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Abstract

A characterization for spatial Pythagorean-hodograph (PH) curves of
degree 7 with rotation—minimizing Euler—-Rodrigues frames (ERFs) is
determined, in terms of one real and two complex constraints on the
curve coefficients. These curves can interpolate initial/final positions
p; and py and orientational frames (t;, u;, v;) and (tz,ur, v¢) so as to
define a rational rotation—minimizing rigid body motion. Two residual
free parameters, that determine the magnitudes of the end derivatives,
are available for optimizing shape properties of the interpolant. This
improves upon existing algorithms for quintic PH curves with rational
rotation—minimizing frames (RRMF quintics), which offer no residual
freedoms. Moreover, the degree 7 PH curves with rotation—minimizing
ERFs are capable of interpolating motion data for which the RRMF
quintics do not admit real solutions. Although these interpolants are
of higher degree than the RRMF quintics, their rotation—minimizing
frames are actually of lower degree (6 versus 8), since they coincide
with the ERF. This novel construction of rational rotation—-minimizing
motions may prove useful in applications such as computer animation,
geometric sweep operations, and robot trajectory planning.
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1 Introduction

The need to describe the orientation of a rigid body that moves along a curved
spatial path r(¢) is a basic problem in computer animation, the use of sweep
operations in geometric design, path planning in robotics, and programming
of CNC machines with rotary axes. This can be accomplished by invoking an
orthonormal frame (£}, f5, f3) embedded in the body to specify its orientation.
The variation of such a frame is defined by its angular velocity w(t) according
to the relations

ﬁ:<.«.J><f1, %:wxfg, %ZWngg.
dt
A common requirement is that the frame vector f; should coincide with the
path tangent t = r’/|r’|, while the normal-plane vectors f, f3 should exhibit
no instantaneous rotation about f; — such rotation—minimizing motions are
characterized [1] by the fact that the angular velocity satisfies w - f; = 0.

Numerical methods are often used [11, 14, 16, 15, 17, 18] to approximate
rotation-minimizing frames, since in general the unit vectors fi (), f2(¢), f5(¢)
do not admit a rational dependence on the curve parameter, even if r(¢) is a
polynomial or rational curve. In recent years, there has been greater interest
in constructing special curves that do possess rational rotation—-minimizing
frames (RRMF curves) — such curves must be Pythagorean-hodograph (PH)
curves [4], since only the PH curves have rational unit tangents.

The introduction [2] of the Euler—Rodrigues frame (ERF) was a key step
in identifying the RRMF curves as subset of the spatial PH curves. The ERF
(e1(t), ea(t), e3(t)) is a rational orthonormal frame, defined on any spatial PH
curve r(t), such that e; = r'/|r’| is the curve tangent t. The RRMF curves
are those PH curves for which the component of the ERF angular velocity
in the direction of e; can be eliminated by imposing a rational normal—plane
rotation on the frame vectors es(t), es(t) at each curve point [13]. The first
RRMF curves were identified by Choi and Han [2], as PH curves of degree 7
for which the ERF is itself rotation-minimizing — such curves were shown to
depend on 16 real parameters, and the interpolation of first—order Hermite
data (initial/final points p;, py and tangents t;, t;) was briefly studied.

Subsequently, RRMF curves of degree 5 were characterized [5, 8] in terms
of coefficient constraints in the quaternion and Hopf map representations for
spatial PH curves, and their use in constructing rational rotation—-minimizing
rigid-body motions — that interpolate initial/final positions p; and py and
frames (t;,u;,v;) and (t;,ur, vy) — was studied in [9]. With these curves,



however, it was not possible to guarantee the existence of rotation—minimizing
interpolants to arbitrary spatial motion data.

This study revisits the degree 7 curves with rotation-minimizing ERF's
identified by Choi and Han [2], and derives a simpler characterization of them
in terms of one real and two complex constraints on their coefficients. It is
also shown that, unlike the RRMF quintics [9], these curves admit two free
parameters in the interpolation of initial/final positions p; and py and frames
(ti,u;, v;) and (tf, us, v¢) by rational rotation-minimizing motions. The free
parameters permit shape optimization of the motion interpolant, and make
the existence of interpolants to arbitrary data highly probable. Although the
curves are of higher degree than the RRMF quintics, their rational RMFs
are actually of lower degree, since they are coincident with the ERF.

The plan for the remainder of this paper is as follows. After reviewing the
definitions and key properties of PH curves and RRMF curves in Sections 2
and 3, the problem of characterizing those degree 7 PH curves whose ERFs
are rotation—minimizing is considered in Section 4. In particular, it is shown
that one real and two complex constraints on the curve coefficients suffice to
identify these curves. In Section 5, this characterization is exploited to derive
a system of four quadratic equations in four real variables, that embodies
the rational rotation—minimizing rigid-body motion problem. Preliminary
methods for solving this system, together with computed examples, are then
presented in Section 6. Finally, Section 7 summarizes the key results of this
paper, and identifies problems that deserve further investigation.

2 Spatial PH curves

The characteristic feature of a polynomial Pythagorean—hodograph (PH) curve
r(t) = (z(t),y(t), z(t)) is that its derivative r'(t) = (2/(t), y'(t), 2/ (t)) satisfies

(1) + () + 2%(t) = o*(t) (1)

for some polynomial o(t). The quaternion and Hopf map forms [3, 6] are two
alternative (equivalent) models for the construction of PH curves. The former
generates a Pythagorean hodograph r'(¢) from a quaternion' polynomial

A(t) = ult) +o(t)i+p(t)j+q(t) k (2)

LCalligraphic characters such as A are used to denote quaternions, their scalar (real)
and vector (imaginary) parts being indicated by scal(A) and vect(.A). Bold symbols denote
either complex numbers or vectors in R? — the meaning should be clear from the context.




and its conjugate A*(t) = u(t) — v(t)i— p(t)j — q(t) k through the product?

r(t) = A)iAY(t) = [u'(t) +0°(t) —p*(t) — ¢*() ]
+ 2[u(t)q(t) +o@)p)]j + 2[v(t)q(t) —u(t)p(t) k. (3)

The latter generates a Pythagorean hodograph from complex polynomials

aft) = u(t) +iv(t), B(t) = q(t) +ip(t) (4)

through the expression

r'(t) = (la@®)” - [B1)°, 2Re(a(t)B(t)), 2 Im(x(t) B(1))) - ()

The equivalence of (3) and (5) is seen by setting A(t) = a(t) + k 3(t), where
the imaginary unit i is identified with the quaternion basis element i. It will
be advantageous to simultaneously employ both representations (3) and (5)
of spatial PH curves — see [4] for further details.

