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Abstrac t 

We address the problem of processing a context-sensitive lan-
guage wit h a  recurren t  neura l  networ k (RN) .  S o far ,  th e lan -
guage processin g capabilitie s o f  RN s hav e onl y bee n investi -
gate d fo r  regula r  an d context-fre e languages .  W e presen t  a n 
extremel y simpl e R N wit h onl y on e paramete r  z  fo r  it s tw o 
hidde n node s tha t  ca n perfor m a  predictio n tas k o n sequence s 
of  symbol s fro m th e languag e {(fca*) "  |  fc  >  0 ,  n  >  0} ,  a  lan -
guage tha t  i s  context-sensitiv e bu t  no t  context-free .  Th e inpu t 
t o th e R N consist s o f  an y strin g o f  th e language ,  on e symbo l 
at  a  time .  Th e networ k shoul d then ,  a t  al l  times ,  predic t  th e 
symbol  tha t  shoul d follow .  Thi s mean s tha t  th e networ k mus t 
be abl e t o coun t  th e numbe r  o f  a' s i n th e firs t  subsequenc e an d 
t o retai n thi s numbe r  fo r  futur e use .  W e presen t  a  valu e fo r  th e 
paramete r  z  fo r  whic h ou r  R N ca n solv e th e tas k fo r  fc  =  1  u p t o 
fc  =  120 .  A s w e d o no t  giv e an y metho d t o find  a  goo d valu e fo r 
z,  thi s doe s no t  sa y anythin g abou t  th e learnin g capabilitie s o f 
our  network .  I t  does ,  however ,  sho w tha t  context-sensitiv e in -
formatio n (th e coun t  o f  a's )  ca n b e represente d b y th e network ; 
we analys e i n detai l  ho w thi s i s  done .  Henc e ou r  wor k show s 
that ,  a t  leas t  fro m a  representationa l  poin t  o f  view ,  connection -
is t  architecture s ca n handl e mor e comple x forma l  language s 
tha n wa s previousl y known . 

Introduction 

An importan t  issu e whe n modelin g grammar s an d grammat -
ica l  inferenc e wit h recurren t  neura l  network s (RNs )  i s t o de -
termin e wha t  kin d o f  forma l  language s a  recurren t  neura l 
networ k ca n proces s an d generate .  I n thi s pape r  w e sho w tha t 
a ver y simpl e recurren t  networ k o f  a  kin d tha t  ha s ofte n bee n 
studie d befor e i s abl e t o proces s a  fairl y  comple x language :  a 
languag e tha t  i s neithe r  regula r  no r  context-free . 

Regula r  language s represen t  th e simples t  clas s o f  forma l 
language s i n th e Chomsk y hierarch y (Hopcrof t  &  UUman, 
1979) .  Regula r  language s ar e generate d b y regula r  grammars . 
Each regula r  languag e L  ha s a h associate d deterministi c finite 
stat e automato n (DFA )  M an d vic e versa :  M accept s al l 
correc t  sentence s o f  L  an d reject s al l  incorrec t  sentences .  A 
more comple x clas s i n th e Chomsk y hierarch y i s tha t  o f  th e 
context-fre e languages ;  th e regula r  language s ar e a  prope r 
subse t  o f  thi s class .  Fo r  eac h context-fre e languag e ther e i s a n 
associate d push-dow n automato n (an d vic e versa) .  A n eve n 
more comple x languag e clas s i s tha t  o f  th e contex t  sensitiv e 
language s wit h th e associate d linea r  bounde d automata .  Thi s 
clas s properl y include s al l  context-fre e languages . 

The theor y o f  thes e language s an d automat a fro m a  sym -
bol  processin g perspectiv e i s wel l  establishe d (Hopcrof t  & 
Ullman ,  1979) .  I t  i s  no t  clea r  however ,  wha t  kin d o f  automat a 

