5461=1.E0

Bl(bol’=2.50*(Y(KI*I)-&ETA)/(BETA**Z’

Bi(692)=2 ,EQOXY{KI+2Z)/(ALFA%X%2)

NE=6*N

DO 50 I=14N¢

DO 50 J=l+¢

CL1yJ)=0.EQ

£ 10 I=1,N

: : KI=(I-1)*6

SINX=SIN{YI{KI+3)}
COSX=COSIY(KI+3))
S=Y{KI+4)
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C{KI+1,3)=COSX*S
C{KI+1s4)=SINX
C(KI+243)=—S*SINX
CUKI+244)=COSX
C(KI+3,1)=5%8
CUKI+3,2)=S*SINX/(Y(KI+2)%%2)
CUKI+353)=—S#COSX/Y(KI+2)
CUKI+3 94 )=B*Y{KI+1 ) +2.EO*Y (KI+5)=SINX/ Y(KI+2)
" CUKI#345)=2.E0%S
 CUKI+6,1)=TPI*SINX*S*(ALFA/BETA)%#2#%
(BETA-Y(KI+1)) ,
CUKI+642)=—TPI#S*SINX®Y(KI+2)
TEL=(ALFA/BETA)*¢2%Y (KI+1)%(2. EO*BETA-Y(KI+1))
CUKI+693)=S*PI#COSX*(TEL-Y(KI+2)%%2)
CUKI+644)=PI#SINX*(TEL-Y(KI+2)¥%2)
CONT INUE
RETURN
END
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SUBROUTINE PASVAZ2(Ms Ny Py Ry Ay By ALPHA. Al, 81, TOL,

2 FFy JACOBy PARyJERRCR)

-PURPOSE = TEIS IS A VARIABLE ORDERy VARIABLE
STEP SCLVER FOR TWO-POINT BOUNDARY VALUE FIRST
ORDER SMOGTH NONLINEAR SYSTEMS OF THE FORH

{1} DY = F(XyY) 1 Al . Y(A) + Bl . Y(B) = ALPHA

(HERE Al ANO Bl ARE MATRICES.)
IT ATTEMPTS TO PRODUCE A CISCRETE SOLUTICN WITH MAXIMUM
ABSOLUTE ERROR LESS THAN TGOL ON A GRID CONTAINING THE

ONE INPUT BY THE USER.
IN CALLING PROGRAM THE PARAMETER ARRAY X MUST BE
DIMENSIONED AS X{ 650/M )

. DIMENSION Xx{50)
DIMENSIONS INVOLVED IN THE FOLLOWING PARAMETEFR ARRAYS
ARE MMAX = 10 AND NMAX®MMAX = 650y AND THEY MUST BE
DIMENSICNED ACCORDINGLY IN THE CALLING PRCGRAM

DIMENSION ALPHA(T), Al(7,s 7)s B1(7, T)y Y(250),
X ABT(T) :

FOLLOWING ARRAYS ARE HORKiNG AREAS.
DIMENSION Ul7)y EJ(50)y A2{350, 7)y C2{350, ),
2 DEL{7s 350)y UU(350)y RES(350)
INTEGER IC (50, 7)y IR(50, 7)y 1IQJI50)
WORKING AREAS WITH SIZES RELATED TO MAX. NUMBER OF
DEFERRED CORRECTIONS = 20 4 WHICH SHOULD BE ACEQUATE
FOR ALL PURPOSES. '

DIMENSION AA{50), BB(50), C(50)

AUTHORS
Mo LENTINI AND V. PEREYRA =—  SEPTEMBER 1S77-
*%% REFERENCE #%%
Mo LENTINI AND V. PEREYRA o [AN ADAPTIVE FINITE DIFFE-
RENCE SOLVER FOR NONLINEAR TWO-POINT BOUNCARY PROBLEMS

WITH MILD BCUNDARY LAYERSIs SIAM J. NUMER. ANAL. 14
(1s77),PP.91-111. '

k2 o e ok e o e o a3 ok s o e A e e sk 3k ok o 2k 3k s o kol ko K o o vl Ak o kol s ook ok e e gl ok ek ok ok kg %k

****##**##***#*************##*##*#****#****#**##**t#*****#*

a4 B 2 e W o WM G N R RS

* 4 % * 3 * o

3* % 4w

4% & 4 #

*
*
*
™
x
*
*
E
*x

Xy

Yy

ABT,

CONMMCN /NEWT/ FL350), HX(SO), SK(350), TEMF(7)s GRADF(350), NU, .

X CASL 4

COMMCON /C1/ EPSNU
EXTERNAL JACGB, FF
LOGICAL SINGs LINs CASI
DIMENSION PARI{6)



OO0 OO0 coa

aNaNe

2
3

INTEGER Py R

CASI
SING
MMAX
NMAX 50
IF (M .6T. 1

«AND. P

P+R oLE.
WRITE(€,560)
RETURN

«FALSE.
+FALSE.
10

Woonon.

«ANGse M oLE.
«GEe 0 oAND. P
M) GO TO i0

10 MPN = M*N

17

" VAIN =

24

25
30

31

35

THIS CONSTANT IS MACHINE DE
EPSMAC
FLOATING POINT ARITHMETIC
EPSMAC = 1.E~-13

EPSMAC =
IF (PAR(I)
DELEPS Oe
IPRINT 0.
VAIN = 0.
LIN = JFALSE.
G0 TC 24
DELEPS
IPRINT

PAR(2) .

PAR{3) + 0.%EC
PAR(4) ‘
PAR{5)

LIN = oNEe Qe
N1 = N-1
EPSNU = 0.EO
IF (DELEPS .EQe
RABS = 1.
JERRGCR = 0
EPBAR = l.ELC
ICGN
NOLD
NMA =
NTGP =
BMA = 0.07
8811) = 1.
DO 30 I = 2y
BB(I) = 0.
DO 31 JJ = &, 20
NU2 = 2%J44 + 1
AA(NUZ2) =
AA(NUZ + 1)
IF {VAIN.GT.O0.

0.

3
i
NMAX
M
50

= 0.EC
) GO TO 60

FIRST APPROXIMATION FOR Y

MMAX

} EPSNU =

A-72

«AND. N
«AND. R

LTe M

INITIALIZATION

PENDENT=

AMAXL{EPSMACy L. E—4*TCL)
«GT. 0.) GO TO 17

1.

AND X

X{i) = A
X{N) = B
H = (B — A)/FLOAT(N1)
DO 35 I = 2y N1
X{I1) = A + FLCGAT(I - 1)*H

GTe 3

«GEe

AXL( O*FLOATINMAX) sy FLOAT{NMAX - 16))

+ANDe N

0

IS APPROXIMATELY 10%* RELATIVE PRECISION OF

+AND.

