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The main goal of this work is to prove a symplectic non-squeezing result for the Korteweg—de
Vries (KdV) equation on the line R. This is achieved via a finite-dimensional approximation
argument. Our choice of finite-dimensional Hamiltonian system that effectively approximates
the KdV flow is inspired by the recent breakthrough in the well-posedness theory of KdV in
low regularity spaces [KV19], relying on its completely integrable structure. The employment
of our methods also provides us with a new concise proof of symplectic non-squeezing for

the same equation on the circle T, recovering the result of [CKS05].
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CHAPTER 1

Introduction

We consider the real-valued Korteweg-de Vries equation on the line:

d
pri —q¢" + 6qq’. (KdV)

This equation was introduced over a hundred years ago in [KV95] to describe the evolution
of long waves in shallow channels of water. In particular, it sought to mathematically
explain the observation of solitary waves. Its physical significance, along with its unique
mathematical features, have captured the interest of researchers ever since. Firstly, the KdV
equation is a Hamiltonian evolution. It is also one of the most prominent examples of a

completely integrable system.

The setting in which (KdV]) can be viewed to be Hamiltonian is that of a symplectic
Hilbert space. Consider a Hilbert space H and w a symplectic form on H, that is, a nonde-
generate, antisymmetric form w : H x H — C. A Hamiltonian function H : H — R gives

rise to dynamics of the form

q¢=Xu(q).

Here Xy is the vector field given by
d
w(v, Xn(q) = le=oH (g +€v).

Indeed, the KdV equation is, formally at least, the Hamiltonian evolution in the sym-

H3(R) = {q ; /Rq(x)da: = 0’/R |‘j§|>’2d§ < oo}

plectic space




associated to the Hamiltonian

1
Hyav(q) = / é(q’)Q + ¢*dx.
R
Considering the symplectic form

w

1
2

(u,v) :/uaglvdx
R

in the Hilbert space H _%(]R), simple calculations show that

d
d_€|s:0HKdV(U +ev) = / u'v' + 3utvdr = /(—u” + 3u®)vdx
R

R

= / O, (—u" + 6un)vdx
R

= w_1 (v, —u" + 6urt).

In the context of Hamiltonian mechanics, Liouville’s theorem asserts that Hamiltonian
flows preserve phase-space volume. This implies that in order for a Hamiltonian evolution to
flow one region of space to another, the volume of the latter must exceed that of the former.
The natural question that emerges is whether preservation of volume is the only obstruction
for the existence of a symplectomorphism between two regions. Although this is the case in

one (complex) dimension, the situation is much different in higher dimensions.

Theorem 1.1 (Gromov, [Gro85|). Fix z € C", [ € C" with unit length, o € C, and
0 <r < R < oco. Let B(z,R) denote the ball of radius R centered at z and suppose
¢ : B(z,R) — C" is a smooth symplectomorphism (with respect to the standard structure).

Then there exists ¢ € B(z, R) so that
(1, 6(Q)) —al >

In other words, a smooth symplectomorphism cannot map a ball wholly inside a cylinder
of smaller radius, despite the fact that the volume of the ball is finite and the volume of
the cylinder is infinite. In particular, this indicates that, although symplectomorphisms
preserve volume, it is far more restrictive to be a symplectic transformation than to be

volume-preserving. Symplectic non-squeezing can also be viewed as a classical analogue of
2



the uncertainty principle; if a collection of particles initially spread out all over a ball, then
one cannot squeeze the collection into a statistical state in which the momentum and position

in some direction spread out less than initially.

The main goal of this work is to show that the analogue of Gromov’s theorem holds for

the infinite-dimensional dynamics associated to KdV on the line.

Theorem 1.2. Let z € H 2(R), | € Hz(R) with WHH%(R) =1,aeC,0<r <R <o0,and
T > 0. Then there exists go € {g € H 2(R) : ||g — |
to (KdV)) with initial data ¢(0) = qo satisfies

adm < R} such that the solution ¢

(l,q(T)) —al >

As an offshoot of our methods, we also obtain a much simpler proof for the known

corresponding result on the circle, first established in |[CKS05].

Theorem 1.3. Let z € H2(T), | € Hz(T) with HZHH%(T) =1,aeC,0<r<R<o0,and
T > 0. Then there exists gy € {qg € H™2(T) : ||q — ZHH‘%(T) < R} such that the solution ¢
to (KdV]) with initial data ¢(0) = gy satisfies

{,q(T)) — | > 7.

While it is tempting to believe that any property that holds for any finite-dimensional
Hamiltonian system must carry over to infinite-dimensional systems, no such universal result
is known. Although for infinite-dimensional PDE finite-time blow-up can occur despite exact
conservation of norm, there is no analogue of this phenomenon in finite dimensions; blow-up
for ODEs occurs only via norm blow-up. Another key distinction is that in C" the weak
and norm topologies coincide. This is not true in infinite-dimensional Hilbert spaces. This
is one of the intriguing aspects of non-squeezing in this setting, as it commingles these two
topologies: the initial data is measured in norm, but the solution at time 7" is examined from

the standpoint of the weak topology.

Although no universal analogue of Theorem is known in infinite dimensions, symplec-

tic non-squeezing has been proved for several Hamiltonian PDE. The proof of these results
3



always depends heavily on the model in question. The study of symplectic non-squeezing
for Hamiltonian PDE was initiated by Kuksin. In |[Kuk95] he proved an analogue of Gro-
mov’s theorem for flows that consist of a linear operator and a compact smooth operator
and provided several examples that fall into this framework. This is made possible by using
finite-dimensional approximation to extend the Hofer-Zehnder capacity to infinite dimen-
sional Hilbert spaces and thus obtain an infinite-dimensional symplectic invariant. Subse-
quently, Kuksin’s result was used to prove symplectic non-squeezing for several other models

( [Bou95], [Roul0]).

Bourgain later proved symplectic non-squeezing for a flow that is not amenable to
Kuksin’s treatment, namely the defocusing cubic NLS on the one-dimensional torus ( [Bou94]).
Finite-dimensional approximation is once again at the core of his method; he introduces
a (sharp) Fourier cutoff on the nonlinearity to approximate the full equation by a finite-

dimensional system and applies Gromov’s result to this approximate flow.

Similar methods were employed in |[CKS05| to obtain symplectic non-squeezing for the
KdV flow on the circle. One of the main difficulties of this problem is that, although the
KdV equation is subcritical in H _%(T), it does represent the end-point regularity for strong
notions of well-posedness on the torus. The authors show that projecting the equation
crudely as in the argument of Bourgain does not provide a good approximation and they
adopt a smooth frequency truncation instead. Their method utilizes the Miura transform to

pass to mKdV and take advantage of its better smoothing properties.

A simpler proof for the symplectic non-squeezing result for KdV was discovered by Hong
and Kwon ( |HK]). Instead of the Miura map, they use a normal form transformation to

obtain the result for the KdV as well as for the coupled KdV flow on the torus.

Higher-order KdV-type equations were treated in [HK16]. The authors use an argument
based on Bourgain’s sharp projection approximation, exploiting the better modulation effect
from the non-resonant interaction that these equations enjoy compared to the KdV flow in
order to avoid the use of the Miura map or the need for a smooth frequency truncation.

Bourgain’s method was also followed in [Kwal8| to prove that the forth-order cubic NLS on



the one-dimensional torus has the symplectic non-squeezing property.

In [Menl17] Mendelson obtained symplectic non-squeezing results for the cubic nonlinear
Klein—Gordon equation on the three-torus. This is a critical result in the sense that the
regularity needed to define the symplectic form coincides with the scaling critical regular-
ity of the equation. The proof relies again on a finite-dimensional approximation, using a

combination of deterministic and probabilistic techniques.

More recently, non-squeezing was considered in infinite volume. This significant advance
was made in the work of Killip, Visan, and Zhang ( [KVZ19|, [KVZ]) where they proved
symplectic non-squeezing for the cubic NLS on R and R2. Note that the latter is also the
first unconditional critical result. Their method relies on approximating the full flow by
higher and higher frequency-truncated versions of the equation posed on larger and larger
tori. For instance, the finite-dimensional systems used to approximate the cubic NLS on the

line were
10u + Au = PSN” (|P§Nnu|2P§Nnu) on R/LnZ

with N, L,, — 0o as n — oo.