R Ns ca n implement .  S o far ,  onl y performanc e o n regula r 
and context-fre e language s ha s bee n reporte d (Cleeremans , 
Servan-Schreiber & McClelland ,  1989 ;  Gile s etai ,  1992 ;  Su n 
etal ,  1993 ;  Wile s &  Elman ,  1995) .  Thi s situatio n le d u s t o 
investigat e whethe r  i t  i s  possibl e t o g o beyon d thes e languag e 
classes ;  i n thi s paper ,  w e com e u p wit h a  R N tha t  perform s a 
predictio n tas k o n th e symbol s o f  a  context-sensitiv e languag e 
tha t  i s no t  context-free .  T o th e bes t  o f  ou r  knowledge ,  thi s 
has neve r  bee n attempte d befor e -  a s R N s alread y hav e grea t 
difficultie s i n handlin g simpl e context-fre e languages ,  w e tak e 
our  tas k t o b e quit e challengin g fo r  RNs .  Ou r  wor k als o ha s 
repercussion s fo r  th e rol e o f  connectionis m i n psychology .  I n 
our  view ,  i n orde r  fo r  connectionis m t o b e a  seriou s paradig m 
fo r  psychology ,  i t  shoul d b e clea r  wha t  it s capabilitie s ar e 
when dealin g wit h forma l  language s whic h li e a t  th e hear t  o f 
'symbol-oriented '  model s (Wile s &  Elman ,  1995) . 

We wil l  conside r  a  typ e o f  recurren t  neura l  networ k tha t  ha s 
initiall y  bee n explore d b y Jorda n (1986 )  an d mor e recentl y b y 
Elma n (1990 )  an d Pollac k (1991) .  Mor e specifically ,  w e us e 
a secon d orde r  recurren t  networ k (Gile s e t  al ,  1992 ;  Omli n 
& Giles ,  1992 )  simplifie d t o havin g onl y on e parameter ,  an d 
we sho w b y simulatio n tha t  it s node s ca n represen t  th e inpu t 
t o th e networ k i n a  wa y tha t  capture s th e essentia l  structur e o f 
our  contex t  sensitiv e language . 

W h en R N s ar e applie d t o processin g languages ,  th e solu -
tion s provide d b y th e networ k ar e ofte n bes t  understoo d fro m 
a dynamica l  system s perspectiv e (Omli n &  Giles ,  1994) .  Thi s 
perspectiv e ca n sometime s offe r  ne w insight s an d provid e ne w 
mechanism s fo r  solvin g task s tha t  ar e usuall y deal t  wit h fro m 
a mor e traditiona l  symboli c framework .  Fro m thi s poin t  o f 
view ,  th e proble m w e wil l  hav e t o fac e her e i s t o contro l  th e 
non-linea r  dynamic s o f  th e networ k i n suc h a  wa y tha t  th e 
region s i n stat e spac e tha t  correspon d t o th e variou s symbol s 
t o b e predicte d ar e linearl y separable . 

The Task 

Conside r  al l  sequence s o f  th e form : 

6(a)*6(a) *  .. .  fo r  integer s A;  >  0  (1 ) 

I n an y suc h sequenc e symbo l  b  i s followe d b y k  symbol s a 
afte r  whic h thi s subsequenc e repeat s itself .  Eac h valu e o f  k 
define s a  uniqu e sequenc e whic h w e wil l  cal l  th e A;-sequence . 
For  example ,  her e ar e th e initia l  segment s o f  th e l-,2 -  an d 
3-sequences : 

bababababa.. .  (f c =  1 ) 

baabaabaab.. .  (f c =  2 ) 

baaabaaaba.. .  ( k =  3 ) 
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The tas k w e wan t  ou r  networ k t o perfor m i s th e following :  fo r 
any sequenc e o f  th e for m (1) ,  afte r  havin g bee n presente d th e 
firs t  n  symbol s o f  th e sequence ,  th e networ k shoul d correctl y 
predic t  th e n  +  1-s t  symbo l  o f  th e sequence .  Th e symbol s 
ar e presente d i n order :  a t  tim e t  =  1  th e firs t  symbo l  i s 
presented ,  a t  t  =  2  th e secon d an d s o on .  Not e tha t  befor e 
th e secon d b  ha s bee n presented ,  th e nex t  symbo l  ma y tur n 
out  t o b e eithe r  o  o r  6  a s i t  i s  no t  clea r  ye t  whic h sequenc e 
th e networ k i s dealin g with .  Bu t  afte r  th e secon d 6 ,  ther e i s 
onl y on e possibl e sequenc e left ,  an d al l  futur e symbol s ar e 
unambiguousl y determined .  Therefore ,  i f  th e actua l  sequenc e 
turn s ou t  t o b e 6(a)*fe.. .  fo r  som e particula r  k ,  the n w e wan t 
our  networ k t o correctl y predic t  al l  futur e symbol s a t  al l  time s 
t > k +  2 . 

