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ABSTRACT OF THE DISSERTATION

Constraining Self-Interacting Dark Matter With Astrophysical Systems

by

Gerardo Alvarez Jr

Doctor of Philosophy, Graduate Program in Physics
University of California, Riverside, December 2021

Dr. Hai-Bo Yu, Chairperson

With all of the success of the Standard Model (SM) of particle physics there are still

looming inconsistencies between the model and observations. The open questions in high

energy physics motivate models of physics beyond the SM. Of the natural phenomena still

not explained by the SM, perhaps the biggest open question is the nature of dark matter.

To date, there have been no conclusive direct detection signals of dark matter and what we

know about the mysterious substance remains relegated to gravitational effects dark matter

has on ordinary matter.

This work is focused on studying the constraints that astrophysical systems can place

on models of dark matter. In particular, this work studies models of dark matter that exhibit

self-interactions. It is shown here how inelastic models of dark matter which self-interact

through the exchange of a light mediator can have observational effects on halo dynamics.
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Self-interactions can play an important role in annihilation signals in the central regions of

halos when a black hole is present. It has been previously shown that the constraints from

annihilation signals rule out much of the WIMP parameter space. It is shown here that mod-

els of self-interacting dark matter can significantly weaken these constraints, reviving much

of the parameter space. In the very dense environment of a Neutron Star (NS), scattering

events between dark matter and standard model particles can impart a significant amount

of thermal energy. This work shows how the inelastic model of self-interacting dark mat-

ter can be probed using NS heating. Inelastic models of dark matter have previously been

shown to be able to escape direct detection signals. It is shown here that in the parameter

space where direct detection is no longer sensitive to inelastic dark matter, NS heating can

still probe the model. In other parts of the parameter space, NS heating is superior to or

complementary to terrestrial direct detection experiments. Given the absence of terrestrial

direct detection signals, looking towards astrophysical systems as particle detectors is a

very interesting and exciting avenue to probe the nature of dark matter.
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CHAPTER 1

INTRODUCTION

1.1 Standard Model

The Standard Model (SM) of particle physics groups together all known fundamental par-

ticles and their interactions. In this framework, matter particles are grouped into fermions

which interact through the exchange of force carrying bosons. For each of the fundamental

forces, with the exception of gravity which is not contained within the framework of the

SM, there are corresponding bosonic mediators. In addition, the SM contains the Higgs

Boson which is responsible for the fundamental particles receiving their mass through the

spontaneous symmetry breaking mechanism [1, 2]. Mathematically, the SM can be under-

stood as the group SUC(3) × SUL(2) × UY(1) [3, 4, 5, 6, 7, 8]. Particles charged under

the SUC(3) group carry color charge and interact via the exchange of gluons, the carriers

of the strong nuclear force. The group SUL(2)× UY(1) is spontaneously broken when the

Higgs field receives a vacuum expectation value at energies below the electroweak scale to

produce the group UEM(1). Three of the massless bosons charged under SUL(2) × UY(1)

electroweak group receive a mass after spontaneous symmetry breaking while the fourth

boson remains massless under the UEM(1) electromagnetic group. The bosons that receive

mass are the charged W bosons and the neutral Z boson, the carriers of the weak nuclear

force. The remaining massless boson is the photon, the carrier of the electromagnetic force.

The matter particles of the SM are subdivided into leptons and quarks. Leptons consist

of electron type and neutrino type particles while the quarks come in Up type and Down

type particles. Both the leptons and the quarks come in three generations which become

successively more massive. At least three generations of fermions are required in order to
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Particle Content Q Y T3

Leptons
eL, µL, τL -1 -1 -1/2
νe, νµ, ντ 0 -1 +1/2
eR, µR, τR -1 -2 0

Quarks

uL, cL, tL +2/3 +1/3 +1/2
dL, sL, bL -1/3 +1/3 -1/2
uR, cR, tR +2/3 +4/3 0
dR, sR, bR -1/3 -2/3 0

EM γ 0 0 0

Weak
W± ± 1 0 ± 1
Z 0 0 0

Strong g 0 0 0
Higgs h 0 +1 -1/2

Table 1.1: Particle content of the Standard Model with corresponding charge assignments.

explain the experimentally observed CP violation in the weak interactions [9, 10]. For three

generations of matter particles a complex phase is introduced in the mass eigenstate mixing

matrices called the CKM matrices. This complex phase is responsible for the observed CP

violation. The quarks are charged under the SUC(3) color group and exhibit a property

called asymptotic freedom which requires that only colorless bound states of quarks can

exist at the universe’s current energy scale [11, 12]. For this reason, quarks must come

in either particle - antiparticle pairs called mesons or in colorless triplets called baryons.

The quarks as well as the electron type leptons receive a mass after spontaneous symmetry

breaking. However, in the SM the neutrinos remain massless. Table 1.1 summarizes the

particle content and the corresponding quantum numbers of the SM.

The non-Abelian gauge theory that comprises the SM has been a very successful phys-

ical model of the particle content of the universe. The SM predicted particles such as the

W and Z vector bosons, the gluons, the top and charm quarks and the Higgs scalar boson

before they were observed experimentally [13, 14, 15, 16, 17]. There are also various high

precision measurements which agree with the SM to unprecedented accuracy [18, 19].
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However, there are discrepancies that exist between the SM and observation. For instance,

there is overwhelming evidence that the neutrinos have a small non zero mass whereas the

SM predicts that neutrinos are exactly massless [20, 21, 22]. There is the open question

about strong CP violation. There is an allowed operator in the SUC(3) portion of the SM

lagrangian which would violate CP symmetry. However, experimentally this term is not

observed in nature [23, 24]. The SM also predicts that matter and antimatter should be

created in roughly equal quantities in the early universe. What is observed is that the uni-

verse is formed predominantly and overwhelmingly out of matter. The baryon asymmetry

problem seeks to answer the question of the missing antimatter [25, 26, 27]. Perhaps the

most mysterious of the open questions related to the SM is the nature of dark energy of

which very little is known. Dark energy is the name given to the substance responsible for

the observed accelerated expansion of the universe. Dark energy is typically modeled as

a constant energy density throughout the cosmos which acts with negative pressure on the

curvature of spacetime and dominates the universe’s energy budget [28, 29]. These are but

a few of the open questions related to the SM of particle physics which motivates physics

beyond the SM. The open question that this work is focused on is the dark matter problem.

There are various observations that show there is a mysterious substance throughout the

cosmos called dark matter that takes up a large portion of the universe’s matter-energy bud-

get and does not fit within the framework of the SM. This work takes a phenomenological

approach to the dark matter problem and shows how astrophysical observations can put

constraints on dark matter models.

1.2 Dark Matter

Estimates of the gravitational mass of the Coma Cluster show that there is significantly

more mass in the cluster than what is observed when compared to the luminous mass of
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the cluster [30, 31]. This observation is one of the first pieces of evidence of dark matter.

Galactic velocity rotational curves show that galaxies are spinning too fast for the amount

of luminous mass that is observed [32, 33]. If the galaxies only contain the mass that is

seen then the rotational velocity of the stellar distribution should drop off at large radii.

What is observed is that stars outside the bulk of the galactic disk have a velocity that is

roughly a constant with increasing radius, as shown in Fig. 1.1. This implies that there

is some unseen mass distributed at very large radii compared to the size of the galactic

disk which creates a gravitational well holding the galaxy together. Furthermore, x-ray

and gravitational lensing observations of the Bullet Cluster show two clusters which have

collided and the luminous matter has been separated from the gravitational matter. This

shows that dark matter does not interact strongly with the SM and it also puts constraints

on the strength of possible dark matter self-interactions [34, 35]. Studying the anisotropy

of the cosmic microwave background, the relative quantities of the different types of matter

and energy in the universe can be understood [36, 37]. Fig. 1.2 shows the theoretical fit to

the observed cosmic microwave background anisotropy. Changing the relative quantities

of dark matter, dark energy and the baryonic component will change the locations and

amplitudes of the peaks found in Fig. 1.2. Current measurements show that the universe

is composed of ∼ %69 dark energy, ∼ 26% dark matter, and only about ∼ 5% baryonic

matter including radiation.

It is now understood that the majority of galaxies are housed inside of a dark matter

halo and that dark matter plays a crucial role in structure formation in the universe [38,

39]. However, little is known about the nature of dark matter. There is a large playground

for theoretical physicists to play around in when creating models for dark matter. It is

hypothesized that dark matter may be primordial black holes or a form of dark baryonic

matter called Massive Compact Objects also known as MACHO’s [40]. It has been shown

that these models of dark matter can only account for a small fraction of the cosmic relic

4
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Fig. 1. Galactic rotation curve for NGC 6503 showing disk and gas contribution plus the dark
matter halo contribution needed to match the data.

A beautiful example of a strong lens is shown in Fig. 2. The panel on the right

shows a computer reconstruction of a foreground cluster inferred by lensing obser-

vations made by Tyson et al.8 using the Hubble Space Telescope. This extremely

rich cluster contains many galaxies, indicated by the peaks in the figure. In addition

to these galaxies, there is clearly a smooth component, which is the dark matter

contained in clusters in between the galaxies.

The key success of the lensing of dark matter to date is the evidence that dark

matter is seen out to much larger distances than could be probed by rotation curves:

the dark matter is seen in galaxies out to 200 kpc from the centers of galaxies, in

agreement with N -body simulations. On even larger Mpc scales, there is evidence

for dark matter in filaments (the cosmic web).

Figure 1.1: Galactic velocity rotation curve for NGC 6503 taken from [36]. Solid black
shows the best fit line to observed data points. Dashed black shows the expected velocity
curve for the central disk without the dark matter halo component (dashed dotted).

abundance of dark matter, about ∼ 20%. The conservative approach to dark matter, and

the approach taken in this work, is to assume that it is some type of fundamental particle.

The observations surrounding dark matter point to a cosmologically stable and electrically

neutral fundamental particle [41, 42, 43]. Any model of dark matter must also reproduce

the observed cosmic relic abundance of dark matter. The relic abundance of dark matter

is typically reported as h2ΩDM ∼ 0.11933 where ΩDM is the dark matter energy density

normalized to the critical density and h is the reduced Hubble constant [44, 45]. The

only SM particle which is cosmologically stable and electrically neutral is the neutrino.

However, it has been shown that if the neutrino were to reproduce the relic abundance

of dark matter it would also disrupt structure formation due to its relativistic nature [46,

47, 48]. Therefore, dark matter must also be cold in order to reproduce the CMB power

spectrum. There is no such particle in the SM that fits all of these criteria and physics

beyond the SM is required to understand dark matter.
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– 100 –

Fig. 32.— The nine-year WMAP TT angular power spectrum. The WMAP data are in

black, with error bars, the best fit model is the red curve, and the smoothed binned cosmic

variance curve is the shaded region. The first three acoustic peaks are well-determined.

(A color version of this figure is available in the online journal.)

Figure 1.2: Cosmic microwave background anisotropy plot taken from [37]. The red curve
shows the theoretical fit to the observed data points in black.

The generally accepted model for dark matter is the ΛCDM paradigm which has been

able to reproduce many of the cosmological observations. The paradigm has two essential

ingredients, a cosmological constant Λ playing the role of dark energy and a new non-

relativistic, collision-less and massive fundamental particle playing the role of dark matter.

Within this paradigm, a highly studied model of dark matter is the WIMP model. The

WIMP model has a dark matter particle with a mass and annihilation cross section on the

weak scale. Within this model it is assumed that dark matter is produced thermally in the

early universe in the freeze out scenario. With the assumption of a thermal production

along with a mass and cross section at the weak scale, the model naturally reproduces the

observed relic abundance of dark matter. This coincidence is often referred to as the WIMP

miracle. However successful the model, there are growing tensions between the model and

observations at galactic scales. There are also tight constraints on the model from direct

detection and collider experiments.
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1.3 Self-Interacting Dark Matter

The ΛCDM model reproduces large scale observations very well but there are so called

small scale structure problems with the model. Simulations of collisionless dark matter

predict that there should be more satellite galaxies orbiting galaxies like the Milky Way

than are observed. This is referred to as the missing satellite problem. It has been suggested

that this is because the smaller galaxies have smaller stellar production so that they are

very difficult to observe. However, simulations show that the satellite galaxies should have

enough mass to have a significant amount of stellar production. This gives rise to the too

big to fail problem of dark matter sub-halos; the subhalos are too big to fail at producing

stars. An even greater tension between the ΛCDM model and observation is the core vs.

cusp problem. Observations show that many dwarf galaxies prefer to have a cored density

profile in the central regions of their halo while the collisionless dark matter model predicts

a steeper cusp. However, not all small scale dwarf and LSB galaxies prefer a cored profile

and there is a diversity of profiles ranging from cored to cuspy profiles. Explaining the

range of observed density profiles is referred to as the diversity problem. For a review on

the small scale structure issues see [49, 50, 51].

To alleviate the tensions between small scale structure observations and dark matter

models it has been proposed that dark matter may exhibit self-interactions in a model called

Self-Interacting Dark Matter (SIDM) [52, 53]. In the central regions of dark matter halos

where the density is greater, the self-interaction rate can be large enough to thermalize the

halo. Thermal energy is transported from the inner regions of the halo to the outer regions

causing the halo to puff up producing a core, thus explaining the core vs. cusp problem.

The self-scattering cross section required to explain the cored profiles is σ/mχ ∼ 1 cm2/g

on the dwarf galaxy scale, where mχ is the dark matter mass. Fig. 1.3 (left) shows how

self-interactions give rise to a cored profile compared to the cuspy profile produced by

7



FIG. 9: Left: Density profiles for halo with mass ⇠ 1010 M� (dubbed “Pippin”) from DM-only simulations
with varying values of �/m. Right: Rotation curves for Pippin halo with �/m & 0.5 cm2/g are broadly
consistent with measured stellar velocities (evaluated at their half-light radii) for field dwarf galaxies of the
Local Group. Reprinted from Ref. [111].

50 cm2/g, leads to an increasing central density, indicating this halo has entered core collapse.
Nevertheless, core collapse is mild. Density profiles with �/m = 0.5 � 50 cm2/g, spanning
two orders of magnitude, vary in their central densities by only a factor of ⇠ 3. Comparing with
data for field dwarfs in the Local Group, Fig. 9 (right) shows that predicted SIDM rotation curves
for 0.5 � 50 cm2/g are consistent with the velocities and half-light radii inferred from several
observed galaxies. This illustrates not only how SIDM affects both the core-cusp and TBTF
problems simultaneously, but that �/m need not be fine-tuned to address these issues.

