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ABSTRACT OF THE DISSERTATION

Mechanical Instability in Soft Materials

by

Xudong Liang

Doctor of Philosophy in Engineering Science (Mechanical Engineering)

University of California, San Diego, 2018

Professor Shenggiang Cai, Chair

We are surrounded by soft materials in a variety of physical and chemical states, which can
be easily deformed under external stimuli. When subjected to sufficiently large compression,
electric voltage, gravity or impact, soft materials may undergo mechanical instabilities of various
types. The instability modes can be either linear or nonlinear, depending on the form of
perturbation when the instability set in. When the material is a pressurized dielectric elastomeric
film under high voltage, snap-through instability is linear with finite change of volume, while the
bulge-out mode is nonlinear with a localized deformation. In terms of surface instability, wrinkles
are linear instability mode with undulations finite in space with infinitesimal strain deviating from
the smooth state, while creases are localized nonlinear modes with large strain deviating from

smooth state. If a soft material is subjected to high speed impact, both the viscoelastic behaviors

Xiv



of the material and inertial effect are involved, and the mechanical instability is coupled with the

wave propagation, finally leading to highly nonlinear instability mode.

We start with the instability analysis of a pressurized dielectric elastomeric film subjected
to high voltage. By adopting ideal dielectric elastomer (DE) constitutive model, we show that
linear perturbation analysis can capture the shape bifurcation in a spherical DE balloon. However,
nonlinear bulge-out shape with a highly localized deformation appears as constraints of the
boundaries of the film is applied. A competition between the surface instability modes between
the wrinkle and crease is studied in both experiment and theoretical analysis under a deformation
mode called eversion, and crease is shown to form prior to wrinkle with lower critical strain to set
in. A transition between the wrinkle and crease instability happens when gravity becomes
important. We measure the dynamics of soft elastomeric blocks with stiff surface films subjected
to high-speed impact, and observe wrinkles forming along with, and riding upon, waves

propagating through the system.
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Chapter 1 Introduction

1.1 Mechanical instability in Soft materials

We are surrounded by soft materials in a variety of physical and chemical states, which can
be easily deformed under external stimuli. Soft materials prevail in the animal world [1], which
are essential for the living beings to adapt to the fast changing and complex natural environments.
A vast majority of the animals are fully soft-bodied without stiff skeletons [2], including animals
like jellyfish, inchworms, octopus [3] (Fig. 1.1a-c). Even animals with stiff exoskeletons (e.g.
insects) or endoskeletons (e.g. human) are either spending a long-lived lifetime stages with a
completely soft body (maggots, grubs, and caterpillars) or are mainly composted of soft tissues.
For example, the human skeleton typically contributes only 11% of the body mass of an adult male,

whereas soft muscle contributes an average 42% of body mass [1].

In the engineering applications, the recent rapid developments in soft materials have
inspired a new wave of researches that aims at using soft materials in the complex environments
and handling the unexpected interactions with human [1, 4-8]. Soft robotics [4-6, 9-13] built with
soft materials permit more adaptive and flexible interactions than traditional robots composed of
rigid materials like alloys, metals and magnets. (Fig. 1.1d). The application of soft materials in
electronics [14-17] is revolutionizing the traditional stiff, silicon-based electronic circuits and
transforming them into a more conformable, biodegradable system (Fig. 1.1e). Soft materials also
open up new prospects for bioengineered and biohybrid devices [7, 8, 18-20], by interfacing living
cells with highly organized, stimuli-responsive soft materials that are able to mimic the natural

living systems (Fig. 1.1f).



Figure 1.1: Soft materials in nature and engineering applications. They are major components in
animals of (a) jellyfish [3], (b) inchworm and (c) octopus [1], in engineering applications of (d)
soft robotics [1], (e) soft electronics [21] and (f) 3D printing soft tissues [20].
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Figure 1.2: Mechanical instability in soft materials in nature (a) and in engineering applications (b)
across multiple length scales [22].



Recent progress in soft technologies embodied in different areas have greatly inspired the
researches of the mechanics of soft materials [23-40]. Compared to the traditional materials, the
outstanding capacities of undergoing large deformation and multiple-field actuations in soft
materials endorse them great advantages in engineering applications. However, great challenges,
like the mechanical instability of soft materials, are also met during their applications [41, 42].
Different types of mechanical instabilities have been identified in both natural and engineering
systems, from nano- to macro scale as shown in Fig. 1.2 [22]. Mechanical instabilities can occur
at the surface or interior of soft materials, form due to various loadings, such as compression or
eversion and are induced by multiple external fields, like gravity force or electrical field. The
mechanical instabilities phenomenon not only manifest the beauty of nature [43, 44], being critical
to the survival and well-being of the living organisms [45-52], but also have recently been

harnessed to give tunable topographic features in engineered systems [53-58].

This dissertation studies the mechanical instability in soft materials under various loading
conditions and interactions with multiple fields. Soft materials are usually much more deformable
than the stiff materials and highly sensitive to the external stimuli, making them accessible to new
and various modes of instabilities easily. The mechanical instability can be either linear or
nonlinear, depending on the form of the perturbations when the instabilities set in. The wrinkle
and the snap-through instability have been identified for a long time via linear stability analysis,
while the crease and the localized bulge-out instability are highly nonlinear, which were recently
identified experimentally. The following sections provide an introduction to both the linear and

nonlinear analysis of the mechanical instabilities.



1.2 Linear analysis of mechanical instability

The linear mechanical instability mode is an equilibrium state predicted via linearization
of the complex incremental deformation in the neighborhood of a known equilibrium state [59-
61]. For example, wrinkle is assumed to be a periodic undulation with infinitesimal strain deviating
from a smooth state (Fig. 1.3a) [62-65]. Therefore, by assuming an incremental periodic
deformation over the smooth state is also an equilibrium state, the linear perturbation analysis is
able to predict the critical loadings and wavelength of the wrinkle instability. The linear
perturbation analysis formulates an incremental boundary value problem with the smooth state as
a reference state, and the onset of wrinkles corresponds to the non-trivial solution to the
incremental boundary value problem, which is an eigenvalue problem [61, 62]. The smallest
eigenvalue is the critical loading for the onset of the mechanical instability, while the
correspondent eigenvector represents the wrinkle wavelength. Such a instability is also known as
a bifurcation instability, with multiple equilibrium states that exists in a neighborhood of a known
equilibrium state (Fig. 3b) [66]. Biot has used this method to study the surface instability of a
hyperelastic half space and interfacial instability of two hyperelastic half spaces [67, 68]. Ogden
further studied the problem of the incremental deformation superposed on an underlying finite
deformation [61]. By considering the thin film as a von Karman plate under the assumption that
the film thickness is much smaller than wavelength of wrinkles and modeling both the film and
substrate as linear elastic materials, people further developed nonlinear theories of wrinkles, which
can not only predict the initiation of wrinkles, but also study the growth of the amplitude of the

wrinkles under small strains [69-77].
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Figure 1.3: Linear mode of mechanical instability in soft materials. (a) Wrinkle instability in film-
substrate system [78]. (b) Phase diagram of the bifurcation instability. (c) Snap-through instability
in balloon structure [79]. (d) Phase diagram of the limit point instability.

The snap-through instability in a pressurized elastomeric balloon represents a different type
of linear mechanical instability mode in soft materials [80-89]. Instead of bifurcating from an
equilibrium state with infinitesimal deformation, finite deformation is found when the mechanical
instability happens at the extreme points of loadings (Fig. 1.3c) [80, 82-84]. The snap-through
instability is also known as the ‘limit-point’ instability [66]. For example, when an elastomeric
balloon is pressurized, it is difficult to inflate at first, and then its radius may increase dramatically
and rapidly, with little or no effort to produce after the snap-through instability (Fig. 1.3d).
Although the deformation is finite, the linearized incremental deformation is proved to be able to
capture the deformation during the snap-through instability. The linear mechanical instability

predicted through linear perturbation analysis are widely adopted to explain the snap-though



phenomenon observed experimentally in elastomeric balloon [80, 83, 84]. Gent was first one to
relate the snap-through instability with the stiffening in rubber-like material [90]. Ben Amar
further studied the inflation jump instability for the development and rupture of intracranial
aneurysms [91]. Suo et. al recently has recently achieved a giant voltage-induced deformation with
area expansion by 1692% by placing a dielectric elastomer membrane near the verge of the snap-
through instability, triggered the instability with voltage and bent the snap-through path to avert

electric breakdown. [79, 92].

1.3 Nonlinear analysis of mechanical instability

The theoretical analyses carried out by Biot about five decades ago predicted that the
surface of an incompressible neo-Hookean elastic material would become unstable, where a
sinusoidal wave was formed when a compressive strain of 0.46 was applied to the free surface
under a plane strain condition [67, 68]. However, Biot’s prediction of smooth wavy surface
instability in a large block of elastomeric material has not been observed experimentally. Instead
of forming wrinkles, creases have been observed routinely on elastic blocks under compression
[93, 94]. Gent and Cho observed a sharp crease occurred on the surface with a compression strain
of 0.35 when bending a rubber blocks [93]. Ghatak and Lal Das further showed that crease was an
elastic response of material, which resulted in extreme localization of curvature and was mediated
by dual effects of local defects and inter- and intramolecular interactions [94]. Hohlfeld and
Mahadevan [49] used numerical methods to simulate the formation of crease and showed that it
was a scale-free, subcritical nonlinear mechanical instability different from Biot’s solution. The

numerical method was further explored by Hong [95] and Cai [96-98], who discovered that the



critical strain for the onset of creases was 0.35, which agrees well with the experimental

observation of Gent and Cho [93].

Figure 1.4: Nonlinear instability mode in soft materials. (a) Crease of Liangfen (a starch gel) due
to bending (left) [95], and cross-section view of creases (right) [98]. (b) Localized bulge-out in
planar balloon under electric field [79]. (c) Dynamic wrinkle formation under high speed impact
(courtesy of Prof. Nicolas Boechler).

The difference is due to the fact that Biot linearized the boundary value problem around a
state of finite deformation with a linear incremental deformation, and predicted the solution of a

smooth, wavy surface of infinitesimal strain deviated from the surface. By contrast, crease



nucleates at a point with an upper critical strain and is an essential singularity out of the linearized
spectrum [49, 95]. Creasing and wrinkling instability are two distinct surface instability modes
characterized by localized singular folds and continuous smooth undulations, respectively. The
sharp localized crease tip, and the self-contact cross-section of crease (Fig. 1.4a) is very different
from a wrinkle [98]. Recent researches on creases have shown that the strain for the onset of
creases cannot be predicted by linear perturbation analysis [49, 95-98]. Instead, a combination of
numerical calculations and energetic analysis, adopted in the previous studies [49, 95, 98],

precisely predicted the strain for the onset of the crease.

Nonlinear mechanical instability also appears when soft materials are stimulated by
external fields [99-101]. For example, when a dielectric elastomer membrane is loaded with both
internal pressure and electric voltage, in addition to the linear instability mode of snap-through
instability, an unusual deformation of the dielectric elastomer membrane with a localized bulge-
out that expand significantly more than its neighboring area emerges as a nonlinear mechanical
instability mode as shown in Fig. 1.4b [79]. The localized bulge-out instability mode is different
from the snap-through instability mode predicted from linear perturbation analysis, as the highly
localized and nonlinear deformation cannot be captured by solving the linearized incremental
boundary value problem [99]. Nonlinear field theory for elastic dielectric accounting for the
coupling between mechanics and electricity was originally proposed by Toupin [102]. Relevant
studies of elastic dielectric were further developed by Landau and Lifshitz [103], Eringen [104]
and Tiersten [105]. The theory has been re-examined in recent years due to the rapidly growing
applications of dielectric elastomer. Constitutive models of dielectric elastomer accounting for
large deformation have been developed to explain diverse experimental observations and also

provide guidelines for designing new dielectric elastomer devices [26, 27, 106].



In addition, the dynamic loading can also lead to a nonlinear mechanical instability in soft
materials [107-110]. When a soft elastomer block containing a stiff surface film that is subjected
to high speed plate impact, the impact launches a large deformation, high strain rate compression
wave that induced localized surface wrinkle formation as a result of elastic surface instabilities
[108, 109]. Such dynamically evolving morphologies of surface instability resemble wrinkle “ride”
the wave propagation through the substrate as shown in Fig. 4c. While the quasi-static wrinkling
commonly observed in a stiff film over soft substrates and successfully predicted via linear
perturbation analysis, wherein inertial effects are ignored, the dynamic formation and propagation
of such surface wrinkle subjected to high-speed impact can be highly nonlinear and cannot be
predicted through linearized stability analysis. The viscoelastic behaviors of the soft elastomers
under high speed impact and the wrinkles formation alongside with the wave propagation through
the substrate induce the nonlinear mechanical instability mode. Recent studies of mechanical
instability in soft materials have explored the dynamics of viscoelastic matrices subject to dynamic
loadings [111, 112]. In contexts directly related to wrinkling of stiff films on viscoleastomeric
bases, recent studies have also theoretically explored the dynamics of wrinkle growth and
coarsening, as well as experimentally studied the slow dynamic growth and reorganization of folds
under biaxial compression, slip dynamics of ripple dislocation, and evaporation driven wrinkle

growth [113-115].

1.4 Outline of this dissertation

This dissertation studies mechanical instability in soft materials under different loading

conditions and interactions with multiple fields. In Chapter 2, we study the deformation of a



dielectric elastomeric balloon under the action of an internal pressure and an electric voltage. A
linear perturbation method is adopted to predict the linear mechanical instability mode of the
dielectric elastomeric balloon under homogeneous deformation. In Chapter 3, we perform
numerical simulations to examine the nonlinear mechanical instability mode of a dielectric
elastomeric balloon under inhomogeneous deformation. In Chapter 4, we studied the instability of
elastomeric tube under a finite deformation of eversion. The nonlinear mechanical instability mode
of crease is shown to form prior to the formation of wrinkle instability. In Chapter 5, we study the
effect of gravity (body force) in the transition between the mechanical instabilities of crease and
wrinkle. The conditions for the transition between the wrinkling and creasing instability are

determined. Chapter 6 concludes the study in this dissertation.
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Chapter 2 Shape Bifurcation of a Spherical Dielectric
Elastomer Balloon under the Actions of Internal

Pressure and Electric VVoltage

Under the actions of internal pressure and electric voltage, a spherical dielectric elastomer
balloon usually keeps a sphere during its deformation, which has also been assumed in many
previous studies. In this article, using linear perturbation analysis, we demonstrate that a spherical
dielectric elastomer balloon may bifurcate to a non-spherical shape under certain
electromechanical loading conditions. We also show that with a non-spherical shape, the dielectric
elastomer balloon may have highly inhomogeneous electric field and stress/stretch distributions,
which can lead to the failure of the system. In addition, we conduct stability analysis of the
dielectric elastomer balloon in different equilibrium configurations by evaluating its second
variation of free energy under arbitrary perturbations. Our analyses indicate that under pressure-
control and voltage-control mode, non-spherical deformation of the dielectric elastomer balloon is
energetically unstable. However, under charge-control or ideal gas mass-control mode, non-

spherical deformation of the balloon is energetically stable.
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2.1 Introduction

A soft dielectric membrane can deform by mechanical stretching or applying electric
voltage across its thickness. Experiments are abundant showing the interplay between electric field
and mechanics in dielectric elastomers [116-119]. For instance, voltage-induced deformation in a
free standing dielectric elastomer membrane can hardly exceed 40% due to electromechanical pull-
in instability [120], while a prestretched dielectric elastomer membrane or the membrane subjected

to a dead load can deform as large as several hundred percent by voltage without failure [79, 121].