The quaternion polynomial (2) and the complex polynomials (4) may be
specified in terms of the Bernstein basis

r

b (t) = (”)(1—15)"%7", r=0,....n

of degree n on t € [0,1] as

Alt) = D AL, (6)

Oé(t) = Zar b:}(t)’ ﬁ(t) = Z/Br b:}(t)’ (7)

where the coefficients are related by A, = o, + k3, forr=0,... n.

An adapted orthonormal frame (f}, fs, f3) on a space curve r(¢) employs
the curve tangent t = r’/|r’| as the vector f;, while the vectors f5, f3 span the
curve normal plane. The Euler—Rodrigues frame (ERF) is a rational adapted
rational frame, defined on spatial PH curves [2]. In terms of the quaternion
form (3), it is specified by

A() i A*(8) A(t)jA* (1) Al k A*(1)

“O="Twe - 2O ape 2O "age - ©®

2Note that a product of the form A(t) i A* (t) always generates a pure vector quaternion.
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Here e; is the curve tangent t = r’/|r’|, while e,, e3 span the curve normal
plane. The ERF is a useful “reference frame” for the identification of rational
rotation-minimizing frames [2]. The ERF can also be defined in terms of the
Hopf map form (5) as

o) — P~ 18O 2Re(@()B(0), 21m (()B(1))
(P + B0 |
oty — (2 2Re(@dB(0) Re(@?(t) - (1), Im(a?(t) + (1))
(P +1BP /
() = (2I(E0B0), - @) - F(0).Re(@’(t) +£°0))

la()? + 18(1)]

3 Rational rotation-minimizing frames

Han [13] showed that the RRMF curves can be characterized in terms of the
quaternion form (2)—(3) of spatial PH curves by the existence of relatively
prime polynomials a(t), b(t) such that

u(t)v'(t) — u'(H)o(t) — p(t)q'(H) + P’ ()gq(t) _ a®)b'(t) — ' (£)b(t) (9)
u?(t) +02(t) + p*(t) + ¢*(1) a*(t) +02(t)
This can be phrased in terms of the Hopf map form (4)—(5) as requiring the
existence of a complex polynomial w(t) = a(t) 4+ ib(t) such that
Im(a(t)a'(t) + BH)B'(t) _ Im(W()W'(t)) (10)
l()? + 1B(1)[? w(t)>

The left-hand side of (9) and (10) is the ERF angular velocity component in
the direction of the curve tangent e; = t = r’/|r’|, and when these conditions
are satisfied, a rational RMF (fi(t), f2(¢), £3(¢)) can be obtained from the ERF
by a rational normal-plane rotation. Namely, we set f)(t) = e;(t) and

fr(t) | _ 1 a®(t) — b2 (t) —2a()b(t) ] [ ex(t)
[ £5(t) ] a2t +02(t) | 2a(t)b(t)  a®(t) — b3(t) } [ es(t) ] - (11)

Note that, since the determination of RMF's is an initial-value problem, one
need not require coincidence of f5, f3 with es, e3 at ¢ = 0. One may, instead,
impose any desired orientation of the former relative to the latter.



4 Rotation-minimizing ERFs

When deg(a(t), B(t)) = m and (10) is satisfied with deg(w(t)) = m, we have
a Class 1 RRMF curve. The Class 1 quintics are the simplest non—degenerate
RRMF curves, i.e., true space curves [5, 8]. It was observed in [12] that (10)
can also be satisfied with deg(w(t)) < m. In particular, if (10) is satisfied
with deg(w(t)) =1 < m, we have an RRMF curve of Class m — 1+ 1.

Our focus here is on the case [ = 0 (i.e., w(t) = constant), which defines
RRMEF curves of Class m+ 1. For such curves, the satisfaction of (10) implies
that Im(a(t)a/(t) + B(t)3'(t)) = 0. These are PH curves for which the ERF
(e1(t), es(t), e3(t)) is inherently rotation—minimizing, so the rational normal-
plane rotation (11) is not required. Choi and Han [2] showed that the simplest
non—planar curves in this category occur for m = 3, and characterized these
Class 4 RRMF curves of degree 7 in terms of sixteen real parameters.

For given m, the RRMF curves of Class m + 1 (i.e., the PH curves with
rotation—minimizing ERFs) have the important advantage that their rational
RMFs are of lower degree than for those of Class < m+ 1. If (10) is satisfied
with deg(a(t), B(t)) = m, we obtain an RRMF curve of degree 2m+ 1 whose
rational RMF vectors are of degree 4m when deg(w(t)) = m, but only degree
2m when deg(w(t)) = 0. For example, the Class 1 RRMF quintics (m = 2)
satisfying (10) with deg(w(t)) = 2 have rational RMFs of degree 8, while the
Class 4 RRMF curves of degree 7 (m = 3) satisfying (10) with deg(w(t)) =0
have rational RMF's of degree 6 (both cases define true space curves).

So the degree 7 PH curves with rotation—minimizing ERFs offer rational
RMFs of lower degree than the RRMF quintics studied in [5, 9]. They also
offer more degrees of freedom for the design of rotation—minimizing motions.
In [9] the problem of interpolating initial/final positions and orientations of
a rigid body by a rational rotation—minimizing motion, defined by a Class 1
RRMF quintic, was considered. These curves nominally have sufficient free
parameters to interpolate the given data, but the construction algorithm is
highly non—linear in nature — the existence of interpolants was found to be
contingent on a certain polynomial of degree 6 possessing a positive real root,
and examples reveal that this requirement is not always satisfied.

To define a PH curve of degree 7, we use cubic complex polynomials

a(t) = agby(t) + a1 b(t) + ax b (t) + aszbi(t),
B(t) = Byby(t) + B bi(1) + Babi(t) + B3 b(t), (12)



in (5). For these polynomials, we have

Im(@(t)e’(t) + B(H)B'(t) = 3Im(@a + BoBy) by(t)
+ % Im (e + BOB?) b%(t)
+ 1 [3Im(@ias + B18,) + Im(aoars + ByBs) | b3 (¢
+ % Im (@ a3 + B,8;) bs(t)
+ 3Im(aas + B,33) by(t) (13)

lat)* £ 1B = (Jaol* £ 18ol*) b(t) + Re(@oas £ By, ) by (t)

[2 Re(@ioas £ ByB,) + £ (Jau|” £ 8, [*) ] b5(1)

[% Re ((10043 + Boﬁ:s) % Re(alag + 3152) ] bg(t)
[ Re(@ios £ B8, 85) + 2 (Jaa|* = 1B,[*) ] (1)
Re(@aors & B,85) bs () + (lews|” & |B5]*) bg(t) . (14)
If the curve is to have a rotation-minimizing ERF, the polynomial (13) must
vanish identically, i.e., we must have

(@1 + BoB1) = Im(@oas + ByB2) = 0,
3 Im(alag + 31,32) + Im(&oag + Boﬂ?,) =0 s (15)
Im(alag + Blﬁg) = Im(agag + BQﬁg) =0.

n
N
n
n

These equations impose five real constraints on the sixteen degrees of freedom
in the complex coefficients (e, 3;) for i = 0,...,3. Choi and Han [2] were
the first to note that certain degree 7 PH curves possess rotation-minimizing
ERFs, and they described such curves in terms of sixteen real parameters.