The conclusion from these studies is that �/m & 0.5 cm2/g can produce O(kpc) cores needed
to resolve dwarf-scale anomalies [111]. However, the upper limit on �/m at these scales—due to
core collapse producing a too-cuspy profile—remains unknown.

Cluster scales: Next, we turn to clusters (Mhalo ⇠ 1014�1015 M�). The first cosmological sim-
ulations at these scales were performed by Yoshida et al. [101], which studied a single 1015 M�
halo for �/m = 0.1, 1, and 10 cm2/g. More recently, Rocha et al. [94] performed simulations
targeting similar scales, but over much larger cosmological volume, for �/m = 0.1 and 1 cm2/g.
The best-resolved halos in their volume span 1012�1014 M�. For 1 cm2/g, the central density pro-
files are clearly resolved for the Yoshida halo and for ⇠ 50 Rocha halos. On cluster scales, SIDM
halos have O(100 � 200 kpc) radius cores and central densities ⇢0 ⇠ few ⇥ 10�3 M�/pc3. For
�/m = 0.1 cm2/g, the simulations lack sufficient resolution to fully resolve the cored inner halo,
though O(30 kpc) radius cores seem a reasonable estimate. For �/m = 10 cm2/g, the Yoshida
halo has a similar density profile compared to 1 cm2/g, although the former is considerably more
spherical (ellipticity is discussed below).

It is important to note that SIDM halos exhibit variability in their structure. Within the Rocha
et al. [94] halo sample, SIDM halos, with fixed �/m = 1 cm2/g and fixed Vmax, show an order-of-
magnitude scatter in their central densities. The dwarf halo samples from Davé et al. [102] show a
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FIG. 13: Left: Velocity-weighted self-interaction cross section per unit mass as a function of average relative
particle velocity in a halo. Data points from astrophysical observations correspond to THINGS dwarf
galaxies (red), LSB galaxies (blue), and clusters (green). Diagonal lines show constant values of �/m.
Gray points are fits to mock data from SIDM simulations, with fixed �/m = 1 cm2/g, as a test of the Jeans
method to reproduce the input cross section. Reprinted from Ref. [116]; see therein for further details.
Right: Comparison of DM density profiles for simulated SIDM-only halo (green dots) to SIDM halo with
baryons (dashed curves), either with (black) or without (red) adiabatic contraction from stellar disk, where
�/m ⇡ 0.5 cm2/g. The SIDM profile with baryons is virtually identical to the collisionless DM profile
(NFW) except for the innermost ⇠ 0.5 kpc. Reprinted from Ref. [117].

section per unit mass, statistically averaged over velocity, while the ⇢dm(r1) on right-hand side
is obtained by fitting Eq. (14) to astrophysical data for each system. Since more massive halos
correlate with higher average relative velocities hvreli for DM particles, the range of halos provides
an important probe of the velocity-dependence of self-interactions. Analogous to tuning the beam
energy in a particle collider, the energy-dependence of scattering is crucially important for probing
the underlying particle physics of SIDM.

To illustrate the Jeans method, Fig. 12 shows results for two clusters from Ref. [116]. The
full SIDM profile has been fit to the stellar velocity dispersions for the brightest central galaxy
at small radii (. 10 kpc) and strong and weak lensing data at larger radii (& 10 kpc). These
data prefer cluster profiles with cores. A cuspy (NFW) profile fit only from lensing data does not
agree with stellar data in the central halo (see inset). By matching the collisional and collisionless
regions of the halo together to determine r1, the preferred cross section for these clusters is �/m ⇡
0.1 cm2/g. These conclusions may be weakened if stellar anisotropies are far more significant that
assumed [202] or if AGN feedback is relevant [200], in which case �/m . 0.1 cm2/g.

Jointly analyzing both galaxies and clusters, Fig. 13 (left) illustrates how h�vreli/m depends
on the average collision velocity hvreli, assuming self-interactions are responsible for the observed
cores in these systems. While galaxy-scale observations favor �/m ⇡ 2 cm2/g, data from clus-
ters prefers a much smaller cross section, �/m ⇡ 0.1 cm2/g [116]. Taken at face value, these
data imply that SIDM can provide a consistent solution to the core-cusp problem, provided self-
interactions are relatively suppressed in clusters compared to dwarf galaxies. Such a behavior
is well-motivated from a particle physics perspective, as discussed below. The data given here
may be fit by a massive dark photon model (dashed orange curve in Fig. 13). Lastly, to verify
the validity of the Jeans approach, Ref. [116] analyzed mock rotation curves produced from eight
SIDM halos in a similar mass range from N-body simulations [94, 111], reproducing the input
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Figure 1.3: Left: Dark matter central density profiles in the self-interacting dark matter
model for various scattering cross sections compared the collisionless dark matter model
(black). Right: Self-scattering cross section as a function of velocity (dashed) and obser-
vational bounds for dwarf galaxies (red), LSB galaxies (blue), and clusters (green). Gray
data is mock data from numerical simulations. Plots taken from reference [53].

collisionless dark matter. Furthermore, if a dark matter halo contains a significant amount

of baryonic matter then the gravitational effects of the baryonic component must be taken

under consideration. When including the baryonic component, the gravitational well in the

central regions of the halo become steeper driving dark matter back into a cusp profile.

Depending on how significant the baryonic component is in the halo, a range of density

profiles from a cored profile to a cusp profile can be produced. This is the origin of the

diversity problem [54, 55]. Simulations of SIDM also predict that fewer satellite galaxies

are formed explaining the missing satellite and too big to fail problems [56, 57].

There are also observational consequences for SIDM on the scale of galaxy clusters. For

instance, if the self-scattering is too large then the model is in tension with the bullet cluster

observation [34, 35]. Strong self-scattering would prevent the dark matter from separating

from the baryonic matter as observed in the collision of the two clusters in the bullet cluster.

Therefore, the self-scattering cross section is required to be less than σ/mχ ∼ 0.1 cm2/g at
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the cluster scale. The various requirements for the normalized self-scattering cross section

at different scales requires a velocity dependent self-scattering. Models of SIDM naturally

predict a self-scattering cross section which is velocity dependent and typically decreases

with velocity [58]. It has been shown that SIDM can achieve the correct self-scattering

cross section at the various scales and simultaneously predict the correct relic abundance

through the freeze out scenario [53]. Fig. 1.3 (right) shows the self-scattering cross section

at various scales and the corresponding bounds. The SIDM model inherits all of the large-

scale cosmological success of the collisionless counterpart but also can further explain the

small scale structure problems present in the collisionless paradigm.

This work proposes novel astrophysical probes to constrain the SIDM model frame-

work. This work is largely based on the following publications by this author and company

[59, 60, 61]. First, a model of inelastic self-interacting dark matter and its halo dynamic

constraints are studied in Chapter 2. In Chapter 3, annihilation signals from SIDM density

spikes near black holes and their indirect detection constraints are presented. The sensitiv-

ity from the heating of neutron stars from inelastic SIDM with relativistic targets is shown

in Chapter 4. Finally, a discussion and concluding remarks are found in Chapter 5.
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CHAPTER 2

ASTROPHYSICAL PROBES OF INELASTIC SELF-INTERACTING DARK

MATTER

Many SIDM models assume there is only one dark matter state and a light force carrier

mediates elastic dark matter self-scattering in the halo, see, e.g., [53]. In this case, the

initial and final states in the collisions are the same, and they only redistribute energy of

dark matter particles as the halo as a whole does not lose energy. More recently, there is

growing interest in considering particle physics realizations of SIDM with multiple states.

For example, to avoid strong bounds from direct detection experiments [62, 63, 64, 65,

66], Refs. [67, 68] propose an inelastic SIDM model, where there are two dark states

and they differ by a small mass splitting [69, 70]. One can adjust the splitting to kine-

matically forbid transitional up-scattering in nuclear recoils, but still allow strong elastic

self-interactions between two light states in the halo. In addition, Ref. [71] studies dark

matter self-interactions in the exciting dark matter model [72, 73, 74, 75], where dark mat-

ter collisions can produce a heavy state that subsequently decays back to the light one and

a standard model particle. More generally, if the SIDM candidate is made of composite

states, such as dark atoms [76, 77, 78, 79, 80, 81, 82, 83, 84, 85, 86] and strongly-coupled

particles [87, 88, 89, 90], it is natural to expect inelastic excitations during dark matter

collisions in dark halos.

In this chapter, we consider an inelastic SIDM model and study its astrophysical impli-

cations. It assumes that a Majorana mass term induces a small mass splitting between

two fermionic dark matter states and they interact with a U(1) gauge boson. We as-

sume the gauge boson is light and develop a numerical method to calculate both elastic
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and inelastic dark matter self-scattering cross sections. After imposing the relic abun-

dance constraint on the gauge coupling constant, we focus on benchmark dark matter

masses, which cover a wide range from 10 MeV to 160 GeV, and search for parame-

ter regions where the elastic self-scattering cross section per unit mass (σV /mχ) satisfies

1 cm2/g ≤ σV /mχ ≤ 5 cm2/g, as favored by observations on galactic scales [53]. Our

work is a natural and simple extension to the minimal SIDM model that contains only

one dark matter state, but calculations of the self-scattering cross sections in the current

model are much more challenging than the minimal one [91, 58]. In addition, we explore a

broader mass range for both dark matter and mediator particles, compared to earlier stud-

ies [68]. As we will show, for the dark matter mass below ∼ 1 GeV, inelastic up scattering

dominates over elastic one if the former is kinematically open in the dark halo. This has

important implications for constraining the parameter space.

We further consider the endothermic up-scattering process of dark matter particles and

its influence on halo evolution and inner halo structure. If the heavy state decays back to the

light state by releasing a massless species, the SIDM halo profile can become cuspy again,

because the dissipative self-interactions can cool the inner halo [92] and speed up the onset

of core collapse [93, 94]. Using dwarf galaxies that show density cores, Ref. [93] derives

constraints on parameters that characterize the cooling rate of dissipative dark matter colli-

sions. In this work, we will take the results in [93] to further narrow down parameter space

of the inelastic SIDM model.
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Figure 2.1: Feynman diagrams for elastic (left) and inelastic (right) dark matter self-
interactions.

2.1 Particle Physics Model for iSIDM

We assume that the dark matter particle is a fermion (Ψ) and it interacts with a dark U(1)

gauge boson (φµ). The model can be described by the following Lagrangian [72, 73, 71]

L = Ψ̄(i/∂ −m)Ψ− δm

4
(Ψ̄Ψc + Ψ̄cΨ) +−1

4
φµνφµν +

1

2
m2
φφ

µφµ + gχΨ̄γµΨφµ (2.1)

where Ψc is the charge conjugation of Ψ, φµν is the field strength of φν , gχ is the gauge

coupling constant, m is the Dirac mass of the dark matter state and δm is its Majorana

mass. In this work, we assume m � δm. Defining the Majorana mass eigenstates as

χ1 = i(Ψ−Ψc)/
√

2 and χ2 = (Ψ + Ψc)/
√

2, we rewrite equation (2.1) as

L ⊃ 1

2
χ̄1

(
i/∂ −mχ

)
χ1 +

1

2
χ̄2

(
i/∂ − (mχ + δm)

)
χ2 +

i

2
gχχ̄2γ

µχ1φµ + h.c. (2.2)

where mχ = m− δm/2 is the mass of the light state χ1.

Since the mass eigenstates are Majorana states, they carry no charge and only interact

through an off-diagonal coupling. The relevant Feynman diagrams for both elastic and in-

elastic dark matter self-scattering are shown in Fig. 2.1. The tree-level elastic scattering

process involves mixed initial and final states. All other elastic scatterings occur through
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high-order box or ladder diagrams. As the universe cools, the up-scattering process be-

comes kinematically unfavorable, driving the density of the heavy state down [68, 95].

Thus, we assume dark matter is made of the light state in the halo and only consider elastic

and inelastic scattering processes shown in the left and right panels of Fig. 2.1, respectively.

In the non-relativistic limit, we can apply the Schrödinger formalism. There are two

wave functions coupled by a matrix potential of the form

i
∂

∂t
ψ̃ =

[
− 1

2µ
∇2 + V

]
ψ̃ (2.3)

where µ = mχ/2 is the reduced mass, the vector ψ̃T =

[
ψ1 , ψ2

]
detonate the wave

functions for the two particle modes, and the matrix potential V is

V =

 0 −αχ
r
e−mφr

−αχ
r
e−mφr 2δm

 . (2.4)

We have defined αχ ≡ g2χ/4π as the dark fine structure constant. The energy needed to

create the heavy state as a pair is 2δm. The numerical solution to this set of coupled differ-

ential equations gives the scattering cross sections through the method of partial waves.

2.2 Numerical Results

We assume that dark matter freezes out in the early universe with the relic abundance to be

consistent with the observed density. In this paper, we set the dark fine structure constant to

αχ = 0.01 (mχ/270 GeV) such that the annihilation cross section is 6× 10−26 cm2/g. The

dark matter self-scattering cross sections, both elastic and inelastic, are in general velocity-

dependent. To capture the relevant physics on dwarf scales, we set the dark matter relative

velocity to be 60 km/s in the halo throughout this paper unless otherwise stated. The model
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is left with three free parameters, the dark matter mass mχ, the mass splitting δm and the

mediator mass mφ.

Performing separation of variables on equation (2.3), we have the radial equation

[
1

r2
∂

∂r

(
r2
∂

∂r

)
− l(l + 1)

r2
+ k2

]
Rl,i(r) = mχVi,jRl,j(r) (2.5)

where l is the angular momentum mode, k is the magnitude of the wave vector, Rl,i(r)

are the radial wave functions for i = 1, 2 and Vi,j denotes components of the matrix (2.4).