Due to the electromechanical coupling, high energy density, easy fabrication and relatively
low cost, dielectric elastomers have been recently explored intensively in diverse applications,
including artificial muscles [122-125], haptic devices [126, 127], micro-pumps [128-131] and
adaptive lens[132-135] to name a few. Among all dielectric elastomer devices, spherical balloon
is one of the most frequently used geometries. For example, dielectric elastomer balloons have
been proposed to make reciprocating or peristaltic pumps by Goulbourne [129, 130]. Dielectric
elastomer balloons have also been developed into tactile devices [4] and spherical actuators and

generators.

The wide applications of dielectric elastomer balloon have motivated recent studies of their
deformation under different electromechanical loading conditions. Zhu et al. [117] formulated
nonlinear vibrations of a spherical dielectric elastomer balloon subjected to a constant internal
pressure and an AC voltage. Rudykh et al. [136] predicted snap-through actuation of a thick-walled
dielectric elastomer balloon. Li et al. [79] successfully harnessed electromechanical instabilities

of a dielectric elastomer balloon to achieve giant voltage-induced expansion of area.
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While the deformation of a dielectric elastomer balloon subjected to a voltage and internal
pressure has been intensively studied, in most previous studies, spherical deformation is assumed
if the dielectric elastomer balloon is initially a sphere. Little efforts have been made, if any, in
studying possible non-spherical deformation in a spherical dielectric elastomer balloon subjected
to electromechanical loading. However, on the other hand, non-spherical shape bifurcation has
been observed in experiments and predicted in theories for a spherical elastomer balloon only
subjected to internal pressure. For example, Alexander [80] has reported the observation of non-
spherical deformation mode in a neoprene spherical balloon in the inflation process. Linear
perturbation analyses, conducted by different researchers [81, 83, 137], predicted the existence of
non-spherical deformation mode in a spherical elastomer balloon subjected to internal pressure.
Moreover, Fu et al. [84] have recently conducted stability analyses on the non-spherical
deformation mode and shown that in certain loading conditions, the non-spherical configuration

of the balloon can be stable.

Additionally, in the experiments conducted by Li et al. [79], a region on the top of the
dielectric elastomer balloon bulged out significantly when the voltage was high. This phenomenon
cannot be predicted by their theoretical model. This experimental observation, combined with the
previous studies of the elastomer balloon only subjected to internal pressure, indicates the possible
shape bifurcation of dielectric elastomer balloon subjected to a combination of internal pressure
and electric voltage. In this article, we study the shape bifurcation in a spherical dielectric
elastomer balloon subjected to internal pressure and electric voltage. We will also conduct stability

analyses for different modes of deformation under different electromechanical loading conditions.
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The chapter is organized as follows. Section 2 derives the field equations of a spherical
balloon subject to internal pressure and electric voltage. Section 3 describes the homogeneous
deformation solution of the balloon. We conduct linear perturbation analyses in Section 4 and
calculate inhomogeneous deformation of the balloon in Section 5. Finally, in section 6, we conduct

stability analyses on different deformation mode of the dielectric elastomer balloon.

2.2 Axisymmetric deformation of a spherical dielectric elastomer balloon

subjected to internal pressure and electric voltage

We investigate the deformation of a spherical balloon made by a dielectric elastomer under
the actions of internal pressure p and electric potential ¢, as shown in Fig. 2.1a. The radius of the
balloon in the undeformed state is assumed to be R. We assume the deformation of the balloon is
axisymmetric. A Cartesian coordinate x-z is introduced, with the origin located at the center of the
undeformed balloon, to describe the deformation (Fig. 2.1b). The coordinates of a material point

A in the undeformed state can be written as,

X =Rsing, (2.1)

Z =—Rcosé. (2.2)

After deformation, as shown in Fig.1b, point A moves to A’ with the coordinate,

X=X(0), z=12(0). (2.3)
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Figure 2.1: (a) Schematics of a dielectric elastomer balloon subjected to internal pressure and
electric voltage. (b) The balloon with axisymmetric deformation. Dash line represents the
undeformed spherical balloon and solid line represents shape of the balloon after deformation.

Let 21 and /> denote the principle stretches of the membrane in the latitudinal direction and

the longitudinal direction, so we have

A =XIX, (2.4)

1 [(dxY (dzY
4 =EJ(@) [@] | 25)

The force balance in the z direction and the direction normal to the z axis of the balloon

can be written as,

. dz
2S.Hsind— = pA x>, 2.6
2 40 pA, (2.6)

dx d .
SlE:Rﬂ2 E(stm@), 2.7
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where S; and S; are the nominal stresses in latitudinal direction and longitudinal direction, H is the

thickness of the balloon in undeformed state, which is a constant. Using the definition of A1 and A2,

and the geometrical relationship dx/d6=R22sina and dz/d6=RA2cosa, where a is the angle between

the tangential direction of the deformed balloon and the z axis (Fig. 2.1b), the force balance

equations (2.6) and (2.7) can be rewritten as,

sina

d4, _, sina
@—Az A, coté,

sin@

d—ﬂzz(sl—ﬂz aszj(asz jlsi.na_
deé o4 )\ 04, ) sin@

da S, cosa

as,\(es,)
B3

PAALR

dé S,siné@

S,H

The elastomer is assumed to be incompressible, namely,

Aoy =1,

where A3 is the stretch in the thickness direction of the membrane.

(2.8)

(2.9)

(2.10)

(2.11)

Constitutive model of ideal dielectric elastomer is adopted here to describe the

electromechanical behaviors of the balloon membrane [120]. The electric field E and the electric

displacement D is related by the linear equation,

D=¢E,

16

(2.12)



where ¢ is permittivity of the elastomer, independent of the deformation and electric field. The
electric field in the membrane can be calculated by E=¢/h, where ¢ is the electric potential
difference between the two surfaces of the membrane and h is the thickness of the membrane in
the deformed state which may vary from point to point. The electric displacement is equal to the
charge density, namely, D=dQ/da, where da is the area of an element of the membrane in deformed

state and dQ is the amount of charge on each side of the element.

The relation between the nominal stresses and the stretches are,

_W,(A %) 6E”
oh A

S, (2.13)

_OW,(4,4,) 6E

SZ
0%, %

(2.14)
where the first terms in both equations are elastic stress and the second terms are Maxwell stress.

Ws (71, A2) is the stretching free energy of the elastomer, for which we adopt Ogden model [138],

WL 2)= 3 5 4 25 () =), .19

r

where  is the shear modulus for infinitesimal deformation, ar and ur are the material constants. In
this article, we use the following material parameters: a1=1.3, @2=5.0, a3=-2.0 and ©1=1.491,

12=0.003, 13=-0.023. Inserting Eq. (2.15) into Egs. (2.13) and (2.14), we obtain that

S,= > [ﬂffl— ﬂla,jﬂ?arj—gz , (2.16)
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S, =3, [A;“— e i}—i . 217)

In the southern and northern poles of the balloon, we have the following boundary

conditions:
4,(0) = 4,(0), (2.18)

A (7)) = 2,(7), (2.19)

(0) =§, a(r)=-2. (2.20)

2

Using constitutive Egs. (2.12), (2.16) and (2.17), the right hand side of the Egs. (2.8)~ (2.10)
can be expressed as functions of 11(#), 12(6) and a(6). Together with the boundary conditions
(2.18)~(2.20), the deformation of the dielectric elastomer balloon under different eletromechanical

loadings can be calculated.

2.3 Homogeneous deformation

Apparently, homogeneous deformation of the spherical balloon is a solution to the

equations in sec.2, i.e,
A=k =1k, (2.21)
S =S,=S5,, (2.22)
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E=E, (2.23)

The value 4o, So and Eo depend on the loading conditions, namely, the magnitude of electric
potential ¢ and internal pressure p. Because the deformation in the balloon is homogeneous, the
electric field and stress in the balloon are also homogeneous. As a consequence, a combination of

Eqgs. (2.8)~(2.10) results in a single nonlinear algebra equation for determining stretch Ao:

pR
uH

[H\/—J o - ZZM(%“” ~4 ") =0, (2.24)

where pR/uH is the dimensionless pressure and go/(H ,u/g) is the dimensionless electric

potential. With knowing the homogenous stretch Ao, the volume of the balloon can be easily
calculated. Fig. 2.2 plots the volume of the balloon as a function of internal pressure for three
different electric voltages. All the three p-V curves have a N shape, which are consistent with the
results reported previously [84, 137]. Due to the N shaped p-V curve, it is known that under
pressure control, snap through instability in the balloon can happen when the pressure exceeds the

peak value in the p-V curve.
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Figure 2.2: The pressure-volume (p-V) relation of a spherical dielectric elastomer balloon
subjected to three different voltages. During the deformation, the balloon may keep a sphere which
is represented by the solid curves or become non-spherical which is represented by dash curves.
The circle and square dots stand for the bifurcation points predicted from the linear perturbation
analysis for spherical and pear-shaped mode respectively. Two adjacent deformation modes with
pressure of pR/(uH)=0.9and three different voltages are marked by triangles. The dash-dot

lines represent ideal gas law for two different mass of ideal gas, where mo is the mass of gas
molecules when pressure and volume are unity.

2.4 Linear perturbation analysis

With homogeneous deformation, the dielectric elastomer balloon keeps spherical shape.
However, as discussed in the introduction, non-spherical deformation in the balloon may also
happen. We next conduct linear perturbation analysis to investigate the dielectric elastomer balloon

bifurcating from spherical deformation to non-spherical deformation.
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Linear perturbation is performed on the state of homogeneous deformation with equal-
biaxial stretches Ao. The radial and tangential displacement perturbation d(¢) and 6¢(¢) are assumed

to be axisymmetric. So, the coordinates of any material point after perturbation can be written as,

X(0) = 4,Rsin6+ 6, (6)sin 8+ 6, (6) cos b, (2.25)

2(6) =—A,Rcos@—06,.(0) cos @+ 0, (6)sin 6. (2.26)

Generally speaking, the perturbations of the displacement may result in perturbations of
stretches 041 and 042, the nominal stresses 051 and 05> and the internal pressure dp. Consequently,

the force balance equations (2.6) and (2.7) can be rewritten as,

0 dz° doz
2H (S, +582)(@ 90 Jsm@ (p° +§p)(ﬂ2 +5ﬂ?)(x +0X)?, (2.27)
0 dx’  dox 0
(S! +5Sl)(@ dé’] R(AD + 5&2)—((3 +58,)sin6), (2.28)

The upper index “0” represents the variables in the homogeneous deformation state. All the
perturbations in Eqgs. (2.27) and (2.28) can be expressed by power series of dr(0) and o(6). To
investigate the critical conditions of the bifurcation, we only keep the linear order terms of 6¢(6)

and ot(6). Finally, we obtain the following eigenvalue equation of or,

Oas o 99 o, 08 35\ ,eo , 05 85
Cfeo 38 AP AR op (o, , 050 |
_c(sl ﬂn% Aﬂ%jt - av[sl+ jj s.dt,
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where t=cosd, C is a constant of the integration [83], and R is the radius of the balloon in the
reference state. Boundary conditions for Jr are 5+(0)=0 and & r(m)=0. Under pressure-control mode,
the last term in Eq. (2.29) is zero. Eqg. (2.29) is consistent with the equation given in [83, 86], and

it is also known as the Legendre’s equation and the bounded solution is,

5, (t)=DP (t) + At + B, (2.30)

where A, B and D are constants, and Pn(t) is the Legendre polynomial of order n. For each eigen

mode, there is one eigenvalue which corresponds to the critical condition for the bifurcation.

Detailed calculations show that the critical loading conditions for the eigen modes of J;
with n>2 is physically unrealistic, which is consistent with the conclusion given by Shield et al

[87]. So we next only focus on the first two eigen modes in the balloon.

For n=0, the eigen mode is a constant which corresponds to a homogeneous perturbation,

5,(0)=1,5,(6) =0, (2.31)

and the critical condition for the bifurcation is given by,

0 0 4175
250 By B 2ZRL P _4 (2.32)
oA, 04, H oV
For n=1, the eigen mode represents an inhomogeneous perturbation,
0,(0) =cosé, 6,(0) =0, (2.33)

and the critical condition for the bifurcation is given by,
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as

s s
0,

50— 4, =0

A, (2.34)

A combination of Egs. (2.16), (2.17) and (2.32) or (2.34) gives a nonlinear algebra equation
with single unknown Ao, which corresponds to the critical conditions of bifurcation for the mode

of n=0 or n=1.

I I I
1- Spherical
bifurcation
Pear-shaped
bifurcation
Z 0+
_1 -

0
X
Figure 2.3: Spherical and pear-shaped bifurcation modes calculated from the linear perturbation
analysis.

The bifurcation modes for n=0 and n=1 are both plotted in Fig. 2.3. Following literature,
we name n=0 as spherical bifurcation mode and n=1 as pear-shaped bifurcation mode. The critical
conditions for the bifurcation are also calculated and plotted in Fig. 2.2. The circle and square dots
represent the critical conditions for the spherical and pear-shaped bifurcation mode, respectively.
As expected, for the spherical bifurcation mode, the critical conditions coincide with the extreme

points in the p-V curve of the balloon with homogenous deformation.
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2.5 Inhomogeneous deformation

The bifurcation analysis conducted in sec. 4 predicts that inhomogeneous deformation
mode can exist in a spherical dielectric elastomer balloon subjected to internal pressure and electric
voltage. In this section, we conduct post-bifurcation analysis of the dielectric elastomer balloon by

numerically solving the governing equations of the balloon formulated in sec.2.

We use shooting method to numerically solve Egs. (2.8)~(2.10). Specifically, the values of
the three variables in the southern pole of the balloon are set to be 41(0)=12(0)=24a and a(0)=m/2.
Those values are used as the initial conditions and Egs. (2.8)~(2.10) can be numerically integrated
to obtain 11(6), A2(0) and a(#). We continuously vary the value of /4 until the boundary conditions

in the northern pole: A1(m)=A2(n) and a(m)=-1/2 are all satisfied.

