UC Riverside
UC Riverside Electronic Theses and Dissertations

Title
Probing Dark Matter Physics With Supermassive Black Holes

Permalink
bttgszggescholarshiQ.orgéucgitem47'!f3x2k Z]
Author

Feng, Wei-Xiang

Publication Date
2023

Copyright Information
This work is made available under the terms of a Creative Commons Attribution License,
available at bttgs://creativecommons.orq/licenses/bv/4.0,|

Peer reviewed|Thesis/dissertation

eScholarship.org Powered by the California Diqital Library

University of California


https://escholarship.org/uc/item/7jf3x2k7
https://creativecommons.org/licenses/by/4.0/
https://escholarship.org
http://www.cdlib.org/

UNIVERSITY OF CALIFORNIA
RIVERSIDE

Probing Dark Matter Physics With Supermassive Black Holes

A Dissertation submitted in partial satisfaction
of the requirements for the degree of

Doctor of Philosophy
in
Physics
by
Wei-Xiang Feng

September 2023

Dissertation Committee:

Dr. Hai-Bo Yu, Chairperson
Dr. Simeon Bird
Dr. Michael Mulligan



Copyright by
Wei-Xiang Feng
2023



The Dissertation of Wei-Xiang Feng is approved:

Committee Chairperson

University of California, Riverside



Acknowledgments

I am profoundly grateful to my advisor, Hai-Bo Yu, for his invaluable mentorship,
which has played a pivotal role in guiding me through the intricacies of particle physics and
astrophysics, enabling me to tackle previously unsolved problems. Hai-Bo afforded me the
freedom and independence to explore a wide array of topics and pursue my own innovative
ideas. I hold a deep respect for the other esteemed committee members: Simeon Bird and
Michael Mulligan. I am appreciative of the many insightful discussions about physics I
have had with them. Beyond the committee, I am grateful to John Baez, Steve Carlip,
Wei-Tou Ni, and Stanley Deser for their inspiring correspondence on fundamental physics,
and to Barry Barish, Yanou Cui, Flip Tanedo, and Daneng Yang for our numerous private
conversations on physics.

I extend my heartfelt thanks to all my collaborators during my PhD journey,
with a special mention to Yi-Ming Zhong, from whom I learned a great deal, especially
in sharpening my coding skills. I express my gratitude to the entire team at Academia
Sinica, Institute of Physics, with particular appreciation for Che-Yu Chen, Kin-Wang Ng,
and Meng-Ru Wu, for their warm hospitality during my visits. Furthermore, I am indebted
to Chao-Qiang Geng and Rurng-Sheng Guo for their unwavering support during my time
at National Tsing Hua University and National Kaohsiung Normal University.

My heartfelt thanks also go out to all the physics graduate students at Riverside,
notably Chia-Feng Chang, Lexi Constantino, Adam Green, Ming-Feng Ho, Pak Kau Lim,
Yifan Liu, Yen-Wen Lu, and Mehrdad Phoroutan, with whom I have had many illuminating

conversations about physics and shared camaraderie throughout my candidacy.

v



Additionally, I want to express my gratitude to the individuals I met at various
summer schools and workshops during my PhD, including Formosa Summer School 2018,
NCTS annual theory meeting 2018, 2019, SoCal BSM 2019, NCTS Dark Physics Work-
shop 2020, Midwest Relativity Meeting 2021, TASI Lecture 2022, SoCal Strings & Fields
2023, Pollica Workshop 2023, and N3AS Summer School 2023, for engaging discussions and
intellectual stimulation.

Last but certainly not least, I wish to convey my heartfelt appreciation to my
parents for their unwavering love and support, to my younger brother for his exceptional
efforts in managing family affairs during the challenging time of my mother’s passing, and

to my uncle for his encouragement since my childhood.

Wei-Xiang Feng
University of California, Riverside

September 2023



Publications

1. Wei-Xiang Feng, Hai-Bo Yu, Yi-Ming Zhong, Seeding Supermassive Black Holes
with Self-interacting Dark Matter: A Unified Scenario with Baryons, As-

trophys. J. Lett. 914 (2021) 2, L26, [arXiv:2010.15132 [astro-ph.CO]].

2. Wei-Xiang Feng, Hai-Bo Yu, Yi-Ming Zhong, Dynamical Instability of Collapsed
Dark Matter Halos, J. Cosmol. Astropart. Phys. 05 (2022) 036, [arXiv:2108.11967

lastro-ph.CO]].

3. Wei-Xiang Feng, Gravothermal Phase Transition, Black Holes and Space

Dimensionality, Phys. Rev. D 106 (2022) 4, L041501, [arXiv:2207.14317 [gr-qc||.

4. Wei-Xiang Feng, Alessandra Parisi, Chian-Shu Chen, Feng-Li Lin, Self-interacting
Dark Scalar Spikes around Black Holes via Relativistic Bondi Accretion,

J. Cosmol. Astropart. Phys. 08 (2022) 032, |arXiv:2112.05160 [astro-ph.HE]].

5. Wei-Xiang Feng, On the Dynamical Instability of Monatomic Fluid Spheres

in (N41)-dimensional Spacetime, Astronomy 2 (2023) 1, 22-46, [arXiv:2111.05341

[gr-qc]].

vi


https://iopscience.iop.org/article/10.3847/2041-8213/ac04b0
https://iopscience.iop.org/article/10.3847/2041-8213/ac04b0
https://arxiv.org/abs/2010.15132
https://iopscience.iop.org/article/10.1088/1475-7516/2022/05/036
https://arxiv.org/abs/2108.11967
https://arxiv.org/abs/2108.11967
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.106.L041501
https://arxiv.org/abs/2207.14317
https://iopscience.iop.org/article/10.1088/1475-7516/2022/08/032
https://arxiv.org/abs/2112.05160
https://www.mdpi.com/2172730
https://arxiv.org/abs/2111.05341
https://arxiv.org/abs/2111.05341

Dedicated to my beloved mother Jui-Yun

for her altruistic support and measureless love from the Paradise.

vii



ABSTRACT OF THE DISSERTATION

Probing Dark Matter Physics With Supermassive Black Holes
by
Wei-Xiang Feng

Doctor of Philosophy, Graduate Program in Physics
University of California, Riverside, September 2023
Dr. Hai-Bo Yu, Chairperson

We explore the connection between supermassive black hole (SMBH) formation
and self-interacting dark matter in the early universe. Observations reveal SMBHs with ~
10° Mg, masses when the universe was only 6% of its current age. Our scenario involves self-
interacting dark matter halos undergoing gravothermal instability, forming seed black holes,
to account for their existence. In particular, baryonic matter in protogalaxies accelerates
halo evolution. We further examine the angular momentum dissipation and conditions for
dynamical (general relativistic) instability. We also explore quantum instability in self-
gravitating thermal systems, emphasizing quantum degeneracy pressure’s role in black hole
formation. Additionally, we study spike mass density distribution in a scalar field dark halo,
considering self-interaction and relativistic Bondi accretion onto non-spinning black holes.
For primordial black holes (PBHs) as dark matter, we compare merger rates of PBH binaries
to extremely mass ratio inspirals into SMBHs, which are detectable with gravitational wave

technology.
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Chapter 1

Introduction

Understanding the origins of supermassive black holes (SMBHs) represents one of
the most profound and enduring challenges in astrophysics and cosmology. These enigmatic
cosmic monsters, with masses often exceeding billions of times solar masses, are known to
exist as early as when the universe was a mere fraction of its current age. The forma-
tion mechanisms of such colossal entities have captivated the imaginations of scientists for
decades, prompting investigations into the interplay between gravity, dark matter, and the
matter that populates our cosmos.

The foundations of this research are rooted in several key observations and theo-
retical frameworks. Foremost among these is the revelation that SMBHs, with masses on
the order of 10° M, existed when the universe had reached a mere 6% of its present age [1].
This astonishing fact poses a profound question:

How did such colossal black holes emerge in the cosmos when the universe was still

in its cosmic infancy?



The formation of SMBHs can be quite intricate, with several proposed mechanisms
each offering unique advantages and facing distinct challenges; see the flowchart by Martin
Rees [2] (Fig. 1). In general, there are two main pathways to their formation. One involves
the “mergers” of stellar-mass black holes (formed from dead stars), while the other results
from the “direct collapse” of dense gas clouds. The former could potentially explain binary
SMBHs but may not fully account for the presence of early universe SMBHs, as it often
takes too long to reach supermassive proportions. Consequently, it is challenging to explain
the existence of high-redshift (z 2 7) SMBHs. On the other hand, the latter allows for rapid
SMBH formation but faces the rarity of suitable conditions, such as the requirement that
the temperature must be sufficiently high to prevent the gas cloud from fragmentation, the
efficient disposal of angular momentum. Accretion, however, is the most widely accepted
mechanism responsible for SMBH growth. Over billions of years, gas and dust gradually
accumulate around a central black hole, forming an accretion disk, and are consumed by
the black hole, steadily increasing its mass. Additionally, intermediate-mass black holes,
larger than stellar-mass ones but smaller than supermassive ones, might serve as seeds for
SMBHs. They could form through the collapse of massive stars and evolve into SMBHs
through accretion and mergers. In contrast to astrophysical processes, primordial black
holes (PBHs) offer an explanation for early universe SMBHs but lack direct evidence and
clear formation mechanisms. All these mechanisms collectively contribute to our evolving
understanding of the SMBHs at the centers of galaxies. However, we aim to propose a
mechanism that can overcome the shortcomings of these models and predict the abundance

of SMBHs in the early universe. We outline the dissertation as follows.



In Chapter [2, this dissertation embarks on a journey into the depths of the uni-
verse, seeking to unravel the mysteries surrounding the birth of SMBHs. While the existence
of these gargantuan black holes is well-established, their origin remains a topic of intense
scrutiny and debate. To navigate this complex cosmic terrain, we delve into a scenario that
explores the pivotal role of self-interacting dark matter in the formation of SMBHs during
the early epochs of the universe. One of the central propositions of this dissertation is the
concept of gravothermal instability within self-interacting dark matter halos. Gravothermal
instability, a phenomenon within the realm of gravity and thermodynamics, posits that the
central regions of these dark matter halos can undergo a collapse process that ultimately
gives birth to a seed black hole. This idea forms the core of our exploration into the genesis
of SMBHs. Crucially, we recognize that the presence of baryons within protogalaxies can
significantly influence the dynamics of dark matter halos. This influence, as we shall eluci-
date, has the potential to accelerate the gravothermal evolution of these halos, shortening
the timescales for the central collapse. The interplay between dark matter and baryonic
matter in the early universe is a key focus of our inquiry. Moreover, this research delves into
the dissipative aspects of this process, where viscosity induced by self-interactions acts as a
catalyst for the dissipation of angular momentum within the central halo. This mechanism
is integral to the subsequent formation of SMBHs and is a critical element of our proposed
scenario. However, the emergence of SMBHs through this mechanism is not a ubiquitous
outcome. It is contingent upon the host halo being situated on the high tails of density fluc-
tuations. In other words, high-redshift SMBHs are expected to be rare occurrences within

this framework, offering an explanation for their scarcity in the early universe.



In Chapter [3] the dissertation further delves into the dynamics of this central core
within the framework of general relativity. By assuming a truncated Maxwell-Boltzmann
distribution to model the dark matter distribution in the central core, the Tolman-Oppenheimer-
Volkoff equation is employed to analyze a series of equilibrium configurations. We investigate
the conditions under which general relativistic instability is triggered within the collapsed
region. This analysis allows us to examine the dynamical instability of the core by consid-
ering various factors, including total energy, binding energy, fractional binding energy, and
the adiabatic index. The results obtained shed light on the conditions under which these
cores collapse into the seed black holes that eventually evolve into SMBHs. This repre-
sents a crucial step in the evolution from a dense core to a bona fide black hole. Through
a rigorous numerical analysis, we ascertain the specific criteria that must be met for this
transition to occur.

The implications of this work are profound. Not only does it offer a plausible
mechanism for the formation of SMBHs, but it also provides crucial constraints on various
collapse models, particularly those involving dissipative dark matter interactions. These
constraints are invaluable for refining our understanding of the early Universe’s structure
and the role dark matter plays in shaping it. Furthermore, these findings extend beyond the
formation of SMBHs. Indeed, they offer a unified explanation for the diverse dark matter
distributions observed within galaxies today. By shedding light on the intricate interplay
between self-interacting dark matter and the dynamics of the early universe, this research
bridges the gap between cosmological observations and theoretical astrophysics. However,

the dissertation is not only limited to the classical realm of astrophysics.



In Chapter [4, we extend the investigation into the realm of spacetime dimension-
ality. We explore the impact of higher dimensions on the dynamical instability, revealing
that (3+1)-dimensional spacetime holds a unique position as the “marginal dimensional-
ity.” This dimensionality facilitates the stability of the ideal monatomic fluid while avoiding
excessive stability. It is also the unique dimensionality allowing stable hydrostatic equilib-
rium in the presence of a positive cosmological constant—a key feature in understanding the
cosmic evolution. In contrast, higher dimensions (/N > 3) exhibit genuine instability, while
(2+1)-dimensional spacetime is deemed “too stable,” offering insights into cosmic censor-
ship conjectures and the formation of Baniados-Teitelboim-Zanelli (BTZ) black holes. Here,
the role of a negative cosmological constant becomes paramount, leading to the emergence
of BTZ black holes and fluid disk equilibrium configurations. This dimensionality analysis
has profound implications for our understanding of the cosmos.

In Chapters [5], however, we examine the dynamical instability of self-gravitating
thermal systems in the quantum realm. Quantum degeneracy pressure, often considered an
obstacle to gravitational collapse, emerges as a pivotal role in triggering general relativis-
tic instability. Additionally, we discuss the formation of massive black holes in the early
universe from the collapse of thermalized dark matter clumps. These insights contribute to
our understanding of the intricate interplay between quantum effects and gravitation in the
cosmos. Intriguingly, the research explores the role of Fermi-degeneracy pressure and Bose-
Einstein condensates in the dynamical instability of self-gravitating thermal systems. Our
analyses broaden the scope of applicability, highlighting the relevance of these mechanisms

in various cosmological scenarios.



In Chapters [6] and [7], we consider two possible probes that could bridge theoreti-
cal studies to observation. In Chapter [6] we examine the self-interacting dark scalar spike
around a non-spinning black holes by self-consistently solving the relativistic Bondi accre-
tion, in which a quartic self-interaction is considered. The analysis reveals critical insights
into the interplay between dark matter and black holes, unveiling a lower bound on the
accretion rates and the peculiar density profile within the self-gravitating regime. In Chap-
ter [7, we compare the merger rates of PBH binaries with masses around the solar scale
to the extremely mass ratio inspirals (EMRIs) into SMBHs, in which the detectability is
accessible given the gravitational wave technology. The study helps differentiate various
black hole seeding mechanisms and the potential dark matter candidates, setting up an
upper bound on the merger rates through gravitational waves.

All in all, this dissertation embarks on a multifaceted journey through the cosmos,
exploring the intricate relationships between SMBHs, self-interacting dark matter, space-
time dimensionality, accretion, and the merger rates. It seeks to unravel the enigma of early
universe SMBHs and the role dark matter plays in their formation, while also shedding light
on fundamental questions surrounding the nature of spacetime itself. Through investigation
with mathematical rigor, this work contributes valuable insights to our evolving understand-
ing of the cosmic tapestry that surrounds us, pushing the boundaries of human knowledge

ever further into the cosmic unknown.



Chapter 2

Seeding Supermassive Black Holes

with Self-interacting Dark Matter

Astrophysical observations of high-redshift quasars indicate that ~ 10° M, black
holes exist when the Universe is just 800 Myr old after the Big Bang (z ~ 7), see [I] for
a review. The origin of these supermassive black holes (SMBHs) is still a mystery. In
particular, it is extremely puzzling how they could become so massive in such a short time.
A popular idea is that there exist heavy seed black holes in the early Universe and they
grow massive by accreting baryons. Assuming Eddington accretion, we can relate the black

hole mass (Mpy) and its seed mass (Mgeeq) as [3]
Mgy = Mgeeq exp(At/T), (2.1)

where At is the elapse time and 7 = (450/ fraq)[e/(1 — €)] Myr. € is the radiative efficiency

assumed to be 0.1 [4], and frqq is the Eddington ratio, characterizing the accretion efficiency.



Consider J1007+2115, the most massive known quasar with Mpy ~ 1.5 x 10° Mg
at z > 7.5 [5]. Taking fgaq ~ 1, we estimate Mgeeq ~ 10 Mg if it forms at z ~ 30,
i.e., At = 597 Myr to its observed z = 7.51. Such a seed is too massive to be produced
from collapsed Pop IIT stars [I], but it could form through the direct collapse of pristine
baryonic gas [6, [7]; see also [§]. The latter scenario predicts Mgeeq ~ 10°-10° M. However,
observations show there is another population of high-z SMBHs with frqq much less than
1 [9, 10]. For example, J1205-0000 is observed at z = 6.7 with Mpy = 2.2 x 10° Mg, and
fBad = 0.16 [9]. The Eddington accretion then implies it grows from a seed with a mass of
2 x 108 Mg, at z ~ 30, too heavy to be produced via the direct collapse of gas.

In this chapter, we study the scenario of gravothermal collapse of self-interacting
dark matter (SIDM) [T} 12} 13] in explaining the origin of high-z SMBHs. Dark matter
self-interactions can transport heat in the halo over cosmological timescales [14}, [15], [16], [17].
As a gravothermal system, the SIDM halo has negative heat capacity [18]. The central
region could become hot and collapse to a singular state with a finite mass at late stages
of the evolution [19] 20]. Thus SIDM has a natural mechanism in triggering gravitational
stabilities, a necessary condition to form a black hole. Recent studies also show that SIDM
is favored for explaining diverse dark matter distributions over a wide range of galactic
systems, see [I3] for a review. It is intriguing to explore an SIDM scenario that may explain
the origin of the high-z SMBHs and observations of galaxies at z ~ 0.

We adopt a typical baryon mass profile for high-z protogalaxies, and show the
collapse time can be shortened by a factor of 100, compared to the SIDM-only case. Even for

the self-scattering cross section per unit mass o/m ~ 1 cm?/g, broadly consistent with the



value used to explain galactic observations [13], the central halo could collapse sufficiently
fast to form a seed for z 2 7. Depending on the halo mass, this scenario could explain
both populations of high-z SMBHs with frgqq ~ 1 and 0.1. It also has a built-in mechanism
to dissipate angular momentum remanent of the central halo, i.e., viscosity induced by the
self-interactions. We will further show when the 3D velocity dispersion of SIDM particles
in the collapsed central region reaches 0.57¢, the general relativistic (GR) instability can
be triggered. We demonstrate a unified SIDM scenario that could explain observations of

galaxies today and high-z SMBHs. In the appendices, we provide additional information.

2.1 Gravothermal evolution

We use a conducting fluid model [19} 21] to study the gravothermal evolution of
an SIDM halo, as it yields high resolution for us to closely trace the collapse process. To
capture the influence of baryons, we extend the original model with a baryonic component.

The evolution of the halo can be described by the following equations

oM, _ 47rp Opxy) — _ G(My + My)py
or X or r2 ’
0L, 9 9 Vi L d(mvi [k)
or T an’ 4772 or (22)

where M,, py, vy, and L, are dark matter mass, density, 1D velocity dispersion, and lumi-
nosity profiles, respectively, and they are dynamical variables and evolve with time; Mj, is the
baryon mass profile in the host galaxy; k is the Boltzmann constant, G is the Newton con-

stant, and D; denotes the Lagrangian time derivative. Heat conductivity of the dark matter



fluid k can be expressed as k = (fifmlfp + H;rifp)_l, where Kimgp ~ O.27C’pxyiak/(Gm2) and
Ksmfp ~ 2.1vyk/o denote conductivity in the long- and short-mean-free-path regimes, re-
spectively, and we set C' ~ 0.75 based on calibrations with N-body simulations [22], 23].
In the short-mean-free-path regime, heat conduction can be characterized by the self-
interaction mean free path A = m/p,o and Kn = A\/H < 1, where H = (V§/477pr)1/2 is
the scale height. In the long-mean-free-path regime, it’s characterized by H and Kn > 1.
We assume the initial halo follows a Navarro-Frenk-White (NFW) profile [24] with
rs and pg as its scale radius and density, respectively. The boundary conditions are M, = 0
at r =0, M, = My and L, = 0 at r = raq9, where Msgg and 7299 are the virial halo mass
and radius, respectively. We adopt the baryon mass profile M;(r) ~ 0.1(4mwpsr3)(r/rs)%5,
based on cosmological hydrodynamical simulations of protogalaxies at z ~ 17 [25]; see
Appendix [A] As an approximation, we assume the baryon mass profile is static and it does
not evolve with time. In SIDM, the baryon profile may become more diffuse because of
halo core formation [26], 27]. However, if baryon infall occurs early before a large core
forms, the distribution can be as compact as the one in the collisionless limit [28], 29]. In
addition, since the baryons would further contract as the collapse starts, our approximation
could be conservative, see, e.g., [29]. We then recast the fluid equations with dimensionless
variables and solve them numerically using the method as in [22] 23]. The fiducial quantities
relevant for later discussions are My = 4mpsrd, to = 1/\/ArGps and (o0/m)g = 1/(rsps);
hence M, (r) = 0.1My(r/75)°. We then map dimensionless outputs from the simulations to

physical ones assuming Planck cosmology, i.e., h = 0.67, 2, = 0.315, and Q = 0.685 [30].
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Figure 2.1: Gravothermal evolution of the dark matter density vs. enclosed mass in the
presence of the baryonic potential (solid), as well as the fixed baryon profile (dash-dotted).
Each dark matter profile is labeled with its corresponding evolution time, and the vertical
dotted line indicates the mass of the central halo that would eventually collapse into a seed
black hole. The insert panel illustrates the evolution of the averaged dark matter density
of the central halo with (solid) and without (dashed) including the baryons.

2.2 Roles of baryons

Fig. [2.1] shows the gravothermal evolution of the dark matter density vs. enclosed
mass (solid) in the presence of the baryons (dash-dotted), where we fix (o/m)(rsps) = 0.2.
The insert panel illustrates the average inner density vs. evolution time with (solid) and
without (dashed) including the baryon mass. The average inner density (py in) is calculated
within the central region where the enclosed mass equals to that of the seed black hole, as
we will explain later. With the baryons, the halo does not form a large density core and it
quickly evolves into the collapse phase [31] [32]. Its density keeps increasing and eventually
becomes super-exponential in the end. The collapse timescale is t. = 8.41ty, a factor of

~ 100 shorter than the one predicted in the SIDM-only case with the same interaction
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strength. We have also considered a Hernquist profile [33] to model the baryon distribution
and obtained a similar result if the baryon distribution is compact.

We also see that as the central density increases for ¢ 2> 8.4¢, the enclosed mass
for a central region remains almost a constant M;, ~ 1.8 x 1073M,. This is the region where
the halo is in the short-mean-free-path regime. A similar phenomenon also occurs without
including the baryons [19]. For the SIDM-only case we consider, the corresponding My, /My
value is 4.2 x 1072, which is larger than the one with the baryons. As the halo evolves
further, the density continues increasing and the central halo (Kn < 1) would eventually

collapse into a singular state, a seed black hole. We assume the seed mass Mgeeq = Min,

suggested by numerical studies of collapsed massive stars [34].

2.3 Seeding supermassive black holes

To explain the origin of high-z SMBHs, the initial halo must be sufficiently heavy
and collapse fast enough. We first check the scaling relations M;, «x My < Msy, and
te o r;1p§3/2 o M;Oygcgozﬂ(l + z)_7/2 [23], where co0g = 7r200/7s is the halo concentration.
Apparently, t. is very sensitive to cogg. There is a tight correlation between cogg and Magg
for halos at z < 5, but the cogg distribution at higher redshifts is less known. There is
a trend that cogg gradually becomes independent of Mgy and its median asymptote to
ca00 ~ 3 at z ~ 5-10 [35], B6]. We fix co0p = 3, and leave with two parameters My and z
to vary.

Fig. shows benchmarks (red) that could explain the origin of the SMBHs

J1205-0000 with the Eddington ratio fgqq = 0.16 [9] (upper panel) and J10074-2115 with
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Figure 2.2: SIDM benchmarks (red) that could explain the origin of the SMBHs J1205-
0000 (labeled as “1”, upper panel) and J1007+2115 (“6”, lower panel) with an observed
Eddington growth rate of frqq = 0.16 and 1.06, respectively. Other samples can be found
in Appendix The black curves indicate their Eddington accretion history. For each
red arrow, the markers on higher and lower z end denote initial halo and seed masses,
respectively, and the horizontal difference between the two ends indicates the timescale of
gravothermal collapse. The blue shaded regions indicate the ratio of the critical density
fluctuation to the halo mass variance. The magenta bands denote the mass range of the
seed produced via the direct collapse of pristine gas. The gray curves are Eddington growth
history of other high-z SMBHs with fgqq ~ 0.1 (upper) and ~ 1 (lower).
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fraa = 1.06 [5] (lower panel). The black curves indicate their Eddington accretion history
reconstructed using Eq. For reference, the gray ones denote the accretion history of
other high-z SMBHs with fgqq ~ 0.1 (upper) [9, [10] and those fgqq ~ 1 (lower) [5l 37, [38,
39, [40]. We have checked all of them (gray) could also be explained within our scenario.
The direct collapse of pristine gas could provide massive enough seeds (magenta) for the
SMBHs with fgqq ~ 1, but not those with fgqq ~ 0.1 [9].

As the redshift of the initial halo increases, the favored halo mass becomes smaller,
because the seed black hole has more time to grow. To explain the origin of the SMBHs
with fgqq ~ 1, the mass is in a range of Mgy ~ 10°-10' M, for z ~ 11-9. For those with
frdaa ~ 0.1, My needs to be relatively higher, ~ 10'1-10'2 Mg, as their growth rate is
much smaller and a heavier seed is required. We have checked that the overall trend holds
for halos with z 2 11.

As an example, we take the case with (Magg/Me, z) = (6.8 x 10, 8) that seeds
J1205-0000, the most challenging SMBH, to demonstrate our derivation. For the halo,
ps =~ 8.1 x 10" My /kpc? and r¢ &~ 10 kpc. Hence the fiducial parameters are ¢y = 15 Myr,
My = 1.1 x 102 Mg and (o/m)g = 5.8 cm?/g. The seed mass is Mi, = 1.8 x 1073My ~
1.9 x 10° M, and the collapse time t.= 8.4tq ~ 126 Myr, and the self-scattering cross section
o/m =~ 1.2 cm?/g. Since z = 8 is equivalent to t = 642 Myr after the Big Bang, the seed
forms at 766 Myr (z = 7). For an SIDM-only halo with the same parameters, we find
t. ~ 103tg ~ 15 Gyr, too long to form a seed.

