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QUASILINEAR SCHRODINGER EQUATIONS I: SMALL
DATA AND QUADRATIC INTERACTIONS

JEREMY L. MARZUOLA, JASON METCALFE, AND DANIEL TATARU

ABSTRACT. In this article we prove local well-posedness in low-
regularity Sobolev spaces for general quasilinear Schrodinger equa-
tions. These results represent improvements in the small data
regime of the pioneering works by Kenig-Ponce-Vega and Kenig-
Ponce-Rolvung-Vega, where viscosity methods were used to prove
existence of solutions in very high regularity spaces. Our argu-
ments here are purely dispersive. The function spaces in which we
show existence are constructed in ways motivated by the results of
Mizohata, Ichinose, Doi, and others, including the authors.

1. INTRODUCTION

In this article we consider the local well-posedness for quasilinear
Schrodinger equations
i + ¢ (u, Vu)9;0u = F(u,Vu), uw:RxRI—C™
(1.1)
U(O, ZL’) - UO(J;)

with small initial data in a space with relatively low Sobolev regularity
but with some extra decay assumptions. Here
g:C™x (C™)? — R4, F:C"x (C™?—C™
are smooth functions which satisfy
(12)  g(0)=1Is  F(y,2) = O(lyl* + |2[*) near (y,z) = (0,0).
We also consider a second class of quasilinear Schrodinger equations

iug + 0;¢7F (u)Opu = F(u, Vu), u: R x R — C™
(1.3)
u(0, ) = ug(x),

with g and F' as in (L2) but where the metric g depends on u but not
on Vu. Such an equation is obtained for instance by differentiating
the first equation (ILIJ). Precisely, if u solves (II)) then the vector
(u, Vu) solves an equation of the form (L3), with a nonlinearity F

which depends at most quadratically on Vu.
1
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We remark that the second order operator in (L3]) is written in diver-
gence form. This is easily achieved by commuting the first derivative
with ¢ and moving the outcome to the right hand side. However, the
second order operator in (1)) cannot be written in divergence form
without changing the type of the equation.

Naively one might at first consider the well-posedness of these prob-
lems in Sobolev spaces H*(R?) with large enough s. This is, for in-
stance, what is done in the case of quasilinear wave equations, using
energy estimates, Sobolev embeddings and Gronwall’s inequality as in
[11,130]. However, this cannot work in general for the above Schrodinger
equations.

The obstruction comes from the infinite speed of propagation phe-
nomena. From [25] 26] 27, 12, 23], it is known that even in the case of
linear problems of the form

(1.4) (10, + Ay )v = A;(2)dh,

a necessary condition for L? well-posedness is an integrability condition
for the magnetic potential A along the Hamilton flow of the leading
order differential operator. In the case of ([IL1I), we would have to look
instead at the corresponding linearized problem, which would exhibit
a magnetic potential of the form A = A(u,Vu). Such a potential
in general does not satisfy Mizohata’s integrability condition even if
A(u) = u or A(u) = Vu with u solving the linear constant coefficient
Schrodinger equation with H*® initial data and s arbitrarily large.

Given the above considerations, it is natural to add some decay to the
H? Sobolev spaces where the quasilinear problem ([LT]) is considered. A
traditional way to do that is to use weighted H?® spaces with polynomial
weights. This avenue was pursued for instance in [16], 17, 18], where
the first local well-posedness results for this problem were obtained for
solutions in H*NL2((z)Y), where (z) = (1+]|z|2)2, for some unspecified
sufficiently large s and N depending upon complicated asymptotics.

One disadvantage of the above approach is that the results are not
invariant with respect to translations. In this article we propose a
different set-up, which is translation invariant. In the process we sig-
nificantly lower the threshold s for local well-posedness, though the
current result only applies for small initial data while the results of
[16, 17, 18] permit data of arbitrary size.

Our approach is more reminiscent of the preceding result [14] which
established small data local well-posedness for semilinear derivative
Schrodinger equations. Playing a key role is a variant of the well-known
local smoothing estimates which are described below. The results of
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[14] also apply in the case that A is replaced by

5;@31 +...+a§k _azkﬂ _..._ain,
The works [I], 2] work to lower the regularity required in order to obtain
local well-posedness for small initial data.

The smallness hypothesis on the data was removed in [10], [5], [15]
for the 1 dimensional case, the elliptic case, and the case where A
may be replaced by L respectively. And [3] focuses on improving the
necessary regularity.

While some specific models of quasilinear Schrodinger equations were
previously studied, the seminal and benchmark results are [21I] in 1-
dimension and [16], [I7, 18] in general dimension. The interested reader
is referred to the more thorough histories provided in [I6] and [22].

The local smoothing estimates, which were mentioned above, were
first established for the Schrédinger equation in [6], [29], and [36] and
were motivated by [13], [20] for the KdV equation. In particular, we
shall use the observation of [14] that shows that the inhomogeneous
estimates provide twice the smoothing that is available in the homo-
geneous case. In the presence of asymptotically flat operators, such
estimates were first established in [9], [7].

To begin, for each u we denote by Fu = u the spatial Fourier
transform of u. We say that the function u is localized at frequency
20 if suppa(t, &) C R x [2071 2771 Next we introduce a standard
Littlewood-Paley decomposition with respect to spatial frequencies,

1=0

Let ¢ : [0,00) — R be a nonnegative, decreasing, smooth function
such that ¢o() = 1 on [0,1] and ¢o(§) = 0 if £ > 2. Then, for each
i > 1 we define ¢; : [0,00) — R by

$i(&) = ¢o(27°€) — g (27E).