Defining the following dimensionless parameters and substitutions,

x ≡ 2αχµr, a ≡
v

2αχ
, b ≡ 2αχµ

mφ

, c2 ≡ a2 − δm

µα2
χ

, χl,i(x) ≡ xRl,i(x) (2.6)

we rewrite the radial equation (2.5) in the matrix form as

d2

dx2

χl,1
χl,2

 =

 l(l+1)
x2
− a2 − 1

x
e−

x
b

− 1
x
e−

x
b

l(l+1)
x2
− c2


χl,1
χl,2

 . (2.7)

The wave function can be expanded in terms of spherical waves,

ψ̃ =
∞∑
l=0

(2l + 1)Pl(cos θ)

ψ̃in
eipinx − (−1)le−ipinx

2ipinx
+

αχmχFx,l e
iax

x

αχmχFy,l e
icx

x


 , (2.8)

where Fx/y,l are the scattering amplitudes for the two particle system and pin = a, c, de-

pending on the initial state. If the initial state is χ1 as we consider in this work, pin = a and

ψ̃Tin =

[
1 , 0

]
. The differential cross section is given by,

dσ

dΩ
=
pout
pin

∣∣∣∣∣
∞∑
l=0

(2l + 1)Pl(cosθ)Fl

∣∣∣∣∣
2

(2.9)
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Figure 2.2: The dark matter self-scattering cross section vs the relative scattering velocity
for benchmark cases with the dark matter mass in the MeV (left panel) and GeV (right
panel) ranges, where we fix the dark coupling constant using the relic abundance relation,
αχ = 0.01(mχ/270 GeV). The solid and dotted curves correspond to the elastic and
inelastic cross sections, respectively. For comparison, we also show a case for mχ =
40 MeV and αχ = 0.01 in the left panel.

where pin, pout and Fl again depend on the initial and final states. For elastic scattering

χ1χ1 → χ1χ1, pin = pout = a and Fl = Fx,l. For inelastic scattering χ1χ1 → χ2χ2,

pin = a, pout = c and Fl = Fy,l.

To find the scattering amplitudes Fx/y,l, we need to first find the wave function by nu-

merically solving equation (2.7), and then map its form at large radii onto the spherical

wave expansion in equation (2.8). However, a direct numerical solution to the wave equa-

tion (2.7) is unstable for a large part of the parameter space of interest. To tame these insta-

bilities, we follow the procedure discussed in [96, 68] and make a number of substitutions

to transform the wave equation into a more manageable form; see the appendix for details.

In this work, we calculate the viscosity cross section for dark matter self-interactions [58],

σV =

∫
dΩ

dσ

dΩ
sin2θ, (2.10)

15



which regulates both forward and backward scatterings. See the appendix for an explicit

expression of the viscosity cross section in terms of phase shifts.

In Fig. 2.2, we show the elastic (solid) and inelastic (dashed) self-scattering cross sec-

tions vs the relative velocity for a few representative cases, where we choose a wide range

of dark matter masses from 10 MeV to 160 GeV. Overall the cross sections decrease as

the velocity increases. For dark matter masses below 1 GeV (left panel), there is a clear

indication of the threshold velocity below which inelastic up scattering is kinematically

forbidden. In this mass range, when the coupling constant is set by the relic abundance

constraint [97, 98, 99, 100], i.e., αχ = 0.01(mχ/270 GeV), the inelastic scattering cross

section is much larger than the elastic one as long as the up-scattering channel is open.

As we discussed, in this model, inelastic up scattering occurs at the tree-level, while elas-

tic scattering at the high-order level. For small mχ below 1 GeV, the dark fine structure

constant αχ is small as well, and the non-perturbative quantum effect is absent to enhance

the elastic cross section. To demonstrate this point, we present another case, where we set

αχ = 0.01 for mχ = 40 MeV. In this case, both elastic and inelastic cross sections are

similar for the velocity larger than 18 km/s. For high dark matter masses (right panel), the

elastic and inelastic cross sections become more compatible, aside from resonance peaks,

and the up-scattering process is kinematically allowed in the plotted velocity range. As

mχ increases, the gauge coupling αχ increase accordingly and the non-perturbative effect

boosts the elastic scattering cross section significantly.

2.3 Halo Dynamic Constraints

Taking the benchmarkmχ values shown in Fig. 2.2, we scan parameter space of the δm–mφ

plane, such that the elastic cross section fall within the range of 1 cm2/g ≤ σV /mχ ≤

5 cm2/g for the relative velocity 60 km/s, a characteristic value for dwarf galaxies that
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prefer a dark matter density core. In Fig. 2.3, we show the resulting parameter space

(shaded). For a given dark matter mass, there is a preferred range in the plane, where the

elastic self-scattering cross section is large enough to thermalize the inner halo in accord

with observations [53]. For all cases, if the mass splitting δm is small, the mediator mass

mφ is almost a constant. While, as δm increases towards the high end, mφ must decrease

to preserve the elastic cross section in the desired range, since the elastic process involves

virtual up-scattering processes, as shown in Fig. 2.1 (left). The transition occurs when

the mass splitting reaches the kinematic threshold, where up scattering is forbidden for

larger values of δm, i.e., 2δm = µv2rel/2 with vrel = 60 km/s. In Fig. 2.3, the orange

shaded regions are where χ1χ1 → χ2χ2 is kinematically forbidden, while in the magenta

and blue regions, the up scattering is allowed. Note in the case of mχ = 40 GeV there

is more than one branch for the favored parameter space, because the scattering is in the

strong resonance regime [101, 58] and multiple ranges of the mediator mass is allowed; see

also [68].

If the mass splitting is large enough and up scattering is forbidden, dark matter self-

interactions are purely elastic and the condition of 1 cm2/g ≤ σV /mχ ≤ 5 cm2/g is suf-

ficient enough to specify astrophysical constraints. However, if χ1χ1 → χ2χ2 is allowed

in the halo and the resulting χ2 can further decay to χ1 and some light species, this dissi-

pative process may cool the inner halo and speed up the SIDM core collapse [93]. For the

model we consider, mφ � δm in the parameter regions of interest, e.g., the shaded regions

in Fig. 2.3, hence the decay process χ2 → χ1φ is kinematically forbidden. On the other

hand, if we consider a more general setup, there are other interaction terms that may lead to

dissipative decays of χ2. For example, Ref. [75] introduces a dimension-5 dipole operator

(1/M)χ̄2σ
µνχ1Fµν , where M is the cut-off scale and Fµν is the field strength of the stan-

dard model photon. With this operator, χ2 can decay to χ1 and γ. The rate is Γχ2→χ1γ =

4δm3/(πM2), and χ2’s lifetime is τ = 1/Γχ2→χ1γ ∼ 0.5 sec (M /TeV)2 (keV/δm)3. For
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Figure 2.3: The shaded regions correspond to the accessible parameter space in the δm–mφ

plane, where the elastic scattering cross section is in the range of 1 ≤ σV /mχ ≤ 5 cm2/g,
favored by solving the small-scale issues. We have set the dark matter relative velocity to
be 60 km/s, a characteristic value in dwarf galaxies that prefer a dark matter density core.
In the orange regions, the up-scattering process (χ1χ1 → χ2χ2) is kinematically forbidden
and dark matter self-interactions are purely elastic. In the magenta (blue) regions, the
up-scattering process is allowed, and the dissipation process associated with the χ2 decay
can lead to core collapse in dwarf galaxies with a timescale shorter (longer) than 10 Gyr.
The starred and triangle points are references which show the mapping between the elastic
scattering and the core-collapse constraints, as explicitly shown in Fig. 2.4.
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δm ∼ 10−3eV, it is comparable to the age of galaxies, ∼ 10 Gyr, for M up to ∼ 1 TeV.

Thus, this dissipative decay is relevant to halo dynamics if the dipole operator is present.

In addition, in atomic dark matter models, an excited atomic state can decay to a ground

state by emitting a massless dark photon.

In what follows, we assume that χ2 can decay to χ1 and a massless species that escapes

the halo, and study additional astrophysical constraints on the parameter space. Using

dwarf galaxies that show shallow density cores, Ref. [93] derives bounds on dissipative

dark matter interactions by demanding the core-collapse timescale longer than the age of

galaxies,∼ 10 Gyr. In particular, it uses the energy loss per collision and the ratio of inelas-

tic to elastic cross sections, i.e., νloss =
√
Eloss/mχ and σ′/σ, respectively, to characterize

the cooling effect, and places constraints on their combinations. To apply the core-collapse

constraints on our model, we set Eloss = δm, calculate νloss and σ′/σ values for each fa-

vored model point shown in Fig. 2.3 (shaded), and then compare them with the limits on

the σ′/σ–νloss plane from [93] as reproduced in Fig. 2.4 (gray shaded). In the magenta

shaded regions of Fig. 2.3, the dissipative self-interactions are strong enough to cause core

collapse in dwarf halos within 10 Gyr. While in the blue regions, inelastic up scattering can

occur, but the overall cooling rate is small to trigger core collapse in the age of galaxies.

To better understand these constraints, we show the distribution of the model points in

the σ′/σ–νloss plane for three benchmark cases in Fig. 2.4, along with the bounds from [93]

(gray). All points (magenta) that lie within the gray regions are disfavored as they result in a

core-collapse timescale too short to fit the observations; while the points (blue) outside are

still allowed. We classify the model points shown in Fig. 2.3 using the same color scheme.

Note we have extrapolated the disfavored parameter space following the trend beyond the

upper limit of σ′/σ in [93] (black dashed). This is reasonable, because the bounds should

be stronger as σ′ further increases.

From Fig. 2.4, we see that as the dark matter decreases from 160 GeV, more of the

19



▲▲
★★

mχ = 160 GeV

10-2 10-1 100

101

102

σ '/σ

v l
os
s
=
(E
lo
ss

/
m

χ
)1

/2
(k
m
/s
)

▲▲

★★

mχ = 40 GeV

10-2 10-1 100

101

102

σ '/σ

v l
os
s
=
(E
lo
ss

/
m

χ
)1

/2
(k
m
/s
)

▲▲

mχ = 10 GeV

10-2 10-1 100

101

102

σ '/σ

v l
os
s
=
(E
lo
ss

/
m

χ
)1

/2
(k
m
/s
)

Figure 2.4: Mapping between elastic scattering and galaxy core-collapse constraints on the
σ′/σ–νloss plane. In the gray regions within the black contour, the halo core collapse in-
duced by dissipative dark matter self-interactions occurs within the age of galaxies; adapted
from [93]. The dashed black lines are the linear extrapolation of the contour for σ′/σ > 1.
The magenta points that lie within the gray regions are disfavored by the core-collapse con-
straints; while the blue points outside are still allowed. The stars and triangles are reference
points and their correspondences are shown on the δm–mφ plane in Fig. 2.3.

parameter space is disfavored by the core-collapse constraints. When the mass approaches

10 GeV or smaller, the entire model points lie within the gray regions. Since the gauge

coupling reduces as the dark matter mass decreases, the inelastic scattering gradually dom-

inates over the elastic one if the former is open. For the dark matter below ∼ 10 GeV, only

the portion of the parameter space, where inelastic scattering is kinematically forbidden,

remains viable. While for the cases of mχ = 160 GeV and 40 GeV, in some parts of the

parameter space, inelastic up scattering is allowed, but the cooling rate is not significant

so they evade the collapse constraints, because either the inelastic cross section or the en-

ergy loss per collision is small. We demonstrate this by using the reference points in both

Figs. 2.3 and 2.4 (stars and triangles), which are in one-to-one correspondence. In the case

of mχ = 160 GeV, the two references have similar δm and σ/m, but the star point has

much smaller σ′/m than the triangle one as the former is closer to the threshold of the up

scattering. While in the case of mχ = 40 GeV, the reference points mainly differ in δm,

resulting different locations in the σ′/σ–νloss plane.

20



2.4 Summary

This work has studied an inelastic dark matter model with a light mediator, based on a

U(1) gauge symmetry. The presence of a small Majorana mass splits a Dirac fermion into

two Majorana states and the light one is the dark matter candidate. In this model, both

elastic and inelastic dark matter self-interactions can be present in the halo. The former

is mediated by a high-order process with multiple exchanges of the light mediator; while

the latter by a tree-level process when it is kinematically allowed. Using the technique of

partial waves, this work has developed a numerical procedure to calculate the elastic and

inelastic scattering cross sections.

Astrophysical constraints on the model parameters, i.e., the dark gauge coupling con-

stant, dark matter mass, mediator mass and mass splitting between the two Majorana states

has been explored here. First, this work imposed the relic density constraint on the cou-

pling constant by assuming the standard freeze-out scenario, then chose six benchmark

cases that cover a wide range of the dark matter mass, 10 MeV–160 GeV. For each case,

this work found the parameter regions, where the elastic scattering cross section falls within

the range of 1 cm2/g–5 cm2/g in dwarf galaxies in order to solve the small-scale issues.

This analysis shows that if the mass splitting gets too large, the kinematic suppression of

the intermediate virtual processes demand that the mediator become lighter to preserve the

desired elastic cross section. It was also found that when the dark matter mass decreases the

inelastic scattering cross section dominates over the elastic one. This is because the cou-

pling constant becomes smaller as the mass decreases and the non-perturbative quantum

enhancement for the elastic cross section diminishes accordingly.

If the heavy state can decay to the light state and a massless degree of freedom, inelastic

dark matter self-interactions may induce a dissipative process that cools the inner halo

and leads to SIDM core collapse. Observations of dark matter density cores in many low

21



surface brightness galaxies put a constraint on the rate of energy loss. This work studied its

implications for the dark matter model consider here, and found it eliminates the majority

of the parameter space for dark matter masses below ∼ 10 GeV, unless the mass splitting

is large enough so that the up-scattering process is forbidden. For a higher mass, there are

parameter regions where the model evades the core-collapse constraints while the inelastic

scattering is kinematically allowed. This work demonstrates that astrophysical observations

can provide powerful tests for inelastic dark matter models with a light mediator. The

analysis can be used to constrain models where dark matter is made of a composite state,

such as dark atoms and nuclei. It is also interesting to test those models using observations

of galaxy clusters that show evidence of a density core in their inner halos [102, 103].

Additionally, if there are portals connecting the dark matter sector to the standard

model, this scenario may have important ramifications for terrestrial detection experiments.