This novel strategy for proving symplectic non-squeezing results in the infinite volume
setting has already proved to be extremely effective in several Hamiltonian PDE. For in-
stance, in [Mial7] these techniques were implemented for certain mass subcritical forth-order
Schrédinger equations on R, while in [Yan17] Yang adapted this method to address all mass

subcritical Hartree equations on R? for d > 2.

While the innovative techniques in [CKS05,HK] were successful in proving non-squeezing
on the torus, the challenging question of establishing a similar result on the line was left open.
The torus assumption is essential in both arguments, suggesting the need for new ideas in
the infinite volume setting. In our treatment these new ideas stem from the completely

integrable structure of the KdV equation.

The modern theory of complete integrability has its roots in the discovery by Gardner,
Greene, Kruskal, and Miura in |[GGK67] of a method for solving the initial-value problem

of the KdV equation with rapidly decaying initial data. This was achieved by drawing the
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connection between this problem and the spectral and scattering theory of the Schrodinger
operator

L(t) = =02 + q(z, ).

A more elegant expression of this connection and the integrable structure of KdV was pro-

vided soon afterwards by Lax in the form of the Lax pair

L(t) = =07 +q(1),

P(t) = —40? 4+ 30,q(t) + 3q(t)0,;

one can easily verify that ¢ is a solution to (KdV]) if and only if

d
S L(6) = [P(#), L(t)].

Since P(t) is anti-self-adjoint, at every time ¢ the unitary operator U(t) given by

d
ZU() = POUW),  UO0)=1d

satisfies

This suggests that (KdV| preserves the spectral properties of L. We therefore recover an
infinite sequence of conservation laws for the KdV, which can be expessed in the form of
polynomials of ¢ and its derivatives, first discovered in [MGK68| by Gardner, Kruskal, and

Miura. For example, the first three of these conserved quantities are

1 1
M) = [ gz, Pla) = [ Ja@Pde. Hiala) = [ 340 +gafda
and describe the conservation of mass, momentum, and energy, respectively. A powerful con-
sequence of these conservation laws is that, for every non-negative integer m, the H™ norm
of smooth solutions to (KdV|) is bounded uniformly in time in terms of the corresponding

norm of their initial data.

Even more significant for our work are the new low regularity conservation laws recently

discovered independently both by Koch and Tataru [KT18], as well as by Killip, Visan,
6



and Zhang [KVZ18]. Following the exposition of the latter, the authors observed that the

perturbation determinant

det (_ai_g;f); H2> = det <1 + \/Ro(li)Q\/Rg(li)) , Ro(k) = (=& + k2)71

can be used to encapsulate the preservation of the spectral properties of the Lax operator L

by (KdV]). After further renormalizations, the authors proposed the quantities

1
a(k; q) := —logdet (1 - \/Ro(n)q\/RO(m)> + %M(q)
and proved that they are indeed conserved under the KdV flow for all large enough « > 1.
One of the main reasons behind this renormalization is that it allows us to express the
conserved quantities in the series expansion

a(k;q) = i (_ll)ltr {(\/R_oqx/R_o)l} .

=2

As it turns out, a(k;q) captures the H~! norm of the part of ¢ that lives at frequencies
El 2 .

Furthermore, this new discovery was the catalyst for progress in the well-posedness theory
of in low regularity spaces. Building upon their work in [KVZ18§|, Killip and Visan
established in [KV19] well-posedness in the optimal regularity space H~! both on the line
and the circle, in the sense that the solution map extends uniquely from Schwartz space to
a jointly continuous map ® : R x H~' — H~! (see Theorem . In the case of the torus
this result had already been obtained by Kappeler and Topalov [KT06]. It is worth noting
that it is sharp, as it has been shown in [Moll1,Mol12| that continuous dependence on the
initial data cannot hold in H? for s < —1 in both geometries, thus precluding well-posedness

below H!.

Their method relies on considering the evolutions induced by the Hamiltonians
H.(q) := —16x°a(k; q) + 4k*P(q).

Observing that a(k;q) — iM (q) acts as a generating function for the polynomial conserved

quantities, the asymptotic expansion

1 1

a(k;q) = @P((D ~ Ton
7

=Hiav + O(k7)



suggests that the Hamiltonian H, can serve as a good approximation to Hygy,. They prove
that the family of Poisson commuting flows associated with the Hamiltonians H, are globally
well-posed in H~!, commute with the KdV flow, and the flow induced by the difference
Hygy — H, is close to the identity in the H~! metric for x large on bounded time intervals,

thus making it possible to obtain well-posedness for KAV by a limiting process.

Inspired by the innovations introduced in [KV19] that we described above, we consider
a new approach to the study of the symplectic behavior of . In order to investigate
whether the KdV flow can be accurately approximated by finite-dimensional models, we
employ the approximation of by the commuting flows induced by the Hamiltonians
H,.. This can be seen as a truncation in the Hamiltonian. Furthermore, the proof of Theorem
[1.2] utilizes a finite-dimensional approximation by truncation in frequency as well as in space,
similar to the one in [KVZ19,[KVZ|. The approximation result we get allows us to transfer

results for finite-dimensional systems, such as non-squeezing, to the PDE setting.

Firstly, we focus our efforts on proving a symplectic non-squeezing result for the H, flows
via approximation by finite-dimensional systems. This is a much easier task than proving
this property for ; it turns out that these equations have a Lipschitz nonlinearity and
enjoy finite speed of propagation. More specifically, for every fixed sufficiently large x we

consider the frequency-truncated Hamiltonians
H(q) = =16k a(k; Prr ..y q) + 45°P(q)

and the induced Hamiltonian flows on the torus R/L,,Z for appropriate parameters m,, — 0,
M, — oo, and L, — oo as n — oo. As finite-dimensional systems, they demonstrate
symplectic non-squeezing. If u, are the witnesses to non-squeezing for the H flows given
by Gromov’s theorem, we wish to extract a ‘limit’ and show that it is, indeed, a witness
to non-squeezing for the H, flow. Unlike what was done in [KVZ] and [KVZ19], the re-
moval of the frequency truncation and the extension from the large circle to the line happen

simultaneously.

Of course, this limiting process is very delicate. We are working with a sequence u,,(0) of

periodic initial data with different periods, so there is no appropriate space that contains all
8



the elements, making it impossible to talk about a limit. Our remedy is to find compactly
supported initial data ¢, (0) € H ~3 (R), with potentially larger and larger support containing
the origin, that are ‘close’ to a copy of one period of u,(0). This is achieved by viewing w,,(0)
as a function on the circle of circumference L, locating a small subinterval where u,(0) is
‘not too large’, and ‘cutting’ there in a smooth fashion to ‘unwrap’ on the line and obtain a

new sequence, ¢, (0).

Despite sounding deceivingly simple, this process is one of the most vexing parts of the
proof. First of all, the cut must be done in a way that establishes not only that ¢,(0) is
‘close’ to u,(0), but also that the evolution of g,(0) remains a good approximation to w,(t)
on the time interval [0,7]. To that end, one needs to avoid cutting in a location where
there is a bubble of concentration for w,(0). It is also crucial to cut along a sufficiently
large subinterval in order to ensure that the periodic solution will not have a chance to wrap
around the torus and reinforce itself. On a technical level, the main difficulties stem from
the fact that we have to work in the fractional Sobolev space H =2 which is non-local. For

instance, even for a smooth cutoff y € C*°(R) it is possible that yu,(0) is not in H~2(R).

The difficulty of locating an appropriate cutting interval informs our choice of finite-
dimensional approximating systems, which differs from the preceding works we discussed.
The removal of low frequencies is not an arbitrary decision, but the decisive and indispensable
technical step that allows the process described above to run smoothly (see the proof of
Lemma [5.1)). One may worry that this choice could affect the well-posedness of the induced
flows or obstruct the convergence to the full equation, especially since we are working in
negative regularity spaces. Nevertheless, these concerns turn out to be unwarranted, thanks
to the presence of a derivative in the nonlinearity of . Moreover, after carrying out the
delicate ‘cutting’ and ‘unwrapping’ process carefully, we ensure not only that ¢,(0) is ‘close’

to u,(0), but also that the flow on the line with initial data g, (0) stays ‘close’ to u,,.