Complexity of the Task 

Consider the language Lcs = {(6a*)" | it > 0,n > 0}. 
Thu s fo r  example ,  babababab a an d baaaabaaa a ar e correc t 
sentence s o f  th e languag e whil e babaaa ,  baba b an d baab a ar e 
not .  I t  i s  clea r  tha t  ou r  tas k ca n b e reinterprete d a s follows : 
afte r  havin g bee n presente d a  fe w initia l  symbol s (th e first 
'run '  o f  a's )  on e mus t  correctl y predic t  wha t  th e nex t  symbol s 
i n th e sequenc e mus t  be ,  suc h tha t  a t  som e poin t  i n th e future , 
th e par t  o f  th e sequenc e see n unti l  the n wil l  b e a  correc t 
sentenc e o f  th e languag e Lcs -

N o w Lc s i s a  context-sensitiv e languag e which ,  moreover , 
i s  no t  context-free .  Thi s ca n b e prove n usin g standar d tech -
nique s o f  forma l  languag e theory ;  a n exac t  proo f  ca n b e foun d 
i n th e appendix .  Intuitively ,  on e ca n understan d wh y Lc s i s 
not  context-fre e i f  on e trie s t o recogniz e Lc s usin g a  push -
down automaton .  A  push-dow n automato n i s roughl y jus t 
a non-deterministi c finit e stat e automato n wit h a  stack ;  i t  i s 
clea r  tha t  th e onl y wa y t o coun t  th e numbe r  o f  a' s tha t  hav e 
bee n see n ab-ead y i s t o us e thi s stack .  Afte r  th e first  6  symbol , 
on e ca n fill  th e stac k wit h th e first  k  a  symbols .  Then ,  afte r 
th e secon d 6 ,  on e ca n empt y th e stac k again ,  t o produc e th e 
nex t  k  a  symbols ,  bu t  sinc e th e content s o f  th e stac k ar e the n 
empty ,  th e informatio n abou t  k  i s  lost ,  an d furthe r  processin g 
of  ttie  sequenc e i s impossible .  Therefore ,  a  singl e stac k i s no t 
sufficien t  t o solv e thi s task .  Wha t  w e reall y nee d t o d o i s t o 
implemen t  a  counte r  tha t  count s th e numbe r  o f  consecutiv e a 
symbol s afte r  whic h i t  retain s thi s valu e t o proces s th e nex t 
(mor e tha n one! )  subsequence s o f  a-symbols . 

Jus t  a s on e canno t  us e a  push-dow n automato n t o recogniz e 
a languag e tha t  i s no t  context-free ,  on e canno t  us e i t  t o pre -
dic t  th e consecutiv e symbol s o f  th e correc t  string s o f  suc h a 
languag e eithe r  (Hopcrof t  &  Ullman ,  1979) .  I t  i s  i n thi s sens e 
tha t  th e powe r  o f  a  recurren t  networ k tha t  woul d perfor m wel l 
on ou r  predictio n tas k goe s beyon d th e powe r  o f  context-fre e 
granmiar s or ,  equivalently ,  push-dow n automata . 

The Network 

We use a second-order recurrent network with two input 
nodes ,  I ]  an d I2 ,  tw o hidde n node s H \  an d H 2 an d a n outpu t 
uni t  O .  x \  denote s th e activatio n o f  nod e X i  a t  tim e t .  W e 
emplo y a  unar y encodin g o f  ou r  symbols :  a  i s encode d a s 
t i  =  1  an d 1 2 =  0 ,  6  a s i i  = 0 an d 1 2 =  1 .  Th e hidde n nod e 
activation s h \  an d /1 2 a t  tim e t  ar e mappe d int o thos e a t  tim e 

t  +  1  accordin g to : 

h ^  = 

h r  = 

/ ( 

/ ( 

i\h\w \  + i \h\w z + (2 ) 

(3 ) 

wher e /  i s  th e sigmoi d discriminan t  function :  f{x )  =  1/(1-1 -
e~ ' ) .  W e simplifie d thi s networ k b y removin g som e o f  th e 
recurren t  connections :  W2 =  w ^ = w ^  =  W( ,  =  w ^  =  0 .  Th e 
substitution s w \  =  •w ^  =  Wi  =  z  an d 10 5 =  w\ q =  —zjl , 
simplif y th e networ k to : 

/i{+ '  =  f{ i \h\z-zl2 ) 

/4+ '  =  f{i\h\ z +  i \h^z-zl l ) 