With a given pressure and electric voltage, we can obtain the solutions for homogeneous
deformation of the balloon, which agree with the solution described by Eqg. (2.24). As expected, in
addition to the homogeneous deformation, for a certain range of pressure with different voltages,
we can also obtain the solution describing inhomogeneous deformation of the balloon, which is

also plotted in Fig. 2.2 by dash curves.

To quantitatively describe Fig. 2.2, we mark several key pressures for three different
voltages, which are maximum pressure pPmax, Minimum pressure pmin Obtained from the
homogeneous deformation and critical pressures for the pear-shaped bifurcations predicted from
the linear perturbation analysis: pcr1 and pero. All the four pressures depend on the magnitude of
the voltage. For a given voltage, when p<pmin (Or p>pmin), the balloon has one equilibrium solution,

corresponding to spherical deformation. For pmin<p<pmax, three equilibrium solutions of spherical
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deformation can be obtained, and a pear-shaped deformation mode exists if the pressure is between
the two critical pressures, namely, pero<p<per1. It is also shown in Fig. 2.2 that the electric field

applied to the dielectric elastomer leads to a lower critical pressure for the bifurcation.

Fig. 2.2 also shows that as the voltage is increased, the difference of the p-V curve between
the homogeneous deformation and inhomogeneous deformation increases. The results can be
qualitatively understood as follows: when the balloon bifurcates from a spherical shape with
homogeneous deformation to a non-spherical shape, the thickness of the balloon membrane
becomes inhomogeneous, which results in inhomogeneous electric field since the voltage across
the membrane is a constant. The inhomogeneous electric filed will induce inhomogeneous
Maxwell stress which in-turn further increases the deviation of the non-spherical bifurcated shape

from the spherical shape.

Fig. 2.4 plots the shapes and electric field of the dielectric elastomer balloon in two adjacent
deformation modes marked in Fig. 2.2. When the electric potential is zero, the differences of the
volume and the geometry between the spherical and non-spherical modes are almost negligible.
As the voltage increases, the volume and the geometrical difference between the two modes
become more and more obvious. For the non-spherical deformation mode, the electric field in the

balloon membrane is highly inhomogeneous.
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Figure 2.4: Calculated shapes and electric field in a spherical dielectric elastomer balloon in two
adjacent deformation modes (spherical mode and pear-shaped mode) marked by triangles in Fig.2.
When the electric voltage is high, large electric field concentration can be observed in the pear-
shaped mode (right column).
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Figure 2.5: Distribution of the electric field, stretch and nominal stress in the dielectric elastomer
inhomogeneous deformation modes for (p/(H ,u/g) =0.16 as

balloon for homogenous and

shown in Fig.4.
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Fig. 2.5 plots the electric field, stretch and stress distribution in the dielectric elastomer
balloon with the deformation modes as shown in Fig. 2.4 forgo/(H ,u/g)=0.16. Compared to

the homogeneously deformed state, the concentration factor of the electric field can be as large as
500% and the concentration factor of stresses and stretches can be as large as 200%. The high
concentration factor explains the experimental observations by Li et al. [79] that localized bulging
out in the dielectric elastomer balloon usually immediately leads to electric breakdown of the

dielectric membrane.

2.6 Stability analysis

In the previous sections, we have demonstrated that both spherically and non-spherically
deformed dielectric elastomer balloons can be in equilibrium states. However, it is still unclear
whether the equilibrium states we obtained are stable or not. In this section, we will conduct

stability analysis.

Following the energetic method adopted by different researchers [84, 88, 139], we first
derive second variation of the free energy of the dielectric elastomer balloon system. If the second
variation of the free energy of an equilibrium state is positive definite, the state is energetically
stable. On the other hand, if there is any perturbation which can lead to negative second variation

of the free energy of an equilibrium state, the state is regarded as energetically unstable.

It is also known that the stability of a structure depends on its loading method. In this article,

we focus on four different ways of applying electromechanical loadings onto the dielectric
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elastomer balloon. In terms of the mechanical loading, we consider either gradually increasing the
internal pressure or the number of ideal gas molecules inside the balloon, for which we call
pressure-control mode or ideal gas mass-control mode respectively. In terms of electrical loading,
we consider either gradually increasing the voltage across the thickness of the dielectric membrane
or the total amount of charge on its surface, for which we call voltage-control mode or charge-
control mode respectively. Consequently, we have four different combinations of
electomechanical loading method. We next derive the second variation of the free energy for the

four different cases.

In the pressure-control and voltage-control mode, the balloon, together with the pressure

and electric voltage forms a thermodynamic system with the free energy given by,

F = [ O, (2, ) +W, (2, 22)V,, — PV —Q, (235)

where Ws(41, 42) and We(41, A2) are strain energy density and electrostatic energy density of the

membrane, dVm=27HR%sin0d6 is the volume element of the dielectric membrane, and
\Y =J.0”7Z'X22Id9 is volume of the balloon. The relationship between electric displacement and

electric field in the dielectric membrane is assumed to be linear, the electrostatic energy is,
[ gE? -
W, (4, Z)av,, = | = |27HR?sin6do), (2.36)

where We(l1, 12)=¢E?/2 is the electrostatic energy density. Adopting the assumption of ideal

dielectric elastomer, D=¢E, and the definition of the electric displacement, D=dQ/da, we have,
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Q= |, (¢E)2744,R?sin6do, (2.37)

where da=2m1112R%sindd@ is the area of the surface element of the membrane in the deformed state.
Putting Egs. (2.36) and (2.37) into Eq. (2.35), with the definition E=¢p/h=A112¢/H, the free energy

is in the pressure-control and voltage-control mode,

F =27R°H jo(w (A, A,) - 25322 (Alﬂz)zjsin 6do - p| " 7x’Zde. (2.38)

Define the first two terms in Eq. (2.38) as,

W () =W, (o) = (o) (2:39)

For simplicity, R is taken to be unity in the following analysis. Following [84] ,the second

variation of the free energy can be expressed as,

O°F = ZEHRZIO”(V-SV+2V' Lv'+v'-Kv')do (2.40)
where,
Wll W12 ' | pzl
_ - 0 0
S=| Rsind (R% Xj HR? {Og 0] (2.41)
0 0

(2.42)
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(AW, X2 +W,z?)sind (A, W,, =W, )sin @ 7

K = RM; R4,123 _ a, o (2.49)
(AW,, —W,)sin@ _._. (/12W222'2 +W2X'2) sing@ o, '
o X2z R

whereW, =W /94, W,, =0°W / 04,04, etc. v is a vector of displacement perturbation in the x and

z direction, with v=[dx, 6z]" and v'=[ox, 6z]".

Next, we derive the second variation of the free energy 6°F of the dielectric elastomer
balloon under ideal gas mass-control and voltage-control mode. So, the enclosed ideal gas, the

balloon and the electric voltage form a thermodynamic system with the free energy given by,

F = [ W, (4, 2) +W, (2, 4,)aV,, +®(V,N) ~Q, (2.44)

where @(V, N) is the gas potential energy,

@V, N) =—KTN In\%, (2.45)

0
where T is the temperature of the gas, V and Vo are the current and initial volume of the gas, N is
the number of the gas molecules and k is the Boltzmann constant. Pressure is defined by

p=-0®/oV =KTN /V . The second variation Eq. (2.44) is,

KTN
V 2

S F =7 (OV)! =27HR? [ (v-Sv+2v-Lv'+ v'-Kv')do), (2.46)
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In the following, we study pressure-control and charge-control mode. When the total
amount of charge on the surface of dielectric elastomer membrane is given, the voltage ¢ is an

unknown constant. According to Eq. (2.37) and the definition £= A142¢/H,

__Q
B = rix (2.47)

where A = J.Oﬂﬂ'(ﬂiﬂ?)zsm 0do .

The thermodynamic system under the pressure-control and charge-control mode is formed

by the balloon and the pressure, and the free energy of the system is,

F = [ W, (4, 2) +W, (4, 2,))dV,, — pV. (2.48)

The electrostatic energy of the dielectric membrane is obtained by putting Eq. (2.47) into (2.36),

and it is expressed as,

__QH
JWe (2, )V, == (2.49)

The second variation of the free energy is,

2
5°F - Q:'3
ER°A

2— 2 " . . ! ', '
(M) = 27HR? [ "(v-Sv+2v-Lv'+v'-Kv')d6), (2.50)

where 04 is the first variation of A.

For ideal gas mass-control and charge-control mode, the dielectric membrane balloon and

the enclosed ideal gas form a thermodynamic system with the free energy,

32



\Y

F = [ W, (2, 25) +W, (2, 2))dV,, —KTN In . (2.51)

Based on the previous derivations, it is easy to show that the second variation of the free energy,

KTN
V2

s QH (SA)’ -

2 = 2 i . . ! '. '
P (V) =27HR?[(v-Sv+2v-Lv'+v'-KV)dO.  (252)

Without further calculations, by comparing Egs (2.40), (2.46), (2.50) and (2.52), we can
conclude that for the same equilibrium state, the second variation of the free energy is the smallest
for pressure-control and voltage-control mode but the largest for mass-control and charge-control
mode, which indicates that pressure-control and voltage-control mode is the least stable while the

mass-control and charge-control mode is the most stable.

It can be further proved that second variation of free energy for all four different loading

cases can be evaluated by solving the following eigenvalue equation [84]:

x(x'2+z'2)_( xzx'j
' sing sin@
Sv+Lv'—(L'V+Kv)'— 5px( : ]—%

2 6 N
HR HR°A | xz
sin@

of which eigen mode can be viewed as the perturbation and the eigenvalue « is exactly the second

=asinfgv, (2.53)

variation of the free energy 6°F . The last two terms on the left hand side of Eq. (2.53) is zero if
the balloon is in the pressure-control and voltage-control mode, while dp=-kTNSV/V? and Sp=-

QHJA/2eR?A? for the mass-control and charge-control mode, respectively.
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Figure 2.6: Under pressure-control and voltage-control mode, second variation of free energy of
the spherical deformation in the descending path of p-V curve in Fig.2 and non-spherical
deformation can be negative. The solid line represents a negative value for the spherical
deformation mode while the dash line shows a negative value for the non-spherical deformation
mode. The results indicate that under pressure-control and voltage-control mode, both spherical
deformation in the descending path of p-V curve and non-spherical deformation of the dielectric
elastomer balloon are energetically unstable.

The eigenvalue problem Eq. (2.53) can be solved by shooting method with boundary

conditions,

v,(0) = v, () =0. (2.54)

In pressure-control and voltage-control mode, we can find at least one negative eigenvalue
for non-spherical deformation mode and the spherical deformation mode in the descending path
of the p-V curve shown in Fig.2. The negative eigenvalue is plotted in Fig. 2.6 for two different
voltages. The calculation indicates that both non-spherical deformation mode and spherical

deformation mode in the descending path of p-V curve are energetically unstable.
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Figure 2.7: The ideal gas mass-volume (m-V) curves for a dielectric elastomeric balloon subjected
to three different voltages. During the deformation, the gas molecules obey the ideal gas law. The
spherical deformation is represented by the solid line and the non-spherical deformation is
represented by dash line.

For mass-control or charge-control mode, one additional constraint equation for the

perturbations needs to be satisfied, which is

2 4
HRY T o | 9P| [ X2 49| 9% _ 5("van,  (255)
pz 0 2(ay—x) HR 0 (a;—a)sing HR"A 0

jﬂ' X4ZI d@ 5p n SR]-ZAS +.[7r X4ZI2 de Q5¢) :_J.ﬂczvldg, (256)
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where ¢1 and ¢ are

35



2 2\
c=- X +1 %X +XZ, (2.57)
20a,—a) 2\a,—«a

2 2 ' ) 2.0\

¢, = a,X z- N o X z' +x(x-+z ) >fz . (2.58)
(a;—a)sing | (a;—a)sing sind sind

Because of the additional constraints, it is much more difficult to find a negative eigenvalue for

Eqg. (2.53). Detailed calculations show that for all the other three loading methods, the non-

spherical deformation of the dielectric elastomer balloon is energetically stable.

At last, we would like to add one more comment on the mass-control and voltage- control
mode. It is well known that under pressure-control mode, snap-through instability in a balloon may
happen during its inflation process. Such instability can be eliminated by adopting ideal gas mass-
control mode. As shown in Fig. 2.2, if only spherical deformation in the balloon is considered, for
all three different electric voltages, only one equilibrium solution exists for the mass-control
loading mode, which is the crossing point between the curve representing ideal gas law and the
calculated p-V curve for the balloon, so no instability will happen. However, if non-spherical
deformation is not excluded, even in ideal gas mass-control loading mode, multiple solutions can
coexist, namely, there may be several crossing points between the curve representing ideal gas law
and the calculated p-V curves for the balloon as shown in Fig. 2.2. To be more explicit, we also
plot the mass of idea gas molecules as a function of the balloon volume in Fig. 2.7 for three
different voltages. For a fixed number of idea gas molecules in a certain range, multiple
equilibrium solutions which correspond to spherical and non-spherical deformation of the balloon
can be found. Moreover, we also found that in the ideal gas mass-control mode, once non-spherical

deformation of the balloon is an equilibrium solution, it always has lower free energy than the
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spherically deformed balloon as shown in the inset of Fig. 2.7. This indicates that non-spherical

deformation is more energetic favorable.

2.7 Concluding remark

This chapter studies shape bifurcation of a spherical dielectric elastomer balloon subjected
to internal pressure and electric voltage. Using linear perturbation analysis, we obtain the
bifurcation mode and the corresponding critical conditions of a dielectric elastomer balloon under
the action of internal pressure and electric voltage. By numerically solving the governing equations
of the dielectric elastomer balloon with axisymmetric deformation and under different
electromechanical loading conditions, we obtain both spherical deformation and non-spherical
deformation solutions for the balloon. Our calculations further show that shape difference between
two adjacent spherical and non-spherical deformation modes can be greatly enhanced by
increasing the electrical voltage. The non-spherical deformation of the dielectric elastomer balloon
in-turn induce large electric field concentration and stress/stretch concentration in certain area of
the balloon, which may lead to the failure of the system. Finally, we calculate second variation of
the free energy of the balloon in different equilibrium states. Our calculations demonstrate that
non-spherical deformation of the balloon can be either energetically stable or unstable depending

on the eletromechanical loading method.
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Chapter 2, in full appears in the paper “Shape Bifurcation of a Spherical Dielectric
Elastomer Balloon under the Actions of Internal Pressure and Electric Voltage”, Journal of Applied
Mechanics 82, no. 10 (2015): 101002, by X. Liang and S. Cai. The dissertation author was the

primary investigator and author of this paper.
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Chapter 3 New electromechanical instability modes in

dielectric elastomer balloons

Under the actions of internal pressure and electric voltage, a dielectric elastomeric
membrane mounted on an air chamber can deform to a balloon shape. Due to the nonlinear
deformation, snap-through instability can happen in the balloon, which has been harnessed to
achieve giant voltage-triggered deformation. In addition to the snap-through instability, with an
applied voltage, a new electromechanical instability mode with a localized bulging-out in the
balloon has been recently observed in experiments. However, the reported phenomenon has not
been well explained. In this article, through numerical computation, we obtain the relation between
the volume of the balloon and its internal pressure, when the balloon is subjected to different
voltages. We find out that when the applied voltage is small, the pressure vs. volume diagram of a
balloon can be represented by an N-like curve, which is similar to the conventional hyperelastic
balloon only subjected internal pressure; when the voltage is larger than a critical value, new
instability modes in the balloon emerge, which have a localized bulging-out, similarly to the shape
observed in the experiments. We further show that the critical voltage for the new instability mode
of the DE balloon is closely associated with the prestretches applied to the membrane and the

hyperelastic model for the elastomer.