##*#*****###*##**#******##*######*#t#*#*****##it*#**#*‘**#*

oLE.

*® .

~FLCAT(JJ)/(2.E0 *%(2%JJ - li*FLOAT(NUZDD

*
*

*‘###*###**#*************#**#*#t*##*##****###*#**#****#t***

NMAX
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SK

LINy A2y C2y DELs FF,

DO 50 I = 1, MPN
. 5C Y{I) = 0.
&0 H=0.EQ
DO 62 I = 1, N1
CHXTUIY = X1 + 1) - X(1) -
IF (HX{1) «GTe H) H = HX(I1)
62 CONTINUE
HCUA = H*%2 : '
IF (IPRINT JNE. 0) WRITE(6s 19) JoLy H
eeee MAIN BODY OF PASVAZ ccevee
NU = 0 v
EPS = AMAXLLEPSMAC, K%¥2%,1EQ)
ess e ENTER AFTER MESH CHANGE
120 ERRQOLD = 1.0E20
- KMAX = MAXO0{15, (N - 2)/2])
MPN = M*kN :
Nl = N-1
MPNM = M3*N1
IPM = MPNM + P + 1
C3 = (0.8
DO 150 1 = 1, MPN
150 SK(I} = 0.
IF (NU .EQ. 0) GO TO 210
AFTER MESH CHANGE WE HAVE TO INITIALIZE
IF NU .GT. O
CALL FF(Xy Yo Ny FyALPHA). v
CALL UZDCGSE{NUy 25 29 N1y Ms AA, Xy Fy RESy IERRCR)
DO 200 I = iy N1
KI = (I — 1)%M
D0 200 J = 14 M
KIJ = KI + J
200 SK{KIJ) = HX{I)I*RES(KIJ)
IF {NU .LT7. KMAX}) GO TG 2i0
NU = NU ~- 1 '
-GG TO 460
NU IS TOGC LARGE GC TO REFINE THE MESH ee»
*%% NEWTON ITERATION **x
210 IF {EPSNU .GEe. 1.) GO TGO 230
EPS1 = EPS
220 EPS = AMAX1{RABS,s EPS)
230 CALL NEWTON(Ms Ny Py Ry ALPHA, Al, Bly X+ Yy
2 JACQB, JERRCRy IPRINTs EPSe IRy ICy UU, RES)
IF {(JERROR oNE. 3) GO TO 240
HRITE(64975)
RETURN
240 IF (EPSNU .GE. 1.) GO T0O 25Q
EPSNU = AMINI{EPSNU + DELEPS, 1.EQ)
IF {IPRINT .GT. 0) WRITE(6sy 5) EPSNUy EPS
IF (EPSNU .LT. 1.) GO TO 220 o
EPS = EPSI
EPSNU = 1.
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CORRECTION AND ERROR CONTROL STARTS

250 CALL U2DCGSI(NU + 14 24 29 Nly My AAs Xy Fy RESy IERROR)
IF (IERROR .EQ. 1) GG TO 460
DO 260 .1 = 149 N1 '
II = (I = 1i*M
BO 260 J = 1+ N
KI = 11 + J
AUXI = RES{KI)*HX(I)
RES(KI) = SK{KI} - AUXI
260 SK(KI) = AUXI
IF (ICON .LE. 12) GO TO 530
270 IF (P .EQ. 0) GO TO 290

DO 280 1 = 1, P
280 UU(I) = O.
290 DO 300 I = 1PMy MPN
300 (N = 0.
DG 330 I = 1y MPNM
IP = I+P

31¢ UULIP) = RESLI) » : : ’ :
CALL SYSLIN{Ms Ny Py Ry Xy Yo JACOB, Als Bly A2y C2y DELsy oTRUE.s
2 SINGs IRy ICy» UUy UU, LIN) : :

ESTIMATE FOR MAX. ABSOLUTE ERROR (BY COMPONENTS)

ICCON = 15
ERRNEW = Q.
DO 320 J = 1y M
320 ABT(J) = Q.
DC 230 I = 14 N
KK = (1 — 1)%M
0 330 J = i, M
KKJd = KK+J
Ul = ABS{UULKKJI})
: IF (Ul oGToiABT(J), ABT(J) = Ul
330 CONTINUE _ '
DO 340 J = 14 M ’
IF (ABT(J) .GT> ERRNEW) ERRNEW = ABT{(J)
340 COGNTINUE
K =N + 1 .
IF (IPRINT .EQ. 0) GC T0 350
WRITE{(6415)
WRITE(&413]) {ABT(J) s J = 1y M)
WRITE{¢912) ERRNEWs NU ‘
WRITE{&,15)
350 IF (ERRNEW oLE. TOL) RETURN

ocoo. o PRECIS’ON ACHIEVED | oo.oo.._o‘oo’._.
IF (ERRNEW <LE. -1*ERRGLD) GO TO 360 |
IF (ERRNEW »GT. C3*ERROLD) GO TO 460
C3 = 0.5E0%C3
EITHER KEEP CORRECTING «oe
360 ERROLD = ERRNEW -
EPS = AMAX1(EPSMAC, 1.E-3%ERROLD)
NU = NU + 1
GO TO 230

OR REFINE THE MESHy UNLESS JERROR = 4 ...
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460 IF (JERROR «NE. 4) GC TO 470 -

WRITE(64965)
RETURN
470 IF (N +LE. NTGP) GO TO 480
eeae TOO MANY GRID POINTS ceceas
| - JERROR=2 | |
WRITE(6,970)

RETURN ‘
480 EPS = AMAX1(EPSMACy 1.E—3*ERROLD)
. IF (ERROLD JLE. 1.E0) GO TO 49¢C
EPBAR = AMINI{1.0EQO, 1.E-2%ERROLD)
GC TC 500
490 EPBAR = LO01%ERROLD
500 ICON = 0
NOLD N
BMA = 1.
IF (NU .LT. 1) GG TC 530
DO 5101 = 1, N}
I1T = (1 - 1)*M
BC 510 4 = 1, M

Won

Ki = 11 + J
510 SK{KI) = RES{(KI) + SK{KI)
NU = NU - 1

IF NV .EQ. 0) GO TO 530
CALL U2DCGS(NUy 29 29 N1y My AA, Xy Fy RESe IERROR)
DO 520 1 = 14 N1
II = (I - 1)*M
DO 520 J = 31, M
KI = 11 + J ’ .
520 RES(KI}) = RES(KI)*HX{I) - SK{KI)

axkk MESH VARIATION *&%%x%
EQUIDISTRIBUTION OF THE L2 NORM OF THE ERROk
FOR THE QG(H*%({2%#NU+2}) METHOD. '

530 ICON = ICON + ] :
iF {IPRINT .NE. 0) WRITE(6y 211

ALG = 1.5E0
SIGO2 = 1. /FLOAT{2*NU + 2)
TEM = Q.
UUN = Q.
DO 550 I = 1y N1
TE = 0.