We define the operators S;, which localize to frequency 2¢, by

Fi&) = F(Sif) = ¢i(€) f(£).

We also define the related operators

N 00
Senf =Y fi Sonf=>_ fi
1=0 =N
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For each nonnegative integer j we consider a partition Q; of R? into
cubes of side length 27 and an associated smooth partition of unity

Then we define the /;L* norm by

HquJl-Lz = Z Ixqullz2-

QeQ;

Our replacement for the H* initial data space is the space I H* with
norm given by
el e = 5722910l
Jj=0
We note that such spaces were previously used in, e.g., [35].

The motivation for this choice is as follows. Heuristically Schrodinger
waves at frequency 2/ travel with speed 2/. Hence on the unit time scale
a partition on the 27 spatial scale is exactly at the threshold where it
does not interfere with the linear flow. In other words, the Schrodinger
evolution in these spaces at frequency 2’ will be no different from the
corresponding evolution in H®. At the same time, the summability
condition with respect to the 27 spatial scale suffices in order to recover
Mizohata’s condition if s is sufficiently large.

As a point of reference, in [3] similar spaces are defined in the con-
text of semilinear Schrodinger equations. There the trajectories of the
Hamilton flow for the principal part are straight lines, and one sums
| flIz2(q) over those @ € Q;’s which intersect a line L C R? and then
take a supremum with respect to all lines L. However, such a definition
relies heavily on the Hamilton flow associated with the Laplacian as
the leading order differential operator. Here, as we are not guaranteed
a nice Hamilton flow of the leading order operator, we simply sum over
all cubes of scale 27.

Our main result concerns the quasilinear problem (LI with small
data ug(x) € I'H*:

Theorem 1. a) Let s > g + 3. Then there exists ¢g > 0 sufficiently

small such that, for all initial data uy with ||ug||pgs < €, the equation

(@) is locally well-posed in I H*(R?) on the time interval I = [0, 1].
b) The same result holds for the equation (L) with s > & + 2.

For comparison purposes we note that the scaling exponent for the
principal part of (Il is s = % + 1, while for (I3) with a quadratic
nonlinearity in the gradient Vu it is s = g. On the other hand, for the
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semilinear version of (L.3)) the well-posedness result in ['H* in [2], [3]
applies for s > % + 1; that result was shown to be sharp in [28].

We remark that our theorem also holds for the ultrahyperbolic oper-
ators studied in, e.g., [I7, [I§]. Indeed, if ¢g(0) is of different signature,
we need only adjust the local smoothing estimates of Section [ The
wedge decomposition which is employed there allows this to be accom-
plished trivially.

The need to use the I' H* type spaces for the initial data is exclu-
sively due to the bilinear interactions, both semilinear and quasilinear.
However, we expect these spaces to be relaxed to H® spaces if all the
interactions which are present are cubic and higher. Analogs of such
observations have appeared previously in [I4], I5]. This problem is
considered in a follow-up paper.

For simplicity the life span of the solutions in the above theorem has
been taken to be [0,1]. However, a simple rescaling argument shows
that the life span can be made arbitrarily large by taking sufficiently
small data. By contrast, the short time large data result cannot be
obtained by scaling from the small data result. This is due to the fact
that the spaces used are inhomogeneous Sobolev spaces, and spatial
localization is not allowed due to the infinite speed of propagation. In
the large data regime, one must also take into account the existence of
trapping. This problem will also be considered in subsequent work.

The definition of “well-posedness” in the above theorem is taken to
include the following;:

e Existence of a solution u € C([0,7,); ' H®) satisfying

[ull s S e.

e Uniqueness in the above class provided that s is large enough.
e Continuity of the solution map

I'H® 5 ug — u € C([0,T,); I'H?)

for all s as in the theorem.

The above conditions allow one to interpret the rough solutions as the
unique limits of smooth solutions. However, in the process of proving
the theorem we introduce a stronger topology ' X* C C([0,T);I*H®)
and, for all s in the theorem, we show that the solutions belong to [* X,
are unique in (! X* and that the solution map uy — u is continuous from
I*H® to I X5,

We also remark that due to the quasilinear character of the problem
the continuous dependence on the initial data is the best one can hope
for. However, if we assume that the metric g does not depend on u, then
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the problem becomes semilinear and one obtains Lipschitz dependence
on the initial data as in [3].

The paper is organized as follows. In Section 2l we describe the
space-time function spaces in which we will solve (LI) (L3]). In Section
Bl we establish the necessary multilinear and nonlinear estimates in
order to close the eventual bootstrap estimates. In Section [, we prove
the necessary Morawetz type estimate to establish local energy decay
for a linear, inhomogeneous paradifferential version of the Schrodinger
equation. Finally, in Section [, we combine the above estimates with
the proper paradifferential decomposition of the equation in order to
prove Theorem [Il

ACKNOWLEDGMENTS. The first author was supported in part by an
NSF Postdoctoral Fellowship and wishes to thank the Courant Institute
for generously hosting him during part of the proof of this result. The
second author is supported in part by NSF grants DMS-0800678 and
DMS-1054289. The third author is supported in part by NSF grant
DMS0354539 as well as by the Miller Foundation.

