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ABSTRACT

It hns recently.heon dcmonstrntéd by Goldberger and Johos (1)
and by Frcedman and Wang (II)_thnt Repee asymptotlc behavior obtains
at high energy even 1n.rea10ns in which the érossed-chunﬁel cos ©
variable is constrained by unequal-mass kinematics to remain finite.
Approaches I‘and I1 differ, however, in other important respects.
In this note it 1s‘shown that the method of I can be adapted and used
to prove the existence uﬁd properties. of the Regge daughter trajcctories
found in II. 1In this argnm¢nt, an extra aaéumption-neéessury in 1T

is avoided, and the restriction «a(0) < /1/2 found in I is eliminated.
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Recently two different argunents have been given to show

a(s )

that the Regpe asymptotic behavior u iacpnintained in the

backward scattering of unecqual-mnss particles even though the cosine

1,2

of the u-channel scattering angle remains small. In both mecthods

o(s)

the persistence of the bechavior u is a consequence of the
analyticity of the full amplitude at 8 = O , a property not shared
by the individual Regge pole terms.

In I, dispersion relations are uscd>t0 correct the anulyticigy
of the original Regge pole tecrms, wheteas in IT a representation of the
scattering amplitude as the Sommerfeld-Wntson tranéform of power
gseries in the Maﬁdelﬂtam varfables u and t , called the Khuri
representation, is émployed. For the asymptotic contribution at
8 = 0 of the leading Repge pole ozo( s) , both methods find the

a (0) a (0)-1
dominant term 7(0)u ©  and the next dominant term st © , which
has an s-l singularity not sharcd by the full amplitude and which
must, therefore, be cnncelled.

| The main difference between I and IT lies in the mechanism
‘by which this singularity is cancclled. In I 1t is argued that the.
singularity is cancelled by the background term 6f the Regge representa-~
tion,and the restriction ao(o) < 1/72 1is therefore found. In
II it is argued that the singularity is cancelled by contributions
of other Regge poles, and it is found that to effect this cancellation

there must occur daughter trajectorics ak(s)', correlated with

the leading or parent trajectory by the conditions ak(o) = ao(o) -k .
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No restriction on the position of the leading truajectory stronger
than that of Froissart (namecly, ao(o) £ 1) is found.
Mathematically“there does not secm to be any a priori reason to
prefer either mechanism, but it is found in ITI that the.dnughtcr
trajectory mechanism is satisficd in all Bethe-Salpeter models
which Reggeize,and empirically it is known that the Pomecranchuk
trajectory violates the constraint a(0) < 1/2 .

The annlyticity of the Khuri power-series coefficlents at
8 =0 is important to the argument of II. It was made plausible
therce but not rigorously proved, and was left as an extra ascumption.
The purpose of this note is to show that the exlistence and properties
of the first daughter trajectory can be proved without such an extra
assumption by using the technliques of I and demanding consistency
between the Regge reprecentation and Mandelstam analyticity in the
casc where there are Regge poles to the right of Rel = 1/2 for
8 =0 . In this way we climinate the restrictlon a(0) < 1/2 and
asymptotic fixed powers larger than background (Sce I).

It is not clear how to take the Regpe background integral to
the left of Ret = - 1/2 with this technigue because of the threshold
accunulation of poles therc, and therefore the discussion of lower
lying daughter trajectories from this point of view may be difficult.

In the ﬁreatment here we rely heavily on references to I and II.
For Simplicity we follow I in assuming that the amplitude has only
the s-u  double spectral function. The roles of 8 and u have

been interchanged from those in II. Implicit in this work arc the
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assumptions that cuts in the unguinr momentum plane are absent
and that Regge trajectories do not interscct.

We write the Regge represcntation

a,(s) I .

A(s,u)’ = B(s,u) + }_ 71(8) vi Q-14xi(s) -1+ sev
T _ :

(1)

o, (s)
wvhere 71(5) v

[811(9) + 1] ﬂi(s) [cos mzi(s)]'l and

v = L8 -(m -p)?gsfs - (m + p)el 2 o (n? - u2)2
(2)

The summation index in (1) runs over the finite number of Regge poles
that appear in the region Rel > - 1/2 + € for any real energy

8 , —AA-S 8 <+ o , where a is any small positive number. The
bnckground function B(s,u) has the asymptotic behavior

B(s,u) = o (u-% + G} as u - e« , for all positivé s > 8, -
| We begin at negntive u and express the amplitude as a

single variable dispersion relation

1 ds' 1 ds'
A(B,u) = ;(— '5—'——:-—5 ImB(s',u) + :(}: ;,——-:—g
80 i SO
2 -]
&y ‘ 'E"" -
X Imly,(s') (v') " Q_ -l 4 ——] |} (3)

Toag
l-ai 4’
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From the asymptotic behavior of B(s,u) we expect that the first
term on the right side of (3) to behave like u-% * € for all
3

8 . As in I the Regpe pole term is cxpressed as a contour integral

and evaluated as

r2
(s) s " U
Ap(syu) = j{: 7y(s) v Q-laai(s) Lty
i
r2
a — - u
1 ds' . . | 8'
+ 276. 8 [ ) 71(8 ) v Q-l-ai l + 2\"
¢ (¥)
2
r
-8-7' - u
where the contour € encloses the cut of Q-lAa -1 + ————
i_ [ =4
r2
from 8 =0 to s = o in a counterclockwise direction. The

suppressed argument of the functions ai is s8' .