Remark 1. For the quaternion form (3), we use a cubic polynomial
A(t) = Agbp(t) + A1 b3(t) + Ay b3(t) + Asbi(t). (16)

In terms of its quaternions coefficients, the conditions (15) for a rotation—
minimizing ERF become

scal(ApiA}) = scal(AgiA;) = 0,

3scal(A;1A43) + scal(AgiA;) = 0, (17)
scal(A;1.45) = scal(A2iA35) = 0



Note that, when the quaternion coefficients are expressed in the scalar—vector
form A, = (a,,a,), the terms in (17) are of the form

scal(A,1A47) = i (a,a5 — asa, —a, X ag).

The conditions (15) or (17) that identify rational ERFs are equivalent to the
constraints defined by equations (32)-(33) in [2].

We now derive an alternative to the characterization (15), in terms of one
real and two complex constraints on the coefficients of (12). For brevity, we
assume that Im(a@paz) # 0. This assumption is justified in Remark 2 below.

Proposition 1. If Im(apags) # 0, the conditions (15) identifying rotation—
minimizing ERFs on degree 7 PH curves are equivalent to

_ Im(B38,) o — Im(ByB,) as
X = — Tm (o) B (18)
Im(3 —Im(B3
oy = m(/@3ﬂ2)1z(zaoalzl)(ﬂ0/32) a3 ’ (19)
Im(&oag + Boﬁg) Im(&oag + 331,82) =0. (20)

Proof : Suppose conditions (15) are satisfied with Im(e@ya3) # 0. Setting
o, =u;+iv;, B; = q;+ip; for i =0,...,3, the first and fourth conditions in
(15) may be solved as linear equations for uy,v; to obtain

_ (Q3p1 - CI1P3)U0 - (QOpl - CI1P0)U3
! UgU3 — U3V ’

v — (CISP1 - 91]93)?10 - (CIOP1 - 611]90)?13
! UgU3 — U3V ’

and since gsp1 — qips = Im(B38,), q@p1 — qpo = Im(ByB,), uovs — uzvy =
Im(@pas), we obtain expression (18) for ai; = uy+ivy. Similar arguments for
the second and fifth conditions in (15) yield expression (19) for as = uy+iws.
Now from (18)—(19) we obtain

(@ as) = Im(ﬁoﬁl)Im(Bgf:;)(a_ozzl)(33ﬁ1)Im(3052) ’

and one can verify that the numerator of this expression simplifies to give

Im(Boﬁ3) Im(3152) '

Im(ao (13)




Substituting this into the third of equations (15) then yields condition (20),
after some manipulation.

Conversely, suppose Im(@ya3) # 0 and conditions (18)—(20) are satisfied.
Multiplying (18) and its conjugate by @y and a3 and taking the imaginary
part then yields the first and fourth conditions in (15). Similarly, multiplying
(19) and its conjugate by &y and a3 and taking the imaginary part gives the
second and fifth conditions in (15). Finally, noting that (18)—(19) imply (21),
multiplying out condition (20), substituting (21), and simplifying gives

Im(ape;) [3Im(a s + B18,) + Im(apas + ByB;)] = 0.

Since Im(@pa3) # 0 by assumption, the third condition in (15) must hold. B

Further simplification of the conditions (18)—(20) is achieved by adopting
a special coordinate system, which proves advantageous in the context of the
rotation—minimizing motion interpolation problem discussed in Section 5.

Definition 1. The PH curve specified by (5) and (12) is in canonical form?
if (o, By) = w;(1,0) with w; # 0, so that (e1(0),ex(0),e3(0)) = (i, ], k).

A regular curve, with r'(0) # 0, can always be mapped to canonical form
through a spatial rotation. Since the assumption of canonical form amounts
to the adoption of a particular coordinate system, any results we deduce for
curves in canonical form must apply to PH curves in general position.

Lemma 1. In canonical form with (o, By) = w;(1,0) the degree 7 PH curves
defined by (5) and (12) that have rotation—minimizing ERF's are characterized
by the conditions

Im(8 Im(B3 3
ay = %’ a = %Cfi)’ Im(wias +38,8,) = 0. (22)

Proof: The expressions for a, ap in (22) arise on setting (a, B,) = w;(1,0)
in (18)-(19). Also making this substitution in (20) yields

w; Im(az) Im(w; a3 + BBlﬁlQ) =0,

3This definition of canonical form differs somewhat from prior use [5], where the initial
derivative r'(0) was mapped to the vector i. No scaling is invoked in Definition 1, since the
parameter w; is used to adjust |r/(0)| = w?. Instead, a standard orientation of the normal—
plane vectors e2(0), e3(0) about the tangent e1(0) is imposed in the present definition.



and since Im(@pa3) = w; Im(az) # 0 by assumption, we obtain the third
condition in (22). B

Note that, since the reduction to canonical form corresponds to a spatial
rotation of the hodograph, it does not affect the satisfaction of (10). We focus
on canonical-form curves that satisfy (10) with a(t), b(t) constant, so that
Im(aa’ + BB') = 0. On such curves, characterized by Lemma 1, the ERF is
rotation—minimizing, and the normal-plane rotation (11) is not required.

Example 1. With w; = 1, the conditions (22) are satisfied by the values

d 8
a0:17 alz_ga a2:§7 a3:2+317

By=0, B, =-2—1i, By, =3+2i, B3 =1-2i.
The cubic polynomials defining the Hopf map form of r’'(¢) are then

a(t) = (1-8t+21* —12¢%) + (3t7)i,
B(t) = (—6t+21¢* —14¢%) + (=3t + 12¢* — 11¢%)1,

and hence we find that
a(t)o!(t) +B(t)3 (t) = —8+ 151t — 1026 > 4 2904 > — 3390 t* + 1410 £°

is a real polynomial, as required for a rotation-minimizing ERF.
The components 2'(t) = |e(t)]> — |B(t)[*, y'(t) = 2Re(e(t)B(t)), /() =
2Tm(a(t)B(t)) of r'(t) and parametric speed o(t) = |a(t)|? + |B(t)|* are

"(t) = 1 — 16t +611* —36t> — 186¢* + 3481° — 1641°,
) = — 12t +138¢* — 616¢° + 1232¢* — 1020¢° + 270¢°,
) = 61— T72t% +3401° — 788" 4+ 876> — 3481,

o(t) = 1 —16¢+ 151> — 684> + 1452 — 1356 ¢° + 470¢° .