To speed up the collapse process in the absence of the baryonic influence, one would

need to take much larger o/m and ca0p [22], or consider dissipative self-interactions [41],

14



23, 42]. For comparison, our scenario predicts o/m ~ 1 cm?/g within a minimal elastic
SIDM model that has been shown to explain dark matter distributions in the spirals [43],
Milky Way satellites [44], and dark-matter-deficient galaxies [45]. It’s important to note
dwarf galaxies at present that favor a large density core are those with diffuse baryon
distributions [46]. Thus their host SIDM halos would still be in the core-expansion phase

and a shallow density profile is expected.

2.4 Density fluctuations

For the benchmark cases, the halo mass is in the range of 109-10'2 M, for z ~ 11-8.
We use the standard Press-Schechter formalism [47] to examine conditions for realizing
those halos in the early Universe. The halo mass function scales as dn(M,z)/dM
exp[—062(2)/20%(M)] [48], where d.(z) is the critical density fluctuation at z and o(M)
the mass variance. We shaded the regions with various values of d.(z)/o(M) in Fig.
(blue). As expected, the halo mass increases as the density fluctuation increases and more
massive halos form at later times.

The halos for seeding the SMBHs with a sub-Eddington (Eddington) accretion
rate correspond to 0.(z)/o(M) ~ 4-6 (3-5). In addition, the baryon concentration of host
galaxies needs to be high as well such that the gravothermal collapse could occur fast
enough. Thus our scenario predicts that high-z SMBHs should be rare. Indeed, obser-
vations show they are extremely rare in the Universe. Quasar surveys indicate that the
number density of luminous (Lagn = 10%6erg/s) high-z SMBHs with Mgy ~ 10° M, is

< 1077 Mpc~? [49, I, 50]. The ratio of their mass to the dynamical (gas+stars) mass is
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Figure 2.3: The pressure-averaged adiabatic index (7) (red) and the critical index v, (black)
vs. the central 3D velocity dispersion for each GR configuration (dot). When (v) < ~er,
the system triggers the GR instability. In the Newtonian limit, (7) = 5/3 for a monatomic
ideal gas, and the instability condition is (y) < 4/3.

Mgy /My, ~ 1/100-1/30 [50]. Taking Mj,/Mago ~ 0.2, we find Mpy/Magy ~ (2-7) x 1073,
broadly consistent with our prediction. We also note that baryon infall can occur for a halo
heavier than 5 x 103[(1 + 2)/10]*5 M, [48], and all of the benchmarks satisfy this condition

easily.
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2.5 Angular momentum

The angular momentum remnant of the inner halo could counter gravity and even
slow down the gravothermal collapse. Besides, there is an upper limit on the specific angular
momentum of a black hole, Jgu/Mpn < (G/c)Mpn ~ 1.4x10~*(Mpu /107 My ) kpc - km /s [51].
Consider the benchmark with (Mag0/Mg, z) = (6.8 x 10!, 8) again, dark matter particles
within the radius ri, = 0.063r5 =~ 0.63 kpc of the initial NF'W halo would collapse to a seed,
where the total enclosed mass is Mj,. We find J, /M, ~ 8 kpc - km/s for the halo within
Tin, based on a universal fitting formula [52]. This is a factor of 100 larger than the allowed
value for a 109 M, seed.

Fortunately, dark matter self-interactions that lead to heat conductivity also in-
duce viscosity, which dissipates the angular momentum remnant. In the long-mean-free-

path regime, we find it decays as

(2.3)

o Ti :OX G/m)y37"1n
J}g ~ J, exp [ m/ A ,

where ch and J}g are the initial and final angular momenta of the central halo within ry,,
respectively; see Appendix [C] for the derivation. For the benchmark, we have ri, = 0.063r,
My = My = 1.8 x 1073 Mo, py(rin) = 14ps, 0/m = 0.2/(rsps) and vy (rin) = 0.48/A7Gpsrs.
We find the timescale for achieving Jg ~ 10_2Jf< is At ~ 0.2¢p, much shorter than that
of gravothermal collapse t. = 8.4t5. We have checked that the other five benchmarks in
Fig. [2.2] satisfy the dissipation condition. In SIDM, viscosity and conductivity share the

same microscopic nature, and both effects are critical for seeding the SMBHs in our scenario.
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2.6 Relativistic instability

As the central density increases, the velocity dispersion of the collapsed central
region increases as well [19], and it would eventually approach the relativistic limit. To
see the fate of the central halo where Kn < 1, we examine conditions for reaching GR
instability. Motived by early studies on globular cluster systems [53] [54], we assume that
the number density of SIDM particles in the central halo at late stages follow a truncated

Maxwell-Boltzmann distribution

(e—s/kT _ e_gc/kT)d?’p(e) (E < €c)
dn(r) (2.4)

0 (e>e),

where T, €, and p are temperature, energy, and momentum; respectively; €. is the cutoff
energy, above which the particle escapes to the boundary. Given the distribution in Eq.
we use the method in [54] and solve the Tolman-Oppenheimer-Volkoff equation to find
density and pressure profiles for the collapsed central region, where we impose the boundary

2. For each configuration, we follow Chandrasekhar’s criterion [55],

condition K7T" = 0.1mec
and calculate the critical adiabatic index 7., and the pressure-averaged adiabatic index (7).
The sufficient condition for the system to collapse into a black hole is (y) < 7er. We will
discuss technical details in a companion paper [56] (also in Appendix [E| and Chapter (3)).
Fig. shows the averaged adiabatic index () (red) and the critical index e,
(black) vs. 3D velocity dispersion at the center for each configuration denoted as a dot.

As the velocity dispersion increases, its averaged index (v) gradually decreases from its

non-relativistic limit for monatomic ideal gas 5/3 towards the ultra-relativistic limit 4/3.
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In contrast, the critical index - increases from the Newtonian limit 4/3 [57]. This is
because as the pressure starts to dominate the energy density towards the GR limit, it
destabilizes the system instead. The relativistic instability occurs when the 3D central
velocity dispersion approaches 0.57¢ and (y) = v ~ 1.62, at which the corresponding

fractional binding energy is 0.033.

2.7 Conclusions

We have presented a scenario that could explain the origin of high-z SMBHs with
Eddington and sub-Eddington accretion rates. The presence of baryons in protogalaxies
could deepen the gravitational potential and expedite the gravothermal collapse of an SIDM
halo. The favored self-scattering cross section is broadly consistent with the one used to
explain diverse dark matter distributions of galaxies. In this scenario, dark matter self-
interactions induce viscosity that dissipates the angular momentum remnant of the central
halo. The initial halo must be on high tails of density fluctuations, which may explain why
high-z SMBHs are extremely rare in observations. We also checked that the GR instability
condition can be satisfied. The upcoming and future facilities are expected to search for
quasars with a wide range of luminosities [50]. The observations would provide a more

complete picture of populations of high-z SMBHs and further test our scenario.

19



Chapter 3

Dynamical Instability of Collapsed

Dark Matter Halos

The study of dynamical instability of a self-gravitating system and its collapse
to a black hole has a long history [55, 58]. Early work analyzed the evolution of stellar
clusters in general relativity and examined conditions for their relativistic instability with
linear perturbation theory [59) 60, 61]. The techniques and tools of numerical relativity and
N-body simulations were further developed in [62, [63], [64], which can be used to trace full
evolution in the nonlinear regime.

Recently, we proposed a scenario to explain the origin of supermassive black holes
in the early universe [65]; see also [22, [41], [66]. This is based on the mechanism that a
self-interacting dark matter halo can experience gravothermal collapse. Dark matter self-
interactions can thermalize the inner halo over cosmological timescales [111 14 [15] 16} [67,

12, [68), [69]; see [13] for a review. As a self-gravitating system with a finite size, the halo
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has negative heat capacity, and the self-interactions transport heat from the central region
at late stages of the evolution, resulting in a core with an ultrahigh density [19] 21}, 23|
42]. The core can further contact and collapse into a seed black hole [20], which would
grow into a supermassive one by accreting baryonic matter. We used a semi-analytical
method and derived the condition for triggering dynamical instability of the core. Following
Chandrasekhar’s criterion [55], i.e., requiring the pressure averaged adiabatic index of the
gravothermal system to be less than its critical adiabatic index, we found the instability
occurs when the 3D central velocity dispersion of dark matter particles reaches ~ 0.57¢ at
which the adiabatic index is 1.62.

In this chapter, we systematically study the dynamical instability of a collapsed
halo. We use a truncated Maxwell-Boltzmann distribution to model the dark matter distri-
bution near the relativistic limit. This is well motivated, as the self-interactions thermalize
dark matter particles. In addition, the core is gravitationally bound and particles with a
sufficiently high velocity can evaporate and escape from the gravitational pull of the core.
We then implement the distribution with the Tolman-Oppenheimer-Volkoff equation [70, [71]
and find a series of equilibrium solutions. For each of them, we evaluate its thermal dy-
namical properties and test its instability. Besides the Chandrasekhar’s criterion, we will
use the turning-point method [72} [73] [74] to examine instability conditions based on con-
siderations of total energy, binding energy, and fractional binding energy, as illustrated in
Fig. schematically.

We will compare our numerical results to those from relativistic N-body simula-

tions [63] and show that the agreement is excellent, i.e., they all indicate that the system
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can collapse into a black hole when the fractional binding energy reaches 0.035 with a
central gravitational redshift of 0.5. Thus the method developed in this work may have
broad applications as it is computationally inexpensive. We will further study conditions
for the classical Maxwell-Boltzmann distribution to be valid, and discuss their implications
for constraining models proposed to explain the origin of supermassive black holes via the
gravothermal collapse of dark matter halos. In particular, we show that although the pres-
ence of dissipative interactions could help speed up the gravothermal evolution of a halo,
they may make it difficult for the core to eventually collapse into a black hole because of
energy loss.

The chapter is organized as follows: We present the classical truncated Maxwell-
Boltzmann distribution and its Tolman-Oppenheimer-Volkoff equation in Sec. We
discuss instability conditions and numerical results in Sec. We study conditions for the
classical distribution to be valid and constraints on dark matter models in Sec. discuss

connections with the nonrelativistic fluid model in Sec. 3.4} and conclude in Sec.

3.1 The truncated Maxwell-Boltzmann model

We treat the high-density central region of a collapsed SIDM halo as a gravi-
tationally bound system. Since dark matter particles with sufficiently high energies will
evaporate and move to the outer envelope, it is natural to introduce a distribution function
with an energy cutoff to model the system. In this work, we take a truncated Maxwell-
Boltzmann distribution, based on Michie-King models [75, [76]. Consider the following

general form [77), [54]
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Gravothermal collapse
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Total energy criterion

Further
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Fractional binding
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Adiabatic
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Seed black hole

Figure 3.1: Schematic illustration of the formation of a seed black hole via the gravothermal
collapse of a self-interacting dark matter halo. At late stages of gravothermal evolution,
the halo can be divided into two regimes, i.e., a collapsed central core with an ultrahigh
density (orange) and a cuspy outer envelope (gray). As it further contracts, the total mass
of the collapsed core remains almost constant. The elliptical circles denote the sequence of
dynamical instability conditions when the core collapses into a seed black hole.

_ 1— e(e—Ec)/kBT
f(€_€c)—m, fle>e€)=0, (3.1)

where € is the kinetic energy, €. the cutoff energy, T" the temperature and p the chemical
potential. And they are a function of radius. The number factor n is +1 and —1 for bosons
and fermions, respectively, and kp is the Boltzmann constant. Note € = \/W —
mc?, where |p| is the momentum and m the mass of dark matter particles, and we have
subtracted the rest mass in defining u. For a dilute gas of classical particles, e — u > kT,

the distribution function reduces to the truncated Maxwell-Boltzmann form

fle < e) = etkBT (em/kBT _ g=ec/kBT  f(e > ¢) = 0. (3.2)
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We introduce the following dimensionless variables [78], w(r) = e.(r)/kgT(r),
a(r) = u(r)/kgT(r), and b = kgT(R)/mc?, where R is the boundary radius of the system.
Following the Tolman-Klein law [79] [80] for a gravothermal system, we have the relation
w(r) = a(r) — a(R). The temperature at a given radius is related to the one at r = R
as T'(r) = T(R)/[1 — bw(r)]. It indicates that the system does not follow an isothermal
distribution globally in general relativity, although it can be achieved locally.

Given the distribution function, one can readily derive the equation of state and
express the number density n, energy density p, thermal energy density u, and pressure p

as

n(r) =4v/2mgm3(c* [h3)e2 P I, (b, w),
p(r) =4v2mgm*(c* /h%)e* P, (b, w),
(3.3)
u(r) =4v2rgm*(® /1?)e* P 1, (b, w),
p(r) =(8/3)V2mgm* (¢’ /1*)e* P I, (b, w),
respectively, where g = 2541 is the spin multiplicity of dark matter particles, h the Planck

constant as a normalization factor, and c the speed of light; the I(b, w) functions stand for

integrals of [54]
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For the model we consider, the Tolman-Oppenheimer-Volkoff equation can be writ-

ten as

(3.5)

dr dr Cre2

dM 9 dw G (1—bw\ 4mprd + Mc?
—— =dnur P, . = )
b re?2 —2GM

where G is the Newton constant, M (r) is the enclosed mass at radius r, and p(r) the density.
We impose the following boundary conditions: M =0 and w = w(0) at r = 0; M = M(R)
and w = 0 at »r = R. To further simplify the calculation, we introduce a fiducial length

scale defined as [54]

1/2
¢ = Ao <@> ( s ) with 7 = (7, (3.6)

m ge(R)

where mp; = (he/G)Y? is the Planck mass and Ac = h/mc the Compton wavelength of
the particle. With the fiducial length, we can express thermal dynamical quantities of
the system using their corresponding dimensionless counterpart denoted with a “hat” as
n = (2/Gme2)n, p = (2/GC)p, u = (G, p = (1/GC2)p and M = (2¢/G) M, and
uniquely determine their profiles for a given set of b and w(0).

To trigger the onset of dynamical instability, the system needs to be in the rela-
tivistic limit. This requirement puts constraints on b and w(0). It is useful to consider the
product of b and w(r), the normalized cutoff energy

ec(r)/mec?
bw(r) = (r)/

1+ e(r)/me?’ (3.7)

where we have used the relation T(r) = [1 + ec(r)/mc*] T(R). In the ultrarelativistic limit
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Figure 3.2: 3D velocity dispersion (left) and adiabatic index v (right) vs. normalized cutoff
energy bw = e./(mc® + e.) for b = kgT(R)/mc* = (0.5, 0.1, 0.03, 0.01, 0.001). The
dashed horizontal lines denote v/c = 0.57 (left) and v = 1.59 (right), at which the system
approaches the relativistic regime and dynamical instability may occur.

€. > mc?, bw — 1. In the opposite limit, bw — 0. Since b = kgT(R)/mc? determines the
temperature at the core boundary, a higher b value indicates a hotter thermal bath. w(r)
is related to the cutoff energy as w(r) = e.(r)/kpT(r). For w > 1, the distribution reduces

to the usual Maxwell-Boltzmann form without a truncation, as indicated in equation ([3.2)).

The 3D velocity dispersion v(r) = /3p/p = c¢\/2I,(b,w)/I,(b,w) also character-
izes the relativistic extent of the system. In [65], we showed that when v(0) approaches

0.57¢, dynamical instability can be triggered. In addition, the adiabatic index of the system

P 2 1,(b,w)
—1+8=142
v(r) + u + 3 I, (b,w)

(3.8)

approaches 4/3 and 5/3 in ultra- and nonrelativistic limits, respectively; see Appendix

for detailed derivation.
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To gain insight into instability conditions, we first use Eqgs. and , and
find the radially independent equation of state without imposing constraints from Eq. .
We choose b = 0.001, 0.01, 0.03, 0.1, and 0.5 and evaluate v and « as a function of bw, as
shown in the left and right panels of Fig. respectively. We see that it is easier to reach
the relativistic limit if b is higher, i.e., a hotter thermal bath. For b = 0.5, bw ~ 0.3 for
achieving v ~ 0.57c at which v ~ 1.59. But when b decreases to 1073, bw needs to be close
to 1. For the latter case, both v and ~ are hardly changed over the wide range of bw. For
low b, the equation of state is stiff, indicating that the system is hard to compress and reach
instability. The results shown in Fig. provide guidance in choosing boundary conditions

as we discuss further in the next section.

3.2 Dynamical instability

The instability of a self-gravitating spherical system sets in when the gravitational
energy becomes comparable to its mass energy, GM?/R ~ Mc? where M and R are
the total mass and characteristic radius, respectively. To be more quantitative, one often
considers the compactness of a system calculated as C = GM/c*R [57]. For a typical
neutron star, M ~ 2 My and R ~ 12 km, we have C' ~ 0.25. For a M ~ 10° Mg, black hole,
R ~ 2GM/c* ~ 3 x 10° km and C ~ 0.5. Its average density is ~ 6 x 10? kg/m3, lower
than the water density. As we will discuss later, for a gaseous sphere with M ~ 10° Mg,
C ~ 0.04 when the instability is triggered. Overall, the heavier the system, the easier for it

to collapse.
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3.2.1 The adiabatic index

A more concrete way to determine the system’s instability is by checking its adia-
batic index. Chandrasekhar first derived the instability conditions for a spherical system in
the context of general relativity [55]. Consider the background metric ds? = galgdxadxﬁ =

—e2®(M2dt? + 2 dr? 4 r2dQ, where ®(r) and A(r) satisfy the following conditions

9 (T/)T/3+M(T,)CQ QGM(T‘) -1
20(r) _ p ! 2A(r) — (1 - 22220
e exp </T (72) — 2GM () dr’ ), e 1 o ) (3.9)

The pulsation equation of a perfect fluid is given by [55]

W2e2(A—®) (p + ﬁ) = 4@5 _ein 4 [ewad(rze%)]

c2 rdr dr r2 dr
87TG o D 1 dp\?
kit Pe ep 1
+ e p(p+c2>f 2 p\ar 3 (3.10)

where £ is the Lagrangian displacement and w is its corresponding oscillation frequency. If
w? < 0, the Lagrangian displacement & receives unbounded growth and the self-gravitating
system becomes unstable. The boundary conditions for Eq. are £(0) = 0 and p(R) =
0.

Choosing the Lagrangian displacement ¢ = re® that satisfies the boundary con-
ditions, one can show that the system becomes unstable if the pressure-averaged adiabatic

index (7) is less than the critical adiabatic index ¢,

R <
_ f(] 7€3¢+Apd57“

TR 304,93
fo e pd°r

(M)

< Yer, (3.11)
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where

1 fOR e3®HA16p + (22 — 1)(pc® + p)](e2X — 1)r2dr

4
r =5 3.12
Tr =37 35 foR 3+ Apr2dy (3.12)
Ay foR @M 8p + (e2A + 1)(pc? + p)|pridr . 16722 foR 3P+5A (pe? +p)p27,6d7..
9¢2 fOR e3®+Apr2dy 9ct fOR e3®+Apr2dy

see Appendix The choice of ¢ is not unique, but the result is not sensitive to the
particular form of ¢ as long as the boundary conditions are satisfied [55]. In the limit
p > p/c® and ®,A — 0, the pulsation equation reduces to its Newtonian form
and v, = 4/3; see Appendix for a heuristic derivation in the Newtonian limit. For a
monatomic ideal gas, 4/3 < (y) < 5/3 [81,[82,57]. Thus the instability could hardly occur in
the context of Newtonian gravity. On the other hand, in general relativity 7., increases due
to relativistic corrections, which are O(p/pc?). As a result, the spherical system can reach
the dynamical instability condition (y) < . before the particles become ultrarelativistic,

ie., (y) — 4/3 as p — pc?/3.

3.2.2 The turning-point method

Aside from the instability condition based on the adiabatic index, we will also
use the turning-point method [72] [73], [74] and show the former could be conservative, i.e.,
dynamical instability could occur before the condition shown in Eq. is satisfied. Once
the boundary temperature parameter b is fixed, the equation of state only depends on one
parameter, i.e., the central energy cutoff w(0). We can define an energy functional S as a
function of those two variables,

S = §b,w(0)]. (3.13)
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The turning-point ansatz [74] states, for a fixed b value, the marginally stable

configuration reaches at

2= | =0 (3.14)

This tuning point separates the stable and unstable branches along the one parameter
sequence of w(0). The turning-point method has been applied to study various stellar
systems [83] [84], 85, 86] and gaseous spheres [87,,[88]. Our application is similar to those to a
rotating relativistic star [85] with its angular momentum being replaced by b in our model.

We consider S = {E, B, ¢}, where E, B, ¢ are total energy, binding energy,
fractional binding energy, respectively. The total energy E = Mc? is associated with the
Schwarzschild mass M of the sphere, the binding energy B = FEiest — E, and FElieg is the
total rest energy calculated as [82]

rebt—/ mn(r ( 2GM (r )>1/2d3r. (3.15)

rc?

The fractional binding energy is ¢ = B/FEyest. It is easy to see that the internal energy of
the system E — Eet = —B can be written as the sum of kinetic and potential energies,

R -1/2 R
E— Erest = / |:1 - WQ(M] U(’I“)d37‘ +/
0 0

rc rc

1- <1 — 2GM2(T)) _1/2] p(r)2d’r,

(3.16)

respectively, where u = (p — mn)c?.

We will find the parameter regions that satisfy
0S5/0w(0)|, =0 for S = E, B and ¢, respectively. The corresponding turning points sepa-

rate the stable and unstable branches of the sequence, and delineate various extents of insta-

bilities. We again convert E, Eyqs, and B into dimensionless quantities E= (G/*E = M ,
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Frest = (G/c*¢) Eyrest and B= (G/c*¢)B. We will also use the interior redshift

mc2 2R

Z(r) =% 1= <1 + M) (1 - 2GM(R)> e 1 (3.17)

to indicate the relativistic extent of the system. FKEither high €. or high compactness

GM(R)/c*R will lead to high interior redshift, though they are interrelated.

3.2.3 Numerical results

We use the fourth-order Runge-Kutta algorithm [89] to solve the Tolman-Oppenheimer-
Volkoff equation , together with Eq. , assuming the two input parameters b =
kgT(R)/mc? and w(0) = €.(0)/kgT(0). The algorithm is robust and well-suited to solve
implicit differential equations, especially when they are stiff as in our case. Given the re-
sults shown in Fig. we choose b = {0.1,0.2,0.3,0.5}. For each fixed b value, we scan
over the central energy cutoff w(0) and find corresponding equilibrium configurations. We
then evaluate their thermal quantities and examine their stability conditions. We collect
our numerical results in Table Appendix [G] and highlight the main findings in what
follows for b = 0.1.

Fig. |3.3| (top left) shows pressure-averaged adiabatic index (y) (blue) and critical
index 7., (orange) vs. 3D velocity dispersion v(0), and gravitational redshift Z(0). As v(0)
increases, (y) gradually decreases from its value in the nonrelativistic limit 5/3, while the
Yer increases from ~ 4/3 due to corrections in general relativity. It reaches the critical value
1.62 when v(0) = 0.566¢ [65], which corresponds to Z(0) = 0.750. The results are largely

insensitive to a specific value of b. For b = 0.1-0.5 we consider, according to the adiabatic
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index criterion, dynamical instability occurs when () reaches 1.62 at v(0) = (0.566-0.564)c,
corresponding to Z(0) = 0.750-0.622; see Table

The “insensitivity” reflects the degeneracy between the boundary temperature
b and the central cutoff energy w(0) in determining the equation of state as indicated
in Fig. In our numerical study, for given b, we scan w(0) to find the configuration
that satisfies the instability condition. If a system has a low boundary temperature, the
instability can be triggered only if the central cutoff is high enough so that the evaporation
effect is suppressed and more particles are retained on the high-energy tail. For example,
to satisfy the adiabatic index criterion, w(0) = 0.662 for b = 0.5, while w(0) = 4.05 for
b= 0.1, as shown in Table

Fig. 3.3| (top right) shows the fractional binding energy ¢ = (Erest — E)/Erest
(blue) vs. v(0) and Z(0). As v(0) increases, ¢ first increases and reaches its maximum
€max = 0.0352 at v(0) = 0.506¢, corresponding to Z(0) = 0.548, then decreases. From the
turning-point method, e,.x separates the equilibrium configuration into two branches, i.e.,
stable (solid) and unstable (dashed). The pattern is universal, i.e., epmax = 0.0352-0.0356
at Z(0) = 0.548-0.522 is the turning point for b = 0.1-0.5. We also find that (7y) = 1.63 at
the turning point of the fractional binding energy, which is slightly higher than 1.62 from
the adiabatic index criterion.

Earlier studies [59] [60, [61] suggest that a system becomes dynamically unstable
when its fractional binding energy reaches maximum. Fully relativistic N-body simula-
tions [63] show that the system can collapse to a black hole when € ~ 0.035 at Z(0) ~ 0.5,

in excellent agreement with what we find based on the semi-analytical method. In several
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unstable cases found in [63], the oscillation frequency of radial linear perturbations is still
positive, i.e., the adiabatic index condition is not satisfied. Thus the criterion e, > (7) is
a sufficient, but may not be necessary condition for the dynamical stability.

Fig. (bottom left) shows binding energy B = (Frest — E) vs. v(0) and Z(0). B
reaches its maximum Biax = 8.49 x 1074 at v(0) = 0.395¢, corresponding to Z(0) = 0.297,
then decreases. Buax separates the configuration into stable (solid) and unstable (dashed)
branches. Similarly, Fig. [3.3| (bottom right) shows the total energy E vs. v(0) and Z(0).
The maximum value of the total energy is Emax = 3.47 x 1072 at v(0) = 0.225¢ and
Z(0) = 0.087. According to the turning-point method, the system becomes unstable when
Emax or Bmax is reached. However, it is unlikely that the system could collapse into a black
hole at this stage. Instead, it would further evolve until the instability condition based
on fractional binding energy or adiabatic index is met. Fig. summarizes our numerical
results schematically and illustrates the sequence of dynamical instability conditions when
a self-interacting dark matter halo collapses to a black hole.

To see whether the four collapsing stages denoted in Fig. [3.] occur chronologically,
we need to trace the time evolution of a collapsing system. In Sec. we will estimate the
dynamical timescale for collapsing into a seed black hole for the configurations satisfying
the instability conditions shown in Fig.[3.3] It turns out that the timescale associated with
the total energy criterion is a factor of ~ 3 longer than the other three ones, which are
comparable. In this work, we search for quasi-equilibrium, static solutions to the Tolman-

Oppenheimer-Volkoff equation. It is interesting to see if the system deviates from quasi-

equilibrium after passing the total energy criterion, and we will leave it for future work.
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In Fig. we show radial profiles for normalized cutoff energy bw (top left),
cutoff energy e./mc? (top right), density p (middle left), 3D velocity dispersion v/c (middle
right), temperature kpT/mc? (bottom left), and adiabatic index v (bottom right), for
marginally stable configurations with criteria based on the adiabatic index (dash-dotted
orange), fractional binding energy (dotted purple), binding energy (dashed blue) and total
energy (solid magenta). We fix the boundary temperature to be b = kgT(R)/mc? = 0.1 and
adjust the central cutoff function w(0) to find the corresponding marginal configurations.
It is clear that e./mc?, so as for bw(0), becomes higher for a stronger instability condition,
which is expected. For a given configuration, the cutoff energy drops significantly towards
outer regions 7 — 1. The v and p profiles follow a similar behavior. The temperature
becomes higher towards the center due to the gravitational redshift effect. The adiabatic
index decreases towards inner regions as the pressure increases and the equation of state
becomes softer accordingly. And it is much softer for a stronger instability criterion, in
particular, the configuration with 7(0) ~ 1.59 has (y) = v¢ =~ 1.62.

