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ABSTRACT OF THE DISSERTATION

Path Integrals on a Compact Manifold with Non-negative Curvature
by

Poon Chuan Adrian Lim

Doctor of Philosophy in Mathematics
University of California San Diego, 2006

Professor Bruce K. Driver, Chair

A typical path integral on a manifold, M is an informal expression of the form

1
— f(a)e_E(")Do,
Z Jser(n)

where H(M) is a Hilbert manifold of paths with energy F (o) < oo, f is a real valued
function on H(M), Do is a “Lebesgue measure ” and Z is a normalization constant.
For a compact Riemannian manifold M, we wish to interpret Do as a Riemannian
“volume form ” over H (M), equipped with its natural G' metric. Given an equally
spaced partition, P of [0, 1], let Hp(M) be the finite dimensional Riemannian sub-
manifold of H (M) consisting of piecewise geodesic paths adapted to P. Under certain

curvature restrictions on M, it is shown that

1
—e OV ol (0) — plo)du(o) as mesh(P) — 0,
P

where Zp is a “normalization” constant, £ : H (M) — [0,00) is the energy func-
tional, Voly, is the Riemannian volume measure on Hp (M), v is Wiener measure
on continuous paths in M, and p is a certain density determined by the curvature

tensor of M.



Introduction

Suppose we have a Riemannian manifold (M, ¢) of dimension d with metric
g. We will only consider M to be compact or R% Fix a point o on the manifold
M and let V : M — R be a potential function. In classical mechanics, the path
o:[0,T] — M, o(0) = o, subject to the potential V| can be obtained by solving

Newton’s equation of motion

%a’ (t) = —grad V (o (1)),

where given any vector field X (s) on o(s), define

VA o) {1 )X (9} (1)

and //s(0) : T,M — T, M is parallel translation along o relative to the Levi Civita

covariant derivative V. The Hamiltonian of the system, H is then given by

H(o(t),0'(t)) = % o' () 1I* +V(a(t)),

where || v ||*:= g(v,v) and mass is set to be 1.

In Quantum Mechanics, observables are no longer functions, but rather Hermitian
operators on some Hilbert space. Let ¢ = (¢1, ¢q, - - . q4) be the cartesian coordinates
on R? and p; be the momentum corresponding to ¢;. In canonical quantization on
R¢, the quantum mechanical operator H corresponding to the classical Hamiltonian,
H=1%,p?+V(g), is given by

~ h? 0?



where h = %, h is Planck’s constant and My is multiplication operator by V.

However, on a manifold, one aims to quantize the Hamiltonian H = % 9 (q)pip; +

V' (q) where ¢ is some coordinate system on M. Using the “Feynman’s (Kac) path

integral prescription ”, one defines the operator e~7# via an integral
7 ]. ’
(eiTHf)(O) — uZ_T o e fOT H(o(t),0' (1)) dtf(G(T)) DU, ) (1.2)
T

where H(o(t),0'(t)) = 5 || o'(t) || +V (o(t)) is the classical Hamiltonian. Hp(M) is
the space of finite energy paths, Z7 is some normalization constant and Do is to be
interpreted as a “ Lebesque type measure”. The operator H can then be obtained
by differentiating the operator e~TH with respect to 1" at 0.

Without loss of generality, assume that T'=1 and V = 0.

Definition 1.1. Define H(M), a Hilbert manifold of absolutely continuous paths with
finite energy,

HM)={0c:[0,1] = M| c(0) =0€ M and E(0) < oo} (1.3)

where the energy E is given by

E(0) ::/0 g(d'(s), a'(s)) ds. (1.4)

The tangent space T,H (M) to H(M) at o may be identified with the space of
absolutely continuous vector fields along ¢. On this Hilbert manifold H (M), we can

define a metric G! as follows.

Definition 1.2. Let T,H(M) be the space of absolutely continuous vector fields X
along o (i.e. X(s) € T,syM Vs € [0,1]) such that G*(X, X) < oo where

GUX, X) = /0 1 g<v§9(s), V;(S(S)) ds, (1.5)

and 3= is defined as in Equation (1.1).

See [22, 23, 26, 32, 37| for more details. By polarization, Equation (1.5) defines a

Riemannian metric on H(M).



The integral over H (M), defined in Equation (1.2) however, is highly heuristic.
Firstly, the normalization constant Z; maybe interpreted to be 0 or co. Secondly,
Do which is to be interpreted as “Lebesgue measure”, fails to exist in an infinite
dimensional space.

We would like to make sense out of the RHS of Equation (1.2), by writing it as a

limit of a sequence of integrals over finite dimensional spaces Hp(M).

Definition 1.3. Let
P={0=s1<s1<82<--<s8,=1} (1.6)

be a partition of [0,1]. Define Hp(M) as a set of piecewise geodesics paths in H(M)

which changes directions only at the partition points.

Va'(s)
ds

HP(M):{JEH(M)HCQ(I\P) :0f07"s¢73}.

It will be shown later that Hp(M) is a finite dimensional submanifold of H(M). In
fact, Hp(M) is diffeomorphic to (R%)". For o € Hp(M), the tangent space T, Hp(M)
can be identified with elements X € T, Hp(M) satisfying the Jacobi equations on
I\P. As a submanifold of H(M), Hp(M) inherits the induced metric G'|rp, vy by
restricting the G' metric on Hp(M).

If NP is any manifold with a metric GG, define a volume density Volg on T,,N by

Volg (v1,v2,...,0,) = \/det {G(vi, v) ¥, =1 (1.7)
where {vy,vs,...,v,} CT,N is a basis and n € N.

Theorem 1.4. Given a density of the form pVolg, where p : N — [0,00), there

exists a unique measure mg on N such that

o 0 0
dmg = Vol : dyy ...d
/ fdmg = o Jp Volg ( o0 8y,,> Yy ... dy,
for any local coordinates y = (y1,...,yp) : D(y) — RP and measurable function

f: N — [0,00). If p =1, the associated measure will be called Riemann volume

measure.



Definition 1.5. Let Volp denote the density on Hp(M) determined by

G1|TH7>(M)®THP(M) using Equation (1.7).
Given the above definition, we can now define a measure on Hp(M).

Definition 1.6. For each partition P of [0, 1] as in Equation (1.6), let vp denote the
unique measure on Hp(M) as in Theorem 1.4, defined by the density

1 1y
Z_713€ 2 VOlp

where E : H(M) — [0,00) is the energy functional defined in Equation (1.4) and Z}

15 a normalization constant given by
Zh = (2m) 7. (1.8)

We can now write the RHS of Equation (1.2) as a limit of a sequence of integrals
over the finite dimensional space Hp(M ), equipped with the measure vp. Our result
shows that this limit can be written as an integral over the Wiener space of M, with

Wiener measure v. (See Definition 1.8 below.)

Definition 1.7. Define Ajs = s; — s;.1 and |P| = \/
1,2,...,n} be the norm of the partition and J; := (s;_1,8;] fori=1,2,... n.

i1,..nAis = max{A;s 1 i =

Let A = tr V? denote the Laplacian acting on C*(M) and p,(z,y) be the fun-

damental solution to the heat equation,

ou 1
— = —-Au.
os 2 Y

In the case when M = R%,

d
ps(z,y) = (L> e asllevl?,

Definition 1.8. The Wiener space W (M) is the path space

W(M)={c: [0,1] = M :0(0) =0 and o is continuous}.



The Wiener measure v associated to (M, g, o) is the unique probability measure

on W (M) such that

/W(M) f(o) dv(o) = / nF(:L'l,...,xn) E Pas(Tic1, ;) dm(zy)---dm(z,) (1.9)

for all functions f of the form f(o) = F (o(s1),...,0(8,)), for all P, a partition of
[0,1] as in Equation (1.6) and F : M™ — R is a bounded measurable function. In
FEquation (1.9), dm(x) denotes the Riemann volume measure on M as in Theorem

1.4 and by convention xy := o.

It is known that there exists a unique probability measure v on W (M) satis-
fying Equation (1.9). The measure v is concentrated on continuous but nowhere

differentiable paths.

Notation 1.9. When M = R¢, g(-,-) is the usual dot product and o = 0, the measure
v defined in Definition 1.8 is the standard Wiener measure on W (R?). We will denote
this standard Wiener measure by p rather than v. We will also let b(s) : W (RY) — R?

be the coordinate map such that

b(s)(w) = w(s)
for all w € W(RY).

Remark 1.10. The process {b(s)}sepo,) is a standard R*-valued Brownian motion

on the probability space (W (RY), 11).

Suppose we now view M as an imbedded submanifold of R? with the induced
Riemannian structure. Let P(m) be the projection on the tangent space T,,M and
v € T,, M. Then for a vector field X (m),

VX = Plo(0) S X(o(0)]
where ¢ is a path in M such that ¢(0) = m and ¢’(0) = v. Define a projection @
on the orthogonal complement of T,,M by () = [ — P, where [ is the identity. With
this definition, for any vector v € T,,M, one can define parallel translation along o

by //s(o)v := w(s)v where w solves the following differential equation

w'(t) +dQ(o'(1))w(t) = 0, w(0) = P(a(0)).



Theorem 1.11. Let ¥ be an M -valued semi-martingale and Vo(m) be a measurable
vector field on M, then there is a unique parallel T'M -valued semi-martingale V' such
that Vo = Vo(X0) and Vs € T M for all s. More explicitly, Vs = wsV (3y) where w

solves the following Stratonovich stochastic differential equation

For a proof of this theorem, the reader should refer to [40]. Thus we can now

define a “stochastic” extension of parallel translation.

Definition 1.12. (Stochastic Parallel Translation) Given v € Ts,M and M -valued

semi-martingale 33, define stochastic parallel translation /N/ by
/~/Sv = wsv

where w solves Equation (1.10). This is going to be used for the particular semi-
martingale ¥4(o) := o(s) on (W(M),v).
Definition 1.13. The curvature tensor R of V is

R(X, Y)Z =VxVyZ —NyVxZ -V x, v\Z
for all vector fields X, Y and Z on M. The sectional curvature S(V') where V' C
T M with dim(V') = 2, is defined by

S(V) = gz(R(u,:)u,v) 5
[l (2o {2 =g(u, v)
where {u,v} is a basis for V. It can be shown that this definition is independent

of the basis used. Let {e; ?:1 C T,,M be an orthornormal frame at m € M. The

Ricci tensor of (M, g) is Ric v = S.* | R(v, e)e;, the scalar curvature Scal is
Scal = Z?Zl g(Ric e;, e;) and Iy, is given by

Ly = Z <R(€z’, R(e;,-)ej)e; + R(e;, R(ej,-)ei)e; + R(es, R(ej, -)ej)ei>.

1,j=1

Define for any o € W(M), K, : L*([0,1] — T,M) — L*([0,1] — T,M) by

KoD)5) = [ 10 71, @) (Teo o)1 0)

where /~/ 18 stochastic parallel translation.



We can now state the main result.

Theorem 1.14. Let (M , g) be a compact Riemannian manifold with dimension
d. Let P = {0 BRI 1} be an equally spaced partition. Suppose that

f: W(M)— R is bounded and continuous and that 0 < S < then

17d ’

lim o) dvp(o
pm [ 10) dvolo)

. 1
= / F(o)e 6 Jo Seallo()) ds [ qoy <I+—Kg) dv(0o). (1.11)
W) 12

1.1 Known Results

Using Hp(M) to approximate the Wiener space W (M) was done in [1]. However,

the choice of metrics used on THp(M) in [1] are different from G*| 7y, (ar)-

Definition 1.15. For each partition P of [0,1] as in Equation (1.6), let G, G% be
the metrics on THp(M), given by

n

VX SZ 1+) VY(Sl;l‘i‘)
L(X,Y) A
Ghx) =30 ( Lt

GO X Y Zg Sl 1—|— Y(Si_l—i—)) Ais

for all X, Y € T,Hp(M) and o € Hp(M). Note that % = limg 5, ,+ wd(s(s).

Observe that G} is some sort of Riemann sum approximation to G*.

Definition 1.16. For each partition P of [0,1] as in Equation (1.6), define unique
measures vy, and Veo, on Hp(M), as in Theorem 1.4, defined by densities

1 1
Zle 2 VOZGI and Z—Pe 2 VolGo

respectively, where E : H(M) — [0,00) is the energy functional defined in Equation
(1.4) and VolG%; and VOZG% are determined by G and G respectively using Equation
(1.7) . Z} is a normalization constant given by Equation (1.8) and

73 = ﬁ <\/%(SZ — 3i1)>d.

=1



The following theorem was proved in [1].

Theorem 1.17. Let M be a compact Riemannian manifold. Suppose that f :
W(M) — R is bounded and continuous, then

lim flo) dvg (o) = / f(o) dv(o) and

IPI=0 J Hp(ar) r W (M)

lim flo) dvgo (o) = / f(a)e_%fo1 Seal(o(ds gy, (7).,
PI=0 J (1) r W (M)

Using the Feynman-Kac formula, Hin Equation (1.2) is given by
~ 1
H= —§A + rScal

where A is the Laplacian operator and x = O,é for the G}, and G% metrics respec-
tively. However, the integral in Equation (1.11) is not of the Feynman-Kac form.
Hence the interpretation of the operator H corresponding to this integral is unclear

at this stage.



2

Finite Dimensional

Approximations

A detailed account of this section is given in [1].
Let m: O(M) — M denote the bundle of orthogonal frames on M. An element
u € O(M) is an isometry
u: R — Ty M.

Fix u, € 7~ 1(0), which identifies T,M of M at o with R?.

Define 6, a R-valued form on O(M) by 0,(¢) = utm. for all u € O(M),
€ € T,0(M) and let ¥ be the so(d)-valued connection form on O(M) defined by V.
Explicitly, if s — u(s) is a smooth path in O(M) then

-1 Vu(s)
ds ls=0

9(u'(0)) = u(0)

where % is defined as in Equation (1.1) with X replaced by u. We define the hori-
zontal lift H,, : TrwyM — T,0(M) by

OH, u = idga, 9, H, = 0.
Explicitly, for v € TryM, Hyv = 4|,_o//¢(0)u where &(0) = v.
Definition 2.1. For a, ¢ € R%, let

Qu(a, c) == u ' R(ua, uc)u.
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Let H(O(M)) be the set of finite energy paths w : [0,1] — O(M) as defined in
Equation (1.3) with M replaced by O(M) and o by u,. For o € H(M), let u be
defined by the ordinary differential equation

Vu(s)

s = 0. Thus we have

This equation implies that J(u/(s)) = 0 or that

u(s) = //s(0)uo

where //s(0) is parallel translation along o. Since u, is fixed, we will drop it and
write u(s) = //s. We will call u(s) a horizontal lift of o starting at u, and use it to

define ¢, which associates w € H(R?Y) with a path o € H(M).

Definition 2.2. (Cartan’s Development Map) The development map, ¢ : H(RY) —
H(M) is defined for w € H(R?) by ¢(w) = o € H(M) where o solves the functional

differential equation

o'(s) = //s(0)/(s), o(0) =o. (2.1)

The development map, ¢ is smooth and injective. We can define an anti-development

map, ¢~ : H(M) — H(R?) given by w = ¢~!(o) where
o) = [ 11 ) i

Again, ¢~! is smooth and is injective. Therefore, ¢ : H(RY) — H(M) is a

diffeomorphism of infinite dimensional Hilbert manifolds.

Definition 2.3. For each h € C*(H(M) — H(R%)) and 0 € H(M), let X"(o) €
T,H(M) be given by
X(0) = //s(0)hs(0) (2.2)

for all s € [0, 1], where we have written hs(o) as h(o)(s).