(4 ) 

(5 ) 

The outpu t  O  i s a  linea r  threshol d uni t  tha t  output s predictio n 
symbol s o  an d 6 : 

^  I  a  i f  wo\h \  +  woih ^  +  Oo < 0 

*  ~  \  6  ifwo2h \  +  woih \  +  ̂ o >  0 
(6 ) 

A singl e parameter ,  th e weigh t  z  determine s th e representatio n 
of  th e inpu t  symbol s i n hidde n stat e space .  Th e weight s 
v^ox .  W 0 2 an d 6 0 determin e th e linea r  equation '  tha t  divide s 
th e hidde n stat e spac e i n region s wher e th e predicte d symbo l 
i s  a  o r  6 . 

Wit h compute r  studies ,  w e wante d t o find  a  2  suc h tha t  ther e 
i s a  combinatio n o f  wq x ,  W 0 2 an d 0 o suc h tha t  th e prediction s 
of  th e symbol s o f  th e sequence s fo r  fc  =  I  u p t o a  maximu m 
of  m ar e correct .  Therefore ,  fo r  thes e sequences ,  th e hidde n 
nod e activation s correspondin g t o a  processe d inpu t  sequenc e 
wher e th e nex t  symbo l  i s  a  a  o r  6  shoul d b e linearl y separable . 

For  z  =  3.9924 ,  w e foun d tha t  th e prediction s fo r  th e first 
m =  12 0 sequence s o f  thi s tas k ar e linearl y separable .  I n 
figure  1 ,  th e trajectorie s i n hidde n nod e spac e ar e show n fo r 
th e first  6  sequences .  Thes e trajectorie s g o from  th e lef t  t o th e 
right;  th e successiv e point s o f  th e map s ar e connecte d b y line s 
(th e retur n trajectorie s t o th e lef t  ar e omitted) .  Th e point s 
indicate d b y filled  circle s ar e th e point s wher e k  symbol s a 
ar e received ,  s o a t  thes e points ,  th e outpu t  symbo l  shoul d b e 
b.  Th e point s indicate d b y ope n circle s ar e th e point s wher e 
a symbo l  a  shoul d b e predicted .  Th e dashe d Un e show s th e 
linea r  equatio n tha t  separate s th e a  an d b  predictio n symbols . 
Figur e 2  show s th e trajectorie s fo r  al l  12 0 sequences . 

How the Network Does It 

The behavio r  o f  th e networ k ca n bes t  b e understoo d from a 
dynamica l  system s viewpoint .  A s al l  sequence s consis t  o f 
perpetuall y self-repeatin g subsequences ,  i t  i s  clea r  tha t  fo r 
eac h valu e o f  fc,  th e networ k eventuall y goe s int o a n associ -
ate d limi t  cycle .  Th e rea l  difficult y o f  ou r  tas k i s t o combin e 

'Notic e tha t  w e coul d jus t  a s wel l  hav e take n th e sigmoi d dis -
criminan t  functio n /  agai n t o determin e th e outpu t  activatio n a s 
O =  f{woih \  -( -  woih i  -I -  6o) -  I f  w e the n interprete d O  <  0. 5 a s 
o an d O  >  0. 5 a s 6 ,  thi s woul d alway s yiel d th e sam e prediction s a s 
our  threshol d unit .  Fo r  recurren t  neura l  networks ,  usuall y thi s latte r 
approac h i s take n (Omli n &  Giles ,  1994) .  W e hav e opte d fo r  th e 
equivalen t  threshol d approac h i n orde r  t o clarif y th e analysi s o f  th e 
hidde n nod e activatio n space . 
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Figur e 1 :  Th e trajectorie s o f  h ]  an d /1 2 i n th e networ k wit h 
z =  3.992 4 ar e show n fo r  fc  =  1  t o 6 . 

Figur e 2 :  Al l  point s o f  th e trajectorie s i n hidde n stat e spac e 
fo r  th e sequence s A;  =  1  t o 120 . 