The new sequence of initial data ¢,(0) is bounded in H~2(R), permitting us to get a
weak limit. This indicates that we need to understand the behavior of the H, flow in the
weak topology. In particular, we prove that for a sequence of initial data that is bounded

in H _%(R), passing to a subsequence the corrresponding solutions to the H, flow converge
9



weakly in H~!(R) to a solution to the same equation uniformly on any compact time interval
containing 0. The weak limit extracted through this process is expected to be the desired

witness to non-squeezing for the H, flow on the line.

Establishing the non-squeezing property for the H, flows constitutes an essential step
towards proving our main theorem. As we discussed earlier, these flows provide a good
approximation for KdV. For a bounded in H _%(R) sequence of initial data, the difference of
the corresponding solutions to the KdV and the H, flow converges to 0 in H ! uniformly on a
compact time interval [0, 7] and for all elements of the sequence as k — oo (see Lemma [8.2)).

Consequently, we can rely on this approximation to prove that KdV inherits this property.

The key ingredient to do so is prove a weak well-posendess result for in H-1.
Indeed, we show that, if ¢,(¢) is a bounded in H2(R) sequence of Schwartz solutions to
and ¢,(0) converges weakly in H~! to ¢(0), then ¢,(T) converges weakly in H~! to
the solution to with initial data ¢(0) for all 7" > 0.

Understanding the behavior of in the weak topology is an interesting question on
its own, and one that has already received attention. In particular, in [CK10] Cui and Kenig
proved a weak continuity result in the Sobolev space H -1 (R), but the problem in lower regu-
larity spaces remained unanswered. These authors were motivated by potential applications
of this property to finite time blow-up and asymptotic stability of solitary waves. It also
becomes apparent that studying the behavior of weak limits under the flow is fundamental
for symplectic non-squeezing. We would add that the weak topology better represents what
one may achieve in actual experiments: One cannot wholly suppress high-frequncy noise,

nor employ an infinite domain. One can only make finitely many measurements.

There are a few simplifications that are possible in the torus setting. First of all, our
finite-dimensional approximation for the H, flow can comprise of only a frequency truncation
of the full equation, as we are working on finite volume to begin with. Moreover, the witnesses
to non-squeezing we obtain by Gromov’s result for these finite-dimensional models all lie in
the same space. Finally, the finite volume setting allows us to avoid working in the weak

topology.

10



Besides providing a simpler proof for the result of [CKS05] and allowing us to deal with
the infinite volume setting, our methods can take us even further. As we mentioned earlier,
one of the most crucial results in our work is that the KdV flow respects weak H~! limits
on H~2 bounded subsets. We can however get this result for a larger class of subsets of
H~!. By proving this for all bounded equicontinuous subsets of H~!, we gain access to the

following stronger results, where the center of the ball is merely in H 1.
Theorem 1.4. Let z € H '(R), [ € H'(R) with HZHH%(R) =1,aeC,0<r<R< o0, and
T > 0. Then there exists qo € {g € H'(R) : ||qg — Z”H*%(R) < R} such that the solution ¢
to with initial data ¢(0) = qo satisfies

{,q(T)) —af >
Theorem 1.5. Let z € H1(T), [ € HY(T) with “lHH%(T) =1, aeC,0<r<R< oo, and
T > 0. Then there exists qo € {g € H'(T) : ||g — Z”H*%(T) < R} such that the solution ¢ to
with initial data ¢(0) = g satisfies

{,q(T)) —af >

Note that, even in the compact setting, this is a new result.

Looking back at Gromov’s Theorem, it asserts that a smooth symplectomorphism cannot
map a ball of radius R into a cylinder with cross-section » < R. The next natural question
is to ask what happens if we consider r = R. Moreover, one cannot help but wonder if it is
necessary to restrict our interest to cylinders with a circular cross-section. As it turns out,

the following statements are equivalent to Gromov’s Theorem (Remark 1.4, [KVZ]):

1. A symplectomorphism cannot map a closed ball into an open cylinder of the same

radius.

2. A symplectomorphism cannot map a ball of radius R into a cylinder whose cross-section

has area less than 7 R?.

The robustness of our methods can also be manifested by allowing us to obtain analogous
alternate formulations of symplectic non-squeezing for (KdV|), both on the circle and the

line.
11



CHAPTER 2
Preliminaries

We adopt the following convention for the Fourier transform and the inverse Fourier trans-

form:

f(6) = /R eI f(r)dr, £ €R
f(a) = /R TIE f(€)de

for functions on the line and

R 1 [ . 1
f(k) = —/ e~k £ (1), ke-Z
¢ Jo 14

f(:L’) _ Z 627rikxf(k)

ke$Z

for functions on the circle T, = R/(¢Z). Plancherel’s theorem asserts that

I = [ 1o = [ IF©)Fas

12, = /!f Vedr =03 f (k)

kGZ

The above give rise to the definition of the H* and H* Sobolev norms for s € R\ {0}

e = [ VFOPA+ I 171 = [ FORIE e
and
By = € 2 FRBEA+ R 1y =€ S I RRIRE.
ket ke Z\{0}

In light of these definitions, the Sobolev spaces are given by

HY(R) :={f: |[fllrw) <oo},  H(Te):={f: |fllas(r, < oo}
12



for all s € R\ {0},

H*(R) = {f : I fllzgeey < 00}, H*(Te) = {f : | fll sy, < 00}

for s > 0,
HR) == {f : | fll oy < 00}, H(Te) :=={f : f(0) =0, || fll oz, < 00}
for s < 0.

We use the standard Littlewood-Paley operators P<y, Psy, Pn<..<y for functions on

the line given by

Ponf(6) = m()f(€),
Ponf (€)= (1 - m($) ).

Pne.<uf = Peuf — P<nf

and Py, PLy, Pf..<y for functions on the circle T, = R/(¢Z) given by

PLF () =m0 f(k),

PLUT(k) = (1 - m(2)) f(k),

N
P]€f<-~-§Mf = PéMf - PéNf
for N, M € 2% where m € C>°(R) is a radial bump function supported in [—2,2] and equal
to 1 on [—1,1]. Like all Fourier multipliers, the Littlewood-Paley operators commute with

differential operators as well as with other Fourier multipliers. They also obey the following

estimates.

Lemma 2.1 (Bernstein estimates). For s € R, o > 0, N € 22

| P<n f] @) S |f]
”PSNfHHS(R) + HP>NfHHs(R) S HfHHs(R)a
|||P§Nf| Hs(R) SJ NUHPSNJC’ Hs=o(R)»

HP>Nf| Hs(R) S N_U||P>Nf|

me®) + || Pon f|

Hs(R)»

Hs+o(R):

The analogous estimates also hold on the circle.
13



2.1 Diagonal Green’s function

In this section we summarize some properties of the Green’s function associated with the

Schrodinger operator
L=-0}+q

both on the line and on the circle. We follow the exposition of [KV19], where proofs of the

statements in this section can be found.

We begin with the line setting. For 6 > 0 small, we denote
Bs = {q c H_I(R) : ||q||H71(R) < (5}

Proposition 2.2. Given ¢ € H~(R), there exists a unique self-adjoint operator L associated

to the quadratic form

g / (@) + (@) l()Pda

with domain H'(R). It is semi-bounded. Moreover, for § < % and g € By, the resolvent is

given by the norm-convergent series

o0

RR) = (L4 ) = D Faly Foa/ BV o

=0

for all kK > 1, where Ry denotes the resolvent in the case ¢ =0
Ro(k) = (=07 +#%)7

It is worth noting that in the heart of the proof of the above Proposition is the crucial

estimate

NP
IV FaaV/Rally < IV Foav/Folls, = - [ 28 e 2.)