KL = {1 - 1)%M
BO 540 J = 1s M
K11 = KI- -+ 4 .
21 = ABSIY(K1i1))
Z2 = ABS{RES{(K1ll1l)})
IF (21 .GT. TEM) TEM = Z1
540 IF (22 .GTe. TE) TE = 22
EJLI) = (TE/HXUI))*%S1G02
550 UUN = UUN + EJ(I1)

IF (ICON .GT. 1 .AND. NOLD .GT. 1) GO TO 560

EPBAR = AMAX1(AMINL(EPBAR, TEM *BMA), TOL)

E = EPBAR¥%SIGO2 .

IF (IPRINT .NE. O) WRITE(6, 27) Es UUN, TEM, EPBAR
560 I1Q = 0 -

N2 = N=- 2

I1=0
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5701 =1 +1
1QJEI) = EJ(I)/E-0.33
IQ = 1Q + 1QJLI) i
IF (I .LE. N2) GO TO 570
FIN = JO4*FLCAT(N)
IFIN = INTC(FIN)
NMA = MINOINMAX — N, 70)
IF (IPRINT oNE. O) WRITE(6, 23) 1Qs NMA
IF (1Q -LE. IFIN .OR. NMA .LE. 0) GO TO 720
IF (1Q .LE. NMA ) GO TO 580 -

N eXaXaKal

MmO e

WE ATTEMPT 1O DIMINISH THE NUNBER OF POINTS TO BE
INTROCUCEC
IF (ALG .LT. 1.09) GO 70 720
ALG = ALG — L1EQ
XN = N + 1IQ
XTE = N + NMA
E = E¥XN/AMINL(ALG*FLOATI(N) s XTE)
IF {IPRINT .EQ. 0) GO TO 560
WRITE(64+26) Esy ALG
GO TO 560 :
CONSTRUCT NEW MESH #%%x%
580 J = 2 o
" DO 590 :1 = 19 MPN
590 UulI) = vi(l)
SK{1) = A

NPU = 2%NU + 5
DO 650 1 = 1, Ni
KILL = I*M
IFI = J + 1QJ(1)
_ HI = HX{I)/(FLOATUIQULT) + 1))
DO 680°L = Jy IFI
SK(L) = X{1) + HI*FLOAT(L- J + 1)
KIT = (L — L1)%M
IF (1QJLI) .GT. 0) GO TO 610
CO 600 K = 1, M
KIIK = KII+K
. KII1K = KIILl#K ,
600 Y(KIIK} = UU(KII1K)

GO TO €80 , ;
€10 IF (I LE. NU *+ 2) GO TG 630

IF {1 «GT. N — (NU + 3)) GO TO 640
‘ NP = NU + 2 '
620 186=1 | :
CALL COEGEN (186s NPUy NPy Cy BBy Xy SK{L))}
€ e ook e e o o o ook ook e sk ok ke o o ok ko ook ok ' .

: GO TO €50
630 NP =
GO TG €20
€40 NP = I = N + NPU
GC TO €20
€50 © DO 670 K = 1, M
YKI = 0.EOQ '
DO €60 JI = 1y NPU-
INPJIL = (1 — NP ¢+ JI — 1)*M + K
660 T YKL = YKI o+ CLJIDI*UULINPILLY
KI = KII + K
67¢C Y(KI) = YKI

€80 CONTiINUE
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J = IFl + 1
CONTINUE

CASI = JFALSE.

N =N+ 1IQ

NI =N-1

KI = M*N1 -

DO 760 I =1y M
IKI =1 + KI
IMPNM =1 + MPNM
Y({IKI) = UUCIMPNM)

H = 0.

D0 710 I = 24 N1
I1=1-1

HX{I1) = SK{I) - SK{Il)

IF {HX{I1) «GT. H) H = HX{I1)
KI = I1#*M + 1 :
X{(1) = SKiI)

X{N) = 8

HXIN1) = X{N)} - X{N1)

IF. {HXIN1) .GT. H) H = HX{N1)
HCUA = H*%2

IF (ABS{EPBAR — TEM*BMA) .LT.,R.E~5) EPBAR = 1.E10

IF (ICON +GEe 5) ICON = 15

6C 70 120 - -

IF (NOLD .EQo 1 <AND. ALG LT, 3.5EQ
2 <LE. NMAX) GO TO 740 :

IF (N .GT. NOLD) GO TO 270

IF (ALG «LT. 1.45) GO TO 730

ALG = 1.4 )

XN = N + 1IQ

XXN = NMAX _
E = EXXN/AMINL{ALG*FLOATI(N)s XXN)
IF (IPRINT .EQ. 0) GG TO 560
WRITE(6426) Ey ALG

GO TG 560

IF INU .GT. 0) GO TO 760

BISECTION *%*%¥%

NTEM = 2%N - 1
IF (NTEM .LE. NMAX) GO TQ 740

eeoe TOO MANY GRID POINTS oee

- WRITE(6+970)°

140

. 150

23 kals)

160

- JERROR=2

RETURN

DC 750 I = 1+ N1
1QJti) = 1

1Q = N1

ICON = 0

60 10 580

NU = NU - &

ICON = 0

«ANDs 2%N = 1

SINCE WE ARE GOING BACK WE MUST RECOMPUTE THE

ESTIMATE OF THE ERROR.