We have also performed a finer scan of b values for marginally stable configura-
tions under the adiabatic index criterion, and the results are summarized in Table
Appendix For b = 0.09-5.0, the configurations that satisfy (7) =~ 7. = 1.62 have a
central velocity dispersion of v(0) = (0.588-0.566)c, compactness of C' ~ 0.0236-0.0793,
and the central redshift of Z(0) ~ 0.889-0.613. Thus the instability condition exhibits a
universal pattern. For b 2 1, pair production of dark matter particles could be relevant,

and we will leave it for future work.

34



3.3 Constraining dark matter models

We have demonstrated the conditions of dynamical instability for a gravothermal
system. Our study assumes a classical truncated Maxwell-Boltzmann distribution, which
neglects quantum statistics. To examine the validity of this assumption, it is useful to

calculate the de Broglie thermal wavelength in relativistic thermodynamics Agqg = //|p|.

Setting € = [\/1 + (pc/mc?)2 — 1Jmc? = 3kpT /2, we have
~1/2
3kpT\”
= 1 -1 . 1
AdB = Ac [( + 2m02> ] (3.18)

In the nonrelativistic limit kgT/ me? < 1, this reduces to the familiar expression \qp =
)\C\/W , where A¢ is the Compton wavelength, and typically A\gg > Ac. They
become compatible, Aqg ~ Ag, when the temperature is comparable to the particle rest
mass, i.e., in the relativistic regime. When the ultrahigh density core collapses, we demand
the thermal de Broglie wavelength much smaller than the average separation distance, i.e.,
n)\f’iB < 1, where n is the number density of dark matter particles. In the relativistic
regime A\gg ~ Ag, so we have n)\gB ~ (Mseed/mR3))\% < 1, where Mgeeq is the mass of
seed black holes. Using the compactness relation C' = G Mgeed/ Rc?, we can write ”)‘(31B =

C3(mp1/Mgeea)? (mp1/m)?, and hence

C \?/10° Mg\ /5 keV\*
nA3g & 0.27 <o.04> <M‘ d®> (m;) <1 (3.19)

Thus for given Mgeeq, we can derive a lower limit on the particle mass m.
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Consider a benchmark case discussed in [65], where the core of a 6.8 x 10'! Mg, halo
collapses to a seed black hole with Mgeeq = 1.9x10? M. Such a seed could further grow into
a supermassive black hole with a mass of 2.2 x 10° M, through accreting baryonic matter,
to be consistent with observations of the J1205-0000 quasar at redshift 6.7 [9]. J1205-0000
has a low accretion efficiency, and hence a massive ~ 109 M, seed is needed, assuming an
Eddington accretion history. Taking these into account, the particle mass needs to be larger
than a few keV such that the classical truncated Maxwell-Boltzmann distribution is valid.

We further check constraints on the boundary temperature b = kgT(R)/mc? and
the central cutoff energy w(0) = €.(0)/kpT(0). Consider a 10° M, core, when the onset of
dynamical instability occurs, the boundary radius is R = G Mgeeq/ Cc? ~ 1073 pc, where we
take C' = 0.04. Setting the characteristic length scale ¢ = A¢(mpi/m) (873 /ge*FN1/2 to be
R/R and taking m = 1 GeV/c2 and R = 0.37, see Table (b=0.1), we find a(R) =~ —44
for fermionic dark matter, g = 2. The central degeneracy «(0) = «(R)+w(0) must be much
less than —1 for classical distribution to be valid, i.e., —u(0)/kgT(0) > 1; see Eq. (3.2).
Thus there is an upper limit on w(0), i.e., w(0) < 43. As shown in Fig. (top left), the
instability condition requires bw(0) 2 0.3. For b ~ 0.1, we have w(0) 2 3. In this case, the
core can collapse to a seed black hole when the system is still in the classical regime where
quantum effects are negligible. On the other hand, for b ~ 0.001, the required w(0) would
be larger than 300. Thus for the core to collapse to a black hole in the classical regime, the
boundary temperature needs to be b = 0.1 at the onset of the instability.

This can be used to test the collapse models based on self-interacting dark matter.

In [65], the self-interactions are purely elastic and gravothermal collapse could occur early
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enough to explain the origin of supermassive black holes at high redshifts after taking into
account the effects of baryons. Recent studies [41], [66] consider dissipative interactions, as
they could speed up the onset of gravothermal collapse [23], 142, 00]. However, it is not
clear whether dynamical instability can be triggered in this case, as the temperature of
the central core may not reach the quasirelativistic limit, i.e., b ~ 0.1, due to the energy
loss induced by the dissipative interactions. It is possible that the energy release could be
confined within the collapsing core as the radiation particle has a mean free path much less
than the core radius. A detailed study is needed to further assess those models.

In this study, we have assumed a spherical symmetry. Dark matter self-interactions
lead to a spherical shape of the inner halo [14, 91]. They also induce viscosity that can
dissipate away net angular momentum of the core inherited from the main halo in a short
timescale [65]. Thus our spherical assumption is self-consistent and well justified. It is
interesting to see whether our work can be generalized to axisymmetric cases. However,
fully relativistic numerical simulations show that a marginally unstable system can collapse
into a black hole containing 90% of the total mass even if it rotates at the mass shedding

limit (Keplerian speed) [92, 93], [94].

3.4 Connecting to the conducting fluid model

Another direction is to develop a formalism that bridges the relativistic truncated
Maxwell-Boltzmann model in this work, the analytical SIDM halo model [12], as well as
the nonrelativistic conducting fluid model [I9]. The latter has been widely used to study

the gravothermal collapse of SIDM halos. The two essential parameters in our model, i.e.,
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boundary temperature b = kgT(R)/mc? and central energy cutoff w(0) = €.(0)/kgT(0),
would be ultimately related to the halo parameters and the self-interacting cross section.
To fully establish such relations, one would need simulations with a relativistic fluid model,
which is beyond the scope of this work. Here, we highlight a few useful comparisons between
our results and those in the relevant literature.

In the nonrelativistic limit bw(r) < 1, the Tolman-Oppenheimer-Volkoff equa-
tion for w(r) becomes dw/dr = —GM (r)/(br?c?). For the truncated model, one can

show [54]

@_ b
dr  1-—bw

o dw

dw
(p+ pc?) = bpc o (3.20)

where the last equality assumes the nonrelativistic limit. Thus we obtain the Newtonian
hydrostatic equation dp/dr = —GM (r)p/r?. Ref. [12] uses the hydrostatic equation and
proposes an analytical model to describe an SIDM halo when it reaches the maximal
gravothermal expansion. It further assumes an isothermal equation of state p = pv?/3
over the inner halo, where the 3D velocity dispersion v is a constant, and hence the adia-
batic index is fixed to v = 5/3. In this case, kgT/m = v?/3 is a constant, and we have a
simple relation of b = kgT/mc? = (v/c)?/3. Using the relation e.(r) = w(r)kgT, we find
de./dr = —GM (r)m/r?, thus €. is the escape energy as expected.

When the SIDM halo reaches its maximal expansion, v & Viax = 1.6475/Gps [12],
where Viax is the maximal circular velocity of the initial halo, rs and ps are its scale radius
and density, respectively. Since r; o M%g’ /200 and pg o C%oo/ fo00, Where Moy is the
halo mass, cog is the concentration and fapp = In(ca00 + 1) — c200/(c200 + 1), we obtain a

scaling relation of b o M%g 200/ f200 in the context of the analytical SIDM halo model [12].
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For a collapsed halo, v increases with the evolution time and it becomes much larger than
Vinax, as we will show an example later. It is interesting to see whether the scaling relation
b x M%g 200/ f200 still holds in the collapse phase. Qualitatively, if the initial halo has a
high mass and concentration, the collapsed inner halo has a large energy reservoir, leading
to a high boundary temperature.

We further compare our numerical results with simulations in [65] based on the
nonrelativistic conducting fluid model. Consider the J1205-0000 benchmark case again [65],
where p, &~ 8.1x107 Mg, /kpc® and r, &~ 10 kpc for the halo with a mass of 6.8 x 10'! M, and
Myeeq = 1.9 x 10° Mg [65]. Taking b = 0.1, the instability occurs when the compactness
reaches C' = 3.9 x 1072, see Table and we can obtain the boundary radius as R =
G Mgeeq/Cc? = 2.3 x 1073 pe. The average density within R is (psced) = 3Mseed/ (4T R3) =~
3.5x10%5 Mg, /kpc?. For comparison, the simulations based on the nonrelativistic fluid model
find that the average density of the collapsed halo is (pi,) ~ 10 ps = 8.1 x 1018 Mg, /kpc?
at the last snapshot shown in Fig. 1 of [65]. We see that {pseed)/ (pin) ~ 4.4 x 105, a
significant difference. Thus the simulated halo needs to evolve further for matching (pseed),

which requires a relativistic version of the conducting fluid model towards the end.
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When the instability occurs, the central 3D velocity dispersion reaches the rela-
tivistic limit, v(0)/c = v/3p/pc® a 0.57, but on the boundary v(R)/c ~ 8.8 x 1073 (b = 0.1),
see Table Interestingly, v(R)/c is comparable to the velocity dispersion found in the
fluid simulations v/c & 10 x \/127psr2/c? = 37.4Viax/c ~ 3.8 x 1072, derived from the
last snapshot in Fig. 1 of [65] assuming the hydrostatic condition. During the gravothermal
collapse the change in the velocity dispersion is much milder than that in the density, as
the pressure increases as well and v \/p% One may consider exactly mapping the ther-
mal quantities, such as p and p, from the truncated Maxwell-Boltzmann model, to those
from the fluid model. However, this is challenging because the adiabatic index -« varies dy-
namically towards the onset of the instability, as illustrated in Figure but the original
nonrelativistic fluid model assumes a specific value of v = 5/3 [19]. To resolve this, we could
consider a relativistic fluid model and find a class of solutions by varying v from v = 5/3
to 4/3.

Lastly, we examine timescales for the ultrahigh density core to collapse into a black
hole. For the gravothermal collapse of an SIDM halo, tya1, ~ O(100)/[rsps(o/m)+/4rGps] [19],
where o/m is the self-scattering cross section. The presence of the baryonic potential
could shorten the collapse timescale by a factor of ~ 100 [65] and rsps(o/m) is typically
0.1-1 [23], we take thao ~ 1//47Gps after neglecting O(1) numerical factors. We esti-
mate the timescale for collapsing into a seed as tgeeq ~ 1/ \/m. For the J1205-
0000 benchmark, (pseed) =~ 3.5 X 10%° Mg/ kpc? based on the adiabatic index criterion and
ps ~ 8.1 x 107 Mg /kpc?, and hence teeeq ~ v/ps/ {Pseed) = 1.5 x 107 %tp410 ~ 69 days, where

we take thao = 124 Myr for J1205-0000 [65]. Thus the timescale for collapsing into a seed
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black hole is extremely short compared to that of the gravothermal collapse of an SIDM
halo.

For the J1205-0000 benchmark, we have further checked that the ts..q values asso-
ciated with the adiabatic index, fractional binding energy, and binding energy criteria are
comparable, but a factor of ~ 3 shorter than the one with the total energy criterion. This
indicates that the total energy criterion may not be a sufficient condition for collapsing into
a black hole. On the other hand, the system may deviate from a hydrostatic equilibrium
after the total energy criterion is satisfied, which we will leave for future work. In addition,
we have a scaling relation of (pseed) ¢ Meed/R> o 1 /Mfeed, where R = G Mgeeq/Cc? is used.
For the SIDM model, Meeq ~ 1073 Mago [19} [65], and we expect that the compactness C, a

dimensionless quantity, is largely independent of specific halo parameters. Thus the collapse

time increases with the initial halo mass as tseed ¢ 1/4/{Pseed) X Mago.

3.5 Conclusions

The origin of supermassive black holes remains unknown and the gravothermal
collapse of dark matter halos is a promising mechanism to explain the puzzle. In this chap-
ter, we have investigated a key aspect of this mechanism, i.e., dynamical instability of the
ultrahigh density core produced at late stages of gravothermal evolution. We used a trun-
cated Maxwell-Boltzmann distribution to model the dark matter distribution in the core,
solved the Tolman-Oppenheimer-Volkoff equation in a self-consistent way, and obtained a
series of equilibrium configurations. We examined four instability conditions based on con-

siderations of total energy, binding energy, fractional binding energy, and adiabatic index.
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As the core contracts, these conditions would be satisfied in sequential order. The adiabatic
index criterion is the strongest among the four. We have also compared our results from
the semi-analytical method to those from fully relativistic N-body simulations and found
a good agreement. In particular, both show the instability can occur when the fractional
binding energy reaches 0.035 with a central gravitational redshift of 0.5.

We further found that to meet the instability condition in the classical regime,
the boundary temperature of the core should be at least 10% of the mass of dark matter
particles. In addition, the classical Maxwell-Boltzmann distribution is valid only if the
particle mass is larger than a few keV for a 10° Mg, seed black hole. We have also shown
that the timescale for collapsing into a seed black hole is extremely short compared to that
of the gravothermal collapse of an SIDM halo. In the future, we could extend our work to
study dynamical instability of a self-gravitating quantum sphere, and whether the presence
of a baryonic potential would help trigger the instability. In addition, signatures of the
gravothermal collapse could be tested using observations of satellite dwarf galaxies of the
Milky Way [44, 95], [96], [97), (98], @9, 100, 101, [102] and substructures of galaxy clusters [32],
as the interplay between self- and tidal interactions could seed up the process. It would be

interesting to explore formation of seed black holes in those systems.
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Figure 3.3: Dynamical variables vs. central 3D velocity dispersion v(0) and redshift Z(0)
of a gravothermal system near the onset of general relativistic instability. From top left
to bottom right panels, the blue curves denote the pressured-averaged adiabatic index (7),
fractional binding energy e, binding energy B, and total energy E, for stable (solid) and
unstable (dashed) configurations, respectively. The vertical line indicates where the insta-
bility condition is reached (dotted). In the top left panel, the orange curve denotes the
critical adiabatic index 7 (solid), horizontal lines denote () = 5/3 in the Newtonian limit
and 4/3 in the ultrarelativistic limit (dotted). In the other panels, the horizontal line indi-
cates the maximal value of the corresponding dynamical variable (dotted). The boundary
temperature is fixed to be b = kgT(R)/mc? = 0.1.

43



(E T L ]
107 S 1 o, 107F S E
5 E E § 3 —it E
107 E 107F LI E
E ] = o 1
3 3 3 3\ 3
L 4 - wn E
L 4 L o 4
ot i S BT B AR
1073 1072 107! 10° 1073 1072 107! 10°
7 7
10°F AR 'é o 107'E Lo E
QL 3 N EfI E EE ]
107k : i ]
102f - - : i 1
107 F . P
E 3 1
10_4: ol ol TR 7 1072 ol AN
1073 1072 107! 10° 1073 1072 107! 100
7 7
0.18 T — T T S
L 1 1.66 - 7
0.16F N ] ]
o i 1 1.64 .
§ Foeemmmmm ] ]
0.14F - .
= : S 1 T 162 M
& e N -  max ]
A2 LS - ! ]
0 r RN, 1 1.60[ * Bmax ]
0.10F e r ]
[ il R | T 158 . R | N
1073 1072 107! 10° 1073 1072 107! 10°
7 7
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Chapter 4

Gravothermal Phase Transition,
Black Holes and Space

Dimensionality

Black holes (BHs) are the most profound prediction of Einstein’s general rela-
tivity (GR), though their existence is questionable in the early days. Oppenheimer and
Snyder [103] first demonstrated the dynamical process of forming a BH from dust collapse,
and the spacetime singularity is inevitable. However, the idealized collapsing process of
spherical symmetry might be unrealistic. Until 1965, Penrose showed [104] mathematically
that whenever matter satisfies reasonable energy conditions, a BH is a generic consequence
of GR regardless of spherical symmetry. In astrophysics, a BH is the end state of a conven-
tional star running out of fuel. But it could also emerge from the direct collapse of clouds

of gas without igniting a nuclear reaction.
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In the context of Newtonian gravity (NG), the self-gravitating ideal monatomic
fluid is too stable [57]. The pressure always counteracts gravitational attraction and stabi-
lizes the fluid. In GR, the pressure in the fluid is a double-edged sword. Because not only
the energy density but also the pressure is sourcing gravity, once the pressure starts to dom-
inate energy density at some point, it will destabilize the fluid. This is why the instability
and collapse into BHs from a fluid can happen in the framework of GR. All of the above
concern BHs in (341)-dimensional spacetime. Of course, there is nothing to hinder theorists
from considering BHs in (N+1) dimensions with N # 3. BHs in higher dimensions have
been studied thoroughly in the literature [105], 106, 107]. Although the stability of a fluid
sphere and its dimensional constraint has been explored somewhat [108], less investigated
is the instability condition of the higher-dimensional BHs coming from collapsing fluids. As
we shall see, the ideal fluids in the context of NG are genuinely unstable for N > 3, and
the GR effect makes the situation worse. However, the presence of cosmological constant A
will modify the situation, in particular, A < 0 can stabilize the fluid sphere. We also note
that the dynamical instability of stellar equilibrium for N = 3 with cosmological constant
was studied to some extent in Refs. [109, 110} [T11].

In lower dimensions, i.e., N = 2, gravity is bizarre. The Banados-Teitelboim-
Zanelli (BTZ) BH solution exists only if a “negative” cosmological constant A = —1/¢% < 0
is introduced, where ¢ is the background radius of curvature [I12]. This can be under-
stood from the unit of Newton’s constant in (N+1) dimensions: [Gy] = [M]~}[L}V[T]2.
For N = 2, setting ¢ = 1 determines the fundamental “mass scale” in terms of the New-

ton’s constant G, but the fundamental “length scale” cannot be settled down. Thus an
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independent length scale £ = (—\)~1/2

must be introduced independently. Moreover, the
negativeness of A permits the BH solution [I13]. In addition, there is no Newtonian limit
in (2+1) dimensions. Gravity has no local degrees of freedom (locally flat), thus no grav-
itational wave (or graviton) can propagate. This reflects the fact that static particles do
not gravitate [114, 115, [116]. In contrast, the collective behavior of thermal particles will
gravitate and demand the fluid description under its self-gravity. Crucially, A < 0 is also to
guarantee the hydrostatic equilibrium (the pressure is monotonically decreasing) [117].

The basic mechanism of hierarchical structure formation (stars, galaxies, halos,
etc.) relies on the Jeans instability [I18], which determines the largest mass (Jeans mass,
also called Bonnor-Ebert mass [119, 120]) of an isothermal gas sphere can still remain in
hydrostatic equilibrium. For the gas sphere heavier than this, it will further collapse or frag-
ment into smaller and denser objects [121]. Then it transitions into gravothermal evolution.
As a gravitationally bound system, it gets hotter and hotter as it releases thermal energy
through dissipation [I8| 122, [123]. If the mass sphere is sufficiently heavy (> 106 M), this
process will persist without triggering the thermonuclear sources of energy, while it behaves
as a “supermassive star.” Nevertheless, the gravothermal evolution will end eventually and
probably collapse into a BH once relativistic instability is triggered [56]. It serves as the
prototype of supermassive BHs from direct collapse of pristine gas [7, 124, [125] 126, 127] or
dark matter halo with self-interaction [20}, 19} 22, [128], [65].

As long as heat transport occurs, a self-gravitating monatomic fluid (or super-
massive star) will relax and shrink automatically due to the negative specific heat of a

gravitationally bound system [19] [65]. During the gravothermal process in the hydrostatic
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limit, the thermal evolution timescale of the contraction is much larger its free-fall (dynam-
ical) timescale tg ~ 1//Gnp, where p is the (mean) energy density of the fluid [57]. In
this scenario, we can idealize the evolution process by a sequence of virialized quasiequi-
libria characterized by the mass and radius of the fluid sphere. In particular, the particles
in the fluid will follow the same distribution function, albeit the dispersion varies during
the process until the onset of relativistic instability. Moreover, we assume no extra de-
grees of freedom, e.g., nuclear reaction of our universe in (3+1) dimensions, will be ignited
to halt the direct collapse into a BH. We note that the final BH formation near the end
of the gravothermal evolution requires dynamically evolving the fluid and the spacetime
given initial data [129], 130} 131, 132], which is beyond the scope of this study. With-
out a cosmological constant in (3+1), it has been shown that unstable static spherical
Tolman-Oppenheimer-Volkoff solutions exist on saddle points that, when perturbed from
their unstable equilibrium, will tend to either black hole formation or a perturbed stable
solution [I32]; while with positive cosmological constant, the dynamical evolution of a ho-
mogeneous dust would drag the entire spacetime into a “big crunch” singularity if the fluid
mass is sufficiently large [129].

The goal of this chapter is to examine the sufficient condition that can naturally
trigger the instability of a self-gravitating monatomic fluid in (N+1) dimensions, in partic-
ular, in the presence of cosmological constant. We adopt homogeneous solutions, which are
adequate for the purpose. In the end, we will briefly discuss the implications on the dimen-

sionality of spacetime. The geometric unit Gy = ¢ = 1 is used, unless noted otherwise.
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4.1 Dynamical instability in (N+1) dimensions

The method exploited by Chandrasekhar [55] is to examine the radial pulsation

equation of a perturbed fluid sphere of mass M within radius R:
SR+ w? R =0 with w?x (7) — Yer, (4.1)

where w is oscillation frequency, the critical adiabatic index 7., depends on the given equi-
librium configuration, and (v) is the pressured-averaged adiabatic index of the fluid sphere.
Thus the stability problem boils down to the Sturm-Liouville eigenvalue problem. The suf-
ficient condition for the fluid to become unstable is v, > () such that w? < 0, implying
the perturbation 6 R ~ ¢! would be an exponential growth.

The adiabatic index of a fluid,

_ (Olnp

is a stiffness/compressibility parameter signifying how the fluid pressure p responds to

the adiabatic (ds = 0) compression on number density n. In particular, an ideal fluid
parametrized by the y-law form p = K (mn)” [133], where m is the particle’s mass, satisfies
the above definition as long as v and K are not explicit functions of n under adiabatic
perturbation. The first law of thermodynamics results in [82] 57, 134] v = 1+ p/(p — mn).
Given a distribution function f(x,p) of monatomic particles with phase space measure

dV¥x dVp, the adiabatic index of the ideal fluid merely depends on its velocity dispersion
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v =+4/Np/p <1 and the degrees of freedom N, specifically
(4.3)

ranges from 1+ 2/N (nonrelativistic v — 0) to 1 + 1/N (ultrarelativistic v — 1) [134].
Considering NG in (N+1)-dimensional spacetime, one can derive the critical adi-

abatic index [134]:

1
Yer(NG) = 2 (1 - N> : (44)

In order to have a stable configuration, it is necessary that () > Yer(NG)- For ultrarelativis-
tic (nonrelativistic) ideal fluids, this implies the spatial dimensions must be N < 3 (N < 4)
in order to have a stable sphere. From this viewpoint, the privilege of (3+1) dimensions is
manifest because the fluid sphere is stable but not too stable. However, in (241) dimensions
the fluid disk is too stable because v, (nay = 1 < 1.5 (2) = v as always for an ultrarelativis-
tic (nonrelativistic) fluid. Nevertheless, in the context of GR the pressure effect is crucial to
destabilize the fluid disk. Besides, in order for the fluid to have equilibrium configurations
and a BTZ solution, a negative cosmological constant is required [112].

Thus we have to first examine the equilibrium configurations with cosmological
constant A = +£1/¢2 in (N+1) dimensions. For homogeneous solutions, the critical adiabatic

index (the exact expression is derived in Ref.[134] and see also Appendix [F.1))

B AR?
Ter(GR) = (N Z2)M/RN-2 — \R?
M ! k
+ > A (RN2> (AR?%)", (4.5)

jvk:0717“'
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where the post-Newtonian coefficients fj(,iv) depend on the density distribution and spatial

dimensions NV, except fo(év ) = Yer(NG); and the stabilizer/destabilizer:

\R2 stabilizer if negative

(N —2)M/RN-2 — \R?

destabilizer if positive

characterizes the relative competition between compactness and background curvature. We
note that its appearance is generically from GR as long as A is switched on, and cannot be
regarded as post-Newtonian correction.

Qualitatively, the GR instability depends on the pressure effect of the fluid through
p/p o< M/RN=2 = Cy, the compactness parameter in (N+1) dimensions. On the other
hand, the stability of a fluid will also depend on the relative size of the fluid to the radius of
curvature of the space, specifically, the curvature parameter AR?. As was mentioned, in the
context of NG, fluid spheres are genuinely subject to dynamical instability for V > 3. Even
worse, the corrections from GR deteriorate the situation, especially if A > 0. However, it is
possible to have stable hydrostatic equilibrium if A < 0. We also note that for A = 0 the

post-Newtonian approximation f1(3) = 19/21 is exactly the result shown in Ref. [55].

4.2 Gravitationally bound systems

In GR, the gravitational mass of a fluid sphere M is the corresponding Schwarzschild
mass (N > 3) if it were to collapse into a BH. It includes the energy of self-gravity due to
the curved spacetime, which is thus not conserved during the gravothermal evolution. By

contrast, the rest mass Mg of the fluid is conserved (see Appendix for definition). It
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is the mass of total particles in the fluid when they are dispersed to infinity. Therefore, to

form a gravitationally bound state the total internal energy must be

M - Mrest < O- (4.7)

Before we are able to examine the dynamical instability reasonably, it is necessary to see if
the quasistatic equilibrium is gravitationally bound during the gravothermal evolution. The
solutions can be categorized as stable or unstable only if they are gravitationally bound. If
the initial configuration is a unbound state, M — M.t > 0, dynamical evolution of the fluid
and the spacetime is required to determine the final fate (BH or naked singularity) [130],

which is again beyond the scope of the chapter.

4.3 Fluid spheres in (341) and higher dimensions

Assuming a fluid sphere in (N+1) dimensions is in hydrostatic quasiequilibrium,
the fluid (rest) mass M,est = const during the gravothermal evolution. The radius will
contract such that Cy increases gradually as more and more thermal energy dissipates until
reaching the critical compactness as () = 7. Given A\ = const, we can tell from the phase
diagrams (Figs. and when the phase transition into BH could be triggered. For
N > 3 the evolution follows ./\/lrest\)\\(N_2)/ 2 = const, only those paths passing through the
stable bound region will be in the “long-lived” stage of gravothermal evolution.