52 + 4[,4,2
Proposition 2.3 (Diffeomorphism property). There exists 6 > 0 so that the following are
true for all kK > 1: For each ¢ € Bs, the resolvent R admits a continuous integral kernel

G(z,y; k; q); thus, we may unambiguously define the diagonal Green’s function

9(w; K;q) = G(x, ;K5 q),
14



which is given by the uniformly convergent series
g(l’ K; q - —|— Z <\/ Ro(sx, (\/ Roq\/ Ro)l\/ R0§m> (22)
=1

where inner products are taken in L?*(R). Moreover, the mapping

L]
49— 5

is a (real analytic) diffeomorphism of B; into H'(R). In particular, for all ¢,¢ € B;

l9(q) ( e < llg = alla— (2.3)

The implicit constants do not depend on k.

S llalla-1(w)- (2.4)
H(R)

On the circle T, = R/(¢Z), following the exposition of |[KV19], we choose to consider the
Lax operator L = —0? + ¢ acting on L*(R) with periodic coefficients rather than on L?(T,).

Here we impose working with potentials in the small ball
_ 1
Bj,.:={q€ H (o) : 672 |lgll-1r,) < 6}
for 6 > 0 small.

Proposition 2.4. Given ¢ € H~!(T,), there is a unique self-adjoint operator L acting on

L*(R) associated to the semi-bounded quadratic form

oo [ WP +a@lv)P

There exists d > 0, so that for all & > 1 the following are true: For each ¢ € Bj, the
resolvent R := (L + x?)~! admits a continuous integral kernel G(z,y;k;q) given by the

uniformly convergent series
1 —K|T— -
Gla,yi ki q) = 5 e el Y (- <\/ Rodz, (v/ Rogv/ Ro)'v Ro5y> :
=1
Thus, we may unambiguously define the diagonal Green’s function

9(w; K;q) = G(x, 73 K; q).
15



Moreover, the mapping

1

}_> -
q—g 2%

is a (real analytic) diffeomorphism of By, into H'(T,). In particular, for all ¢, € Bj

l9(q) = 9( Dz vy S g — qlla-—1(10), (2.5)

lg(D) ey S llalla—ry)- (2.6)

The implicit constants do not depend on k.

Comparing the series expansions of a(k;¢) and g(k;q) one can observe that

oo 1

E = ﬂ—g(Q)-

This allows us to write down the Hamiltonian evolutions arising from the Hamiltonians H,

and H' as
d
774 =487 +166°'(q), (Hx)
d
P 4k*q + 16“5P£2<~~§Mngl(PnLIZ<~-~§MnQ) (H?)
respectively.

2.2 Equicontinuity

Definition 2.5. A subset Q of H '(R) is equicontinuous if q(x + h) — q(z) in H! as

h — 0, uniformly for all ¢ € Q.

Lemma 2.6. A bounded subset @ C H~!(R) is equicontinuous in H~!(R) if and only if

1
/|§>/\ 14 &2 1G(&)Pd¢ -0 as A — oo, uniformly for ¢ € Q. (2.7)

Corollary 2.7. 1. A bounded subset Q C H~2(R) is equicontinuous in H~'(R).
2. Let ¢, € H'(R), n € N, ¢ € H }R) such that ¢, — ¢ in H 1(R) as n — oo. Then
Q = {q, : n € N} is equicontinuous in H'(R).

16



3. If Q1, Q- are equicontinuous in H~*(R) and Q C Q; + Q», then Q is also equicontinuous
in H(R).

4. A subset Q C {q € H'(R) < A} for some z € H'(R), A > 0 is

: Hq - Z“H_%(R)

equicontinuous in H(R).

Proof. 1. Suppose Q C {¢ € H'(R) : HqHH,%( < A}. An easy computation shows that

R)

N L,
d¢ < — , <
[ iR < Sl <

A2
sa L+ &2

Y

> =

hence ([2.7)) holds.

2. We have that ¢, — ¢ in H '(R) as n — co. Let ¢ > 0. We can find A\, > 0, n € N,
and Ay > 0 so that

1
/|| rg\qn(g)ﬁdg <e forall A >\,
ElZA

1
/| T Eli©Pde < forall x> A
€[>2

Moreover, there exists ny € N such that ||g, — qH%,l(R) < ¢ for all n > ny. Hence for all

n > ng we get that

Lo o)ae < LI L == ap
/IS nOPde s | ©Pde + [ @ a(O))de

a1 +87 e>a 1+ €7 a1+ €7

1
< G(6)12dE +

<e

for A > A\g. We conclude that for A > max{Ag, A1,..., \p, }

1
/§|>,\ TTalh@rdse

3. Let ¢ > 0. There exist A, Ay > 0 so that

L
/I 1+€2’Q(5)|2d£<5 for all ¢ € Q1, A > Ay,
£lzA

.
/| 1 _i_fz]q(f)lzdf <e forall g€ Qq A> N
&I>A

17



Then for every ¢ = q1 + g for some ¢; € @)1, ¢ € Q2 we have that

1

A 2
gea 1+ & |G2(E)|7dE S €

/| L lie)rde <

a1 +&°

for all A > max{A1, \2}.

1G,(6)[2de + / !

gea 1+ &€°

4. We observe that Q C {f € H '(R) : HfHH—%( ) < A} + z. Parts (2) and (3) assert

R
that @ is equicontinuous in H~!(R). O

18



CHAPTER 3

Well-posedness of the approximating equations

As we laid out earlier, our strategy for proving Theorem is to show that certain truncated
systems have this property and use limiting arguments to transfer it to (KdV|. The first
step is truncation in the Hamiltonian, which gives us the family of equations (H,]). Next,

we perform a truncation in frequency and space, yielding equations (H)).

Naturally, before asking whether these systems obey symplectic non-squeezing, we need
to consider whether they are even well-posed in the spaces we are interested in. Note that
in both cases the nonlinearity only makes sense for small in H~! solutions. As it turns out,
this is the major enemy as far as global well-posedness is concerned. In the case of we
can circumvent this difficulty, but for we compromise with existence of solutions up to

times 7T, with T,, — 0o as n — oo instead of global solutions.

Theorem 3.1 (Global well-posedness of [H,]). Let L > 0 and x > 1 be fixed.
The equationis globally well-posed for initial data in Bs, € H~'(R) and By , € H™'(Ty)
for 6y > 0 small enough, independent of x and L. For each such initial data ug € H~' the

solution u obeys
lu®)|| g-1 < ||lwollg-r for all ¢ > 0. (3.1)

Moreover, if in addition uy € H~2 then u(t) € H2 and

ct

[u@®)I ;-3 < lluoll,-3e” forall ¢>0. (3.2)

Proof. For both statements, the proof is the same for the line and for the circle.

Local well-posedness of (H,]) in H~! and H~3 follows easily by rewriting the equation

in integral form and observing that the nonlinearity is Lipschitz. By the diffeomorphism
19



property of g,

lg'(w) = g' @)+ S llg(w) = g()[[m S llw = vl| - (3:3)

and

g’ () = g' ()l -3 < llg(w) = g(@)[m S llu=vllg-+ S llu—vll;-3, (3.4)

so a Picard iteration argument establishes the local well-posedness in both spaces. Then
global well-posedness in H~! follows by (3.1)) which is consequence of the conservation of

a(») for all 5 > 1. For more details, see Proposition 3.2 in [KV19).

Next, using the Duhamel formula we get that
t
lull, 3 S ol -y + / g/ ()], -y ds

t

S lally g + [ lotu(s)lmds
0
t

Sl + [ lu)lln-rds

t
Sl g+ [ o)l yds
for all ¢ > 0. An application of Grénwall’s inequality yields (3.2)).

As far as uniqueness is concerned, we will only show this in H~!. For any two solutions

u,v € H™! to (H,]), by Duhamel’s formula and estimate (3.3)) we get

[u®) = v@)]la— S u(0) = v(O)][a- + /Ot [u(s) = v(s)[p-rds

S0
lu(t) —v®)||g-1 < [Ju(0) — v(0)||g-1e®  or all £ > 0.