39



3.1 Introduction

Dielectric elastomer (DE) has been regarded as a promising soft active material due to
many of their unique properties such as large voltage-induced deformation, low noise during
operation, low cost and fast response [140]. In a recent decade, DE has been intensively explored
in various applications, including artificial muscle [123-125, 141], haptic devices [126, 127],
micro-pumps [128-131] and adaptive lens [132, 135, 142, 143]. DE adopted in the aforementioned
applications is normally a sandwich structure with a soft elastomeric layer covered by two
compliant electrodes on the top and bottom surfaces [23]. The elastomer can dramatically reduce
its thickness and expand in area when external electric voltage is applied across the thickness

direction.

Nonlinear field theory for elastic dielectric accounting for the coupling between mechanics
and electricity was originally proposed by Toupin [102]. Relevant studies of elastic dielectric were
further developed by Landau and Lifshitz [144], Eringen [104] and Tiersten [105]. The theory has
been re-examined in recent years due to the rapidly growing applications of DE. Constitutive
models of DE accounting for large deformation have been developed to explain diverse

experimental observations and also provide guidelines for designing new DE devices [25-27].

Among all the DE devices, balloon is one of the most frequently adopted geometries. DE
balloons have been successfully developed as spherical-shape actuators and tactile devices [119,
129, 130]. Recently, more applications of DE balloons have been explored due to their unique
responses to different electromechanical loadings. Nonlinear vibration with tunable frequency has
been demonstrated in spherical DE balloons subjected to a constant pressure and an AC voltage

[117]. Rudykh and Bhattacharya [136] predicted snap-through actuation in a thick-walled DE

40



balloon. Liang and Cai [145] has recently identified inhomogeneous shape bifurcation modes in a
spherical DE balloon subjected to internal pressure and a constant electric voltage. Recently, Li et
al. [79] has observed voltage induced snap-through instability in DE balloons. In their experiment,
an acrylic elastomer membrane (3M™VHB™4910), covered by carbon grease over the top and
bottom surfaces as soft electrodes, is mounted on an air chamber. The membrane deforms to a
balloon shape after air is pumped into the chamber through a valve. By closing the valve, the
amount of air enclosed by the chamber and balloon is fixed, and a voltage is subsequently applied
between the electrodes to further deform the DE membrane. Similar to a hyperelastic balloon only
subjected to an internal pressure [80], snap-through instability in a DE balloon was observed due
to the non-monotonic relationship between the internal pressure and the volume of the balloon.
Additionally, in the experiment, an unusual deformation mode of a DE balloon has been observed
[79]. When the volume of the chamber is small, a region on top of the balloon is observed to
expand significantly more than its neighboring area (Fig. 3.1b and 3.1c). The area keeps bulging-
out as the voltage increases until electrical breakdown happens in the membrane as shown in Fig.
3.1. Different from the conventional snap-through instability, the new instability mode is more
localized around the apex of the balloon, with the rest of membrane almost unperturbed. Such a
instability in a balloon has never been reported before in other loading conditions and was also left

unexplained in the paper [79].

In this article, we will study the new instability mode observed in a DE balloon described
above. Our numerical calculations show that when the applied voltage is low, the relationship
between the internal pressure and volume of a DE balloon is similar to that of a hyperelastic
balloon only subjected to an internal pressure, only with quantitative differences; when the applied

voltage is high, a new instability mode emerges in the DE balloon for a certain range of pressure.
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We believe that the new instability mode of the DE balloon is associated with the non-convexity

of the free energy density function of DE.

Figure 3.1: Experimental observation of localized bulge-out in an inflated DE membrane [79]. In
the experiment, a soft DE membrane is mounted on a chamber and air is pumped into the chamber
through a valve. The membrane deforms to a balloon shape (a) and the valve is then closed to fix
the total amount of air inside the chamber and the balloon. A voltage is subsequently applied to
the membrane to further deform the balloon (b-c). When the volume of chamber is small, the apex
of the balloon bulges out significantly, which is greatly different from the shape expected from
traditional balloon problem. The applied voltage ramps up until the membrane is failed by
electrical breakdown (d).

The remainder of the article is organized as follows. Section 2 summarizes the field
equations of a DE membrane mounted on a circular hole of an air chamber and subjected to internal
pressure and electric voltage. Those equations are solved numerically in Section 3. New instability
mode in the balloon with localized bulging-out is identified when the applied voltage is high. In

Section 4, we demonstrate that localized bulging-out instability modes of the DE balloon can be
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affected by prestretches and material parameters in the hyperelasticity model. We propose that the
new instability mode is associated with the non-convexity of the free energy density function of

DE in Section 5. Section 6 summarizes our findings in the article.

3.2 Inhomogeneous deformation of a DE membrane mounted on an air

chamber

To make this article be self-contained, in this section, we summarize the governing
equations for a flat DE membrane with homogenous thickness H subjected to internal pressure p
and electric voltage @ as shown in Fig. 3.2. These equations are mathematically identical to the
ones presented in the paper of Li et al. [79], though the derivation is slightly different. In the
problem, an undeformed DE membrane with radius Ro is mounted over a circular ridge of a
chamber, as shown in Fig. 3.2a. We assume the deformation of the actuated DE balloon is
axisymmetric. A Cartesian coordinate system x-z is built upon the apex of the deformed membrane,
which coincides with the material point of the center of the undeformed membrane (Fig. 3.2b). For
a point in the undeformed flat membrane: (X, 0), it deforms to (x, z) under electromechanical
loading. Consider a material element of the membrane, between two particles X and X+dX. When
the membrane is in the deformed state, the particle X takes the position of coordinates x(X) and
z(X), while the particle X+dX takes the position of coordinates x(X+dX) and z(X+dX). In the
undeformed state, the material element is a straight segment, with length dX. In the deformed state,
the material element becomes a curved segment, with length 1:dX, where A1 is the longitudinal
stretch. In a curved state, let a(X) be the slope of a membrane at material particle X. Write

dx=x(X+dX)-x(X), so that,
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dx

ax =4 cosa. (3.1)
Similarly, dz=z(X+dX)-z(X), so that,
(;j—)Z(:Alsin a. (3.2)
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Figure 3.2: Schematics of the deformation of dielectric membrane under the action of pressure
and applied voltage. (a) Undeformed dielectric membrane. (b) Deformed dielectric membrane.

In the undeformed state, a circle of material particles is of a perimeter 2zX. In the deformed
state, these material particles occupy a circle of perimeter 2zx. The deformation corresponds to the
latitudinal stretch, Z2. In summary, the two principle stretches in the longitudinal and latitudinal

direction in the DE balloon are given by,

_ | dx ? (dz Y
BT

(3.4)




Force balance equations of the deformed balloon in the x-direction and the z-directions are

given by
d dz o,h dz
—(o,hxcosar )+ px— ——2—— =0, 35
g Gaxoos )+ px- o= (3:5)
&(alhxsin a)- pxg—; =0, (3.6)

where o, and o, are the true stresses in the longitudinal direction and latitudinal direction,

respectively, p is the internal pressure, and h(X) is the thickness of the deformed DE balloon.

DE is assumed to be incompressible, namely,

Aot =1, 3.7)

where 13=h(X)/H is the stretch in the thickness direction.

Ideal dielectric elastomer model [120] is adopted here by assuming dielectric behavior of
an elastomer is exactly the same as that of a polymer melt and the electrical permittivity of DE is
not affected by its deformation. We relate the electric displacement D with the electric field E by

the following linear equation,

D =¢E, (3.8)

where ¢ is the electrical permittivity. The electric displacement is equal to the charge density,

namely, D=dQ/da, where da is the area of the deformed DE membrane and dQ is the correspondent
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charge accumulated over the area. Electric field in the membrane can be calculated by E=®/h,

which is inhomogeneous when the thickness of the membrane becomes inhomogeneous.

Using the incompressibility constraint (Eq. (3.7)), the relations between the true stresses

and stretches in the DE membrane can be given by ideal dielectric elastomer model [23, 120] as,

01_03:21%2,%)_5'52, (3.9)
02_53:22%2’12)_6“'52, (3.10)

where Ws(71, A2) is strain energy density of the elastomer in deformed state with A1, A as its principle

stretches, and Gent model [146] is adopted:

vvs(/%,ﬂtz)=—&2"m|og[1—’11 4 ;Al_ 4 _3], (3.11)

lim

where 4 is the shear modulus for infinitesimal deformation, and Jiim is a constant related to the

stretching limit of the elastomer, which is taken to be Jiim=270 and 97.2 in this article [79, 147].

Considering the thickness of the DE balloon is much smaller than its radius, the stress in

the normal direction of the balloon is negligible compared to the membrane stresses, namely,
o, =0. (3.12)

Using the geometric relations in Egs. (3.1) and (3.2) and expressing do/dX, dz/dX and

h=H/A142 explicitly, we rewrite the force balance equations (3.5) and (3.6) as,
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The force balance equations (3.13) and (3.14), together with the geometric relations (3.1)
and (3.2), form a set of first-order differential equations that govern the inhomogeneous
deformation of the DE membrane. Using the constitutive model in Egs. (3.9)-(3.12) and the
definition of the latitudinal stretch in Eq. (3.2), the right hand side of the governing equations (3.1),
(3.2), (3.13) and (3.14) can be expressed as functions of x(X), z(X), 11(X) and a(X). The boundary
conditions for the DE membrane mounted over an air chamber are prescribed on the apex and the

edge of the membrane,

x(0) =0, 2(0) =0, (0) = 0 (3.15)

X(Ry) =R, (3.16)

Together with the boundary conditions (3.15) and (3.16), the inhomogeneous deformation

of the DE membrane subjected to different pressures and voltages can be obtained.

3.3 Numerical computation of inhomogeneous deformation of the DE

membrane
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In this section, we conduct numerical calculations to obtain all equilibrium configurations
of the DE balloon under the actions of internal pressure and electric voltage, which are governed

by the equations formulated in Section 2.

The set of first order differential equations (3.1), (3.2), (3.13) and (3.14) can be solved
numerically by shooting method. Except for the boundary values at the apex: x(0)=0, z(0)=0, and
a(0)=0, an value of 11(0)=/a is assigned as an additional boundary condition. Those values are
used as initial conditions and numerically integrated in Egs. (3.1), (3.2), (3.13) and (3.14) to obtain

the values of x(X), z(X), 11(X) and a(X). The value of 14 is continuously varied until the boundary

condition at the edge, X(R,) = R,, is satisfied.

In Fig. 3.3, we plot the relation between internal pressure and volume of the DE balloon in

equilibrium state with different applied voltages. Pressure, volume and electric voltage are scaled
to the dimensionless forms as pRo/uH, V/RS and CD/(H ,u/g), respectively. The pressure vs.

volume diagram of the balloon remains an N-like shape, when the normalized voltage is less than
0.145, similar to the traditional hyperelastic balloon only subjected to pressure [80, 81, 83, 84,
148]. If the internal pressure of the balloon is controlled in experiments, when the internal pressure
is increased to the first pressure peak in the pressure vs. volume curve: pmax, further increase of the
pressure will make the DE balloon discontinuously jump from one state with small volume to
another state with large volume through snap-through instability. Similarly, when the internal
pressure is decreased to the first valley in the pressure vs. volume curve: pmin, further decrease of
the pressure will make the DE balloon discontinuously jump from a large volume to a small volume.
Such snap-through instability has already been widely observed in different experiments. As the

normalized voltage exceeds 0.145, additional equilibrium configurations can be obtained in the
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descending path of pressure vs. volume curve of the balloon as shown in Fig. 3.3. Consequently,
for a certain range of pressure, five different equilibrium states of a DE balloon are found. This is
different from the shape bifurcation in a spherical DE balloon, where a non-uniform deformation

branch bifurcates from a homogenously deformed state [84, 145].
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Figure 3.3: Pressure vs. volume curve of a DE balloon under several different applied voltages.
When the voltage CD/ (H ,u/g) <0.145, the pressure-volume relationship is represented by an N-

like curve. When the voltage CD/(H y/5)>0.145, a new instability mode of the DE balloon

emerges. For a certain range of pressure, five different equilibrium states can be found in the
balloon with different volumes. The triangles mark the equilibrium configurations of the DE
balloon under the normalized pressure: pRo/uH=1.5. The dash lines describe the state equation of
ideal gas under three different amounts of air enclosed in the balloon (N/No=1, 6 and 10), where
No is the amount of air molecule when pressure and volume are unity.

We further visualize the deformed shapes and electric field in the DE balloons in Fig. 3.4.

As marked by triangles in the pressure vs. volume curve of the balloon in Fig. 3, the DE balloons
are inflated by an internal pressure: pRo/u/H=1.5 and the electric voltages CD/ (H u/g) ranging

from 0.12~0.16. For the voltage smaller than 0.145, there are three equilibrium configurations
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under certain pressures. The different shapes of the balloon under the same pressure and voltage
have significantly different volumes, which is attributed to the snap-through instability discussed
previously. With the increase of the volume, the membrane of the balloon thins down drastically
in most part of the balloon, generating a high electric field. By increasing the voltage from 0.12 to
0.14, the deformed shapes of the DE balloons are similar, with only an increase in the volume and
the electric filed. However, when the voltage is increased to 0.16, in addition to the deformed
shapes observed at lower voltages, two additional configurations emerge. As shown in the third
row of Fig. 4, when the applied voltage is 0.16, the first, fourth and fifth configurations of the DE
balloon are similar to the lower voltage cases. The second and third configurations of the balloon
in the row show different shapes, with localized bulging-out formed around the apex of the balloon,
which are similar to what were observed in the experiments (Fig. 1c and 1b). After forming the
localized bulging-out, the volume of the DE balloon decreases compared to the counterpart without
the bulging-out, but the electric field at the apex increases dramatically as the membrane thins
down greatly. The generation of high electric field accompanied with the formation the bulging-

out makes the DE balloon susceptible to electrical breakdown [79, 145].
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Figure 3.4: Deformed shapes and electrical fields in the DE balloons under pressure pRo/uH=1.5.
The equilibrium states of the DE balloons are marked with triangles in Fig. 3.3 and arranged by
volume (from small to large) in each row. The color stands for the dimensionless true electric field,

E/Ju/e.