One can verify that [r/(¢) x r”(t)] - r”"(t) £ 0, so r(t) is a true space curve.

Remark 2. The characterization of canonical-form degree 7 PH curves with
rotation—minimizing ERFs in Proposition 1 assumed that Im(apas) # 0. In
fact, this condition is necessary for a space curve. For brevity, we consider
it in the case of canonical-form curves, where it becomes Im(a3) # 0. For a
canonical-form curve with g = w; # 0 and B, = 0, the first two conditions



in (15) become w; Im(a;) = w; Im(az) = 0, and thus ayg, o, ay are all real.
If we also have Im(a3) = 0, the remaining three conditions in (15) become

Im(51ﬂ2) = Im(Blﬂ:s) = Im(52,33) =0,

and thus 3y, 8,, B; are of the form ¢; exp(iv)), ls exp(it)), £3exp(iv)). Then,
since a(t) is real and B(t) = [€1b3(t) + labi(t) + (3b3(t) ] exp(iv)), we see that
r'(t) as defined by (5) lies in the plane through the origin with unit normal
n = (0,sin ), — cos ).

5 Rotation-minimizing motion design

Choi and Han [2] considered the problem of first-order Hermite interpolation
by degree 7 PH curves with rotation-minimizing ERF's, and on the basis of
numerical experiments concluded that “it is highly likely that the C! Hermite
interpolation problem is solvable for most (if not all) practical cases.”

The problem considered here is a generalization of that in [2]. Instead of
just initial/final points and tangents p;, py and t;, t; we consider points p;, py
and frames (t;, w;, v;) and (tf, ug, v¢) specifying the initial/final positions and
orientations of a rigid body that is to execute a rotation—minimizing motion.
As noted above, this problem has already been considered [9] in the context
of Class 1 RRMF quintics, but with these curves it was not possible to ensure
the existence of interpolants for arbitrary spatial motion data. Furthermore,
when interpolants exist, there are no residual degrees of freedom to improve
shape quality. This is a significant concern since — as observed in [9] — the
interpolation of end points and frames by rotation—minimizing motions does
not necessarily yield trajectories of good shape quality.

Remark 3. In the interpolation of C! Hermite data with PH quintics [7], free
parameters ¢g, ¢1, P2 associated with the quaternion coefficients arise. Since
the shape of the curve depends only their differences, it is customary to take
¢1 = 0. In the present context, however, this assumption is not appropriate
since it alters the ERF orientation. On proceeding to degree 7 PH curves, four
additional parameters are introduced through another quaternion coefficient,
and two more in relaxing from C' to G! data. Together with ¢g, @1, ¢o this
gives a total of nine freedoms, of which five are used to satisfy the conditions
(22) for a rotation—minimizing ERF, and two are employed to interpolate the
orientations of (u;, v;) and (uy, v¢) about t; and ty. Hence, the interpolation
problem addressed here incorporates two free parameters.

10



Henceforth, we assume that p; = (0,0,0) and (t;, u;, v;) = (i, j, k). Since
integrating the hodograph (5) introduces a free constant r(0) = p;, the former
choice involves no loss of generality. The latter is achieved through a spatial
rotation R that transforms?* the curve to canonical form (see Section 4). The
rotation R must also be applied to the vectors (t;, u, v¢) and Ap = py — pi.
Once the interpolation problem is solved for this standard configuration, the
inverse rotation R~! can be applied to restore the solution to general position.
In standard configuration, the remaining interpolation requirements are:

(a) matching e;(1) to the specified end-tangent ty;
(b) matching es(1), es(1) to the the normal-plane vectors uy, vy;

(c¢) matching r(1) —r(0) to the displacement Ap = p; — p;.

5.1 Interpolation of tangent

The interpolation condition (a) corresponds to the requirement that

 (lasl? — |8y, 2 Re(@sBy). 2 Im(ewsBy))
erl) = POCERTNE =

Writing t; = (\, i, v) where A\* + p? + v* = 1, and defining ¢ by
p+iv = V1 — A2 exp(ig), (23)

this is equivalent to

’0‘3’2 - ‘ﬁ3|2 204333 .
i1 | S W . it I gy v L
PWENNTCAE POCERTCNE apli9). (24

The solutions to (24) can be expressed in terms of parameters wy and 6 as
a5 = wp\/L(1+A) expli(o+36)), By = wp (/51— A) exp(ile) . (25)

Condition (a) is satisfied by choosing a, 35 of the form (25). Note that, since
r'(1)| = w7, the parameter wy controls the mangitude of the final derivative.

4This is most easily realized as a sequence of two rotations — the first being a rotation
that maps t; onto i, and the second being a rotation about i that maps u;, v; onto j, k.

11



5.2 Interpolation of normal-plane vectors

The satisfaction of condition (b) is facilitated by the following result.

Lemma 2. Consider the orthonormal frame (e1,es,e3) defined in terms of
a given quaternion A =u+vi+pj+qk by
o — AiA* o — AjA* o — Ak A*

MR T AR T AR

Then, under the transformation
A— AQ, Q =cosif+sinifi, (26)
this frame transforms according to
(e1,€2,€3) — (e1,cosfes +sinfes, —sinfey + cosfes). (27)
In other words, ey is unaltered but ey, es rotate through angle 0 about e;.

Proof : The transformation rule (27) follows directly from the fact that the
quaternion Q defined by (26) satisfies Qi Q* =i and

QjQ" = cosfj+ sinfk, OkQ" = —sinfj + cosfk. 1

Writing A = a + k B for appropriate complex numbers «, 3 we see that
for the Hopf map form, the equivalent frame

(le* = 8[*, 2 Re(xB3), 2Im (a3) )

e —

o2 + B2 >
e, — (—2Re(aB),Re(a’ — B%),Im(a®+ 5%))
o a2 + B2 )
_ (2In(ap),—In(e? — 5%) Re(a® + 7))
o [ 187 > (28)

also obeys (27) under the corresponding transformation

(ev.8) — (aexp(ibh). Bexp(i20))

Lemma 2 allows one to enforce any desired orientation of the ERF normal—
plane vectors ey(t), e3(t) about the tangent e; () at a particular point ¢ on a
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spatial PH curve r(t). This property will be used to match the ERF at t = 1
to the prescribed final frame (tf, us, vy). Now let

€ = Ai+ V1I—XAcospj+ V11— ANsingk,
& = —V1—-X2cosgi+ (Acos® ¢ —sin®@)j + (1+ \)cos¢ singk,
és = V1—A2singi — (1+ \)cos¢ singj + (cos® ¢ — Asin® ¢) k,

be the frame defined by substituting (25) with 6 = 0 for a, 8 in (28). Then
the value of # that matches the final ERF vectors ey(1), es(1) to uy, vy is
determined by the conditions

costley + sinfles = uy, — sinfley + costles = vy,
from which we may deduce that
(cosf,sinf) = (éy-us,é3-up) = (€3 vy, —€2-Vy). (29)

Condition (b) is satisfied by using in (25) the  value defined by (29).