As we have already noted, a fluid sphere is genuinely unstable for N > 4, and

A > 0 just deteriorates the situation. Remarkably, the privileged position of N = 3 can be
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Figure 4.1: C3 — AR? phase diagram of homogeneous fluid spheres in (341) dimensions.
Bound states are to the right of the brown dashed line. The stable and unstable regions
are separated by the marginal stable curve (black solid), and the black dot denotes the end
point (—0.0949,0.248) at the causal limit. As the radius contracts with M et = const, the
orange path follows A = 0, and the circle denotes the critical point (0,0.189) of instability;

the blue paths (I), (II), (III) follow Myestr/|A| = 0.02(A < 0),0.01(A > 0), 0.02(A > 0),
respectively.

seen also from the fact that it is the unique dimensionality that allows stable hydrostatic
equilibrium with positive cosmological constant. From Fig. we see that for A > 0
stable hydrostatic equilibrium exists only between some upper bound and lower bound of
compactness, and the stable region of compactness diminishes as AR? increases; for A < 0,
the stable region enlarges as ’)\R2‘ increases until the critical compactness C3 = 0.248
at causal limit v(0) = v. = 1. However, bound states no longer exist well before this
critical point. The orange path (A = 0) will gravothermally transition from a stable region
into an unstable one after passing critical compactness C3 = 0.189 and the collapse into
BH might ensue. The blue path (I), which follows Mrest\/m = 0.02(\ < 0), will be
gravothermally transitioning from the stable region into the unstable one after hitting the

marginal stable curve if it starts from the region of bound states; while the blue path (II),
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which follows Myesty/|A| = 0.01(A > 0), starting from the unstable region could directly
collapse into the stable region of gravothermal evolution until exceeding the upper critical

compactness; however, if the mass is sufficiently heavy as blue (dashed) path (III) with

Miest/ |A| = 0.02(X > 0), there is no long-lived gravothermal evolution of the fluid.
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Figure 4.2: C4 — AR? phase diagram of homogeneous fluid spheres in (4+1) dimensions.
Bound states are to the right of the brown dashed line. The stable and unstable regions
are separated by the marginal stable curve (black solid), and the black dot denotes the end
point (—0.135,0.118) at the causal limit. As the radius contracts with M,es; = const, the

orange path follows A = 0, which is unbound; the blue paths (I), (II) follow Mest|\| =
0.002(A < 0),0.001(A\ > 0), respectively.

On the other hand, in Fig. we see that for N = 4 there is no stable hydrostatic
equilibrium for A > 0. A stable region emerges if A < 0, and the critical compactness
increases as ’)\RQ‘ increases until C4 = 0.118 at v, = 1. Nevertheless, no bound state exists
in the domain of A < 0. For instance, there is no stable bound state along the orange dashed
path (A = 0). Although the blue dashed path (I), following Mest|A| = 0.002(A\ < 0), could
transition from the stable region into an unstable one, it is by no means gravothermal as

no static bound state is available along this path. Finally, the blue dashed path (II), which
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N Cn AR? (V) = Yer
2 0.518001 —0.060912 1.81893
3 0.248179 —0.094853 1.56387
4 0.117505 —0.134605 1.43352
5 0.062846 —0.151149 1.35328
6 0.037099 —0.154395 1.29861
7 0.023595 —0.151406 1.25884

Table 4.1: End points of marginal stable curves for N = 2,3,4,5,6, and 7 with A < 0 at
causal limit v, = 1.

follows Myest|A| = 0.001(A > 0), always lies in the unstable region no matter if it starts from
a bound or an unbound state. The phase diagrams are similar for N > 4 but it becomes
less compact on the marginal stable curves as N increases. In Table [4.1] we show the end
points (v, = 1) of the marginal stable curves for N =2,3,4,5,6 and 7.

Remarkably, the region of bound states never overlaps with the stable region
for N > 4. Dynamically, if the fluid starts from any point on the dashed paths in
Figs. and BH formation, dispersal of the fluid to infinity, or gravitationally bound
and oscillatory states could be the possible outcome depending on the initial velocity per-

turbation and density [132], which deserves further investigation.

4.4 Fluid disks in (241) dimensions

By matching the junction conditions, the mass of the BTZ BH is related to the

gravitational mass of the fluid disk by [134]

Mprz =2M — 1, (4.8)
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thus M > 0.5 is the threshold to have Mppz > 0, the excited state, if collapse ensues.
Dynamical collapse into BTZ BHs and naked singularities has been shown possible from
pressureless dust [I35]. However, static stars of perfect fluid qualitatively differ in their
behavior from static stars of dust [I14]; it is curious to see if the GR instability will be
triggered in (2+1), especially under the influence of a negative cosmological constant.

Therefore we have to examine the critical adiabatic index for N = 2:

2) i k
Yer(GR) = -1+ Z f](k)M] ()\R2) (49)
§,k=0,1,...
starts from —1 + fég) = —1 + Y ng) = 0 with “post-Newtonian” corrections, thus the

FEinsteinian stars are much stabler than Newtonian stars in (2+1). We note that for N =
2 the “compactness” parameter reduces to M, the gravitational mass of the disk itself.
That manifests the reason why there is no Buchdahl-like bound in (2+1) dimensions [117].
Furthermore, this also implies that a self-gravitating disk cannot gravothermally evolve to a
singular state on its own because the compactness M always decreases with Myet = const
due to the gravothermal dissipation. However, it can become unstable by external agents,
such as compression by external force while adding mass to keep M large [134].

To illustrate, we see from Fig. that as the negative cosmological constant is
switched on, there is no unstable configuration for v, to cross () of the fluid disk as the
fluid mass grows from M = 0 to 0.5 (the would-be Mprz = —1 to Mpyz = 0), which
means there is no instability for a fluid disk to collapse into a naked singularity from an

ideal fluid within causal region v, < 1. Therefore, along the solid blue path (I), Myest = 0.5
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Figure 4.3: Co — AR? phase diagram of homogeneous fluid disks in (2+1) dimensions.
Bound states are to the right of the brown dashed line. The stable and unstable regions
are separated by the marginal stable curve (solid black), and the black dot denotes the end
point (—0.0609,0.518) at the causal limit. The shaded region (A > 0) is forbidden to have
hydrostatic equilibrium. The circle denotes M = 0.5 exactly at A = 0, which is independent
of central velocity dispersion. The upper bound of fluid mass is M = 0.5208 at the causal
limit. The region under M = 0.5 is stable, which means that no homogeneous fluid disk can
trigger the instability and collapse into a naked singularity. Path (I) follows Mest = 0.5
under gravothermal evolution; (II) follows AR? = —0.02 by adding mass. Only path (II)
could transition into a BTZ BH under the causal limit.
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in Fig. the compactness decreases from M = 0.495 to 0.375 during the gravothermal
shrinking, it never meets the instability. That is to say, although dissipation or thermal
radiation can make the disk shrink naturally given A = const, it never drives the fluid into
an unstable state. Nevertheless, in the range —0.061 < AR? < 0 a BTZ BH could emerge
from a collapsing fluid of 0.5 < M < 0.518 without violating causality. For example, under
the background A = const this can be achieved by “adding more mass” to the fluid disk,

while the radius remains fixed, as shown by the dashed blue path (II): AR? = —0.02 in

Fig. [1.3]

4.5 Discussions and implications

In the context of gravothermal evolution, we have examined the dynamical insta-
bility of a self-gravitating fluid sphere in (N+1)-dimensional spacetime by adopting homo-
geneous fluid solutions. Although the critical Cy may vary quantitatively depending on the
density distribution, the main conclusion generally holds as it is based on the three assump-
tions made implicitly [134]: (i) The monatomic fluids obey the first law of thermodynamics,
and the pressure is isotropic due to equipartition theorem. (ii) The particles composing the
fluid follow the mass-energy dispersion relation. (iii) Gravity is governed by Einstein field
equations in (N+1) dimensions.

From the dynamical instability viewpoint, we can reexamine why (3+1) is priv-
ileged rather than why it must be (3+1). If BH is the pathway to generate a baby
universe [136, 137, 138, 139, 140, 141], the collapsing matter squeezing into a (N+1)-

dimensional BH near the classical singularity would result in a new-born universe of ar-
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bitrary dimensions. If the spacetime dimensionality reshuffling [142] is a random process in
the reign of quantum gravity near singularity, it repeats this process again and again until
the new-born universe is just (3+1)-dimensional, in which the fluid sphere is stable but not
too stable. As a self-gravitating fluid sphere (or a star) in N > 4 is genuinely subject to
dynamical instability, and could transition into a BH automatically without undergoing the
stage of long-lived gravothermal evolution. Although a fluid star can be stabilized by in-
troducing a negative cosmological constant, no gravitationally bound state of a monatomic
fluid could exist in this region.

Remarkably, (3+1) is the unique dimensionality that allows stable hydrostatic
equilibrium with positive cosmological constant. Given the cosmological constant ob-
served [143] (or ¢ ~ 105%/p), where fp; is the Planck length), the mass of a virialized stellar
object, e.g., dark matter halo, must be M < 0.02(c? /G5 ~ 10?! M, (see Fig. in order
to avoid the dynamical instability and a possible BH formation from its direct collapse.
However, a big crunch singularity would form if M > (1/3+/3)0c?/G3 ~ 10%2 M, [129]. On
the other hand, (2+1)-dimensional gravity is bizarre. The fluid disk cannot gravothermally
evolve into a singular state through dissipation, but a BTZ hole could emerge from a col-
lapsing fluid disk with external agents, while a naked singularity cannot emerge from a fluid

disk, which supports the cosmic censorship conjecture [144].
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Chapter 5

Dynamical Instability in the

Quantum Limit

Black holes (BHs) are the inevitable consequence of gravitational collapse regard-
ing Einstein’s general relativity (GR). In conventional astrophysics, a BH of solar-mass scale
results from a dying star; while much massive BHs could emerge from the direct collapse
of the pristine gas [0, [7, 2] without undergoing the star formation. Given that, various
mechanisms to produce massive BHs have been proposed in the literature [2] in order to
account for those at central galaxies. However, the origin of high-redshift (z = 6 — 8) su-
permassive black holes (SMBHs) remains a big puzzle [5, O, 10, 37, B39, 40, 145] 146, 147]
(see [T, 148, 149, [150] for a review). By contrast, there are other possibilities, including
primordial black holes (PBHs) produced from large density fluctuations near the end of
inflation [I51], [152), [153], [154] 155]; PBHs generated from the first-order phase transition

before the matter-radiation equality [156, 157, 158, 159, 160, 161]; or astrophysical BHs
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from turbulence of cold gas flows [162]. Moreover, the idea of BH formation from the col-
lapse of dark matter has been extensively explored. This especially includes those BHs that
originate from the collapsed halos of non-cold dark matter, such as self-interacting dark
matter [20] 22] [4T], [65] or the ultralight dark matter [I63]. The idea could also explain those
BHs in the mass gap [164].

However, it is necessary to carefully examine the corresponding dynamical insta-
bility to form the BH, which, in turn, could bridge the theories of dark matter and the
BH populations. The dynamical instability of the self-gravitating system, in the framework
of GR, was first studied in the context of supermassive stars [55, 58| [165] [166] 167, 168].
As a gravitationally-bound thermal system, a supermassive star evolves and shrinks due to
thermal dissipations until triggering the dynamical instability, and results in the seed BHs.
Although the exact conditions rely on the accretion models (see [148] [149] for a review), a
star generally tends to collapse into a BH when its gravitational energy is comparable with
the mass energy, i.e., GM?/R ~ Mc?, where R is characteristic radius of the star. One can
then roughly examine the instability regarding the compactness parameter C = GM/c*R.
Other factors, such as the cosmological constant [109, 110, 11T, 169] and space dimension-
ality [169], also impact the stability.

In Ref. [56] (Chapter [3]), we show that the dynamical instability of gravother-
mal spheres in the classical limit, in which the local distribution function of the gaseous
sphere is a truncated Maxwell-Boltzmann (MB) distribution, agrees well with those from
the N-body simulations [62], 63, [64]. However, particles in nature, making up the ordinary

matter or the dark matter, follow the quantum statistics and have phenomena such as Pauli

61



blocking, Bose-Einstein condensation (BEC), and particle production/annihilation. Those
phenomena are hard to deal with by N-body simulation.

In this chapter, we apply the truncated quantum distributions and focus on the
impact of the quantum pressure and the pair production/annihilation on the dynamical
instability on a self-gravitating quantum gaseous system. The resulting condition for the
dynamical instability is generic and is applicable to systems made of baryonic matter, dark
matter, and other exotic particles. As a concrete example, we apply the condition to DM
systems that seed BHs from their collapse. First, we derive the equation-of-state (EoS)
from the distribution function following the methodology in [56]. Second, by solving the
Tolman-Oppenheimer-Volkoff (TOV) equation [70} [71] given that EoS, one can determine if
the mass sphere is gravitationally bound or not. Lastly, we examine its stability according
to the Chandrasekhar’s method [55]. The resulting condition for the dynamical instability
is generic and applicable to systems made of baryonic matter, dark matter, and other exotic

particles. In Supplemental Material, we provide additional details and numerical results.

5.1 The truncated Fermi-Dirac and Bose-Einstein models

We introduce a truncated quantum distribution function [56} [77] for the ideal-gas

sphere,
1—ele—€c)/kpT
_— < €
(e—m)/kgT _ € €c;
ole) =19 ° n (5.1)
0, otherwise

where € is the kinetic energy, €. the cutoff energy, T" the temperature, and p is the chemical
potential with the particle’s rest energy mc? subtracted off. They are functions of the radius

r. kp is the Boltzmann constant and c is the speed of light. The number factor 7 is +1
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(—1) for bosons (fermions), and the quantum effect kicks in if e(<=#/*8T <1 or pu/kpT >0

as € > 0. The temperature profile is given by [56]

T(r)= (1 + ec(r)/mCQ) T(R), (5.2)

meaning the system cannot follow an isothermal distribution globally due to the gravita-
tional redshift [79).

For convenience, we introduce the dimensionless variables, cutoff function w(r) =
(1) /kBT(r), degeneracy a(r) = u(r)/kgT(r), and b = kgT(R)/mc?. The cutoff function

is connected to the degeneracy contrast to that of the boundary

w(r) = a(r) — a(R) (5.3)

by Tolman-Klein law [79] [80] for a gravothermal system. Although we consider a specific
truncated model in this work, it must be emphasized that Eqs. [5.2] and [5.3] are only based
on laws of thermodynamics and GR. They are generic and independent of specific forms of
the truncation. One can then determine the number density n, energy density p, internal
energy density u, and pressure p, as functions of b, w and a(R). Thus once the profile w(r)
is solved by the TOV equation [56] for a given set of boundary conditions, b, w(0) and «(R),

all the thermodynamic profiles are determined.
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5.2 Dynamical instability

Qualitatively, to trigger the onset of dynamical instability, the system needs to be
in the relativistic limit, which imposes constraints on b and w(0). It is indicative to consider
their product, the normalized cutoff energy [56]:

ec(r)/mec?
bw(r) = (r)/

= T e (5.4)

In the ultrarelativistic limit e. > mc?, bw — 1; in the non-relativistic limit, bw — 0.
Since b = kT (R)/mc? determines the temperature at the core boundary, a higher b value
indicates a hotter thermal bath. Either high b with small cutoff w or vice versa can drive
the core into relativistic regime, i.e., bw < 1. In the former situation, the evaporation
effect is significant and one needs to take into account the pair production/annihilation
effect if b < 1; in the latter of w > 1 the distribution reduces to the usual form without
a truncation, while Pauli blocking kicks in if a(R) > —w. To quantitatively determine
the instability, however, we resort to the Chandrasekhar’s criterion [55], as this method
is physically intuitive. Specifically, one can determine the marginally stable configuration

() = Yer [B6] for a given set of {b,w(0),a(R)}.

5.3 Gravitationally bound systems

When a gravitationally bound sphere contracts, it will heat up by converting its

gravitational energy. To examine whether the system remains gravitationally bound in
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Figure 5.1: Schematic cartoons of quantum spheres for the Fermi-Dirac (FD) or the Bose-
Einstein (BE) statistics. The values of o is > 0 (= 0) for the FD (BE) quantum sphere.
The quantum sphere is surrounded by the outer region with @ < 0. The outer radius for
the quantum sphere and outer region are r. and R, respectively.

GR, it is pivotal to differentiate the gravitational mass M with the rest mass M;est of the
sphere [82, 56]. M involves not only the thermal but also the gravitational energy of the
particles bound into the sphere. Whereas M, is the sum of the total rest mass of the
particles as if they were dispersed to infinity, thus M < Mgt is required for the sphere to
be gravitationally bound. In the regime kgT ~ mc?, the pair production/annihilation of
(anti)particles, xx > radiations, is relevant to make gravitationally bound spheres unbound.
Here the radiations could be the Standard Model particles such as photons or neutrinos,
or dark radiations such as dark photons, whose rest mass can be ignored and the equation
of state praq/prad = ¢2/3. For a particle Y with chemical potential y and degeneracy «,
the corresponding quantities for its antiparticle Y are given by i = p — 2mc? or a =

o — 2mc? /kpT. With this replacement for antiparticles, the (net) number density becomes
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Figure 5.2: EoS for truncated MB and FD distributions with and without pair pro-
duction/annihilation effect: 3D velocity dispersion v/c¢ = +/3p/pc? and adiabatic in-
dex v vs. normalized cutoff energy bw = e./(mc? + €) for b = kgT(R)/mc® =
(0.5, 0.3, 0.1, 0.03, 0.01). For FD model, we take a(R) = —10 for illustration. The
3D velocity dispersion (adiabatic index) can increase (decrease) significantly even in low
temperature due to the Fermi-degeneracy pressure when o = w + «(R) > 0. In high tem-
perature (b 2 0.1) regime, evaporation (lower cutoff w) makes pair production/annihilation
effect more significant because the (massless) radiations dominate the EoS.

n = n, — nyg and the energy density of radiation p;aq = 2py. The abundance ratio of

2/b — e‘2m02/kBT(R), is Boltzmann suppressed if b < 1.

antiparticles to particles, ny/n, ~ e~
To examine the stability, however, we have to adopt the effective adiabatic index 7 (see
Appendix for this two-fluid (x + radiations) model when b = 0.1. In addition, as the
mass of the resultant radiations through pair annihilation is negligible in the sphere, the

rest mass M, est decreases as the temperature increases. If the temperature is sufficiently

high (b 2 0.5), the sphere becomes unbound as M 2 Myest.
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5.4 Fermi-degeneracy pressure

For Fermi-degeneracy supported mass sphere consisting of M /m fermions with rest
mass m, Landau estimated [72] I70] the gravitational energy per fermion ~ GMm/R; while
the typical separation between fermions is R/(M/m)'/3, and thus the relativistic Fermi
energy ~ fic(M/m)Y/?/R. In order for the degeneracy pressure to balance the gravitational
attraction, GMm/R ~ he(M/m)'/3/R. Therefore, Landau’s estimate gives the maximal
mass sphere M ~ m3, /m?, with mp; = (he/G)'/? the Planck mass. Thereafter, the folklore
say that the quantum degeneracy pressure prevents the gravitational collapse. However, this
estimate is in the context of Newtonian gravity and concerns only the equilibrium condition,
rather than its stability.

To see how the quantum pressure plays a role, we have to first examine the de-
generacy «(R). The numerical results for a quantum system with a(R) < —50 are almost
the same as the truncated MB for a classical system [56], thus we take a(R) = —50 as the
benchmark for the classical regime. In terms of physical units, however, the border between
classical and quantum regimes is determined by n/\f’lB = g, where g = 2s + 1 is the spin
multiplicity and Agp the de Broglie thermal wavelength [56].

For Fermi-Dirac (FD) statistics, we categorize two cases: (i) a(R) < 0, but the
sphere is partially degenerate a(r) > 0 for r < r. < R, where a(r.) =0, and (ii) «(R) > 0,
the sphere is completely degenerate a(r) > 0 for r < r. = R, see Fig. for illustration.
Before examining the stable/unstable configurations, we first discuss the stiffness of the EoS

by its adiabatic index . We take a(R) = —10, for example, in Fig. At low b = 1072,
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Figure 5.3: Central normalized cutoff energy bw(0) = €.(0)/ (mc* + €.(0)) vs. boundary
temperature b = kgT(R)/mc?. The stable (blue shaded) and unstable (red shaded) for FD
statistics. The gray dashed line delineates the border between the classical (nA\3g < g) and
the quantum (nA3g > g) regimes.

the EoS gets softened (v decreases) significantly when w 2 30, compared to the MB model,
as the particles become relativistically (bw 2 0.3) degenerate (o = w + «(R) > 0) by Pauli
blocking. Although for b 2 0.5 the radiations from pair annihilations soften the EoS, it
can barely remain gravitationally bound due the evaporation effect (w < 0.6). However,
for completely degenerate case a(R) 2 0, the threshold decreases down to b 2 0.4 to be
gravitationally unbound (see Appendix . This is because the Pauli blocking takes energy
to bind fermions together. Thus slightly lower temperature is sufficient to break them apart.

For partially degenerate spheres, there is no unstable configuration for 1072 <
b < 0.1if a(R) = —10, see Fig. [5.3| (left panel). In contrast to the classical spheres, the

instability can still happen in the low b < 1072 is due to the Fermi-degeneracy pressure

as a(r) = w(r) + a(R) > 0 (degenerate regime) with bw(0) ~ 0.3 (relativistic regime);
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Figure 5.4: Critical mass M, supported by thermal pressure for a(R) = (—50,—10, —5)
in high temperature 0.1 < b < 0.5; supported by degeneracy pressure in low temperature
b < 1072, as functions of particle mass m.

while the high b 2 0.1 is due to the highly random thermal pressure as in the classical MB
case. The gap in temperature exists because of the thermal effect interferes the quantum
degeneracy, but not sufficiently strong to reach the GR instability. Interestingly, this gap
shrinks as a(R) increases and vanishes for a(R) 2 —5, and thus the instability becomes
b-independent, see Fig. m (right panel). Generally for a(R) < 0, one can extrapolate the
temperature b below which the degeneracy pressure is significant to trigger the instability
by observing ba(R) 2 —0.1 or —u(R) < 0.1mc?, equivalently.

At the marginally stable point () = 7., the critical compactness C' ~ 0.04-0.08
slightly increases as «(R) increases in high temperature b > 0.1; whereas C' ~ 0.04-0.13

is more compact for b < 1072 owing to the Fermi-degeneracy pressure. As for the critical
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mass, Landau’s estimate [I70] gives the critical mass M ~ m3,/m?, while the exact values
in high and low temperature thermal baths, depending on «(R), can be quite disparate. At

the onset of instability, we find that in high temperature 0.1 < b < 0.5, the critical mass,

M > 0.2 g~ 2eB/23 /im? (5.5)

for a(R) < 0. Therefore it is easier to have heavier BH seeds in the classical regime,
a(R) < —1, see Fig. For example, taking a(R) = —50 with mc? = 1 GeV gives

M > 10° Mg. On the other hand, in low temperature b < 10~2 the critical mass,

M > 0.54 g~ Y2m}, /m? (5.6)

universally in the nearly degenerate regime a(R) > —10, and it still holds for b > 1072

when a(R) 2 —1 and > 0.

5.5 Bose-Einstein condensation

The concept of BEC forming a self-gravitating bound state, known as a boson star,
traces back to Ref. [I71} [172], 173, 174, [175]. If there is no self-interaction between the ground
state bosons, the supporting pressure, primarily given by Heisenberg’s uncertainty principle,
leads to a condensate of mass M ~ m#,/m, which is much smaller than the Chandrasekhar
mass, approximately M ~ m%l /m?2. On the other hand, BEC with attractive self-interaction

is inherently unstable, even in the absence of gravity [176]. However, it can form a stable
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Figure 5.5: EoS for truncated MB and BE distributions with and without pair pro-
duction/annihilation effect: 3D velocity dispersion v/c = /3p/pc? and adiabatic in-
dex v vs. normalized cutoff energy bw = e./(mc* + ) for b = kgT(R)/mc* =
(0.5, 0.3, 0.1, 0.03, 0.01). For BE model, we take a(R) = —10 for illustration. It is
required that @« = w + «(R) < 0 and the behavior is similar to MB if there is no con-
densate. In high temperature (b 2 0.1) regime, evaporation (lower cutoff w) makes pair
production/annihilation effect more significant because the (massless) radiations dominate
the EoS.

gravitationally bound sphere, roughly on the order of 'm?l’;1 /m?, even with a small repulsive
self-interaction [174], which can be comparable to conventional stellar objects. Additionally,
the repulsive nature can be realized through particle physics considerations [177], see also the
recent studies within the context of cosmology [178] 179, [180] and structure formation [163),
(81, 182] 183 [184] [185].

For Bose-Einstein (BE) statistics it must be a(r) < 0, thus w(r) = a(r) — a(R) <
—a(R) and w(r < r.) = Wmax = —@(R) as a(r < r.) = 0. Because of the cutoff wpax,

we find n)\?iB < g for BE statistics, where ¢ = 2s + 1 is the spin multiplicity and Agp
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Figure 5.6: Number density n)%/ g as functions of critical temperature bpec
kpThec(R)/mc? given the phase space in Eq. saturated at wpmax = —a(R), where
Ac = h/mc is the Compton wavelength.

the de Broglie thermal wavelength [56]. And the EoS behaves as the MB case at b > 0.1,
see Fig. 5.5} whereas it becomes softened due to pair annihilations, similar to the FD
case [I86]. Thus the system stays classical unless BEC is triggered at r < r. to enter the
quantum regime nA3; > g. We assume r. = 0 (R) if the system consists 0% (100%) BEC,
see Fig. [5.1] for illustration.

BEC can happen even in the presence of antibosons [I87], and one can determine
the critical temperature of the BEC formation bpec(n(r)) when the particle occupation
number n saturates the phase space in Eq. at Wmax = —a(R). For a given temperature,
the BEC formation threshold is lower if a(R) increases, see Fig. In addition, according

to bw < 1 in Eq. BEC will form well before reaching the ultrarelativistic limit as
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Figure 5.7: Central normalized cutoff energy bw(0) = €.(0)/ (mc? + €.(0)) vs. boundary
temperature b = kgT(R)/mc?. The stable (blue shaded) and unstable (red shaded) for
BE statistics. The gray dashed line delineates the available (w < wmax) and the forbidden
(w > wmax) regions (gray shaded).

long as bwmax = —ba(R) < 1, which implies —u(R) < mc?

is a necessary condition. If
BEC happens, we have to deal with a mixture of two fluids, with net number density
N = Npec + Nthermal, ON€ is the thermal bosons Ninermal and the other is the non-thermal
condensate npec residing in the ground state. In the two-fluid formalism, assuming no
mutual interaction [188], the total energy density p = ppec+ Pthermal, and the BEC happening
at r < r. is governed by

G (4mpr3 + M(r)c?)
re? (re2 = 2GM(r))’

dp bec
dr

- - (Iobecc2 + pbec) (57)

where M(r) = 4n fDT 2p dr’ and p = Phec + Dthermal are the enclosed gravitational mass

and pressure, respectively. While the thermal bosons always saturate its phase space given
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{b, Wmax } for r < r. when BEC is present, we only need to solve w(r) for r. < r < R. As the
BEC deepens the potential well and increases the cutoff energy for the thermal bosons at
r < re, we note that Eq. is valid only for r > r.. In this case, however, one should derive

e.(r <r.) through gravitational redshift in temperature [79] regarding wmax = €./kT .