MPNM = M*%N]
DG 770 1 = 1. MPNM
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770 SK{I) = RES(I) + SK(I)
IF (NU .GT. 0) GO TO 790
00 780 I = i, Ni
KI = (1 - 1)#%M
00 780 J = 1, M
KIJ = KI + J
78¢C RES(KIJ) = — SK{KIJ)
GO TO $30 -
790 CALL U2DCGS(NU, 2+ 2y Nls Ms AA, Xy Fy RESy IERROR)
DO 800 I = 1y NI
HI = HX(I)
KI = (I - 1)*M
00 800 J = 1y M
KIJ = KI + J

800 RES(KIJ) = HI*RES(KIJ) — SKIKIJ)
GO TO 530 : .
: *%¥% END OF MESH VARIATION *%%%
5 FORMAT{1HO,13H EPSNU - EPS ,2El5. 7/: ‘
12 FORMAT( 18H ESTIMATED ERROR +EL2.3,15H IN CORRECTION ’
2 13) .
13 FORMAT{30H ESTIMATED ERROR BY CCGMPCONENTS/1h +10E12.3)
15 FORMAT (1HO,3SH _ : . /)
16 FORMAT(1Hl, 21H NUMBER OF EQUATIONS ,
5 12/22H NUMBER OF MESH POINTS14/1iH .,
" S15HLEFT END POINT 9E10.292X916H RIGHT END PGINT, )
5 E10.2//20H BOUNDARY CONDITIONS/SH ALPHA ,10(EL0.292X)//)
18 FORMAT{1HO,10(EL0.2,2X))
19 FORMAT{15H TCLERANCE s H 42E12.2)
21 FORMAT(1HO0428H =——==— STEP CHANGE ~—=—=/)
23 FORMAT(14H  NEW POINTS 413,7H NMA= ,13)
‘26 FORMAT(1HO,13H LEVEL — ALG 42El15.5/7)
27 FORMAT(LH 42HN LEVEL — LOCAL ERROR — MAX. SOL. ~ EPBAR
5 v4E15.5) ' :
S60 FORMAT{1HO0420H ———— ERROR } ————//24H EITHER MyNsP OR K
2 16HARE OUT OF RANGE/)
965 FORMAT(1H0y20H =———— ERRCR 4 ———=//20H NEWTON ITERATION
i SH REACHED , S - '
2 15HROUNCOFF LEVEL./37H IF PRECISION HAS NOT BEEN REALHED
3 +12H THAT MEANS /31H ,
4 S56HTHAT TOL IS TOO SMALL FOR THIS PROBLEM AND COMPUTER uonu
5 10H LENGTH v/}
970 FORMAT(LHOsLSH =———= ERRCOR 2 ———//26H THE PRGGRAM ATTEMPT ED
2 42HTO USE A GRID WITH MORE THAN . NMAX PCINTS./)
G575 FORMAT{1HOy19H =——= ERRGR 3 ———//16H NEWTON DIVERGED/)
END .
SUBROUTINE U2DCGS{Ks Py Gy N+ My Ay X» Yy Sy IERROR)
INTEGER Py Q
DIMENSION A(50), Y(350), S(350), X{50), CU50)

Cli{{aee ERROR EXIT  seeese

C

IF {K «GT. (N + 1 - Q)/P JOR. P LT. i OOR. K oLTe K,
2 GG 70 100 ' ‘
IF (¢ «EQe O) GO TC 10
DO 201 = 1y Q
20 Ali) = 0.
10 KK1 = @ + P*K
KK = KK1 — 1
KMID = KK1/2
IERROR = 0
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KMID1 = KMID-1

UNSYMMETRIC APPROXIMATION LEFT BOUNDARY

OO0

IF (KMIDL .LT. 1) GO TO 25
DO 51 =1, KMID1
158=1 ' ' ‘ :
CALL COEGEN{I98y KK1ly IS8y Cy Ay Xy .5EQ0 *(X(I + 1) + X{i)}})
IM = (1 — 1)*NM ’
DO 5L = iy M
ACUM = 0.
DO 4 J = 1y KK1
JML = (J - 1)%M ¢+ L
4 ACUM = ACUM + C{J)*Y{JML)
IML = IM + L '
5 S{IML) = ACUM

c
c CENTER RANGE
C

25 NF = N + 1 — KKi + KMID
DO 40 I = KMIDy NF
- 198=1
CALL COEGEN(I98, KK1s KMIDs Cy As X oSE0 *(X(I + 1) + X({I)))
11 =1-1 . . a
I1 = 11 ~ KMID
1T = 11%M
DO 40 L = 14 M
ACUM = 0.
00 38 4 = 1, KKl
ITJML = (I1 + J)*M + L
38  ACUM = ACUM + C(J)*Y(IIJML)
S ITL = IT + L
40 SUITL) = ACUM

[}

RIGHT BCUNDARY

[aXz kel

KMIDF1 KMIC+1

II =N KK

111 =11 -1

DO 50 I = KMIDPl, KK
IAD = 11 + 1
CALL COEGEN{IAD, KKly 198y Cy Ay Xs 5EQ0 *(X{IAD+i) + X(IAD})).

IT = (111 + 10%M
DC 50 L = 1y M
- ACUM = (.
00O 48 J4 = 1y KKI1
TI1JML = (111 + J)*M + L
48 ACUM = ACUM + ClJ)*YLII1JNML)
ITL = IT + L
50 “SCITL) = ACUM
C
c““'. REGULAR EXIT LR R K IR J
c
RETURN
100 IERROR = 1
- RETURN
END :
SUBROUTINE COEGEN(I10y Ny NPy Cy BBy X+ XBAR)
DIMENSION C(50), BB{50)y ALF{5C)s X(50)

C THIS IS A SLIGHTLY MODIFIED VERSICN IN FORTRAN IV
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OF THE ALGCL PRCCEDURE PVAND o P. 901 CF
{ SOLUTION OF VANDERMONDE SYSTEMS OF EQUATIONSC BY
A, BJORCK A V, PEREYRA. MATH. COMP., 24+ PP,893-S03
(1970) yWHERE A CONPLETE DESCRIPTICON CF THE METHOD
USED CAN BE FOUND.

o8 © 6850000 8868 P9I B 0 0000008000 000000 000000000000 000000800008 (IR R N YN XY NE]

11

LE 2K J

400

DO 1 1 = 1s N
C(I) = BB(I)

DO i1 1 = 1y N
HI = X410 +# 1) - X(10)
IONPI = IQC —NP +I

ALF(I) = (X{IONPI) - XBAR)/HI
NN =N-1
N1 =N+ 1
DO 6 1 = 1y NN
LL = N- 1|
DO 6 4 = 1y LL
K =Nl - J
CUK) = CIK) = ALF(I)*C(K - 1)
DO 8 1 = 1y NN
K=N-1
KMI = K + 1
DO 8 J = KMis N
JK = 4 - K
ClJ) = CLIN/LALF(J) - ALF{(JK))
ML = J - 1 |
CtJM1) = CUJIML) - CLY)
RETURN
END