In Ref. 1, 1t wns tacitly assumed that the residue functions
71(5) arc annlytic at 8 = O and therefore the contour integral
in (hi wie collnpsed to the cut. We now wish to allow for the
possibility that 71(5) may have poles of arbltrary order at
s =0 .h If such poles are present, collapse of the contour C to
the cut may not be possible.

The essence of the method here {18 to demand the asymptotic
consistency of equations (1) and (3). This requires that the
correction term to the Regge pole contributions, as expressed by
the contour integral in (h)_swmmed over nll poles, must be of back-
ground size (bounded by u~%\ for u - o ) in the region

8 8. .
o)
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Theréfore, we examine the asymptotic behavior of the

contour integrals in (4). On the contour C the function

2
' r
gf ~ U ,
Q-l411(s) -1+ —yT can be approximated by

(-l;xi(s') 2-1411(8') f;f-ai(s')] ‘ (2v')-ai(a')
_ r (-azi(s')]
R 8' ’ . ' -l 2
A uai( ) + a(s') uai(s ) I T )

Since this approximate expression is uniform, it can be integratced
to give the asymptotic behavior of the contour integrals. For residue
functions with poles of order n at s8' = 0, we are led to

. consider integrals of the form

!
! r(s') Jj(s ) \
Tl 0 as' (6)
8'" (s' - 5)
c
which can be evaluated using residue theorems. ¥For n = 0O the

- integral vanishes, and for n = 1 1t 18 equal to
: r(o) 8-1131(0) . For n > 1, the most singular termat 8 = O

goes like s‘n ua(O)v, and in addition there are terms involving

less singular powers of e multiplied by ua(o) s powers of
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log u , and derivatives at s8' =0 of o(s') and f(s').

With these rémarks in mind; we conslder the correction term
as defined by the contour integral (4) of the leading Regge
trajectory ao(s) . Using the asymptotic expansion (5), we conclude
that the residue 70(8) must be analytic at 8 =0 1if
ao(O) > - 1/2 .. Otherwise from the first term in (%) there would
be n power uao(O) larger than background whfch cannot be cancelled
by low?r-lying tranjectories. 1If ao(o) > 1/2 , the sccond term in

" 2 .1 %(0)1
(5) then contributes the asymptotic power r° & = u , which
is larger than the background, plus terms which are of bnckground
order since ao(o) is restricted by tge(gsfiesart bound to be less
than 1. Since the asymptotic power wu 0 is larger than
backéround, it must be cancelled by other Regge pole contribﬁtions.
This cancellation can occur only if there is a second Regge
trajectory al(s) satisfying al(o) = ao(o) -1, and which, by
the discussion in the preceding paragraph, must have residue Vl(s)
with on s % singuiarity»ab"§’= 0 (that is, with n =1) . The
desired cancéilation requires that the coefficient of this
* singularity must have the value indicated in Eq. (46) of II. We
have thus proved with the techniques of I that each Regge trajectory
with g(o) > 1/2 must be accompanied by a daughter trajectory
with exactly the properties found in II.

Since the residucs of parent trajectories are anilytic at

8' = 0, their contour integral contribution in (U) can be collapsed

to the cut and the form (3.5) of I obtained. The first daughter
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" residues have polcsvht 8' = 0, but since they lie one integer

below the parents the flactor v'ai(s') makes 1t possible to
collnpse agnin the contour integral to the cut and the form (3.5)
of I may be used. The rest of the pfogram of I can then be carried
through without change and ﬁhc Rcgge asymptotic behavior JJ(S)
established for the gcattering amplitude throughout the backward
region. In the present version, the restrict;on a(0) < 1/2
found in I has been removed.

The advantage of this method is that the extra assumption
made in II about the analyticity of Kburi amplitudes at s =0
is unnecessary here. 1In fact the present techniques can be used
to prove this assumption for vv (the Khuri variable in II) in the
region Re v > - 1/2.' The disadvantage of the present method is
that 1t is not clear howvw to move the background contour to the left
of Rel = - 1/2 and establish the existence of lower-lying
doughter trajectories.
trajectory to the full amplitude is given explicitly in Eq. (4T7) of

II. At 8 = 0 this contribution takes the form
. »)
o) « - -
A(O,u) = ada(o) + b(m" - u2) ua(o) Linus+ cdx(o) 1
b ()

The logarithmic term is pecullar to the unequal-mass case and may be

significant when accurate fits to high-energy datea are possible.

The asymptotic contribution of a parent and  its first daughter
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