2. FUNCTION SPACES AND NOTATIONS

2.1. The l? U spaces. As a generalization of the ljl»L2 norm defined in
the introduction, given any translation invariant Sobolev type space U
we define the Banach spaces l’-’ U with norm

lulliyy = > Ixoully

QeQ;

with the obvious changes when p = oo. By a slight abuse we will
employ the same notation whether U represents a space-time Sobolev
space or a purely spatial Sobolev space. Note that in what follows we
will work with inhomogeneous norms, so we take only cubes of size 1
or larger, i.e. j > 0. In particular we will use the dual space l;’oL2 to
Z}Lz, with norm
HUH13?°L2 = sup |\xqul|r:-
€<y

By replacing the sum over () above with an integral, one can easily
see that these spaces admit a translation invariant equivalent norm.

We also note that the smooth partition of compactly supported cut-
offs in the ljl-U spaces can be replaced by cutoffs which are frequency
localized. Indeed, we have that

(2.1) > Ixqulle = > 1(Soxe)ullv-

QeQ; QeQ;
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This follows simply from the fact that Sy decays rapidly away from
Q. We will use frequency localized cutoffs whenever we need the com-
ponents you to retain the frequency localization of w.

2.2. The X and Y spaces. We next define a local energy type space
X of functions on [0, 1] x R? with norm

1
Jullx = sup sup 24 ulzz_ o
I Qe

To measure the right hand side of the Schrodinger equation we use
a dual local energy space Y C L*([0,1] x R?), which as we will show
satisfies the duality relation X = Y*. The X spaces are time-adapted
Morrey-Campanato spaces, and for the relation to Y, see, e.g., [4].

The space Y is an atomic space. A function a is an atom in Y if
there exists some j > 0 and some cube () € Q; so that a is supported
in [0,1] X @ and

lall L2o,x@) S 272
The space Y is the Banach space of linear combinations of the form

(2.2) f= chak, Z ek | < o0, ay atoms
i

with respect to the norm
1flly = iﬂf{z lex| = f = chak, ay atoms}.
k

The core spaces X, Y are related via the following duality relation.

Proposition 2.1. The following duality relation holds with respect to
the standard L? duality: Y* = X.

Proof. Tt is clear by construction that
(u, 0)ee S llullx]lolly-
Hence, we need to show for any L € Y™, there exists u € X such that
(u,0)t0 = L(v), [Jullx < [IL]
Applying L to all atoms associated to a cube @) € Q;, we obtain
Lol S 2212

for all functions v € L? with support in (). Hence by Riesz’s theorem
there exists a function ug in () so that

J
Lv = (ug,v),  |lugll> < 22| L]

A priori the functions ug depend on (). However, given two intersecting
cubes Q; and @y, the actions of ug, and wug, must coincide as L?

Y*-

Y * UHLZ

Y*-
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functions in 1 N Q2. Hence we must have ug, = ug, on Q1 NE2. Thus
there is a single global function u so that, for every cube @), ug is the
restriction of u to Q. Then the last estimate shows that

Ixoulle S 22Lly-, Q€ Q;

or equivalently
Jullx S 1L

Y*-

U

2.3. The ['X* and ['Y* spaces. We first remark that the X norm
corresponds exactly to the local energy decay estimates for H =2 solu-
tions to the Schrodinger equation. Precisely, in the constant coefficient
case we have the following dyadic bound

i _1
125 fllx < 272 flze.

Thus for L? solutions to the linear Schrédinger equations which are
localized at frequency 27 it is natural to use the space

X; =273X NL*L
with norm
J
Jullx, = 22[Jullx + [Jul| oLz
Adding the [! spatial summation on the 27 scale we obtain the space
ljl-Xj with norm
lulls, = 7 lhxqullx,
QeQ;

Then we define the space ' X* where we seek solutions to the non-
linear Schrodinger equations (L)), (L3)) with (' H® data by

2 2j 2
Jullpixs = 22 ]SHSjqu;Xj'
J
The appropriate space for the inhomogeneous term for L? solutions
to the Schrédinger equation at frequency 27 is

Y, = 28 + L'[2
with norm

[Flly; = inf [ Ally + 1 fallorze-
=22 fi+f2
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To fit it to the context in the present paper we add the ljl- summation
and work with the space [;Y;. Finally, we define the space I'Y* with
norm

I fIIZy. = 222” 155 £ 11y,

2.4. Frequency envelopes. For both technical and expository rea-
sons it is convenient to present our bilinear and nonlinear estimates
using the method of frequency envelopes. Given a Sobolev type space

U so that
|7 ~ ZHSkuHU

a frequency envelope for u in U is a pos1t1ve sequence a; so that

(2.3) ISjully < ajllully, > al~1.

We say that a frequency envelope is admissible if ag &~ 1 and it is slowly
varying,

aj <20 7Kg k>0, 0<i< 1
An admissible frequency envelope always exists, say by

(2.4) a; =27 + [lul" max 27V Spully.
In the sequel we will use frequency envelopes for the spaces ' H*,
I'X* and I'Y*. The parameter § is a sufficiently small parameter,

which will only depend on the value of s in our main theorem. For
instance in the case of part (b) of the theorem, we will choose § so that

d
0<5<s—§—2.

3. MULTILINEAR AND NONLINEAR ESTIMATES

In this section we prove the main bilinear and nonlinear estimates in
the paper. We begin with a shorter proposition containing our bilinear
and Moser estimates in terms of the ! X*® and ['Y® spaces.