5.5.1 Thermal bosons

Consider the sphere composed of purely thermal bosons, i.e., 7 = Nhermal and 7. =
0. As there is no Fermi-degeneracy pressure for thermal bosons, no relativistic instability
will occur at low temperature without BEC. In other words, the instability is determined by
the thermal effect as the MB case. However, the threshold of the boundary temperature b
to reach instability increases as a(R) approaches zero. We find b > 0.09 for o(R) = —10;
b > 0.11 for a(R) = —5; whereas b 2 0.4 is required for a(R) = —1 as w(0) = Wmax = 1
at the central core. The available unstable region shrinks as «(R) increases, see Fig. [5.7]
In the regime kT ~ mc?, the sphere becomes unbound as M (gravitational mass) >
M,est (rest mass) due to the pair production/annihilation if b 2 0.5; while it increases up
to b 2 0.7 in the nearly degenerate limit a(R) = —0.5 (see Appendix |J)). This is in contrast
to the Pauli blocking of fermions, bosons tend to party and are easier to be gravitationally

bound. Thus slightly higher temperature is required to break them apart.

5.5.2 Pure condensate

We now consider another extreme case, Nihermal << Mbec, Namely the whole sphere
is just a condensate, n = npe. with a(R) = 0 and r. = R. As a relativistic extension

to Gross-Pitaevskii equation governing nonrelativistic BEC, we consider the condensate of
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non-thermal bosons in the ground state to be described by a coherent scalar field ¢, obeying
Klein-Gordon equation, with quartic and repulsive self-interaction Vip(p) = %|g0]4 (A >0).
The constant (dimensionless) self-coupling strength X is related to the s-wave scattering
length as by A = 8mas/Ac, where \c¢ = hA/mc is the Compton wavelength. As a good
mean-field approximation, the self-interaction range should be much smaller than the mean
interparticle distance, i.e., na? < 1. Macroscopically, this interaction results in the quantum
pressure of the condensate. In the Thomas-Fermi (fast oscillation) limit, Amd,/m? > 1,

the effective EoS reads [174} [178, 189,

1 2
Pbec = gp,\c2 [\/ 1+ pbec/pk - 1} ) (5'8)

where py =m/ 3)\)\% is the fiducial density. The corresponding adiabatic index

4 1
Toec = 5 1+ (59)
3 [ 2\/1+pbec/p>\]

and number density

Nbec =

3m

20 (m_Q \/3 (H%/W) (5.10)

are obtained with the aid of mass-energy conservation (0p/on), = (p+p)/n [190]. We
note that the EoS reduces to nonrelativistic condensate, ppec o nzbeC and Ypee — 2 as

Phec < px [176, M91]; while it becomes radiationlike, ppec — ppecc?/3 and Ypee — 4/3 when

Pbec = Px-
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Figure 5.8: Fractional binding energy & vs. central density ppec(0) along a sequence of

solutions of completely condensate spheres. The insert panel represents the mass-radius
relation of the completely condensate sphere.

As the fiducial length in this scenario depends on A, i.e., () = \/CQ/Tp)\ =
V3M\c(mpr/m), the mass scale ~ c2¢,/G explicitly depends on A. Compared to the
turning-point method [56], Fig. shows that the critical values ppec(0) = 5.64p) at
(Vbec) = Yor = 1.72569, which occurs shortly after the maximum of fractional binding
energy Emax = 0.065 at ppec(0) = 4.80p). At this marginal point, we find the compactness

C =GM/c*R = 0.165 and M = 0.0353 c?¢,/G, thus the critical mass

M > 0.061 \2m3, /m?>. (5.11)

In the Thomas-Fermi regime, it is required that M > \1/2 (mc?/MeV) 2104 Mgy >
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(mc2/eV)_1 107'2 M. However, bound states cannot form if ppe.(0) > 58.2py, where
M 2 Myest as the EoS becomes radiationlike (ppec = phecc?/3).

In the case of the mixture, when the BEC core, wrapped with thermal bosons,
transitions to a radiationlike state and reduces the effective adiabatic index of the entire
sphere, especially at sufficiently high central densities, it is expected to trigger the collapse
even at low temperatures. However, a detailed analysis of this phenomenon is reserved for

future work.

5.6 Applications and discussions

According to our model at low temperature b < 1, say a(R) = 0 and g = 2 in
Appendix [, marginally stable neutron stars of mass ~ 0.7 M with C' ~ 0.12 is obtained
if the neutrons formed a degenerate cold Fermi gas. This agrees remarkably well with the
results of [71], while the discrepancy with observation of ~ 2 Mg with C' ~ 0.25 simply
means that the ideal-gas assumption is no longer valid in the neutron cores.

Now we consider dark matter clumps as gravothermal systems under the ideal-gas
assumption. Dark matter clumps could form even in the radiation dominated era [192]
193], 194, 195]. In order to describe them as gravothermal spheres, the clumps must be
well thermalized, i.e., its relaxation time < its dynamical time. Therefore the dark matter
clumps are assumed to be in thermal (quasi)equilibrium with the homogeneous cosmological
background. However, they can become gravitationally bounded only after the temperature
drops down to b < 0.5 due to radiations. In addition, n, — ny # 0 suitably fits into the

scenario of asymmetric dark matter [196] 197, 198 [199] 200} 201].
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For fermions to form the observed dark matter halo, the Tremaine-Gunn bound [202),
203] requires the fermion mass m 2 0.4 keV/c?, while it can be relaxed if many distinct
species of fermions are allowed [204]. In the degenerate regime a(R) 2 —1, the would-be
seed BH mass from fermionic dark matter, Mgeq ~ 10° Mg (m02 / MeV) _2, is indepen-
dent of the thermal bath (if b < 0.5) at the onset of instability. Specifically, if we take
me? ~ 0.4 keV with a(R) =0 and g = 2 at b < 1, Mgeeq =~ 3.9 x 10'2 Mg, which is much
larger than the most massive SMBH we have observed. Incidentally, if mc? > MeV, the
dark clumps of mass < 10 M, [205] could have formed after the quantum chromodynamics
phase transition kg1 ~ 200 MeV and before the neutrino decoupling at ~ MeV. One can
then examine whether those dark clumps would evolve into PBHs. On the other hand, our
model can be also applied to the gravothermal core-collapse of self-interacting dark matter
halos [20, (65, [56] after cosmological recombination (redshifts z < 1100).

For ultralight bosons as dark matter [206], the boson mass ranges from > 10722 eV /c?
to < 10 eV/c?. Therefore we have Mgeeq > 100 Mg (m = 10722 eV/c?) or Myeeq >
10713 Mg (m = 10 eV/c?) in Thomas-Fermi regime. However, the boson mass could be
even heavier if the condensate results from BCS-BEC crossover [207, 208], in which the boson
mass is not fundamental but determined by the fermion pairs. If the BEC were to account
for 100% of dark matter, cosmological constraints [I78] require that 1.75 x 107 eV /cm? <
pac? < 4.17 x 10* eV/cm? E| and m > 2.4 x 1072! eV /c?. However, it can be even more
constrained to pyc? ~ 3.8 x 101013 eV /em? regarding the local structures (galaxies and clus-

ters) [190]. Since the unstable bound condensates could form if 50\ < ppec(0) < 60py in the

Tn Ref. [I78], it is written as 1.9 x 107% eV ~'em?® < AL /mc® <8 x 10717 eV~ 'em?®. The difference in
numerics here comes from the factor in defining the self-interacting potential /\|<p|4.
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overdense region, this implies the they could abundantly generate seed BHs roughly before
the matter-radiation equality era where the EoS transitions from radiationlike to CDM-like
phase [I78]. Given the constraints on p) above, one can obtain Mgeq ~ 1016-18 Mg, al-
though stupendously huge [209], which still lies in the allowed window where PBHs could
have an appreciable density [210].

In this chapter, we have examined the dynamical instability of a gravitationally-
bound and thermalized sphere in the quantum limit, i.e., the particles in the gaseous
sphere follows the FD and BE distributions, where the quantum pressure and pair pro-
duction/annihilation effects are significant. At high temperature when the pair produc-
tion/annihilation into radiations (massless particles) is significant, the sphere can be grav-
itationally bound only if the boundary temperature is less than half of the particle’s rest
energy, kgT(R) < 0.5 mc? in the classical limit. However, the threshold temperature
decreases (increases) as the degeneracy increases for fermions (bosons).

Furthermore, we emphasize the importance of the quantum pressure, in contrast
to the thermal pressure (kgT(R) > 0.1 mc?) in the classical limit [56], to trigger the
collapse. The condition can be applied to various self-gravitating dark matter systems.
For fermionic dark matter, the quantum pressure from Pauli blocking in low temperature
is pivotal to trigger the instability. While for bosonic dark matter at low temperature
(kpT(R) < 0.1 mc?), the lack of Fermi-degeneracy pressure prevents it from collapse if
there is no BEC. Nevertheless, the repulsive self-interaction in the BEC is expected to

trigger the instability, where the details will be presented in the future [I86].
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Chapter 6

Dark Matter Density Spikes

around Supermassive Black Holes

It is well established that dark matter (DM) contributes about one quarter of the
total energy of the universe [211]. Many DM models have been proposed, in particular,
the introduction of new stable particles. However, the natural properties of DM are still
elusive. In the standard ACDM cosmology, DM is assumed to be collisionless. Despite
the success of ACDM on large scales, difficulties remain to explain the sub-galactic scales.
The core-cusp and missing satellites problems are the discrepancies between the numeri-
cal N-body simulations and astrophysical observations on small scales of structure. The
deviations may come from the insufficient implementation of the baryonic processes such
as the supernova feedback and photoionization or might be due to the unknown properties
of DM. Self-interacting dark matter (SIDM) was first proposed to reconcile these issues

with the cross-section per unit mass in the range of 0.45 cm?/g < o/m < 450 cm?/g (m

80



denotes the DM mass) [11]. It should be mentioned that some investigations showed that
the velocity-independent cross-sections cannot account for the observed ellipticities in clus-
ters [212, 213]. Furthermore, bullet cluster 1E 0657-56 seems to constrain o/m to be less
than 0.7 cm?/g, and the cross-section of SIDM would be too small to be distinguished
from the collisionless DM [214], 215]. While some studies indicate the SIDM with velocity-
dependent cross-sections can provide a broader parameter region, o/m ~ 0.1 — 50 cm?/g,
to accommodate above puzzles [216, 217, 218, 219]. (see Ref. [13] for a review). The issues
of SIDM are still under investigation, in this chapter we adopt the constraint in the range
of

0.1 cm?/g < o/m < 1 em?/g (6.1)

in our study.

It is generally believed that all large galaxies immersed in dark halos host central
supermassive black holes (SMBHs). The dynamics of the presence of a central black hole
(BH) will alter the surrounding stellar distribution and generate a density cusp within its
radius of influence [220, 221, 222], 223, 224, 225, 2261, 227, 228, 229, 230]. It was Peebles [231]
who first derived a power law for the stellar distribution function based on the scaling argu-
ment. He adopted the picture that the stars are bounded in orbits due to the gravitational
potential of the central BH and then diffuse into another bound orbit via the star-star gravi-
tational scattering. Bahcall and Wolf obtained the scaling law of steady-state stellar density

profile as nggar(r) o P T/4

in the cusp region by numerically solving the one-dimensional
Fokker-Planck equation for spherical clusters and isotropic velocity distribution [232]. The

study is then extended to two-dimensional problems after considering the anisotropy in ve-
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locity space and the effect of high eccentricity /low angular momentum orbits (the so-called
loss-cone in J-space) considered by Frank and Rees [233] and Lightman and Shapiro [234].
Monte-Carlo simulations as well as numerical integration of two-dimensional Fokker-Planck
equation were also performed in Refs [235] 236, 237, 238]. Some recent studies taking into
account the nonspherical clusters, relativistic corrections, and extreme mass ratio inspirals,
etc. can be referred to [239] for a review. On the other hand, for the galactic nuclei one
may address the similar question where the DM distributes in the center region of galaxies,
and will be entrained towards the massive BH. The redistribution of DM density profile
around the massive BH is usually called the central “spike,” that might be observed as a
point sources of gamma rays [240] and neutrinos [241] or through the dephasing of the
gravitational waveform induced by DM [242] 243] that can be probed with future inter-
ferometers. Different investigations have shown the adiabatic growth of spike density to be
p(r) oc 7~ and p(r) oc =8 with 2.25 < 8 < 2.5 under the assumptions of isothermal DM
distribution [244] and singular power-law cusp DM distribution [221], 245], respectively.

In this chapter, we aim to provide a self-consistent study of the spike density
formed by Bondi accretion [246], 247] onto a central BH in a typical dark halo dominated
by SIDM. The motivation for choosing this setup is as follows. The Bondi accretion is the
simplest mechanism to study the accretion near a massive object. Later, one can extend to
more realistic accretion dynamics based on the results derived from Bondi accretion. The
model of SIDM considered in this chapter is a Standard Model gauge singlet self-interacting
scalar field with interaction potential %/\\gb]‘l. From the perspective of particle physics, this

model is one of the simplest SIDM models satisfying the current detections [248]. Due to its

82



simplicity and elegance, this SIDM model or its simple extension with interaction potential
%)\n\dﬂn have been widely adopted in the context of cosmology [1911 249] 250, 251, 252] 253,
254, 255, 256], or the construction of dark boson stars [174] 171} 172} 257, 258], 259] 260,
261, 262]. Especially, in [174] it is for the first time shown that this model can form compact
objects due to nonzero self-interaction. Moreover, an EoS of this model is also extracted
in the isotropic limit [I74], which can then be adopted for hydrodynamical studies, such as
Bondi accretion considered in this chapter. Given the exact form of equation of state (EoS),
we are able to solve the relativistic Bondi accretion of the flow of this SIDM analytically,
and obtain the spike density profile within the range of self-gravitating regime.

Inspired by the early works [263] 264, 265], there are recent studies on the spike
or cusp profiles around a BH by quite different approaches for various DM models [266),
267, 268, 269, 270, 271, 272]. Our work can be seen as an extension along the same line
but consider a nontrivial SIDM with a closed form of non-polytropic EoS. This contrasts
with the results obtained based on either polytropic EoS or the assumption of velocity-
dependent cross-section. The rest of the chapter is organized as follows. In Sec. we
study the relativistic Bondi accretion of SIDM in DM halo. We then apply the observational
constraints in our model parameters and adopt the fluid description for the spike density
profile in Sec. [6.2l We conclude in Sec. [6.3] Throughout the chapter, G = h = ¢ = 1 is

adopted unless otherwise noted.
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6.1 Relativistic Bondi accretion of self-interacting dark scalar

The resultant profile of the accreting matter due to the Bondi accretion is sup-
posed to depend on the EoS. The simplest EoS is the polytropic type, p = K pg with pg
indicating the mass density, which, however, may not be the realistic one for nontrivial
DM. In this chapter, we will consider a nontrivial but simple DM model which goes beyond
the polytropic one. This is just a massive canonical scalar field with quartic self-coupling,

which was first proposed in [174] for boson stars, with the following Lagrangian,

L= 0" &0~ V(19) (62)

where the scalar potential is given by
1 A
V(1gl) = 5mAlol + Glolt (63

Here m is the mass of DM mass and A represents the self-coupling strength. This is a
simple and viable DM model with discrete symmetry. The resulting cross-section of DM-

DM scattering is [273]
)\2

o= G2 (64)

in the non-relativistic limit. This cross-section should be constrained by Eq. to yield

profiles of DM halos consistent with the observed ones.
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To consider the accretion of the above scalar SIDM by a central massive object

such as a BH or a compact star of mass M, which is described by the Schwarzschild metric
2M oM\
ds? = — (1 — ) dt? + (1 — ) dr? + r?(d#? + sin® 0d¢?) . (6.5)
r r

Instead of directly solving the above Einstein-scalar system in such a background spacetime
for the hydrodynamics of the accreting matter, we can consider the regime with Am%l /m? >
1, where mp; is the Planck mass, for which the scalar field only varies on a relatively large
length scale Am%,/m3 > 1/m. Therefore, the stationary scalar field configuration in this
regime can be approximated by a perfect fluid for the hydrodynamical study with the

following EoS [174]

30 \'/? ’ p _ 3p [ D
<1+) -1 or —=—+44,/—, (6.6)
4pp PB  PB P

where the free parameter pg is given by

3m* 3.8 ( m

4
—_ 20 -3
PB =S5y 5 GeV) x 10" kg m™°. (6.7)

The EoS Eq. reduces to a condensate fluid p oc p? [I76] in the non-relativistic limit,
p K p < pp; while p ~ 3p > pp as a radiation fluid in the relativistic limit. To study
the Bondi accretion for the considered SIDM, we can start with either the non-relativistic
formulation or the relativistic one. The corresponding sets of the continuity equation and
the Euler equation are given in Appendix [K:1] and [K:2] respectively. However, as shown in

Appendix [K] the non-relativistic Bondi accretion of the SIDM with EoS Eq. [6.6] gives the
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relativistic sound speed near the sonic horizon, so that this formulation is not appropriate
for our consideration. Therefore, we will adopt the relativistic formulation to consider the
Bondi accretion in the following.

Start with the continuity equation, which can be understood as the expression for

the constant accretion rate M = dM/dt, i.e.,

M = 47r? pyu = constant, (6.8)

where v is the negative radial component of 4-velocity of the hydrodynamic flow and pg
represents the rest mass density. The mass-energy conservation [57] yields the relation

between the total energy density p and pog, i.e.,

(ap> —2tP (6.9)
9p0 /) aq po

where the subscript “ad” denotes the variation is adiabatic during the accretion process.

Based on Eq. [6.6 and Eq. one can then derive

=5 (V1 a1 o (e )
o= 414+ = =1 ) (/314241 + - 6.10
P 9( 4pn 4 (610

and the (adiabatic) sound speed square

2 <5p> _1<1_ 1 >_ Vb/os (6.11)
0p) a3 V1+3p/4ps)  3v/p/pp +2

It is obvious that the existence of a sound barrier at a = 1/v/3 when p,p > pp. Considering
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that the sound speed profile a = a(r) is the elementary dynamical quantity characterizing
the fluid dynamics, we can invert Eq. and Eq. to express pg, p and p in terms of

a. The results are

P0 8a? 1—a? p  4a?(2 - 3a?) P 4a* (6.12)
— = \/ —=—""% and —=-————. :
pp 1—-3a2V 1-3a?" pp (1 —3a?)? pp (1 —3a?)?

As for the relativistic Euler equation (see Appendix [K.2), we can integrate it with

the help of Eq. to the relativistic Bernoulli equation [57]

P 2 oM o+ poo \ 2
( +P> (Hu?_):(f’“’) , (6.13)
Lo r 0,00

or equivalently by Eq.

1-a2\? , 2M 1-a2 \?
(1—3a2> <1+“ _r>_<1—3ago> ’ (6.14)

where the quantity with the subscript co denotes its value at r = co at which u vanishes.

Given an accretion rate and the sound speed at a particular location, we can first solve
u = u(a,r) and then turn the Bernoulli equation Eq. to a profile equation for the
sound speed. See Appendix for details. Besides, the relativistic sonic horizon is better

to be defined by the radial location rs where the local Mach number [57]

M = u/a (6.15)

V1=2M/r +u?

takes the unity value, i.e., My = M |,—,, = 1. In Appendix we sketch how M
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characterizes the “local” fluid speed over the sound speed. Note that both My and M, =
M |;=, = 1/a at event horizon r, = 2M are independent of u. Later on, we will use M
instead of u to characterize the local stream speed of fluid.

The profile equation of sound speed, i.e., Eq. does not admit analytical
solutions, we will instead solve it numerically in the next section to yield the spike profile of
the mass density. Despite that, one can determine the sound speed at sonic horizon r; and
the event horizon 7y, (if the center object is a BH) without solving the complicated profile
equation. At the sonic horizon, the degenerate feature of the relativistic Euler equation

yields the relations [57]

W=t = (6.16)

This reduces the Bernoulli equation Eq. which solves the sound speed at sonic horizon,

as by

> _ 1 —3a% + /1 + 66a2, — 63al,
y 18(1 — aZ))

a (6.17)

On the other hand, the continuity equation implies T%Lp()huh = r2ppsus, which we can solve
for the sound speed at the horizon wy, in terms of as with the help of Egs. [6.10] and [6.16]
Impose the right-side of Eq. at the event horizon, then solve it with the above wu; =

up(as) for the sound speed ay at r = rp,, we obtain

o1 13 1—|—3a 372 1—3a2,
h=3 3|16 1—3a2 1—a2

where a; is given by Eq. See the top panel of Fig. for the numerical profiles of

-1

: (6.18)
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Egs. and Therefore, the physical range of 0 < a2, < 1/3 implies

(6.19)

ot =
Ol =
W=

Remarkably, no matter what value a, takes, the sound speeds at event and sound hori-
zons are always the order of light speed. This justifies the use of the relativistic formal-
ism. Furthermore, given the boundary condition, i.e., fixing the value of as (or as), then

the accretion rate M is fixed up to the dimensional parameters M and pB- Specifically

by Egs. and one obtains the accretion rate

M?pp. (6.20)

1+3a§>3/2 1- a2

2 2
1—3az a;

M—87T<

In an astrophysical system, it is useful to define the Bondi (capture) radius of the accretion

range

2M

= — 6.21
=y (6:21)

beyond which the accretion becomes less significant as the particles of the fluid around are
no longer gravitationally bound. Consider the two extreme cases: (i) a? =1/9 (ao = 0) =
M = 647 M?pp, rs = 6M, and 15 — oo; (ii) a2 — 1/3 (ase — 1/3) = M — oo, 15 = 3M,

and rg = 6M. Therefore, one can conclude:

64T M?pp < M < oo, (6.22)
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Figure 6.1: Sound speed squares a%, a? at different radii (top panel), inverse accretion rate
1287 M?2pp /M (middle panel) and inverse radii 2M/r, and 2M /rg (bottom panel), which
are the results of Sec. given a2, (or adiabatic index v,,) at infinity. We note that as
Yoo — 4/3, the sound speeds in all range approach the sound barrier a?, — a2 — a% — 1/3.
The accretion rate increases M rapidly as the adiabatic index becomes softer, and diverges
as Yoo — 4/3 (a?, — 1/3). The sound horizon r is bounded between 3M and 6M; while the
Bondi radius rg between 6M and co. They both decrease as the adiabatic index becomes

softer, and vice versa. While the Bondi radius diverges as v, — 2 (a2, — 0).
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and

3M <r, <6M <rg < o0 (6.23)

depending on the boundary condition. It is interesting to note that the sonic horizon is
bound between the smallest circular orbits of massless (photon sphere 3M) and massive
(innermost stable circular orbit 6)/) particles. We see that the accretion rate increases
rapidly as the sound speed ao, increases, and becomes divergent when approaching the
sound barrier, see the middle panel of Fig. |6.1] This contrasts with the result of [269] in
considering the relativistic Bondi accretion of the matter with polytropic EoS, for which
the accretion rate remains finite as ao increases.

However, there is a trade-off between the accretion rate (M) and accretion range
(r): The larger the accretion rate, the smaller the accretion range, see Fig. (middle
and bottom panels). As long as rp is finite, once the self-interacting bosons are vacuumed
up within the region set by rp, the accretion will stop so that it cannot grow indefinitely.
Via integration of Eq. we can obtain the accretion time given the initial and final BH

mass,
1 1
——— ] >064 tr —1t;). 6.24
(37 ) = G4ms s =) (6.21)

Note that the model parameter pp is crucial to the accretion time scale, and it can be

determined given p./pp from astrophysical observations.
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6.2 Spike profile of the dark halo density around a BH

In this section, we would like to apply the results derived in the last section to
obtain the accreting spike density profile around the central massive object. This is the
ideal case of accreting the DM in the halo by a central massive object such as a BH. We will
first obtain the numeric windows for the model parameters of the considered SIDM model
from the astrophysical observational constraints. With these numerical values of the model
parameters, we then numerically solve the profile equation of the sound speed Eq.

and thus obtain the spike profile of the halo density.

6.2.1 Parameters of SIDM for a typical dark halo

For a virialized system in the fluid description, it is more useful to measure the

velocity dispersion square

3 2
V3 = L (6.25)

p 1++/1+3p/4pB

rather than the sound speed square Eq. However, they are at the same order of
magnitude if po/pp < 1 far away from the Bondi radius. Specifically, one can determine

the model parameter

3 Poo

=152
16 Udis,oo

o5 (6.26)

if v?hs o < 1. This is reasonable as the DM halos are generally non-relativistic. In reality,
the dispersion of DM itself is not directly measurable, while it is correlated to that of

baryonic matter if the whole system is virialized through gravitational interaction [274].
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On galactic (cluster) scale, poo ~ 1072 (1072) Mg pc™3 and vgis 0o ~ 102 (103) km s~ [13],
for example, we can determine pg ~ 10* (10) Mg pc™2 = 6.77 x 10716 (10719) kg m—3.

This implies the parameters in our SIDM model to have the relation by utilizing Eq.

m ~ 1072 (10719) A4 GeV. (6.27)

We note that even though the possible pp ranges three orders of magnitude from galaxies
1/4

to clusters, the mass is still constrained in a narrow window as m o pg . Moreover, for

typical halos considered above, the lower bound of the accretion rate of Eq. yields

Muyin = 647 M?pp ~ 1.41 x 1072 (1076) My, yr™* (6.28)

for BHs of mass M = 10° (10°) M, at the central galactic (cluster) mass halos [275], which is
subdominant compared to the Eddington accretion [3] of baryons ~ 2 x 1072 (10*) Mg yr—!.

If the SIDM model could also resolve the small-scale structure problem, the con-

straint of Eq. [6.1] together with the cross-section in Eq. [6.4] would impose

30 (G?Vf/z <A< 90 (G’:V)S/Q, (6.29)

where the upper (lower) corresponds to the galactic (cluster) scale [13]. Combining Eqs.

and we have the self-coupling constant to be constrained in the range of

1072 <a<107 (6.30)
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or expressed in terms of scalar mass

1077 eV <m <107° eV, (6.31)

which overlaps the range of axion DM [276, 277]. In addition, the mass window Eq.
satisfies the Bullet Cluster constraint 2.92 x 10722 eV < m < 1.10 x 1073 eV [256], and is
compatible with 4.17 eV* < m?/\ < 6.25 eV* WiIldOWE determined from the rotation curve
of the dwarf spiral galaxy, DDO 154 [255].