0 X  1 

Figur e 3 :  Th e ma p g  :  x  >- > 1/( 1 +  e'^ ^  (̂ -'/̂ )) )  i s  show n 
fo r  z  — 3 .  Thi s ma p ha s onl y on e attracto r  x  =  1/2 .  Fiv e 
iteration s o n thi s ma p ar e show n startin g o n i  =  0 . 

th e dynamic s o f  ever y limi t  cycl e i n suc h a  wa y tha t  i t  i s  pos -
sibl e t o extrac t  usefu l  informatio n fro m th e cycl e trajectorie s 
i n hidde n nod e stat e space .  Th e non-linea r  natur e o f  limi t 
cycl e trajectorie s make s i t  difficul t  t o b e combine d wit h th e 
linea r  natur e o f  th e separatio n function s provide d b y thresh -
ol d outpu t  units .  Ou r  mai n ide a i s t o simplif y th e networ k b y 
introducin g a  rese t  mechanis m fo r  ever y limi t  cycle .  Th e end -
point s o f  th e trajectorie s (befor e rese t  again )  ar e the n linearl y 
separabl e fro m al l  othe r  point s o f  th e differen t  trajectories ; 
as wil l  b e see n below ,  thi s i s exactl y wha t  i s neede d fo r  ou r 
predictio n task .  Fo r  a  mor e detaile d analysi s o f  th e network' s 
performance ,  w e nee d t o loo k a t  th e followin g function : 

<,(x )  =  /( z . (1 -1 /2 ) ) (7 ) 

Her e /  i s  th e sigmoi d functio n again .  W e wil l  writ e g^^Kx )  = 

x,9^^Kx )  =  9{x),g^^Hx )  =  gigix) )  etc .  For O <  z  <  4 ,  5 
has onl y on e fixed  point :  5(1/2 )  =  1/ 2 (figur e 3) .  Thi s poin t 

i s  a n attractor̂ ;  a s n  increases ,  g^"\x )  converge s t o 1/ 2 fo r 
al l  startin g value s x .  Als o show n i n figure  3  ar e th e iteration s 

fromflW(0)tO5(')(0) . 
N ow le t  u s suppos e tha t  w e fee d ou r  networ k a  sequenc e 

consistin g onl y o f  a' s  (i.e .  t {  =  l.i j  = 0 ) .  Then ,  i f  w e star t  a t 
tim e t  an d se t  x  equa l  t o h\ ,  w e ca n se e fro m (4 )  tha t  updatin g 
h\  become s identica l  t o iteratin g g : 

h\+ '  =  g'''\x )  f o r a l H > 0 (8 ) 

Exactl y th e sam e applie s t o H i :  i f  w e ha d se t  i  =  ftj,  the n /1 2 
woul d hav e evolve d accordin g t o g ,  a s ca n b e see n fro m (5) . 

But  wha t  happen s t o h \  whe n a  symbo l  b  arrive s a t  tim e t ? 
(i.e .  i \  =  0 .  t ^  =  1) .  W e se e tha t 

/i;+ '  =  f { 0 h \ - z - z / 2 ) 

= p(')(0) (9 ) 

Thu s eac h tim e a  6  arrive s (i n particular ,  a t  tim e t  =  1  whe n 
th e first  on e arrives) ,  h \  wil l  b e "reset '  t o g{0) .  This ,  togethe r 
wit h (8 )  impUe s tha t  if ,  fo r  an y t ,  th e previou s i  -I -  1  symbol s 
wer e o f  th e for m ba' ,  the n h \  wil l  alway s b e equa l  t o </('•'• '  ̂  (0) . 

I n wha t  follows ,  w e wil l  writ e ̂^'^O )  simpl y a s g '̂ K 
H2 i s influence d i n a  differen t  manne r  whe n a  5  arrives .  I f 

a b  arrive s i n a  fc-sequence  a t  a  tim e t  wit h t  >  1  (w e wil l  no t 
conside r  th e first  6  here) ,  the n /ij"*" '  i s  change d a s follows : 

/i*+' = f{l.h\z + 0hJ^-z-z/2) 

= 9{h\) 

= p(5(*+')(0) ) 

= (,(*+2 )  (10 ) 

Here h\ is equal to g(*+') because we are in a A:-sequence, 

and thu s th e 6  tha t  arrive s a t  tim e t  ha s bee n precede d b y 6a* . 
I n othe r  words ,  wheneve r  a  symbo l  b  i s processe d a t  tim e 

t  i n a  fc-sequence,  th e activatio n o f  H i  i s  rese t  t o g(' \  whil e 
H2 'take s over '  fro m H, :  /ii"*" '  i s  se t  t o g *̂"*"̂ ) .  Returnin g 
t o figure  2 ,  w e ca n se e tha t  i n betwee n tw o 6's ,  nod e H ] 
iterate s g  startin g fro m p O t o p̂ *''"' ^  whil e H 2 iterate s g  fro m 
5(*+2 )  t o 5(^*+2) .  Thu s th e point s ih\,h\ )  i n hidde n nod e 