Define Hp(R?) = {w € HNC*(I\P) | w"(s) =0 for s ¢ P}, the set of piecewise
linear paths in H(R?), which changes directions only at the partition points.
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Remark 2.4. The development map ¢ : H(R?) — H(M) has the property that
) (Hp(Rd)) = Hp(M) where Hp(M) has been defined in Definition 1.3. If 0 = ¢(w)
with w € Hp(RY), then differentiating Equation (2.1) gives
/
Vz—s@ = %(//S(U)w’(s)) = //(0)w"(s) = 0 for all 5 ¢ P.

Because ¢ : H(RY) — H(M) is a diffeomorphism and Hp(RY) C H(R?) is an
embedded submanifold, so it follows that Hp(M) is an embedded submanifold of
H(M). Therefore for each 0 € Hp(M), T,Hp(M) may be viewed as a subspace of

T,H(M). The next proposition identifies this subspace. See [1] for a proof.
Proposition 2.5. Let 0 € Hp(M), then X € T,H(M) is in T,Hp(M) if and only

if
% X(s) = R(o'(s), X(5))o"(s) (2.3)

on I\P. Equivalently, letting w = ¢~(0), uw = //(c) and h € H(R?), then X" €
T,H(M) defined in Equation (2.2) is in T,Hp(M) if and only if

h"(s) = Q) (W' (), h(s))w'(s) (2.4)

on I\P.

2.1 Comparing vp and Vg1, on M

,,,,,

= Hp (T,M) and 0 = ¢(w). Let Volp be the density associated to G| pp (T Hp (M)
metric and VolG%) be the density associated to Gb metric. Then

hk,a

X" (0) :=//s(0) hga(s) fork=1,2,....nanda=1,2,...,d
is a basis for T,Hp(M) and we define
‘Volp ({th’a}i:1,2,m,n> )

a=1,2,..., d

pp =
‘VOlg%D ({th,a } i=1,2,...,n > ’

a=1,2,...,d
) \/th ({Gl (th,a’ th/’al)}(k,a),(k/val)> (2 5)

\/det ({G%; (th,a, th/,a’) }(k,a),(k/va/)>




12

The relevance of this definition is contained in the next remark.

Remark 2.7. First off, it is well known (and easily verified) that the pp (o) defined
in Equation (2.5) is well defined independent of the choice of basis {hk@}kil,lm,g.

Secondly, if vp and Vg, are the measures associated to G1|TH7,(M)®TH7,(M) and G%;

respectively, then dvp = pp - dI/G%D .

From [1], we know the limiting behavior of the measure Vay,- Hence, our proof that
vp has a limit will break into two parts. Very roughly speaking we are going to first
show that {pp : P} is uniformly integrable and then we will show that limp_o pp
exists in p-measure. This rough outline will have to be appropriately modified since
{pp : P} are functions on different probability spaces for each P. This will be reme-
died by pulling pp to classical Wiener space (W (T,M) , 1) using Cartan’s rolling map
¢ and the natural piecewise linear approximation map from W (T,M) to Hp (T,M).
We will identify T,(M) with R<.

Before we move on, we would like to point out that pp o ¢ is only defined on

Hp(R?), which has y-measure zero.

Definition 2.8. Let {b(s)}scjo.1] be the standard R* Brownian motion on (W (R?), )
and P be any partition, i.e. b(s) : W(R?) — R%,

b(s)(w) :=b(s,w) = w(s).

By abuse of notation, define bp : W(RY) — Hp(R?) by

Ab
AZ‘S

bp(s) = b(si—1) + (s — si-1) if s€(si—1, Si

where A := b(s;) — b(s;—1). We will write b, =bp, if P, ={0< <. <2 =1}

15 an equally spaced partition

Thus by composing with bp, we can now view pp o ¢ o bp as a random variable
on (W (RY), ).



3
Uniform Integrability of {p,} 7,

We will first show that pp o ¢ o bp is uniformly integrable. But first, we need to

write down a formula for pp.

3.1 A First Formula for p,

We will now only consider equally spaced partitions P, = {0 = sp < $1 < $2 <
+++ < s, =1}, such that A;s =X, i =1,...n and write p, = pp,. Let o0 € Hp, (M)
and consider w = ¢~ (o). On each J; = (s;_1,8], 1 =1,2,....n, W = W'(s;_1+) is
a constant. Thus Aw 1= wiA;s.

From Proposition 2.5, we know that for s € J;, for each h such that X" €
THp, (M), h(w, s) satisfies the ordinary differential equation

d*h(w, s)

F Qus) (Wi, b (w, 8))wj. (3.1)

Let {ea}Z:1 be the standard basis for R? and for i = 1,2,...,n, let
ith —spot N nd
Cia = <o,...,0, e ,o,...,o) e (RY)" = R™.

Then {e;q} i=1..n is an indexing of the standard basis for R"* such that all the

nd
components of e; , are 0 except at the a + (i — 1)d position, which is 1.

13
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Notation 3.1. Let h; 4(w, s) denote the continuous function in R which solves Equa-

tion (3.1) on [0,1]\ P, and satisfies
hio(w,0) =0, and h ,(w,s;_1+) = dijeq for j=1,...,n

It is easily seen that {h;, a}z Loon forms a basis for ¢ (TywyHp,(M)) = THp, (R?) =

yeenyd

Hp, (Rd) . Further let Q" denote the nd x nd matriz which is given in d X d blocks,
Q" = {( TrLrLk)}nm,kzlv with

1
(QF ea,ec) (w) = / (hl . (w,s), h, (w,8))ds fora,c=1,2,....d.
0

Notation 3.2. Unless stated otherwise, upper case letters without a superscript n
will denote d X d matrices. Upper case letters and scripted upper case letters with a
superscript n will denote n x n block matrices with entries being d x d blocks. We will
reserve I and I" for a dx d identity matrix and a nd X nd identity matrix respectively.
Matrices with a superscript T will denote the matriz transpose. To avoid confusion,
we will use Tr and tr to denote taking the trace of a nd X nd matrix and a d x d
matriz respectively.

b will denote a standard d — dimensional Brownian path in RY. For a piecewise
continuous function on [0, 1], we will use the notation f(s+) = lim, s f(r). We also

let (-,-) denote g(,-)|, at base point o.

Remark 3.3. All norms used for matrices will be the operator norm. Norms used

for vectors will be the euclidean norm.

Lemma 3.4. The relationship between p, o ¢ and Q" is

= \/det (nQ"). (3.2)

Proof. Observe that

VoV X e (w,s)  VXPme(w, s)
L(X e X Tme = / i : d
G ’ )(w) 0 g ds ’ ds s

/ (hpa(w,s), hi, (w,s)) ds
= < sz( ) €a, 66> = <Qn(w) Ck,as em,C)
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Hence

}Volp ({Xh‘“*“ ck=1,2,...,n,a=1,2,... ,d})‘ = \/det {GT (XTra, X))
= vdet Om.

On the other hand,

. VXa(w, s;_14) VXhme(w, s 1+
G%; (th,a7Xhm,c) (w) _ Zg ( (ds 1 )7 Els 1 )) A;s
i=1

= Z<h;€,a(w7 si—1+), h;n,c(w7 si-1t+)) Ays
=1

= Z 5k,i5m,i <ea7 ec) Ais = 5k,m5a,cAksa
=1

ie. {Gp (XMke XPme)l = LT™ and hence

[Volp ({ X" k=1,2,...,n,a=1,2,....d})| := \/det {GL (XTwa, XMwe) }

Hence it follows that

O

Our next goal is to estimate the size of det(n Q™). For this we are going to apply
Proposition C.2 in the Appendix as follows. For o > 1, to be chosen later, we have,

from Equation (C.4) with M = nQ", that

det(nQ") < o™ exp (of1 Tr (nQ" — I")) =a™exp (al Z tr (nQn, — [))
m=1

< a™exp (aldz 72, f||> , (33)
m=1

where we have used Equation (C.2) of Proposition C.1 in the last inequality. So
according to Equation (3.3) we need to estimate |nQ! =~ — I for each m. The first

step in the process is to record a formula for Q) .
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3.2 A Formula for 9"

Notation 3.5. Given any partition, P = {0 =350 < s1 <--- < s, =1} of [0,1],
j€{1,2,...,n}, and s € [0,1], let

0 if s<sj4
[s]; = [(s —=sj-1) VO[ANAjs = s—s;0 if se€J;
Ajs if s2>s;

Definition 3.6. Fori=1,2,...,n and 0 < s < A;s, let

/
77

w (3.4)

()

Ai(w, 8) 1= Qus;_y 15y (@

and C; (w, s) and S; (w, s) be the End (R?) - valued functions determined by

2 .
%(C;’S) = Aj(w,s)C; (w, s) with C; (w,0) =1 and C} (w,0) =0
s
and ,
%ﬁ;’s) = Ai(w,8)S: (w,5) with S; (,0) =0 and S! (w,0) = 1.
s

Let K > 0 be a constant such that

” Ai(wvs)AiSQ || :H QU(S'L—I‘FS)(W;? )wz/ ” Ai52
<K Awl?*.

Refer to Section D of Appendiz.

Using this notation it follows that h(w,-) is a continuous function which solves

Equation (3.1) on [0, 1] \ P, then
h(w,s) = Ci(w, s — si_1) h(w, s;i—1) + Si(w, s — 8;_1) W (w, s;_1+) when s € J;.

Notation 3.7. For m,l € {1,2,...,n} and d x d matrices, {My},_, , let

- { I if m <l
Mk = ) .
P My My ... My My if m >1

With all of this notation, we may write h;, (w, s) as in the following lemma.
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Lemma 3.8. Continuing to use the notation introduced above, we have

hoa(w, s) = H Cr (w, [s]k)] Sm (w, [s],,) €q (3.5)
Lk=m+1
(0 if $< Smoa
=< Sn(w,s—sm_1)eq if s€Jy (3.6)
| Cj(w, s =8j-1)Vmj (w)ea if s€J;jandj>m+1
where
j—1
Vinj(w) == [ [ Crlw. Aws)| Sm(w, Ans). (3.7)
k=m+1
Differentiating Equation (3.6),
o (W,8) = 15, (5) S, (@, 8 = 1) €q + Z 1y, (s — 5j-1)Vimjca. (3.8)

j=m+1
From Equation (3.8), we learn that

(Qr  (w)eq, ec) = / (S (W, 8 — Sm_1) €a, St (W, 8 — Sm_1) €c) ds

m

+ Z /<C" —Sj_1 ijea,C’J’-(w,s—sj_l)ijeC>d3

j=m+1

A s
- </ S (w,s)" S (w,s)ds eq, ec>
0

n Ajs
+ Z <Vn{j [/0 C;(w,s)TC]’-(w,s)ds] ijea,ec>

j=m+1

and hence we have shown,
QW)
Aps n
= / S (w,s)" S (w,s)ds + Z
0

j=m+1

1/n n
= / S (w,s)" S (w,s)ds + Z v
0

j=m+1

Ajs
Vn{j {/0 Ci(w, S)TC’j(w,s)ds} Vinj

1/n
/0 Clw, s)"Ci(w, s)ds | Vinj. (3.9)

Noting that

j—1

Vans @)l = [[Vag @) < 1Sulw, Ams)* TT 11Ck(w, Aus)]I,

k=m-+1
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it follows from Equation (3.9) that

nQm — Il < Am + B, (3.10)
where Y
A (w) = n/ S (w,8)" S (w,s) — IH ds (3.11)
0
and
n Jj—1 1/n
> 1Smw, Ans)? T ICk(w, Aws)|® n/ Cl(w, 8)TCl(w, s)ds
j=m+1 k=m+1 0
n ) 7j—1 ) 1/n )
< ) 8w, Ans)* T Hcga%zhﬁﬂ|7{/) |C(w, 5)||"ds.  (3.12)
j=m+1 k=m+1 0

Thus we are now left to estimate the quantities comprising A,, and B,,.
As a warm up, we will first consider the case when M is a symmetric space. The

general case will be covered in Section 3.4.

3.3 Symmetric Space Case

Proposition 3.9. Suppose N is a d — dimensional standard Gaussian normal random
variable and h : [0,00) — R is a C* function.
1. Ifa:=suph > %, then

lim E [eHNHQh(n*HNW ~ .

2. If o :=suph < 5, h(0) =0, and 8 :=sup |W'| < oo, then

lim (E [e”NHQh("’lHNIIZ)D" _ G3dH(0)

n—oo

Proof. If a > %, then there exists 0 < a < b such that h(t) > 3 for a < ¢t < b.

29
Therefore,

E[QHNH%(MNHQ)] (27)—d/2/ lel?h(n=t2]®) =31l 7,

—d2, / nir?) ]rd_ldr

—d/2
/ / r =t dr ~ n?? = 0o as n — oo,
<n—1r2<p
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where wy is the volume of the d-sphere in R?. On the other hand, if o < %, let
f(z):=E SINIER(2INT?) |

Since
2 2 2
IV h(=|IN[?) < eyl

and
NERGINEY N B (2 INIP)| < BN eI
with the right hand members of these inequalities being integrable functions, it follows
that f (z) is a C! - function with
7' () = [WIREINE) v g 2 )2)
In particular we have f (0) = 1 and
£/(0) = B (O)E [IN]/*] = 3K (0).
Therefore,

lim (E [e“Nth("”HNW)D" = lim (f (n™"))" = lim "™/ (") = Jim e3 /@)

— lim /' @/ f(@) — of'(0) — ;3dn(0)

z—0

Let us assume that M is a symmetric space and in particular suppose that VR = 0
with sectional curvature being non-negative. In this case we know that Ay (w,s) is
constant in s and we may choose an orthonormal basis {el}ld:l of eigenvectors of
— Ay, (w, s) with eigenvalues {\}%  such that 0 < A\F < K ||w,||? for all . Note that

K is some curvature bound. Since

sin (Ws)

— Ay, (wy,)

Y

Cy. (w, s) = cos ( — Ay (w;)s) and Sy (w, s) =
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we have,

sin
Sk (w, s) e, = e =

sin < Afs)
Cl(w, s)e; = —sin ( )\fs) Mep = ————L\is - e
In particular we have

it s)1” =supsind (3 ) ot < & et [oin (v o)) |

From these observations it follows that

Cr(w, s)e; = cos ( )\fs) e,

j—1
I Gk, Aks)ll < 1, [|1Sm(w, Aps)|| < Ayys and

k=m+1

2
[Cr(w, s)]| < K [Jwgll” s.
From these observations we learn that

1/n
Clw, s)"Cllw, s)ds = — Ay (w,’ﬂ)/o sin? (\ [ — Ay (w,;)s) ds.

1 — cos 20
2

1/n

0
Using

sinf =

in the previous equation shows

1/n 1 1/n
n/o Clw, s) Ci(w, s)ds = —§Ak. (w},) n/o (] — cos (2\ [ — Ay (wk)s)) ds

sin (2 —Ak(w;)nA)
2y/—A; (wy,)

1
= —§Ak (W) | I—n

Thus we have

1/n
n Ci(w, S)TC]/- (w, s)ds
0

sin (2 — Ay (wk)n”)
2/ —A; (w)n=t

1 2
< SK |t |1 -

1 ., sin (2y/a, || Axw||)
= S K ||lwi I || —
2 2w/0é]€ ||Akw||



where oy (w) == — ||wi || > Ag (w},) . Thus we have

B (w) = Z 1S (w, Aps) || ( H 1Ch(w, Ags)| )

j=m+1 k=m+1

sin (20 (@) [401]) H

n

2 1 2
gjgm;l (Ans)® S K [l N%_IIA o]
_ %K Z 1w, ” o)
> NI
Since . 2
1_311;:52 _(1_%+ ) O (z?)

we also see that

. sin <2\/am(w) ||Amw||>
QMHAWWH

l| =0 ([Anwll”).-

Moreover,

S (w,s) e = cos ( )\}ns) e

so that

S (w,s)" S (w,s)e—e

_ (COS2 ( >‘lm8) B 1) o — (1 + cos (22 AT's) . 1) e
- <COS (2 ;?"8) _ 1) e = (% /0 —2,/\7 sin (2 A}”r) dr)

— /OS Wsin (2 A;”r) dr

and hence
H(S;”( $)TS( elH <\/)\_m/ ‘sm 2 )\mr>‘dr

SW/S w
0

2/ \'r

rdr < \'s < K ||w]

ml

P <K || Anwl|.