In particular, we conclude that for each small enough initial data vy € H~! there exists

unique global solution v € H~! to (H,)). O

Remark 3.2. It is evident that in the case of the homogeneous Sobolev space our proof
heavily relies on the presence of the derivative on the nonlinearity, as indicated in (3.4]). The
same argument can be used to prove a global well-posedness result and the corresponding

estimates for in H=* and H~* on the line and on the circle for any 0 < s < 1.
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Now we turn our attention to the well-posedness of (H?). As far as the frequency
truncations are concerned, at this moment our sequences of frequency cut-offs m,,, M,, € 27

only need to satisfy

lim m,, =0, lim M, = oo.
n—oo n—o0

We also consider a sequence L,, > 0, indicating the lengths of the tori we are working on.
We denote these tori by T, := R/(L,Z). We do not impose any hypotheses on L, for now.

It makes sense to focus on initial data in the space
Moo= A{f € H(Tn) : Pl f = Plgy, f = 0}
Solutions to (H)) with initial data in H,, stay in H,,.

Theorem 3.3 (Well-posedness for [H)). Fix k > 1. There exists §, > 0 small enough

(independent of n and k) and a sequence T, > 0 satisfying lim, ,,, 7,, = oo so that the

do} C Bf()% there exists a unique solution u,, € C([0,T,])H *(T,) to the the equation (H")).

following are true for every n € N: For every u,o € H,N{f € H~2(T,) : li_%HfHH_%(T ) <

For each such initial data u, the solution u,(t) € H, obeys

letn a1t S leinoll -3, (35)

and

for all ¢t € [0,7,,]. The implicit constants here do not depend on n.

Proof. An argument similar to the one in the proof of Theorem readily shows that (H"))
is locally well-posed in H~!(T,). In order to upgrade the existence of solution to larger
times it suffices to prove the estimate (3.5). This will ensure both that the nonlinearity

makes sense and that we can extend our solution up to time 7,.

Let v, be the unique global solution to (H,|) with small enough initial data v,(0) =

21



1, (0) = uno € H, which is guaranteed to exist by Theorem [3.1] By Duhamel,

ln ()= 0n(®)l - o,

/ HPLH< <M, g P£Z<...§Mnu"(s)) - g'(vn(S))HH—%(Tn) ds

and for each s triangle inequality and the diffeomorphism property of g allow us to estimate

1PE - can,d (P2 o un() = 8 (D
S 11 PE va(lla1e) + 1P va(s) 112
1P D3 0+ P51, @Dy

() = () -

Bernstein inequalities, the diffeomorphism property, (3.2)), and finally Gronwall’s inequality
yield

1 —
’luTL(t) - Un(t)|’H7%(Tn) 5 (m% + Mn ) CtHunOHHfj(T )

1 _1
Choosing times T,, > 0 so that (m2 + M, ?)e“™ < 1 and T;, — 0o as n — oo, and using
(3.1]), we obtain (3.5 and (3.6)). Starting with dy > 0 sufficiently small will ensure that the

nonlinearity will make sense up to time 7,.

Uniqueness can be shown as in the proof of Theorem [3.1} the presence of the frequency

truncation does not affect the argument. O]

From now on, we will refer by 9y to a constant smaller than the minimum of the two small
positive constants obtained in Theorems [3.1] and [3.3] Consequently, dy > 0 will be a small
enough parameter to ensure well-posedness up to time 7;, for , global well-posedness for
(H.) and that the H~! norm of the solutions given by both Theorems and remains
bounded by 1 and § (as in Propositions and in the time interval of existence.

The next question we need to address is whether the frequency truncated models (H")
provide a good approximation for the (H,|) flow on the torus T,,.
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Theorem 3.4. Fix k > 1. Let u, € C([0,T,,])H'(T,) be the solution to with initial

data u,(0) = tno € Hn, [unoll ;3.0 < k280, and v, € C([0,T,])H~(T,) be a solution to

(Tn)

d

= 4K%0) + 16K°g (v,) + en (3.7)

with initial data v, (0) = v,0 € H~(T,). If ||en(t)|| g-1(r,) < € for all t € [0, 7], then
1 1
n (8) = v l-22) S (tmo = vnollm-rea) + (& + Ma®)lunoll -y | +2)e”
for all t € [0,T,,].

Proof. By Duhamel’s formula, for all ¢ € [0, T,,]

t
Jan(8) = en@)l-sc5 S lmo = vnliscny + [ len(s) s ds
0
b [ PR s (Pl ccat1a(s)) = 0D 5.

We only need to work on the last term. For the sake of conciseness, here we denote Pé" <..<M,
by P.

Working similarly as in the proof of Theorem

PG (Pun(s)) =g (vn()la-1(1,) S [[ttn(s) = vn(8)lz-1(r,)
+[[PLn o (Pun(s) | a-1cmay + 1PL3s, o' (Pun(8)) | 11,

+[[PE wn(8) | -y 4+ 1PL3y wn(8)] m-10m,0)-

By Bernstein inequalities, the diffecomorphism property, and (3.6)), we get that

tn(t) = v ()|l (1,) Slttno = Vnollz-1(T0)

1 _1
(=4 (md+ M) fnll g )

t
[ ) = o), s
0

so an application of Gronwall’s inequality finishes the proof. O
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CHAPTER 4

From the Line to the Circle

Having settled on the finite-dimensional systems that we will use to approximate the H,
flow, the next step is to determine the suitable parameters (that is, the appropriate ball and
cylinder) for which we should apply Theorem . In this section we develop the tools that
will enable us to pass our fixed parameters from the line setting to the circle and ultimately

allow us to take advantage of Gromov’s result.

Definition 4.1. Let f be a compactly supported function on R. For L > 0 large so that

the support of f is contained in an interval of length L, we define the L-periodization of f

fr(@) =" flz+jL).

JEZ
This is an L-periodic function that agrees with f on its support. One readily sees that
fL inherits the smoothness of f. However, it is non-trivial to show that it belongs to the

corresponding fractional homogeneous Sobolev spaces.

Lemma 4.2. Let f € C>®(R), Ly > 0 so that the support of f is contained in an interval of
length L.
1. For all L > Ly and for all integers k > 0, f, € H¥(T,) and

HfLHHk(TL) = Hf”Hk(R)-

2. For all L > Ly and for all integers k < 0, if f € H*(R) then fi € H*(T}) and

1 fell ey = 11 ey

3. If f € H*(R) for some s € R, then fL e H*(T}) for L sufficiently large and

rs(ry) = |l
24
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Proof. The first statement is straightforward for k = 0, due to the locality of the L?-norm.
For k € N,

(f)®(2) =3 fW (@ + L) = (f®), (),

JET
hence [|(f1) ™ |z2er,y = (F®)pllezeryy = 1F P2y
For integers k < 0 we proceed inductively. First of all, we already argued about k£ = 0.

Suppose that the statement is true for some k& < 0. Then for f € H FHR)NC(R) supported

-/ )y

By the definition of the negative order homogeneous Sobolev spaces, [ f = 0, therefore F

on [a,a + Lg| we consider

is also supported on [a,a 4+ Lg]. We can also see that F' € H*(R) N C>(R), F' = f. The

inductive hypothesis ensures that F,, € H ¥(T.) so arguing as before
fu=(F), = (FL) € H*\(T,)

and
el nr o,y = WEEL) Ngr-rer,) = 4721 FLll greryy = 4721 F Nl ey = 1 1| an-1my

For the last statement, we observe that

el =L Y IR | fu(k)
keL=17Z
2
=L Z || zf
kelL—
1 R 2
- < Z kP | (k)|
keL—1Z

which converges to [ €[] f(€)|2d¢ = Hsz.S(R) as L — oo, given that f € H*(R)NC®(R). O

Lemma 4.3. Let f € C°(R) supported on an interval of length L,. For given sequences
My, M,, € 2% and L,, > L such that lim,,_,., m,, = 0, lim,,_,o, M,, = 00, and lim,,_,o, L,, = 00,
consider

L ..