For example, it could produce distinct signals in direct detection experiments, because the

mediator mass is comparable to or less than recoil energies and scattering with the target

is inelastic. The mediator may also lead to formation of SIDM bound states that could be

probed at particle colliders [104]. Furthermore, the mass splitting in the inelastic dark mat-

ter model has relevant signatures that could be tested in present and future high-intensity

fixed target experiments, see [105]. These interesting topics are left for future work.
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CHAPTER 3

DENSITY SPIKES NEAR BLACK HOLES IN SELF-INTERACTING DARK

MATTER HALOS AND INDIRECT DETECTION CONSTRAINTS

Indirect searches of high-energy standard model particles originating from dark matter an-

nihilations or decays provide an important way of understanding its nature. Of central

importance to the indirect detection search is the distribution of dark matter within galactic

halos. In the prevailing scenario of dark matter, it is composed of collisionless thermal

relics. Numerical simulations show that collisionless dark matter (CDM) typically pro-

duces a Navarro-Frenk-White (NFW) density profile in the halo [106, 107], which has a

characteristic feature of ρ(r) ∝ r−1 towards the center [108]. It has also been established

that virtually all large galaxies host central supermassive black holes, see, e.g. [109]. The

presence of a central black hole could alter the dark matter density profile in the inner halo,

and for the standard NFW profile a density spike, ρ(r) ∝ r−7/3, could form near a black

hole that grew adiabatically [110]. The high density of the spike could boost the dark matter

annihilation rate. For example, the Milky Way hosts a central supermassive black hole with

mass ∼ 4× 106 M� [111, 112]. Dark matter annihilations could produce very bright sharp

signals that may be visible as a point source in the galactic center, see, e.g., [110, 113, 114,

115, 116, 117, 118]. Refs. [119, 120] show that observations from the M87 galaxy have

excluded thermal relic dark matter in the presence of a CDM spike near its 6.5 × 109 M�

black hole.

It’s less known observationally whether small dwarf galaxies, like satellite galaxies

of the Milky Way, may host central black holes with intermediate masses. Interestingly,

one could derive constraints on the central black hole mass in the satellites using dark
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matter indirect detection observations. For example, for the thermal relic scenario with

an s-wave annihilation cross section, the central black hole mass cannot be higher than

∼ 102–103 M� in Draco [121], the most dense satellite of the Milky Way, otherwise the

flux of dark matter annihilation signals would surpass the upper limit from Fermi-LAT

gamma-ray observations due to the presence of the density spike induced by the black hole.

These limits could be relaxed if the power law of the spike is more mild. This could occur

if the black hole grows away from the center of the halo or it does not grow adiabatically

from a seed, but being brought in by mergers [122]. In addition, mergers of black holes

in the centers of the progenitor halos could erase the density spike [123]. Gravitational

scatterings between stars and dark matter particles could also kinetically heat up the spike

and reduce its density [124, 125].

In this chapter, we study indirect detection constraints on dark matter spikes in self-

interacting dark matter (SIDM), see [53] for a recent review. In this scenario, dark matter

has strong self-interactions that can thermalize the inner halo over cosmological timescales

[126, 127, 57, 128, 129, 130, 131]. Recent studies show that SIDM is favored for explain-

ing diverse dark matter distributions over a wide range of galactic systems [103, 54, 132,

133, 134, 135, 136, 137, 138, 139], implying that the inner region of dark halos might be

indeed thermalized. Ref. [140] uses a conduction fluid model and derives density profiles

of SIDM particles bound to a black hole. For a Coulomb-like self-interaction, a central

black hole can induce a density spike of ρ(r) ∝ r−7/4, which is shallower than the CDM

one ρ(r) ∝ r−7/3. We apply these results to Draco, the Milky Way and M87, and derive

upper limits on the annihilation cross section. We will show in SIDM Draco could contain

central black holes with intermediate masses ∼ 600 M� as expected in the black hole-host

galaxy relation [141], while the halo is still composed of thermal relic dark matter. And

the upper limits can be weakened by factors of ∼ 107 and 103 for the Milky Way and M87,

respectively. We will also show that M87 could be a promising target for probing SIDM
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spikes with data from the Event Horizon Telescope (EHT).

3.1 SIDM density spikes near a black hole

We assume dark matter particles in the inner halo follow an isotropic, quasi-equilibrium

distribution due to dark matter interactions. A Schwarzschild black hole is located at the

center of the halo with a mass of M•, which is much smaller than the total halo mass, but

larger than the mass of bound SIDM particles in the spike. Ref. [140] uses a conduction

fluid model and derives density profiles of SIDM particles bound to the black hole, which

depend on the form of the self-scattering cross section σ. Consider the parameterization

σ = σ0(v/v0)
−a, where σ0 is the normalization factor, a characterizes the velocity depen-

dence, v is 1D velocity dispersion of the particles in the spike and v0 is that of outside, the

density follows a power law of

ρ ∝ r−(3+a)/4 (3.1)

for r . rbh = GM•/v20 , and the corresponding velocity dispersion scales as v ∝ r−1/2 [140].

With the power law solution, it’s easy to see that the energy flux transported out of the spike

due to the self-interactions L is independent of radius, as L ∼ NE/tr, where N ∼ ρr3

is the number of bound particles per shell, E ∼ v2 energy per particle and tr = 1/(σρv)

relaxation time. This is the condition to have a steady state near a black hole [142].

We see that the spike density profile becomes steeper as a increases. Since the cross

section is more suppressed in the spike for higher a, the transport rate becomes smaller

accordingly, resulting in a higher density. The velocity dependence of σ is related to particle

physics realizations of SIDM. For example, a scalar dark matter candidate could have a self-

coupling that leads to a constant cross section and a = 0 over all scales. More generally,

there exists a scalar or vector force mediator with a mass of mφ. When mχv0 > mφ,

the self-scattering is Coulomb-like, i.e., σ ∝ v−40 and a = 4. In the opposite limit, it’s
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point-like and a = 0. And in the resonant regime for attractive interactions, σ ∝ v−20 and

a = 2. For a given set of mass parameters, a may vary as well. Consider the best-fit model

in [103, 143], where mχ ∼ 103mφ. For clusters, v0 ∼ 103 km/s, the model predicts a = 4

in both spike and its surrounding regions. For a dwarf halo with v0 ∼ 100 km/s, the self-

scattering is point-like in the bulk of the halo, but becomes Coulomb-like towards the inner

spike as v increases as r−1/2. In addition, black hole and halo masses are correlated. Thus

observations of SMBHs over different mass scales may provide a unique probe of SIDM

models.

As discussed above, the steepest spike density profile predicted in SIDM is ρ ∝ r−7/4

for a = 4, which is slightly shallower than the one predicted in CDM if the hole grows

adiabatically, i.e., ρ ∝ r−7/3. We will show that the small difference in the logarithmic

density slope could lead to significantly different constraints from indirect detection as the

signal strength is∝ ρ2(r). We note that CDM could have a spike profile of ρ ∝ r−3/2 [110].

Frequent gravitational scatterings between stars near the black hole and CDM particles

could drive the latter to follow an isothermal distribution [124, 125]. This effect could be

important for the Milky Way, but it’s negligible for Draco and M87, as we will discuss later.

To study implications of the density spikes on indirect detection constraints, we need

to further specify inner boundary conditions. For SIDM, we extend the spike profile in

Eq. 3.1 to 4 r• where r• = 2GM•/c2 is the Schwarzschild radius and set ρ(4r•) = 0.

For CDM, we consider annihilation radius rann that is calculated iteratively as ρ(rann) =

mχ/ 〈σannvrel〉 tage [144, 145], where 〈σannvrel 〉 is the thermally averaged annihilation cross

section and tage = 10 Gyr is the age of the system. The CDM spike density saturates to

ρ(rann) at the annihilation radius, and we further set ρ(r) = 0 for r ≤ 4r• [110] for CDM

as in the SIDM scenario. Note in SIDM, dark matter self-interactions could wash out the

annihilation plateau [145].
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Figure 3.1: Left: dark matter halo density profiles for SIDM (red) and CDM (black) halo
models for the Milky Way satellite galaxy Draco without (solid) and with (dashed) a central
black hole. For the latter case, the black hole mass is assumed to be 105 M� and the density
spike follows a power law of r−7/4 and r−7/3 for the SIDM and CDM halos, respectively.
A steep cutoff at around 10 kpc is due to tidal stripping. Right: upper limits on the anni-
hilation cross section vs. the central black hole mass for the SIDM (red) and CDM (black)
halos with density spikes, based on Fermi-LAT gamma-ray observations of Draco. The
dark matter mass is 10 GeV (dashed) and 1 TeV (solid). The horizontal line denotes the
canonical thermal annihilation cross section 〈σannvrel〉 = 3× 10−26 cm3/s (dotted gray).

3.2 Applications to Draco

The presence of dark matter spikes could significantly boost indirect detection signals. In

turn, if we assume dark matter is made of thermal relics, we can derive constraints on the

mass of central black holes of galaxies using results from dark matter indirect searches.

Ref. [121] considers Draco, the most dense satellite of the Milky Way, and shows its

black hole mass cannot be larger than 102–103 M� for the dark matter mass in the range

100 GeV–1 TeV, based on the Fermi-LAT gamma-ray data.

Since the SIDM halo model predicts a shallower density spike than the CDM one, we

expect that the upper limits on M• for Draco could be relaxed accordingly. To see the

difference, we first consider dark matter density profiles for Draco without a black hole.
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Ref. [134] fits the line-of-sight stellar velocity dispersion of Draco with an NFW profile

and finds the best-fit values of the scale density and radius are ρs ≈ 1.68 × 107 M�/kpc3

and rs ≈ 1.94 kpc, respectively. In addition, it also considers a cored isothermal density

profile following the solution to the Jeans equation v20∇2 ln ρ = −4πGρ with the boundary

conditions ρ(0) = ρ0 and ρ′(0) = 0, and finds the best fit values ρ0 ≈ 2.55× 108 M�/kpc3

and v0 ≈ 13.88 km/s. This isothermal profile was first proposed to model dark matter

distributions in an inner SIDM halo [103, 146] and it agrees with N-body simulations

remarkably well [147, 133, 148]. The left panel of Fig. 3.1 (solid) shows the dark matter

density profiles for Draco inferred from fitting to stellar kinematics as in [134], where we

have extrapolated them for r & 10 kpc using a power law of r−5 to account for tidal

stripping.

We use ρspike(r) = ρ(rspike) (rspike/r)
γ to model the spike density profile, where rspike is

the spike radius, and γ = 7/4 and 7/3 for SIDM and CDM halos, respectively. For SIDM,

we set the spike radius to be the radius of influence calculated as rbh = GM•/v20 , where v0

is the 1D velocity dispersion outside of the spike. It’s important to note that v0 is a constant

over the radius for an SIDM halo and the calculation of rbh is self-consistent. Taking

M• = 105 M� as an example and v0 ≈ 14 km/s for Draco [134], we find rspike ≈ 2.2 pc

and ρ(rspike) ≈ 2.4× 108 M�/kpc3 as shown in the left panel of Fig. 3.1 (dashed red). For

CDM, v0 is not a constant and it depends on radius. In this case, we follow [125] and adopt

a practical definition of rbh through the condition

4π

∫ rbh

0

drr2ρ(r) = 2M•, (3.2)

and the CDM spike radius is given by rspike ≈ 0.2rbh [149]. For M• = 105 M�, we have

rbh ≈ 33 pc, hence rspike ≈ 6.6 pc and ρ(rspike) ≈ 4.6×109 M�/kpc3; see the left panel of

Fig. 3.1 (dashed black). Note the annihilation radius is much smaller than the spike radius
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and we do not show it in the figure. For instance, consider 〈σannvrel〉 = 3 × 10−26 cm3/s

and mχ = 100 GeV, we find rann ≈ 10−4 pc for the CDM halo.

We consider dark matter annihilations to bb̄ states, which further produce gamma-ray

signals. The differential flux from the contribution of the smooth halo component can be

calculated as
dΦhalo

dE
=

1

2

〈σannvrel〉
4πm2

χ

dN

dE
J̄ (3.3)

where dN/dE is the photon spectrum and J̄ is the angular integrated J factor given by

J̄ = 2π

∫ θmax

0

dθ sin θJ(θ) = 2π

∫ θmax

0

dθ sin θ

∫
l.o.s

dsρ2[r(θ, s)]. (3.4)

To perform the integral along the line of sight direction, we write

r(s, θ) =
√
D2 + s2 − 2sD cos(θ), where D ≈ 76 kpc is the distance from Earth to

Draco, and we set θmax = 0.5o, corresponding to a solid angle of 2.4 × 10−4 sr. For the

SIDM and CDM halos of Draco shown in the left panel Fig. 3.1 (solid), we find J̄ ≈

5.0 × 1018 GeV2/cm5 and 4.8 × 1018 GeV2/cm5, respectively. We see that although the

two halo models have very different inner density profiles, their J̄ factors are similar.

For the contribution from the density spike, we have

dΦspike

dE
=

1

2

〈σannvrel〉
m2
χD

2

dN

dE
Q, (3.5)

where the Q factor is calculated as

Q =

∫ rspike

rmin

drr2ρ2spike(r) =


ρ2(rspike)r

3
spike

(
rspike
r•

)1/2
, SIDM

3
5
ρ2(rspike)r

3
ann

(
rspike
rann

)14/3
, CDM

(3.6)

where rmin is 4r• = 8GM•/c2 for SIDM and the annihilation radius rann for CDM. The
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annihilation radius can be calculated as rann = [〈σannvrel〉 tageρ(rspike)/mχ]3/7rspike. The

small volume and saturated density in the annihilation plateau give no significant contribu-

tion to the annihilation signal, therefore we ignore it here. In eq. 3.6 we also assume that

rmin � rspike which is reasonable for the Draco system for both SIDM and CDM. For a

given dark matter mass, black hole mass and annihilation cross section, we can calculate

the expected signal flux by integrating Eqs. 3.3 and 3.5 for 100 MeV ≤ E ≤ 100 GeV, the

energy range of the Fermi-LAT gamma-ray space telescope. We take the photon spectrum

dN/dE from [150, 151], and obtain the total flux as Φtotal = Φhalo + Φspike. For bb̄ final

states, the upper limit on the gamma-ray flux is Φupper ≈ (62–5.8) × 10−11 cm−2s−1 for

mχ = 10 GeV–1 TeV [121], based on Fermi-LAT data on Draco. We vary the black hole

mass and the dark matter mass, and derive upper limits on the annihilation cross section for

the SIDM and CDM halo models of Draco.