21

/ (w,5)"C)(w, s)ds

(3.13)
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From this computation it follows that
An(w) < K || Amw]|*. (3.14)
Now for w € (W(R?), u),
Aibp(w) = Ajb(w) = b(s;)(w) — b(si—1)(w) = w(si) —w(si—1) = Ajw.

Hence from Equations (3.13) and (3.14), with o} := a; o b,
ZH nQpm = 1) 0 bn|

sin ( 2,/a™ || A;b|
<KZHA b||? + KZ Z 1A,0]> 2<\/Z_;A'bﬂ )
J J

m=1 j=m+1
sin ( 2,/a7 || A;b]|
_KZHA b||* + KZZHA - 2<\/o7jm; >
j J

m=1j>m
sin ( 2,/a7 ||A;b]|
_KZHA bl|* + KZ 1) |40 Z(WJM) )
J J

Combining this with Equation (3.3) implies, with & = 1 in this case that

V/det (nQn o b,,)

dK | <& sin (24/a7, || Ab||) 2
=ppopob, <exp (— [ ( HI — = 1AL

2 |4 2/am || AL

and we have

E+/det (nQn o by,)

" ax ! sin (2van = IN) [\ 1
m=1 m\/ﬁ m
where || N,, |:= v/n || Anb ||. Now in the case of a sphere the above expression

becomes something like

E+/det (nQn o b,,)

dK | (1 1 sin (2vK 5 V1) ,
< |Eexp| — [|—-4+=[1- IVl
2 |\n 2 2VK = |IN|
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To understand what happens to this expression as n — oo, let

sin 2\/?1:
2\/Em

where 1 is a smooth function such that 0 < ¢ <1 and ¢ (t) = 3Kt + O (¢*) in which

(0 (;1:2) =1

case the above expression may be written as

E+/det(nQm o b,) < {Eexp (% E + %@b (% ||N||2)} ||N||2)] .

If K <X and forze[0,3), by letting

dK

0 INTF) = 5 (24 50 IV ) £ (o) = B [oxp (8 o IT7) IVIP)),

we learn that
f0)=1

and

sup /()= sup |G |14 307 (0 INI) VI ex 6 o IV IVF)| =

z€[0,1] z€[0,3] 2

Therefore f (x) <14 Cx and we learn that

E+/det(nQn o b,) < {f (%)}ng {HC%T < e,

3.4 Estimates for Solutions to Jacobi’s Equation

Remark 3.10. In what follows we will make use of the following elementary esti-

mates without further comment.

— oo 0z 22/2
1. coshz = ano (2n)! < ano 2l — € / :

2. coshx = cosh |z| = M < el 5o that
cosh r < min (er/Q, e‘“‘) ,

and
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3. forx >0,
sinhx = / cosht dt < / coshz dt = x cosh x.
0 0

This estimate is also easily understood using the power series expansions for

sinh and cosh .

Lemma 3.11 (Global Estimate). Let A(s) be a d x d matriz for all s > 0, kK =
SUp,sq |A(s)|| < oo, and let Z(s) be either a R? or d x d matriz valued solution to

the second order differential equation
Z"(s) = A(s)Z(s).
Then
1Z(s) = Z(O)]| < IZ(0)]| (coshv/ks — 1) + [ Z'(0)] % (3.15)
Proof. By Taylor’s theorem with integral remainder,
Z(s) = Z(0) + sZ'(0) + /0 "2 (s — ) du
= Z(0) + sZ'(0) + /0 " A(W) Z(u)(s — u) du (3.16)
and therefore
1Z(s) = Z(0)]| < s[|Z'(0)]| + fi/os 12 (W)l (s —u) du
< s[Z' (0l + H/OS 12(w) = Z(0)]| (s = w) du + %82/-@ 1Z0)]
= f(s). (3.17)
Note that f(0) =0,
f'(s) =120l + ﬁ/os 12(u) = Z(0)][ (s — u) du+ sk || Z(0)]],
f1(0) = [2'(0) ||, and
f'(s) = w11 Z(s) = Z(0) || +x 12(0)]] < K f(s) +w [|Z(0)]] -

That is,

f(s) = kf(s) +n(s), f(0) =0, and  f(0)=[Z'(O0),  (3.18)
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where n(s) := f"(s) —kf(s) < k[ Z(0)|. Equation (3.18) may be solved by variation

of parameters to find

1) = 120 —nhff . [ ff( ~r) dr

<1201 =2 4 z)) [ Vo s - 1) ar

\/_
inh
— 12/ ™2 1 |20)] (cosh s — ).
Combining this with Equation (3.17) proves Equation (3.15). O

Theorem 3.12. Suppose that A(s) above satisfies, 0 < —A(s) < kI for all s or
equivalently that —kI < A(s) <0 for all s. Let

cosh (s)

4 h
T (s))

¥ (s) := min (1 +
whose graph is shown below and C(s) and S(s) be the matriz functions defined by

C"(s) = A(s)C(s), with C(0) =1, C'(0) =0,
S"(s) = A(s)S(s), with S(0) =0, S'(0) = 1.

psi(s) 10T

3.1 Graph of .
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Then

1| ()l < v (Vrs),

2. 1S ()]l < 59 (Vs)

3. (1" (5)]| < st (Vs)

4o 11" () = 1| < s (V/Rs) , and

5. |57 ()" 7 () = ]| < 0 (Rs) s 4 JuR (/Rs) s

Moreover, if we only assume that ||A (s)|| < k, all of the above estimates still hold
provided that 1) is replaced by cosh .

Proof. 1t Z solves, Z" (s) = A(s) Z (s), then iterating Equation (3.16) shows
Z(s)=Z(0)+ sZ'(0) + /OS A(u) {Z(O) +uZ'(0) + /Ou AM)Z(r)(u—r) dr} (s —u) du
_ (1 + /0 (s - u)A(u)du> 2(0) + (5[ + /0 Culs — ) A(u) du> 7(0)

i /0< cuc (u—7)(s — u)A(uw)A(r) Z (r)drdu.

In particular this shows

+ /0 (=) (s— wA@ACIC)drd (3.19)
and
5= (s [ uts - w-A00)] @)
+ /O (=)= AW AC)S(r)drd. (3.20)

From Equation (3.19),

cl <

I+ /Os(s — W) A(u)du

i /<“ —r)(s = u) [A()A(r)C(r)]| drdu
H cosh \rs

e o
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Moreover,

(1—%2)1:1—5Ms<s—u)du]1g1+/OS(S—U)A(u)dugf

from which it follows that
s 2 2
HI +/ (S - u)A(u)du S max (1, KE — 1) = 182§4/H + (/{E — 1) 18224/,‘6
0

and hence we have

2 h b
1C (8[| < Tyzcaye + <ﬁ% _ 1) Lasagn + %fs)ﬁz# <14 %%4

fa ) _ dcoshs (2 _ 2 [o2coshs 17 = : :
This is because f(s) = s**g* (2 1) =1+s [s o 2} is an increasing

function and for s > 2, f(s) > f(2) > 0.25. Recall that we also know that ||C (s)]] <
cosh (y/ks) and therefore we have

2 h
|C (s)]| < min (152§4/,i + (/{% - 1) Losa/ + Wﬁzsd‘, cosh (\/ES))

h
< min (1 + %g/ﬁs)’i%{ cosh (ﬁs)) .

It will be convenient to define

cosh (s) ,

 (s) := min (1 g™ cosh (s))

and hence
1C (s)|| < (Vrs) .

Similarly, from Equation (3.20)

1S () < ||s] + /Osu(s —u)A(u) dul| + /0< . (u—7)(s —u) ||A(u)A(r)S(r)|| drdu
<s ]—i—é/osu(s —u)A(u) dul|| + 5—484%.

In this case,

(1_232)1: (1_51/;“(5—@ du>1gz+§/osu<s—u)A<u) du < 1.



Combining this with the previous equation shows

- 5” k? ,sinh (y/ks
1S (s)l| < s l2<i9/k + (KE — 1) 182>12/K] + 4 (V)

24 VE

[ s cosh (y/ks)
<s _152312/,@ + (ﬁg - 1) L2319k TI{QSZL
_ 16
Since we also have
I8 (9l < ) < scom (vs)
we may conclude that
[S(s)|] < s min (1 + %{@ﬁs‘l,cosh (\/Es)) = sy (VKs) .
Furthermore,
@l = [ amcoa| < [Tawiicmla s (i)
and
1S (s) — I|| = /0 A(r)S(r)dr|| < /0 [A @) 1S (r)[ dr

< /ﬁ/os r (\/ET) dr < %ms%ﬁ (\/Es) .

Alternatively we have

s'(s):1+/0 A(T)S(r)dr:H/OsA(r) {/OTS’(u)du} dr

1+/OSA<7~) [/0 {H/OUA(U)S@)CJU} du] dr

=1+ / rA(r)dr+ / A(r)A(v) S (v) dvdudr
0 0<v<u<r<s

S

:[+/rA(r)dr+/ (r—v) A(r) A(v) S (v) dudr
0 0<v<r<s
and therefore,

15" (s)|| < 14 £* (VEs) / (r — v) vdvdr

0<v<r<s
(s —v)*

5 vdv

:1+H2w(\/ﬁs)/os

_ 1 54
—1+24ms¢(\/ﬁs).

28

(3.21)
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Hdi (5 (5)7 5 (s)] H <2[S () |AG[1IS (s)]
<2|S ()] A )15 ()]

< 2ns (v/rs) (1 b insty (ﬁs)) .

Integrating this equation then implies
Hs’ IH /2 r (Vi (1+— 2 (rr ))dr
/Omm( b gt (VRS) ) dr

— ) (Vis) (32 b Lrsty (\/Es))
1

=4 (V) s+ L ()2
[
Proposition 3.13. If ||A(s)|| < &, then the following estimates hold:
H’ —([ SA )H<42 sh ( (3.22)
|7 (el e < 628
du) < s'k” cosh (V/ks) . (3.24)

o= {r+ ]

Proof. From Equatio

Hs' (s) (1+ /0 A (r) dr) H < /O Ly ucosh (i) dudy

< s*k? cosh (\/Es) ,

21)
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Integrating this estimate implies

H5(5>_13_/08(s_7«)A(r>dr < 5. %2 cosh (v/rs)

which is equivalent to Equation (3.23). Similarly from Equation (3.19) we have

Hc (s) — (I + /0 (s - u)A(u)du) ’ - /0 grgugs(u —1)(s — W) A(w) A(r)C(r)drdu

< s*k? cosh (\/Es) .

Definition 3.14. Let

h(t) = %mw (\/{s) —In (min (1 + Mt2,cosh (ﬂ)))

16

whose graph is given in Figure 3.2, i.e.

h(t) 035T

037

3.2 Here is the graph of h (t).

Let ¢ be a function, which we will specify shortly, such that ¢ > . Further let
g(t) :=11n¢p (V1) so that ¢ (s) = ¢*9(+*) and define

=4
_ VD) MO em-ne
o2 (\/g) e2tg(t) ’
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We will specify ¢ (t) by requiring ¢ (¢) to be a smooth function such that g (t) =
h (t) for t near zero which then rises rapidly to a height of .6 as t increases. For later
purposes, let us observe that with this definition tu (¢) is bounded by .63 as the graph

below indicates.

tu(t)

3.3 Graph of tu (t) and the line y = .63. We see that tu (t) < .63.

3.5 Proof of Uniform Integrability

Proposition 3.15. Suppose N is a d — dimensional standard Gaussian normal ran-
dom variable and G (z, | N||) is a C* — function in x € (—¢, ) such that G (0, ||N||) =
0,

a:=sup{G(z,t) :x € (—g,¢) andt >0} < %

and there exist constants C' < oo and 3 < oo such that

G, (v,t) = %(%t) <C(1 +t)ﬁ for x € (—e,e) and t > 0.
Then
lim (E [QHN||QG(%,||NH)D" _ E[INIPG. N1
Proof. Let

f(z)=E [eHN\PGwNm] .
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Since
2 2
elINIPG ([N < eIVl

and
2 2
Ga (, |N]|) [|N][? MPEIND < € (1 4 | V)7 IV eIV

with the right hand members of these inequalities being integrable functions, it follows

that f (z) is a C' - function for x near 0 with
f/ () = |Gu (@, [N[) | N]? VP CIND]
In particular we have f (0) = E [eHNHQG(O’HNH)} =1 and
f1(0) =E[G. (0, [IN) [|V]}"]
Therefore,

lim (E [enNH?G(%,HNn)D" = lim (f (n™"))" = lim "™/ (") = Jim e3 /@)

n—o0 n—oo n—oo z—0

— lim &/ @/ f(@) — 1'(0) — 6E[G1(0,HN||)||N||2]'

z—0

]

Theorem 3.16. Suppose that (M, g) is a Riemannian manifold with non-negative
sectional curvatures which are bounded above by K = 2_1d' Then for all p sufficiently
close to 1,

supE [detp/2(nQ” 0 by)] < oc.

Proof. For w € Hp(R?), from Theorem 3.12,

A (@) = n /0 o

1
< (VE|8n]) K 13m0l + 507 (VE [ 8mell) K2 [ Anw],

S (w,s)" S (w,s) — ]H ds
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and if we write 7;(w) = VK ||Ajw],

j—1 1/n
S DR CHORNIL | XA / [CAE
j=m+1 k=m+1 0
<Y (B e [H P ()| K2 (85997 | 3 )
j=m+1 k=m-+1
n M J
=2 3 T e | el
j=m+1 Lk
n [ J
-t 3 I ?(VE Al ) | 1Al
j=m+1 Lk=m

Hence if we let

o) = [T (VR Iael]) = [[ sttt

k=1
then
1
An() < 0@)E B + Sl (K [ 30]?) K2 A
1
< ) [ 18mll 4 u (K [8nl?) K? |l
and

1Aw]*

Bp(w) < a(w)K? Zn: [ﬁ u (\/?HAWD

j=m+1 Lk=m

a@K* S u (VE Al 8501

=1

For w € (W (R?), ),
Aibp(w) = Aib(w) = b(s;)(w) — b(si—1)(w) = w(si) —w(si—1) = Ajw.
Therefore, on W (R?),

n

Z (Ap + B) o by

m=1

<aob,-

et [ Ambll* + 3 (K[| And]*) K2 | Apbl|']
R Y (K ARDI) A0

n

1
—aob,- Y {K | Amb]* + (5 n n) K2u (\/EHAmbH) |;Amb||4] .

m=1
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Now let z = n™' and N,, := /nA,b, so that {N,,} _, is a collection of R? —
valued independent standard normal random variables. With this notation we have

n

> (Ap+ Bp) o by

m=1
n

[ 1
<aob,- Z Kz | Ny + <§ +n> Ku (Kx ||Nm||2) z? ||Nm||4]
m=1 "
" T 1
=aoby- Y |Ke|Nul’+ K (ggg + 1) u (K ||Ny|?) Ko |me|;4}
m=1 "
=aob, Y e +K <3x + 1) u (Kz || Ny|*) Ka HNmH?} | Now 12

m=1 “-

and therefore, using Equation (3.3),

det(nQ" ob,) = ppopob,

s( exp( 1dZ|anZm— ||>)
g( exp( 1dz (A, + B) )) o by,

1
< (a0 b)" exp (dZ [Kﬁv +K (gw + 1) u (K ||Ny|[?) K ||Nm||ﬂ ||Nm||2>

m=1

where

)nd

I
=

(aoby,

o (VR 1a5]) = [T ¢ (VR |13

1

m

n
2 2 2 2
20K | Al 29 (K| Ambl|?) _ I i o(KeNml?)