5.3 Interpolation of end-point displacement

Satisfaction of condition (c) is equivalent to

r(1) — r(0) = /0 Y(t) dt = Ap, (30)

where Ap = py —p; = (Az, Ay, Az). Using the Hopf map form (5), we have

/O la(t)]> = |B@))?dt = Az, /0 2at)B(t)dt = Ay+ilAz.  (31)

We now take stock of the available freedoms. In canonical form e, 3, depend
only on the parameter w;. Moreover, interpolation of (ts, us, vy) implies that
ag, 35 are specified by (25), where 0 is defined by (29), and thus depend only
on wy. Now by Lemma 1, the coefficients of the cubics (12) must satisfy the
conditions (22) if the curve is to possess a rotation-minimizing ERF. The
first two conditions specify o, oy in terms of 3, 3, and a3, B5. Thus, only
w;, wr and B, B, remain as free variables, incorporating six scalar degrees of
freedom, while four scalar constraints remain to be satisfied — namely, the
third of conditions (22) and the displacement interpolation (31).
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Hence, the motion interpolation problem embodies two residual freedoms.
In the approach described below w; and wy are regarded as free parameters,
that appear in a system of four equations for the real and imaginary parts of
B1, By. Since |r'(0)] = w} and |r'(1)| = wf, varying these parameters offers
a natural means to manipulate the shape of the trajectory, while preserving
interpolation of the end points/orientations. Henceforth, for brevity, we write

c = cos(¢p+30), s =sin(¢p+30), (32)

E= I+ N), 1= 11N, m:%. (33)

These are known values, once the end frames have been interpolated. Thus,
setting 3, = z; exp(i%@), By = 7o exp(i%@) with zq = x1 +1y1, 2o = 2o + 1Yo
and using (22) and (25) — with 6 defined by (29) — the coefficients of the
cubics (12) become

(ao,al,ag,ag) = (wi,myl,myg,wfk(c—l—is)), (34)

(/807 /Bla ﬁQa ﬁ3) = (0? ZleXp(i%e), Z exp(iée)? wfl eXp(lée)) ) (35)
and they must also satisfy the third condition in (22). Recall from Remark 2
that we require Im(a3) # 0 for a space curve. Since wy # 0 for a regular
curve, this implies that ks # 0. Hence, the quantity m in (33) is finite.
Now for the cubics (12), the first integrand in (31) is given by (14) with
the minus sign, while the second integrand is

2 a(t)B(t) = 20, bg(t) + (aOBJL + a1 8)) b?(t)

2 (s + 2By + 3 0uB,) b3(t)

% [@0B; + asBy + 9 (1B, + asB,) ] 05(1)
% (ufB; + 3By + 3au,) bi(t)

+ (@B + a3B,) U5(t) + 2 sB5b5(t) -

Since the definite integral of a Bernstein—form polynomial of degree n is just
the sum of its coefficients divided by n+ 1, conditions (31) can be written as

10(‘0‘0‘2 - |50|2) + 10 Re(apa; — Boﬁl)

+ 4 Re(apaz — 30/32) +6 (|O‘1‘2 - ‘ﬁ1|2)

+ Re(@pas — ByB3;) + IRe(aan — B,6,)

+ 4Re(aja3 — 3153) +6 (’0‘2‘2 - ‘ﬁ2’2)

+ 10 Re(aaz — B,3;) + 10(|as|® — |B5]%) = 70 Az, (36)

+ + +
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20 By + 10(aoB; + 1 By)

+ 4(04032 + aQBo) + 12 04131

+ s + B + 9 (o By + B,

+ 41 B; + a3B;) + 12 a3,

+ 10(@28; + azBy) + 2038, = 70 (Ay +iAz). (37)
We substitute from (34)—(35) into the third of equations (22) and equation
(36). In equation (37), we multiply both sides by exp(i%@), substitute (34)—

(35), and separate real and imaginary parts. This yields the following system
of four quadratic equations

fi(x1,y1, T2, ¥2) = kwawss + 3(x1y2 — z2y1) = 0, (38)

fo(z1,y1, 22, 92) = 10w; + mw;(10y; + 4ya) + 6m>(y; + y3)
+ 9m2y1y2 — 6(xf +yf —l—x% +y§) — 9(z1 2o +y1y2) + kw;wy c
— kmwy [4(sz1 — cyr) + 10(swy — cy2) | + 10wf A — T0Az = 0, (39)

fa(xr, y1, 29, y2) = wi(10zy + 4xo) + Im(z1y2 + Toy1) + 12m(21y1 + T2y2)
+ lwywr + Imw(4dyy + 10y2) + kwyr [4(cxy + sy1) + 10(cza + sy2) |

+ 20 klwfc — 70 (cos 30 Ay —sin 30 Az) = 0, (40)
fa(r, 91,2, 92) = — wi(10y1 + 4ya) — m (123/% + 18y1y2 + 123/%)

+ kwy [4(sxy — ey1) + 10(sz2 — cya) | + 20 klwyf's

— 70 (sin 30 Ay + cos 30 Az) = 0, (41)

in the four real variables x1, y1, T2, Y2, where A, ¢, Az, Ay, Az and (32)—(33)
are known quantities, while w;, wy are parameters that can be used to vary

the end-derivative magnitudes, since |r'(0)] = w? and |r/(1)| = w?.

Remark 4. Apart from the terms involving Az, Ay, Az equations (38)—(41)
are quadratic in w;, wy, T1, Y1, Ta, y2. Hence, if (21, 22, y1, y2) is a solution for
parameter values (w;, wy) when |Ap| = 1, then VL(x1, 22,1, 1) is a solution
for the parameter values v/L(w;, wy) when |Ap| = L. So equations (38)—(41)
can be solved, without loss of generality, under the assumption that |Ap| = 1,
and an appropriate scaling can be applied a posterior: to the solution.