^One can actually prove this; see the work of Omlin & Giles 
(1994 )  wher e th e sam e functio n i s use d fo r  a  differen t  purpose . 
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activatio n spac e wil l  alway s b e o f  th e for m (ĝ ''''' \  ĝ '̂''*''''̂ ) 

fo r  som e 0  <  i  <  k .  Also ,  th e point s ((?('+*),s^^^") ) 
coincid e exactl y wit h th e hidde n nod e activation s whe n al l 
*:  a' s o f  th e fc-sequence  hav e bee n presented ,  i.e .  whe n a  6 
shoul d b e predicted .  O n th e othe r  hand ,  al l  point s a t  whic h a n 

a shoul d b e predicte d mus t  b e o f  th e for m iĝ '̂*'*\ĝ '̂̂ '''̂ *̂ ) 

wit h t  <  fc.  A s ff^*^  increase s wit h t ,  thi s mean s tha t  i t 
i s  enoug h t o mak e sur e fo r  al l  t  >  0  tha t  {g '̂Kg^ *̂̂ )  lie s 

beneat h th e separatin g lin e whil e {g^* \  ĝ '̂'̂ ^̂ )  lie s abov e it ; 
see figure  1  an d 2  again .  A s ca n b e see n there ,  fo r  increasin g i , 

g(' )  goe s t o 1/2 ,  bu t  (fo r  ou r  choic e o f  z )  th e point s (s '̂̂ s^ '̂) ) 
ar e connecte d throug h a n almos t  linea r  function .  Thi s partiall y 

explain s w h y th e point s ig '̂\g^^*^ )  an d (ff('',5(̂ *+'̂ )  ar e 
linearl y separabl e fo r  suc h a  larg e rang e o f  i . 

Related Work 

Concernin g rc^ufa r  languages ,  Omli n &  Gile s (1994 )  provid e 
an algorith m that ,  give n an y D F A M a s input ,  output s ( a 
descriptio n o O a n equivalen t  second-orde r  recurren t  networ k 
R.  Her e 'equivalent '  mean s tha t  R  output s a  1  i f  an d onl y i f 
it s  inpu t  i s a  strin g o f  th e regula r  languag e correspondin g t o 
M. 

For  context-fre e languages ,  thing s ge t  mor e complicated . 
A\̂ ile s &  Elma n (1995 )  studie d th e behavio r  o f  a  R N o n th e 
language  a"6 "  whic h i s context-fre e bu t  no t  regular .  The y 
traine d a  smal l  R N t o predic t  th e symbol s from  string s from 
thi s languag e wit h n  rangin g from 1  t o 12 .  I n on e o f  severa l 
trainin g sessions ,  the y foun d a  R N tha t  exhibite d generaliza -
tio n t o n  =  18 .  Th e similarit y  t o ou r  wor k consist s i n th e fac t 
tha t  bot h a"b "  an d Lc s ca n b e processe d usin g onl y a  counte r 
rathe r  tha n a  complet e stac k o r  tape ;  however ,  i n Elma n & 
Wiles '  wor k th e traine d networ k turne d ou t  t o coun t  i n a  com -
pletel y differen t  manne r  from  ours ,  namel y b y combinin g th e 
dynamic s o f  attractor s an d repellor s tha t  implemen t  count -
in g u p an d dow n respectively ;  lik e a  stack ,  M s mechanis m 
'forgets '  th e numbe r  o f  a' s afte r  processin g th e 6's . 

Sun etal .  (1993 )  als o studie d R N s whe n traine d o n context -
free  language s bu t  thei r  R N s wer e augmente d wit h a  stack . 
Here ,  th e tas k fo r  th e R N wa s t o accep t  o r  rejec t  a  strin g 
as belongin g t o th e traine d language .  The y achieve d ver y 
goo d generalizatio n performanc e whe n trainin g thei r  networ k 
wit h shor t  exampl e string s o f  som e context-fre e language s 
includin g a"6" .  Th e advantag e o f  providin g th e R N wit h a 
rea l  stac k i s tha t  differen t  symbol s ca n b e writte n o n th e stac k 
and rea d of f  again ,  whil e i t  remain s t o b e see n whethe r  tha t 
ca n b e achieve d wit h technique s lik e thos e use d b y Wile s & 
Elma n (1995 )  an d us .  O n th e othe r  hand ,  th e stac k extensio n 
canno t  b e o f  an y hel p i n representin g language s lik e lie s tha t 
ar e no t  context-sensitive ,  an d doe s no t  sho w whethe r  R N s b y 
themselve s ar e mor e powerfu l  tha n DFA's . 