Il
=

3
I

1 m=1

Let 0 (v, [|N|?) =2+ (2 + 1) u (K2 |N||?) Kz | N|*. Then,

W=

3

det(nQ" o) < [T I o010 e (K0 (|5 ) 1)

f_I (AR [29 (K [Nl + 0 (o 1 )] 1 ).
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Hence

E [detp/2(nQ” oby)| = {Eexp (de [g (Kz ||N||2) + %0 (2, ||Nm||2)} ||N||2)}
= [Eexp (dpK -G (x, | N|%) IN][%)] "
where

x 1 1
G (5, IVI) =g (6w INIE) + 5 + (Gt 5 ) w (R IVIP) Ko V.

By our choice of g and hence u, we know
2 1 2 2 1
g (Kz|IN|?) + U (Kz |N|*) Kz |N||* < .6+ 503 =915 < 1.

Therefore, for small z, G (z, ||N||2) < .92 < 1 for small z. Hence, if p is sufficiently

close to 1, we will have

1 1 1
dpK - G (2, | N|*) = 5pG (z. [N]*) < 5p-0.92 < o

Therefore we may apply Proposition 3.15 to conclude that

limsup E [detp/2(nQ" oby)] < zlg% [Eexp (dpK - G (z, HNHz) HNHQ)}WC

n—oo

= exp (E [de -Gy <0> HN||2) HN||2])

2K 1
= exp (E [de (E INIF+ 5+ 5K |\N|]2> ||N||2D < o0.
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Second Formula for p,

Definition 4.1. For any € > 0 and any partition P of [0, 1], let
H5(RY) = {w € Hp(RY) ’ / | W'(s) || ds <e fori=1,... ,n}
= {we Hp(RY) | || Aw ||< € Vi},

where Ajw = w(s;) —w(s;—1). The second equality holds since w.(s) is a constant in

Ji for each 1.

Remark 4.2. We will now consider all the w € H5(R?), with € sufficiently small,

specified in the next lemma.

Lemma 4.3. There exists an € with \/._, || Ajw ||< € such that fori=1,2,...n,

Si(w, s) is invertible for 0 < s < A;s.

.....

Proof. From Equation (3.15) with x = ﬁ | Aw ||?, we see that

sinh(VE || Aw |[])
| Si(w,s) ||< s( JETA0 ] ) < scosh(VK || Aw |)), (4.1)

where we have used the inequality Sin;“’” < cosh x. By Taylor’s Theorem with integral

remainder,

Si(w,s) = sl + /Os(s — u)SZ.(Z)(w,u) du = sl + /Os(s —u)A;(w, u)S;(w, u) du.

36
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Now using Theorem 3.12,

© K| Aw]P
§/0<s W)= (p gy weoh(VE || A ) d

= ([ wwan) 2L i 2w )

/08(3 —u)A;(w, u)S;(w,u) du

3 K |
6 (AiS)Q
< sK || Aw ||? cosh(VK || Aw |)).

| Ajw ||? cosh(VK || Aw |)

Hence, if we choose an € such that for 0 < x <,
Kz?cosh(VKz) < 1,

then

1/08(5 — ) As(w, w)Si(w, u) du)

S

Si(w,s) =s (I+

is invertible for 0 < s < A;s. O

In order to compute lim,, ¢ p,,, we will first derive another formula for p,. Define
a set of tangent vectors {f;.(w,s)}i=12..., n on T, H5(R?) such that f;.(w,s) is the
a=1,2,...,

solution to Equation (3.1) with the given initial conditions

fia(w,0) =0,
fory=1,...,n,
€as j=1
fiaw,sj-1) = —Fi(w) e, j=i+1
0, otherwise.
where
Fi(w) := (Siy1(w, Ai18)) " Cipr(w, Aiy1s) Si(w, Ass), (4.2)

where S; and C; are as in Definition 3.6. By Lemma 4.3, we can choose an ¢ such

that Fj(w) is defined on HS(R?). Therefore,

Si(w, s — 8i_1) €q, s € J;
fi,a(wa s) = Cit1(w, s — 5;)Si(w, Ais) g — Siz1(w, s — si) Fi(w) eq, s € Jiga

0, otherwise,
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and hence
Fii(w, s) eq, s € J;
fi,,a(w78) = Fiiii(w,s) eq, s€ Jita
0, otherwise,
where for ¢t =1,...,n,

Fii(w, s) = SZ{(% 5—5i1),
Fz‘+1,z‘(w> 5) = C£+1(Wa s —8;)Si(w, A;s) — S{+1(W, s — 5;) Fiy(w).

7

ceey

for T,H5 (M), where 0 = ¢p(w).
Proof. From Equation (2.2),
X = [/4(0) fialw, 5),
where we have used the identification R? with T,(M). Since //, is an isometry, it

suffices to check that {f; . (w, S)}iill,...,r; is a basis in H5(R?). Suppose

=1,...,

d n
Z Z Ci,afi,a(w7 S) = O
a=1 i=1
If welet s =sj, j=1,...,n, we have
d
ZcmSj(w, Ajs)e, = 0.
a=1

But from Lemma 4.3, S;(w, A;s) is invertible and hence we get

M=

Cj.a€a = 0.

a=1

By linear independence of {e,,a =1, ...d}, ¢;, = 0. O

At this point, we will now assume P, = {s@- = 1};0 and A = 1/n throughout

n

this section. We may now write

fia(w,s) = [Ls,(s) Si(w, s = sic1) + Loy () Vi (w5 — 50)] €q (4.3)
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where V; =0=1V,, 1 and for 2 <7 <n,

Vi(w,s) = Ci(w, $)Si—1(w, A) — Si(w, s)F;_1(w)
and
E(w) = i+1(w,A)_IC’Hl(w,A)Si(w,A). (44)
Observe that

Vi (w,A) = C; (w, A) Si_1 (w, A) = 8; (w, A) S; (w, A) " Ci (w, A) S;_1 (w,A) =0

(4.5)
and that
Vi(w,0) =S4 (w,A). (4.6)
Lemma 4.5. Continuing the notation above, we have
[ 4510009, i) s
' 5 (i $)ew Vi (. 5) ) ds fi=i=1
) [SHw s)en i@ 5) ec) (Vg (@i 5) e Vi (w5 )] ds if =i
: o (Via (@, 8)ew St (w,5) ec) ds fi=i+1
\ 0 otherwise
Jy (€0 Si(w, )TV (0, ) ec) ds ifj=i-1
B fOA [(ea, Si(w, 8)TS! (w, 8) ec) 4 (ea, Viiy (w,8)" Vi (w,8) e | ds  ifj=i
Jo (ear Vi (@,8)7 S0y (w5 ec) ds fi=it1
\ 0 otherwise.
Let us define the block matrix function of s € [0, A] by,
Fii (w,8) = 055 (w,8) + 65501V (w0, 9)
or equivalently as
[ Sl (w,s) 0 0 ]
Vi(w,s) Sy(ws) 0 0
F' (w,s) = 0 Vi(ws) Sylws) : . (4.7)
: . . 0
B 0 V() Si(s) |
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where

Vi (w,s) = Cl(w,s)S;i—1(w,A) — Si(w, $)F;_1(w).

Remark 4.6. When w = 0 we have S; (0,5) = sI, C; (0,5) = I, F;(0) := A" A =1,
Vi(0,5) == Al = sI, and F" (0,s) = T" where T,7 = (6ij — 0ij11) I, i.e.

(7 0 ... 0 0]
-1 I 0 ... 0
Fr0,s)=T":=| 0 —-I I . :|. (4.8)
. 0
0 0 —I 1
It 1s also worth observing that
[ 0 .. 0 0]
—Fi(w) I 0 o 0
F (w,0) := 0 —FRw) I P (4.9)
0 0 —F,q(w) I
or equivalently that
Jfl?z‘ (CL), 0) = 5]“[ — (57;7].3_1}‘_;' (CL)) . (410)

Theorem 4.7. Let F" (s),; = 6:S; (8) + 8ij+1V/ (s) (See Equation (4.7).) Then

o ({ (B 5), Fhaf,)) s} ) = ( [ S ) F (0,9 ),

(4.11)
det ({ ; <fz-’,a(w,sk_l—l—),fj'-’c(w,sk_l—i—» A}) =A™, (4.12)
k=1
and hence A
(pn 0 ¢)* (w) = det <Z /0 (F" (w, 8))T F™ (w, 5) ds) : (4.13)

Proof. Since



41

w
- Z [@ksg (w, 8)" + i1 Vi (w, S)T] [519]-5,; (w, 8) + 0k j41Vy (w, 8)
k

= 655; (0,8)" 5; (w,8) + 0,5115; (w,8)" Vi (w, )

+ 0101V (@, 9)" Siy (w,8) + 05V (w,8)" Vi (W, s)

= b5 [S1 (@) 8 (@, 8) + Vi (@,9) Vi (w,9)]

+ 6515 (W, 8) V/ (w,8) + 041, Vir (w,8)" Siyy (w,5).
So comparing with the results from Lemma 4.5 it follows that

L (VX ie(w,s) VXFie(w,s)
L(xfia XTic :/ ) ) d

= /01 <f{,a<wa5):f;,c(wa3)> ds = /01 <€a7 [(fn (w,s))TF" (w,s)Lj ec> ds,

from which Equation (4.11) follows.

In order to prove Equation (4.12) we begin by observing that

fiaw, se14) = [L, (se—1+) Sj(w, ski—1 — si-1) + Ly, (se-14) Viy (W, 851 — 1)) €q
= [5szl'(w, 0) + 51'7]@71‘/;_'_1 (w, O)} (o
= [5ik1 - 5i,k71F1i (w)] €a = 2712 (W, 0) €a

where the last equality follows from Equation (4.10). Hence it follows that

. . “ VXfia(w, s,_14) VXFic(w,sp_14+
G%} (Xfl,a7Xf],c> (W) — Zg ( (dS k—1 )7 (ds k—1 ))

k=1

_Z fialw, sp_1+), fjc(w Sk—1+))A = AZ< 0) eq, Frj (w, 0) C>

= 83 (e (5 (0,00 (0 ) = B (e, [(7 0,077 (0] )
k=1
and therefore
o <{wa St - Sl - 1+>A}> = det (A(F" (@,0))" F" (,0)) = A™.

Equation (4.13) now follows from Equation (2.5). O
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4.1 Some Identities

Definition 4.8. For real square matrixz functions, A(s) and B (s), of s € [0,A], let

(A) ::%/0 A(s)ds

and

Cov (A, B) _%/OAA(S)TB(SMS— (%/fA(s)ds)T (%/OAB(S)CZ5>
- (4TB) 7 ()

Notice that (A) and Cov (A, B) is again a square matriz.

The following proposition summarizes some basic and easily proved properties of

Cov (A, B) .
Proposition 4.9. The covariance functional, Cov, has the following properties:

1. Cov (A, B) is bilinear in A and B.

2. Cov (A, B) may be computed as

Cov (4. B) = 5 [ 1) = ()" 1B () - (B s

= ([A() = (A [B() - (B)]).
3. Cov (A, B) =0 if either A(s) or B(s) is a constant function.
4. Cov (A, A) is always a symmetric non-negative matriz.

Note : To simplify notation, for the rest of this section we will typically be

omitting the argument, w, from the expressions to follow.

Definition 4.10. Define G" (s) := F"(s) = T" = F"(s) — F"(0), i.e.

/

Gy (5) = 05 [S1 () = 1) + 8ot [V} () + 1]
= 05 |81 (5) = 1] + 8341 [CL5)Sia (A) = Si(s)Fiy + 1], (4.14)

Also let A
1
V= (G") = Z/ G" (s) ds. (4.15)
0
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Lemma 4.11. Let V]! = 6;55i (A), i.e.

'L]A
S (A) 0 ... 0 ]
L1 0 Sy

N (4.16)

0 0 S.(A)

and DI} = 65 [£8,(A) = I] , i.e. D" = V" —I". Then Y™ = T"D" and
(FTF"Y = (T" 4+ Y (T + V") + Cov (G",G")

= (V)(THTT"V" + Cov (G",G"). (4.17)

Proof. By the fundamental theorem of calculus along with Equations (4.5) and (4.6)

we have

V=5 | (5u[si) - 1] + b+ 1) as
(8 [S: (A) — IA] + 6,441 [Vi (A) — Vi (0) + AI])
— 5, {Si (2) _ 1} b [M _ ]} |

On the other hand

1
(TD")y, = 3 (B — igeen] I [ K5k (4) —Il

k

1 1

The second assertion is a consequence of the following simple manipulations,
= (T"+Y")" (T" + Y") + Cov (G".G").

This completes the proof since

Tn+ Y =T (I" +D") = T V"
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Corollary 4.12. Letting M™ = Cov (G",G"),

[T 0 0]
I 1 .
Sti=(T""'=1| , (4.18)
. o0
T I I

and V" be as in Equation (4.16), dropping the superscript n, we have
(FTF) =VIT" (T+8" (V) MVIS) TV

and
det ((F7F)) = [det (V)] - det (T+ 8T (V1) MY71s) (4.19)

4.2 The Key Determinant Formula

Our next goal is to expand out V" and ((V”)T)_1 M™(V™)~! in powers of w. It
turns out that we need the expansion of V" to order || w ||*> and ((V")TY1 Myt

to order || w [|° .

Notation 4.13. Recall the definition of A;(w,s) in Equation (3.4). We will write
A;(0) = A;j(w,0) and also A;(t) = A;(w,t) to simplify the notation. And when we
write y = O(x), we mean there exists some constant C' > 0 independent of i, n and

w such that ||y |[< C || = |.