Although the balloon with a bulging-out around its apex is an equilibrium state as shown
in Figure 3.4, it cannot be easily achieved in the experiment with pressure-controlled loading
condition [79, 80, 89, 92]. When the internal pressure reaches the first peak pmax in the pressure vs.
volume curve of the balloon, further increase of internal pressure will result in snap-through
instability of the balloon as described previously. To reach the equilibrium configurations of the
balloon in the descending path of the pressure vs. volume curve, different loading paths need to be
adopted in the experiment. As described in the paper [79], the new instability mode of the balloon

can be observed when the applied voltage is increased while the total amount of air enclosed by
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the balloon is fixed. To obtain the relation between the applied and the volume of the balloon, we

simply need to introduce the ideal gas law as the state equation of the enclosed air:

Nk, T = ( p+ patm)(V +VC), (3.17)

where p is the excessive internal pressure of the enclosed air in the balloon relative to the
atmospheric pressure pam, V and V. are the volume of the balloon and the air chamber, respectively,
N is the number of the gas molecule, kg is the Boltzmann constant and T is the temperature. The
amount of the air molecules in the chamber and balloon is fixed after the valve is closed in the
experiment, and it is scaled as N/No, where No is the number of molecules when dimensionless

pressure and volume are unity.

Without losing generality, we assume the deformation of the balloon is isothermal, the
volume of the chamber V=0 in the following analysis. By selecting different amount of air
enclosed in the balloon, the curves describing the state equation of ideal gas (Eq. (3.17)) are
sketched as dash lines in Fig. 3.3. The crossing points between the curves describing the state
equation of ideal gas and the pressure vs. volume curves of the DE balloon represent the
equilibrium configurations of the DE balloon with certain amount of enclosed air. By selecting the
crossing points, we can obtain the relations between the applied-voltage vs. volume of the DE
balloons with fixed amount of enclosed air as plotted in Fig. 3.5. For a small amount of enclosed
air (N/No=1), the excessive internal pressure p is smaller than the first pressure peak pmax in the
pressure vs. volume curve. The balloon is slightly inflated and relatively stiff toward expansion.
Consequently, increase of the applied voltage results in a small change of balloon volume. For a
large amount of air (N/No=10), the curve describing the state equation of ideal gas also only

intersects with the pressure vs. volume curve of the DE balloon at one point for one applied voltage.
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However, the stiffness of DE balloon decreases a lot with a large volume. A small increase of
voltage can result in large volume change of the balloon as shown in Fig. 3.5, which was also
demonstrated in the experiments [79, 92]. For an intermediate amount of enclosed air with N/No=6,
the curve describing the state equation of ideal gas may intersect with pressure vs. volume curves
of the balloon at multiple points for a given voltage. In another word, for a fixed amount of
enclosed air and applied voltage, multiple equilibrium states of the balloon may exist. We plot
several deformed shapes and electric field in the DE balloons with varied loading conditions (A~D)
in the inset of Fig. 3.5. To determine if any configurations of the DE balloon is stable or not,

perturbation analyses are necessary, which is beyond the scope of the current article.

Last, we compared the electric breakdown field of the material to the true electric fields in
the DE balloon of different shapes. It is apparent that if the bulging-out shape of the DE balloon is
physically realizable, the maximum electric field in the balloon has to be lower than the electric
breakdown field of the DE material. Given that the DE material used in the experiment [79] was
VHB™ 4910, we use the following representative values of shear modulus x=10~45 kPa, the

dielectric constant e=4.16<10"** F/m and the electric breakdown field Eg=2.18x108 V/m [147, 149,
150]. The dimensionless electric breakdown field can be estimated as E, /\[11/& = 6.7 ~10. The

maximum electric field in some DE balloons with bulging-out configurations shown in Fig. 3.4
and inset of Fig. 3.5 are slightly smaller than or comparable to the electric breakdown field. This
is consistent with the experimental observations that the formation of localized bulging-out often

quickly results in the failure of the material [79].
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Figure 3.5: Voltage vs. volume curve for the DE balloon with different amounts of enclosed air.
The number of air molecule N is normalized by No, which is the number of molecule when the
normalized pressure and volume are unity. The voltage-volume relation is monotonic for small
(N/No=1) and large (N/No=10) amount of air, while non-monotonic for N/No=6. The deformed
shapes and electric field with varied loading conditions (A~D) in the DE balloon are plotted in the
inset.

3.4 Effects of prestretches and stretching limit on the new instability modes

Actuating behavior of DE can be greatly affected by its prestretches [151-155]. In
particular, electromechanical instability in a DE membrane can be delayed or even eliminated by
applying prestretches. Consequently, for most applications of DE devices, prestretches are often
applied onto the material. In this section, we first study the effects of prestretches in the DE

membrane on the new bulging-out instability modes of the DE balloon.
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As shown in the inset of Fig. 3.6, the DE membrane is of flat circular shape with radius Ro
in the reference state, and is prestretched equal-biaxially and held by a rigid ring before actuation.
The pressure vs. volume curves of equilibrium states of a DE balloon are shown in Fig. 6 with
prestretch 1p=2. By comparing Fig. 3.6 with Fig. 3.3, we can clearly see the effects of prestretches

on the actuation behavior of a DE balloon. With the applied prestretch, when the dimensionless
voltage CD/(H ,u/g)<0.14, the internal pressure applied to the balloon increases monotonically
with its volume; no snap-through instability is expected, which is in direct contrast to the results
shown in Fig. 3.3. When 0.14< CD/(H /,1/5) <0.17, the pressure vs. volume relationship becomes

non-monotonic. For such a range of voltage, a DE balloon can undergo snap-through instability as
it jumps from one state to another at the local maximum or minimum pressures (Pmax and Pmin).
However, the volume change of a DE balloon is much smaller than the one without prestretch as

shown in Fig. 3.3. The additional configurations, which correspond to the localized bulging-out,
only appear when CD/( H ,u/g) is further increased to 0.17. The emergence of the new instability

mode with bulging-out shape requires a higher voltage when prestretches are applied.
Consequently, the DE material is prone to electric breakdown due to the application of prestretch.
Therefore, our results show that prestretches can be used to tune the critical voltages for both snap-
through instability and the emergence of the bulging-out instability modes of a DE balloon subject

to electromechanical loading.
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Figure 3.6: Pressure vs. volume curves of a DE balloon with prestretch 4,=2.0 as shown in the
inset. Both snap-through and localized bulging out instability modes are delayed by prestretches

on the DE membrane. For dimensionless voltage q)/(H ,u/g) <0.14, the pressure increases

monotonically with the volume. For 0.14< cD/(H ,u/g)<0.17, the pressure vs. volume curves

remain N-shape, with three equilibrium configurations within a range of pressures. For
(D/(H y/g) =0.17, two additional configurations emerge as the localized bulging-out

configurations for certain pressures.

Different hyperelastic models have been used in DE model to interpret different
experimental results [79, 145, 147, 156]. Even with the same hyperelastic model, different material
parameters have been adopted. For example, recent experimental measurements of acrylic
elastomer (VHB ™ 4910) which is used in the referred experiments [79], revealed a stretching limit
Mim~9.0 under quasi-static (low stretch-rate), monotonic simple tension test [147], corresponding
to the value of Jim=97.2 in Gent model. The value of Jiim is much smaller than the one used in the
previous studies [79] and the aforementioned numerical computation (Jim=270). Therefore, in the
section, we next study the effects of material parameter Jim on the actuating behavior of DE

balloon.
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Figure 3.7: Pressure vs. volume curves of a DE balloon with smaller stretch limit as Jim=97.2.
When the voltage CD/(H ,u/g)<0.25, the pressure-volume relationship is represented by an N-

like curve. When CD/(H ,u/g)>0.25, new instability modes with bulging-out of the DE balloon

emerge. The voltage required for the emergence of the bulging-out instability mode increases when
Jiim Of the elastomer is reduced from 270 to 97.2.

An elastomer with smaller value of Jim shows stiffening effect at smaller stretches. To
reveal the effects of Jiim On the actuating behavior of a DE balloon, we carried out simulations with
Jiim=97.2 and compared the results to the one with J;im=270. As shown in Fig. 3.7, the pressure vs.
volume curves of a DE balloon share a similar shape under pressure and electric field as shown in
Fig. 3.3. When the voltage is lower than a critical value (~0.25), the pressure-volume curve remains
an N-shape curve; when voltage is higher than the critical value, two additional configurations
emerge with the localized bulging-out for certain pressure. Similar to the effect of prestretch,

reducing the value of Jiim also increases the voltage for triggering the bulging-out instability mode.
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3.5 Non-convex free energy and new instability modes in DE balloon

For an elastomeric balloon, the relationship between its internal pressure and volume can
be usually represented by an N-like curve [81, 88, 148], which often results in snap-through
instability of the balloon in experiments [80, 89]. Such a non-monotonic relationship between the
internal pressure and volume of a balloon is due to its large and nonlinear deformation instead of
any special constitutive model of the elastomer. Explicitly speaking, strain energy density
functions of an elastomer given by different constitutive models are typically convex [23, 148].
As a result, similar N-like curves between the pressure and volume have also been theoretically
predicted [79, 142] and experimentally validated [79, 92] for a DE balloon subjected to a constant

voltage across its thickness.

However, it is known that free energy density function of a DE membrane may become
non-convex when the applied voltage is high, which can lead to electromechanical instability of a
DE membrane with homogenous deformation [120, 157]. We believe the additional instability
modes of the DE balloon observed in the experiment and captured by our numerical computation
in Section 3 are due to the non-convexity of the free energy density function of the DE membrane

when the applied voltage is high.

The convexity of free energy density function of a DE membrane can be assessed by
computing its Hessian. Based on ideal dielectric elastomer model, free energy density function of
a DE membrane can be written as [23, 120],

DZ

W(ﬂlyﬂzyD)=Ws(ﬂl,ﬂz)+W, (3.18)
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where Ws(41,42) is the strain energy density of the elastomer given in Eq. (3.11) and D is nominal
electric displacement, namely, D = dQ/dA, where dA is the area of an element in the undeformed

state and dQ is the amount of charge over the area on each side of the element. Convexity of the

free energy density function in Eq. (3.11) is determined by its Hessian, which can be calculated as,

W (4,4, D) W (4,4,D) W (4,4,,D) |
OA; OA0A, d4,0D
Ho 0°W (4, 4,, D) GZ\N(&,ZAZ,D) 82W(ﬂ1,{2,D)_ (3.19)
02,0/, O d2,0D
OW (4,2, D) 0W(4,4,D) 0W (4,4, D)
| 0DoA, oDoA, oD

The free energy density function of DE is convex if the Hessian is positive definite. The
free energy density function of DE becomes non-convex when the Hessian is not positive definite,
and multiple equilibrium states can coexist [23]. To determine whether the Hessian is positive
definite or not, we calculate the eigenvalues of the Hessian. Following linear algebra, we can easily
show that the critical condition for the free energy density function of the DE becoming non-

convex is that the smallest eigenvalue of H is zero, namely,

(4, 4, D) =0, (3.20)

where a1 is the smallest eigenvalue of H. The solution of Eq. (3.20) can be rewritten as

D=f(4.4,), (3.21)

which can be illustrated in a two dimensional contour plot. The nominal electric displacement and

applied voltage is linked by the equation, D = g4’A’®/H , which directs to the equivalent
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expression of Eq. (3.21) as @ = g(4, 4,). Consequently, the critical condition for the free energy

density function of a DE to be non-convex can be given by a stretched state for a given voltage.
Each curve represents a contour of non-positive-definite Hessian, along which the function

@ =g(4,4,) has a constant value. As shown in Fig. 3.8, the global minimum of the contour plot

stays at the voltage: @ ;. =0.123H ,/y/ ¢ for Jim=270, which correspond to the stretched state of

M=1.1 and A=11.6 (or 41=11.6 and A=1.1); @ . =0.2085H,/u/c for Jim=97.2, which

correspond to the stretched state of 1:=1.14 and 1,=7.1 (or A1=7.1 and 1,=1.14). When the applied

voltage ® <@ ., the free energy density function of the DE is convex for any deformation state,

and a DE balloon behaves like a hyperelastic balloon only subjected to internal pressure. When

the applied voltage is larger than®__ , the free energy density function of DE becomes non-convex

min !

for certain deformation states and the abnormal bulging-out shape might be formed.
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Figure 3.8: Contours of critical voltage for the non-convex free energy density of DE under
different values of Jiim in the hyperelastic material model: (a) Jim=270 and (b) Jim=97.2.
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It is noted that in this article, we do not intend to precisely predict the onset of the newly
observed bulging-out instability by evaluating Hessian, which is only valid for predicting critical
conditions for instability with homogeneous deformation [23, 106]. To predict onset of instability
of a structure with inhomogeneous deformation or other fields, perturbation analyses may be
required [84, 106, 145, 158]. In the chapter, we would like to propose that the additional bulging-
out instability modes of the DE balloon are associated with its non-convex free energy density

function of DE at high voltage.

3.6 Concluding remarks

In this article, we have studied new instability modes in a DE balloon subjected to internal
pressure and electric voltage. By numerically solving the governing equations, we obtain the
equilibrium configurations of a DE balloon under different internal pressures and voltages. We
find out that when the applied voltage is small, the pressure vs. volume diagram of a DE balloon
can be represented by an N-like curve, which is similar to the conventional hyperelastic balloon
problem; when the voltage is larger than a critical value, new instability modes in the balloon
emerge, which have an abnormal localized bulging-out, similar to the shape observed previously
[79]. Based on our numerical calculations, we show that the bulging-out modes recently observed
in a DE balloon can be an equilibrium configuration. Such a bulging-out shape does not rely on
any specific material or geometrical defects. In addition, the prediction of the bulging-out
configuration does not require any modifications of the DE balloon model. We further show that
the DE balloon with a bulging-out shape can be realized in the experiment by gradually increasing

the applied voltage while fixing the total amount of air enclosed in the balloon. We believe the
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bulging-out instability modes of a DE balloon are related to the non-convexity of the free energy
density function of DE when the applied voltage is high. We finally show that prestretch as well
as the material parameter (Jiim) can affect the voltage required for triggering the emergence of the

bulging-out instability of a DE balloon.