From Remark 4, we observe that canonical-form input data depends upon
only five essential parameters — namely, two to specify the direction of Ap,
and three to determine the orientation of the end-frame (t¢, us, vy).
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Once solutions x1, y1, g, y2 to the system (38)—(41) have been computed,
we may determine the complex coefficients (34)—(35), where z; = x;+iy; and
Zy = Ty + iys. The corresponding quaternion coefficients are A; = a; + k 3,
for i = 0,...,3. Then, substituting (16) into (3) and integrating yields the
Bézier form of a degree 7 PH curve,

7
r(t) = > pib(t),

=0

with control points py, ..., p7 given by

1 .
P1 = Po + 54401«407

P2 = p1 + %(AoiAT‘i‘AliAg),

Ps = P2 + ;—5(A01A§+3A1iA1‘+A21A3),

pi = ps + TL)(AOiA§+A3iA3+9AliA§+9A2iA*{),

ps = pi+ %(AliAngSAgiA;JrAgiA*{),

Ps = P5 + %(«421«4;4‘«431«4;),

pr = by + 2 Asi AL, (12)

where we set pg = p;. By construction, this curve has a rotation—minimizing
ERF, with initial and final instances that coincide (in standard configuration)
with the specified frames (t;, u;, v;) and (t7, us, v¢). Also, p; — po coincides
with the specified displacement vector Ap = (Az, Ay, Az) = pf — pi-

5.4 Motion interpolation algorithm

The following algorithm summarizes the procedure for constructing a rigid—
body motion, described by a degree 7 PH curve with a rotation—minimizing
Euler-Rodrigues frame, that matches initial/final positions and orientations.

Algorithm

input: initial/final points p;, py and frames (t;, w;, v;), (tf, us, vy)
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1. identify the spatial rotation R that maps the initial frame
(t;, u;, v;) onto (i,j, k) and apply it also to the final frame
(tf,ur, vy) and the displacement vector Ap = py — p;;

2. determine ¢ from the components (A, u, v) of t; using (23);
3. find the 6 value that matches es(1), e3(1) to ug, vy from (29);
4. compute the constants specified by expressions (32)—(33);

5. choose values for w;, wy appropriate to the desired magnitudes
of the end derivatives;

6. identify a real solution (z1,y1, X9, y2) of the system (38)—(41);

7. with z; = x1 +iy; and z9 = x5 + iyy determine
(e, B,) for r =0,...,3 from expressions (34)—(35);

8. compute the corresponding quaternion coefficients
A =a, +kg, forr=0,...,3 and the Bézier control
points py, . . ., pr of the curve r(t) from (42);

9. compute the rotation-minimizing ERF using (8);

10. apply the inverse R~! of the spatial rotation used in step 1,
to restore the curve r(t) to its original orientation.

output: degree 7 PH curve r(¢) with rotation—minimizing ERF
(e1(t), ex(t), es(t)) where r(0) = p;, (e1(0),e2(0),e3(0)) = (t;, u;, v;)
and r(1) = py, (e1(1),e2(1),e3(1)) = (tr, ur, vy).

6 Computed examples

The system (38)—(41), in which w; and wy are free parameters, imposes four
quadratic constraints on the real variables x1, y1, €2, y2. Experiments indicate
that, for appropriately chosen w;, wy values, this system is well-conditioned,
and numerical methods for its solution converge rapidly to machine precision.
Since the parameters w; and wy are found to strongly influence the existence
and shape properties of the solutions, their values should be determined by
consideration of suitable shape measures, rather than ad hoc choice.
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6.1 Integral shape measures

In the Hopf map form, the curvature of the PH curve specified by (4)—(5)
can be expressed [10] as

| a(O)B(t) — ' ()B(1) |

(1) = 2 e ,

(43)
where o(t) = |a(t)|* + |B(t)|*. Hence, the shape measures defined by

1
Im:/ k™ (t)o(t) dt, m=0,1,2
0

can, in principle, be evaluated by factorizing o(¢) and performing a partial
fraction expansion of the integrand. The simplest shape measure is the total
arc length,

S = Iy :/O o(t) dt :/O () + 18P dt. (44)

By arguments analogous to those used in Section 5, one can verify that the
dependence of S on x1,y1, T2, y2 and the parameters w;, wy is defined by

70 S(21, Y1, T2, y2) = 10w + mw;(10y; + 4yo) + 6m*(yi + y3)
+ 9mPy1ys + 6(2% +yi + 25+ y5) + I(T1ws + yiye) + kwiwyc
+ kmowy [4(sz1 + cy1) + 10(sza + cya) | + 10wy . (45)

The integral I;, which may be regarded as a measure of the “total turning”
of the curve tangent, is less commonly used in practice. Finally, the m = 2
case corresponds to the elastic bending energy,

1 1 / / 2
E=1 - / W2(8) ot) dt = 4/ [a)B(D) =B ) (4
0 o (a®)+18(1)]2)°
This defines the strain energy stored in an initially—straight elastic beam that
is bent into the shape of a given space curve. As noted above, it is possible to
evaluate (46) by a partial fraction expansion of the integrand if the roots of
o(t) are known, but this can be rather cumbersome. However, it is possible
to differentiate E with respect to the parameters w;, w; and evaluate the
integrals in the resulting expressions by numerical quadrature.
The arc length S and the bending energy E both have shortcomings as
measures to be minimized to identify interpolants of good shape. Curves for
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which §'is minimized may have regions of high curvature. On the other hand,
curves for which E is minimized may have large arc lengths (for a circle of
radius R, we note that £ = 2r/R — 0 while S = 27R — o0 as R — ). E
may, in principle, be minimized under the constraint of a fixed value for S,
but there is no a prior: guarantee that the chosen value will admit solutions.

A weighted linear combination of S and E has been proposed as a shape
measure that will penalize both high curvature and excessive arc length.
But such a combination is not scale-invariant, since S has dimension length
while E has dimension (length)™!. The product SE, on the other hand, is
scale-independent: it depends only on the shape (not the size) of the curve.

6.2 Representative examples

Ideally, the interpolation would be formulated as a constrained optimization
problem, in which some shape measure is minimized subject to satisfaction
of the conditions (38)—(41) by the variables z1, y1, x2, y2 and w;, wy. However,
developing robust and efficient algorithms for this is a substantive problem
in its own right, which we defer to a future study.

The examples presented below were computed using a computer algebra
system to solve the equations (38)—(41) numerically for given w;, wy values,
and the system graphical display function was used to animate the behavior
of these solutions as w;, wy are varied continuously. In this manner, a “visual”
identification of parameter values that provide solutions with desirable shape
properties was possible. It was observed that, as w;, wy are varied, either zero
or two real solutions exist — or, exceptionally, two coincident real solutions.
Because of their non—linear nature, it is difficult to verify that the equations
(38)—(41) always admit real solutions for some w;, wy values, given arbitrary
motion data. But the availability of these free parameters, and our experience
with the numerical experiments, suggest that this is probable.

Examples 2-4 below re-visit the data used to construct RRMF quintic
motion interpolants in [9]. Examples 2 and 3 show that, for suitable choices of
w; and wy, one can obtain motion interpolants of shape quality comparable to,
or better than, that of the RRMF quintics. Example 4 shows the possibility of
interpolants to motion data for which the RRMF quintics admit no solution.
Finally, Example 5 illustrates the interpolation of motion data sampled from
a smooth analytic curve — a circular helix — for which closed-form (though
not rational) expressions for the RMF vectors are known.