SUBROUTINE NEWTON{M, Ns Py Ry ALPHA, Al, Bly Xy Yy LIN, A2y (2
2 DELy FFy JACOBy JERRORy IPRINT, EPS, IR, ICy UU, RES) '
COMMON /NEWT/ F(350C), HX{50), SK(350)¢ TEMPI7)s GRADFI350),s NU»
2 CASI N :
COMMCN /C1l/7 EPSNU
DIMENSION ALPHA(7)s AL{(7y 7))y Bl(79 7))y X(50),
2 Y{350), ABT(7)s A21250s T)y C2(350+ 7)y DEL(7s 350},
3 UU{350)+ RES{350)
LOGICAL STEPy SINGs CASIy LIN

INTEGER IR{504 T7)+ICU(50s 7)9ePeRyP1
EXTERNAL JACCB

ERRCR EXIT
JERROR = 3 NON CONVERGENCE

>>> ~ NEWTON ITERATION STARTS cessssa
DT = 1-

MP = M — P

PlL =P + 1

T = 10

TE = i

UUtI) = 0.EO
MPNM = M¥{(N - 1)
INWT = 0.
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RCL = 1.E20

RECLD = i.0E20 ’

IF (IPRINT .EQ. 0O) GO TO 520 !
WRITE{6y914) N

WRITE( &4 5) NUy EPS

RESIDUAL ‘COMPUTATIGN

RABS = 0.

CALL FF ( Xy Yy Ny FsALPHA)
IF (P .EQ. O) GDO TO 800
DO 7001 = 1, P

REST{i) =ALPHA(I)

RABS = RABS + RES(I)%*2
0O 900 I = 24 N
1 =1-1
Ki = I1%M
DC 900 J =14 M
Kid = KL + J
KiJM = K1lJd - M
KI1JMP = K1J - MNP '
RESIKiIJMP) = = YIK1J) + Y(KIJM) + 5E0 *HX{I1)
* ¥{F(KLJ)+FIKIJIM) ) ¢SKI(K1JNM)
- RABS = RABS + RESU{KLJIMP)**2

DO S02 J = Ply M
MPNMJ = MPNM + J
RESAMPNMJ) =ALPHA(J)
RABS = RABS +ALPHA{J)**%2
RABS1 = SQRT{RABS)
IF (IPRINT .EQ. 0) GG TO 903
WRITE{648) INWT, RABS1 |
IF (INWT .EQ. O .AND. EPSNU .EQ. 1.) GO TQ 950

CHECK FOR CONYERGENCE

IF (RABS1I .GT. EPS) GO TO SiQ
IF {EPSNU +LT. le) RETURN ‘ o
' JACOBIAN IS KEPT CONSTANT UNTIL NEXT MESH CHANGE.
STEP AND ANGLE CONTROL ARE SHORTCIRCUITED.
CASI = .TRUE.
RETURN

N | © NEWTON EXIT
: CONVERGENCE OR T0GO MANY ITERATIONS eee

NEWTCON TEST IN ORDER TC AVOIC CYCLING

IF ({REOLD — RABS .GEe oSE0 *T*SCPR .AND. INWT .LT. 10) .OR.
2 (NU «GTe O «AND. INWT .EQ. 1)) GG TO 950
IF (INWT .EQ. 10) GO TO $40 - -

STEP CONTROL STARTS ¥¥¥%

IF {.NOT. (CASI .OR. LIN)) GO TGO 912
IF {RABSY .LE. 100.*EPS) 60 TO S41
GO TO 945

IF (STEP) GO TO 917

STEP = .TRUE.
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IF (TE .LE. l.) GO TC 915

IN = TE
GC TC 916 -
S15 TN = 300.*7TE

- S1é
S17

IF (TN 6T« 1.) GO TO S17

TMIN = TN®2., *%(-8)

GO TO 918

TN = .5E0 *T

IF (TN «LT. TMIN .OR. RABS .GT. ROL) GO TG 940

" ROL = RABS

S18

S20

540

S41
. 942

Co &k

C
c
C

C
545

s50

S60

S$70
C
C

DT = TIN- T ~

T = TIN ' '

DO 620 I = 1y MPN | :
Y1) = Y(I) + DT*UU(I) : 5

IF {IPRINT .EQ. 0) GO TO 520 . ' :

WRITE(6+4) - Te TMIN

-60 TO 520

ROLL = SQRT(ROL)
IF (ROL1 .GE. 100.%EPS) GO TO 945
RABS1 = ROL1
D0 S42 I = 1, MPN :
YU(I) = Y(I) — DT#UULI)
WRITE{6,15) NU,RABS1 EPS |
- NEWTON DID NOT QUITE REACH THE TOLERANCE.
FURTHER MESH REFINEMENTS ARE NCT ALLOWED.
JERROR = 4
IF (EPSNU «LT. 1.) RETURN
JACOBIAN IS KEPT CONSTANT UNTIL NEXT MESH CHANGE.
STEP AND ANGLE CONTROL ARE SHORTCIRCUITED.
CASI = .TRUE. ;
RETURN

WE ASSUME DIVERGENCE AND RETURN

‘C(“j-o ERRGR EXIT 3 ) sasscene

JERRCR = 3
WRITE(6416)
RETURN

CALL SYSLIN{Ms Ny Py Ry Xy Yy JACOB, Als Bly A2y C2, DEL, CASI,

SING,y, IRy ICe UUs RES, LIN)
IF {SING) WRITEL(&, 13)
REQGLD = RABS
SCPR = {.E-10C . '
IF (CASI OR. LIN) GC TO 1100
TMIN = 2. *%(-8)

GNCR = 0. : : -
T = 1. ‘ .
STEP = .FALSE. - - L
SCPR = QQ . . ’ ) ) A
PNCR = 0.

DO 960 1 = 14 MPN ‘

PNOR = PNCR + UU(I)**Z

GNOR = GNOR + GRADF(I)*%2

SCPR = SCPR + GRADF(II*UU(I)
IF (IPRINT .EQ. 0) GOC 7O S70
WRITE{&46) PNORy SCPR,y GNOR
IF (PNOR .EQ. 0.) GO TQO 940

WE CHECK IF THE DIRECTION UU IS OF DESCENT {AS IT SHOULD)
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AND ALSC IF THE IDENTITY <GRADF,UU>=RABS IS APPROXIMATELY
VERIFIED. IF EITHER ONE OF THESE CHECKS FAILes WE TAKE GRADF AS
OUR NEXT SEARCH DIRECTICN, SINCE THE ABGVE INCICATES THAT
UU IS AN UNRELIABLE DIRECTION DUE TO ILL-CONDITIONING IN -
THE JACOBIAN.