Chapter 3, in full appears in the paper “"New electromechanical instability modes in
dielectric elastomer balloons”, International Journal of Solids and Structures (2017), by X. Liang

and S. Cai. The dissertation author was the primary investigator and author of this paper.
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Chapter 4 Creasing of an everted elastomer tube

A cylindrical elastomer tube can stay in an everted state without any external forces. If the
thickness is small, an everted tube, except for the regions close to its free ends, maintains
cylindrical shape; if the thickness is larger than a critical value, cross-section of the everted tube
becomes noncircular, which is caused by mechanical instability. Although eversion-induced
mechanical instability in an elastomer tube has been reported several decades before, a satisfying
explanation of the phenomenon is still unavailable. In previous studies, linear or weakly nonlinear
analyses have been usually adopted to predict the critical thickness of the tube for the eversion-
induced instability. The discrepancy between the prediction and experiment is significant. In this
article, based on experiments and theoretical analyses, we show that crease formation on the inner
surface of an everted tube is the mechanical instability mode, which cannot be captured by linear
stability analyses. Instead, a combination of energetic analyses and numerical simulations of finite
deformation in an everted tube enables us to correctly predict both critical tube thickness for the

onset of creases and profile of the noncircular cross-section of an everted tube with large thickness.
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4.1 Introduction

Turning a structure inside out, often called eversion, is ubiquitous in nature and also
frequently used in different fabrication processes. For example, during the development of Volvox
embryo, a spherical monolayer cell sheet folds itself inside out to trigger the formation of an
internal cavity and achieves the adult configuration in morphogenesis [159]. The eversion of
jellyfish, known as ‘Jellyfish syndrome’, is a self-defense mechanism to protect itself from
environmental changes [160, 161]. The stent eversion has been used to construct an autologous
heart valve, known as the stent-biOvalve [162]. The carotid endarterectomy in surgery by everting
the internal carotid artery is a way to preserve the neurological function [163]. Due to its profound
influence in nature and various engineering applications, eversion of 3D objects has been a topic

of significant interest for a large group of researchers for several decades [164-172].

Finite deformation is often involved in the eversion of various structures [171].
Deformation of an everted elastomeric tube has been one of the most classical finite deformation
problems since Rivlin [171] first proposed it. Varga [167] has shown that in experiments, except
for the regions close to the two free ends of the tube, after eversion, most part of the tube is very
close to be cylindrical shape. Chadwick and Haddon [168] have investigated the conditions for the
existence and uniqueness of the solutions associated with cylindrical tube eversion of hyperelastic
materials. Ericksen [169] and Antman [170] further extended the results to the eversion of

spherical shells.

However, an experimental phenomenon associated with the tube eversion, first described
by Truesdell [173], has not been well explained for several decades. Truesdell discovered in his

experiments that the cross-section of an everted cylindrical tube became noncircular when the tube
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thickness is large. To explain the observation quantitatively, both linear stability analyses [164,
165] and weakly nonlinear analyses [166] of tube eversion have been conducted. These analyses
have shown that when the tube thickness is larger than a critical value, axisymmetric deformation
of an everted tube is not stable anymore and wrinkles may appear on the inner surface of the tube
after eversion. Nevertheless, as pointed out in many of these articles [164-166], the critical
thickness of the tube predicted by the analyses is significantly larger than the tube thickness in
Truesdell’s experiments. The well-known discrepancy between the predictions and experiments

has not been resolved until now.

In the present chapter, we investigate mechanical instability in an everted cylindrical tube.
The theory of finite elasticity and Neo-Hookean material model are adopted in the analyses.
Inspired by recent studies on the surface instabilities of elastomers with large deformation [95, 97],
we will calculate the critical conditions for both wrinkling and creasing in an everted tube.
Specifically, we use linear perturbation method [67] to obtain the critical conditions of wrinkling
instability in an everted tube. We combine numerical method and energetic analyses to model
crease formation and post-creasing phenomena. In addition, we will compare our theoretical
predictions of instability patterns in an everted tube with its micro-computer tomography (micro-
CT) images. In this article, we will, for the first time, demonstrate that multiple creases, instead of
wrinkles, can form on the inner surface of an everted tube when its thickness is larger than a critical

value.

The organization of the chapter is as follows. Section 2 describes the experiment of
eversion of a cylindrical elastomer tube. Section 3 formulates axisymmetric deformation of an

everted tube. Numerical solutions of the equations are also given. In Section 4, we conduct a linear
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stability analysis of everted tubes and obtain the critical conditions associated with the wrinkling
instability. We implement the nonlinear finite element simulation for the crease initiation and post-
creasing in everted tubes in Section 5. We compare theoretical predictions with experimental
measurements of everted tube with noncircular cross-sections in Section 6. Finally, Section 7

summarizes the main conclusions of the study.

4.2 Experiment of tube eversion

We fabricate elastomeric tubes of various sizes using homemade molds. The material of
the tube is silicone rubber purchased from the company Smooth-on (USA), with Young’s modulus
around 150 kPa and uniaxial stretch limit around 10. In Fig. 4.1, we show the photos of cylindrical
elastomer tubes with two different thickness before and after eversion. The thicknesses of the tubes
in the undeformed state are 42% and 50% of their outer radius as shown in Fig.4.1a and 4.1b,

respectively.

Both tubes can be everted manually without many difficulties. After the eversion, both
tubes can reach a stable state without any detectable material damage or plastic deformation. For

the thinner tube as shown in Fig. 4.1a, the inner surface of the tube in the everted configuration is

smooth. For the thicker one in Fig. 4.1Db, the inner surface of the everted tube is not smooth any
more, as indicated by multiple shadow lines in the figure. The observations suggest that
mechanical instability may happen in an everted tube with the thickness larger than a critical value,

which is consistent with Truesdell’s original experiments [173] described in the Introduction.
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Undeformed tube | Everted tube

Undeformed tube ‘ Everted tube

Figure 4.1: Crease formation on the inner surface of an everted elastomer tube. (a) If the thickness
of the tube is small, after eversion, the inner surface of the tube is smooth; (b) If the thickness of
the tube is larger than a critical value, multiple creases form on the inner surface of the everted
tube. In the photos, the outer radius of the tube is 6mm, while thickness of the tube in (a) is 2.5
mm and in (b) is 3.0 mm. The length of the scale bar is 5mm.

68



4.3 Axisymmetric deformation of an everted tube

We first consider a homogenous cylindrical tube with an axisymmetric deformation field
induced by the eversion as shown in Fig 4.1. We use the polar coordinate X=(R, ©, Z) to describe
undeformed configuration of the tube and x=(r, 0, z) for its deformed configuration. As illustrated
in Fig. 4.2, the inner radius and outer radius of an undeformed cylindrical tube are denoted by A
and B, respectively. The thickness of the undeformed tube is given by H=B-A. After the eversion,
except for the regions close to the free ends of the tube, most part of the tube remains cylindrical
shape with inner radius a and outer radius b. Previous studies [164] have shown that by neglecting

the edge effect, the deformation of an everted tube can be described by the following fields,

r=r(R),0=0,z=AZ. (4.1)

The principle stretches are given by Ar=dr/dR in the radial direction, 1¢=r/R in the hoop direction

and A;=4 in the axial direction.

AL

Undeformed state Everted state

Figure 4.2: Schematics of a cylindrical tube in the undeformed state and everted state.
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Following the literatures [164, 165], tube eversion can be regarded as a generalized plane
strain problem, with homogenous stretch A,=4 in the axial direction. After eversion, the inner
surface of an undeformed tube becomes the outer surface of the tube in the everted state, and the
outer surface of an undeformed tube becomes the inner surface of the tube in the everted state,

namely,
r(A)=b, r(B)=a (4.2)
The elastomer is taken to be incompressible, so that we have,
B*—R*=A(r*-a). (4.3)

The deformation field can be rewritten as,

r(R)=(B*-R?)/ 2+a’. (4.4)

When the axial stretch A and the inner radius a in the deformed state are known, the

deformation field of the everted tube r(R) can be fully determined.

Based on Eq. (4.4), we can calculate the hoop stretch and radial stretch:

A =\/((B/R)2—l)/ﬂ+(a/R)2, (4.5)

A :1/\/((5/ R)’~1)A+(at/R)". (4.6)

With the assumption of axisymmetric deformation, force balance equation for an everted

tube is given by,
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do, o, —0
rr+ 18 96

=0, 4.7
dr r (“7)

where orr and ooee are true stresses in the radial direction and hoop direction, respectively. The
boundary condition for the everted tube is o+=0 on the inner surface: r=a and the outer surface:
r=b. Following Rivlin [171], instead of requiring the normal stress to be zero on both ends of the

tube, we relax the boundary condition to enforce the resultant force applied on the ends of the tube

b
to be zero, namely, Ia ro,dr=0. As shown in the early experiments done by Varga [167], the

edge effect in an everted tube only exists for the region with the distance of the tube thickness

from its free ends.

We assume that the material of the tube can be described by incompressible Neo-Hookean

model [174]. The true stress along the radial, the hoop and the axial directions of the tube can be

given by,
O = A =P, (4.8)
O = 1Ay = P, (4.9)
o, =l —p, (4.10)

where u is the small-deformation shear modulus of the elastomer and p is hydrostatic pressure.

The material is assumed to be incompressible, so we have Ari6/2=1.

By plugging Eq. (4.8)—(4.10) into Eq. (4.7) and using the boundary condition or=0 at r=a,

we can obtain,
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u(Aa>=ar*+B*) ,a?+B¥)(1 1) u, aR
o= AU I B o (e @4
The boundary condition or=0 at r=Db can be rewritten as,
(Aa*+B*)(1 1) 1
—222 g—b—z +Z|HE =0. (412)

The relaxed boundary conditions of zero resultant force at the ends of the tube requires that,

a a

o[ Aa’ —Ar’ + B of (Aa> - Ar’ +B*)(b° -r?) r(b’ —r?)
— - - dr |dr =0.
I E A°r J ( 24°r° 2(Aa’ - Ar? +B?) (4.13)

The equilibrium solution of an everted tube can be numerically solved using shooting
method. Because both the stress boundary conditions and stress balance equations are homogenous,
the equations apparently have a trivial solution corresponding to the stress-free state. A nontrivial
solution corresponds to the everted state of the tube with finite deformation. In the calculation, we
continuously vary the axial stretch 1 and inner radius a until the boundary conditions (4.12) and
(4.13) are both satisfied. Once A and a are known, the deformation field r(R), radial stretch A, and
hoop stretch A¢ can be calculated using Egs. (4.4)-(4.6). The axisymmetric deformation state of an

everted tube without mechanical instability is obtained.
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Figure 4.3: Distribution of the (a) inner and outer radius and (b) stretch in the everted tube with
different thickness.
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Figure 4.4: Distribution of (a) stretch and normalized stress along the radius of the everted tube
with thickness of 0.5B.
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In Fig. 4.3a, we plot the normalized inner radius a/B and the normalized outer radius b/B
of the everted tube as functions of normalized thickness H/B. As thickness of the tube increases,
the inner radius of the everted tube increases, while the outer radius of the everted tube increases
when thickness is small and decreases when thickness is large. The comparisons between the
experimental measurements and theoretical predictions of the inner and outer radius of the everted
tube for H/B<0.5 are also presented in Fig. 4.3a. As we will show later, when the tube thickness
of is large, mechanical instability may happen in the everted tube, which makes the axisymmetric

deformation assumption not valid anymore.

In Fig. 4.3b, we plot the stretches of the inner surface of the everted tube in the radial, hoop
and axial directions. Radial and axial stretches are always larger than one for different tube
thickness. As a result of the material incompressibility, the hoop stretch of the inner surface is

smaller than one.

The stretch and stress field along the radius of an everted tube with the thickness H=0.5B

are illustrated in Fig. 4.4. In the radial direction, the stretch Ar decreases from the value larger than

one on the outer surface to the value smaller than one on the inner surface. The radial stress O,

between the inner and outer surface of the tube is compressive. In the hoop direction, stress Oy,

is compressive on the inner surface of the everted tube, which may result in surface instability

shown in Fig. 4.1b.
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4.4 Linear stability analysis

When the compressive stress in the hoop direction of an everted tube is sufficiently large,
axisymmetric deformation of the tube caused by eversion is not stable anymore. Inner surface of
an everted tube can significantly deviate from a circular shape as observed in Truesdell’s original
experiments [173]. As discussed in the introduction, wrinkling and creasing are two distinct but
commonly observed surface instability modes in soft materials [93, 95, 97, 175]. Wrinkles can be
usually characterized by a smooth undulation, while creases are characterized by singular regions
of self-contact. Linear perturbation analysis is usually adopted to obtain the critical condition of
wrinkling instability [67], while a combination of numerical simulation and energetic analyses has
been used to study the crease formation [95, 98]. In this section, we first calculate the critical

conditions for wrinkling instability of a tube after eversion.

Stretch and stress fields of an everted tube with axisymmetric deformation have been
obtained in section 3. With the axisymmetric deformation, each material point of a tube in the
undeformed state described by its coordinate X, moves to current coordinate x° after the eversion.

The deformation gradient can be calculated as,

FnE: :

(4.14)

To obtain the critical conditions for wrinkling instability of the elastomeric tube after

eversion, we adopt linear perturbation analysis proposed by Biot [67]. The axisymmetric

deformation filed of the elastomer x°(X) is perturbed by a state of infinitesimal displacement u(x°).
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Using Neo-Hookean material model [174], we can obtain the corresponding perturbations of true

stress as,
6. =uF>FS L +p°L. — po. 4.15
utuJKprpppu’ ()
~ . . 0. .
where 0y and p are the perturbations of true stress and hydrostatic pressure, P"is the hydrostatic
pressure for the axisymmetric deformation, and L, =0u, /0x; .

The perturbations of true stress need to satisfy force balance equations, namely,

05
%% g, (4.16)
OX;

The incompressible condition expressed by the perturbation fields is,
L; =0. (4.17)

With the assumption of generalized plane strain condition, the perturbation of the

displacement field can be given by,
u(r,0)=u.(r,0)e, +u,(r,0)e,, (4.18)

where the functions U, and U, are the displacement perturbations in the radial and hoop directions,

er and €e are the corresponding unit base vectors, respectively. Consequently, the gradient of

displacement perturbations are given by,
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ou u,  1au, _lou, u,

L, =" L,=-—"+

" or r ro0’ " ro0 r’

The incompressible condition of Eq. (4.17) becomes,

ou u. lou,
L= _

r+_r

o r roo

The stress perturbations 5” in Eq. (4.15) takes the form,
G, =1’ +p)L, - P,
G = (145 +P) Ly — B,
Gry = My Ly + Pl

6«9r = /M“rz Lﬁr + erH'

_ Uy 4.19
or ar - ( )

(4.20)

(4.21a)

(4.21b)

(4.21c)

(4.21d)

The force balance equation Eq. (4.16) for stress perturbations can be expressed in the polar

coordinate system as,

rr

or r 06 r

e +1 ao—ry + O —Oups

=0,

a5-(>’r _’_E 8566 4 O-6r +&rH — 0
or r 06 r

The boundary conditions for the stress perturbations are,
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o, =0,0, =0, (4.24)

for both r=a and r=b.