On the other hand, the accretion time for My > M; from Eq. results in

1 P\ (1072 Mg pc=3Y /10 M
tp—ti=At<S ———— =48x 102 (=2 .32
! ~ 64mppM; 810 (PB) ( oo M Gyr, (6.32)

which is significantly longer than a Hubble time for a galactic halo of po/pp =~ 1076 with a
central BH of initial mass M; = 105 M. If this SIDM model dominates the main component
of the dark halo, it is expected that the accretion is still persisting even for the most massive
BHs in our universe. Therefore, it is reasonable to see how the accretion shapes the DM

density spikes around BHs.

6.2.2 Position-dependent adiabatic index

Most EoSs for realistic astrophysical consideration are not polytropic, instead they

can be approximated as piecewise polytropic functions. We can extend this approximation

!The values shown here are not exactly the same as in [255] because of the different convention defining
the Lagrangian £ and the scalar potential V (|¢]).
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by introducing the following position-dependent adiabatic index,

y(r) (;f;ﬁ))ad : (6.33)

The introduction of v(r) helps to compare with the usual polytropic results whenever dv/dr
is small over some region. Besides, - is related to sound speed in a simple manner via Eq.
1.€.,

a*(r)

(gi> _ Py (6.34)

Applying to EoS Eq. we have

4 1
() =3 (1 LW e yy 7y 3p/4pB> (6.35)

which ranges from 2 (p < p < pp) to 4/3 (p ~ 3p > pB)ﬂ Note that p — po when
p K p < pp in the non-relativistic limit, thus p pg from Eq. which implies the
adiabatic index (r) ~ 2 in sharp contrast to the non-relativistic monatomic ideal gas with
the corresponding v = 5/3 < 2. Since the adiabatic index characterizes the compressibility

of a fluid, the EoS Eq. is stiffer due to the repulsive self-interaction.

6.2.3 Spike profile

Since the Bondi radius is the range in which the self-gravity effect is relevant for

accretion, we shall just consider the spike density profile around the BH within this range.

2This lower bound happens when the sound speeds aeo (and as) reaches the sound barrier 1/ V3. However,
as shown in Fig. for non-relativistic aso ~ 107, the sound speed can only reach its maximum 1/\/5 at
the event horizon so that the lower bound of v is 8/5 instead of 4/3.
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Applying the typical velocity dispersion vgis oo ~ @ Of galactic halos as discussed, the
Bondi radius

2M M
== ~107 ~ | — . .
B oz 0" x 7y (106 M@) pc (6.36)

To obtain the profiles of the sound speed and mass density, we solve the profile equation
Eq. for the sound speed numerically within the aforementioned range of Bondi radius,
and then obtain the density profile accordingly via Eq. Our results are shown in
Fig. for the local Mach number M (top panel) to characterize the local stream speed of
the fluid, the position-dependent adiabatic index  (middle panel) to characterize the sound
speed, and the dimensionless spike density profile pg/pp (bottom panel). We see that the
local Mach number ranges from unity at the sonic horizon to about 10~3 near the Bondi
radius with a slowly varying log r profile.

As discussed, the position-dependent index = (or equivalently the sound-speed-
squared a?) can help to characterize the piecewise feature of EoS. From the variational
behavior shown in Fig. [6.2] this feature is manifest for the EoS we consider, and it can be
divided into three regions: (1) the near zone region ranging from the event horizon r, to the
sonic horizon 3rp; (2) the middle zone ranging from the sonic horizon about 37, to 100ry;
(3) the far zone ranging from 1007, to the Bondi radius. The far zone is a region of almost
constant v ~ 2, and can be thought of as the region with EoS p oc p3. On the other hand,
~ other than the far zone changes more rapidly and ranges from 1.6 at event horizon to
about 2 around 1007y, so that it cannot be well-approximated by a single polytropic EoS

over the near and middle zones.
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Figure 6.2: Profiles of local Mach number M (top panel), position-dependent adiabatic
index v (middle panel) and mass density pg (bottom panel) for accreting SIDM with EoS
Eq. around a massive BH. The data are the solutions of Eq. with a?, = 107",
The profile of M characterizes the local fluid speed. The profile of v characterizes the local
behavior of EoS, which remains stiff (v ~ 2) in the spike and starts to decrease promptly
from 200M towards the central BH (v — ~;, = 8/5). The profile of py shows the spike profile,
which can be fitted well by double-power law of Eq.[6.37], but not by the single-power law as
shown. As shown, we also fit the mass density profile by single-power law for three regions
defined in the main text with small relative error: (1) po/pp = 5.62(2M /r)?0 for near zone
(red); (2) po/pp = 4.98(2M /r)*%® for middle zone (orange); (3) po/pp = 4.07(2M /r)'-00
for far zone (blue).
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Guided by the power-law spike po(r) oc 7 in the literature [232] 234, 278] when
considering the stellar density around a SMBH, it is tempting to also fit the mass density
profile shown in Fig. by the power law. However, the power-law fitting to the whole
region turns out to be not good. This could be due to the non-polytropic nature of our

EoS, i.e., non-constant . Instead, double-power law gives a better fit of our model,

po(r) = [1.82 <2i”) s (25}4>0.99] . (6.37)

with quite small relative error, i.e., 0.558%. The second term po(r) oc r=°9 ~ =1 dom-
inates at large radii near the Bondi radius, which can match the Navarro-Frenk-White
(NFW) [24] cusp outside the Bondi radius of the BH.

On the other hand, we can fit some particular region over which v remains constant.
In such cases, the result shall take the limiting power-law form obtained in [269] (see (A.8)

therein)

_ 1 )
po(r) ocr 1 with [ > 3 (6.38)

for the accreted matter with polytropic EoS, i.e., p pg. Indeed, if we fit our mass

density profile in the far zone, it is consistent with Eq. with T’ ~ 2, i.e.,

=7 ‘far zone

1

po(r) oc r~*. Similarly, in the region near the sonic horizon, ~y { ~ 16/9 so that the

sonic
mass density fit to Eq. with T' = 16/9, i.e., po(r) oc 7~ 129, Therefore, our results are
consistent with the polytropic ones. We have also fit the mass density in the near, middle,

and far zones separately, and the results are: (1) po(r)/pp = 5.62(r,/r)1-? for near zone (2)

po(r)/pp = 4.98(ry,/r)108 for middle zone (3) po(r)/pp = 4.07(rp/r)1% for far zone. We
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see that in all three cases, the spike profiles are less cuspy than the one from the usual Bondi
accretion of non-relativistic monatomic fluid with T' = 5/3, for which the spike behaves as
po(r) oc 71 [57]. This is due to the repulsive nature of self-interaction of the chosen SIDM
model.

In our scenario, the spike profile is formed by accreting the DM, this is differ-
ent from the Bahcall-Wolf scaling law for the cusp in the number density of stars, i.e.,
Ngtar (1) X r~7/4 by considering the accretion of stars into a SMBH at the center of
galaxy or cluster. However, we can compare our result with the ones for the accretion of
SIDM but different nature of self-interactions. In [266], the SIDM with velocity-dependent

«

cross-section o o« v~ is considered for the spike profile, and the resultant spike profile
is po(r) oc r—(@+3)/4 Therefore, the Bahcall-Wolf exponent 3 = 7/4 can be obtained for
« = 4, which corresponds to the Coulomb-like self-interaction. This contrasts with the
results obtained by our velocity-independent cross-section, for which the steepest spike in
the near zone is po(r) oc 7~ 129, Thus, the steepest spike profile from our model is still less
cuspy than the Bahcall-Wolf law. Again, this is due to the repulsive self-interaction of the
chosen SIDM model.

In a broader scenario, the core-expansion phase of SIDM halos can resolve the core-
cusp problem of dwarf galaxies [44] if there is no central BH. During the core-collapse phase,
a central BH could form directly from DM via gravothermal catastropheﬁ [19, 20| 22, 65].

After that, the cusp could still behave as the NFW, po(r) o< r~! with the central BH, and

match Eq. Some comments of possible extensions are made. The velocity-independent

3 Although the SIDM we consider here is stiffer (y = 2) than the traditional ideal gas (y = 5/3) in
non-relativistic regime [56], it could still trigger the relativistic instability and collapse into a BH if the core
density is sufficiently high such that ~ varies from 2 towards 4/3.
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cross-section o/m ~ A\?/m3 was used in our calculation, therefore, it predicts a constant
cross-section universally over all scales and might not be able to describe dwarf halos and
clusters simultaneously. In general, for the interaction mediated via a force-carrier might
induce velocity-dependent cross-sections and enhance the cross-section by Sommerfeld effect

or resonance scattering [279] 280].

6.3 Conclusions

Inspired by obtaining the spike profile by accreting the DM into a central BH inside
the dark halo, in this chapter we consider the relativistic Bondi accretion of a specific type
of DM. This DM model is a massive scalar field with quartic self-interaction, which results
in the non-polytropic EoS. This model is well motivated from the perspective of particle
physics by its simplicity and elegance. Our work can then be viewed as an interesting
interplay between astrophysics and particle physics.

By solving the relativistic Bondi accretion problem, we find that the corresponding
accretion rate, M > 967 G2 M?m* /AR3, is bounded from below, and can become divergently
large when the initial sound speed approaches the sound barrier. This is quite different from
the one for the polytropic type of matter [269]. Assuming this scalar field dominates the
main component of DM around the BH, the shape of the density spike is determined by the
model parameters of the DM model, 7.e., mass and quartic coupling. Thus, the observation
of the spike profile will then put a severe constraint on these model parameters. Moreover,
due to the repulsive nature of the self-interaction, the spike found in this work is less cuspy

than the one predicted by the polytropic type of DM, and also the Bahcall-Wolf power law
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of the stellar accretion. Specifically, we find the power law varies from pg(r) oc r~12 near

the BH to r~! towards the Bondi radius for typical dark halos, which are all independent
of the mass of the central BH. Overall, the spike density within the self-gravitating region
can be well-fitted by a double-power law of Eq. This is the main prediction of our
model, which can be scrutinized by the observational spike data.

Our formalism can be easily extended to the SIDM with more generic self-coupling.

For example, the SIDM with V(¢) = im?|¢|2 + 22|¢|" (for n > 2) can yield EoS of the

n+2 /2

form p/p. = 75 p/ps + % (% p/ p*)z/n, which becomes p o< py’” in the non-relativistic
limit [I91]. Following the same procedure of this work, one can solve the spike density
due to the relativistic Bondi accretion on to a central BH, although the numerical solution
could be more complicated. In the long run, one may pin down the SIDM model by the
observation data of spike densities. For indirect detection, the self-annihilation of DM can
differentiate the small difference in the logarithmic density slope as the annihilation rate
depends on the square of the density [221) 230], though the annihilation effect could also
soften the spike [229]. In particular, Event Horizon Telescope can serve as a powerful probe

of the DM spikes near BHs [228], 230]. However, this deserves further scrutiny for future

works.
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Chapter 7

Extremely Mass Ratio Inspirals

from Supermassive Black Holes

The nature of dark matter represents one of the most enduring and perplexing
enigmas in physics. Cosmological measurements have now determined the abundance of
dark matter with exquisite precision, and from both observations and numerical simula-
tions, we have gained substantial insights into its distribution within Galactic halos. Yet,
the identity of dark matter remains shrouded in mystery. An alternative hypotheses for
dark matter, primordial black holes (PBHs) of ~ 30 Mg, has been explored through their
binary merger rate [281) 282], which overlaps 2—53 Gpc™2 yr~! estimated from GW150914
by LIGO. Moreover, the merger rate enhancement inside the dark matter spikes around
supermassive black holes (SMBHs) is expected due to the higher dark matter density [283].

However, extreme mass ratio inspirals (EMRIs), which involve binary systems

consisting of a compact stellar-mass object orbiting a SMBH, are expected to be among the
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primary sources of gravitational waves (GWs) for the upcoming LISA mission [284] 285, [286].
Therefore, in this chapter, we aim to compute the EMRI merger rate resulting from PBHs
within dark matter spikes and compare it with the PBH binary merger rate. Although our
study only considers redshift z = 0, the results can be generally extended to higher redshifts

and used to infer the abundance of SMBHs in the early universe.

7.1 Merging via gravitational radiation

First, we review the basics for moving objects to merge through emitting gravita-
tional waves. If the two point masses with initial relative velocity v.. pass away narrowly,
where the eccentricity e 2 1, we can assume it is close parabolic orbit and consider the lead-

ing term for e — 1. The distance of closest approach of two massive objects of parabolic

orbit (e = 1),
62 b 2 b2 2
rmin = e = ) Crel (7.1)
2uk  2uGmimg  2G(my + ma)
with p = % the reduced mass and b the impact parameter. The quadrupole formalism

gives the total energy of the gravitational radiation at Newtonian order

8 G7/2 (my + mg)l/Qm%m%

AE = T 7 g(e) (7.2)
min
with g(e = 1) = 4257/32v/2 [287]. The condition for the two masses to pass away is
8 G7/2 (my 4+ ma)2m2m3 1 5 1 mima o
AE = 15 & 72 g(e) < iluvrel T 2my +my (7.3)
min

103



Combined with Eq. one obtains

8 1 G (m +m2)5/7m1/7m1/7
b> (159(@)) 29/1465 7 577 L 2 = buerging (7.4)

Urel

the minimum (maximum) impact parameter for them to pass away (merge). Therefore, the

merging cross section [288, 289

(7.5)

Omerging = 7"-bmerging -

9 5 851\ /7 G?*(my + m2)10/7m?/7m§/7‘
6v/2 c10/71)1};/7

If mq = m9 = m, we have, in terms of Schwarzschild cross section og, = (2Gm / 02)2,

' B 85777 2/7 2Gm 2 i 18/7N 8577'(' 2/7 i 18/7
Omerging — 3 ™ 2 Vrel = 3 OSch Vrel )

. o . . 2
or, in terms of gravitational scattering cross—sectlo Oscattering = (2Gm/ vfel) ,

_ 85m 27 2Gm 2 Urel 10/7N 851 2/7 Urel 10/7
Omerging = T T 02 ( c ) = T Oscattering (T) .

rel

Thus, it is clear that if v, < ¢,

18/7 o \10/7
) Omerging <K Omerging <K T Omerging =~ Oscattering (76)
rel

~ Urel
0Sch = c

'To be precise, the gravitational (Coulomb-like) scattering cross section [123} 290, 291]

2Gm >
Oscattering — 2m ( v2m> In A7

rel

where In A = In (bmax/bmin) is the Coulomb logarithm, with bmax ~ (47‘(’,0/37%)71/3

ration between objects at a mass density p = mn, and bmin ~ 2Gm/vZ,; is the impact parameter for a 90°
deflection.

being the average sepa-
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which means that for non-relativistically moving objects to merge through emitting gravi-
tational waves, they can be far from head-on collision; while the merging cross-section must

be much smaller than the gravitational scattering cross-section if they were to scatter off.

7.2 Primordial black hole binary mergers

In this section, we review the methodology in Ref. [281] to calculate the merger
rate of PBHs inside halos. Given the merging cross-section in the previous section, we can
calculate the merger rate of PBHs within each halo. Since these things are just like large

dark matter particles, we use the same calculation as for dark matter annihilation

7200 1 (PNFW(T)

7200 1 2
R = 47r/ fn2(r)<amergingv>r2dr = 47r/ > <Jmergingv>r2dr, (7.7)
0 2 0 2 m

where

_ ps
PNFW (1) = (/) (Lt r/ra? (7.8)

is the Navarro-Frenk-White (NFW) profile [24] and rog9 = co0o7s the virial radius with cggg
the concentration, m is the mass of the PBH and v = v, is the relative velocity of two
PBHs. We also want the cross-section for two PBHs to form a binary and ultimately collide.

The merging cross-section for two PBHs of equal mass is then

(7.9)

C

I ON

Omerging — 4 < 3 1
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To approximate v, the relative velocity of two PBHs, we assume their velocity distribution
follows the standard halo model assumption of a Maxwell-Boltzmann distribution with a

cut-off veyt:

2 2
P(v,v4m) = Fo [exp (—g) — exp (—%‘“)] ; P(v,vqm) = 0 for v > veyt, (7.10)
v v

dm dm

where Fy = Fy(vam) is the normalization factor determined by 4 [ P(v)v?dv = 1 and
the cut-off velocity
2G Moo

Veut = (| ————— (7.11)
200

is determined by the escape velocity in a dark halo, and Magg = 47 psrs f(ca00) with f(z) =

In(1+z) —x/(1+ z) for an NFW profile. Comparison to N-body simulations shows that

this assumption works well for the small velocities which will dominate our event rate.
For an NFW halo, the Keplerian velocity has a maximum at rpax = Cmax’s =

2.1626r,. Then the velocity dispersion of dark matter can be assumed to be

Vdm = G Mo (7.12)

T'max

where My = 47psr2 f(Cmax) is the mass within rpp.x, given by integrating the NFW profile.

Therefore, we have

Ve = \/47TGPST§f(CmaX) _ \/47TGP5T§f(0200) \/f(cmax)CZOO _ Ucut f(cmax)CQOO

C2007's f(c200)emax V2 \[ f(c200)Cmax
(7.13)

CmaxT''s

Then the total cross-section in each halo can be computed by integrating over the velocity
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distribution, i.e.,

2/7 ~2, 2 Vcut 3/7
(Omersmet) = (47 (57 ) E55 [ P ()0 (2)
0

C C C

which can be evaluated in terms of gamma functions. Note that it has units of volume per
unit time as ¢*P is dimensionless. Since the cross-section is independent of 7, we can do

the NFW integral to get the merger rate

R — A7 (Omerging¥) / 0 o (PNFW>2 g — (Tmergingt) Moo 1 [ 1 1
2 0 m m?2 8nrd 3 (1+ c200)3 | f2(ca00)

872 857\ 27 G2py Mago 1 1 Veut o\3/T v
= (2T 1— 3 7 9.
3 < 3 ) o3 [ (1+CQ00)3} f(0200)/0 ¢"P(v, vam) (c) d(c)

(7.15)
The PBH mass drops out, thus the merger rate R oc (G?ps/c®)Magg only depends on the

properties of halos. For a Milky Way halo, cagg ~ 7, and this is 107 s7! or 2 x 10712 yr—1,

7.3 Extremely mass ratio inspirals

We now consider the EMRI merger rate from PBHs plunging into a central SMBH
of mass M in each halo. As accretion of dark matter (assuming all of them are PBHs)
around a SMBH develops a density spike within the radius of influence rg, of the SMBH,

we only consider the PBHs residing in the spike. The merging rate within the spike

I = (1) (TumergingV)- (7.16)
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where (n) is the averaged number density of the PBHs in the spike. Taking m; = M =

10°m = 10°my with 8 > 4 for EMRISs, the merging cross-section

_y 857\ /7 G%(my + m2)10/7m?/7m§/7
Omerging = 4T 672 c10/7,18/7

85w\ /7 125/7 GPm? vy —18/7
~ B/7 e
~ 2 <6\/§> 10 c4 (c) . (7.17)

Note that there is a 10'25/7 enhancement compared to the equal mass merger. To approxi-
mate v, the relative velocity of the compact object to the SMBH, we assume their velocity

distribution follows a Maxwell-Boltzmann distribution with a cut-off veyt:

2 2
P(v,vsp) = Fo [exp <—:2> — exp (—Zc;t>] ; P(v,vsp) = 0 for v > veyt, (7.18)
sp sp

where Fy = Fy(vsp) is the normalization factor and the cut-off velocity

2G (M M
Vcut = ( Tp + ) (719)
Sp

is determined by the escape velocity in the density spike, where My, is the spike mass. And

the velocity dispersion of dark matter in the spike is assumed to be

G (Msp + M) Veut
o (S M T M) Teut 2
vsp Tsp \/i (7 O)
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Then the total cross-section in each halo can be computed by integrating over the velocity

distribution

8571\ 27 G?m?2  [Ueut | o\3/7T /v
, _ 2 128/7 3 v v
(TmergingV) = (47) (96 > 10 B /0 P (v, vsp) <c) d <c> ) (7.21)

Without loss of generality, we could assume a power-law density spike

p(r) = pep (1/7sp) " (7.22)

within 7g,, where 1 < o < 3 depending on the matter properties. For example, stellar
objects in bound orbits in the gravitational potential well of the central black hole diffuse
from one bound orbit to another via gravitational (Coulomb-like) scattering will follow the
Bahcall-Wolf power-law o = 7/4 [232, 266], which has generally been assumed for EMRI

formation for stellar objects surrounding a SMBH [292]. Then the total mass of the spike

AT pprd 2G M\ 3
M, — —PsPTsp g : 7.23
P 3—« Arep (7.23)

thus

M, 3 2G M\
(n) = sr;/m — (@) < ) 1— ( > > ) (7.24)
dmrd, /3 m/\3—a« Cryp
Here we set the lower bound of the spike profile at 2G'M/c?, although a more detailed
consideration gives 8GM /c? [221] or 4GM/c? in generally relativistic treatment [293] 294]

due to the SMBH capture, the difference is negligible. In practice, we can take the Bondi

radius as the radius of influence of the SMBH, ry, = rg = 2GM /vﬁm, where vgp, is the
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velocity dispersion of dark matter far away from the Bondi accretion radius. As before, we

can approximate vgm = v/ G Mmax/Tmax in an NFW halo. Therefore,

=) (25) - (522) ] () ()

as vgm < c¢. Now the task is to determine pg,. Observationally, My, must be smaller

than the uncertainty in determining the dynamical mass M of the SMBH, thus we can set

Mg, = AM with A 0.1, and

M

ATpopTsp _ 32mpsp ’
47rpsr§f(cmax)

AM:MSP’: 3o = 3_ o (Cmaxrs)3|:

so the spike density scale

_(3_a)AM 47Tp57“§ ’ f(cmax) 3_(3_04)A M200 2 1 f(cmax) s
Pe = 32m ( M ) < Cmax > a 8 ps< M) f2(c200)< Cmax ) .

Then we can rewrite

m=" (%) <MA2400>2 oo (fifnif)f (7:25)

which depends on the properties of NF'W profile while the power-law index a drops out.

Thus the merger rate

I'= <n> <Umergingv>

85w\ /7 G%psm [ M. S| Flemax)\® [ v\3/7
_ a2 (207 128/7 Ps 200 max 3 ‘ v
om ( 96 ) 10 A c3 < M ) 12(c200) < Cmax > /0 P (v, vsp) (c) d(
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857w\ /7 G2pM [ Magp\? 1 Flemax)\° [l v\3/T v
—6m2 (— ) 10%/7AZLL: — / Pvop) (=) A~
om < 96 > 0 C3 M fQ(CQOO) Cmax 0 ¢ ,P(U’U p) (C) (C) ’
(7.26)
where we have used m = 1072 M.

7.3.1 PBH binary mergers in the spike

Similar to the PBH mergers in whole halo discussed in Sec. we now focus on

the mergers happening in the spike, i.e.,

CI | (Oumerging?) 1 2GM\*
R=4 —n? , 2y — g merging?/ 2 3 1—

2/7 2 3
_ 7(_2(3 _ OC)QAZ <857T> G2psM <M200> f2(1 (f(cmax)) %

3 63 M C200 ) Cmax

(573 [ () ) [ o ()0(2), 0

where we have used

B QWPSTE f(cmax) 8 M C200) Cmax

2 3
- M ( Crmax ) and psp_(3—a)Aps<Mgoo> f2(1 {f(cmax)]

as well as

C & &

857\ /T G2m?2  [vent v\3/7 . /v
OmergingV) = (47 2 <> / AP v, Us - d(—).
(Omergingv) = (47)* =5 | P () a(])

It is indicative to compare the EMRI merger rate Eq. to the PBH binary

merger rate Eq. inside the spike. The inspiral merger rate T' ~ [10°%/7/A(3 — a)?]R,
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roughly a factor of [10°%/7/A(3 — «)?] enhancement compared to the binary merger rate
R. In particular, the merger rate is sensitive to the ratio Mg,/M = A (assuming A = 0.1
hereafter), and the inspiral merger rate I' oc A; while the PBH binary merger rate R oc A2,

Thus if we assume that only a fraction fpppy of the dark matter is PBHs, I' &< fppy; while

R x ngH.

7.3.2 Merger rate as function of SMBH mass

The merger rate generally depends on redshift z through the scale density and

radius of NFW, given by [24]

2003000 (2)

B 3Maop 1/3
palz) = 3f(c200) ( )>

d =
and - ry(2) < 800mc3y0pe (2

with
3 g 3
. _ 3Hg Quro(l Qal,
pe(2) SWG[ mo(142) 4+ Q4]

Hy = 1.02 x 107*h Myr™!, Qpr0 = 0.315 and Q4 = 0.685 [30]. In addition, we need to
relate the halo properties to the harbored SMBH mass. Therefore, we consider the M-o
relation [295, 296]

log (M/Mg) = a+ blog (¢/200 km s 1)

with the parameters a = 8.12 +0.08, b = 4.24 £+ 0.41 in Refs. [297, 298], and we assume

Mmax 47TGPST f C200) f(cmax)c200
0 = Udm = \ / )
T'max €200 f(c200)Cmax
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Figure 7.1: SMBH mass vs. halo mass at redshift z = 0, according to M-o relation and
concentration mass relation in Prada (2012).

To determine the SMBH mass and merger rate, however, we also need the concentration-
mass (ca00-Magp) relation as a function of redshift [299] 300, [30I]. We adopt the empirical

(fitted from observations rather than simulationsEI) in Prada (2012) [299, 302]:

1
log 200 = 4.23 — 0.25 log(Mago/Mg) — 0.16 log < 12; ) .

In Fig. we plot the SMBH mass as a function of halo mass at redshift z = 0; see
Fig. for the comparison of merger rates. The merger rates of EMRIs and PBH binaries

are about the same at M ~ 10° — 10 M, however, EMRI merger rate increases as the BH

mass increases up to 1073 yr=! at M = 100 M.
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Figure 7.2: Merger rate per halo at redshift z = 0, assuming all the matter in the spikes
around the central SMBHs is composed of PBHs of mass 30 M. Here we use a = 7/4
for Coulomb-like interaction between PBHs, following the Bahcall-Wolf power-law of the
density spike.