Proposition 4.14. There exists C < oo such that the following estimates hold for
0<s<A;

‘ S/ (s) — <1+ %Ai (0) 32) <O Aw P, (4.20)
‘ SZ'S(S) - <1+ %Ai 0) 32) < CllAaw]?, (4.21)
‘ci (s) - (1+ %Ai (0) 32) < ClAw|® and (4.22)

IC (s) = 4 (0) sll < Cs™" | A (4.23)
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In the sequel we will abbreviate these type of estimates by writing

S1(s) = T+ 5A4:(0) 82+ O (I awl), (4.24)
Siéfs) :]+éA,~( )5+ 0 ([Aaw]?), (4.25)
i (s) —I+%A (0)5 + 0 (| Aw]?) and (4.26)
Cl(s) = 5" [Ai (0)s* + O ([lAw])] . (4.27)

Proof. Let (DA;)(w'(s),+, ") == %Qy(s,_1+s)- Then

I (DA (W (), (s), ) (s) || < é (I (DA (Aiw, Aw, -) Aqw ])

1
_ 0 <—A3 | A ||3) .
Thus

/OsrAi(T)dr—/ [ /A/ dt} A (0)s* + O (|aw]?)

and similarly that

1/08 (s—r)rA; (r)drzl/os (s —r)rA; (0)dr + O (| Aw]?)

s s
1
and finally
/ (s —u)A;(u)du = / (s —u)A;(0)du + O (||A,w||3) = %Ai (0)s* + 0O (||Alw||3) :
0 0

Combining these results with the three estimates in Proposition 3.13 with x :=

K ||w!||” proves (4.20) — (4.22). For Equation (4.23), we have
Ci (s) :/ A; (r) Cy (r) dr :/ {Ai (0) +/ Al () dt} (I+0(|aw]?))adr
0 0 0
=A;(0)s+ 5710 (| Aw]])

as desired. [
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Corollary 4.15. With V" =71" + D" as in Equation (4.16) we have

yr =5, (1 + éA,- (0) A% + m(A)) (4.28)
where
ni(s) := Siis) - ([ + éAi (0) 32> (4.29)

and || (&) 1= O (1 Aw]?).
Lemma 4.16. The function, F; in Equation (4.4) satisfies,
1 1 .
F =1+ éAi(O)AQ + 5 4i11 (0) A2+ O (|Aw]? vV IAw]?) (4.30)

Proof. In order to simplify notation, let a; := A; (0) A% and §; = [|Aw]||>. Then

F =S, (A)—l Cii1(A) S;(A) = (S’%@A))_ Ciy1 (4) Si<AA>

1
I+ éaz—i-l +0 <5z+1)> (I + %ai—i-l +0 (5¢+1)) (I + éaz’ +0 (@))

(
(1 o +0(3)) (14 01 +0n)) (14 Gas+ 0(3)
I+

1
#(5-5) ot gt O (IAwI") + O (8wl

2 6 6

which is equivalent to Equation (4.30). O

Theorem 4.17. Let
2

. s 52 A? A?
Hij (8) = 5UAZ (O) E + 5i,j+1 |:Az (0) (SA — E — ?) — Ai,1 (O) ?:|
and Y7 (s) == G (s) — HE (s). Then || T4 (s)|| = O (HAi,lcuH?’ v HAin3) and since
17 =0 unless i € {j,j + 1}, it follows that

G"(s) =H"(s)+Y"(s) and ||X"|| =0 ( \/ ||Aiw||3) . (4.31)

i=1

-----

Proof. Let ~; = ||Ai_iw]|® V |Asw|®. By Proposition 4.14 and Lemma 4.16,
Cl(5)Si—1(A) = [4; (0) sA + O (JJAw]|®)] A71S;-1(A)
1

=A;(0) sA+ O (v,) (4.32)
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and
Si(s)Fi-1
= (14345 40 (Iawl)) (1+ 54082+ 34,087+ 0 )
2 6 3

=1+ A,1(0) %2 + A; (0) (? + %) + O (y)- (4.33)

Combining the last two equations shows,

Vi (s) = Ci(5)Si-1(A) + 1 = Si(s)Fia
2 A2 A2

This equation along with Equations (4.14) and (4.24) shows
Gij (s) = 0y [S; (s) — ]] + 0i g1 [Vi (s) + 1]

_ 5, [A,- (0) %2 +0 (||AMI|3)]

s A2 A? 3 5
+ (Si,j—i—l Az (0) SA — E - ? - Ai—l (0) F + @) (||AZ_1w|| V ”AzWH )

O

Theorem 4.18. The matriz M" of Corollary 4.12 satisfies, M™ = C" + E" where

E" is a tri-block-diagonal matriz such that ‘ gl =0 (\/l_1 77777 N [ ANT ||5> and C™ is
the non-negative tri-block-diagonal matriz given by
" A* 7
Cjj =0z [A?(0) + A7, (0)] + 360 [0:,4147 (0) + 851 A3 (0)] A*, (4.35)

where A%, ,(0) := 0. Equivalently,

= (a} + a3) 503 0 e 0
w0 w3 t+ad) ghHa
C" = 0 3503 0
wlai_ +a}) sman
0 .. 0 ?TZUG% %ai

where as before, a; := A; (0) A%



.....

e

M" = Cov (G",G") = Cov (H" + Y™, H" + 1"
= Cov (H",H") + Cov (H",T") + Cov (Y", H") 4+ Cov (Y™, T™)
= Cov (H", H") + E" =C" + &"

where C" := Cov (H", H") and

E" = Cov (H", T™) + Cov (Y™, H") + Cov (Y™, T") = O ( \/ ||Aiw||5> :

Since H"™ = K™ 4+ L™ where

82

2
K::LJ (3) = 61]141 (0) E -+ 51',]'4_1141'(0) [SA — —:|

and L£" is the constant (in s) matrix,
A? A?
,CZL] = _6i7j+1 Az (0) ? + Ai—l (0) F:| s

it follows, using Proposition 4.9, that

C" = Cov (H", H") = Cov (K", K").

Since
n 1 1 2

<’CZJ> = 652] + gémﬂ flZ (0) A s

we have
K2y (s) = Kl (s) — (K2
s A? 21
= 0;;4; (0) (E — F) + 6,414 (0) (SA -5 gAz) .

Let

2 AZ 2 1
a=2 2 gosA_Z A2
276 23

48
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By direct integration, we get

Then we may conclude that

c = Cov (K", K™),; = Z <<(l€")T>zk A2j> = Z << AZZ)T AZJ‘>

k

=3 ( [0k + B0ki41] Ak (0) [dks + Bdij1] Ak (0) )

A* 7
= 15 k [0ki0kj + O,it10k 541 A (0) + At— 360 Z [0kiOk,j+1 + Ok i-t10k;] Az (0)

A4

455 (A7 (0) + A7, (0)) + A*— 7

360 (0,441 + 0i41,5] A7 (0)

which is equivalent to Equation (4.35). O

Putting together the previous estimates leads to the following key determinant

formula.

Theorem 4.19. As above, let S* = (T")!

1 1
Vij = 04 + Dy = 5ijZSi (A) = 4y ([ + éAi (0) A% + Ui(A)) ;

. Al 7
Cij = =0 [Az (0) + Az—i—l (O)} + 360

= (0554147 (0) + 0 ;1A% (0)] A*

where || n;(A) [|[< C || Aw ||?, C is independent of i, n, w and define
U= (8"rersn. (4.36)

Then there ezists a tri-block-diagonal matriz E™ = E™ (w) such that

||5"||=0( \ ||Aiw|!5>
i=1,....,n
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and
det (((FMTF)) = [det (W™)]* - det (Z" +U™) - det (" + X™), (4.37)
where X" := (I" +U") " (S TES™.

Proof. To ease the notation, we will drop the superscript n in this proof. From

Equation (4.19) of Corollary 4.12, Corollary 4.15, and Theorem 4.18,
det ((FTF)) = [det (V)]? - det (I +8T (V) (c + 5) v-13> . (4.38)

Now write V™! =7 + ¥, where

U= i (—1)" D"

n=1

-----

VD)7 e+ E) v =) ey () eV
= (Z+UT)C(@+0)+ (V) EV  =Ct€

where £ is the tri-block-diagonal matrix defined by
<1

£=CU+UTC+UTCy + (V) €V

=1,...,

sults back into Equation (4.38) shows

det ((FTF)) = [det (V)]” - det (Z + ST [C + €] S)
= [det (V)]* - det (Z +U + STES)
= [det (V))* - det (Z +U) (T + (T +U)"' STES))

from which the desired result follows. OJ
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Convergence of {p,} ° | in

[-easure

Recall that H5(RY) was defined as
Hy(RY) = {w € Hp(R?) : || Aw ||< € Vi}

where A;w = w(s;) — w(s;_1). Note that V" and X™ are only defined on H%(R?) for

some € satisfying Lemma 4.3.

Notation 5.1. By abuse of notation, we will now write A;(w,0) = A;(w) from now
on. This should not be confused with the notation A;(t) as described in Notation 4.13,

where t € [0, %) and we suppressed the argument w.

Unless stated otherwise, we will only consider equally spaced partitions P, =
{0 <i<..-<2=1} By Theorem 4.7 and 4.19, p, has been written as a product
of 3 terms, namely [det(V")]?, det(Z" +U™) and det (Z" + &™) on Hp (R?). We will
now show that the determinant given in Theorem 4.19 has a limit as |P,| — 0. The
limit for each term will be computed in this order.

The following theorem is the Wong-Zakai type approximation theorem for solu-
tions to Stratonovich stochastic differential equations. This theorem is a special case
of Theorem 5.7.3 and Example 5.7.4 in [33]. Theorems of this type have a long his-
tory starting with Wong and Zakai [46, 47]. The following version maybe found in
[18].

ol
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Theorem 5.2. Let f : R? x R" — End(R% R") and fo : RY x R* — R" be twice
differentiable with bounded continuous derivatives. Let & € R™ and P be any partition
of [0,1]). Further, let b and bp be as in Definition 2.8 and &p(s) denote the solution

to the ordinary differential equation

&p(s) = f(&p(5))bp(s) + fo(ép(s)), &p(0) = &o

and & denote the solution to the Stratonovich stochastic differential equation,

dg(s) = f(£(s))0b(s) + fo(&(s))ds, £(0) = &.

Then for any o € (0, %), p € [1,00), there is a constant C(p,a) < oo depending only
on f, fo and M so that

Elsup || () = £(3) |F] < C(p,0)[PI"™

Definition 5.3. 1. Let u be the solution to the Stratonovich stochastic differential
equation

du = H,udb, u(0) = uo. (5.1)

Hence u maybe viewed as ji-a.s. defined function from W(R?) — W (O(M)).

2. Let ¢ = mou : W(RY — W(M). This map will be called the stochastic

development map.
The following facts will be stated without any proof. See [17].

Remark 5.4. 1. Using Theorem 5.2, one may show that ¢ is a "stochastic exten-
sion” of ¢, i.e., d = limyp|—o ¢ © bp. Moreover, the law of ¢ (i.e., ,LL(;B_l) is the

Wiener measure v on W (M).

2. One can prove that us = /N/S(gz;) where /~/ 15 stochastic parallel transport defined
in Definition 1.12.

3. The law of u under i on W(R?) and the law of/~/ under v are equal.



Definition 5.5. Let 0 < o < % and define for P, = {0 = % << B=1%

W, (RY) = {w € W(Rd)) 3 no(w) s.t. Yn > ny, \/ | Aw || < n_o‘}.

Note that
(Wo(RY) = {w € W(Rd)‘ \/ | Aw ||>n™¢ i.o.} .
Lemma 5.6. Let 0 < a < %, then

p (Wo(RY) = 1.

p ({w = W(Rd)‘ Volaw> n-a}>

Proof. Now

) _
P
< B Vo)
1 [& C, [1\2
E BHlP| = p _
= n_o‘pE i1 I2el n-op (n) "

where C}, > 0 is some constant. Therefore,

nfjlu({wewm\ Vol Aw ||>n-a}>

i=1,...,n

%—a)p—l

00 1 E—1—ap 00 1 (
<o2() -ex() e
n=1 n=1

if p is sufficiently large. Hence by Borel Cantelli Lemma,

1 ({w € W(Rd)) \/ | Aw ||>n® i.o.}) =0,

i=1,...,n

and hence the proof.
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]

Notation 5.7. Throughout the next few sections, let b(s) : W (R?) — R? be the
projection map, b(s)(w) = w(s) for all 0 < s < 1 and w € W (R?). Note that
when W (Rd) is equipped with Wiener measure, u, {b(s): 0 <s <1} is a Brownian

motion. We further let ¢,, = ¢ o b, and u, = //(¢n).
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5.1 Convergence of det()V")

Lemma 5.8.

n

<tr Ai(b,)As* — (— Z Scal(@b(sil))%)) —0

m—a.s. asn — 0.

1=

Proof. Note that
Azbn = bn(Sl) — bn(Sifl) = b(Sl) — b(Sifl) = Alb

and
Ai(bn)Ai52 = Qun(sifl) ((bn), ) (bn);Azsz = Qun(sifl)(Aibnv )Azbn

Let Ricy, () = S D, (s) (5 €) €. Using the symmetry of Ric,

n

itr Ai(bn)Aisz = itr Qun(sifl)(Aibn, )Azbn = — Z <Ricun(si,1)Aibn7 Azbn>
i=1 =1

i=1
= - lzi; <Ricun(8¢71)Aib’ Aib>'

By Ito’s formula,
<Ri0un(si_1)Aib7 Aib>
= <Ricun<si71)(b(si) — b(si-1)), b(si) — b(si_1)>
_ 2/1 <Rz'cun(szvfl)((b(s) —b(si_l)),db(s)> +/ tr Ricy, (s, ,) ds
_ 2/ i <Ricun(si—l)(b(5) — b(si-1)), db(s)> + Scal(én(si-1))Ass.

Thus

Zn: (tr As(b)Ass® + Scal(¢n(5i1))%) ~ 9 / (Ritu oy (bls) — blsi)). db(s)).

=1
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Define

¢ = 22713 / (Rt (bls) — blsia). db(s))

- 22 (/ < $)Ricy,(s,_1)(b(s) — b(Sil))»db(5)>)
i /0 ! (My(s), db(s))

where M,(s) = > 1,,(s)Ricy,(s_,)(b(s) — b(si—1)). To complete the proof, it suf-
fices to show that &, converges to 0 p-a.s.. We will make use of Burkholder’s Inequal-
1ty,

E| sup |M,?| < CE[(M)g],

0<t<T

where C is some constant. Thus applying this with 7" =1 and p = 4, we have

Bl <E[(c [ 106 1 as)]

- 1
=FE 02/ | M,(s) ||* ds] (By Jensen's Inequality)

—F 02/ ZL, ) || Ricu, s,y (b(s) = b(si1)) ||* ds]

(/ le )E || (b(s) = b(s;—1)) |I* ds)
_ (/01 Zi: 15,(s)(s — si-1)° ds) =0 (%) ‘

Hence > > E|¢,|* < oo and thus

& — 0 p—as..

Proposition 5.9.

ZScal(@l(sil))% . /0 Scal((s)) ds

Hu-a.s. as n — Q.
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Proof. Note that we can write
Y 1
;Scal(ﬁbn(&'—l))ﬁ = /0 le( s)Scal(pn(si—1)) ds.

Since ¢, = ¢ o b, — ¢ in the sup norm p-a.s. as n — oo and Scal is a continuous

function, thus
ZlJ )Scal(pn(si—1))

=3 1(s) [Seal(gn(si1)) — Seal(d(si1))] + ZL] )Scal(p(si—1))

— Scal(¢(s)).

Hence we can apply the dominated convergence theorem to obtain

lim i ZlJi(s)Scal(qﬁn(si_l)) ds:/o Scal(¢(s)) ds

n—oo

= a.s..

Lemma 5.10.

det(V H [J + —Ai(bn)As? +m(bn)} o6 Jo Scal(@(s)) ds

m—a.s. asn — OQ0.

Proof. 1t suffices to consider on W, (R?) with § < o < 1, since p (W,(R%)) = 1. Let

w € W,(R?). By Definition 5.5, for n > ngy(w),

However, we can always choose ng(w) > (1)V/*. Therefore b,(w) € Hj (RY) for all

n > no(w). Define
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.....

Hence we can extend the definition of det(V™ o0 b,) to be on W(R?) u-a.s. by letting
det(V" o b,) = ﬁ det(I + ¢").
i=1
Now using the perturbation formula in Equation (B.2) of the Appendix with r = 2,
det [I + '] = exp [tr ¢ + Ra(¢]")]
= exp Etr Ai(by)As® + 1#2”}
where

Yi = tr mi(bn) + Ra(()
00 1 k
= tr n;(b,) + ;(—1)k+1tr (gAi(bn)AZ»SQ + m(bn)) .

Using Equation (B.3),

dfl ¢ 4
R(CH < ———-=0 Ab

i=1,...,n

and hence

7] < [tr mi(bn) | + [R2(GF)] = O ( VoA |!3> :

i=1,...,n

- 1 d
Since we choose o > 3, on W, (R?),

> =0<n VoAb H3>
=1 !

i=1,...,n

=0 (n . n_ga) =0 (nl_sa)

as n — 0o. Together with Lemma 5.8,
- 1 1 n 1
H det [I + éAi(bn)Ais2 + 77i<bn):| — 75 Zim Seal@nlsi-1))y
i=1

o T i) A7) o~k Seal(gn(sio1)

_ e’% Sy Scal(¢n(si—1)) L [e% S, otr Ai(bn)AiSQ_(_% >r, Scal(¢n(8i—l))%)+2?:1 v 1]

—)0
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p-a.s. as n — oo. Finally,

n 1 ) }
H det |:I + éAl(bn)Alsz + nl(bn):| — e’ 6 fol Scal(p(s)) ds
i=1

& 1 n
=[] det {I + 6Ai(bn)Ais2 + m(bn)} — 76 Lt Seal(@n(si-1)y;
=1

+ 6_%2?:1 Scal(¢n(8i—1))% _ e—%fol Scal(¢p(s)) ds

— 0

M-a.s. as n — OQ.