Discussion and Conclusion 

I t  i s  importan t  t o realiz e tha t  w e di d no t  us e learnin g algorithm s 
fo r  th e networ k itsel f  t o com e u p wit h solutions ;  instead ,  w e 
'hard-wired '  th e weight s t o solv e th e task .  W e fel t  th e nee d 
t o separat e th e possibilitie s o f  learnin g a  languag e a s difficul t 
as a  context-sensitiv e on e from  th e possibilit y  o f  representin g 
i t  wit h a  R N .  I t  coul d tur n ou t  tha t  ther e ar e weight s fo r  th e 
R N whic h mak e fo r  a  goo d representatio n o f  th e language , 
whil e non e o f  th e know n learnin g algorithm s fo r  R N s wil l 

eve r  find  thes e weights .  O n th e othe r  hand ,  i t  coul d b e tha t  th e 
representationa l  capabilit y  o f  th e R N wa s no t  powerfu l  enoug h 
t o star t  with .  I n th e word s o f  Minsk y &  Paper t  (1988) :  'n o 
machin e ca n lear n t o recogniz e X  unles s i t  possesses ,  a t  leas t 
potentially ,  som e schem e fo r  representin g X' .  I n thi s work , 
we showe d tha t  a t  leas t  som e R N s d o hav e th e representationa l 
capabilitie s t o dea l  wit h a t  leas t  som e language s tha t  ar e no t 
context-free .  W e certainl y d o no t  thin k tha t  R N s wil l  tur n ou t 
t o b e capabl e o f  handlin g an y context-sensitiv e language ;  w e 
do thin k howeve r  tha t  the y ca n provid e a  ne w an d interestin g 
manner  t o proces s som e language s tha t  ar e rathe r  comple x 
from  th e poin t  o f  vie w o f  forma l  languag e theory . 
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P r o o f  tha t  L c s I s N o t  Con tex t -F re e 

We wan t  t o prov e th e following : 

Theore m 1  77t c languag e Lc s define d b y Lc s =  {(^a*) "  I 
k > 0 , n > 0 }  i s no t  context-free . 

We wil l  prov e thi s theore m usin g th e pumpin g lemm a fo r 
context-fre e languages ,  a  standar d too l  fo r  provin g certai n 
language s no t  t o b e context-fre e (Hopcrof t  &  Ullman ,  1979) . 
Befor e givin g th e actua l  proof ,  w e wil l  first  stat e th e pumpin g 
lemma an d explai n th e proo f  techniqu e used .  I n th e follow -
ing ,  i,j ,  k ,  m an d n  wil l  b e variable s takin g o n non-negativ e 
intege r  values ,  t ,  u ,  v ,  w ,  x ,  y  an d z  wil l  b e variable s takin g 
on strin g values .  A  strin g i s a  concatenatio n o f  zer o o r  mor e 
symbol s take n fro m th e alphabe t  Z  =  {a ,  b} .  Fo r  an y strin g 
z,\z \  denote s th e lengt h o f  (numbe r  o f  symbol s appearin g in ) 
strin g z .  x y stand s fo r  th e concatenatio n o f  string s x  an d y . 
We ar e no w read y t o stat e th e pumpin g lemm a (fo r  a  proo f  o f 
th e pumpin g lemm a itsel f  an d detail s abou t  th e notation ,  se e 
fo r  exampl e Hopcrof t  &  Ullma n (1979)) : 

L e m ma 1  (Pumpin g L e m m a fo r  Context-Fre e Languages ) 
Let  L  b e an y context-fre e language .  The n ther e i s a  constan t 
n,  dependin g onl y o n L ,  suc h tha t  i f  z  i s i n L  an d \z \  >  n , 
the n w e ma y writ e z  =  u v w x y suc h tha t 

(fca*')"' ,  an d thu s u w v i s no t  i n Lcs -  Bu t  b y th e pumpin g 
lemma u w y =  uv^wx° y mus t  b e i n Lcs ;  a  contradiction . 