7.3.3 Total merger rate

We can determine the total merger rate per unit volume by

R(M
V{RF}Z/ dn (M) (M) dlog M, (7.28)

where dn/dlog M (M) is the SMBH mass function. Now, we consider two example SMBH
mass functions. First, the estimated SMBH mass function according to kinematic and

photometric data based on the empirical relation between the halo velocity dispersion and

2See Ref. [301] for a semi-analytic, physically motivated model through fits to the results of numerical
simulations.
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Figure 7.3: Estimated SMBH mass functions according to kinematic and photometric data
based on the empirical relation between the halo velocity dispersion and the SMBH mass
in Shankar (2004), and based on the assumption that all spheroids contain SMBHs at their
center, using 1743 galaxies from the Millennium Galaxy Catalogue in Vika (2009).
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Figure 7.4: The total merger rate per unit volume as a function of SMBH mass, based on
the estimated SMBH mass function in Left: Shankar (2004); Right: Vika (2009).

the SMBH mass in Shankar (2004) [303],

dlng(M):¢* (ﬁ)aﬂexp [— <Aj\j>ﬂ] (7.29)
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with ¢, = 7.7 x 10 Gpc™3, M, = 6.4 x 10" My, a = —1.11 and 8 = 0.49. On the
other hand, the estimated SMBH mass function based on the assumption that all spheroids
contain SMBHs at their center, using 1743 galaxies from the Millennium Galaxy Catalogue

in Vika (2009) [304],

dlng(M):¢*<Aﬂi)a+lexp [1— (Z‘i\jﬂ (7.30)

with ¢, = 7.07946 x 10° Gpc—3, M, = 1037 Mg and oo = —1.2. See Fig. for comparison
of the two mass functions. Multiplied by the mass functions, we see that in Fig. the
merger rates of EMRIs and PBH binaries are about the same at M ~ 10°—10° M), however,
EMRI rate increases and peaks up to 102 yr—! Gpc=2 dex~! at M = 10% — 10° M,,.

After integrating Fig. [7.4] over dlog M, the area under the graphs represents the
contribution of different types of SMBH. For PBH mergers, we obtain Vg = 12.68 yr~' Gpc™3
(Shankar(2004)) and 8.508 yr~! Gpc™2 (Vika(2009)). Interestingly, the high density en-
hancement in the spikes makes the merger rate comparable to the mergers inside the
whole dark matter halos [281]. For EMRI mergers, we obtain Vr = 177.3 yr~! Gpc™3
(Shankar(2004)) and 188.1 yr—! Gpc™3 (Vika(2009)). Therefore, the two mass functions

only result in a little different merger rates.

7.4 Discussion

In summary, we have determined the overall merger rate in the spikes at z = 0 to
be Vr ~ 10 yr~! Gpc~3 for PBH binaries, and Vr ~ 180 yr~! Gpc—3 for EMRIs, assuming
a PBH dark matter fraction of fppy = 1 (generally, Vg fI%BH while Vr « fppH).
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Since the change in merger rate is negligible from z = 0 to z = 1, assuming the
same SMBH mass functions, we can ignore redshift evolution. Then, the comoving volume
is approximately ~ 200 Gpc?® for z < 1, which corresponds to approximately ~ 3.6 x 10*
EMRI events per year. However, if we assume a relatively high signal-to-noise ratio of 20 is
required for EMRI detection [284], 285], we obtain a maximal redshift of 0.05 and a comoving
volume of approximately ~ 0.025 Gpc?, which results in approximately ~ 4.5 events per
year. In addition, the merger frequency of these EMRIs ranges from 1072 Hz down to
1079 Hz for SMBH masses ranging from 105 Mg up to 10'° M. Therefore, the EMRI
signal falls within the LISA band and is not detectable by a midband experiment [305].

Nevertheless, the methodology developed in this study is general, and EMRIs can
also result from conventional stellar objects, not necessarily PBHs. In particular, it can be
used to infer the high-redshift SMBH population in various seeding models, such as the one
discussed in Chapter However, for mergers at redshift z > 1, the effects of frequency
redshifting and source evolution will become important. We will leave this aspect for future

investigation.
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Chapter 8

Summary and Conclusions

In the quest to unravel the enigma of supermassive black hole (SMBH) formation,
this dissertation has embarked on a multifaceted exploration that traverses the realms of
cosmology, astrophysics, and quantum physics. Our journey began with the recognition
that SMBHs, with staggering masses of around 10° M, have existed since the universe
was but a cosmic toddler at 6% of its present age. This astounding observation served as
the impetus for our investigation into the role of self-interacting dark matter in the birth
of these celestial giants.

The central tenet of our research rests upon the concept of gravothermal instability
within self-interacting dark matter halos. We uncovered a scenario where the presence of
baryons in protogalaxies accelerates the gravothermal evolution of these halos, shortening
the timescales for central collapse. Viscosity induced by self-interactions emerged as a
pivotal factor, aiding in the dissipation of angular momentum and ultimately culminating

in the formation of seed black holes. However, the rarity of high-redshift SMBHs in this
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scenario underscores the unique conditions required for their genesis. Furthermore, we
delved into the conditions for triggering general relativistic instability within the collapsed
region, elucidating the precise criteria for the transformation from a dense core to a black
hole. These findings not only shed light on the formation of SMBHs but also provide a
unified explanation for the diverse dark matter distributions observed in galaxies today.
Our cosmic voyage extended beyond classical astrophysics, venturing into higher
dimensions and the quantum realm. In (3+1)-dimensional spacetime, the balance between
stability and instability in ideal monatomic fluids became evident, offering insights into the
cosmic architecture. Quantum physics, often perceived as an impediment to gravitational
collapse, emerged as a catalyst for instability in self-gravitating thermal systems. The dis-
sertation also explored the formation of massive black holes from thermalized dark matter
clumps and the role of Fermi-degeneracy pressure and Bose-Einstein condensates. These
diverse inquiries have collectively illuminated the intricate tapestry of forces and phenom-
ena that shape the cosmos, bringing us closer to demystifying the genesis of SMBHs and
the profound role of self-interacting dark matter in the cosmic drama. Furthermore, we de-
rived the density profile of Bose-Einstein condensate dark matter around SMBHs, assuming
relativistic Bondi accretion. Finally, we analyzed the gravitational wave signals originating
from dark matter density spikes around SMBHs, considering primordial black holes as an
alternative dark matter candidate. As we conclude this odyssey, we are left with a richer
and more nuanced understanding of the universe’s earliest epochs and the celestial giants
that punctuate its history. The mysteries that remain continue to beckon, inspiring future

explorations and discoveries in the ever-evolving field of astrophysics and cosmology.
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Appendix A

The Gas Density Profile

To model the gas distribution of protogalaxies, we adopt simulation results in [25]
(simulation B). Their simulated gas and dark matter distributions are fitted with a single
power law of p, ~ 2% and the NFW profile, respectively. We find the following ansatz

works well for the gas.

r

pu(T) = Po,s <T> _2.4, (A1)

s

where py, ; is the scale density of the gas and r; is the scale radius of the simulated halo.

The corresponding mass profile is

0.6
My(r) = 1.67 x %(Mpsrg) (:) (A.2)

We use simulation data shown in Fig. 4 (right, panel b) in [25] to fix the model parameters,
rs = 73pc, ps = 2.6 Mg/pc®, and pps = 0.19Mg /pc?; see Fig. for comparison. Since

1.67 X pps/ps = 0.1, we take My(r) = 0.1Mo(r/rs)"0 for the static baryon distribution in
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our semi-analytical simulations, shown as the dash-dotted line in the left panel of Fig.
Note that the results from [25] have high enough resolutions for setting initial conditions in
our simulations, where we trace the collapse process with the conducting fluid model.
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Figure A.1: Dark matter (red) and gas (black) density profiles after fitting to the simulated
ones.
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Appendix B

Numerical Procedure of

Gravothermal Evolution

The procedure of our semi-analytical simulations is largely based on the treatment
given in [22 23]. We first translate a relevant physical quantity = to a dimensionless one &
as & = x/xg, where xg is its corresponding fiducial value built from the halo parameters ps

and r,, as shown in Table

My = 47rpsrj2 (O'/m)O = (Tsps)_l
Vo = (47TG,03)1/27‘5 Lo = (477)5/2G3/2p§/27"§
lo = (47TG/05)_1/2

Table B.1: Fiducial quantities used in our numerical simulations.

The self-gravitating halo is segmented to N = 182 evenly log-spaced concentric
shells in radius {#1,7,---,7n} with #; = 107* and #y = 100. The halo is assumed to

be in a quasi-hydrostatic equilibrium and each shell is assumed to be in its local thermal
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Figure B.1: Left: Evolution of dark matter mass profiles (solid) with (o/m)rsps = 0.2,
together with the fixed baryon mass profile (dash-dotted). Each dark matter profile is
labeled with its corresponding evolution time. The dashed line indicates the mass of the
central halo with Kn < 1. Right: Corresponding Kn value vs. enclosed mass. The dotted
horizontal line indicates Kn = 1, the boundary between short- and long-mean-free-path
regimes, where Kn < 1 and > 1, respectively.

equilibrium. The values of extensive quantities (Ml, [:l) and intensive quantities (p;, ;) are
taken as the value at 7; and the average between values at 7; and 7;_1, respectively. We fix

the baryon mass profile Mbﬂ- as

My, = My(#) = 0.1 x #96. (B.1)

Consequently, we only use one set of Lagrangian zone radius for the halo through the
simulations and dynamically update the enclosed baryon mass according to Eq. (B.1]). The

workflow is as follows:

1. Compute the initial 1D velocity dispersion profile 7, ; based on the input 7;, p, ;, and
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Py under the hydrostatic equilibrium condition,

8([%(’3)2() (Mx + Mb)ﬁx
= - = . (B.2)

. Compute the luminosity profile IAJXJ; based on 7;, py.i, Uy, and & according to Eq. (2)

of the main text.

. Allow a small passage of time Af and compute the specific energy change Aty ;,

Uy,i = 31992(72-/2, due to heat conduction,

Aigs __ (0L (B.3)
I oM, ) .’

where the dark matter density is fixed. We then update @, ; with 4, ; + A, ;. The
time step Af is sufficiently small, i.e., |Ady i /Gy ;| < 1074 such that the linear

approximations used in step 4 below are valid.

. Upon updating i ;, the i-th dark matter halo shell is no longer virialized. To re-
turn to hydrostatic equilibrium, we perturb 7;, p,;, and 7, ;, while keeping the mass
MX,Z- and specific entropy §,,; = In (ﬁiz / ﬁX,Z) of the shell fixed. We treat mass con-
servation, specific entropy conservation, kinetic energy conservation, and hydrostatic
equilibrium relations, shown in the main text, at the linear order and solve them for
all shells simultaneously. For the hydrostatic equilibrium relation, we take the sum of
Mx,i and Mbﬁ- = Mb(ﬂ) to compute the gravitational potential. For numerical accu-
racy, we iteratively perform the perturbation 10 times until hydrostatic equilibrium

is established everywhere.
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5. Re-establishing hydrostatic equilibrium gives new values for #;, p,;, and 7, ;. We

return to step 1 and update the luminosity L;.

6. Track the Knudsen number Kn = A/H for the innermost shell. The evolution is

terminated when Kn drops below 1074

The above procedure is coded in C++ with the eigen 3.2 library for linear algebra [306].
In Fig. we show evolution of dark matter mass profile (left panel) and the
corresponding Kn value vs. enclosed mass (right panel). These results are complementary

to those presented in Fig. 1 of the main text.
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Appendix C

Angular Momentum Dissipation

Dark matter self-interactions provide an important avenue to transport angular
momentum. To estimate this effect, we keep track of the collapsing central halo with a mass
of Mi,, in a Lagrangian zone manner, i.e., the number of particles in each shell is conserved.
In SIDM, the mass distribution of the central halo is spherically symmetric [14, O1]. We
further assume it is a rigid body through the evolution, and its angular momentum is given
by

2

= M2 w ~ const., (C.1)

JX,in = 5

where w is the rotational frequency of the inner region, i, is its boundary that changes

with time. This leads to

d d 5JX in 5<]X in drin
— (ripw) = — ’ ~ — d ) C.2
dt (T w) dt (2Min7‘in> 2Min7“12n < dt ) ( )
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The bulk velocity is vy = riywsin €@ along ¢-direction of the rotational axis. 6 is the polar
angle. The bulk velocity increases (decreases) dvy/dt > 0 (< 0) as the boundary of the
inner region shrinks (expands) dri,/dt < 0 (> 0). An increasing in vy will drag the ambient

regions just outside the boundary and exert a shear pressure on the boundary bulk surface,

1 d dvg

Ain % (Nrinmv(b)j: = :F/r]rin

(C.3)

dT’in

where m is the dark matter particle mass, A;, = 47T7”i2n is the surface area of the inner
region, 7y, = 1)(7in) is the viscosity of the SIDM fluid, and N, is number of particles, on
the bulk surface. The subscript +/— indicates if the quantity increases/decreases. Given
the Lagrangian zone setup, [V, is a constant through the evolution, and from Eq. we

can show

drin 47r2 m,.
_ — mn in C4
< dt >¢ TN, m (C.4)

The bulk momentum can be transported out through the shear pressure due to viscosity.
Combining Eq. (C.2) and Eq. (C.4), we obtain the rate of momentum transport to the

surroundings

d 1070, Iy in

— (ripw) L = * .
g ") M, N, m
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As the total angular momentum is conserved, the loss of the angular momentum of the

inner region (shrinking case) is given by

dJy in s . d .
% ~ — NTmm/ E[Tin sin 6 x T (ripw sin 0)]
i3
sin® 6dfd d
= — / T(brin% (NrinmrinCU)+
207 Jy 5
= — ? ]\?11;1 nrinrin. (C5)
We have
; 20m [Ty, Tin (¢
Jx,in(t; Min) = J)Z( in €XP <—7T 7W11()dt/> s (CG)
’ 3 t; Min
where '])i(,in is the initial angular momentum of the inner region. As for conductivity [19], the

viscosity for both long-mean-free-path and short-mean-free-path regimes can be combined

into a single expression,

(C.7)

where we have used the gravitational scale height H = \/m , the mean free path
A = 1/no and the relaxation time ¢, = 1/(anvo) with number density n, cross section o,
and a = (16/7)'/2? ~ 2.26 for hard spheres.

We evaluate 7 at the boundary 7y, and take v ~ v/3v, and obtain

t / N3 (4
Tin = Tl XD [_ 20 [ prulte/m ) rul?)
V2lT Jinit i

dt’ (C.8)
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in the long-mean-free-path limit, and

20 [* Up, (") rin(t)
3\/§ tinit Min(O'/m)

Jx,in = J)i(,in exp |:_ dt’ (Cg)

in the short-mean-free-path limit, where we have used the density p,, = p(7in) = mn(rin)
and v, = v(rin) the 1D velocity dispersion at the boundary. In our scenario, the charac-
teristic timescale to dissipate the angular momentum is 0.2y, during which the central halo

is largely in the long-mean-free-path regime, see the right panel of Fig.
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Appendix D

The Sample of High-» SMBHs

Label Name Mpp [10°Mg)] z fEdd Ref.
1 J1205-0000 2.2702 6.69970 007 0.167005 9]
2 J1243+0100 0.33%0%3 7.077001 0.347 00z [10]
3 J2239-+0207 L1495 6.2451000 0.1770:05 []
4 J2216—-0016 0.7+312 6.10970-007 0.15+0% @
5 J1208-0200 07101 6,144+ 008 0.24+0 18 9]
6 J1007+2115 15705 7.514910-000¢ 106102 5]
7 J1342+0928 0.7870 78 75413700000 15709 [37]
8 J1120+0641 2.0552 7.08510003 12508 8]
9 J0038—1527 1337052 7.0215900 1250048 39
10 J0100+-2802 124779 6.300 01 0.9970:55 [40]

Table D.1: The sample of high-z SMBHs shown in Fig. of the main text.

In Table we list high-z SMBHs shown in Fig. of the main text, in
the order of their labeling number in the figure. The Eddington ratio is calculated as
fedd = Lbol/Lgdq, where Ly is the observed bolometric luminosity and Lggg = 1.3 X

103 (Mpu/Mg) erg/s is the Eddington luminosity.
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Appendix E

The Adiabatic Index

We consider a perfect fluid with energy density p(r)c? and pressure p(r) in a

Schwarzschild metric [55]
ds? = —e2®)2dt? 4+ 2N dr? 4 12(d6? + sin® 0 d¢?),

where €?® = exp |2 [*(dp/dr’)/(p + pc?)dr'] and e** = [1 — 2GM (r)/rc*]~1. The critical

adiabatic index is

4, [ e3P [16p + (e — 1) (p + p)](e2* — 1)r2dr
Yer =5

3 36 [ e3+Apr2dr
N AnG [ @8y 4 (e2M + 1) (pc? + p)pridr
9ct [ e3®+Apr2dr
1672G? [ 3254 (pc? + p)pPridr
9c8 [ e3®+Apr2dr

(E.1)

and the pressure-averaged adiabatic index is (v) = [ e3*+Ay(r)pridr/([ 3+ pr2dr).
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E.1 Adiabatic index for an ideal fluid

The adiabatic index of a fluid is defined as v = (91np/01nn), locally in spacetime.
The solution for an ideal fluid is often parametrized as p = K(mn)?, where K and v are
not explicit functions of n in an adiabatic process. We show the derivation of the adiabatic
index of an ideal fluid. For an adiabatic process, the first law of thermodynamics tells
dU = —pdV, where U is the total internal energy and V is the volume. Suppose N is
the total number of particles, u is the internal energy density and n is the number density,
U= Nu/n and V = N/n. Since N is a constant, we have

u 1
—_— = — f— f— Y 7_2
d<n> pd <n> Km n7*dn, (E.2)

where the ansatz p = K(mn)7 is used for the last equality. For ideal gas, K and v are

independent of n. Integrating both sides of Eq. (E.2) gives u = Km7(y —1)7In? = (y —

1)~!p. Since u = (p — mn)c?, there is a general relation between p and p, i.e., (p — mn)c? =

p(y—1)"! [133,82, 57]. Thus we have v = 1+ p/u, which can be further expressed in terms

of b and w,

p 2 1,(b,w)
b =1+=-=1+4+ -
’Y( 7w) + m + 3Iu(b,w)7

(E.3)

where I, and I, are given in Eq. (3.4). In the nonrelativistic limit bw — 0 (I, ~ I,),

v — 5/3; in the ultrarelativistic limit bw — 1 (I, ~ I,,/2), v — 4/3.
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E.2 Chandrasekhar’s instability condition

The pulsation equation (3.10)) is derived by perturbing the equilibrium solution to
the Einstein equation with a Lagrangian displacement & [55]. Here we take a series of steps
and convert it into an integral form. Multiplying its both sides by a factor of r2e®+A¢ and

integrating it over r, we get (G = ¢ =1)

d
e<I>+AT P£2 Ir
0

R R /
wQ/O A2 (p + p)r?e2dr = —/0 (r2e=%¢) [€3¢+A%(T26_®f)l] dr +4/

—/Re(I>+A dp t e d7°+87r/R63A+¢ (p+ p)ri€?dr, (E.4)
0 dr) p+p 0 per T

where “” denotes “d/dr” for simplicity. Taking the first term on the right hand side

of Eq. (E.4)), and integrating it by parts, we have

R , R
—/0 (rQe_‘Dﬁ) |:€3¢)+A%(7’26_¢)f)/} dr:/O e3¢’+AZ—§ [(r26_¢§)’]2dr

— 2P Hyp(rZe )|, (E.5)

where the total derivative term vanishes after imposing the boundary condition £(0) = 0

and p(R) = 0. Integrating the second term by parts gives rise to

R A dp R A
4 / Py Edr = —4 / ePTMER + 2re + rE*(®' + A)pdr
0 0

R R
=4 / ePTME + 2re )pdr — 167 / M Pp(p + p)r¢?dr, (E.6)
0 0

where we have used 2e=24(®' + A’)/r = 87 (p + p) from the Einstein equation.
p
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For the third term on the right hand side of Eq. (E.4), we substitute dp/dr with

dp:_( + )[W]

2|~ Y [<€2A 1)+ dmpret (B.7)

and find

9
[ (@) P
0 dr/) p+p

R
1
- /0 e® A p +p) |:4(62A — 1) +drpr? (et — 1)e®* 4 1672 p%rtett | 2dr.  (E.8)

We take £(r) = re® as the trial function, which satisfies the boundary condition

£(0) = 0. From the Einstein equation, we have 2®'e=2A /r — (1 — e72) /r? = 87p, thus
€2+ 2ree’ = r2e®® + 22 (1 + rd')e?® = [3r2 + 8mprie®® + r2(e?A — 1)] e®. (E.9)
Putting all the relevant terms together, we have

R R
w2/ M (p 4 pyrtdr = 9/ s
0 0

R R
— 4/ e30HA [37"2 + 8mprie?t + r2(62A — 1)]pdr — 87r/ eg(q’JrA)p(p + p)r4dr
0 0

R 2
_ / 3+A [Z(e% —1)? + daprt (e — 1) + 167r2p2r6e4A} (p+ p)dr
0

R 1 R
- / P9y —12)pridr — 1 / AP 16p 4 (e — 1) (p + p)](e2* — 1)r2dr
0 0

R R
- 47r/ STV 8p + (e2* + 1)(p + p)lpridr — 1672 / 3PN (4 p)p*rSdr.  (E.10)
0 0

We determine the critical stability condition by setting the right hand side of Eq. (E.10) to
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0 and rewrite it as (y) — v = 0, where

fOR e3©+A7pr2 dr

(v) = (E.11)
foR 32 +Apr2dy
is the pressure-averaged adiabatic index of the system, and
L4 LTS 6p + (P - 1o+ p))(e — Drdr
Tr=3" 36 JE A prdr
A7 fOR e3@+N[8p + (e2X + 1) (p + p)]pridr N 1672 fOR 3N (p  p)p?rSdr (£.12)
9 foR 32 +Apr2dy 9 foR 3%+ Apr2dy '

is the critical adiabatic index. A similar derivation can also be found in [307].

E.3 Critical adiabatic index in the Newtonian limit: a heuris-

tic derivation

For the illustration purpose, we follow [81] and show a heuristic derivation of the
instability condition in the Newtonian limit. The idea is to obtain the pulsation equation
of a Newtonian star of mass M and radius R with spherical symmetry, 6R + (k/M)JR =0
and determine the effective “spring constant” k of the star. A tachyonic instability will
develop if k/M < 0.

Consider a particle on the surface, it is pulled by an inward gravitational force
fg = GM/R? =~ GpR and an outward force due to pressure fp ~ p/R, with the boundary
condition p(r = R) = 0. The system is in equilibrium when f; — f, = 0. Let’s perturb the

system radius R — R + R while keep its total mass M fixed. This leads to perturbations
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in the density and pressure dp = —3pdR/R and 6p = —37pdR/R, respectively, where
have used ¥ ~ (0lnp/dInp), and p = mii. The resulting changes in the force are §f, =
— (394 1) f,0R/R and 6 f, = —5f,0R/R. The acceleration related to the net force is dR =
(6fp —0fy)/p = —3 (3 —4/3) GpSR. We can identify 3 (¥ —4/3) Gp as k/M. The spherical
system will undergo an exponential growth or decay under small radical perturbation if

vy —4/3 <0.
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Appendix F

(N+1)-dimensional spacetime

F.1 Critical adiabatic index

In (N+1) dimensions, ds? = —e?®t:1)de? + 2AEMdr? 4 12dQ2%; | one can show

that [134]

LY, JEMNBIN — Dp+ (V= 2)(@ — )(p + )|V = 2)(e* — D)r¥dr
Yor(GR) =2 | 1 — = | + ‘ !
(GR) N AN? [ 3®+AprN=1qy
L [3@HNLAN - Dp+ (N = 2)(e* + 1)(p+p)|(p +pr) — 2(N — Dpalp +p) } rVdr
N2(N —1) [ e3®+AprN=1dr
K& S T o+ p)(p +py)*rN idr
N2(N —1)2 [ e3®+AppN=1dr ~

(F.1)

where Ky = (N — 1)wy is the (Einstein’s) gravitational constant in N-dimensional space

(GN =cCc= 1) with
27TN/2
I'(N/2)

WN = (F2)
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being the area of the unit sphere in N-dimensional space; and

B fe?)q)—‘,-A,yprN—ldT
= IR R

(F.3)

the “effective” (pressure-averaged) adiabatic index of the fluid sphere.

F.2 Gravitational and rest masses of fluid sphere

Due to the radiation of internal (thermal) energy during gravothermal evolution,

the gravitational mass of the fluid sphere
M= wN/p(r)erdT (F.4)
is not conserved; whereas the rest mass of the sphere
Miest = wN/mn(r)eA(r)rN_ldr (F.5)

is conserved, where the rest mass density mn(r) = p(r)\/1 —v?(r) with N-dimensional
velocity dispersion v = /Np/p. The total internal energy, including the gravitational

potential, must be M — Mt < 0 for a gravitationally bound system.
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F.3 Homogeneous solution

The profile of the pressure of an homogeneous density (p = const.) fluid sphere of

radius R is given by

p(r) _ [Np - 2(/) + p)\)] [e_A(T) _ e—A(R)]
p Npe M —[Np—2(p+ py)le )

and the metric potential

sy _ Np e 2 —[Np—2(p+ py)le )

(&
2(p+ px)

)

where

B 26N (p+ pr)
A(r) _ _ 2RN\P T PA) o
e \/1 NN =1 .

If the mass of the fluid sphere is M, we can express the fluid density

and the cosmological constant

N(N -1)

A=
2en P,

P =

(F.7)

(F.9)

(F.10)

where A\ = +1/£2, the “+/—" sign corresponds to the positive/negative cosmological con-

stant (scalar curvature). Incidentally, demanding p(0) < oo and e®© > 0 leads to the
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Buchdahl bound in (N + 1)-dimension with cosmological constant A:

N -1 N2a N -1 N2a

where the compactness Cy = M/RV~2 and the curvature parameter a = AR?. Further-

more, the solution can be parametrized in terms of Cn and a:

) [(N=2)Cy —a [1—(2Cx T a)a? — /T (2Cy +a)

P NCnv/I— (20N +a)—[(N—2)Cx —a] /I (2Cx + a)a?