Zn:flnm Cn _PnL1"< <My R A = W
"H2(Ty)
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1. If fe H*%(R), then for n sufficiently large z,, ,, A\, € H*%(']I‘n) and
lim ||<n - ZnHLQ(']Tn) = 0.
n—oo
2. If HfHH%(R) = 1, then for n sufficiently large z,, (., A, € H%(']I'n) N HY(T,) and

i 1o = 2l =0

Proof. By Lemmal[d.2] z,, (,, A, are in the appropriate homogeneous Sobolev spaces for large
n. Moreover, if f € H *%(R), for n sufficiently large

L L
160 = zallezra) < 1P, 20l 2,y + I1P230 20 2,

+ M, "’Hznll

S millly g n,y

l _— =
Sl gy + M QHfHH%(R)
A similar argument gives

1 _1
lon = 2all 3, S il a2y + Mol ey

160 = zall g er,y S Mall fllz2y + Ma 1 f 2y

for n large, without the additional assumptions of (1) or (2) on f. Therefore

i 116~ 2l pageyy = T 10— 2ol = T (G0~ 2all e, = 0.

2 (Ty)
In particular, if we also have that ”fHH%(R) =1,
0 6ol o,y = 1 Wzl d ) = 13 ey =

Under this assumption we also get that

= 2all ey < 1 NGl

e 16t ey 160 = 2l

converges to 0 as n — oo. O
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CHAPTER 5

Finite Dimensional Approximation: From the Circle to

the Line

The previous chapter dealt with the problem of determining the appropriate parameters for
which we wish to apply Gromov’s theorem to the finite dimensional Hamiltonian systems
. Now we need to prescribe a way to extract a ‘limit’ of the witnesses we obtained. A first
step towards this direction is, given a sequence of periodic initial data (whose periods go to
infinity) that satisfy the same H > bound, to construct a sequence of compactly supported
initial data (with ever larger supports) whose evolution approximates the one of the
original sequence under the flow. This is achieved via the ‘cutting’ and ‘unwrapping’

process we advertised earlier.

Let k < 1 be fixed. We are given T' > 0, 0 < A < %0 and consider m,,, M,,, N,,, L,, be

sequences such that m, — 0 and M, N,,, L, — 0o as n — 00,
m, 2 M, < N,, N’ < Ly,.

We are working on the torus T, = R/L,Z with a sequence u,y € H ’%(']I’n) such that

Unpo € H, and Hun,OHH,%( ) < A.

Tn

5.1 ‘Cutting’ on the circle

For every n large enough, essentially we want to divide the interval [—%, LZ—"] into V,, subin-

tervals of length ]@—Z and look for one such subinterval where the H~3 norm of Uy, 1S com-

paratively small. To avoid some of the problems caused by the non-local nature of the H ~3

norm, we work with a partition of unity instead.
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Let ¢, be a radial smooth cutoff such that ¢, = 1 on [—45\7 ,4Ij\7n], ¢n, = 0 outside

[ 32 3ka] and 0 < ¢u(x) < 1for = < 2 < 3k with ¢u(2) + ¢u(x — £2) = 1. We

consider the smooth cutoffs

L. 3L L
Fz) = =/t <k<N, —
bn(x) == on (:c+ A an>, 0<k<N,—1

and their L,-periodizations

=> (e +jL,), 0<k<N, -1

jEz

Note that by the definition of ¢,

o =1 (5.1)

il
o

Lemma 5.1. There exists constant C' > 0 (independent of n) such that the following are

true for every n:
1. At least ;5 N, elements k in {0,..., N, — 1} satisfy

105noll -3,

2. At least 55N, elements k in {0,..., N, — 1} satisfy

165 unoll -1z,) < Cllunl M2 Va2
(Tn)

A3 (T,

Proof. Firstly, we note that by the definition of (bfl

2 2
L2(T,) / Z |un 0( )l dr < ||u”70||L2(']1‘n)' (52)

Splitting gzoﬁfjun,o in frequencies we get

Ohting = Pl (Shtn0) + Pty [ (Pt b ) uno] + Pt [ (PLas, 0%) tno]

Pf%n [(P’%’% <8M, (bk) n 0] '
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Since uy,p is supported on {§ : %= < [{] < 4M,} and P mngb Play ¢ are supported
on {& : [§] < %2} and {€ : |§| > 8M,} respectively, we have that <P£h¢ﬁ> Un,o and
=73

<P i, oF > Un must be supported on {£ : [{] > %=}, hence

Pl | (PE5u%) tno| = Pl | (PLiyy, 0% ) o] = 0.

Then
N,—1 )
< L;zn (Dk )
Z nUn,0 1(Tn) _2 Z HP>Tn ¢nun70 Hi%(’]rn)
k=0 k=0
Nnp—1 )
Ln L k
+2 ’; HP<mn [(Pmn< <snt, Pn >Un0] HH_%(Tn) (5.3)
and
Ly k
Z ‘ n no‘ 1(’]I‘n <2 Z HP mn <¢ Un0>H 1(Tn
Nn 1 ,
+2 Z pr%n |:(P7[7/7«n< <8M,, ¢ ) ,0] ‘ a1 ) (54)
k=0 R

For the first term in the right-hand side of both inequalities we observe that by Bernstein

and

2

1k

L3(Ty)

1 L 2
HPSSMnu”aOHp(Tn)

< m M, ||l o (5.5)

and similarly

Np—1

o 2
Pl (duno) S e Mo ol (5.6)

’H—l(m)

o)
k=0

For the second term, taking advantage of the fact that ¢’; is a translation of ¢2 for every

29



k and by Cauchy-Schwarz inequality,

Np—1 9
Ln, Ln,
Z ’P<mn |:<Pm"< -<8Mp, ¢ )un,0:| H_%(Tn)
k=0
2
Np—1 —
<YL Y WY (Pl 9) (m)ino(t - m)
k=0 mﬁz,oqug"ﬁ% meﬁZ
< LN, Y I > |05 (M) (Dm0 (L = )|t 0(1 = 7))
€A, m,jEA j—me LT
<STLNY TS 188m) 68 (m + $)lano(l — m)|lno(l —m — 5)|
s€B, le AL m,m+s€A2
<0 LNy DD 10 m) Plina(t = m)
s€By, le Al meA2
SM LY T 160.(m) Pt ol — m)?
leAl meA2
=MoL, > [k m| 700 (m) i o (k)2
(k,m)eCr
and
Np—1 9
LTL LTL Ok
= ‘ Pﬁ% [(P%<-"§8Mn¢"> un,0i| H-1(T,)
LY D 160.(m) Pt o1 — )
le A} meA2
= M,L2 > [k ml 20l (m) Plin.o (k)
(k,m)eCn

where A} == {l € £Z :0 < |l| < %2}, A2 = {m € £Z : "= < |m| < 16M,},
B, = {s € JX—ZZ :ls| < 32M,}, C, = {(k,m) € L%LZQ Do < k] < AM,, B < m| <

16M,,0 < |k +m| < %=}, Taking advantage of the bounds that all (k,m) € C, must
satisfy as well as the fact that u,o € H 2(T,), ¢° € H(T,) and ¢° € H3(T,) with
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3 5
o o 5
1800z S (32) 7 160 scry S (32)7

8 ot (5t ],
MRS Y LMkl 1><m;4\m|4>\$2<m>\Qran,()(k)\?

keL Z me 1Z

= M2, Ly | Ly Y k[ Mo (0P| | Lo D Iml*[6d(m)?

k€2 me -7

= M2m* 2 012
= M2 Lalunoll g o 1830,

< MmN ol (5.7)

and similarly

Np—1 5

Ln Ln
5 it [ (o),
k=0 "

< M2m;°N’L> 3”“”’0H2’%(Tn)

Combining estimates ([5.5)) and . with . and estimates (5.6 and . with . and

assuming that n is sufficiently large so that L,, > m,,*M, N2,

(5.8)

Np—1

> o

< C’m_lM HU”OHH*?