I n cas e 2) ,  th e strin g u w y contain s onl y 2  b'a .  Suppos e 
first  tha t  th e leftmos t  b  i s missin g i n u w y (I.e .  u  i s th e empt y 
strin g an d v x =  b t  fo r  som e strin g t) .  The n u w y i s o f  th e 
for m o'"6a"6a" .  Thi s strin g ca n onl y b e i n Lc s i f  m =  0 . 
But  the n |ui |  =  |ut;«;xy (  — \uwy \  =  n  - H 1 ,  whil e \vx \  <  n ; 
a contradiction .  S o suppos e tha t  th e middl e b  i s missing ;  the n 
u wy i s o f  th e for m ba'"ba'* .  Thi s strin g ca n onl y b e i n Lc s 
i f  m =  n .  Again ,  i t  follow s tha t  |vx |  =  n  - H 1  s o onc e more , 
we hav e arrive d a t  a  contradiction .  Finally ,  suppos e tha t  th e 
rightmost  6  i s  missing .  Again ,  thi s woul d lea d t o |vx |  =  n + 1 ; 
anothe r  contradiction . 

We thu s se e tha t  supposin g tha t  Lc s i s a  context-fre e lan -
guag e inevitabl y lead s t o a  contradiction .  Therefore ,  Lc s i s 
not  a  context-fre e language .  • 

1.  \vx \  >  1 , 

2.  \vwx \  <  n ,  an d 

3.  fo r  al l  i  >  0 ,  uv'wx* y i s i n L . 

The general idea behind the proof of theorem 1 is as follows: 
we first  suppos e tha t  Lc s wer e context-free .  The n th e pumpin g 
lemma holds ,  s o th e constan t  n  mentione d i n th e pumpin g 
lemma exists .  Th e tric k i s t o cleverl y pic k a  strin g z  i n Lc s 
wit h lengt h \z \  >  n  suc h tha t  an y choic e o f  u,v,w, x an d 
y wit h 2  =  uvwx y wil l  violat e a t  leas t  on e o f  th e thre e 
condition s i n th e pumpin g lenmia .  A s th e pumpin g lemm a 
state s tha t  th e thre e condition s hol d fo r  an y z  i n Lc s wit h 
lengt h |z |  >  n ,  thi s show s tha t  th e pumpin g lemm a doe s no t 
hol d afte r  all .  Thu s assumin g Lc s i s context-fre e lead s t o 
a contradiction ;  Lc s i s therefor e not-contex t  free.  W e no w 
procee d t o th e actua l  proof : 

Proof of Theorem 1: Suppose that Lcs were context-free. 
Let  n  b e th e constan t  o f  th e pumpin g lemma .  Conside r  th e 
strin g z  =  ba"ba"bd^ .  I t  i s  clea r  tha t  z  i s i n Lc s an d tha t 
\z \  >  n .  Writ e z  =  uvwxi/suc h tha t  i t  satisfie s th e condition s 
of  th e pumpin g lemma .  W e mus t  no w find  ou t  wher e v  an d 
X,  th e string s tha t  ca n ge t  "pumped" ,  li e i n ba"ba"ba" .  Sinc e 
|vi |  <  \vwx \  <  n ,  v x contain s a t  mos t  on e b .  W e ca n 
distinguis h tw o cases :  1 )  v x contain s n o 6' s a t  al l  ;  2 )  v x 
contain s exactl y on e 6 . 

I n cas e 1) ,  a s \vwx \  <  n ,  w e mus t  hav e tha t  \u \  -\ -  \v \  > 
I n -I -  3 .  Thi s mean s tha t  eithe r  u  ca n b e writte n a s u  =  5a" t 
fo r  som e t  o r  y  ca n b e writte n a s y  =  tba "  fo r  som e t .  N o w 
conside r  th e strin g u w y (th e strin g uv^wx^ y wit h t  =  0) .  A s 
|vx |  >  1  an d v x contain s n o 6's ,  th e strin g u w y contain s les s 
tha n 3 n a' s bu t  stil l  thre e 6's .  However ,  eithe r  u  start s wit h 
6a "  o r  y  end s wit h 6a" .  S o u w y i s o f  th e for m 6a*6a^6a* , 
wher e eithe r  i  o r  k  mus t  b e equa l  t o n  an d a t  leas t  on e o f  t ,  j 
and k  i s les s tha n n .  Thi s mean s tha t  u w y i s no t  o f  th e for m 
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