IF (SCPR) 1040, 1040, 1030

1030 IF (ABS(SCPR — RABS) .LE. o1 *RABS) GO TC 1045

1040 SCPR = - 1.
TE = 1.
60 TC 1100

1045 TE = SCPR/PNGCR

(2B nNa)

APPROXIMATE SOLUTICON IS CORRECTED : *

1100 DG 1300 I = 1, MPN

IF {SCPR .LE. 0o ) UU(I) = GRADF(I)

1300 Y{I) = Y(I) + UUCI)

IF (SCPR <LEe 0. 1 SCPR = GNOR
T = ]. . l .
INWT = INWT + 1

GO TG 520

(s XnKn)

(o} 2X N a!

/A
4 FORMAT{1HO»22H STEP CCNTRGCGL = T — DT 92E15.7/)
5 FORMAT{i2H CCRRECTION y14,
2 36H RESIDUAL FOR NEWTON SHOULD BE .LEe +E14.7)
6 FORMAT{1HO42H NORM. CORRECT. — SCAL.PROO. — NORM.GRAL.
2 / 4E12.4/) : :
8 FORMATI{iI8H NEWTON ITERATION +12
2 2iH MAX. ABS. RESIDUAL +E14.7)
13 FORMAT{1H0»22H JACOBIAN IS SINGULAR )
14 FCRMAT(1HOs15y21H PCINTS ON THIS GRID +E15.7)
15 FORMAT {1HO27H WARNING ———— CORRECTION +14/714H RESIDUAL IN »
2 32HNEWTON {OULD ONLY BE RECUCED TO +E124¢919H INSTEAD OF o ELOW
3 yEl2.2979%44H FURTHER MESH REFINEMENTS ARE NOT ALLOWED. /»
4 52H IF UPON TERMINATION TOL HAS NOT BEEN REACHED THE/
5 41H PRDBLEM REQUIRES A LONGER COMPUTER WGCRD/)
316 FORMAT(LHO.27H NEWTON DOES NOT CONVERGE /20H FCR MORE DETAILED
2 23HOUTPUT USE PAR{(3) = 1./ 34H TRY CONTINUATION, BETTER INITIAL
3 ZEHVALUESy AND/OR A FINER MESH/)
ENC -
SUBROUTINE SYSLIN{Msy Ny Py Ry Xy Y, JACUOBs Als Bls A, Cy DEL,
2 CASI, SINGy IRy ICy UUy RESs LIN) ' ‘

COMMCN /NEWT/ F{350)s HX{50)s SK(350)y TEMP{7)» GRADF{350)y NU
DIMENSION Xi{1l)s Y{1)y AL{(T, T}y BliT7s 7}
1 UUL350)y RES(350), A(350, 7))y CU(350y 7)s DELLTy 350)

INTEGER IR(50y 7))y IC{50y 7)s 1CAL{7)y P, P1, PM, Ry Ri

LOGICAL SINGs CASIs LIN

EXTERNAL JACCB

CASI = ~TRUE. NO DECOMPOSITICN

IF (CASI) GO TO 1000
HAe ¥ THATLS €K k%
PL=pP -1
N1 i

noiou
P-4
|
P
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RL = R - 1

‘CCNSTRUCTION OF A,.C,DEL

CALL JACOB{(Xy Yy Cys NsAl,.B1)
IF (P .EQ. 0) GO TO %0
DO 51 =1, P

DC 5 4 = 1s M )

AlIy J) = AllI4 J)

DO 40 II = 1,y N1 , : S . : .

HL = S5EOQ0*HX{I1) : . ' : . Lo ~

Il = (11 - 1M + 1 ' ‘

12 = 11 + MMP - B - __ B
IT = 0 . | L
D0 20 . '

ey
©
[

1, M
A{IPy J) = — HI%C(I, J)
IF (IT <EQe J) ALIPy J)} = ALLIPy J) - l.
CONTINUE ‘
I3 12 + M
14 I1 + Pl o :
IT 0 !
IFIP LEQ. Q) GO TO 35 '
pDC 30 1 = 11y 14
IT = 17 1
0o 30 J 1, M
: M = + M
1317 I3 + I7
1217 12 + IT
A{IM, J) = = HI*CUI3IT, J)
Clly J) = — HI%*CLI21IT, J)
IF (IT + Ml .NE. J) GC TO 30
AlIMy J) = A{IMy J) + 1.
Cllye J) = ClIy J) - 1.
CONTINUE
IT =0
DC 40 1
- IP =

W on

+

LT |

I7
M
DO 40 J = 1y M

C{IPy J) = — H1%2CUIMy J) -

IF (IT .EQ. J) CUIPy J)} = CLIPy J) + i,

CONTINUE

I1 = NI¥M + PM )
I2 = N*M ' A
IT = , , . - S
DO 50 1 = 11, 12 ' , o
IT = IT + 1 ' : . o ' : N
DO 50 J = 1y M C . ' . .
Aliy J) = BILIT,y J)
IF (R .EQ. 0) GO TOU 500G .
DO 100 1 = 1, R
DC 100 J = 1, M
IPLUSP = I + P :
DEL(Is J). = ALLIPLUSP, J)
IF (LIN) GO TO 700

COMPUTATION OF = GRADIENT

IT =20
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D0 540

I =1y N
I1 = {1 - 1)*NM
12 = 1§ - Mi
I3 = %M
DO 540 J = 1, M
IT = IT + 4
TJE = O

DO 510 JJ = 1, M
110 = I1 + 34 '
510 TE = TE + A{11J,y JI*RES(I1J)
IF (1 .EQe NJ) GO TO 525 '
DO 520 JJ = 1, P '
11d9 = 11 + JJ
1349 = 13 + JJ
520 TE = TE + Cl11JJdy JIXRES(I34J)
525 IF {1 .EQe 1) GO TO 53S
DO 530 JJ = 1, Ml
129 = 12 + JJ

530 TE = TE + C{12Jy JI*RES{]120}
53¢ 11d = 11 + J :
540 GRADF(1ILXJ) = TE

IF (R .EQ. 0) GG TO 700
I3P = N1*M + P
DG 560 4 = 15 M
TE = Q.
CO 550 1 = 1y R
I3PI = I3P + |
550 . TeE = TE + DEL(Iy JI*RES(I3PI)
560 GRADF{J) = GRADF(J) + TE _ ‘ _ v
700 CALL DECOMPiA, Cy DELy My Ny Py Ry IRy ICs SINGs, ICA)
: IF {SINGY GO TO 2000
1000 CALL SCLVE(A, Cy DELs RESy My Ny Py Ry IRy IC, UU)
2000 RETURN
ENC —
SUBROUTINE DECOMP{As Cs DELs My Ny Py Ry IRy ICy SINGy ICA)
LOGICAL SING ‘
DIMENSIGN A(350y 7)y C(350y 709 AUX(1l4s T),
X DEL{7y 350) '
INTEGER IR{50y 7}y IC(504 7)y ICA(7)y Py Pis R