=y(Cn,a;z) (F.12)

and

o(z) _ NCy+/1—(2Cn +a) — [(N —2)Cn — a] \/1— (2Cy + a) 22 F.13)
2Cn +a ) :

e

where x = r/R is the normalized radius, and we have used

e @ = /1 —(2Cx + a) 22. (F.14)

The parametrization makes sense only when p £ 0 or C # 0. With all of the above, the

rest mass compactness Eq. turns out to be:

1
Crest,N = j};l\;e_s; = NCN/ V1— Ny etaVdr. (F.15)
0
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Moreover, the critical adiabatic index for homogeneous sphere can be expressed as:

_ 1 FSPFAS(N — 1)y + (N — 2)(e2d = 1)(1 + )](N — 2)(e?* — 1)2N~1dz
Yer(GR) = 2 (1 - N) + =0 AN2 fol e3P+AypN—1dy
+cN fol SN LAN — D)y + (N = 2)(e®* + 1) (1 + )] (y — a/2Cn) + (N = 1)(a/Cn)(1 + y) } 2V H1dz
Nfol e3Py N=1(y

L Ry PN y)(y — a/20n) 5 P

0 : (F.16)
[} e3+AypN-1dg
In the “post-Newtonian” approximations (Cy < 1 and a < 1), we have
_ a (N) ik
Yer(GR) = (N — 2) Cn —a + Z fjk CJJVCL > (F17)

§,k=0,1,...

where féév) = Ya(NG) = 2 (1 = 1/N), and the stabilizer/destabilizer characterizing the com-
petition between the compactness and the background curvature (cosmological constant)

can be expanded as

S (af (N =2)Cny)" if |a|] < (N —2)Cn

n=1

= (F.18)
1% (N —2)Cx/a]" if |a| > (N — 2)Ch.

n=1

(N—-2)Cy —a
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Appendix G

Numerical Results of the

Truncated Maxwell-Boltzmann

Distribution

In this Appendix, we tabulate the numerical results of the truncated Maxwell-
Boltzmann (MB) models. In Table we show properties of equilibrium configurations
for boundary temperature parameter as b = kgT(R)/mc*> = 0.1, 0.2, 0.3, and 0.5 and
scan over the central energy cutoff w(0) = €.(0)/kpT(0) for each b. In Table we show
marginally stable configurations that satisfy the adiabatic index criterion (v) = ~er, given

2

different values of the boundary temperature b = kT (R)/mc*. Generally, the velocity

dispersion on the core boundary v(R)/c is not equivalent to b = kgT(R)/mc?.
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Table G.1: Properties of equilibrium configurations scanned over the central energy cutoff
w(0) = €.(0)/kpT(0) for b = kgT(R )/mc 0.1, 0.2, 0.3, and 0.5. From the 2nd to
14th columns, we show their total energy E =M, total rest energy Erest, binding energy
B, fractional binding energy e, system radius R, compactness C = GM (R)/c*R = M /R,
central interior redshift Z(0), central energy cut off €.(0), central energy density 5(0), central
pressure p(0), central velocity dispersion v(0), pressure averaged adiabatic index (), and
critical adiabatic index 7., respectively. For each case, we underscore marginally stable
configurations following instability criteria based on total energy, binding energy, fractional
binding energy, and adiabatic index by underscoring w(0) and the corresponding critical
values.

b=kpT(R)/mc*=0.1

w0 -1 5 T ok Z0) 0 o) - -
o i TIT < 0 Tl 0T Tom00 = 17 T 10 T % 10 EEUH
03 : 250200  10° K69105 < 100 10!
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11 336735 x 10 10 2 3535902 x 101 <0t
15 310835 < 10 x10 : 992082 101 <0t
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Table G.2: Properties of marginally stable configurations that satisfy the adiabatic index
criterion () = 7er, given different values of the boundary temperature b = kgT(R)/mc?

b -1 R C-M/R Z0) 0)/me 70) 50) w0))c W(R)/ =
50 B Z00015 T50700 % 107 703280 x 10 12006 < 10T TT048 2 10 T T60341 x 10T 171013 x 107 565000 % 10 T 336500 x 10 To62358
30 5 x 2,00600 x 10" 7.00192 x 10 x 107! 150491 x 10~ 271850 x 10~ 280847 x 10 56552 x 501669 x 10 5
20 85 % 163300 x 10" 786552 x 10 %107t 181854 % 107! 116754 x 10! 144142 x 565434 x 10~ 830347 x 107

L0 x 111300 % 10" 775395 x 102 %1071 186021 x 10 891191 x 10~ 918500 565059 % 10! 565015 x 102

05 5 1 7.93001 x 10! 50572 x 102 x 1071 495258 % 10”1 2.05635 x 10° 218073 x 10 5.64303 % 10°1 3.66372 % 107

03 x 5.99001 x 10 x 1072 X107t 5.00562 % 10~ 123693 x 10° 1AROS1 5.63266 % 10~! 9.11920 x 107

02 x 477001 x 107 x 1072 X107t 5.31996 x 10~ 65548 x 107 x 562044 % 107 7.05363 x 107

015 x 107001 x 10! X102 5 10 561946 % 10~ LES117 x 10! x 100 561211 % 10~ 0.52828 x 104

014 x 3.93001 x 10~ 10 7 % 1071 572538 x 10~ 20049 x 10, 2 %100 561128 x 10~ 101614 x 10-2

013 x 380001 % 10! %102 x10°1 %1071 2 %100 561190 < 10”1 BE3TIS % 100

012 x 3.69001 x 107! x 1072 x 107! & 0! 3 X100 x 528167 x 100

011 35200 x 10 3.62001 x 10~ X102 X107t 6.33260 x 10! 5 x 100 x 638807 x 107

01 105150 x 10° 142556 368001 x 10! 387378 x 102 x 107! 581035 % 101 s x 100 x S76561 < 10 s 162
0.09 508620 x 10° L300 % 10-2 183001 % 10! 236001 % 102 <107 544163 % 10! 206813 x 10! x 722 162023

164



Appendix H

Truncated Quantum Distributions

Given the distribution function of the particles with a cutoff w = €./kpT,

1 — et—w ea(R) (ew—w _ 1)
< = =
f(x — w) er—a —p 1— nea(R)+w—:c

, (H.1)

where x = ¢/kpT and the number factor 1 is +1 (—1) for bosons (fermions).

H.1 Equation-of-state with pair production/annihilation

In the regime kT ~ mc?, the pair production of quantum particles (xx <
radiations) is relevant. The chemical potential of the antiparticles is i = pu — 2mc? or

a = a — 2mc?/kgT. Therefore,

&(R) = a(R) — —__ — o(R) — = (H.2)
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and thus the distribution function of the antiparticles is

B B 1 — g~ Ww B 66z(R) (ew—m . 1) 6oz(R) (ew—m . 1)

< = = =
f(.CU - w) er=a _p 1— ned(R)-{—w—x e2/b _ nea(R)-i—w—J: ’ (H3)

Then the (net) number density becomes

3/2
n(r) =n, —ny = 4N 2mgm? (¢ h?) e ) (1 —bbw> X

w sinh (1/b) e~ (B -w+te (qw—e _ 1) br/2 \ 2 b 12
/0 [cosh(l/b —a(R) —w + ) — ncosh (1/b)] (1 Tz bw) <1 Tz bw) vhde.

(H.4)

Clearly, the ratio of antiparticles to particles, ny/n, ~ e~2/b = g=2me?/ keT(R) ig Boltzmann

suppressed if b = kgT(R)/mc? < 1.

The energy density, with radiation energy uraq = 2py,

D) =y = i+t = x5 = A Bmgu e ()

o T (eosh (1B e-allws g ) s )] 1 a2l g N
/0 [ cosh (1/b — a(R) — w + z) — ncosh (1/b) <1+1—bw> <1+ ) 224z

While the internal energy,

u(r) =y — Uy + Urad = Uy — Ug + 2pg = Uy — ug + 2 (ug + n;(mcz) = uy + uy + 2n>2mc2,

where 2nxm02 is the energy threshold of pair production.
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The pressure, with radiation pressure py.q = %urad = % P53

2 82 N b2
P(r) =Dy = Py + Prad = Py — P + 3Py = —g—gm* (7/h?)e ) <1 — bw) X

cosh (1/b — a(R) — w + x) — ncosh (1/b) 1—bw

8v2m 4/ 5713\, a(R) b 82
+Tgm (c’/h’)e T b X

w (e¥ " —1) bx /2 1/2 bx 2 1/2
/0 e2/b — pec(R)+w—g 1+ 1—bw 1+ 1w/ © dz. (H.6)

Similar to internal energy, pressure can also be written as p, + py+ pressure threshold of

w : —a(R)—w+z (,w—z _ 3/2
/ [ sinh (1/b) e (e 1) ] <1 bz /2 ) 2,
0

pair production, via

P p 27 py
P(T):PX—PXJFBPXZPX—PXJF?)(Ux+”xmc2):PX—Px+3[ — +”xm62]
X
:pXJ“pX_s[va—l}p"Jr?)n"mc :px+p>‘+3{n"mc N %zx—1p’Z
2 2 2 4 2
:px—f—px—l—g[nxmc _(3'7>2_4)“>2]:px+p5<+2 (vg — 1) ngmce® — ’y;(—g pxc| -

For the antiparticles, if they are: ultrarelativistic, vy — 4/3, 3py ~ p>—<02 > nmeQ = po~

Py + Dy; nonrelativistic, vy — 5/3, py < nxmc2 ~ p)zc2 = p~py+ %nimcz

H.2 Effective adiabatic index of multi-component fluids

If there are multi-component fluids without mutual interactions in hydrostatic

equilibrium in a spherically symmetric spacetime, ds? = —e22()¢2d¢2 + ¢2A") dr2 412 (d6? +
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sin? # d¢?), the pressure-averaged adiabatic index is given by

<’Y> = f€3¢+A Zz %’piTQdT
[ e32HAS pir2dr

(H.7)

where v; = (01lnp;/01nn;), for the i-th fluid, and for ideal fluids, ; = 1+ p;/u;. The above
definition follows closely from the Chandrasekhar’s derivation, which means the effective

adiabatic index

> Vibi . > i (Opi/On;),

")/ =
> ibi > Di

(H.8)

For ideal fluids with pair production/annihilation and condensate, the effective adiabatic

index

Px—Px o 8
N = Tx (px - p)’() + YradPrad T VYbecPbec _ (1 + “X*”)’c) (px px) T 9Px T ThecPbec (H 9)
(Px — Px) + Prad + Pbec (px — Px) + 2pg + Dhec ’

where we have used pyaq = %urad = % Px-

H.3 Characteristic scales

The characteristic size of the self-gravitating thermal system can be determined

using the fiducial length of the numerical implementation,

1/2
¢ = Ao (mPl) < 8 ) with 7 = ¢, (H.10)

? gea(R)

where g = 25 + 1 is the spin degeneracy of particles, mp; = (hc/G)'/? the Planck mass,

Ac = h/mec the Compton wavelength of the particle, and # the dimensionless radius. Using

168



¢, we can translate the dimensionful quantities of the system using their corresponding
dimensionless counterpart denoted with a “hat,” i.e., n = (c2/Gm¢?*)n, p = (2/G(?)p,
= ()G, p = (¢!/GC*)p and M = (*¢/G)M

According to Eq. the gravitational mass of the bound sphere

aro (S N
=2 \ geol®)

MeV\2 M
=257 x 107 M, ) H.11
X © <m02 ) /gea(R) ( )

2
For pure BEC, the effective equation of state, ppec = (1/3) pac? [(1 —l—pbec/p)\)l/2 -1,
where py = m/3X\¢ = (87°/3X) (¢?/G(?) is the fiducial density with ¢ =1 and a(R) = 0.

The fiducial length in this situation also depends on the self-coupling strength A, i.e.,

02 3\ mpi
C/\Z\/Gip/\:\/@CZ)\c (W> V3. (H.12)

Thus the gravitational mass of the pure condensate

2
M= C?M WmPlM

MeV .
= 1.63 x 105 My, (mec2 > V3AM, (H.13)

which is valid if A > m?/m32, (Thomas-Fermi regime).
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Appendix 1

Numerical Results of the

Truncated Fermi-Dirac

Distribution

In this appendix, we tabulate the numerical results of the truncated Fermi-Dirac
(FD) models with and without pair production/annihilation effect, which is significant
for b 2 0.1. Generally, given a(R) < 0 there is a corresponding (critical) temperature
b below which the degeneracy pressure is significant such that a marginally stable point
exists for FD statistics. In Tables. and we show marginally
stable configurations for a(R) = —50, —10, —5, —1,0, 0.5, and 1, respectively, that satisfy the
adiabatic index criterion (y) = 7, given different values of the boundary temperature b =
kT (R)/mc?. From the 2nd to 12th columns, we show their central cutoff function w(0) =

€.(0)/kpT(0), gravitational mass M, system radius R, compactness C = GM(R)/c*R =
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Table I.1: MB with a(R) — —oo (non-degenerate core): Marginally stable points corre-
sponding to different temperature parameters b = kgT(R)/mc?. For MB distribution, it
cannot achieve the GR instability for b < 0.1, as the concentration has to be extremely
high (relativistic degenerate gas). More precisely, no unstable configuration exists between
0 < b <0.09. The results of FD statistics with a(R) < —50 are indistinguishable from MB
statistics for b > 0.09. The pair production/annihilation effect is significant only if b > 0.1;
while no gravitational bound state exists when b 2> 0.49 as Myest — M < 0.

3

() 0)/me (0]

o051
2

i w0)/c

0

250700 % 107
200600 x 10°
163300 x 10°

0T
0!

114300 x 10°
03001
5.9

107001 x 1
3.93001 x 10~
350001 x 10!
369001 x 10!
3.62001 x 10!
368001 % 10T
183001 % 107

10!
81035 % 10T 0"
814163 % 107 2 07

162117
162023

ction/ annihilation

700

7 TR

Ea
7 T

M /R, central interior redshift Z(0) = e~®©) — 1, central energy cut off e.(0), central
energy density p(0), central pressure p(0), central velocity dispersion v(0), boundary velocity
dispersion v(R), and () = Yer-

When pair production/annihilation is taken into account, we add the 13th column
for the binding energy Myess— M to examine if the gravitational bound state exists. Although
this can still make the system unstable, it becomes gravitationally unbound M — Mrest =0
when b 2 0.4-0.5 (depending on a(R)). In the classical Maxwell-Boltzmann (MB) limit, the
threshold is b 2 0.49, and it decreases as «(R) increases. For completely degenerate case
a(R) =0,0.5, and 1, the threshold decreases down to b = 0.4,0.38, and 0.36, respectively.
This is because the Pauli blocking takes energy to bind fermions together. Thus slightly

lower temperature is sufficient to break them apart.
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Table 1.2: FD with «(R)

—10 (partially degenerate core when b < 0.014): Marginally

stable points corresponding to different temperature parameters b = kgT(R)/mc?. No
marginal stable point exists between 0.014 < b < 0.09. The pair production/annihilation

effect is significant only if b 2 0.1; while no gravitational bound state

as Miest — M < 0.

exists when b 2 0.49

D w(0) T Z0) O/ 0 0)/e
TS50 < 10 7 0T 250700 + 107 12000 < 10 T T < 10 T T 10 T 171005 10 SO0 X 10T
L0818 x 10”1 x 101 200600 x 10" 613191 < 101 180190 % 10! X101 x102 5.65552 x 101
162585 x 101 x10! 163300 x 10° 614253 101 181853 < 10! x 101 x102 5.65431 x 10!
327070 x 101 <102 1114300 x 10° 616613 x 101 186020 x 101 <101 102 5.65050 x 101
662110 < 10T 107 703001 > 10T 621922 < 10T 195251 % 10T 10 10 561302 % 10T
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230855 x 107 0 10700 107 G321 < 10T 501000 10T TEa 0 61213 < 10T
20070  10° 102 393001 x 101 670611 % 101 572501 x 101 101 100
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265150 230790 x 104 x 5.66454 % 101 358606 101 10 906083 x 102
261762 10! 230707 x 104 Ls0001 x 107 5.66413 x 1071 357643 x 101 x 109 8991450 x 102
D © T 7 -k 70) O)me 70 RO ]
5 ERIUIESD) T 10T T T To00m < 107 T 0 T30 1 30 TSR <10
E ST T 107 R TI0TT < 10 I 10 TRZ0 10
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Table 1.3: FD with a(R) = —5 (partially degenerate core when b < 0.08): Marginally stable
points corresponding to different temperature parameters b
is independent of b. The pair production/annihilation effect is significant only if b > 0.1;
while no gravitational bound state exists when b 2 0.49 as Myest — M < 0.

kT (R)/mc?. The instability
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Table I1.4: FD with a(R) = —1 (partially degenerate core when b < 0.3): Marginally stable
points corresponding to different temperature parameters b = kT (R)/mc?. The instability
is independent of b. The pair production/annihilation effect is significant only if b > 0.1;

while no gravitational bound state exists when b 2> 0.45 as Myest — M < 0.
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Table 1.5: FD with a(R) = 0 (completely degenerate core): Marginally stable points cor-
responding to different temperature parameters b = kgT(R)/mc?. The instability is inde-
pendent of b. The pair production/annihilation effect is significant only if b 2 0.1; while no
gravitational bound state exists when b 2 0.4 as Myest — M < 0.
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Table 1.6: FD with «(R) = 0.5 (overly degenerate core): Marginally stable points corre-
sponding to different temperature parameters b = kgT(R)/mc?. The instability is inde-
pendent of b. The pair production/annihilation effect is significant only if b 2 0.1; while no
gravitational bound state exists when b 2 0.38 as Myest — M < 0.
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Table 1.7: FD with a(R) = 1 (overly degenerate core): Marginally stable points correspond-
ing to different temperature parameters b = kT (R)/mc?. The instability is independent
of b. The pair production/annihilation effect is significant only if b > 0.1; while no gravita-
tional bound state exists when b 2 0.36 as Myest — M < 0.
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Appendix J

Numerical Results of the

Truncated Bose-Einstein

Distribution

In this appendix, we tabulate the numerical results of the truncated Bose-Einstein
(BE) models with and without pair production/annihilation effect, which is significant for
b 2 0.1. Generally, given a(R) < 0 there is a corresponding (critical) temperature b below
which the condensate pressure has to happen such that a marginally stable point exists for
BE statistics. In Tables. and we show marginally stable configurations
for a(R) = —50,—10,—5, —1, and —0.5, respectively, that satisfy the adiabatic index
criterion (y) = ver, given different values of the boundary temperature b = kgT(R)/mc>.
From the 2nd to 12th columns, we show their central cutoff function w(0) = €.(0)/kgT(0),

gravitational mass M, system radius R, compactness C = GM(R)/c*R = M /R, central
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Table J.1: MB with «(R) — —oo (non-degenerate core): Marginally stable points corre-
sponding to different temperature parameters b = kgT(R)/mc?. For MB distribution, it
cannot achieve the GR instability for b < 107!, as the concentration has to be extremely
high (relativistic degenerate gas). More precisely, no unstable configuration exists between
0 < b <0.09. The results of BE statistics with a(R) < —50 are indistinguishable from MB
statistics for b > 0.09. The pair production/annihilation effect is significant only if b > 0.1;
while no gravitational bound state exists when b 2> 0.49 as Myest — M < 0.

3

() 0)/me (0]

o051
2

I W0/

0

250700 % 107
200600 x 10°
163300 x 10°

0T
0!

114300 x 10°
03001
5.9

107001 x 1
3.93001 x 10~
350001 x 10!
369001 x 10!
3.62001 x 10!
368001 % 10T
183001 % 107

10!
81035 % 10T 0"
814163 % 107 2 07

162117
162023

ction/ annihilation

70

7 TR

Ea
7 T

interior redshift Z(0) = e=®©) — 1, central energy cut off €.(0), central energy density /(0),
central pressure p(0), central velocity dispersion v(0), boundary velocity dispersion v(R),
and (7) = Ter.

When pair production/annihilation is taken into account, we add the 13th column
for the binding energy Myest— M to examine if the gravitational bound state exists. Although
this can still make the system unstable, it becomes gravitationally unbound M — Mgt =0
when b 2 0.5-0.7 (depending on a(R)). In the classical Maxwell-Boltzmann (MB) limit, the
threshold is b 2 0.49. As a(R) increases, the threshold increases up to b 2 0.7 in the nearly
degenerate limit a(R) = —0.5. This is in contrast to the Pauli blocking of fermions, bosons
tend to party and are easier to be gravitationally bound. Thus slightly higher temperature

is required to break them apart.
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Table J.2: BE with a(R) = —10 (partially condensate core when b < 0.09): Marginally
stable points corresponding to different temperature parameters b = kgT(R)/mc?. No
marginal stable point exists for 0 < b < 0.09 if the particles are purely thermal. BEC must
happen for w(0 < r <r.) =10 at b < 0.09 in order to have marginal stable points. The pair
production/annihilation effect is significant only if b = 0.1; while no gravitational bound
state exists when b 2 0.49 as Myest — M < 0.
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Table J.3: BE with a(R) = —5 (partially condensate core when b < 0.11): Marginally stable
points corresponding to different temperature parameters b = kgT(R)/mc?. No marginal
stable point exists for 0 < b < 0.11 if the particles are purely thermal. BEC must happen
for w(0 < r < r.) =5at b < 0.11 in order to have marginal stable points. The pair
production/annihilation effect is significant only if b 2> 0.1; while no gravitational bound
state exists when b 2 0.49 as Myest — M < 0.
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Table J.4: BE with o(R) = —1 (partially condensate core when b < 0.4): Marginally stable
points corresponding to different temperature parameters b = kgT(R)/mc?. No marginal
stable point exists for 0 < b < 0.4 if the particles are purely thermal. BEC must happen
for w(0 < r <r.) =1atb < 04 in order to have marginal stable points. The pair
production/annihilation effect is significant only if b = 0.1; while no gravitational bound
state exists when b 2> 0.57 as Myest — M < 0.

C= R
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Table J.5: BE with a(R) = —0.5 (partially condensate core when b < 0.7 or 0.8): Marginally
stable points corresponding to different temperature parameters b = kgT(R)/mc?. No
marginal stable point exists for 0 < b < 0.4 if the particles are purely thermal. BEC
must happen for w(0 < r < r.) = 1 at b < 0.7 or 0.8 (with or without pair produc-
tion/annihilation) in order to have marginal stable points. The pair production/annihilation
effect is significant only if b 2 0.1; while no gravitational bound state exists when b > 0.7
as Myest — M < 0.
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Appendix K

Formulation of the Relativistic

Bondi Accretion

K.1 Inconsistency of non-relativistic Bondi accretion for the

SIDM

In this appendix, we show that the non-relativistic Bondi accretion of SIDM obey-
ing Eq. is not consistent because it yields relativistic sound speed and fluid speed.

We start with the non-relativistic continuity equation and Euler equation

1d _ K.1

Ter(r pv) 07 ( )
1dp M

y Ldp A (K.2)

Note that in the non-relativistic limit, the rest mass density pg and the total energy density
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p are approximately equal, thus we do not distinguish them here. The continuity equation

Eq. implies a constant accretion rate,
M = 4mrpu. (K.3)

Instead of directly solving the Euler equation Eq. we rewrite it into the following

“Bondi equation” [246], 247]:

(-BE-E-E) -

Assuming a?(r) does not increase too rapidly as r increases, we can see that the RHS will

change from positive value to the negative one at the sonic horizon r = rg with

B M
~ 2a2(r)

Ts

: (K.5)

This implies that the LHS shall also change the sign accordingly. Since dv?/dr < 0, a

physically reasonable initial condition [246], 247] is as follows:

This condition implies that the fluid starts as subsonic fluid at large r and then turns into
the supersonic one after crossing the sonic horizon as r decreases. Subject to the above
initial condition, we will now solve the Euler equation Eq. based on the EoS Eq.

By the definition of sound speed a? = (Op/0p) g, the EoS Eq. can be put into
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the following form:

p  4a?(2 — 3a?) D 2a?
P L= K.
PB (1 —3a?)? o pp  1—3a? (K.7)

The second expression implies a? < 1/3 which is the so-called sound barrier. Integrating

Eq. and using Eq. we obtain

2 9 2 — 3a? M 2 2 — 3g2
U (A M2 (278 (K.9)
2 3 1 — 3a? r 3 1 —3aZ,

where as, = a(c0). At the sonic horizon r = s, i.e., Eq. v%(rs) = a?. We can then
use this equation to relate the sound speed at sound horizon to the asymptotic sound speed
0<a,n < 1/\/3, and find that

0.38¢ < as < 0.58¢ (K.9)

where we have recovered the speed of light ¢. We see that the sound speed at the sound
horizon is of the order of ¢, which implies that the non-relativistic formulation of Bondi
accretion is not consistent, at least near the sound horizon region. Therefore, a relativistic

formulation of Bondi accretion is needed for the SIDM with EoS given by Eq.
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K.2 Relativistic Euler equation in Schwarzschild spacetime

By the conservation law of spherically symmetric stationary inflow in Schwarzschild

background, one obtains the relativistic Euler equation [57]:

o / 2
e
po (K.10)
, 2M 5\ a? , M
w + | 1= —+u” | —pp=——,
T £0 T

where “prime” denotes the derivative with respect to the radial coordinate. The solution is
W=-— and p)=—" (K.11)

where

A51[<1—W+u2>a2—u2],
pou r

1 [M 24 oM 1/2u2 M
A= — [2 _ <1 -+ u2>} and Ay = — (u — 2) ) (K.12)
po LT r T U r T

Remark (i) A > 0asr — 0o, u — 0 and @ — ay (subsonic u? < a?) (ii) A =
(u/po)(a?—1) < 0at r =2M as a < 1. (iii) A must pass through zero at some critical point
r = rg outside r = 2M. To avoid the singularities in the stationary flow, one demands A =

Ay = A9 =0 at r = rg. Thus, at this critical point (sound horizon), one derives Eq.
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K.3 Deriving profile equation for sound speed

We determine the spatial profile of the Bondi accretion from the relativistic Bernoulli

equation Eq. [6.13]| given the boundary condition to fix

2
cp = <p°O+p°°> . (K.13)
P0,00

We aim to solve Eq. for the sound speed profile. However, there is still u in the LHS

of Eq. We can use Egs. and to express u = u(a, 7) and the result is

ca(l —3a?)3/?

= K.14
a?i24/1 — a? ( )
where
M
= — K.15
A= 1o8rM2pg (K.15)

and we have introduced the radius coordinate 7 = r/2M in the unit of Schwarzschild radius.

With Eq. we can turn Eq. into the following to solve for z = a?:

(274 — 7 + 7 = 3epit)ad® — (274 — 7 + 7 — epf)a® + 92 — 4 =0, (K.16)

Once the boundary condition is specified, the profile of sound speed can be obtained and, in
turn, the density profile around the central hole. We need to specify the physical boundary
conditions, such as as, of the dark halo to fix c4, cp and select the right and physical
profile. As for the dark halo, the typical value for the fluid velocity dispersion is about

100 km s, which is roughly also the value of as =~ 1073 in unit of light speed. Thus, we
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solve x = x(7), or equivalently 7 = 7(z), from Eq. and only real solution can satisfy
the boundary conditions. Given the sound speed profile, we can in turn obtain the mass

density profile po(7).

K.4 Local Mach number

The proper speed of the fluid v = |[v"| = |drops/dtons| measured by a “local” and

“stationary” observer at r with the observer’s proper length drops(r) = dr/+/1 — 2M /r and

proper time dtops(r) = /1 — 2M /rdt, thus

T

drgps  dr/dt u” Jut
~dtes 1—2M/r  1—-2M/r

and with the normalization

one can readily solve for

v = (K.17)

V1-2M/r +u®

Hence at r > 2M, v ~ u < 1 and is subsonic; while at r = 2M, v = 1 > a, independent of

u, supersonic. Then we define the “local” Mach number

u/a

2 - (K.18)

V1=2M/r +u?

M
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Note that at the sound horizon (vs = as), Mg = vs/as = 1; at the event horizon (v, = 1),

Mh = vh/ah = 1/ah.
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