Example 2. The data for Example 1 in [9] comprises the displacement vector
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Ap = (1,0,0) and initial/final frames specified by
(ti7uiavi) - (QOiQZ;u QO.] QS? QOkQS) ) (47)
(tr,up,vp) = (Q11Q7, Q1 Q7F, Q1 k Q) (48)
where the unit quaternions Qy, Q; are defined by
Qp = (cos %¢0 + sin %qﬁo ny) S, Q;, = (cos %qﬁl + sin %¢1 n) S,
with
(L1, 1)
\/g ’

and S = (—1+1i)/v/2. This data is reduced to canonical form, in the sense of
Definition 1, by setting (t;, u;, v;) = (i, j, k) and making the transformations

Ap — QS Ap 9y, (tf7 Uy, Vf) — (QS ty Qo, QS Uy Qo, QS vy Qo) . (49)

¢o=§, ny = (0,0,1) and ¢ = —

T
Za n; =

By visual inspection, the values (w;, wy) = (1.01, —1.78) are found to yield a
good solution. There are two distinct interpolants, defined by the coefficients

A, = 1.010000,

A, = 1.102520 + 0.125786j + 0.543737k ,

Ay = 0.304785 + 0.337894 j + 0.085320 k ,

A; = 1.368820 — 0.5138421 + 0.992666 j — 0.212840k ,

and

Ay = 1.010000,

A = —0.952646 — 0.356107j — 0.416772k ,

Ay = 1.927890 + 0.369852 j + 0.918649 k ,

As = 1.368820 — 0.5138421 + 0.992666 j — 0.212840k ,

in (16). The arc length (44) and bending energy (46) for the first interpolant
are S = 1.19035 and E = 4.81259, while for the second they are S = 1.10768
and F = 54.1824. Figure 1 shows the two interpolants, with a parallelepiped
indicating the initial/final frame orientations. Also shown is an animation of
the rotation-minimizing motions defined by them. Clearly, the first solution
is preferable, as suggested by its lower bending energy. The second solution
exhibits a small region of high curvature near one end, apparent in Figure 1.
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Figure 1: Upper: the degree 7 interpolants to the motion data of Example 2
— the parallelepiped indicates the initial and final frame orientations. Lower:
animation of the rational rotation—minimizing motions defined by these two
degree 7 interpolants. The motion has been discretized by uniform arc-length
increments, corresponding to maintenance of uniform speed, along the path.

Figure 2: The two RRMF quintic interpolants to the Example 2 data, from
9], for comparison with the degree 7 interpolants with rotation—minimizing
ERFs shown in Figure 1. Note that these rational RMF's are of degree 8, as
compared to the degree 6 rational RMFs for the interpolants in Figure 1.
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Two RRMF quintic interpolants to the motion data of this example were
found in [9]. For comparison, they are shown in Figure 2. The first degree 7
rotation—minimizing ERF interpolant, at least, is of comparable shape quality
to these RRMF quintic curves. This is apparent in the curvature plots shown
in Figure 3. The other degree 7 interpolant should be rejected.

curvature

Figure 3: Comparison of the curvature plots for the first degree 7 rotation—
minimizing ERF interpolant (solid line) and two RRMF quintic interpolants
(dotted lines) from [9], for the spatial motion data specified in Example 2.

Example 3. For Example 2 in [9], Ap = (1,0, 0) again, while (t;, u;, v;) and
(tf, up, vy) are defined as in the preceding example, with the choices

0,1,2 ™ 1,1,-2
( ) and qbl = n, = (7\/6)

T J—
' T 3
The data was reduced to canonical form as in the preceding example.

In this case, the parameter values (w;, wy) = (1.39,1.39) were found to
give interpolants of good shape. For these values, two distinct solutions were
obtained, with coefficients for (16) given by

bo =

Ay = 1.390000,

A; = 1.188430 — 0.073706j — 0.613274 k ,

A; = 0.291656 + 0.291452j — 0.123586 k ,

As = 1.064230 + 0.4054301 + 0.793956 j 4+ 0.069048 k ,
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and

Ay = 1.390000,

A; = 0.523536 — 0.221495j — 0.286604 k ,

Ay = 0.988106 + 0.284614 j — 0.479820 k ,

As = 1.064230 + 0.4054301 + 0.793956 j 4+ 0.069048 k .

The arc length and bending energy for the first interpolant are S = 1.19619
and F = 5.38838, while for the second they are S = 1.17523 and E = 4.41097.
The interpolants are shown in Figure 4, in the same manner as in Figure 1. In
this case the solutions are quite similar, as suggested by their arc lengths and
bending energies (the second interpolant is perhaps somewhat preferable).

Figure 4: The two degree 7 interpolants to the motion data of Example 3.

Two distinct RRMF quintic interpolants were also found in [9] for this
example, shown in Figure 5. By comparison of Figures 4 and 5, it is evident
that the two degree 7 rotation—minimizing ERF interpolants and two RRMF
quintic interpolants are all quite similar. Figure 6 compares the curvature
plots for these two sets of motion interpolants.

Example 4. The data for Example 3 in [9] comprises the displacement vector
Ap = (1,0,0) and initial/final frames defined by

1 — 1
ti:w’ ui:(ovluo)v Vi:%7
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Figure 5: The two RRMF quintic interpolants to the Example 3 data from
9], for comparison with the corresponding degree 7 interpolants in Figure 1.

curvature

0.0 0.2 0.4 0.6 0.8 1.0

Figure 6: The curvature plots for the two degree 7 rotation—minimizing ERF
interpolant (solid lines) compared with the two RRMF quintic interpolants
(dotted lines) from [9], for the spatial motion data specified in Example 3.
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ty =

(1,—v2,1) (1,0,—1) (1,v/2,1)

ASaLAES St Bats u =

2 N T

In this case, reduction to canonical form is achieved by setting (t;, u;, v;) =
(i,j, k) and invoking (49) with Qy = (V3 — j).

Figure 7: The two degree 7 interpolants to the motion data of Example 4.

In this case, the values (w;, wy) = (1.52, —1.46) were found to yield good
solutions, specified by the quaternion coefficients

Ay =

Ay
As

Az =

and

Ay =

A
As

Az =

1.520000,

0.776903 + 1.166980 j + 0.896788 k ,

0.181929 + 0.609912 j + 0.035746 k ,

0.894064 — 0.997199i + 0.516188 j — 0.267199k ,

1.520000,

0.398324 + 0.378487 j + 0.573583k,

0.630180 + 1.255390j + 0.567579k ,

0.894064 — 0.9971991 + 0.516188 j — 0.267199k .