5.2 Convergence of det(Z" +U")
Recall, from Equation (4.36), that Y™ := (8™)TC"S™ where
1 7
Cij © bu = 0y <£ (A7 (0n) Ay + A?+1(bn)Ai+154)) + Lijii=1) 355 At (0n) Divys*

with A2, (b,)A,415* := 0 as in Equation (4.35). In order to compute the limit of

det(Z™ +U™) as n — o0, it will be necessary to compute
T () = T (S0 = T [(S7)TCn (B ey -8 = Tr ((BC),
where B" : = §"(S™)T.
Lemma 5.11. The matriz, B" : = 8"(8™)T, is given by
B, ={UAm)I forlym=12,... n. (5.2)
Moreover, B" and 8™ satisfy the norm estimates,
| §" = O(n) and || B" ||= O(n?).
Proof. By definition,

B, = Zsﬁ( ) = Z Lisglim>il
k=1 k=1

k=1
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Let \; > Xy... > \,q be the eigenvalues of B". Since it is a positive definite matrix,

we have that || B™ ||= A;. Therefore, we have
nd n n 1)
= - n _ 2
I B ||—A1§i§_1AZ—TrB § Lt [ =d————==0(n’).
Since

I B" || = sup (B"v,v) = sup ((8")"v, (S")"v)

l[of=1 l[oll=1

= [|S™* " = l18"11%
it follows that || S™ ||= O(n). O

The following definition will be useful in describing the limiting behavior of

A2 (b,)A,,s" as n — oo,

Definition 5.12. Define I' : O(M) — R¥? (the d x d matrices) by

d
F(v) = Z <Qv(ei, (e, )ej)e; + Qulei, (e, ei)e; + Qe ey, -)ej)ei)
ij=1
where {e;}i—12,. a is any orthonormal basis for T,M.
Notation 5.13. Foray, as, as, ay € R* and1 < m <n, let T[,; (a1 ® as ®az ® ay) :
W (Rd) — R4 be defined by

ani (a1 a2 & as @ CL4) = Qun(sm—l)(al’ Qun(sm_l)(GQ, ~)a3)a4 S RdXd.

If T is a permutation of {1,2,3,4}, let

(Tfﬁl)(al X (05} X as X a4) = Tfé(aT(l) X aT(g) (%9 aT(g) (%9 CLT(4))

and

(T ) (a1 a2) = (TT)(e; ® € @ a @ a)

where {e;}_, is the standard orthonormal basis for RY.
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Let 0 =0 and for ¢t € (8,1, Sm), let £t = Spm_1, A =8 — Sm_1 = 1/n

Ab(t) = b(t) — b(t),
Amb = Ab ($1m) = b(8m) — b(Sm_1),
Apb = Apb-e;, and
Ab(H)E @ db(t) = Ab(t) ® Ab(t) ® Ab(t) @ db(t).

77777

{1,2,...,n}. Then

A2 (b)) A* — AT (U (51-1)) = €7 (5.3)
where
n . 1 o Tn ®3 ]' o Tn
=5/ Z(TTm)(Ab(S) ®db(8))+§/sm_l(sm—S);(TTm,i)(Ab(S)@@db(S))-
The above sums range over permutations, T, of {1,2,3,4} andi=1,2,...,d.

Proof. By definition, we have

AZ (b)AY = Qo s (A, Qs (501 (A, ) AD) AL

=T" (Anb ® Apb @ Apb @ A,b)
=) Tn(ei®e; @ ex® ) A Ayl Ay b ALY,
i,5,k,l
By Ito’s formula,
T (Db @ Apb @ Apb @ A,,b)

:/ ZT;(M(S)@...%@_@ . ® Ab(s))

d
SN 0T e ® e ® Ab(s) ® Ab(s))ds

Sm—1 =1 1

Sm—1 j=1
Sm

1
4

:é /Sm D (7T (Ab(s)®” @ db(s)) + % /Sm S (TR ) (Ab(s) @ Ab(s)) ds.

Sm—1 Sm—1 @7

(5.4)
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Now we claim that

/ " Ab(s) © Ab(s) ds / " (5 — DAB(E) V db(t) + A; Se@e,  (55)

Sm—1 Sm—1

where a1 V ag = a1 @ as + ag ® ay. Let

W, = / (s —t)Ab(t) V db(t) + W Z e ® e (5.6)
:s/s Ab(t) V db(t) —/S tAb(t)\/db(t)—l—wzd:e-@e
Sm—1 Sm—1 2 i=1 Z Z

and observe that W, is equal to the right side of Equation (5.5). Since,

([
+ ((5 — Sm-1) Z e; ® ei> ds

s Ab(t) vV db(t)) ds + sAb(s) V db(s) — sAb(s) V db(s)
S VARG

= (Ab(s) ® Ab(s)) ds,

i=1

t)Vdb(t) 4+ (s — Sm-1) Z e ® ez) ds

it follows that
W, = / Ab(s) @ Ab(s) ds

which verifies Equation (5.5).
From Equation (5.5), we have
/ (T ) (b(s) © Ab(s)) ds
Sm—1 g1
_ / (5 — ) S (7T )(Ab(s) V db(s)) + = ZZ (T2 )(e; @ ¢;)
Sm—1 i,T i, j=1
:/ (5 — ) S (T )(Ab(s) V db(s)) + —Z Z (T e ®e®e; ®e¢;)
Sm—1 1,7 T 4,j=1

2

=2 /Sm (Sm — 8) Z(TT;;J)(AZ)(S) ® db(s)) + %8F(u(sm_1))

1,7

-9 / N (5m —5) > _ (7T ) (Ab(s) @ db(s)) + AAT (up(57-1))-

@,T
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When we sum over all permutations of {1,2,3,4}, we will have 4! = 24 terms.
However, I' is a sum of 3 terms, hence we will end up with 8 copies of I', which
explains the factor 8 in the second last equality. Combining this equation with

Equation (5.4) proves Equation (5.3). O

Lemma 5.15. There exists C' < 0o such that for any X >0, n € N, and {c;,},_, C

0.4, 2

E

which as usual we abbreviate as

Proof. We may write

m=1
where "
1 sm ~n 3
Gr=gden [ ST @ i)
and

Xn = % Z Cm /Sm (Sm — s) Z(ngz)(Ab(s) ® db(s)).

Using the isometry property of the Ito integral, we have

2

E(6£)° =E | cm / N > (rT3)(Ab(5)®" @ db(s))

Sm—1 T

2

_E /0 Z::l el (5) (T (20(5)7° @ db(s))

T

_0 IE/O Z::lcfnbm(s) | Ab(s) | ds)

1 n
_0 /Zcfnljm(s)(s—sml)g ds)
0 m=1




Similarly,
2

S (T ) (Ab(s) @ db(s)))

T

m=1
- 1 A2
_ 2 _
= 2) -o(%)
Thus .
n i 2 2 % 2 % AZ
E m < (EN&I7)2 + (Elxal)® =0 3
and hence

Definition 5.16. Forl,m =1,2,...n, define A}, and ®},, by

Ay = (1A 0n = 1)) 5D (o)) 5 + (EAm) D5 ey
+ (l A m> %F(un(sm_ﬁ)% + (l A (m+ 1)) %F(Un(5m>)%1{m<n}

and
n 7 n 1 n
Tin = (1 (m = 1) gegen+ (1Am) e lonem
1 [
#(1am) ggen+ (14 0m ) g Lo

With this notation along with Equation (5.2) we have

(B"C™) iy © by, = <Z BZZC,ZW) ob, = (Z(z A k;)c;;m> o by,

k=1 k=1
— A+ O,
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Notation 5.17. For any k € N and d x d matrices { M, }_,, let

[H]Mk — MM, - - M,

=1

Theorem 5.18. For each k =1,2,..., define v : W (R?) — R by

= 3 S [T

re=1 ri=1 =1
where 11 = r1. Then
lim E |Tr (U" 0 b,]*) — 4| =0
and in particular

Tr (U™ 0b,)*) — 4 — 0 (in p — measure) as n — oc.

Proof. For fixed k € N,

([BnC" e} b (tr Z Z Bncn 7“1 ro BnCn)T‘Q rg """ (Bncn)rk’rl> o bn

rr=1 ri=1
— n =n
=tr 2 : 2 :An T2 T2T3 Amrl—i_“
re=1 ri=1
_n —_n
- 7]@ + = 9

where =" consists of a finite sum of terms of the form

n n
tr E E CryryCroms -+ Cray Ory Ory - O

re=1 ri=1
with
1 1 n o n
07"@' S nQF(un(Srz—l)) nzr(un(sTi»’ €rir Erit1 (9
1 < ¢y < mofor i < n and for at least one r;, 0,, = €. Since trace is invariant

under cyclic permutation, we can assume that 6,, = € . To finish the proof it suffices

to show, lim,, . E || 2" ||= 0 and for this it suffices to show,

n n
E . E CryraCrorg « + - Cry Ory Org -« . O

re=1 ri=1

lim E
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Let r = (rq,...7) and write

E E OriOry - .. Ory_ Ery

re=1 ri=1

2

=|E Z Z 0 Ory ... Or, Z c(r)er,
re_1=1 ri=1 re=1
" 2

S E Z Z <|9T10T2" Tk— 1H ZC(T)ETk )

rg—1=1 r1=1 re=1

k-1 n 2

<E Z H 16,.1° | E Z Z c(r)en, , (5.8)

T1yeeny re_1 =1 Ty Th—1 || TE=1

where the last inequality is a consequence of the Cauchy Schwartz inequality. Let

C1 = supycopun ITW)]| < oo, then

2(k—1) 1\ k=) 1
<ot (ﬁ) =0 (m) -

Using Equation (5.3), we observe that there exists a constant Cy such that

2(k—1 g 1 e —1
E || e [**V<E {CQ(II Anb || +ﬁ)} :0(n4<k_1>)-

Thus we can find a constant C'(k) such that

1\ 4D
E || 6, 2" V<o = .
T — n

L Pu(sicy))

n2

—

By Holder’s Inequality,

n k-1 n k-1

E Z ST <Z S TIEI e,

Tp—1=1 ri=11=1 rp_1=1 ri=1i=1

Z Z ( )M K C(%) - (5.9)

re—1=1 ri=1

2(k— 1)
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Note that sup, |c(r)| < n*. Using Lemma 5.15, with A = n*, we have

E Z Z Zc(r)em Z ZE Zc(’r’)em

2

rg—1=1 ri=1 |[rp=1 rp_1=1 ri=1 r=1
S S o5 ) =no(% ) =n 0 (-). (5.10)
n3 n3 n
T'k,1:1 T‘1:1

Hence using Equations (5.9) and (5.10), we have from Equation (5.8),

ngc-i—nwll_o(v
n

n3(k—1) n

Thus putting all together, we have

1
E|Z"|<d-\/T, = — .
1= 1< VT =0 (=)

Definition 5.19. Let
Bls.t) = (s AT (u(t)
and for k € N, let

k
Vi = 12 /k / E (s1,8141) dsy .. .dsg,

where again by convention, Sgi1 := S1.

Proposition 5.20. Continuing the notation in the above definition,
Ve = Wk

[-a.S. as n — o0.

Proof. To begin with, let us write
5= (s1,8,...5;) €10,1),

r=(ri,ry,...,rx) € WF:=1{1,2,...n}"
dS:dS1...dSk



and

0= [T |t

=1

where s,41 = s1. Denote r; := 1, — 1 and

n n

Vo(r) =Vio(ri,rey oo yri) = Jpy X Jpy oo Iy = <T_17 T_l} X (76_27 2] (r_k7 Tk

With this new notation and r;. = rq,

n . 1\"
e — Ve = Z tr [H:|A7”i7”'i+1 — (ﬁ) /56[0,1)k tr H(s) ds

rewk =1

_ ZW: (u« [l]:]l]A - (1—12)k / O ds)
L (it (o)

rewk =1

/ 0.1 Z Ly, (s (tr [H}nAZ,mH - <1—12)ktr H(s)> ds.

rewk =1

Now u, — u in the sup norm p-a.s. and I'(+) is continuous, thus

: l -1 1
Z 1J1><Jm (T7 t) (_ A m > F (un (m )) — h(T, t) e O and
I,m=1 n n n

£ bt (4021 o (25)) - o

p-a.s. as n — oo. For (7,t) € [0,1)?, by using Definition 5.16,

1
Zl]lXJmTtTLAn 1 h(,t)

2
l,m=1
_ Z " (m){ g0 (o AP T (n (252) + 35 (AT T (un () Lomeny
i +i5 (AT (e (759) + 55 (A2 T (n (7)) Lpmen

— 0
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p-a.s. as n — oo. And since taking trace and products are continuous operations,

for s € [0,1)%, we hence have

- 5 vt (o o - (1))

rewk =1
k k 1
- Z 1Vn(7’)(5) <tI‘ [H]nAZ Tig1l tr [H] 12h(317 5l+1)> — 0
rewk =1 =1

p-a.s. as n — oo. Thus we can now apply dominated convergence theorem and this

gives us
7;?—%2/ gn(s) ds — 0
s€[0,1)
as n — oo. [l
Remark 5.21. If S, is the sectional curvature of the manifold and sup,cor) || So <
==, then for any orthonormal frame {e;}{_, C T,M,

sup H Ql}(ei? )6] ||< 2/d7

veO(M)
and hence
sup || T(v) ||< 3d*-4/d* =12
veO(M)
See Definition D.1 and Proposition D.2. Let k = sup,eom) || T'(v) || /12. Then

k < 1 and hence

mr<2 Z (m) sup || T(v) ||*= di.

re=1 ri=1 veO(M)

A standard result in probability states that x,, — x in p-measure iff for every
subsequence of {x,, n > 1} has itself a subsequence converging p-a.s. to xz. Hence
for any continuous function f, f(x,) converges to f(z) in p-measure. In the next

proof, we will be using this result without any comment.

Theorem 5.22. If sup,con || S |< 125, then

17d’

det[(Z" +U") 0 b, —> €
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in pu-measure as n — oo, where v is defined as
T
k
k=1

Proof. To ease the notation, in this proof only, we will write U* = U™ o b, and
1" = TI"ob,. By Remark 5.21, |7}| < dk¥, & = sup,cour | T(v) || /12 < 1. Observe
that U™ satisfies the hypothesis in Lemma B.1. Thus we can apply the formula in
Equation (B.1). Hence

det(I" + Un) = eXp(\Ijr + RT+1)’

where ¥, = > (=1)FLTr ([U"]F) and | R4 < ﬁTr ([U™]"1). Therefore
n n - 1 n
det(Z" +U") — exp (Z(—I)HIE%>

= exp (2 %v) exp (Z S (e ”1’f>—fyz)+Rm) 1

k=1

< exp(dr/(1 — ) |exp (Z(—l)'““% (Tr (") =2) + Rm) —1f.

k=1

The last inequality follows from

exp (Z(—l)kﬂévl’;) < exp (Z %dl@k> < exp(dr/(1 —K)).

k=1 k=1

Now by Theorem 5.18, we have
Tr (")) =7k — 0
in p-measure as n — oco. Together with || 2 ||< dx*, we will have

dl{r+1 < d/{T—H,

limsup |R,41| <

in p-measure. Therefore

lim sup

n—~o0o

. 1
det[Z™ + U"] — exp (Z(—l)kJ“lE%’;)

k=1

< exp(di/(1 — K)) exp (dx"*") — 1| (5.11)
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in p-measure. From Proposition 5.20, we know that 4 — v, and hence v, < dx* |

which implies p, = >, _, #vk converges to v and |p,| < ld_—“ﬁ. Thus

r (_1)k+1 r (_1)k+1
lim 67 —exp { D || <le7 — e[+ lim e —exp | D —
k=1 k=1
> 1 =1
< ePr lex —1)1Z — 1| < ePrlex —dr* ] -1
d r+1
< /0= | oxpy (1*/” ) - 1‘ (5.12)
— K

p-a.s.. Therefore using Equations (5.11) and (5.12),
lim sup |det[Z" + U"] — €|

r _1\k+1 n
: e’ —exp (Zkzl ( 111 7k>
<lim sup 1y

oo |+ ’det [Z" + U] — exp (2;:1 Tw;)

dlirJrl r+1
exp — 1|+ exp(dr/(1 — K)) |exp(dr™*") — 1]
- K

<exp(dr/(1 — K)) .

in pg-measure. Since the inequality holds for every r and as r — oo,
|lexp(ar™) — 1| — 0,
for any constant a, we thus have
limsup | det[(Z" +U")ob,] —€" | =0

n—oo

in p-measure. O]

Definition 5.23. Define an integral operator K, : L*([0,1] — R?) — L?([0,1] —
R7) by

(FKuf)(s) = / h(s,0)£(1) dt
- / (s A1) D(u(t) £(t) dt,

where I' was defined in Definition 5.12.
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Proposition 5.24. K, is trace class.