Proposition 3.1. We have the following:
a) Let s > g. Then the I X® spaces satisfy the algebra property

(3.1) Juvlfpnxs S [lullpx
as well as the Moser estimate

(3.2) [ () lnxs S Nlullnxs (14 [lullpnxs )e(llul|z).
for all smooth F with F(0) = 0.

UHlle,
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b) Bilinear X - X —Y bounds. Let s > %+ 2. Then

(33)  fuvlaye S fullixefloloxer,  0<o<s,

(3.4) luvl|nye S JJullpnxs—2]|v||lnxe, 0<o<s-—1.

The estimates in the above proposition suffice for most of our pur-
poses, but not all. Instead we need a sharper version of it, which is
phrased in terms of frequency envelopes. Thus Proposition Bl is a
direct consequence of the next proposition:

Proposition 3.2. We have the following:

a) Let s > g, and u,v € ' X* with admissible frequency envelopes ay,

respectively by,. Then the I'X* spaces satisfy the algebra type property

(3.5) 1Sk (wo)llnxe S (ar + bi) [ulloxs [vlloxe,
as well as the Moser type estimate
(3.6) [SkE (W)lloxs S arllullixs (1 + flufloxs)e((lull ).

for all smooth F with F(0) = 0.
b) Bilinear X - X — Y bounds. Let s > g—i- 2,0 <sandu€ l'X?,
v € ' X7 with admissible frequency envelopes ay,, respectively by,. Then

(37) ||Sk(u’l])||llya § (ak + bk)HquleflH’UHllXofl, 0 S g S S,
(38) ||Sk(uv)||l1yo S (ak -+ bk)||u||l1Xsf2||'U||l1Xcr, 0 S g S S — 1,
(3.9)

HSk(USZk—4U)||11YU 5 (ak + bk)HqulXS*2||’UHl1X‘77 0 S g S S.

c) Commutator bound. For s > g +2 and any multiplier A € S° we
have

(3.10) IVIS<k-ag, AD)V Spullyo S llg = Illnxs

SkU’|11Xo.

Proof. A preliminary step in the proof is to observe that we have a
Bernstein type inequality,

dk dk
||Sku||z;Loo NUE ||Sku||z;LooL2 S2e HSkqu}CXk-

~Y

This is easily proved using the classical Bernstein inequality, with fre-
quency localized cube cutoffs. After dyadic summation this gives

(3.11) ull Lo < Jlullinxs, s> d/2,
respectively

(3.12) [S<jullppe S llulloxs, s> d/2.
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To prove the X algebra property we consider the usual Littlewood-
Paley dichotomy. In a dyadic expression Si(S;uS;v) we need to con-
sider two cases:

High-low interactions: j < i —4 and |i — k| < 4 (or the symmetric
alternative). Then the [} X} and I} X; norms are comparable therefore
we have

.
[SiuSivllnx, < ||Siu Sivllpe < 27 || Siu

11X, xSl e e

The multiplier S is bounded in [} X}, therefore we obtain

d_&)i
||Sk(SiUSjU)H11XS SJ 2(2 )]aiijqule

'UH[IXS.

Upon summation over ¢, 7, we get the desired bound for the high-low
interactions.

High-high interactions: |i — j| < 4 and i,j > k — 4. For j > k we
use Bernstein’s inequality at frequency 2* to obtain

kd
1Sk (SiuSv)llnx, <22 [[Siullpx, [|Svller2.

Each Q; cube contains about 29¢—%) Q, cubes and X; C X}; therefore
we obtain

i ko kd
1Sk(SuSiv) iy, S 29725 |[Siullpx,

Sj'UHLooLz,
i.e.

(313) H Sk(SZUSJ’U) ||l1X5 5 2(%_5)(2i_k)aibj ||u||l1XS

'UHlle.

The corresponding part of the bound ([B3) follows after summation
over i, J.

Next we turn our attention to the Moser estimate ([B.6]). Following an
idea in [33] we consider a multilinear paradifferential expansion, which
follows from the Fundamental Theorem of Calculus. For the purpose
of this proof we replace the discrete Littlewood-Paley decomposition
by a continuous one

1d=50+/ Sy dk,
0

denote u; = Spu, and, by a slight abuse of notation, ug = Spu. Then
we can write

(3.14) SkF(u) = SkF(UQ) + /OOO Sk(ule'(u<k1)) dky.

To estimate the first term, we begin with

10%uol[ o= S Nluollzoes 0% uolliyx < Nluolliyx-
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Then, repeated applications of the chain rule lead to
10%F (uo) |z S lluollzoec(([uol| o),
10 F (uo)ll13x0 S llwolliy xocClluoll zoe)-
Hence
k _
HSkF(UO)Hl}ch S 22 ||SkF(U0)||15X0 S 2 NkHU0||15XOC(HUo||Loo)

for any N. The I'X* bound for the first term of (BI4)) then follows
trivially.

For the second term in (B.14]), we consider three cases.