The right panel of Fig. 3.1 shows the upper limits on the annihilation cross section vs.

the black hole mass for the SIDM (red) and CDM (black) halos, where we consider the dark

matter mass mχ = 10 GeV (dashed) and 1 TeV (solid). The gray horizontal line denotes

the canonical thermal cross section 〈σannvrel〉 = 3 × 10−26 cm3/s. For the CDM halo, the

thermal relic dark matter is excluded for mχ = 10 GeV and 1 TeV if M• & 10 M� and

103 M�, respectively. For the SIDM halo, the upper limits on the annihilation cross section

are essentially independent of the black hole mass, and the constraints are significantly

relaxed. Since both halo models have similar J̄ factors for the smooth component, the

difference in the M• bounds is caused by their different spike profiles. Observationally, it’s

unknown whether Draco has a massive central black hole. If we extrapolate the black hole-

host galaxy relation [141] to Draco, it could host a black hole with M• ∼ 600 M�. In this

case, SIDM could be composed of thermal relics, but CDM could not be for mχ . 1 TeV.

In the limit where the spike is negligible, our analysis shows thermal relic dark matter

is allowed for both halo models with mχ ∼ 10 GeV. Ref. [121] finds a stronger limit
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of mχ & 30 GeV for a CDM halo. This is because it considers a density profile with

J̄ ≈ 1.20× 1019 GeV2/cm5, which is a factor of 2.5 higher than our case.

SIDM predicts a weaker density spike near a central black hole. For the satellite galax-

ies like Draco, the presence of such a spike does not strengthen constraints on the SIDM

annihilation cross section unless the black hole mass is much larger than 107 M�, which is

impossible for those systems given their small masses. As estimated in [135], the halo mass

of Draco is about 2 × 108 M� with a 4 × 109 M� progenitor falling into the tidal field of

the Milky Way. In this work, we focus on dark matter annihilations to bb̄, as it is one of the

most studied channels in dark matter indirect detection, but it’s straightforward to extend

to other channels as well. In addition, we could interpret our results in terms of a specific

particle physics model of SIDM, combining with other constraints, see. e.g., [58, 152, 153,

154, 155, 156, 157, 158, 159]. It is also interesting to note that Draco was considered as a

challenging case for SIDM [160, 161] as it has the highest dark matter content among the

Milky Way satellites, but both dark matter self-interactions and tidal interactions are com-

monly expected to produce a shallow density core for a satellite galaxy. Recent works show

the interplay of the two effects could actually lead to an opposite consequence, resulting in

a high central density, due to the onset of SIDM core collapse [162, 135, 136, 163, 164].

Ref. [135] uses N-body simulations and demonstrates that the isothermal density profile of

Draco shown in the left panel of Fig. 3.1 can be produced in SIDM.

3.3 Implications for the Milky Way and M87

We consider the Milky Way, which hosts a central black hole mass with M• ∼ 4 ×

106 M� [111, 112]. Such a massive black hole could significantly enhance the spike den-

sity and boost indirect detection signals accordingly. Taking Fermi-LAT observations of the

Galactic Center in gamma rays, Ref. [165] derives stringent upper limits on the annihila-
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Figure 3.2: Left: upper limits on the annihilation cross section for the Milky Way with
a central black hole mass of M• = 4 × 106 M� in the presence of SIDM (solid red)
and CDM (solid black) spikes, compared to the case assuming a pure NFW halo (dashed
black) from [165]. Right: similar to the left panel, but for the M87 galaxy with M• =
6.5 × 109 M�. The NFW and CDM limits are from [119]. For both panels, the horizontal
line denotes the canonical thermal annihilation cross section 〈σannvrel〉 = 3× 10−26 cm3/s
(dotted gray).

tion cross section for a pure NFW profile and finds 〈σannvrel〉 . 4×10−28–9×10−25 cm3/s

formχ ≈ 10 GeV–10 TeV and the bb̄ channel. We recast these limits to constrain 〈σannvrel〉

in the presence of a density spike near the black hole for in both SIDM and CDM. In our

study, we demand that the predicted signal flux with a spike should not exceed the one

expected from a pure NFW halo as in [165].

We first calculate the normalization factor for the flux. We assume an NFW density pro-

file for the Milky Way halo with rs = 26 kpc and ρs = 4.1×106 M�/kpc3, consistent with

the mean values used in [165]. The J̄ factor takes the form J̄ =
∫
d`db

∫
l.o.s.

dsρ2[r(`, b, s)]

where b and ` are Galactic latitude and longitude, respectively, and

r(`, b, s) =
√
D2 + s2 − 2sDcos(`)cos(b) with D = 8.25 kpc. We integrate both b

and ` from −20o to 20o, in accord with the signal region in [165], and find J̄ = 2.9 ×

1022 GeV2/cm5. For a given dark matter mass, we take the corresponding upper limit on
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〈σannvrel〉 from [165] and convert it into an upper limit on the differential gamma-ray flux

using Eq. 3.3.

Unlike Draco, the stellar mass dominates the inner regions of the Milky Way and SIDM

thermalization with a deep baryonic potential could lead to a high density with a negligible

core size [146], as dense as an NFW halo; see [166] for an example. Thus we can approx-

imate the Milky Way halo in SIDM with the NFW profile for r ≥ rspike and match it with

the spike ρ(r) ∝ r−7/4 for 4r• < r < rspike = rbh = GM/v20 , where we estimate the

1D velocity dispersion as v0 = vmax/
√

3 and vmax = 1.64rs
√
Gρs [103]. The presence of

the stellar mass could further increase v0, resulting in smaller rbh. Thus our estimation of

v0 could lead to a conservative limit on 〈σannvrel〉. We then calculate the Q factor given

in Eq. 3.6 for the SIDM spike. For CDM, we follow the procedure discussed for Draco

to calculate the spike density and radius. For 4r• < r < rspike, we take the inner pro-

file to be the geometric mean between the annihilation density and the spike density, i.e.,

ρspike(r)ρ(rann)/[ρ(rspike) + ρ(rann)]; for r ≤ 4r•, ρ(r) = 0 [110]. For the Milky Way, we

find rspike = 1.7 pc and 20 pc for SIDM and CDM spikes, respectively.

The left panel of Fig. 3.2 shows the upper limits on the annihilation cross section

from the Milky Way after taking into account SIDM (solid red) and CDM (solid black)

spikes, compared to the ones assuming a pure NFW halo (dashed black) from [165]. For

SIDM, the presence of the SMBH has a mild effect and only increases the upper limits on

〈σannvrel〉 by order unity. In the presence of a CDM spike, the limits are a factor of 108

stronger, compared to the pure NFW case. Thus the thermal relic scenario is ruled out for

the entire mass range in CDM, while it’s allowed for mχ & 2 TeV in SIDM. For a CDM

spike of ρ(r) ∝ r−3/2, caused by dynamical heating by stars, we find the limits are similar

to the SIDM ones.

Lastly, we consider the supergiant elliptical galaxy M87, which hosts a central black

hole mass with M• ≈ 6.5 × 109 M� [167, 168]. Ref. [119] assumes a spike with ρ(r) ∝
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r−7/3 for M87, and derives upper limits on the annihilation cross section to bb̄ as 〈σannvrel〉 .

6 × 10−30–10−26 cm3/s for the dark matter mass in a range of mχ ≈ 10 GeV–100 TeV,

a factor of 106 stronger compared to a pure NFW halo. Thus, for CDM, thermal relic

dark matter has been excluded for the entire mass range for M87. Compared to the Milky

Way, M87 is dynamically young and the CDM spike is expected to survey as gravitational

heating is insufficient [119].

We recast the limits to the case with an SIDM spike, using the approach for the Milky

Way discussed previously. For the M87 halo, we take the NFW parameters rs = 20 kpc

and ρs = 6.6× 106 M�/kpc3 following [119]. The right panel of Fig. 3.2 shows the upper

limits on the annihilation cross section from M87 after taking into account SIDM (solid

red) and CDM (solid black) spikes [119]. For SIDM, the presence of the SMBH increases

the upper limits on 〈σannvrel〉 by a factor of ∼ 80, compared to the case with a pure NFW

halo (dashed black). For a CDM spike, the limits are a factor of 105 stronger. Thermal relic

scenario is excluded in CDM, while it’s allowed for mχ & 20 GeV in SIDM. This lower

bound is weaker than the Milky Way one, mχ & 2 TeV.

Another exciting aspect about the M87 target is that the EHT could resolve the dark

matter density profile near the hole, due to its unprecedented angular resolution. Ref. [120]

shows the EHT is sensitive to synchrotron emission induced by dark matter annihilations

and the radiation from the annihilations could further enhance the photon ring around the

shadow of the black hole. For a CDM spike with the bb̄ channel, it shows 〈σannvrel〉 .

3× 10−31 for mχ ≈ 10 GeV, based on previous data releases from the EHT collaboration

[169, 170]. We estimate the EHT sensitivity as 〈σannvrel〉 . 5 × 10−28 cm2/s with mχ ≈

10 GeV for an SIDM spike, which is comparable to the upper limit from the Milky Way;

see the left panel of Fig. 3.2. Thus the EHT provides an interesting test of thermal SIDM

models. Recently, the EHT collaboration observed the black hole shadow of M87 for the

first time [168]. It would be of interest to take their new results and further test the nature
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of dark matter, which we leave for future work.

3.4 Summary

Dark matter density spikes may form in the presence of a central black hole in galaxies.

This work has studied indirect detection constraints on dark matter annihilations after tak-

ing into account spikes predicted in SIDM and CDM models. For Draco, the upper limits

on the cross section are not sensitive to the presence of an SIDM density spike (ρ ∝ r−7/4),

if the black hole mass is reasonable for the system we consider. In contrast, the possi-

bility of an existing intermediate black hole in Draco has been excluded for thermal relic

CDM, as it predicts a steeper spike profile (ρ ∝ r−7/3). This work further studied con-

straints from the Milky Way and M87, which host central supermassive black holes, and

found that the upper limits on the annihilation cross section can be significantly weakened

in SIDM. Observations from both galaxies exclude a thermal relic scenario for CDM for

s-wave annihilations, but it’s still allowed for SIDM. In addition, EHT observations of the

M87 black hole can further probe the presence of an SIDM spike. In the future, the distri-

bution of SIDM particles near a black hole in the strong gravitational limit, which might

be important for understanding growth of supermassive black holes in the early Universe,

see., e.g., [171, 172, 94], could be studied.
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CHAPTER 4

HEATING OF NEUTRON STARS WITH RELATIVISTIC TARGETS BY

INELASTIC DARK MATTER

Inelastic dark matter models such as those discussed in Chapter 2 are a class of well mo-

tivated models [173, 68] that were initially proposed to address the DAMA annular mod-

ulations [174]. These models generally consist of two dark matter mass states with small

mass splitting (δm) between them. This is a generic arrangement that can occur in various

models. For example, it occurs in the case presented in Chapter 2 of dark photon mediated

pseudo-Dirac dark matter. In the case of dominant off-diagonal coupling compared to the

diagonal, the terrestrial direct detection limits are severely weakened if the universe is pop-

ulated by lighter state of the dark matter. These limits disappear for relative mass splitting

greater than 10−6 GeV as there is not enough kinetic energy available in the dark matter

particle hitting the detector at O(10−3) km/s to scatter to a heavier state.

This is no longer the case when the particle can be accelerated to relativistic velocities.

Terrestrially this could be achieved by particle accelerators. In this case inelastic dark mat-

ter can be searched in displaced vertices at the colliders or at the fixed target experiments.

High-intensity experiments such as B-factories are good at probing the parameter space

involving mediator masses < 10 GeV. For probing the parameter space with heavier me-

diators existing (ATLAS, CMS, LHCb) and proposed (CODEX-b, FASER, MATHUSLA)

experiments at the LHC are more suited [175].

Alternatively, another attractive possibility is to use the accelerators in the sky namely

Neutron Stars (NS). Since the escape velocity from the surface of a NS is about 0.6 c, the in-

falling dark matter from the halo is accelerated to relativistic speeds when it passes through
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a NS. This large kinetic energy can allow it to jump the mass gap which could facilitate

inelastic scattering. The kinetic energy lost during scattering can heat up a cold NS from

O(100) K temperature to O(1000) K, temperature.

If next generation radio telescopes such as FAST [176], CHIME [177], SKA [178] can

detect a nearby O(10) parsec far O(109) year old NS, which should have O(100) K tem-

perature in absence of dark heating, then upcoming infrared telescopes like JWST [179],

TMT [180], EELT [181] could be pointed towards it which could reveal heating of the star

to O(1000) K temperature. This possibility has been explored in [182, 183]. In particular

the effect of inelastic dark matter that couples to nucleons has been studied previously in

the EFT framework [184].

In this work, we study the competing constraints on inelastic dark matter due to NS

kinetic heating with those due to terrestrial experiments. First we show generic projected

bounds on a vector mediated inelastic dark matter due to NS for both heavy and light

mediator cases for fixed mass splitting as well as fixed relative mass splitting. We then

consider a specific benchmark model of dark photon mediated pseudo-Dirac dark matter

model to compare and show the complementarity of NS projected bounds with terrestrial

accelerator and beam dump experiments.

The dark matter could also be leptophilic, in which case its scattering with the electrons

and muons in the NS plays a dominant role in the capture. Since electrons in the NS are

ultra-relativistic, this needs a full relativistic calculation of the dark matter capture. In the

case of elastic dark matter this has been done previously [185]. In this work we extend

the approach in [185] to the case of inelastic dark matter. All of the projected constraints

mentioned in the previous paragraph are computed for electron targets.

In section 4.1, we briefly discuss the kinematics of the vector mediated NS heating by

inelastic dark matter. In section 4.2, we present the projected bounds due to NS kinetic

heating due to generic inelastic dark matter for 6-dim vector-vector contact operators and
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light vector mediators for spin-1/2 dark matter. We also compare them with terrestrial direct

detection experiments. In section 4.3, we evaluate the NS bounds on specific benchmark

models that are theoretically and cosmologically interesting. We show the NS bounds on

dark photon mediated pseudo-Dirac dark matter models for fixed ratios of mφ/mχ. We

compare them with the reach of terrestrial direct detection as well as current and future

collider and beam dump experiment bounds. Another astrophysically interesting class of

models is SIDM models. We show coupling sensitivity for vector mediated inelastic SIDM

models that are impossible to detect in current or future direct detection experiments, but

can be readily probed with NS heating. Concluding remarks and a discussion on the uncer-

tainties are found in section 4.4.