SING = JFALSE.
PL =P + }
 MP =M + P
= N~-1

N1 -

MAIN LGOGP

OO0

DD 5000 I1 = 1. N1
i IX = tI1I - 1)%M
I1xXM IX + M
Ixl iX - M
DO T I = 1y M
IC(II, I) = 1
IR(1Is 1) =1
DO 7 4 =1y M
i XACDI = IX + 1 '
K AUX{Iy J) = A(IXADDIy J)
. IF (P) 200420045
5 DO 81 = 1,4 P
IADDM = 1 + M
IXADDI IX + 1
poC 8 J 1y M

i M

ATt
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AUX (IADOMy J) = C(IXADDI, J)

RECUCTION OF FIRST P ROWS OF Al(II)

DO 00 1 = 1, P

TE = 0.

DO 10 4 =1y M
Y = ABS{AUX(I,
IF 1Y .LE.
TE = ¥
IPIV = J
CONTINUE

d1N
TE) GO 70 10

IF {TE .EQe 0.) GO TO 9959

COLUMN INTERCHANGES

IF LIPIV +EQs 1) GO
ITE = IC(11, 1)
IC{II, I} = IC(11,
IC{I1, IPIV) = ITE
DG 20 IS = 1, MP

TE = AUX(IS, I)

AUX(IS

AUX(IS,
IF {11 .EQ. 1)
I1 = IXI + Pl
12 = [X1 + M
DO 23 IS = 1i, I2
TE = C{1S, 1)
C{ISy 1) = CULISy
C{1S, IPIV) = TE

IPIV) =

CONT INUE
FACTORIZATION‘

AK = L./AUXETy 1)
I1=1+1 :
DO 25 IS = 11y MP
XMU = AUXIIS,
AUX(ISy 1) = XMU
DO 25 JS = Iis M
AUXT ISy JS)
CONTINUE

£O 300 J = Ply M

00 210 1 = Jy MP
Y = ABS{AUX{I,
IF 1Y .LE. TE)
TE = Y
irp =1
CONTINUE

I) = AUX{IS,
TE
GG TG 22

T0 22

IPIv)

IP1IV)

IP1v)

I)*AK

AUXUISy JS) — XMURAUX(I, JS)

Ji)
GO T0 2i0

IF (TE <EQe 0.) GO TO $999

RCW INTERCHANGES

IF (IPP .EQ.
Ipiv = IPP - P~

P =J4-7"P

ITE = IR{1I1, JP)
IR(I1s JP) = IR(IIl»
IRUILy IPIV) = ITE

J) GO TO 260

1P1IV)



OO

ae0

220

230
240
250
260

280
300

3i0

© 350

353

355

360

365

370

CONTIN

DO 220 JS = 1y M
TE = AUX(Jy J
AUX{Jy JS) =
AUXTIPP, JS)

111 = IX + J

112 = Ix + IPP

IF (IPP iGT. M)

DO 230 JS =1, M
TE = CUIILl, J
CULIILy JS)
(112, JS)

UE | |

GO TO 260 _

0O 250 JS = 1, M
TE = C(II1, J
ClIIly JS) =
ALII2y JS) =

FACTORIZATICN

IF (J <EQ. M) GO

AK = 1.7AUXLdy J

Ji =4 + 1 »

DG 280 IS = Jl,
XMU = AUX(ISy
AUXLIS, J) =

DE 280 J4S = J
AUXT ISy JS
CONTINUE

A-87

S)
AUXLIPPy JS)
= TE

GO TO 240

S}
Cl112, J9)
TE '

S)
AlLL1I2, JS)
TE

T0 300
)

MpP

J )1 *AK
XMy
le M

) = AUX{ISy JS) — XMUAUX{J,

RESTORING Bl(II+1) ANC AL(II)

IFL P
11
00

.EQ. 0) GO TO 35
= M - P + 1

350 IS = 11, M
1P = IRUILs IS)
IF (IP +EQe IS)

ISP = IS+ P + 1

IPP = 1P + P + 1
DO 310 JS = 1, M
C(isSP, JS) =

CONT INUE

1S
1sp
DG

Js
IF
e
IF
Js
GG

INI
ICA

CONTINUE

3

GO T4 350
XI
X

A(IPP, JS).

00 355 1 = 1y ¥

IXADCI = IX + I
DO 355 J = 1, M
ALIXADDIy J)

= IX + 1

= [X + P

360 JS = Le M
ICALJS) = 1IC{I1,
=1

{JS <GE. M) GO T
= [CALJS)

{IP .NE. JS) GG
= Js + 1

10 365

= JS
({INI) = INI

= AUX(Iy J)

Js)
0 408

T0 370

Js)

ORI
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COLUMN INTERCHANGES FOR Bl(1I+l)

IF(f .EQ. 0) GO TO 400
DO 375 11 = IS, ISP
TE = ClI1, INI)
Ctil, INI) = CUil, IP)
clIi, 1P) = TE
CONT INUE
IF (R .EQ. 0) GO TG 407

COLUMN INTERCHANGES OF O(II)

IPP = IX + 1P
JX = IX + INI
DO 406 ISSSSS = 14 R
TE = DEL{ISSSSS, 1PP)

DEL{ IS555Sy IPP) = DELLISSSSS, JX)

DELL ISSSSSy JX) = TE
INI = P
IP = ICA{1P)
ICACINI) = INI
IF {IP .NE. JS} GG TO 373
Js = Js + 1
GC T0 365

IfF (R «EQ. 0) GO TO 429
SCLUTION OF DE{III*AL(II)=—¢DELTA(II)?

d3 = IX + 1
DO 422 IS = 1+ R

DO 416 JS = Il IXM
TE = DEL(IS,y JS)
JSX = 4S5 - IX ' :

CIF (JS <EQ. I1) GO TO 41
Ji = J4s -1
DO 412 KS = 11, Jl
"TE = TE — DELIISy KSI*A(KS,

DELLISy JS) = TE/ALJSs JSX)
CONTINUE

ML = M - 1

DO 420 J4S = 1, Ml
J = IXM — JSs
TE DELLISy J)
Ji J+1
DO 418 KS = Jl,y IXM
JIX = J - IX

TE = TE — DEL{ISy KS)I®A(KS,

DEL{ISy J) = TE '