Case I: k — 4 < k; <k + 4. This is the easiest case as

1S ey ' (i i xS M g s, [0,
therefore

15k (i, ' (i)l xes S amy [|wllinxes el [ 2)-

For |k — ky| < 4 we have ay, ~ a, and the k; integration is trivial.
Case 1I: k; < k — 4. In this case,

Sk, F' (k) = Sk (un, SkF' (ucr,)),

for a multiplier S, which similarly localizes to frequency 2% and

SkSk = Sk
Applying the chain rule as above, it follows that
(3.15) IS (ur) e S 27N e(lucpyllie), ki <&

and thus,
||Sk(“k1F/(U<k1))’|l;Xk N 2 2 Huk1||ll Xy ||SkF/(U<k1)HL°°
SR Hulelilel c(lluck, [z,
which leads to

1Sk (s F' (i)l xe S 27NV E g, [Julln el o).

The k; integration is now straightforward.
Case III: &y > k + 4. In this case, we apply the Fundamental
Theorem of Calculus again to see that

o [e.e]

(316) Sk(ule'(u<k1)) dkl = Sk(ule/(uo)) dkl
k+4 k+4

k1
—|—/ Sk(uklquF'/(u<k2)) d]fg dl{il
k+4 J0
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For the first term in the right of (3.1]), we have that
S (ur, F' (u0)) = Sk (ur, Sk, ' ().

Therefore, as there are 24%1=%) cubes of sidelength 2* contained in a
cube with sidelength 21, it follows that

1S (a7 (o))l xS 27 Nl Ny, 1190, F () |
< 2100V gy | g, ol e c(lluol|=o)-
This yields
1S5 (uny ' (o)) [l S 2097 E =027 gy [l s o o 220)-

The desired estimate follows easily after a ky integration.

We now examine the second term in the right of ([BI€). Here we
have two subcases to examine separately.

Case III(a): k1 —4 < ky < ky. Then we can argue as in ([3I3) to
obtain

_dk
HSk(UklukzF”(U<k2))||1;Xk S 271975 HulﬂHl}chh||uk2||L°°L2C(||u||L°°)'
Case ITII(b): 0 < ks < k; — 4. Then

S (tpy e, F" (ury)) = Sp(wr, ey Spy F ().

Therefore using (FIH) for Sy, F”(u<k,) and Bernstein’s inequality at
frequency 2% we have

1S (s wi Y (i) i x,

K)oy 4k N (ke —
< 2U B g N O g gy o e[ ).

Combining the two cases and adding in the Sobolev weights this
leads to

V() N (e
1Sk (why py F” (tciy)) I1xs S 23 REm=NE=R) g NullE ee(flul| )

which can be integrated with respect to ki, ko.

b) As a general rule, here we always estimate the bilinear expressions
in Y, and never in L'L?. By the definition of the Y space, for each
[ < j we have

1
(3.17) [f 1y S 221 fllipze-

We use the standard Littlewood-Paley dichotomy, and consider expres-
sions of the form Si(S;uS;v). There are two cases to examine.
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High-low interactions: |i — k| < 4 and j < i — 4. Applying (B3I7)
with [ = 7 we obtain

ik ik
[SiuSivllpy, S 277 |SiuSiollpre S 272 ||[Siullige 2|50l poe-

For the first factor we use the X norm and for the second we use
Bernstein’s inequality. This yields

a+42

(3.18) ISuSvllyy, S 277 ISl xl1Sivllin e pe,
and further

a2
(3.19) HSk(SiUSjU)Hl}CYk S22 k||5iu||lgxi Sj”“z;xj-

The alternative low-high interactions can be handled by similar ar-
guments.

High-High interactions. |i — j| < 4 and 7,57 > k —4. Applying (317
with [ = k, Cauchy-Schwarz to transition from 2F sized cubes to 27
sized cubes and then Bernstein’s inequality, we have

19k (SiwSiv) iy, S |1Sk(SiuS;v)|in 2
S 2%(j_k)||Sk(SiUSjU)HlJ1.L2
S 2% |Sk(SuSiv) s
jd
< 27 ||Siull 2 | Sjvll oo 2.
Thus we obtain

(3.20) 15k(SiuS )y, < 2% (S

~Y

The desired bounds [B.8)), B7) and (3.9) follow easily from the
dyadic bounds ([B.19) and (B20)) after summation.
c¢) For the commutator we claim the representation

(321) V[S<k_4g, A(D)]VSku = L(V5<k_4g, VSku)

where L is a disposable operator, i.e. a translation invariant operator
of the form

L(f.9)(x) = / f@ 4+ 9)g(e + Dwly, Ddydz,  Jwll S 1.

11X, Sju“l;xj-

Assume this representation holds. Then, since the ['X* spaces are
translation invariant (i.e. they admit translation invariant equivalent
norms), the commutator bound ([B.I0) becomes a direct consequence of
B.1).
To prove ([B21]) we first observe that we can harmlessly replace the
multiplier A(D) by S,A(D) and S<j_4g by S—p_4S<s_ag. Denoting
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g1 = Scp_4g and u; = VSiu, the above commutator is written in the
form

C(g1,u1) = V[S<i-1g1, SLA(D)]us.

The operators S, A(D) and Sj_4 have kernels K (y), H(y) which sat-
isfies bounds of the form

0K (y)], 107 H (y)| Sa 2 VR(L + 28y ]) 7.

Then we can write

Clgr, () =V, / (61(2 — 2) — g1z — y — 2)H()K (g ( — y)dyd
_v, / / YV gy (x — = — hy)H(2)K (y)u (z — y)dyd=dh

_v, /0 / YV (x — 2)H (= + hy) K (y)u(x — y)dydzdh

Distributing the z derivative in front and integrating by parts with
respect to either y or z this leads to the representation ([B.21I]) where
the kernel w of L is given by

w(y,2) = (Y, + V) / yH (= + hy) K (y)dh.