4.1 Kinematics of Neutron Star Heating

The kinematics of NS heating for contact interactions in case of all dim-5 and dim-6 ef-

fective operators for spin-0 and spin-1/2 elastic dark matter was explored in [185]. Kine-

matics for light vector mediated interactions of elastic dark matter was explored previously

in [186]. Inelastic kinetic heating due to scattering of spin-1/2 heavy dark matter with nu-

cleons via contact interactions was first discussed in [184]. We briefly summarize it in this

section before extending it to the inelastic dark matter capture. The scalings on mass scales

emerging from this analysis will help explain the features in the results summarized in the

next section.

In this section, we assume (i) a generic simplified dark matter model consisting of two

species χ1 and χ2 of masses m1 and m2 respectively, separated by a small mass δm with

m1 < m2, (ii) a vector portal to allow the interaction between the visible and dark sectors,

(iii) predominant couplings of the dark matter with the portal are off-diagonal thus making

the inelastic scattering a primary detection mode of such dark matter, (iv) the dark matter
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mT Non-Relativistic Relativistic

mχ1 Heavy Light Heavy Light-ish Med. Light Very Light

δmmax (γesc − 1)mT (γesc− 1)mχ1 pF (γesc − 1)mχ1(γesc − 1)mχ1(γesc − 1)mχ1

Table 4.1: The values of δmax as per Eq. 2.4 up to the lowest order. The values obtained in
non-relativistic target case match δmax evaluated in previous study of inelastic dark matter
capture in NS with non-relativistic targets [184].

relic density in the universe predominantly consists of the lighter of two species of dark

matter.

Under these assumptions, the χ1 T → χ2 T is the predominant scattering mode for

the dark matter to get captured in a celestial object via scattering with target particles T

inside the star. The strong gravitational field of a NS means the dark matter can attain

γesc ∼ 1.25 at the surface of the NS [185]. If the dark matter particle can lose kinetic

energy greater than its kinetic energy in the halo during the transit through the star then it

can get gravitationally bound to the star and said to be captured. Deposited kinetic energy

can heat up a star of radius R? = 12.6 km and mass M? = 1.5 M� up to 1600 K. The

capture efficiency (f ) dependence of the temperature is given as [182, 183]

T = 1600 f 1/4 K. (4.1)

We adapt the capture efficiency calculation of [186] for the inelastic dark matter case.

Invariance of total energy in Center of Momentum (CM) frame (
√
s = ECM) allows us to

calculate the magnitude of the momentum of dark matter final state in the CM frame (k′CM)

to be

k′2CM = k2CM −
(m2

2 −m2
1)(2E

2
CM + 2m2

T −m2
1)−m2

2

4E2
CM

(4.2)

Here kCM is the magnitude of initial dark matter momentum in the CM frame. In the case

of inelastic dark matter, the energy transferred to the target in the NS frame can be written
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as

∆ENS = γ

(√
m2

1 + k2CM −
√
m2

1 + k′2CM

)
+ γ (β · kCM)

(
1− k′CM

kCM

cos ψ

)
− k′CM

kCM

γ
√
β2k2CM − β · kCM sin ψ cos α,

(4.3)

where ψ and α are the polar and azimuthal angles of scattering in the CM frame. In this

section we will only discuss the key deviations from the elastic case.

It is important to note where the inelastic scattering departs from the elastic scattering.

The momentum and energy transferred is saturated for dark matter masses greater than

1 GeV [186] in case of both non-relativistic and relativistic targets. Since, the requirement

that the target must always be knocked out of its Fermi sphere means less percentage of

initial kinetic energy available for transition from m1 to m2. Maximum kinetic energy

available in incoming dark matter is ∼ 0.35m1. Therefore, the maximum ∆ = δm/m1

possible is (γesc − 1). This is achieved for m1 < 1 GeV. For m1 > 1 GeV, the kinetic

energy transferred is saturated at (mT)pF for (non)-relativistic, so the maximum allowed ∆

simply goes as 1/m1 as m1 → ∞. This will lead to a sudden fall in sensitivity of the NS

heating probe for heavy dark matter masses when the ratio ∆ is fixed. Conversely, if the

mass gap δm = m2 −m1 is fixed then the dark matter with heavy masses will always get

captured as long as δm is less than the saturation value δmmax.

Conditions on k′CM and ∆ENS will determine the maximum mass gap that can lead to

successful capture at a given dark matter mass. These conditions simply follow from the

fact that k′CM should have a real value less than kCM and ∆ENS should be large enough to

knock the target out of its Femi sphere. These facts can be written as

0 < k′2CM < k2CM; ∆ENS + Ep > EF (4.4)
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Using Eq. 4.2 and Eq. 4.3, and retaining the lowest order terms, we obtain δmmax that are

tabulated in Table 4.1. In the regimes of light dark matter for relativistic targets, we find

that the second condition of Eq. 4.4 is the most restrictive, while the first condition sets the

value of δmmax in all the other regimes tabulated in Table 4.1.

The colored regions in the projected bounds shown in the results in the following sec-

tions correspond to a temperature of 1600 K. The bounds will not extend to the full δmmax

values tabulated in the respective regimes except in the case of ultra-relativistic targets and

heavy dark matter masses. For δm values very close to the maximum allowed value, the

kinetic energy transfer is only a fraction of the total kinetic energy of the incoming dark

matter. After each successive collision, the dark matter speed is reduced thus reducing

the corresponding boost factor. Since the maximum δm allowed is dependent on the dark

matter boost factor, for the subsequent collisions the maximum δm is less than the δm

present, thus the dark matter never fully thermalizes. This effect causes a slight shift in

the falling edge in the projected bounds for heavy dark matter and non-relativistic targets

and reduction in the ∆max for the light dark matter regimes irrespective of the target type if

the temperature is fixed to a particular value, such as 1600 K. The only regime unaffected

by this effect is that of the heavy dark matter with ultra-relativistic targets as evident from

Table 4.1.

4.2 Projected Neutron Star Heating Bounds for Inelastic Dark Matter

We explore the reach for NS heating from inelastic dark matter scattering assuming a

generic effective contact operator between fermionic dark matter and standard model fermions.

This approach is generic and can apply to scattering between dark matter and any fermionic

components of a NS. The reach is shown in Fig. 4.1 for three values of the mass gap

δm = 10, 100, 1000 keV. The reach is shown for the product of the dark coupling con-
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Figure 3: Neutron star reach for electron targets with fixed mass gaps �m = 10,100, 1000 keV. Upper
Left : Light mediator mass of 10 MeV for electron targets, Upper Right : Heavy mediator mass of 10
GeV for electron targets. Lower Left : Light mediator mass of 10 MeV for proton targets, Lower Right
: Heavy mediator mass of 10 GeV for proton targets. The dotted black shows lines for dark coupling set
by the relic density condition ↵� = 0.001(m�/270GeV) for kinetic mixing parameter ✏ = 10�3 and 10�6.
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Figure 3: Neutron star reach for electron targets with fixed mass gaps �m = 10,100, 1000 keV. Upper
Left : Light mediator mass of 10 MeV for electron targets, Upper Right : Heavy mediator mass of 10
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: Heavy mediator mass of 10 GeV for proton targets. The dotted black shows lines for dark coupling set
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12

Figure 4.1: NS reach in terms of the product of dark coupling gχ and the target coupling
gT with fixed mass gaps δm = 10, 100, 1000 keV. Upper Left : Electron targets with light
mediator mass of 10 MeV. Upper Right : Electron targets with heavy mediator mass of
10 GeV. Lower Left: Proton targets with light mediator mass of 10 MeV. Lower Right:
Proton targets with heavy mediator mass of 10 MeV. The dotted black shows lines for dark
coupling set by the relic density condition αχ = 0.001(m1/270 GeV) for a kinetic mixing
parameter ε = 10−3 and 10−6. The dotted blue lines show the terrestrial direct detection
limits. There are no direct detection signals for electron targets in this region of parameter
space due to kinematics.

stant gχ and the target coupling constant gT where the targets are relativistic electrons and

protons. The upper left plot shows the NS heating reach for electron targets with a me-
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diator mass mφ = 10 MeV and the upper right plot shows the reach for electron targets

with a mediator mass mφ = 10 GeV. The lower left panel is for proton targets with a

light mediator mass of 10 MeV and the lower right panel is for proton targets with a heavy

mediator mass of 10 GeV. Also shown are lines for the dark fine structure constant fixed

by the thermal relic condition αχ = 0.01(m1/270 GeV) with values of the kinetic mixing

parameter ε = 10−3 and 10−6. The dotted blue lines in the lower panels show the terrestrial

direct detection limits for proton targets. There are no terrestrial direct detection limits for

the electron targets due to kinematics. For details on the terrestrial direct detection limits

see Appendix B.

For low dark matter masses we find that the NS kinetic heating reach is limited by Pauli

blocking as can be seen in Fig. 4.1. As the mass becomes larger, the reach eventually

saturates for a mass above m1 = 10−2 GeV (1 GeV) for Fig. 4.1 left (right). For even

larger masses we find that the reach begins to become limited again. This is due to the

fact that for large dark matter masses multiple scatters are required for the dark matter to

be captured, reducing the available phase space. A cut off can be clearly seen in Fig. 4.1

(left) for small masses corresponding to the kinematics related to the value of the mass gap.

Since the figure is plotted for a fixed mass gap, smaller dark matter masses require larger

velocities to overcome the mass gap. This gives rise to a kinematic suppression which does

not allow for up-scattering and therefore no NS heating.

4.3 Benchmark Models

We take a pseudo-Dirac dark matter particle with a light state m1 and a heavy state m2

with mass m2 = m1 + δm. The dark matter self-interactions are off diagonal and medi-

ated by a vector mediator mφ. Furthermore, we assume a vector-vector portal between the

dark sector and SM particles. We take the standard kinetic mixing scenario between the
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dark vector mediator mφ and the SM photon with a mixing parameter ε. We assume that

the lighter state dark matter is the dominant component as the heavy state dark matter is

unstable cosmologically. Interconversions between the two states by the tree level process

χ2χ2 → χ1χ1 drives the density of the heavy state down [68]. There are scenarios where

the above scattering process freezes out when there is a significant abundance of the heavy

state χ2 [187, 188], but here we take as a benchmark model the scenario where the dark

matter is composed predominantly of the light state χ1. The dominant scattering channel

is the inelastic up scattering process χ1χ1 → χ2χ2 as the elastic scattering χ1χ1 → χ1χ1

is loop suppressed due to the off-diagonal nature of the coupling. It should be noted that

although the elastic scattering process is loop suppressed the presence of a light mediator

can enhance the scattering cross section, thus making the elastic process comparable to the

inelastic mode as we found in Chapter 2.

Heavy mediator scenario with fixed Ratio mφ/m1

If the mediator is lighter than the dark matter then the annihilation to the mediator is a

dominant mode for freeze-out of the dark matter. Such reactions are unsuppressed at late

times and face stringent constraints from indirect searches [153]. On the other hand, for the

heavier mediator case, the freeze-out proceeds through annihilation to SM particles, where

the annihilation rate is exponentially suppressed at late times, thus avoiding the indirect

detection constraints. Therefore, we project the NS bounds for this cosmologically viable

parameter space of dark photon mediator pseudo-Dirac dark matter models with heavy

mediators and compare them with terrestrial experiments. Constraints on such models due

to current and future accelerator and beam dump experiments have been studied in [175],

by fixing the ratio of mφ/m1 = 3. Increasing this ratio pushes it towards the region already

excluded by BaBar [189] and LSND [190], thus making it cosmologically less interesting.
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Figure 4.2: The left panel shows limits for electron targets. Yellow: region that can be
probed by NS kinetic heating for mφ = 3m1. Red: the same but for mφ = 2m1. The right
panel shows limits for proton targets. Light Blue: region corresponding to mφ = 3m1.
Dark Blue: region corresponding to mφ = 2m1. In both panels the darker shading is for
∆ = 10−1 and the lighter shading for ∆ = 10−3. Black dashed line: collider and beam
dump current and future experiments taken from [175]. The dark fine structure constant is
set as αχ = 0.1.

Additionally, the ratio mφ/m1 = 2 leads to resonant enhancement of the annihilation,

whose cosmological consequences are explored in [191]. Here we show the NS projected

bounds for both well motivated models. Apart from being stronger than the terrestrial

experiments, we note another important feature of the NS bounds, that they remain very

insensitive to changing the ratio mφ/m1.

We fix the ratio between the dark vector mediator mφ and the dark matter mass m1 and

compare the NS bounds to bounds from collider and beam dump bounds from current and

projected future experiments. For the fixed ratio model we focus on the heavy mediator

parameter space where the claim that the inelastic scattering dominates is justified. Fig.

4.2 left shows the NS bounds for electron targets with fixed ratios mφ/m1 = 3 (orange)

and 2 (red). The right panel is for proton targets with fixed ratios mφ/m1 = 3 (dark blue)

45



and 2 (light blue). In both panels the terrestrial constraints are shown (black dashed). The

collider and beam dump bounds for current and projected future direct detection terrestrial

experiments are taken from [175]. The darker shaded regions correspond to ∆ = 10−1

and the lighter regions for ∆ = 10−3. The dark fine structure constant is fixed to a value

of αχ = 0.1. Clearly, the NS bounds for dark matter - electron scattering are superior

compared to terrestrial experiments by 2-3 orders of magnitude throughout the explored

parameter space.

Self-Interacting Dark Matter

Self-interacting dark matter models typically involve a light mediator between the dark

sector and the visible sector. The scattering cross section with light mediators needed to

solve the small-scale structure problems like core vs. cusp problem falls into the non-

perturbative regime [58]. This requires a non-trivial velocity dependence due to the limits

stemming from cluster-size objects. However, these models are strongly constrained by

terrestrial direct detection experiments [192, 193]. Additionally, the decay of the light

mediator needs to be sufficiently rapid, i.e., before Big Bang nucleosynthesis.