CONTINUE

COMPUTATION OF OE(II¢1)=-DE{il)*GA(II)

IXP = IX + P1
DO 424 IS = 1s R
BO 424 J4S = iy M
TE = 0. :
DO 423 KS = IXPy IXM
TE TE -~ DEL(ISs KS)I*CL(KS,

I XMJS IXM + JS
DELUIS, IXMJS) = TE

JSX)

JIX)

SR

.
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SOLUTION OF BE(II+#1)*AL(II}=B(II+1)"

429 11 = IX + 1
IF{P .EQ. 0) GO TO 5000
12 = IX + P
DO 600 IS = Il, 2
DO 450 JS = 1, M
IXJS = IX + JS
TE = CLISy JS)
IF (JS .EQ. 1) GO TO 440
J1 = Js — 1
DO 430 KS = 1, J1
IXKS = IX + KS |
430 TE = TE — CUISy KS)I®ACIXKSy JS)

440 : CLISy JS) = TE/ALIXJISy JS)
450 : CONTINUE
ML =M-1i
O 480 JS = 1y M1
J=M-J5
TE = ClIS, 42
Ji = J + 1

DO 460 KS = Jil, M
IXKS = IX + KS
460 ~ TE = TE = C(ISy KS)*AUIXKSy J)
CUIS, J) = TE .
480 CONTINUE

CCMPUTATION. OF AL(II+1)=A{II+1)-BECII+1)}*GAL(II)
ISM = IS + M :
CO 500 JS = 1y M
TE = A(ISMy JS)
DO 490 KS = Ply M
. IXKS = IX + KS§
490 TE = TE ~ CUISy KSI*CLIXKS, JS)
560 ALISM, JS) = TE
6040 CONTINUE
5000 CONTINUE
COMPLETE COMPUTATION OF ALFA{N)
I2 = N1*¥M
11 = 12 + P »
IF {R <.EQ. 0) GO TGO €000
DO £100 IS = iy R
11S = I1 + IS
. D0 5100 JS = 1, M
: 1248 = 12 + JS
5100 A(I1Sy JS) = ALI1Ss JS) ¢+ DELUISy 12JS)
L U DECOMPOSITION OF ALFA(N) (COLUMN PIVOTING)
6000 14 = I1 -~ M + 1
I1 =12 + 1
I3 = N=M - }
I8 = 12 + 1

DO 6050 I = 1y M

6050  IC(N, I} =1

DO 7000 I = 11, I3

TE = 0.
DC 6100 4 = 10 ¢ M
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6200

€30C

(aNaNyl

6500

6600
7000

9699

T

i0
12
15
.50
¢
c

" IF

. . A-90
Y = ABS(A(I, J))

IF (Y .LE. TE) GO TQ 6100
TE = ¥

IPIV = J

CONTINUE |

(TE .EQ. 0.) 60 TO 9999

COLUMN INTERCHANGES

IF

{IPIV .EQ.

ITE = IC(N, 10) :
ICINy, 10) = ICENy IPIV)
IC{N, IPIV) = ITE

ba

DG

6200 IS = Il. I8

TE = A(IS, 10)

A(ISy 10) = ALISy IPIV)
AL IS,y IPIV) = TE

€300 IS = I4y 12

TE = CUIS, 10}

C{ISy 10) = CLISy IPIV)
CUIS, IP1IV) = TE

FACTORI ZATICN

AK

1C0i

17
be

RETURN

SING

RETURN

END

SUBROUTINE SCLVE{A, Co DELy Yy M,
DIMENSION A{350,
2 U€3s0i, Y(350)

= 1l./7Atl+ 10}

= 10 + 1
.=1+1

6600 IS = 17, I8
XMU = A(IS,y I0)*AK
A(ISy 10) = XMU

DO 660C JS = 101y M

« TRUE.

INTEGER IR(504y 7)y ICI50y 7}y P,
Ml=M-1 :
N2=N+1
Ni=N-1
Pi=P-1
PZ=P+}

IF(P .EQ..0) GO 70 12

DC 10

i=1, °p

X{t1y) = vil1)

MN =

DO 15

M%*Ni
I =1y M

MNACDI = MN + ]
X{MNADDI) = YU(MNACDI)

DO S0
IX
DG

I = 1s Ni

= {I - 1)*M + P

50 J = 1y M

IXP = IX + IR(1y J)
IXd = IX + J '
XUIXJ) = YUIXP)

SOLVE L * Y

I10) GG TGO 6500

. AUISy JS) = A(ISy JS) — XMU*A(I, JS)
CONTINUE ' A

Ny Py Ry IRy ICy» U)

7)y C{3504 7}y DEL(7y 350)y X{(350),

Ry PLy P2 -

=x-,

W
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IF(P .EQ. 0) GO T0C 110
DO 100 1 = 24 N
11 = M¥(] - 2) + 1
12 = 11 + P1
- I11 = 11 - 1
IF(P .EQ. 0) GO TO 110
DO 100 J = 11, I2
JM = J + M
TE = X{JM)
CO 80 K = 1, M
I1iK = 111 + K

TE = TE — ClJy KI*X(ILiK)
XtJdM) = TE
NIM = Ni*M

IXN = NIM + P _
IF (R .EQ. 0) GO TO 135
DO 130 I1 = 1y R
I1 = IXN + 11
TE = X{I1)
CO 120 4 = 1,y NIM
1E TE — DEL{II, J)%*X1{J)
X{13) TE ‘

[

SOLVE U * Z

DC 200 I =19 N

II = N2 - 1

10 = (11 - 1)*M
11 = 10 + 2

12 = 1I*M

If {1 -.EQ. 1) GC TO 148
DO 145 J = P2y M

64 = 10 + J

TE = X{10J)

DO 140 K = iy M

- 12K = 2 + K

TE = TE - C(I0Jy K)*X{12K])

X{104) = TE
DC 160 J = I1l, I2
Ki = 4 - 11 + 1
TE = X{J4)
00 150 K = 1, K1
I0K = I0 + K
TE = TE — Alds KI*X{I0K)
X(J) = TE
X{I12) = X(12)/A012, M)
DO 200°d = 1, M1
Ji
1E
K1
DG
= 10 + K
= TE — A{Jl, KI*X{IOK
J110 = J1 - 10
X(J1) = TE/ALJl, J110)

-t g oW

)

INTERCHANGES IN X

D0 250 I = 1+ N
IX = (1 — 1)*M

Y



C

250

O 250 4 = 19 M
IXP = IX + IC(1,
IXd = IX + J
ULIXP) = XLIXJ)

RETURN
END

J)
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