The L' bound on w follows from the above bounds on H, K and their
derivatives. O
4. LOCAL SMOOTHING ESTIMATES

In this section we consider a frequency localized linear Schrédinger
equation

(4.1) (i0: + Okg%;_a0)u; = f5, u;(0) = ugy.

The main result of this section is as follows:

Proposition 4.1. Assume that the coefficients g*' in (A1) satisfy
(42) 6" = 6l x» < 1

for some s > % + 2. Let uj be a solution to ([AIl) which is localized at
frequency 27. Then the following estimate holds:

(43) oty < loglinze + 1y

Proof. Dropping the ljl» summation, our main task will be to prove the
simpler bound

(4.4) lusll; S Nuojllze + [1£5ly; -
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Then (£.3]) will follow easily via Q; localizations. We rewrite the equa-
tion (41)) in the form

(10, — Auj = fjn + fjo,  u;(0) = ugy,

where A = 0%, 0, is self-adjoint and f;; € L'L?, fo €Y.

The estimate (£4]) has two components, an energy bound and local
energy decay. We have the trivial inequality ||u||x < ||u||zer2; therefore
the energy estimate suffices for small j.

The energy-type estimate is standard if the right hand side is in
L; L2, but we would like to allow the right hand side to be in the dual
smoothing space as well. Using the common notation D; = %81«/, we
frame it in an abstract framework as follows:

Lemma 4.2. Let A be a self-adjoint operator. Let u solve the equation
(4.5) (Di+Au=f u(0) = ug

in the time interval [0, T]. Then we have

(4.6) lull g2 < IluollZe + lullx, 11y,

Proof. We need only compute

(4.7) — S lu®)|Z> = Im(u, f),
and notice that for each ¢t € 0,7 we have by duality

lu()lIZ2 < [1u(O) 172 + [fullx; [ flly;-
We take the supremum over ¢ on the left and the conclusion follows. [

Next we consider the local energy decay estimate. We will prove that
the following holds for @ € Q; and 0 <[ < j:

(4.8)
27 ugllF2 ) S Nl ez + llugllx 1 f5lly; + 277+ llg — Tl lluyll,-

Suppose this is true. Taking the supremum over () € Q; and over [, we
obtain

2M|ujllx S MullZeors + lusllx 1 filly; + @77 + g = Tllax)

The last term on the right can be discarded for large enough j since
lg — I][nxs < 1. Then we obtain

2% < Muusllzoe 2 + sl 155l

Combined with (4.6]) this gives (4.4 by the Cauchy-Schwarz inequality.
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We now turn our attention to the proof of ([A8]). For a self-adjoint
multiplier M, we have

(4.9) %(U,Mu) 2T {((Ds + Ayu, Mu) + (A, Mu, u).

We then wish to construct M so that

(1) [Mullzz S lullz,
) [Mul S llullx, | 2
(3) 4[4, M, ) 2 2l o 10— 0@ +llg =Tl xo)ulk,-

If these three properties hold for © = u; and (D; + A)u; = f;, then the

bound (48] follows.
As a general rule, we will choose M to be a first order differential
operator with smooth coefficients localized at frequency < 1,

(4.10) i2 M = a*(2)0, + Opa® (z)

A key step in our analysis is to dispense with the contribution of the
difference g — I in the commutator [A, M]. Precisely, we have

Lemma 4.3. Let A = g™ 0, with g = g<j_4 and M be as above.
Suppose that s > % + 2. Then we have

(4.11) [ (TA Mlug, ug)| S Hlg = Illixs

%,
Proof. The commutator [A, M] can be written in the form
i[A, M] = 277(V(gVa + aVg)V + VgVZa + gV’a).

All the a factors are bounded and low frequency, and can therefore
trivially be discarded. Hence the worst term we need to estimate is

2_j <anVuj, VUJ>
Due to the frequency localization of u; we have
IVusllx, S 2Nyl
Hence by the Y;" = X duality it remains to show that
1(Vg<j—ailly; 277 Mlg = Illnx-llvsllx,

for v; = Vu;. But this is a consequence of the bilinear bound (BI8).
O

The next step is to prove (L8] under the additional assumption that
u; is frequency localized in an angle

(4.12) supp i; C {[§] < &1}
Here, we take a small angle about the first coordinate axis, and the
argument can be repeated similarly near the other axes. By translation
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invariance we can assume that Q = {|z;| <2' : j =1,...,d}. Then
we consider a multiplier M of the form

inM = ml(xl)al + 01ml(9:1)
where m;(s) = m(27's) with m a smooth bounded increasing function
with m/(s) = 1?(s) for some Schwartz function 1 localized at frequency
< 1 with ¢ ~ 1 for |s| < 1.

The properties (1) and (2) clearly hold for M and u = u; due to the
frequency localizations of u; and my. It remains to verify (3). By the
previous lemma applied for g — I, we can set A = —A. Then

—i21[A, M] = 2720142 (2721) 01 + O(1).
The last term is bounded, therefore
12 ([A, Muj,ug) = 277227 2)Ovuyl|72 + O(luy122).
Given the frequency and angular localization of u;, we obtain
27129 |l (27" Juy |72 S 27 ([A, Mug, ug) + O(|luy122).