Proof. Note that L?([0,1] — R%) is a separable Hilbert space. Let (Af)(s fo s A
t)f(t) dt and (Bf)(s) = I'(u(s))f(s). Thus K, = AB. By Proposition A.12, A is
trace class. Since B is bounded, by Proposition A.14, tr |AB| < oo and hence K, is

trace class. 0

Proposition 5.25.
1
T=det | I+ =K, ).
e e ( + 19 )

Proof. We will use Equation (B.2) to prove the statement. Note that || 5K, [|< 1
by Remark 5.21. Thus

det (I + 112Ku) - 62211(—1)’%1%“ (ﬁKu)k_

Therefore it suffices to show that for £ € N,

k

1 1
tr (K{f):tr / / [Hi|h(8l,81+1) dSl...dSk
sEp=0 s1=0

=1

= Vk(u)v

where by convention, sy, 1 = s1. Let

(Kfff)(s) :/0 Pr(s,51) f(51) dsi,

where

p1(s,s1) = h(s, s1)

831 / / 382

Let Q C L?([0,1]) be an orthonormal basis and hence

and for k > 2,

N::]w

} (S1, S141) dsg -+ - dsy.

{we; | weQ, i=1,2,...d}
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is an orthonormal basis for L2([0, 1], R%). Let (,) denote the inner product on

L%([0,1],R?) and (,) be the inner product on R?. Then

tr (K¥) = Z (Krwe;, we;) Z / / pr(s,)w(t)e;, w(s)e;) dt ds

i,wES) 1,0 €S

:Z//w (s)tr p(s,t) dt ds

we
/Z(/w trpkst)dt) w(s) ds
1 k
—/ tr pi(s,s) ds = tr / / H (81, 8141) dsq .. .dsg.
0 Sk= 51=0 "

we
Since K, is trace class, all the interchanging between the integrals and the sums are

valid. 0

5.3 Convergence of det(Z" + X")

Lemma 5.26.
det [(Z" + X") o b,] —

m—a.s. asn — 0.

Proof. By Lemma 5.6, it suffices to consider W, (R%) and 1—5 <a< % For each

w € W,(R?) | there exists ng(w), dependent on the path w such that

for all n > ng(w) > (1), Thus b,(w) € Hp (RY) for all n > ng(w). For n < ng(w),
define (X™ o b,)(w) to be zero. Hence X" o b, is a p-a.s. defined map on W(R?).
Recall

X" = (In + un>71(8n)T(c/’n8n.
Now observe that Z" + U™ is a positive definite matrix with eigenvalues greater than

or equal to 1. Thus since the norm of a symmetric matrix is equal to the maximum
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eigenvalue and the eigenvalues of (Z" +U™)~! is the reciprocal of the eigenvalues of
I" + U™, we have
@ +u™™|| <1

,,,,,

on W, (R?), we have

| X" o by, ||:O<n2 \ A ||5>.

1,...,n

Ly

n. Therefore

| xmob, |[<Cn? \/ || A [P< Cn*™™ < Cns
i=1,...,n
and hence || X" ||< 1. Thus using Equation (B.2), we have

o0

Z %(—1)k+1T1“ [(Xn)k}

k=1

det [Z" + X"] = exp

— exp {Tr X" — %Tr [(X™)?] + Rs (X")} ;

where Rg(X™) = 37, 2(—=1)F1Tr [(X™)F]. Note that X™ is a nd x nd matrix and

hence,

By < ndC3n32—50) - dC3p3(2-5a)+1
3 — 1—Cn25%  1—(Cn25%

By the choice of o, 7:=3(2 — 5a) + 1 < 0 and hence

[R3(X™)| = O (n77) — 0
asn — o0o. Let P:= (Z"+U")"', S =8" and F = £ to simplify notation. Then,
using Proposition C.1 twice,
ITr X" = |Tr (PSTES)| = |Tr (SPSTE)]
< | T (SPS™) = | E| Tr (S7SP) < || E] | P]| Tr ("5)
where Tr (STS) = O (n?). This is because from Lemma 5.11, we have

Ty - = _dn(n+1)
Tr (S S)—TrB —mzlmtr[——2 .
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Thus

e X7| < Or?) || E[|= O (*(n~)")
=0 (n2(n—7/15>5) _ O(n_1/3)

— 0

as n — 0o. Similarly, using Lemma C.1 twice and the fact that P is positive definite

so that SPST is positive definite, we have

|Tr [(X™)?]| = |Tx (PSTESPSTES)| = |Tr (SPSTESPSTE)|
< Tr (SPST) |ESPSTE| = Tr (STSP) |ESPSTE||
< Tr (SS) - |P|||ESPSTE]|
nﬂwww%W<o DB 18I
O [|E* = O (n'(n=*)")
= 0 (n(n 7)) = O (wn147)
) ( 35 ) — O(n~23)
0

|

as n — oo. Therefore
det [(Z" + X™) 0 b,] = exp {Tr X" — %Tr [(X™)?] + Ry (X™)| o by,
— 1
H-a.8. as n — o0. L]

As a random variable on (W (R?), ), the next theorem shows that p, o ¢ o b,

converges in p-measure.

Theorem 5.27. If sup,co) || S |< 2, then

17d’

pno¢ob e GIOSCGZ((b \/det(.[‘i‘%Ku)

m pm-measure as n — oQ.
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Proof. From Theorem 4.19,
det[((FM)TF™M)] = [det(V™)]? det(Z" + U™) det [zn + (In I un> (SMTen Sn] .
Using Lemma 5.10, Theorem 5.22, Proposition 5.25 and Lemma 5.26, we have
det[((F™)TF™) o b,] — e Jo Seal(@(s)) dsty

_ 6% fol Scal(qg(s)) ds det ([ + iKu)
12

in p-measure as n — oo. But by Theorem 4.7,
(pn 0 ¢)* = det[((F")TF™)].

Thus taking the square root completes the proof. O



6
L' Convergence of {Pntoy

Definition 6.1. Let pcy, be defined as in Theorem 1.4 on Hp(R?) by the density

I 1
?6_ 2 Ppa VOZG%,
P

where Z3 = (2m)% and Ega(w) := fol | W'(s) ||* ds.
The following theorem can be found in [1] and hence we will omit the proof.

Theorem 6.2. Let te, be defined as in Definition 6.1. Write ¢p = ¢|p,ra). Then
tey U the pullback of Ve, by ¢p. i.e.

Hal, = (¢P)*VG;,-

Let mp : W(RY) — (RY)"™ be given by

mp(w) = (w<31), W(ss), ...,w(sn)>.

Note that 7p : Hp(RY) — (R%)" is a linear isomorphism of finite dimensional vector

spaces. Let ip : (RY)" — Hp(R?) denote the inverse of mp| g, gra).

Lemma 6.3. Let (yy,...y,) denote the standard cartesian coordinates on (R?)™ and

Yo := 0. Then

n

. 1 _d 1
iphay = 71 (H(Az‘S) 2 exp (— 5A 5 | yi — i ||2)> dyrdys ... dy,.  (6.1)

i=1
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This equation can also be written as

i;FDNG;, = (HpAis(yila yz)> dydys . . . dy,

i=1

where ps(z, y) = (%)’% exp(—@) is the heat kernel on RY.

Proof. Let w € Hp(R?), then

o= [ e a=y (152) s o3 s

Hence if w = ip(y), then

1 n 1 n
/0 |/ (s) I ds =) L P=>"1& I (6.2)
i=1 ¢ i=1

where & := (A;s)72(y; — yi_1). This last equation shows that the linear transforma-
tion
w e Hp(RY) = {(835) 7% (w(si) —wlsin)) | € (RY"

=1

is an isometry of vector spaces and therefore
i;;VolG%j = d&dés ... dE,. (6.3)

Now an easy computation shows that

dé\de, ... dE, = (H(Aisﬂ) dyidys . . . dyp. (6.4)
i=1
From Equations (6.2), (6.3) and (6.4), we see that Equation (6.1) is valid. O

We are now ready to prove our main result.

Theorem 6.4. Let M be a compact Riemannian manifold, f : W(M) — R be a
bounded continuous function and P = {0 < % < .- < B =1} is an equally spaced

partition. Let b be brownian motion, u solves Equation (5.1), qg =mou and /N/ 18
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stochastic parallel translation defined in Definition 1.12. Suppose sup,con || Sv [|<

lim, where S, is sectional curvature and pp o ¢ o bp is uniformly integrable. Then

/ [ i) = | 1) prlo) digy (o)

Hp (M)

— 1
r GfO Scal(o(s)) ds
Pl —0 /W(M) ) \/det <] 12K// ) o)

where v 1s Wiener measure on M. Scal is the scalar curvature of the manifold and

K7+ L2([0,1] — RY) — L2([0,1] — RY) is given by

() (s) = [ (s n ) T ne)

where
d
Z ( 7 (e;,Q el, ej)e; + Yy (e,», 275 (ej, eiej + oy (ei7 Qﬁ(ej, ~)ej)ei>
for any orthonormal basis {e;}, C T,M, and
~ 1 ~ ~ ~
(a0 =/ R(//a/]e) /]
for any vectors a,c € T,M, R being the curvature tensor.

Proof. By Theorem 5.2, fopobp := fp converges to fo¢ pu—a.s. as |P| — 0. Thus

we have
| = g v,
Hp (M) Hp (M)
= / (fpp) o ¢ dugr (By Theorem 6.2)
Hp(R?) r
= / (fpp) o pobp du (By Lemma 6.3)
W (RY)
W (RY)

By the assumption on pp o ¢ o bp, since f is bounded and continuous, we have
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fp - ppo@obp is uniformly integrable. Therefore by Theorem 5.27,

[ty dma)= [ (fpeppodobe) (@) dulw)
Hp(M) W (R?)

_>/ ( o ¢ et Jo Sealld(s) \/det (I—i— if@)) (W) du(w)
— 12

1
_ Gf Scal(o(s)) ds T+ — K~
/W(M)f( o)e 6o \/det< +—= 12577 U)) dv(o)

as |P| — 0, where K, was defined in Definition 5.23. Note that v = u¢~! and
u= /~/ (¢) from (1) and (2) of Remark 5.4 respectively. O

Corollary 6.5. Let M be a compact Riemannian manifold, f : W(M) — R be
a bounded continuous function and P is an equally spaced partition. Suppose that
Vo e O(M), 0< S, < 2. Then

/ f(0) dvp(0)
Hp (M)

N 1

Proof. By Theorem 3.16, we know that pp o ¢ o bp is uniformly integrable under

the assumptions on the sectional curvature. Hence the corollary now follows from

Theorem 6.4. O

6.1 Further Questions

Two questions immediately arise from Corollary 6.5.

1. Can we remove the upper bound restriction on the sectional curvature? In other
words, does the result hold true for any compact manifold with non-negative

sectional curvature?

2. Can the result be extended to an arbitrary compact manifold?
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The restriction of the result on a non-negative manifold arises when we are trying
to prove the uniform integrability of pp. Thus one way to improve the result is to
obtain a better upper estimate for pp, and show that without any restrictions on the
sectional curvature of the manifold, pp is still uniformly integrable.

One possible research problem will be to consider a different metric on H(M).
For example, by considering a L?-metric G° on TH (M) where

1

GO(X, X) ::/0 g(X(s), X(s)) ds,

for X € T,H(M). Instead of considering Wiener space W (M), one can consider the
space of pinned paths, equipped with pinned Wiener measure and carry out a similar

analysis.
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Trace Class Operators

References for this section can be found in [20] and [44].

Definition A.1. Let X be a complexr Banach space and A be a bounded linear oper-
ator on X. The resolvent set p(A) of A is the set of complex numbers \ for which
(M — A)~1 ezists as a bounded operator with domain X. The spectrum o(A) of A
is the complement of p(A). The function R(\; A) = (M — A)™!, defined on p(A) is

called the resolvent function of A or simply the resolvent of A.

It is a standard result that o(A) is a closed and nonempty set. Let D be a region
in the complex plane. A function z(-) defined on D with values in X is said to

be analytic at 2y € D if the limit of w

exists in X as h goes to zero in C.
Starting from this point, one can develop a theory of vector-valued analytic functions
which is almost exactly parallel to the usual theory, i.e. a meromorphic function has
a Laurent series and definition of a pole as in the usual theory. With this notion, one

can prove that the resolvent R(\; A) is analytic in p(A). (See Lemma 2 in VIL.3.1 of

[19].)

Definition A.2. A point \g is said to be an isolated point of the spectrum of A, o(A)
if there is a neighborhood U of Ay such that o(A) NU = {\o}. An isolated point \g
of a(A) is called a pole of A, or simply a pole, if R(\; A) has a pole at \y. By the
order v(X\g) of a pole Ay is meant the order of Ao as a pole of R(\; A).

81
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The next important result enables us to define a notion of algebraic multiplicity

for an eigenvalue of a compact operator.

Theorem A.3. If A is a compact operator, then its spectrum is discrete and has no
accumulation point in the complex plane, except possibly at A = 0. Fvery non-zero

number in o(A) is a pole of A.
For a proof, refer to Theorem 5 in VII.4.5 of [19].

Definition A.4. For any compact operator A and A € o(A)\{0}, let v(\) be the
order of the pole \. We will now define the algebraic multiplicity of A as v(X).

Definition A.5. Let H be a separable Hilbert space with (,) as inner product and

{$:}22, be an orthonormal basis. For any positive compact operator A, define

tr A=Y (Adi, ¢1).
=1

Given any compact operator A, A is said to be trace class if tr |A] < oc.

Remark A.6. [t can be shown that the trace of a positive operator is independent of

the orthonormal basis used in the definition.

Definition A.7. If A is trace class, then define tr A as

tr A=Y (Ads, ;)

i=1
where {¢;}2, is any orthonormal basis. Let I be the identity. We can also define
det(I + A) by

n

det(I + A) = [J(1 + Ai(4))

i=1
where \;(A) are the eigenvalues of A, repeated according to its algebraic multiplicity.

(See [44].)
Let J; be the space of trace class operators, equipped with a norm || - ||; by

A 1= tr |A].
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This norm should not be confused with the operator norm, || - ||.
Given any compact operator A, denote the eigenvalues A (A), A2(A), ... A\ (A),. ..
ordered so that |A\;| > |Aa] > ... such that each eigenvalue is counted up to its

algebraic multiplicity. The next theorem is Theorem 19 in Section XI1.9.20 of [20].
Theorem A.8. The function tr (-) is a bounded linear functional on J, i.e.
[tr A] <[} A[]x

for any trace class operator A. In fact,

i=1

Let {un(A)}32, be the eigenvalues of |A|. Then we have the following theorem,
taken from Theorem 1.15 in [44].