A natural solution to reconcile both requirements are inelastic up-scattering interac-

tions, that are suppressed or even kinematically forbidden in direct detection experiments,

provided the mass splitting between the two-states is sufficiently large. The minimum ve-

locity necessary to overcome the mass gap is µχTv2min/2 = 2δm where µχT is the reduced

mass of the dark matter and target. For typical velocities in the Milky Way v ∼ 300 km/s

and a dark matter mass of 100 GeV, a mass splitting of δm ∼ O(100) keV is sufficient

to kinematically forbid scattering in terrestrial direct detection experiments. Previous stud-

ies [68] numerically solve the Schrodinger equation to find regions in the parameter space

of dark matter and mediator masses, for various couplings and mass splittings, where the
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Figure 4.3: The dark orange regions satisfy the small scale structure constraints where
0.5 cm2/g ≤ σχ1χ1→χ1χ1/m1 ≤ 5 cm2/g and have large enough mass gap, δm = 1 MeV,
to evade the direct detection constraints from terrestrial experiments. The dark fine struc-
ture is fixed at αχ = 0.01. The pink region is excluded from stellar cooling constraints.
Above the blue contour of ε = 5× 10−9 NS heating is sensitive to the parameter space.

small scale structure problems can be solved, the dark matter has the correct relic abun-

dance and direct detection limits can be evaded. In this section, we show the ability of NS

kinetic heating to provide a wide coverage to such regions.

In Fig. 4.3, we show the regions of mχ −mφ parameter space, where the above three

conditions are satisfied and a old NS can be heated to T? = 1600 K for a value of kinetic

mixing ε = 5 × 10−9 indicated by the blue contours. The mass splitting is fixed to δ =

1 MeV, a representative value of mass splitting that could not be probed by current or near

future terrestrial direct detection experiments. The dark fine structure constant is fixed

to a constant value of 0.01. The cross-section is constrained in the range 0.5 cm2/g <

σχχ→χχ,V < 5 cm2/g. We also show the parameter space excluded by stellar cooling in the

pink shaded region taken from [194].
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4.4 Summary

The dense environment of a NS makes these compact objects excellent detectors for dark

matter - SM interactions. Dark matter in-falling in the steep gravitational well of the NS

can be accelerated to relativistic speeds. Scattering between dark matter and the SM com-

ponents of the NS can impart enough kinetic energy to heat the NS from O(100) K to

O(1000) K temperatures [182, 183]. The electrons in the NS are ultra relativistic due to

their large fermi surfaces. Therefore, a full relativistic treatment of dark matter - electron

scattering is needed to calculate the NS heating bounds as in [185, 186]. Models of inelas-

tic dark matter have been proposed to explain the DAMA annual modulation [173] as well

as evade direct detection terrestrial constraints [68]. The non-relativistic velocities of dark

matter in terrestrial experiments make it kinematically forbidden for inelastic dark matter

to be detected for large enough mass gaps. However, NS can easily overcome these mass

gaps given the relativistic velocities of the in-falling dark matter. This allows NS heating to

probe parameter space which is not possible to probe in present or future terrestrial collider

and beam dump experiments.

We calculate the NS heating reach for a generic dim-6 contact operator for fermionic

dark matter. Then we calculate the coupling reach for a vector-vector portal between the

dark sector and the SM for various relative mass gaps ∆ = δm/m1 for both light and heavy

dark vector mediator. Finally, we calculate the NS heating bounds for a benchmark model

of pseudo-Dirac dark matter with a vector mediator kinetically mixed with the SM photon.

We present plots for fixed ratios of the mediator to dark matter mass mφ/m1 and compare

with current and future collider and beam dump bounds taken from [175]. We find that the

NS heating bounds are superior to the collider and beam dump bounds by about 2-3 orders

of magnitude in the parameter space we explore. We also show that NS heating can probe

iSIDM parameter space where small scale structure constraints are satisfied and terrestrial
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direct detection bounds are evaded. Neither current nor future terrestrial collider and beam

dump experiments are capable of probing this parameter space. Stellar cooling bounds

exclude a portion of the parameter space but there remains parameter space which can only

be probed using NS heating. A single observation of aO(109) yr aged NS at a temperature

of O(1000) K temperature could be enough to discover particle dark matter or else put

strong constraints on particle dark matter models. This is very exciting considering the next

generation radio telescopes such as FAST [176], CHIME [177], SKA [178] and upcoming

infrared telescopes like JWST [179], TMT [180], EELT [181] which could potentially

discover such a NS.

Finally, we note the uncertainties involved in the projected bounds that are shown. Un-

certainties associated with the approach in [186, 195, 196, 197] are discussed in those ref-

erences. They mainly stem from the dark matter velocity distribution, variation in densities

and the chemical potential of the contents of the NS near the surface and finally variation

in the densities based on EoS. For both relativistic and non-relativistic target species, the

assumptions made in [186] give conservative projected bounds on the cut-off by a small

O(1) factor as pointed out in [185]. For projected bounds on the gχgT or ε coupling these

uncertainties will translate into a largerO(1) factor, because this quantity goes as the square

root of the capture rate unlike the cut-off scale which goes as 1/4th power of the capture

rate.

Additionally, as pointed out in [198], at high momentum transfer, the fact that the

protons are not a free Fermi gas can lead to further order of magnitude correction in cap-

ture rate, which implies an additional small O(1) factor correction in the projected cut-off

bounds shown in this work. This effect is in the direction of reducing the reach of NS

kinetic heating. Overall the combined effect of all factors put together is a small (large)

O(1) factor uncertainty in the projected bounds for cut-off scale (for gχgT or ε) shown

here for both electron and proton targets. The main point is that the NS heating can of-
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fer to be an independent, complementary and for considerable mass range of dark matter

much stronger probe of inelastic as well as SIDM. This core point is independent of the

uncertainties mentioned above.
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CHAPTER 5

CONCLUSION

The SM of particle physics is arguably one of the greatest achievements of modern physics.

It describes nature at a microscopic level to an unprecedented accuracy and makes many

predictions of particles which were later discovered experimentally. However, with many

unanswered questions about fundamental physics we are required to search for new physics

beyond the SM. The open question that this work focuses on is the dark matter problem.

Galactic radial velocity curves imply the existence of a non-luminous substance which

holds galaxies together gravitationally. The CMB observations further show that about

26% of the universe’s matter-energy budget is in the form of this non-luminous matter.

The conservative approach is to assume that dark matter is a new fundamental parti-

cle which does not interact with the SM strongly. The zeroth order approximation is to

assume that dark matter is collisionless. The collisionless paradigm, although successful

on large scales, has problems explaining small scale observation such as the core vs cusp

problem. To alleviate the observational tensions between observation and the collisionless

dark matter paradigm, self-interaction in the dark matter sector can be introduced. The

SIDM paradigm gives rise to rich phenomenology at the astrophysical scale which can be

used to probe the particle nature of dark matter.

For pseudo-Dirac dark matter mediated by a U(1) light gauge boson the Majorana mass

terms break the dark matter into two mass eigenstates. The mass eigenstates differ in

mass by an amount δm introducing an inelastic component to the model. The dark matter

self-interactions are off diagonal in nature with a tree level inelastic scattering mode and

a loop level elastic scattering mode. Although the elastic scattering occurs at loop level,
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the presence of a light mediator enhances the scattering cross section and both modes are

present in the halo.

We develop a numerical method to compute both the elastic and inelastic scattering

cross sections for this model. We set the dark fine structure constant using the relic abun-

dance relation αχ = 0.01(mχ/270 GeV) and then calculate the parameter space that can

solve the small scale structure problems with 1 < σV/mχ < 5 cm2/g for a wide range of

dark matter masses, 10 MeV–160 GeV. Additionally, if the heavy state dark matter can

decay to a light species that can escape the halo there are constraints coming from halo dy-

namics. These dissipative interactions can cool the halo speeding up SIDM core collapse

on an observationally unfavored time scale. Unless the mass splitting is large enough to

kinematically forbid the up-scattering channel, we find that the core collapse time scale

strongly constrains this model for dark matter masses below ∼ 10 GeV. For masses above

10 GeV we find that there is available parameter space that can evade the core collapse

constraints for a kinematically allowed up-scattering channel.

This work has demonstrated that halo dynamics can provide strong tests for inelastic

SIDM models with a light mediator. These constraints can also be applied to other inelastic

models of dark matter such as composite state dark matter such as dark atoms and nuclei. It

is also interesting to consider the observational constraints relevant at the cluster scale [102,

103]. Inelastic models of SIDM with a light mediator also have interesting ramifications for

terrestrial direct detection experiments. The light mediator could lead to dark matter bound

states in particle colliders [104]. The mass splitting can also lead to relevant signatures at

high intensity fixed target experiments [105]. We save this work for future study.

In the presence of a black hole in the central regions of a galaxy the dark matter density

may form a steep density spike. The density spike has important ramifications for indirect

detection signals from dark matter annihilations studied here in this work. The change in

the density spike scaling power law between CDM and SIDM models causes a significant
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difference in the constraints for these models. We study Draco, the densest satellite dwarf

galaxy of the Milky Way, and compute the indirect detection constraints for both CDM and

SIDM. For a CDM model the predicted spike scales as ρ ∝ r−7/3 where as for SIDM the

steepest expected power law is ρ ∝ r−7/4 which is more shallow. For black hole masses

reasonable for the Draco system we find that the upper limit on the annihilation cross

section is not sensitive for the SIDM model. In contrast, for the CDM model the possibility

of an intermediate mass black hole has been excluded for a thermal relic.

We further study the constraints on the annihilation cross section for the Milky Way

and the M87 galaxies. The annihilation signals coming from the supermassive black holes

in these systems are significantly weakened in the SIDM model compared to CDM. Both

the Milky Way and M87 exclude s wave annihilations from a thermal relic dark matter.

However, a thermal relic scenario is still allowed for the SIDM model in these systems for

larger dark matter masses. Furthermore, EHT observations of the M87 black hole can be a

sensitive probe for the presence of an SIDM spike. In the future, the distribution of SIDM

particles near a black hole could be studied which may play an important role in the strong

gravitational limit in understanding the growth of supermassive black holes in the early

Universe, see., e.g., [171, 172, 94].

Given the extreme densities inside of a NS, these compact objects make sensitive de-

tectors for dark matter. Dark matter can be accelerated to relativistic speed by the steep

gravitational well of a NS. Dark matter may then scatter off of the SM components present

in the NS depositing kinetic energy heating up the NS to O(1000) K temperatures. SM

processes predict that an old NS should cool to O(100) K temperatures so that there is an

observable measurement that can be made to determine the presence of dark matter. In this

work we study inelastic dark matter - electron scattering in a NS. The electrons are ultra-

relativistic in this system and the calculation for the scattering requires a full relativistic

treatment as in [185, 186]. Inelastic models of dark matter have the property that they
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can evade terrestrial direct detection constraints for large enough mass splittings because

the up-scattering becomes kinematically forbidden. However, because of the relativistic

speeds of dark matter in-falling on a NS the mass gap is easily overcome.

We calculate the reach of NS heating for a dim-6 effective operation for fermionic

dark matter. We also calculate the coupling reach for vector mediated dark matter in the

kinetic mixing formalism. Finally, we study the pseudo-Dirac dark matter model pre-

sented in Chapter 2 kinetically mixed with the SM photon. We compare our results to

the bounds from current and future collider and beam dump experiments taken from [175]

for fixed ratio mφ/mχ = 2 and 3. We find that the NS bounds are superior to the terrestrial

bounds by 2 to 3 orders of magnitude. Additionally, we show that NS bounds are sen-

sitive to parameter space that neither current nor future terrestrial experiments can probe

for inelastic SIDM. We explore a region in parameter space where the mass splitting is

large enough to evade direct detection constraints (δm = 1 MeV) and can explain small

scale structure. This study is exciting given that the observation of an O(109) yr aged NS

at a temperature of O(1000) K temperature is experimentally viable for upcoming radio

telescopes such as FAST [176], CHIME [177], SKA [178] and infrared telescopes like

JWST [179],TMT [180], EELT [181]. A single observation of such a NS could be enough

to discover dark matter or put strong constraints on dark matter models.

In light of the fact that dark matter is relegated to its gravitational effects on luminous

matter and that to date there have been no direct detection signals from terrestrial experi-

ments, it is very compelling to look toward astrophysical systems that could uncover the

nature of dark matter. It has been hypothesized that dark matter may play a role in many of

the open questions related to the SM of particle physics. For example, if dark matter car-

ries a baryon number it could help to explain the apparent asymmetry between matter and

antimatter [27, 199]. Dark matter may also play a role in the origin of the neutrino mass

[200, 201]. Axion dark matter may be able to solve the strong CP problem [202, 203].
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Understanding the particle nature of dark matter may resolve many of these issues. What

we know for certain is that dark matter is central to understanding structure formation in

the universe and that it makes up a large portion of the matter-energy budget of the cosmos.

This work has shown that using the dynamics of dark matter halos, the annihilation signals

coming from dense regions of dark matter near black holes and the kinetic heating of NS

from dark matter - SM particle interactions are able to constrain models of dark matter.

These astrophysical systems are complementary, and in some cases superior, to terrestrial

experiments and can even probe dark matter models when it is not possible for terrestrial

experiments. Astrophysical systems are an intriguing and in many cases very sensitive

probe that should be utilized in the ultimate endeavor of uncovering the underlying nature

of dark matter.
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APPENDIX A

INELASTIC DARK MATTER CROSS SECTION CALCULATIONS

A.1 Reformulation

In this appendix, we outline the variable phase space approach to reformulate equation

(2.7); see [96] for a more detailed discussion on this method. The basic idea is to build

a solution to equation (2.7) using solutions to the free-particle case (αχ → 0). In the

non-interacting limit, the solutions can be written as superpositions of spherical Bessel

and Neumann functions with constant coefficients. To build solutions to (2.7), we use

superpositions of free-particle solutions and upgrade the coefficients to functions, i.e.,

χ
(l)
i (x) = α

(l)
i (x)f (l)(pix)− β(l)

i (x)g(l)(pix), (A.1)

where χ(l)
i (x) are the component solutions to (2.7), α(l)

i (x) and β(l)
i (x) are numerical func-

tions, pi = a, c, depending on the particle state, and f (l)(pix) and g(l)(pix) are the free-

particle solutions. They obey the differential equation,

[
d2

dx2
− l(l + 1)

x2
+ p2i

]
z(l)(pix) = 0. (A.2)

where z takes the place of f or g. The function f (l)(pix) is defined to be regular at the

origin and g(l)(pix) is irregular as x→ 0.