Hence (3) follows. Thus we have proved (A8) under the additional
frequency localization condition (LI2]).

To prove (A8) in general we use a wedge decomposition in the
frequency variables. To this end, we consider a partition of unity

{0 (w)}i1,
1=) 6iw) in S,

where, for each k, 0i(w) is supported in a small angle. We then define
the localized functions u;;, = 0, u; via

Fouu=0(5) Y adelr.e).

|§| J—1<I<j+1
These solve the equations
(z@t — A)uM = ®j,kfj — [A, @Lk]u]'.

By Plancherel’s theorem, it is trivial to see that O, is L? bounded.
We note further that the kernel of the operator ©,; has Schwartz class
decay outside a ball of radius 277. Thus, it is easy to show that 0 is
bounded on X, and by duality on Y.

To prove (4.8)) for u; we apply the appropriate multipliers to each of
the u;j and sum up. We obtain

2wl Faq) S Nugllzee e + llusllx, (1l ) NIA, ©5auslly;)
(4.13) k

+(277 + |lg = I|lpx=)

%,
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[t remains to estimate the commutator, which is done via ([B.I0). Then

([A.8) follows.
We now show how (3] follows from ([A4]). We consider a partition

of unity yq corresponding to cubes @ of scale M27. Allowing rapidly
decreasing tails, we can assume that the functions y¢ are localized at
frequencies < 1. We can also assume that yq are smooth on the M2/
scale, in particular

Vel S @M)7Y,  [Vixol S (27M)72
The functions xqu; solve
(10, — A)(xqu;) = xof; — [4, xq]u;-
We apply (@4) to each of the functions you; and add them up. This

gives

(4.14) D lixeuillx, £ ) lIxouoilize + lIxefilly, + 1A, xqlujllzize.
Q Q

It remains to estimate the commutators. Using the bounds on the
derivatives of g we obtain

Z 1A, xqlujllpr S M~ Z IxqQujlrere.
Q Q

Hence if M is large enough (independently of j) then the last term on
the right in (£14) can be discarded, and we are left with

(4.15) > lixouillx, £ Ixquosllze + Ixefilly;.
Q Q

The transition from cubes of size M2’ to cubes of size 27 is straight-
forward, and (4.3]) follows.
O

5. PROOF OF THEOREM [I]

We recall that the equation ([I.I]) turns into an equation of the form
(L3) by differentiation. Hence it suffices to prove part (b) of the the-
orem. We recast the equation (L3 in a paradifferential form, given
by

Lju; = f;,

u;(0) = (uo);,

(5.1)

where

Lj = (z&g + 8kgil]_481)



20 J.L. MARZUOLA, J. METCALFE, AND D. TATARU
and
(5.2) fi = S;jF(u,Vu) — Sjﬁkgilj_48lu — 155, 8kg’gj_48l]u.

5.1. A formal bootstrap. Using the bounds in Proposition B.1] one
can estimate the f;’s by the following

Lemma 5.1. Let s > g—l— 2, and u € I*X* with frequency envelope
{a;}. Then the functions f; in (5.2) satisfy

(5-3) 1fillerys S agllullfscClullaxe)-

Proof. The first term is estimated using (3.0) followed by (B8] with
o = s — 1, taking advantage of the fact that F' is at least quadratic at

zero. The second term is estimated using ([B.0) and ([3.9) with ¢ = s.
For the third term we use (B.I0]). O

As a corollary of the above lemma it follows that

D il S NallfcCllulle).
J

For each of the equations in (5.1I) we can apply Proposition 1l Square
summing we obtain

lullfis < luolligrs + il cllufluxs).
From here a continuity argument formally leads to
ullnxs < fluollinms

assuming that the initial data wug is small enough.

5.2. The linear problem. Here we consider the linear equation

(i0; + Opg™O)u+ VVu + Wu = h,
(5.4)
u(0) = uy,

and we prove the following:

Proposition 5.2. a) Assume that the metric g and the potentials V
and W satisfy

d
lg—Illnxs <1, [[V]nxs— <1, |[W]pxs—2 <1 5> 5 +2.
Then the equation ([5.4) is well-posed for initial data ug € I*H® with

0<o0<s—1. and we have the estimate

(5.5) ullnxe S lluollome + [[Allnye.
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b) Assume in addition that W = 0. Then the equation (5.4 is well-
posed for initial data ug € I H® with 0 < o < s, and the estimate (5.5)
holds.

Proof. We rewrite the equation as a family of equations for the dyadic
parts of u,

(i&g —+ 8kg§lj_481)uj =4j + h,j,

u;(0) = oy,
where
g9; = —Sjakgilj_ﬁluj — [Sj, 8kg§lj_481]uj — S]VVu — SJWU

As in Lemma [51] we apply Proposition B.2] for each of the terms in g;
to obtain

> Mgilliye < Nullfixe (lg = Llifixe + VI xor + IW I xae)-
j

The estimate (5.5]) follows by applying Proposition [4.1] to each of these
equations and summing in j. The more restrictive range of ¢ in part
(a) arises due to the similar range in (B.5). O

5.3. The iteration scheme: uniform bounds. Here we seek to con-
struct solutions to ([L3)) iteratively, based on the scheme

(i0; + 0;¢7* (u™) O )u" V) = F(u™ Vu),
(5.6)
u™ (0, ) = ug(w)

with the trivial initialization
u® = 0.