The arc length and bending energy are S = 1.35179 and E = 10.9894 in the
former case, and S = 1.3554 and E = 10.559 in the latter case. These values
suggest that the motion interpolants are very similar, and this is corroborated
by Figure 7. The curvature plots for the interpolants are shown in Figure 8.
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curvature

0.0 0.2 0.4 0.6 0.8 1.0

Figure 8: The curvature plots for the two degree 7 rotation—-minimizing ERF
interpolants to the spatial motion data specified in Example 4.

It was found in [9] that the data in this example does not admit RRMF
quintic interpolants. Hence, degree 7 rotation—minimizing ERF interpolants
may exist in cases where RRMF quintic interpolants are impossible.

Example 5. For the circular helix

r(¢) = (Rcos @, Rsin ¢, ko) (50)
the Frenet frame can be written as
t = (—asing,acos¢,b), p=(—cos¢p,—sing,0), b= (bsin¢p, —bcos¢,a)

where a = R/VR?>+ k? and b = k/v/ R? + k?, while the parametric speed,

curvature, and torsion are

o= VR*+ k%, K,:g, T:é.
o

g

=

The deviation of the RMF normal-plane vectors (u, v) from the Frenet frame

vectors (p,b) is thus

¢
9:90—/70d¢:90—b¢.
0

Taking 6y = 0, the RMF normal-plane vectors are

u = (—cos¢cosbp — bsin ¢ sin b, — sin ¢ cos bg + b cos ¢ sin bp, —a sin bo) ,
v = (—cos ¢sinbg + bsin ¢ cos bp, — sin ¢ sin bg — b cos ¢ cos b, a cos bo) .
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Choosing R = v/3 and k = 1, we obtain a = %\/3 and b = % For end points
defined by ¢; = 0, ¢y = 3™ we have Ap = (—v/3,V/3, ;) and

t; = %(07 \/5,1), u; = (_170?0)’ Vi = %(0’_1’\/5)’

tf = %(—\/5,0,1), u = i(—\/i, —2\/_,_\/6)7 Vi = i(\/i7 _2\/57 \/é)

The initial frame is generated through (47) using the quaternion

2i+v3j+k . )
Qy = ( 22 )(COS%%‘FSIH%%I), Po =

T

g
Reduction to canonical form is thus achieved by setting (t;, w;, v;) = (i, j, k)
and invoking (49) with Qy as defined above.

Figure 9: Degree 7 interpolants to positions and rotation-minimizing frames
sampled at ¢ = 0 and 37 from the circular helix (50) with R = v/3, k = 1.

For the values (w;,wy) = (1.14,2.35) two solutions were obtained, with
quaternion coefficients

Ay = 1.140000,

A; = 1.636390 + 0.099096 j + 0.152096 k ,

A; = 1.901260 — 0.012749 j 4 0.485457 k ,

As = 1.853160 4 0.1317001 — 0.550710j + 1.329530 k ,
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and

Ay = 1.14000,

Ay = —1.711400 — 0.030904 j — 0.334667 k ,

As = 4.425560 + 0.202195j + 0.570214 k ,

As = 1.853160 4 0.1317001 — 0.550710j + 1.329530 k .

The arc length and bending energy are S = 3.14512 and F = 0.610073 for the
former case, S = 3.04441 and E = 10.9288 for the latter. The interpolants
are illustrated in Figure 9. The large energy for the latter solution is due to a
small high—curvature region near one end of the interpolant, that is difficult to
discern in Figure 9 — this solution should be rejected. The first solution, on
the other hand, approximates the helical arc quite well. Figure 10 illustrates
the curvature and torsion plots for this solution. The curvature conforms well
to the value for the exact helix, although the torsion is initially higher. The
interpolant remains close to the exact helix segment over its entire extent.

25 T T T T 2.5
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Figure 10: The curvature (left) and torsion (right) plots for the first degree
7 rotation—minimizing ERF interpolant to motion data sampled from a helix
in Example 5. Dotted lines show the curvature and torsion of the exact helix.

For general input data, the complexity of equations (38)—(41) precludes a
simple proof of the existence of solutions for some values of the parameters
w;, wr. Instead, we give empirical evidence suggesting that this may be true.
For the displacement vector® Ap = (1,0, 0) a total of 1000 pairs of randomly—
oriented end frames (t;, u;, v;) and (tf, us, v¢) were chosen. For each pair of
end frames w;, wy values were chosen randomly from the interval [ —10,+10].
If no solution was obtained with the chosen values, the process was repeated
with newly—chosen w;, wy values, up to a maximum of 100 times.

°Note that, by Remark 4, fixing |Ap| does not influence the existence of solutions.
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Figure 11 shows a histogram of the number of input data sets that yielded
a solution within a given number of w;, wy choices. The vast majority of cases
yield a solution within just a few choices. In particular, 491 cases produced a
solution with the first random choices for w;, wy on the interval [ —10,+410].
Note the “tail” in the distribution (32 cases) evident in Figure 11 — for these
cases, no solution was obtained within 100 random w;, wy choices. This may
be an artifact of restricting the two free parameters to the interval [ —10, 410 ]
rather than an indication of non—existence of solutions. In principle, it can
be remedied by employing a larger interval, but this distorts the distribution
under uniform sampling, since most solutions occur for small w;, wy values,
which become more sparsely sampled when the range is increased.

500=
400
300
200

100

I I I H

20 40 60 80 100

Figure 11: Histogram showing number of data sets (vertical axis) for which a
solution was found within a given number of w;, wy choices (horizontal axis).

7 Closure

A characterization of the degree 7 spatial PH curves with rotation—minimizing
Euler—Rodrigues frames has been derived, and used to formulate the problem
of identifying a rational rotation—minimizing rigid-body motion interpolant
to given initial/final positions and frames p;, (t;, u;, v;) and py, (tf, ur, v¢) as
a system of four quadratic equations in four real variables. These equations,
containing two free parameters that control the magnitudes of the interpolant
end—derivatives, are well-conditioned and amenable to accurate solution by
numerical methods. Computed examples show that motion interpolants with
excellent shape properties can be obtained through appropriate choices of the
free parameters, and solutions exist for data sets that do not admit a quintic
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RRMF interpolant. Moreover, the rational RMF's on these new interpolants
are of degree 6, rather than degree 8 for the RRMF quintics in [9].

The goals of this paper were to characterize the degree 7 PH curves with
rotation—minimizing ERFs in a manner amenable to the motion interpolation
problem; to formulate a system of equations that embodies this problem; and
to demonstrate the existence of solutions with excellent shape properties for
suitable choices of the two free parameters. The systematic exploitation of
these free parameters, in terms of optimizing certain integral shape measures,
is a substantive open problem that we defer to a future study.
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