To form a general solution to equation (2.7), we must solve two coupled second-order

differential equations. We therefore require four linearly independent solutions. The ex-

pression (A.1) represents only one of the four solutions but has four degrees of freedom;

two of them come from α
(l)
i (x) and β(l)

i (x) and the other two from the normalization of
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f (l)(pix) and g(l)(pix). We must impose constraints to reduce the extra degrees of freedom.

Suppose that dχ(l)
i (x)/dx is independent of the derivatives of α(l)

i (x) and β(l)
i (x), which is

trivially true for constant coefficients. This requires that

dα
(l)
i (x)

dx
f (l)(pix)− dβ

(l)
i (x)

dx
g(l)(pix) = 0. (A.3)

We set the normalization of f (l)(pix) and g(l)(pix) by defining the Wronskian of the

system to be
df (l)(pix)

d(pix)
g(l)(pix)− f (l)(pix)

dg(l)(pix)

d(pix)
≡ pi. (A.4)

After imposing the constraints, we have only one degree of freedom and an overall constant

per linearly independent solution. A consistent choice for f (l)(pix) and g(l)(pix) is

f (l)(pix) ≡ xjl(pix), g(l)(pix) ≡ ixh
(1)
l (pix), (A.5)

where jl(pix) is the spherical Bessel function and h(l)l (pix) is the spherical Hankel function

of the first kind.

To keep track of the linearly independent solutions, we introduce a new subscript,

χin(x) = αin(x)f(pix)− βin(x)g(pix) (A.6)

where we have dropped the angular momentum label l for brevity, n = 1, 2 for the two
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independent solutions for a given i = 1, 2, which labels the particle state. Defining

f(x) ≡

f(ax) 0

0 f(cx)

 , g(x) ≡

g(ax) 0

0 g(cx)

 , α(x) ≡

α11(x) α12(x)

α21(x) α22(x)

 ,
β(x) ≡

β11(x) β12(x)

β21(x) β22(x)

 , χ(x) ≡

χ11(x) χ12(x)

χ21(x) χ22(x)


,

(A.7)

we can rewrite equation (A.1) in a compact form,

χ(x) = f(x)α(x)− g(x)β(x). (A.8)

Further defining

ξ(x) ≡ χ(x)α−1(x), M(x) ≡ β(x)α−1(x), (A.9)

we have

ξ(x) = f(x)− g(x)M (x). (A.10)

Taking the x → ∞ limit of the choices for f(pix) and g(pix), we can see the virtue of

the conventions and definitions employed so far,

lim
x→∞

f(pix) =
(−i)l+1eipix + (i)l+1e−ipix

2
, lim
x→∞

g(pix) = (−i)l+2eipix. (A.11)

Inserting (A.11) into (A.10) and comparing with equation (2.8), one can find that the com-

ponents ofM are related to the scattering amplitudes as

M11(x→∞)

a
= αxmxFx,

M21(x→∞)

a
= αxmxFy (A.12)
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where the incoming scatterers are of type 1. Similarly,

M12(x→∞)

c
= αxmxFx,

M22(x→∞)

c
= αxmxFy (A.13)

for incoming particles of type 2. The ith column of ξ is interpreted as the scattered wave

functions for the two particle states where the incoming states are of type i. Next we make

the definition,

Uij(x) ≡ f(pix)g(pix)δij − g(pjx)Mij(x)g(pjx). (A.14)

Using the formalism developed in this subsection, we can derive the following first-order

different equation for Uij(x),

dUij(x)

dx
= piδij +

(
pi
g′(pix)

g(pix)
+ pj

g′(pjx)

g(pjx)

)
Uij(x)− Uil(x)

Ṽlm(x)

pl
Umj(x) (A.15)

where Ṽ (x) ≡

 0 − e−x/b

x

− e−x/b

x
0

 and g′(pix) ≡ dg(pix)/d(pix). As x → 0, βij(x) → 0

since the solution χij(x) must be regular at the origin and we take αij(x)→ δij . Therefore,

Mij(x→ 0) = 0 and the initial condition for Uij(x) becomes,

Uij(x→ 0) = f(pix)g(pix)δij. (A.16)

The advantage of this differential equation is that only logarithmic derivatives of the free

solutions enter into the equation greatly increasing its numerical stability. We can now solve

equation (A.15) using the initial condition (A.16) for Uij(x). Once Uij(x) is known then

the scattering amplitudes ∼ Mij(x) can be obtained using the definition (A.14). Finally,

the scattering cross section can be calculated using equation (2.9). It is useful to note that

the transformation δm → −δm changes the incoming particles from one type to the other
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(a ↔ c). Therefore we only need to solve for M11(x) and M21(x), once δm is changed to

−δm, in order to obtain all scattering cross sections. Also, there is an equation for αij(x)

(βij(x)) which carries information needed to solve for the Sommerfeld enhancements but

are not needed in calculating the self-scattering cross sections [68].

A.2 Formulae

Here we develop formula for the total scattering cross section as well as the viscosity and

transfer cross sections. Starting from equation (2.9), we can write the expression for the

total cross section as

σtot =
pout
pin

∞∑
l=0

∞∑
l′=0

(2l + 1)(2l′ + 1)FlF∗l′
∫
dΩPl(cos θ)P ∗l ′(cos θ)). (A.17)

Using the identity, ∫ 1

−1
dxPl(x)P ∗l′ (x) =

2δll′

(2l + 1)
(A.18)

the total cross section is given by

σtot = 4π
pout
pin

∞∑
l=0

(2l + 1) |Fl|2 . (A.19)

The transfer cross section is weighted such that forward scattering events (scattering angle

θ → 0) do not contribute at all and backward scattering events (θ → π) give the largest

contribution to the cross section,

σT ≡
pout
pin

∫
dΩ

∣∣∣∣∣
∞∑
l=0

(2l + 1)Pl(cosθ)Fl

∣∣∣∣∣
2

(1− cosθ). (A.20)
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Using (A.18) and the recursion relation

(l + 1)P(l+1)(x) = (2l + 1)xPl(x)− lP(l−1)(x) (A.21)

we have

∫ 1

−1
dxPl(x)P ∗l′ (x)(1− x) =

2

(2l + 1)

[
δll′ −

(l + 1)

(2l + 3)
δ(l+1)l′ −

l

(2l − 1)
δ(l−1)l′

]
. (A.22)

Identity (A.22) allows the transfer cross section to be written as,

σT = 4π
pout
pin

∞∑
l=0

[
(2l + 1) |Fl|2 − (l + 1)FlF∗(l+1) − lFlF∗(l−1)

]
= 4π

pout
pin

∞∑
l=0

[
(2l + 1) |Fl|2 − 2(l + 1)Re(FlF∗(l+1))

]
.

(A.23)

We further write the scattering amplitude as a general complex number Fl ≡ |Fl| eiδl and

insert it into (A.23),

σT = 4π
pout
pin

∞∑
l=0

(l + 1)
[∣∣F(l+1)

∣∣2 + |Fl|2 − 2
∣∣F(l+1)

∣∣ |Fl| cos(δ(l+1) − δl)
]
. (A.24)

Equation (A.24) has the benefit of being positive definite term-wise such that the sum is

monotonically increasing. This property allows the sum to converge more quickly. The vis-

cosity cross section is defined such that neither forward nor backward scattering contribute

to the cross section,

σV ≡
pout
pin

∫
dΩ

∣∣∣∣∣
∞∑
l=0

(2l + 1)Pl(cosθ)Fl

∣∣∣∣∣
2

sin2θ. (A.25)
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Following a similar procedure to the transfer cross section calculation and using identities

(A.18) and (A.21), we can derive the following identity

∫ 1

−1
dxPl(x)P ∗l′ (x)(1− x2) =

2

(2l + 1)

[(
1− (l + 1)2

(2l + 1)(2l + 3)
− l2

(2l + 1)(2l − 1)

)
δll′

− (l + 1)(l + 2)

(2l + 3)(2l + 5)
δ(l+2)l′ −

l(l − 1)

(2l − 1)(2l − 3)
δ(l−2)l′

]
.

(A.26)

The viscosity cross section is then,

σV = 4π
pout
pin

∞∑
l=0

[(
(2l + 1)− (l + 1)2

(2l + 3)
− l2

(2l − 1)

)
|Fl|2

− (l + 1)(l + 2)

(2l + 3)
FlF∗(l+2) −

l(l − 1)

(2l − 1)
FlF∗(l−2)

]

= 4π
pout
pin

∞∑
l=0

[
2(2l + 1)(l2 + l − 1)

(2l + 3)(2l − 1)
|Fl|2 −

2(l + 2)(l + 1)

(2l + 3)
Re(FlF∗(l+2))

]
.

(A.27)

Rewriting Fl in polar form gives the final result,

σV = 4π
pout
pin

∞∑
l=0

(l + 1)(l + 2)

(2l + 3)

[∣∣F(l+2)

∣∣2 + |Fl|2 − 2
∣∣F(l+2)

∣∣ |Fl| cos(δ(l+2) − δl)
]

(A.28)

which is again term-wise positive definite.
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APPENDIX B

RECOIL RATES AND TERRESTRIAL DIRECT DETECTION

In this model, dark matter couples to the visible sector particles via the mixing of the

dark photon with the U(1) hypercharge gauge boson. In the mass bases, the diagonalized

lagrangian is

L =
1

2
χ̄1(i/∂ −m1)χ1 +

1

2
χ̄2(i/∂ −m2)χ2 −

1

4
F ′µνF

′µν +
1

2
m2
φΦ′µΦ′µ

−
(

1

2
gχχ̄2γ

µχ1Φµ + h.c.

)
+ qεψ̄γµψΦµ

(B.1)

where χ1 and χ2 are two species of dark matter with a mass difference of δm = m2 −m1.

The dark photon Φ is a massive U(1) gauge boson with mass mφ and can be either a

scalar or a vector mediator. Here we take Φ to be a vector with a field strength F ′µν =

(∂µΦν − ∂νΦµ) and a kinetic mixing term with coupling ε.

In ground-based detectors, dark matter particles scatter off nuclei and the scattering rate

for a given recoil energy ER is

dR

dER

=

〈
nχv

dσ

dER

〉
= nT

ρχ
mχ

∫ vmax

vmin

vfe(v)
dσ

dER

d3v (B.2)

where nT is the number of target nuclei per unit mass of the detector, nχ = ρχ/mχ is

the local number density using ρχ ≈ 0.3 GeV/cm3, fe(v) is the dark matter velocity

distribution function in the galactic halo and dσ/dER is the differential cross-section for

scattering between dark matter and the nucleus.

Since the detectors are Earth based, all the equations are written in the Earth’s reference
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frame. The velocity of the Earth in the Milky Way is given by

ve = v� + vorbcosγcos(ω(t− t0)) (B.3)

where v� = v0 + 12 km/s is the speed of the Sun in the rest frame of the galaxy, v0 =

220 km/s is the rotational speed of the local standard of rest, cosγ = 0.51 is the angle

between the solar plane and the galactic plane, vorb = 30 km/s is the speed of the Earth in

the solar system, ω = 2π/365 rad/day is the period of rotation of the Earth around the Sun

and t0 = 152 (June 2nd) corresponds to the day with the maximum speed of the Earth. For

the dark matter velocity distribution function in the reference frame of the Earth we use a

truncated Maxwell-Boltzmann distribution,

fe(v) = Ne
− (v−ve)2

v20 Θ(v − vmax) (B.4)

whereN = 1/
(
π3/2v30Erf(vesc/v0)− 2vescexp(−v2esc/v20)

)
is a normalization factor, Θ(v−

vmax) is a Heaviside step function, vesc = 533 km/s is the escape velocity of dark matter

in the halo and vmax = ve + vesc is the maximum velocity of incoming dark matter in the

detector. On the other hand, the minimum velocity of dark matter required for scattering

to occur at a given recoil energy ER and mass mN of the nucleus is vmin ≈ (ERmN/(µ +

δm))/
√

2ERmN where µ is the reduced mass of m1 and mN. The velocity integral in Eq.

B.2 depends on the relative magnitude of vmin and |vesc − ve|,

∫ vmax

vmin

d3v =

2π


∫ vesc−ve

vmin

v2dv

∫ 1

−1
d(cos(θ)) +

∫ vesc+ve

vesc−ve
v2dv

∫ c∗

−1
d(cos(θ)), vmin < vesc − ve∫ vesc+ve

vmin

v2dv

∫ c∗

−1
d(cos(θ)), vesc − ve < vmin < vesc + ve

(B.5)
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where c∗ = (v2esc− v2− v2e/(2vve)) gives the minimum angle consistent with scattering for

a given recoil energy when vesc − ve < vmin < vesc + ve.

The scattering differential cross-section in the non-relativistic limit is

dσ

dER

≈ mN

2v2
16παχαemε

2Z2

(m2
φ − δm2 + 2mNER)2

F (ER)2 (B.6)

where αem and αχ are the visible and dark sector fine structure constants respectively, Z is

the atomic number of the detector nucleus and F 2 is the nuclear form factor. Here we use

a form factor specific for Xenon [193, 204],

F (ER)2 =
e−u

A2

(
A+

5∑
n=1

cnu
n

)
(B.7)

where u = q2b2/2, b2 = m−1n (45A−1/2 − 25A−2/3)−1 MeV−1, q2 = 2mNER, mn is the

mass of the neutron, A is the mass number of the Xenon and the coefficients cn for the

Xe13254 isotope are as follows [204],



c1 = −132.841

c2 = 38.4859

c3 = −4.08455

c4 = 0.153298

c5 = −0.0013897

(B.8)

Finally, we integrate Eq. B.2 on the energy threshold of the detector and calculate up-

per bounds on the parameter space by setting the calculated number of events to the ob-

served number of events. Specifically, for the Xenon1T experiment the thresholds are

4.9 − 40.9 keV for the nuclear recoil and 1.4 − 10.6 keV for the electron recoil [205]. In
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the 1.3×278.8 ton day exposure of liquid Xe13254 no significant excessive events over back-

ground were observed. At the 90% confidence level, zero observed events is equivalent to

2.8 total events.
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