Applying at each step Proposition (.2l and assuming that ug is small
in ' H® we inductively obtain the uniform bound

(5.7) [l s S Nluollin s
Our next goal is to consider the convergence of this scheme.
5.4. The iteration scheme: weak convergence. Here we prove

that our iteration scheme converges in the weaker I!H*~! topology.
For this we write an equation for the difference v+ = ¢(+1) — 4, (™).

(5.8) { (i0; + 0;97F (u™) Oy )oY =V, Vo™ + W, 0™,
' v (0, 2) = 0,
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where
V, = V,(u™, vu™ o0 vy,
W, = hi(u™,u") 4 hy(u™ u"=D)V2uM,
For V,, and W,, by the Moser estimate (3.2) we have
[Vallnxs— <1, [Wallnxs—2 < 1.

This allows us to estimate the right hand side of (E.8)) in I'Y*~! via
B4) and 3.3). To estimate v+ we use Proposition 5.2, We obtain

(59) ’|U(n+1)||l1X571 < ||U(n)||l1Xs—1.

This implies that our iteration scheme converges in ['X*~! to some
function u. Furthermore, by the uniform bound (&7) it follows that

(510) HUHlle 5 ||’LLOHlle.
Thus we have established the existence part of our main theorem.

5.5. Uniqueness via weak Lipschitz dependence. Consider the

difference v = u — u® of two solutions. This solves an equation of
the form (5.4) where

VvV = V(u(l),Vu(l),u(2),Vu(2)),
W = hy(u®, u®) + hy(u®, u®) V2D,

Applying Proposition [.2(a) we see that this equation is well-posed in
I'H*™!, and obtain the estimate

(5.11) [u — u®pxemr < Ju®(0) — u®(0)] 11 o1

5.6. Frequency envelope bounds. Here we prove a stronger fre-
quency envelope version of the estimate (5.10).

Proposition 5.3. Let u € I' X* be a small data solution to (L3)), which
satisfies (0.I0). Let {a;} be an admissible frequency envelope for the
initial data ug in I"H*. Then {a;} is also a frequency envelope for u
in 11X,

Proof. Define an admissible envelope {b;} for v in ' X* by

(5.12) bj =27 + ||ul|;i L. max 270Kl Sy |11 x».

We estimate u; = S;u using Proposition applied to the equation
(B.1). For the functions f; we use Lemma [5.1] to obtain

(5.13) I fillays S bjllallixsc(lleflnxe)-
By Proposition applied to the equation (B.]) we obtain

1S5ullinxs < agllwollims + billullfixec([[ullnxs)-
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This implies that

by S aslluollies [l + by lulloxeclullnxe).

Since ||ul|;1x is small and [Jugl|p s < [|ull;r s, this implies that b; < a;,
concluding the proof. O

5.7. Continuous dependence on the initial data. Here we show
that the map uy — u is continuous from ' H* into {1 X*.
Suppose that u(()") — ug in [*H2. Denote by agn)

frequency envelopes associated to u((]"), respectively wug, given by (24).

If ul” — ug in I'H? then agn) — a; in [?. Then for each € > 0 we can
find some N, so that

, Tespectively a; the

||CL(>n])v€||l2 <e  forall n.
By Proposition 5.3 we conclude that
(5.14) [ lnxs < e for all n.

To compare u™ with u we use (511 for low frequencies and (5.14)
for the high frequencies,

™ = ullixes SISaw. (W™ = w)llnxe + 15550 ™ loxe + [[S5n.u

SQNE S<N5 (u(") — u)”llxsﬂ + 2¢

|12 x5

<oV || Sy, (ul™ = o) || et + 2e.

Letting n — oo we obtain

lim sup |[u™ — uljpxs < e
n—oo

Letting ¢ — 0 we obtain

lim |[u™ — ul[pxs =0,
n—oo

which gives the desired result.

5.8. Higher regularity. Here we prove that the solution w satisfies
the bound

(515) ||U||11Xa SJ ||u0HllH07 g Z S,

whenever the right hand side is finite.

The idea is to repeatedly differentiate the equation. The simplest
way to do this would be to say that Vu solves the linearized equation.
But this is like the difference equation and is well-posed only in [ H5~!
not in I*H*. Instead we redo the computation as follows. The original
equation is

(i0; + 0;¢"" ()0 )u = F(u, Vu).
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Differentiating we obtain
(i0; + 0,97 (w) ) (Ou) = — (¢7%)' () (9;0udku + Oyud;Opu)
+ F,, (u, Vu)Vou + F,(u, Vu)ou.
We write this in an abbreviated form as
(10, + 0,6 (w) O )v1 = G (u, Vu)Vuy + Fi(u, Vu)
for v; = Vu, where G(z) = O(]z|) and Fi(2) = O(|z|*) near 0. We
know that u is small in [* X, therefore, by Proposition B we get
G (u, Vu)llox— <1, (1P (u, V) lnys S Jlulliixe
Hence using Proposition B.2(b) we obtain
lorllaxes S Hlor(O)flias + [ullfixe
which shows that
lullnxsss S Nu(O) |l ps + [ullfix.
Inductively, we write an equation for v,, = V"u,
(10, + 0595 (w) Ok )vn, = G(u, Vu)Vu, + F,(u,- -+, V"u)
with the same G as above. This leads to
[vallexs S a0 lirars + [ullfxen-s,
which shows that

leallixern S a0 lnszosn + [allogrrcs.
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