To determine the critical conditions for the wrinkling instability in the everted tube, we
seek the existence of a non-trivial solution of the differential equations of Eqgs. (4.22)-(4.24). By

setting the perturbed displacement fields with the sinusoidal form,

u,(r,8) = f(r)cos(md), (4.252)
u,(r,0) = g(r)sin(mo), (4.25h)
p(r,8) =k(r) cos(ma), (4.25c)

where f(r), g(r) and k(r) are real functions of variable r and m is the wave number of wrinkles.

Substituting Eq. (4.25) into (4.20)-(4.23), after elimination of g(r) and k(r) with f(r), we

can obtain the following ordinary differential equation (ODE),

2 2 2 ' 2\p2 2 2 2
uR f|v+Mf---_(ﬂ+,u((4+m JR” +104r")  (m’ +D)ur ]f..

m’A? m2A%r m? m?A%r? m’R?
pr 2 . pu((@+m)HR*+2(m*+2)Ar®) Bu(m’+1DrR*+2u(m’ +DAr* ) .. 4.26
- FJFFp - m?2°r? i m°R* £

m*-1) 2u(m*-DAr> m*-1 .

where both r(R) and p(R) are functions of R, which can be obtained from Eq. (4.4) and Eq. (4.11).

The boundary conditions given in Eq. (24) take the form,
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f+ Rz +/12I'2 + izmzrz 2..2.3 f :O’ (4-27)

R AR =) (R R i) (YR 2
2'm? 2'm 22mr

rf"rf' +(m° -1 f =0, (4.28)
for both r=a and b.

The differential equations Eq. (4.26) accompanied with the boundary conditions Egs.
(4.27)-(4.28) formulated an eigenvalue problem with loading parameter H/B, which determines
the condition for the onset of wrinkles, and the associated eigenvectors describe the modes of
wrinkling. It is difficult to solve the above eigenvalue problem analytically. Instead, we adopt

compound matrix method [176] to solve the eigenvalue problems numerically.

The tube thickness for the onset of wrinkles as a function of its wavenumbers m defined in
Eq. (4.25) is plotted in Fig. 4.5. We define Hcrit as the smallest tube thickness for the onset of
wrinkles with a critical wavelength mcirt as shown by the red dot in Fig. 4.5. From the numerical
calculations, we can conclude that the critical tube thickness for the wrinkling instability associated
with eversion is Herit=0.58B, with a wave number mcir=14. The critical thickness given by linear
stability analysis is dramatically larger than the thickness of the tube shown in Fig.1b. This

discrepancy implies other mechanical instability mode may happen during tube eversion.
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Figure 4.5: Critical tube thickness for the wrinkling instability with respect to the wavenumber m.
The red dot represents the critical thickness and the critical wave number for the wrinkling
instability in the an everted tube, which are Hcir=0.58B and mcir=14, respectively.

4.5 Creasing instability

We next calculate the critical thickness for the onset of creases on the inner surface of an
everted tube. Creases are localized folds with a singular region of self-contact, around which the
strain field is concentrated and finite [95, 98, 175]. Consequently, the critical condition for the
onset of creases and the subsequent growth of creases cannot be predicted by linear stability
analyses. In this section, we conduct a nonlinear finite element simulation using the commercial
software ABAQUS (version 6.12.1) to predict the critical condition for the onset of creases and

crease patterns in an everted cylindrical tube.
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As shown in the previous studies [95], the crease initiation is autonomous, so the critical
condition of creasing instability can be determined by the local strain field. Based on numerical
simulation and energetic analyses, Hong et al [95] obtained the critical condition for the initiation

of a crease on a free surface,

Ay )2y =24, (4.29)

where direction 3 is normal to the surface, and direction 1 is in the surface and normal to the crease,
and the principle stretches correspond to 1y and Ar in the cylindrical coordinates adopted in the
current tube eversion problem. Consequently, we can easily obtain the critical tube thickness for
the onset of creases as Hcrit=0.435B, through comparing the stretches in the inner surface of an
everted tube with different thickness as shown in Fig.3b and the critical condition of Eq. (4.29) for
the initiation of a crease on a free surface. The predicted critical tube thickness for creasing
instability is much smaller than the critical thickness for wrinkling instability as predicted in
Section 4. Therefore, our analyses suggest that creasing, instead of wrinkling, is the mechanical

instability mode in an everted tube with large thickness.

We next conduct finite element simulations to further confirm the critical condition for the
crease initiation obtained above. To avoid simulating the complex tube eversion process, we first
map our previously computed stress field for the axisymmetric deformation of an everted tube into
our 2D finite element model. The equilibrium stress state obtained in Section 3 is introduced as
initial stress through the user subroutine SIGINI in ABAQUS, which is then called at the beginning
of the creasing analysis. The subsequent deformation is set to be in generalized plane-strain
condition with a constant axial stretch 4,. The plane-strain hybrid element CPE6MH is adopted to

simulate the crease formation. To simplify the problem, we assume creases distribute around the
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inner surface of an everted tube periodically. Therefore, only half of the crease with symmetric
boundary condition is used in the simulation as shown in the inset of Fig. 4.6, with & being the
angle of a sector. By varying the angle of the sectors, we can simulate the scenario of an everted

tube with different number of creases on its inner surface.

To artificially introduce a crease, we impose a radial displacement d at a point On the inner
surface of an everted tube as shown in Fig.6. We then numerically calculate the strain energy of
the everted tube as a function of crease depth d. In Fig.6, we plot the strain energy of the everted
tube with =z/12 in the creasing state Uc, normalized by the strain energy of the everted tube with
asymmetric deformation U, as a function of crease depth d/H. When the tube thickness H is small,
the strain energy of an everted tube increases monotonically with the increase of crease depth d
(dash lines in Fig.6). When the tube thickness H is larger than Hcit=0.435B, the strain energy of
the everted tube decreases first with the increase of crease depth, which reaches a minimum value
for a certain crease depth defined as dcrit. Further increase of crease depth will cause the increase
of the strain energy. The computational results verify that when the tube thickness is larger than
0.435B, the formation of creases with certain depth on the inner surface of the everted tube can

reduce its total strain energy.

83



4 ! | ! 1 i [ T J T 7 T
- .7 s
1.005 — - ~ -
1 H=0.36B _ - -7 .7
_ - ~04B_ 07358 9.4
1.002 — - /.463
0. -
999 | 0.48B
0.996 -
Q
2 -
0. -
- 993
0.990 4 7
4 CE |
0.987 |\ :
1
| /
0.984 — | /
1 iz //
0.9814 2,
T l T ] T I L] I L) I T ] T
0.00 0.02 0.04 0.06 0.08 0.10 0.12 0.14

d/H

Figure 4.6: Normalized strain energy of an everted tube with different thicknesses as a function of
crease depth d. When the thickness H is smaller than the critical thickness: 0.435B, the strain
energy of the everted tube increases monotonically with the increase of crease depth. When the
thickness H is larger than the critical thickness, the strain energy of the everted tube has a minimum
value for a finite crease depth. In the above calculation, we assume there are 12 creases distributed
periodically around the inner surface of the everted tube.

The numerical simulation is consistent with our theoretical predictions of the critical tube
thickness for the crease formation. The critical tube thickness for the onset of crease is much
smaller than the critical thickness for wrinkle formation. The discovery successfully addresses the
long-lasting discrepancy between theoretical predictions and experiments of mechanical instability
in an everted tube as described in the introduction. Our prediction has also been confirmed by the

experiments shown in Fig. 4.1. The inner surface of an everted tube is smooth in Fig.1a with the
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thickness: H=0.42B; while multiple creases are clearly visible on the inner surface of an everted

tube in Fig.1b for the thickness: H=0.5B. Although it is not easy to determine the exact thickness

for the onset of crease, the critical tube thickness has to fall in the range between 0.42B and 0.5B,

which agree well with our prediction.
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Figure 4.7: (a) Normalized strain energy of an everted tube with different number of creases. (b)
Number of creases on its inner surface of everted tube with minimal strain energy.
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Figure 4.8: With the assumption of periodic crease distribution, the cross sections of everted tubes
with minimalized strain energy for three different thicknesses: (a) H=0.44B, (b) H=0.48B, and (c)
H=0.52B.
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To predict the depth and number of creases forming on the inner surface of an everted tube
with large thickness, we assume crease distribution is periodic and the creasing patterns observed
in experiments minimize the total energy of the everted tube. Based on the assumptions, we next
perform nonlinear finite element simulations to study crease patterns on the inner surface of an
everted tube with thickness larger than Hcrit. By varying the crease depth and the angle of the sector
in the simulation, we can compute the minimal strain energy of an everted tube with different
number of creases. To accurately capture the stress/strain field associated with the formation of
creases in an everted tube and improve the convergence of the numerical simulation, mesh-to-
mesh solution mapping in ABAQUS is adopted when elements are severely distorted during the
crease formation. Old and severely deformed meshes are frequently replaced by new meshes with
better quality. According to our knowledge, the numerical simulation strategy described above has

never been reported to model crease formation in previous studies.

As shown in Fig. 4.7a, when the thickness of the tube H is larger than the critical thickness,
an everted tube with finite number of creases on its inner surface can minimize its total strain
energy. Based on the computational results shown in Fig.4.7a, we further plot the number of
creases in Fig. 4.7b, which minimize the total strain energy of the everted tube, as a function of
tube thickness. As expected, with increasing the tube thickness, the number of creases on the inner

surface of everted tubes decreases.

87



Von Mises
stress (o/ n)

Figure 4.9: The comparison between the predicted and microCT image of a cross-section of an
everted tube with the initial thickness of H/B=0.52. The color in (a) stands for the Von Mises stress
normalized by the shear modulus u of the elastomer. The length of the scale bar in (b) is 5Smm.

Fig. 4.8a-c illustrates the stress distribution of everted tubes with different number of
creases, which minimizes the total strain energy of the everted tubes. In Fig. 4.9, the predicted
cross-section of an everted tube with thickness of H/B=0.52 is compared with its microCT image.
It clearly shows that not only the number of creases, but also the profile of the inner surface of the

everted tube can be well captured by our simulations.

Although our predictions agree well with experimental observations, certain limitations
exist in our theory. For example, we assume the distributions of creases are periodic on the inner
surface of everted tubes. The assumption may be invalid in certain scenarios. In particular,
preexisting defects in the system may predetermine the locations of crease formation. In addition,
we adopt Neo-Hookean model to characterize the hyperelasticity of elastomers in our experiments,

which may be inaccurate for different elastomers. However, as discussed in the reference [95], the
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strain involved in the crease formation is finite but modest; NeO-Hookean model should be

accurate enough for many elastomers.

4.6 Conclusion

In this article, we studied mechanical instability of an everted cylindrical elastomer tube.
By comparing the critical conditions of creasing and wrinkling, we show that the formation of
creases, instead of wrinkles, is the mechanical instability mode for an everted tube when its
thickness is larger than a critical value. Our studies have successfully resolved a long-lasting
discrepancy between the theoretical predictions and experimental observations of eversion-
induced mechanical instabilities in cylindrical elastomer tubes. Based on a hybrid theoretical-
numerical approach, we have also successfully predicted the number of creases formed on the
inner surface of a thick tube after eversion. The analyses we conduct in this article can be easily

extended to investigate eversion-induced mechanical instability of other structures.

Chapter 4, in full appears in the paper “Creasing of an everted elastomer tube”, Soft matter
12, no. 37 (2016): 7726-7730, by X. Liang; F. Tao and S. Cai. The dissertation author was the

primary investigator and author of this paper.
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Chapter 5 Gravity induced crease-to-wrinkle

transition in soft materials

Creasing and wrinkling instability are two distinct surface instability modes characterized
by localized singular folds and continuous smooth undulations, respectively. In this article, we
show that the surface of a soft elastomer may develop wrinkles or creases under compression and
the action of gravitational force, depending on the magnitude of gravitational force. Using linear
perturbation analysis and numerical calculations, we establish a phase map with respective
creasing domain, wrinkling domain and the domain of homogenous deformation. When the
gravitational force is small, the surface of the elastomer forms creases when the compressive strain
is beyond a critical value, while the surface of the elastomer forms wrinkles under compression

when the gravitation force is large.
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5.1 Introduction

Wrinkles and creases are two fundamentally distinct mechanical instability modes, which
can be often observed in deformed soft materials such as gels and rubbers [67, 93, 177]. It has been
demonstrated in both experiments and theoretical analyses that when a soft elastic solid is
compressed beyond a critical strain, the free surface suddenly forms creases with self-contact [93,
95]. In a recent experiment [178], wrinkles have been observed on the surface of a soft gel under
the effect of gravitational force. Those experiments suggest that the competition between elastic
energy and gravitational potential energy in a soft solid may determine its surface instability mode-

creases or wrinkles.

The effects of gravity on the elastic deformation of a solid can be evaluated by the
magnitude of a dimensionless number: a=pgH/u, where p is the density, g is the gravity, H is the
characteristic size and x is the elastic modulus of the solid. When the dimensionless number « is
comparable or larger than 1, gravitational force may greatly affect the elastic deformation of solids.
For example, when a mountain range is built in the crust, a is large due to the considerable
characteristic size. Consequently, gravitational instability can happen in continental lithosphere
[179]. Gravitational force also plays important roles in the deformation of soft bio-tissue such as
intestinal tissue [47], which is commonly soft with a Young’s modulus ranging from several

hundred to several kilo Pa [180].

In this article, we investigate the conditions for the onset of creases and wrinkles on the
surface of the soft elastic solid under compression and subject to the gravitational force. By
comparing the onset conditions of creases and wrinkles, we establish a phase map with respective

creasing domain, wrinkling domain and the domain of homogenous deformation.
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5.2 Linear stability analysis

We first briefly summarize the governing equations of an elastic solid undergoing finite

deformation. Deformation gradient of the solid is defined as,

_ % (X)

- A
iK 6XK (5 )

where Xi is the coordinates of a material point of the elastomer in undeformed state and x; is the
coordinate of the same material point in deformed configuration.

Using thermodynamics, the constitutive model of the solid can be specified by a certain

free energy density function W(F), namely
(5.2)

where Sik is the nominal stress.