Theorem A.9. Let ¢ be a non-negative monotone increasing function on [0, 00) so

that t — ¢(e') is convex. Then for any compact operator A,

D_ oA < D dlu(A))

Moreover, for any compact operators A and B,

ZMZAB SZ B)).

The following theorem shows that det(/ + -) is a continuous function on J;. See

Theorem 3.4 in [44].
Theorem A.10. A+ det(I + A) is a continuous function on Jy. In fact,
|det( + A) —det(/ + B)| <|| A= B [y exp(|| Ally + || B |1 +1).

In general, it is difficult to determine if an integral operator is trace class. How-
ever, the following theorem, taken from Theorem 2.12 of [44], gives a condition for

which an integral operator is trace class. See also Section XI.4 of [41].
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Theorem A.11. Let p be a Baire measure on a locally compact space X. Let K be

a function on X x X which is continuous and Hermitian positive, that is

E ZiziK(x;,25) >0

1,j=1

for any x1,...,any € X, 21,...,2xy € CY and for any N. Then K(x,x) > 0 for all
x. Suppose that in addition,

/ K(z,2) du(z) < .

Then there exists a unique trace class integral operator A such that

/K 2, 9)f(y) du(y)
| 4l= [ Koo d

Proposition A.12. Let (Af)(s fo (sAt)f(t) dt. Then A is a trace class operator.

and

Proof. Let X = [0, 1] and p be Lebesgue measure. Using Theorem A.11, it suffices to
show that s At is Hermitian positive. Let 21, 25, ..., 2y be any complex numbers and
let z1,...,xy € [0,1]. The proof is by induction. Clearly when N = 1, it is trivial.
Suppose it is true for all values from £ =1,2,..., N — 1. Without loss of generality,

we can assume that 1 < xp, kK =2,... N. Hence z1 A x, = x; for any k. Thus

N N N N
Zz_lzj(xl A .’L'j) + Zz_jzl(l'j A .1'1) = Zz_lzj + 21 Zz,zl
j=1 j=1 j=1 j=1
N N N

J=1 J=1 1,§=2
Therefore,
N N
E Zizi(xi Nwy) = 21 E Z; E zZi | — E Zizj + E Zizi(z; N )
i,j=1 J=1 1,j=2 1,j=2

Jj=1

=1 (ZZ) (Z Zj) + Z Z_izj(ci A Cj),

j=1 = i.j=2

=
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where ¢; = x; —x1 >0, 1 =2,..., N. Thus by induction hypothesis,

N
Z z_izj(ci A Cj) 2 0

i.j=2

and hence
N
ij=1
O

Proposition A.13. Any bounded operator B can be written as a linear combination

of four unitary operators.

Proof. Let x denotes the adjoint. Then we can write

B=_(B+B)~Lli(B~ B

as a linear combination of 2 self adjoint operators. So without loss of generality,
assume that B is self adjoint and || B ||< 1. Then A +iv/I — A? are unitary and

B= %(A+ ivI— A?) + %(A — VI — A?).
O

Proposition A.14. Let H be a separable Hilbert space. Suppose A is trace class and

B is a bounded operator. Then
tr |[AB| <|| B || tr |A|
where || - || is the operator norm.

Proof. By Proposition A.13, we can assume that B is unitary. Let T' = |AB| =
(AB)*(AB) where x denotes the adjoint. Since |A| is a self adjoint trace class
operator, by Hilbert-Schmidt theorem, there exists a complete orthonormal basis

{$i}2,, such that
|A|¢z = )\z@

Thus let {p;}2, be another complete set of orthonormal basis such that

By = ¢;.



Now by Cauchy Schwartz inequality,

(Ti, wi)] <|| Ts || -

But
| Toi |I” = (Tps, Ts) = (T*Tp;, i) = (B*A*ABy;, ¢;)

= ((A*A)By;, By;) = ((A*A)di, ¢5) = 7.

Thus
| T [|< i

Hence

S (Toi, ¢i) <D 1T <D N < 0,

=1 =1 =1

since A is trace class and thus ) .-, A; < oo. This completes the proof.
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Perturbation Formulas

Lemma B.1. Let U be a d X d matriz and for r € N, let

r

1
U, (U) = Z(—l)kﬂztr Uk,
k=1

If U is positive definite, then there exists R..1(U) such that

where

If U is any d x d matriz (not necessarily positive) such that || U ||< 1, then

with

such that

Proof. Let {\1, g, ...

det(I +U) = exp (¥, (U) + R,+1(U)),

R (U)] <

1
t UT‘+1
1 T

det(I +U) = exp (U,(U) + R, 11 (U)),

o0

1
Ro(U)= > (—1)’““Etr Uk
k=r+1
d|l U
=ul
, Aa} be the set of eigenvalues of U. Then

det(I +U) = JJ(1+ )

i=1

= exp (Z In(1+ )\Z)) :

By (U)] <

87

(B.3)

(B.4)
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since by assumption, A; > 0 for all <. But by applying Taylor’s Theorem to In(1+ x),

we have .

1
In(1+x) = Z(—l)k“Exk + Ry (),
k

where
ra (D71
r+1(1+¢)+!

Ryi(x) =z

for some ¢ € (0,x). Therefore,

Ry < - i i
Since
d
tr U =" A,
i=1
we have

d d r
> (14 x)=>" (Z ’“+1kAf + Rrﬂ(ki))
=1 i=1

r

(- l)k“ktr U’%ZRTH )
k=

1
=V, (U) + Rr11(U),

where R,1(U) := 320, Res1(A) and [Ro 1 (U)] < 300, At = —Lotr UL, To prove
Equation (B.2), we assume that || U ||< 1. Thus the eigenvalues of U, \; < 1 for all
i. Therefore Equation (B.4) holds. But In(1+4 ;) = >_;2,(—1)*™ £ A¥ and this sum

converges absolutely. Thus

) 0o d
1
k+1 k k+1 k
DA PN =2 (DD N
i=1 k=1 k=1 =1
. 1
=Y (=)' —tr U*.
k
k=1
Hence this proves Equation (B.2). In this case,
. 1 = 1
_ k+1 k k
R (U) =] ) (—1)F tr UF| < > E‘trU |
k=r+1 k=r+1
S d|| U™
< d| U "=~ (B.5)
2 1= [[U

k=r+1
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Alternatively, Equation (B.2) can be proved by a rewriting of the standard formula,

C%log(det(] —sU)) = —tr((I — sU)"'U)
= —tr (iskU’“U)
= — Zsktr (U,

]

Let A € J1. Suppose —z~! lies in the resolvent set of A, i.e. —z~! ¢ o(A). Then
the mapping A — In(I + zA) is defined and is continuous on A. (See Lemma 15 in
Section XI1.9.22 of [20].) Thus, one can define a function det on J; in the following

way.
Definition B.2. Define for —2~! ¢ o(A),
det(I + zA) = exp(tr In(I 4 zA)).

This function &EC(I + zA) is analytic in z and has only removable singularities
at the points z such that —2~! € (7). In fact, the definition det( + -) defined in
Definition A.7 coincides with CE(I + ). (See Lemma 16 and 22 in Section XI1.9.22

of [20].) We can now show that Equation (B.2) holds even for trace class operator.

Lemma B.3. Let A be a trace class operator on a Hilbert space H, with || A ||< 1
where || - || is the operator norm. Then Equation (B.2) holds with U replaced by A.

Proof. Because o =|| A ||< 1, =1 ¢ o(A). Thus det(I + A) is well defined. Since
det(I + A) = det(I + A) = exp(tr In(I + A)),

it suffices to show that

= (e
tr In(/ +A) = Z . tr A",

k=1
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If {\; }22, and {u;}5°, are the eigenvalues of A and | A| respectively, repeated according
to algebraic multiplicity and arranged in decreasing order of absolute values, then by

applying Theorem A.9 with ¢(t) =

Z|M<Zuz—HAII1.

=1

Since sup, |A;| < «, hence

BD DIV B) SEIVIES SILD P
k=1

i=1 k=1 k=1 =1 i=1

> 1
< Zo/“ | A= Al 1
k=0

Hence we can apply Fubini’s Theorem and by Theorem A.8,

tr In(/ +A) = iln(l +A) = ii ﬂ/\f

k
=1 i=1 k=1
o~ (_1)k+1 o0 N > (_1)k+1 N
= Z p A= Z p tr A
k=1 i=1 k=1



C
Matrix Inequalities

Proposition C.1. If A, B are two N x N matrices with B being positive semi definite,
then
tr(AB)| < || 4] tr B (1)

and in particular by taking B = 1,

Itr A < N ||A||. (C.2)

gous

gooe

N
Z (ABe;, e;)
i=1

N
<3 nl(Aes e < ZAi 4] = 1]l B.
=1 =1

tr (AB)] =

s €i)

O

Proposition C.2. Suppose that M is a positive definite N x N matriz and o > 0.
Then

det (M) < (tr E\]f%))N < aVetr(e™M=1) (C.3)

Moreover if a > 1, then
det (M) < aNeo " tM=D), (C.4)

91



92

Proof. Let {\;}}¥, be the eigenvalues of M, then

det M = ;- Ay = (A ”N) (Z >\> :(tr%”))]v.

Now suppose that a > 0. Then

N

N (1 + tr (alj\]y - D) < OéNetr(a_leI)7

tr (o M)\ Y
det M = oY det (a_lM) <oV (M)

where the last inequality follows from the inequality
AN
<1+N) <e*forall Ne Nand x > —N.

Indeed, elementary calculus shows that f(z) := e™* (1 + %)N for x > —N has a
global maximum of one at x = 0.

Alternatively,
det (M) = o™ det (™' M) = o™ det ("M — I + 1)

N
_ O‘NH(l—'— a )\ — 1 H a~h-1) _ OéNetr(a_leI)
i=1

=2

wherein we have used the inequality, 1 + x < e*, which results from the convexity
of the exponential function. Finally, by optimizing this inequality over o > 0, (take

a = N~1tr M), the previous inequality implies det M < (N~!tr M)N . O



D

Bounds on Curvature

Definition D.1. Let M be a manifold, u € O(M) and €, as defined in Definition
2.1. Define for any vectors z,y,w,z € T,M,

Ru(‘r7 Yy, w, Z) = <Qu<l’, y)w7 Z>7

and for any linearly independent vectors x, v,

RU('I?y"I?y)
Su xr,Y)= .
@) = T2 Pl P =t )2

The curvature tensor, R, satisfies the following symmetries,

R.(x,y,w,2) = =R, (y, z,w, 2), (D.1)
R.(x,y,w,2) = —Ry,(x,y, z,w), (D.2)
Ry (z,y,w,2z) = Ru(w, 2, 2,y), (D.3)
R.(z,y,w,z) + Ry(w,x,y,2) + Ru,(y,w,z,2) = 0. (D.4)

The last equality is called the Bianchi Identity.
Sy is called the sectional curvature and if we define S,(V) := S,(z,y) where V
is the plane spanned by any linearly independent vectors x, y, then it can be shown

that S, (V) is independent of the choice of z and y. We will write

| Sy [|= sup{]|S.(V)| | V is a plane in TyM},
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and

K= sup | S.] -
ueO(M)

Since we are considering a compact manifold M, K is finite. Immediate from this

definition, we have
[Ru(@,y, 2, ) <ISu 2 1P 1P (D.5)

for any x,y € T,M.
For any vector v, Equation (D.3) shows that Q,(v,-)v is a symmetric matrix. It
follows that

I (v, )o | = sup || Qu(v,w)v [= sup [{Qu(v,w)o, w)| <[| Su ([l v]*.

lwll=1 lwll=1

The last inequality follows from Equation (D.5). As a consequence, if we take the
supremum over O(M), then
sup || Qu(v, Ju [|[< K || v [*.
ueO(M)

3

154, then for any orthonormal frame

Proposition D.2. If sup,conn || Su [I<
{ei ;'1:1 g TOM7

2
sup | ulei e 1< 2
ueO(M)

where d is the dimension of the manifold.

Proof. Let x,y,w,z € T,M. Then using Equations (D.1), (D.2) and (D.3),

A=R,(x+w,y+z,c+w,y+2z)— Rz +w,y,z+wy) — Rz +w,zz+w,z2)
— Ry(z,y+z,2z,y+2)— R(w,y+ z,w,y+ 2) + Ry(w,y,w,y) + Ry(z, 2,2, 2)
=Ry(x +w,y,x+w,z2)+ Ry(x +w, 2,z 4+ w,y)
— Ry(2,y,2,2) = Ru(2, 2, 2,y) — Ru(2,y,2,9)
— Ry(w,y,w,2) — R,(w, z,w,y) — R,(w, z,w, 2)
= Ru(z,y,w,2) + R,(w,y,z,2) + Ry,(z, z,w,y) + R,(w, z,z,y)
= Ru(z,y,7,y) — Ru(w, z,w, 2)
=2R,(z,y,w,2) + 2R, (w,y, x, 2) — Ry(z,y,z,y) — Ry(w, z,w, 2).
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Similarly,

B:=R,z+z,y+w,x+z,y+w)— R(x+z,y,z+ 2,9) — R,z + z,w,x + z,w)
— Ru(r,y+w,x,y+w) — Ry(2,y +w, 2,y + w) + Ry,(z,w, x,w) + Ry,(z,y, 2,y)
=Ry(z+z,y,x+ z,w) + Ry(x + z,w,x + z,y)
— Ry(z,y,x,w) — Ry(z,w,z,y) — Ry,(x,y,x,y)
— Ru(z,y,z,w) — Ry(z,w, 2,y) — Ry(2,w, z,w)
= Ru(x,y,z,w) + Ru(z,y, x,w) + Ry(z,w, z,y) + Ru(z,w,z,y)
— Ru(z,y,7,y) — Ru(z,w, 2, w)
=2R,(z,y,z,w) + 2R, (2,y, x,w) — Ry(z,y,z,y) — Ry(w, z,w, 2).

Thus
A—B=2R,(z,y,w,z) + 2R, (w,y,z,2) — 2R, (x,y, z,w) — 2R, (2,y, z,w)
=2R,(x,y,w,2) + 2R, (z,y,w, z) + 2R, (w,y, x, 2) + 2R, (y, z,x,w)
=A4AR,(z,y,w,z) + 2R, (w,y,x, 2) + 2R, (z, w, y, 2)
= 4R, (z,y,w,z) — 2R, (y, z,w, 2)
=6R,(x,y,w,2).

The second last equality follows from the Bianchi Identity. Hence for any unit vectors

r,y,w,z,

Al < Sull [lz+w [Ply+z P +2|z+w]?+2 | y+z | +2]
<|| Sy || [4*+2-8+2=34] S.]| -

Similarly, |B| <34 || S, ||. Therefore, for any unit vectors x,y, w, z,
1 34
|Bu(z,y,w, 2)| = =|A = Bl < — || Su || -
6 3
and hence

34
sup |Ru(x,z,w,z)| < = || Su H .
llzll=llyl=llwl=|lzl=1 3
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Now for any u € O(M) and orthonormal frame {e;},, let Q;(y) := Qules, y)e;.
Q
sup | 945(0) | = sup (), T2 7 ) = sup

Then
Qi (y) >‘
R el’y7e ) J
lyll=1 lyll=1 | 25 (y) |l IIyH:1 ( 7 Q) |

< sup | Ru(2,y,w, 2)| < g 1S ] -
Jall=llyl=llwl=l12]=1

So, for any u € O(M) and orthonormal frame {e;}{_; C T,M, || Q;; |[< 2 || S, |. If
we choose sup,co) || Su [I< 3/(17d), then

34 3 2
Q. (e, - < — == —.
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