‘ “5(Tn) —

Ty)

and

—2 2
‘ ~1(T,,) < Cm, Mn”un’OHH‘%(Tn)

where the constant C' does not depend on n. This implies that for at least %Nn of the
integers k € {0,...,N,, — 1}

_1 1 1
’ ’H—%(w < VI0Cmn 2 M N * ol -3

and similarly for at least &N, of the integers k € {0,..., N, — 1}

1k
n

1 1
< WM N 2 |l :
oL, < VIO NN ol
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Now we consider

si=fosksm -1, < o 3N ol

‘H%(Tn)

52:_{ogk§Nn—1:) o

11
< O MAN il 3,

‘Hl(’l[‘n)
Sy = {k € SN S, : dist(0, supp(¢h)) > 10£2},
S4::{k653:k+1653}7

where the constant C in the definition of S; and S is inherited from the Lemma above.

In the light of Lemma E S1 and S, consist of at least 15 Vn elements, therefore Sy NS,
consists of at least 8 16 Vn elements. By restricting ourselves to bumps ®* that are supported
at least % away from 0, we have to remove at most 30 elements, so we conclude that S3
has at least 1—70Nn elements (assuming n is large enough). However, we cannot conclude that

qcﬁﬁun,o cH *%(’]I‘n) for k € Ss; we also need [ qulumo = 0, which is not necessarily true.

To remedy that we work as follows: If there exists one kg € S3 so that f gz%’ffun’o =0, we

choose

Pn = PN, (5.9)

If not, we look at S;. Since S; contains at least % of the integers between 0 and N,, — 1,

it must contain at least two consecutive integers, in other words there exists k1 € Sy. If

0<| [ o

Un0|, we chose

f(gkluno ki+1
=P — ¢ i (5.10)
f¢k‘1+l
otherwise we choose
Qgﬁ1+1un,0
pn =gt - IIT@]?- (5.11)

In the following we will denote the L,-periodization of ¢, by ¢,,. One can see that [ @nu, 0 =
0,

HS&"“"’OHH‘%m) On'tinp ‘H%(Tn) o't ‘H%@rn)
_1 11
< mn MZN,? Hu”’OHH’%(T | (5.12)
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and

11
S iy M N [ o|

[Enttnoll -1z, PRy (5.13)

5.2 ‘Unwrapping’ on the line

Now we consider the following smooth compactly supported functions. We start by defining

Np—1

(@)=Y o).

Then we take x2 to be a translation of x., defined by

.

X — koﬁf—z) if ¢, is given by (5.9),
Xa () = Xt (x — k:lj%,—z) if ¢, is given by (5.10)),
kx}l(x — (k1 + 2)]@—:) if ¢, is given by (5.11)),
and
D) m (X2 — ¢n)() if 0 is on the right of the support of ¢,
(X2 — ¢n)(z + Ly,) if 0 is on the left of the support of ¢,.

Observe that by construction the support of x? is connected and contains 0. By ([5.1]), their

L,-periodizations satisfy x° + ¢, = 1. We take the initial data
qn,0 ‘= X%Un,o € Cgo(R)v

which is supported inside an interval of length L,,, and its L,-periodization

o o ()
dn,0 = XpUn,0-

_ °0 _ ) _
/ Qn,O - / Xnun,o — / un,O - / SOnUn,o =0.
R Tn T, Thr

By Lemma [£.2] the definition of gy, and (5.12)), it is clear that for n sufficiently large and

Then

assuming that N, < m 1M,

l@noll-1@®) = ll@nollz-1(1,0) < ol a-1(1,) + |Pntinoll m-10r,) < 24 < do. (5.14)
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Moreover, using ((5.13)) and the fact that 0 < ¢, < 1 we get that

HQn,oHH—l(R) < ”un,OHH—l(Tn) + \|¢nun,0”H—1(Tn)

_1 PR S
S 1 ftnoll g4 o + 10 Mot N2 amoll -y o,

_1
S/ mTLQHuTl,O”Hf%(Tn) (515)
and
gnollz2®) < [[tnollz2(r,) + |Pntinoll 2er,) <
1

Estimates and (5.16)) imply

lgnoll%,—y ) < Nanolli-

) < 1 ® M2 A2
H 2(]R) - ~

so, indeed, ¢, € H _%(R). Our next goal is to obtain a uniform bound.
Lemma 5.2. For n sufficiently large ¢, € H2(R) and

<
®) S A,

where the implicit constant does not depend on n.

Proof. We split ¢,,,0 = P<magno + Prmnc..<om,Gn0 + P20, Gno-

For the low frequency part, Bernstein estimates and ({5.15]) give us

|| P ma QnoHH_ mnHQnOHH 1)) S A

2(R) ~~
for n sufficiently large.

Bernstein estimates and (5.16|) also allow us to control the high frequency part:

_1
1 Poonrtnoll -y gy S M *lanoll iz S A

Now we turn our attention to the middle frequency part. To this end, we will compare

and HP

mh <o dn.0 . . We observe that
n T,

HP%<...§2MHQ11,O ‘ 1
H™3(R)

H™

AR //K T = Y)qn,0(2)qn0(y)dzdy,
// — K (2 — ) qno(2) g (y)ddy,
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where K,, and K are the inverse Fourier transform (in R and T,, respectively) of K,,,

a(©) = €1 12(6) = el (m(z5) — m(Z))

Note that i, and consequently IC,, are supported on {{ € R : %r < |¢] < 4M,}. Thus
K, € C*(R) with

1Cnl oo () S m, ||/C£L°‘)||Loo(R) <, m @D for all o« € N
We conclude that K,, satisfies
Ko (z)| S Mymy,', | Ka(z)| S Mymy,*|z| ™ for all x € R.

By Cauchy-Schwarz and Minkowski inequalities in combination with the above estimate and

(5.16]), we get that

‘// K (2 = 9)an0(2)gno(y)dedy| S 1Kl (g1z>a,p 1m0l 22 @)
{dist(z—y,LnZ)>Ayn}

< Mamy, AL g o ||%2(]R)

< M?P2m A AR (5.17)

On the other hand, a similar argument allows us to estimate the inverse Fourier transform

of (Icn(k»keﬁzz

Kb@) = 37 Ka(k)em

k€17
= Y Kuk) 2otk ) _ 3@2””@5’;) + 3etrishtin) _ 2k
ke L7 T
o Kl = £) = 3Kk — £ 4 3Ka(k — ) = Ka(k) 4
E kgnz (2™ — 1) o
Since
P2 T 1‘ > EE—T! for x| < %
and




|K2(2)| S LoMumy*|lz|™ for |z < %
We also have that
|K ()| S LMol e S LoMymy,* for all .
Working similarly as in , the estimates for KI» we just obtained allow us to get

1

J = Dnaa)nalp)dody| S M A4 619
{dist(z—y,LnZ)>An} Ln

In the region {dist(x — y, L,Z) < A, } the kernels are not small; however, we will show that

they are close to each other, as expected. Indeed, for x such that dist(z, L,Z) < A,

1 . 1 4
‘Kn(x) - L_ f;n (3}) = /]Cn(é)e%rmgdf — L_ Z ]Cn(k>627rzxk
! . " k€ -7
; 1 .
= Z / Kn(g)e%rw:&dé _ —,Cn(k‘)GZTrmk
1 Ik(L) Ln
S Z L;QH (’Cn(g)e%wg)/, HLoo(Ik(L))
kEﬁZ Ly

S L) Mam,, ' A,
where I(7-) = [k; — 5k i) Then the same argument as before yields

1
‘ // {Kn(x —y) - L—Kf" (z — y)} qn,o(ﬂs)qn,o(y)déﬂdy‘ S
{dist(z—y,LnZ)<An} n

< LY M2m AR A2 (5.19)

By (5.17), (5.1%) and (5.19),

} H = n

n S )
.1 . <2M, dn, .1
H™2(R) 5t < S2Mn H 2(Ty,)

< Mpimi YA+ Ly A A?,

HP%<--~§2M,L%,0

1 1
therefore, for n sufficiently large and given that M,m, % < A, < L2 M 'm?2,

. SA

HP%<-~-§2MnQn,O 1
H™3(R)
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5.3 Local behavior

Having established a uniform bound for the sequence ¢, in H 3 (R), Theorem provides

us with solutions ¢, to[H,| with initial data ¢, . Furthermore,

By construction the new sequence of initial data g, is close to u, in the sense that
| tn0 — Cj”’o”H*%(qrn) —0 as n — 00.