With taking account of the gravitational force, the mechanical equilibrium of the solid

requires that,

0S¢
—x 4 ) :O. .
X, PY; (5.3)

where g; is the component of gravity.
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(b) Deformed state
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Figure 5.1: An elastomer is subject to gravity and uniaxial compression. (a) The undeformed
elastomer is taken to be the reference state with thickness H. (b) The homogeneously deformed
state of the elastomer is under gravity force pg and pre-stretch A", When the compressive strain
is large enough, the homogenously deformed state may bifurcate into (c) wrinkling state or (d)
creasing state.

Fig. 5.1a sketches the model to be analyzed in the article. A block of an undeformed
elastomer with thickness H is taken to be the reference state. The gravity force a and uniaxial pre-

stretch A" are applied to the block of elastomer as shown in Fig. 5.1b. The top surface of the
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elastomer is not allowed to move vertically and the elastomer is assumed to deform in plane strain
condition. When the compression or gravitational force is large, homogenously deformed
elastomer may bifurcate either into wrinkling state (Fig. 5.1c) or creasing state (Fig. 5.1d)

depending on the magnitude of the dimensionless parameter .

To obtain the critical conditions of wrinkling of the elastomeric block under compression,
we adopt linear perturbation analysis [67]. A homogeneously deformed elastomer with applied

horizontal stretch A" can be described by,
Xio = iprexli (5.4a)
X =X, [ A", (5.4b)

Next, we perturb the homogenous deformation by a state of infinitesimal displacement

>~(i (X) to obtain an inhomogeneous deformation,
% (X) =% (X)+%(X). (5.5)

The corresponding additional deformation gradient |fiK and nominal stress §iK caused by the

perturbations are,

F=——, 5.6

<TTox, (5.6)

~|K = GZ\N(F) lEL (5.7)
ok, OF;. !
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The perturbed nominal stress needs to satisfy the force balance equations,

o(Si) _ g

X (5.8)

A combination of Eqgs (5.6)-(5.8) gives the governing equations for the infinitesimal

displacement X (X) . The boundary conditions for the perturbations are,

% (X, H)=0, (5.9a)
%,(X;, H) =0, (5.9b)
S,(X,,0)=0, (5.9¢)
S,,(X,,0)=0. (5.9d)

In this article, we assume the elasticity of the elastomer can be described by Neo-Hookean

model, with the free energy density W bF) [174]:
W(F) = g F. F, —7(det(F)-1). (5.10)

where u is the small-deformation shear modulus and z(X) is the Lagrange multiplier to enforce the

constraint of incompressibility.

To solve the perturbation field, we assume,
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)Zl(xl’ Xz) = f1(X2)Sin(mX1),

X (X, X;) = f,(X;) cos(mX,).

Substituting Eq (5.11) into Egs (5.6)-(5.8), we obtains that

m4

)T

(ﬂPre)4 f2 = 0

(5.11a)

(5.11b)

(5.12)

The differentiation of f, is over X2 and m is the wavenumber in Eq (5.11) and it relates to

the wavelength A of the wrinkle by A=2z/m. The ordinary differential Eq (5.12), accompanied

with the boundary condition, leads to an eigenvalue problem, of which the trivial solution

represents the homogeneous state, while the nontrivial solutions correspond to the wrinkling state.

The eigenvalue that determines the onset condition of wrinkling can be obtained by solving

det

mH

-mH

emH _ —mH F:,I;e _ euPrE)Z _%e(lpre)z
(4™) (4™)
mH -mH
mH gH ey EW
1+(Z{Pre)4 1+(/1Pre)4 2 2
aﬁPre +2 aﬂPre _2 a/IPre +1+(/1Pre)4 aﬁPre _1+(ﬂPre)4
mH mH mH (™) mH (A7)

=0. (5.13)

The critical strain ecritical, defined as the strain at which nontrivial solutions exist in Eq (5.12)

for a given gravity o, is plotted in Fig. 5.2a. Biot’s classical result of the wrinkling in an elastomer

under compression are recovered for a=0. With the increase of gravity, less compressive strain is

needed to induce wrinkles on the surface of the elastomer. Gravity may even induce wrinkles with

certain wavelength on the surface of a pre-stretched elastomer (e.g when a>7). The reason that
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gravity can facilitate the formation of wrinkles is the gravitational potential of the solid can be

reduced through surface wrinkling [178].

In Fig. 5.2a, we can also find that wrinkles with small wavelength are not affected by the

presence of gravity. The results can be understood using the following scaling analysis: when the
wavelength of wrinkles is much smaller than the thickness of the elastomer, the wavelength A is
the only relevant length scale. As a consequence, the dimensionless parameter reflecting the

importance of gravity changes to pgH/u, which is small when the wavelength is small.

As shown in Fig. 5.2a, for a certain gravity, critical strain for wrinkles depends on their
wavelength. There exists one wavelength of wrinkle requiring smallest compressive strain (or
largest tensile strain), which is defined as the critical mode. Wavelength of critical mode is plotted
as a function of gravity in Fig. 5.2b. The red-cross in Fig. 5.2b is the recent experimental
measurement of the wrinkle wavelength on the surface of a soft gel only under the action of

gravitational force [5].
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Figure 5.2: (a) Critical strains fOr wrinkles with different wavelength for different gravitational

forces. (b) Wavelength of critical mode of wrinkles as a function of gravity. Red Cross point is
from Mora et. al [178].

5.3 Crease analysis

As discussed at the beginning of this article, the surface of a compressed elastomer forms

creases instead of wrinkles when the gravitational force is negligible. Our recent researches on
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creases have shown that the strain for the onset of creases cannot be predicted by linear
perturbation analysis [181, 182]. Instead, a combination of numerical calculations and energetic
analysis, adopted in the previous studies, precisely predicted the strain for the onset of the

crease[95].

Before detailed analysis, using similar scaling analysis for the wrinkles with small
wavelength, we expect that the gravitational force will have negligible effects on the onset of
creases, because the crease size is the only relevant length scale, which is infinitesimal for incipient

creases. The prediction is verified in the following numerical analyses.

To obtain the strain for the onset of creases, following Hong et.al. [95], we calculate the
free energy difference AU between an elastomer with homogenously deformation and the one with
a prescribed crease of small depth L, using FEM simulation (as shown in Fig. 5.3 insert). The free
energy of the elastomer is equal to the summation of the elastic energy and the gravity potential of
the elastomer. For an incipient crease, its depth is the only length scale, so

AU = ul*f (&,0) (5.14)

where the dimensionless number f(e,a) is to be calculated and is a function of applied strain € and
the dimensionless gravity a. If 4U>0, the homogeneously deformed elastomer has lower free
energy. If AU<O0, the crease state has lower free energy. Consequently, the critical condition for

the onset of crease is

f(,0) =0, (5.15)
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As shown in Fig.5.3, which clearly indicates that the effects of gravity on the strain of the onset of

creases is negligible.
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Figure 5.3: Free energy different between an elastomer with homogenous deformation and the one
with crease with infinitesimal depth under different gravitational forces. The numerical results
show that he effects of gravitational force on the formation of creases are negligible.

The critical conditions for the onset of creases and the critical mode of wrinkles are both
plotted in Fig. 5.4. When the strain is larger than the critical strain for both creases and wrinkles,
the elastomer will deform homogeneously with keeping its surface flat. The surface of elastomer
will form creases or wrinkles, when the strain is smaller than the critical strain for the onset of
creases or wrinkles (whichever is larger). Base on the calculation, we can divide Fig. 5.4 into three
domains, which are homogenous deformation, creasing state and wrinkling state respectively.

When gravity is small (a<3.8) and the compression strain exceeds 35%, creasing instability is
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formed. When gravity is large («>3.8), wrinkling instability develops prior to the creasing

instability with an increasing critical strain.
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Figure 5.4: Comparison of the critical strain of the onset of wrinkles and crease under gravity. The
two critical conditions intersect at a~3.8, indicating the possible transition between crease and
wrinkle. When a<3.8, crease is the surface instability mode when an elastomer is under
compression. For a>3.8, wrinkle is the surface instability mode.

5.4 Conclusion

In summary, surface instability of a soft elastic solid has been recently intensively studied,
when the solid is subject to either compression or gravitational force. In the article, we investigate
surface instability of a soft elastic solid under both pre-stretch and gravity using analytical analyses

and numerical simulations. We found that the magnitude of gravity may determine the selection
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of surface instability mode when the soft solid is under compression. When the gravity is small, a
compressed surface develops to crease instability. When the gravity is large, wrinkle is formed
prior to the crease. The transition between crease instability and wrinkle instability is governed by
magnitude of gravity. It has been shown that wrinkling of a uniform elastomer is extremely
unstable and very difficult to observe [183]. In the article, we demonstrate that large gravitational

force may stabilize the wrinkles on the surface of an elastomer under compression.

Chapter 5, in full appears in the paper “Gravity induced crease-to-wrinkle transition in soft
materials”, Applied Physics Letters106, no. 4 (2015): 041907, by X. Liang and S. Cai. The

dissertation author was the primary investigator and author of this paper.
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Chapter 6 Conclusion

Mechanical instabilities in soft materials are ubiquitous in nature and engineering
applications. When subjected to a sufficiently large compression, the electric voltage, the gravity
force or impact loadings, soft materials may undergo mechanical instabilities in various types. The
instability modes can be either linear or nonlinear, depending on the form of perturbation when
the instability set in. Due to the high stretchability of soft materials, new types of highly nonlinear
instability are realized recently, which require us to have a deeper understanding of the mechanical

instabilities in soft materials.

We started with the shape bifurcations in a spherical dielectric elastomer balloon under the
actions of internal pressure and electric voltage. Using linear perturbation analysis, we demonstrate
that a spherical dielectric elastomer balloon may bifurcate to a non-spherical shape under certain
electromechanical loading conditions. By numerically solving the governing equations of the
dielectric elastomer balloon with axisymmetric deformation and under different electromechanical
loading conditions, we obtain both spherical deformation and non-spherical deformation solutions
for the balloon. Our calculations further show that shape difference between two adjacent spherical
and non-spherical deformation modes can be greatly enhanced by increasing the electrical voltage.
The non-spherical deformation of the dielectric elastomer balloon in-turn induce large electric field
concentration and stress/stretch concentration in certain area of the balloon, which may lead to the
failure of the system. In addition, we conduct stability analysis of the dielectric elastomer balloon
in different equilibrium configurations by evaluating its second variation of free energy under
arbitrary perturbations. Our analyses indicate that under pressure-control and voltage-control mode,

non-spherical deformation of the dielectric elastomer balloon is energetically unstable. However,
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under charge-control or ideal gas mass-control mode, non-spherical deformation of the balloon is

energetically stable.

Since the DE balloon structures are normally obtained through mounting an elastomer
membrane on an air chamber, which is coved by carbon grease over the top and bottom surface as
soft electrodes. The membrane deforms into a balloon shape after air is pumped into the chamber
while the boundary of the membrane remained fixed. Similar to the spherical DE balloon under
the internal pressure and electric voltage, snap-through instability in such DE balloon was
observed due to the non-monotonic relationship between the internal pressure and the volume of
the balloon, which has been harnessed to achieve giant voltage-triggered deformation. In addition
to the snap-through instability, with an applied voltage, a new electromechanical instability mode
with a localized bulging-out in the balloon has been recently observed in experiments. However,
the reported phenomenon has not been well explained. Through numerical computation, we obtain
the relation between the volume of the balloon and its internal pressure, when the balloon is
subjected to different voltages. We find out that when the applied voltage is small, the pressure vs.
volume diagram of a balloon can be represented by an N-like curve, which is similar to the
conventional hyperelastic balloon only subjected internal pressure; when the voltage is larger than
a critical value, new instability modes in the balloon emerge, which have a localized bulging-out,
similarly to the shape observed in the experiments. Based on our numerical calculations, we show
that the bulging-out modes recently observed in a DE balloon can be an equilibrium configuration.
Such a bulging-out shape does not rely on any specific material or geometrical defects. In addition,
the prediction of the bulging-out configuration does not require any modifications of the DE
balloon model. We further show that the DE balloon with a bulging-out shape can be realized in

the experiment by gradually increasing the applied voltage while fixing the total amount of air
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enclosed in the balloon. We believe the bulging-out instability modes of a DE balloon are related
to the non-convexity of the free energy density function of DE when the applied voltage is high.
We finally show that prestretch as well as the material parameter (Jim) can affect the voltage

required for triggering the emergence of the bulging-out instability of a DE balloon.

Next we show the mechanical instability in a bulk of elastomer by everting an elastomeric
tube. A cylindrical elastomer tube can stay in an everted state without any external forces, which
is under an equilibrium state. If the thickness is small, an everted tube, except for the regions close
to its free ends, maintains cylindrical shape; if the thickness is larger than a critical value, cross-
section of the everted tube becomes noncircular, which is caused by mechanical instability.
Although eversion-induced mechanical instability in an elastomer tube has been reported several
decades before, a satisfying explanation of the phenomenon is still unavailable. In previous studies,
linear or weakly nonlinear analyses have been usually adopted to predict the critical thickness of
the tube for the eversion-induced instability. The discrepancy between the prediction and
experiment is significant. In this article, based on experiments and theoretical analyses, we show
that crease formation on the inner surface of an everted tube is the mechanical instability mode,
which cannot be captured by linear stability analyses. Instead, a combination of energetic analyses
and numerical simulations of finite deformation in an everted tube enables us to correctly predict
both critical tube thickness for the onset of creases and profile of the noncircular cross-section of
an everted tube with large thickness. The analyses we conduct in this article can be easily extended

to investigate eversion-induced mechanical instability of other structures.

Creasing and wrinkling instability are two distinct surface instability modes characterized

by localized singular folds and continuous smooth undulations, respectively. When a block of
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elastomer is compressed, crease instability is normally happen prior to the wrinkle instability, as
the critical strain required the onset of crease is smaller than the one of wrinkle. We investigate
surface instability of a soft elastic solid under both pre-stretch and gravity using analytical analyses
and numerical simulations. We found that the magnitude of gravity may determine the selection
of surface instability mode when the soft solid is under compression. When the gravity is small, a
compressed surface develops to crease instability. When the gravity is large, wrinkle is formed
prior to the crease. The transition between crease instability and wrinkle instability is governed by
magnitude of gravity. We demonstrate that large gravitational force may stabilize the wrinkles on
the surface of an elastomer under compression, and change the surface instability from crease to

wrinkle.

Mechanical instability in soft materials is a fast growing research area due to the recent
progress in materials science, biology and engineering. This dissertation hopes to provide some
insights of both linear and nonlinear instabilities in different types of soft materials under various

loading conditions and contribute to applications of soft materials in a board research areas.
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