Next, we will show that g, (t) stays close to the solution w,(t) to (H?]) with initial data u,
on the time interval [0,7]. This is understood in the sense that g¢,(t) locally, around the
support of g, o, behaves similarly to u,(t). Below we formulate a more precise statement and

study this local behavior.

Assuming that x? is supported on the interval [a,, b,], we consider a smooth compactly

supported function x; such that

L x € [a, — 20N J 20N ]

0, z ¢ [an 10N , 10N ],

as well as its L,-periodization

= _X(@ + kL)

kEZ

We also define

Falt) = X0an(t),
falt,x) = fult,z + KkLy,).

keZ

Note that by the definition x(1 — x%) = 0, 50 fo(0) = Gno, tno — fu(0) = tnoPn.

Lemma 5.3. Let x be smooth with ¥’ € C®(R), ¢ € H Y(R) with ||g|[z-1 < min(§,1).
Then

Ixg (D2 S IIxalla-—1@ + X 2@ + 11X N 2o )
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Proof. We will exploit the series expansion of g ([2.2)). First of all, one can easily verify that

[, Ro) = VRoA(x)VRy with  A(x) = v/Ro( — 20, () + x"(x)) v/ Ro. (5.20)

In the following we denote 7(7T") := v/ RoT'v/ Ro. Then for any T, S we get

S) = V/ReTxRoS\/Ro (5.21)
— /RoTRyxS+/Ro + \/RoT[x, Ro)S+/Ro (5.22)
=r(T)r(xS) +r(T)A(x)r(S). (5.23)

Then for any f € H *(R) with || f||g-1(r) =1

[x@ st - 5] swie -

so by ([2.1)

S Ixalla-rw) + Xl i w)

[ v st - 5| rwra

This implies that

Ix [9(a) = 26) 7|1 gy < Ixallm— @) + IX 22wy,

thus

Ixg" (D 2y < lIx [9(a) = 26) 7 gy + 11X [9(0) = 26) ]| oy

S xalla—r@y + 11X 2@y + 11X | 2o )
]

Theorem 5.4. Let x be smooth with x’ € C*(R), ¢(t) solution to with initial data
q(0) € HY(R), ||q(0)|| -1 < dp. Then for all ¢ € [0, T

Ixa@)llz-1@ S lIx(@ = 4678)q(0, 2) lr-1@) + [l ) + X ]z ®)
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In particular, if ¢(0) is compactly supported with supp(¢q(0)) C [a,b] and x = 0 on [a —

10k2T, b + 10*T)], then for all ¢t € [0, T

Ixg(@ll -+ S Xl a1y + 11X Nz )

The implicit constants do not depend on t.
Proof. Let t € [0,T]. We consider

F(s) = [Ixe" ™% g(s) | 12

By the Duhamel formula,

t
K20z —5)Kk20,
Ixa@)lla-1ey S llxe™ 861(0)||H1<R>+/ e =% g'(q ()| 1wy ds,
0

or equivalently

t
—8)k20y
+ [ et g(5)) s
0

We observe that for any f

(6_4(15—5)/{2395.](‘) (z) = f(z —4(t — s)K?).

In particular, we have that for any fi, fo

’fl <e4(t—s)n28z f2> ‘ _ ’ <e—4(t—s)528zf1> fQ‘ )

Therefore by Lemma

Hx (64“’3”‘”’28“”9'((1(8))) H =

o A(t—5)K20; > H
- AU

S [ (e o) a)| L+ I + I
x (o)) || Il + I

= F(s) + [IXll 2 + IXNl e -

All in all,

t
F(t) < F(0)+ [l o + 1l + / F(s)ds
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so Gronwall’s inequality ensures that F'(t) < F(0) + [[x/|| 2 + [|X]| .~ or, equivalently,

—AtK29,
Ixa(t) sy 5 || (%) a(O),_, o Iz + I

(

Note that the implicit constants are allowed to depend on T but not ¢.

If ¢(0) is compactly supported with supp(¢(0)) C [a,b] and x(z) = 0 for all z € [a —
10k*T, b + 10k2T), then <6_4t”28wx) () = x (z — 4tk?) = 0 for all x € [a — 4K*T, b + 4k>T)
and we get that for all ¢ € [0, 7]

IXa@ -1 S Xl i) + X M2 m®)-

O
In our setting, Theorem implies that for n sufficiently large so that x*T < J]i,—z
11
(L= x5)an ()| -1y S N Ln? forall ¢ e[0,7]. (5.25)

Since ]LV—: — 0 as n — 00, f,(t) — gu(t) converges to 0 weakly in H~(R) uniformly for all
te0,7].
Note that fn solves
diJn = 462 f, +168°g/ (f) + €,
fn(o) = Xnthn,0

with
en = 165" (¢'(¢2) — 0 (Xiqn) — (1 = X52)9'(a0)) — 4K2(X5) G-

Using the diffeomorphism property of g, Lemma and ([5.25]), we get that for all ¢ € [0, T

the error term ||€,(t)||g-1(r,) is bounded (up to a constant) by

(1 = x)g (@) |z @) + 19" (an) — 9 O @) la—1@) + 106G @l 1wy
1 _1
SN L + (1= x50l a—1@) + 110G 1@l gnll -1 )
1 _1
<NZL,?(1+ A).
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Now let’s consider w,, the solution (up to time 7,, > T') to (H)) with initial data u,o. By
Theorem [3.4] for all ¢ € [0, 7]

1

o 1 _1 1
[un(t) = @ lla-1(r) S I ontimollm-1(r,) + (ma + M *)A + Ni L * (1 4 A)

1 _1 1 1 _1 11
S (mid + M7+ NF Lo+ ma? M N7 ) (14 A)

~J

which approaches 0 as n — oo.

The following theorem records the results of this chapter:

Theorem 5.5 (Finite Dimensional PDE Approximation). Fixx > 1,7 > 0,0 < A < %0 and
let m,, — 0, M,, N,, L, — oo as above. Assume u, € H’%(Tn) with ”un,OHH—%(T ) < A
and PSL;;Mun,O =0= P>L}(/[nun,0. Let u,, be the solution to (H})) with initial data u,(0) = ..

Then there exist ¢, o € H ’%(R) compactly supported on an interval of length L, containing

0, satisfying ||gn.ol R) < A, so that

H*%(
S [funo = dnoll -y o, ) = im0 = Gnoll i1 r,,) = 0-

Moreover, there exist bump functions x! € C°(R) satisfying x}, = 1 on the support of ¢,

for which the following is true for the solutions ¢, to (H,) with initial data g,(0) = gy 0:

=0 forall te[0,T].

lHm ||, (t) — [X,’QQn(t)]Ln H-1(T)

n—o0
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CHAPTER 6

Weak well-posedness for the H, flow

The process carried out in the previous chapter leaves us with a sequence of initial data that
now lives in the same space: H _%(R). Moreover, as we saw it is uniformly bounded in this
space. Unfortunately, the only conclusion we can draw from this is the existence of a weak
limit. Naturally, the following question arises: If we have weak convergence of the initial
data, what does this imply for the behavior of the solutions to at later times in the

weak topology? The key to answering this question is equicontinuity in time.

Lemma 6.1. Theﬂow is equicontinuous in time in H~!(R), i.e., for every T > 0, Q C By,
equicontinuous in H~! and € > 0 there exists 6 > 0 such that for all ¢ that solve (H,]) with

initial data ¢(0) in @, we have
lg(t) = a($)l—@) <€
for all t, s € [0,T] with |t — s| < 0.

Proof. We fix T > 0, Q C Bjs, equicontinuous in H'(R), and € > 0. In the following we
will allow the implicit constants to depend on 7" and Q. Let ¢,s € [0,7]. Without loss of

generality we may assume that s < t. First of all, by the Duhamel formula

la(t) = a(s) 1) S | q(0) = e=*%(0) |
A

/ng Dl (6.1)

H~1(R)

—7)K2 s—1)Kk2 -
AT (q(r)) = T (q(r)| e

Starting from the last term, the diffeomorphism property and the estimates of Theorem
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give
t t t
[ g smdr 5 [l swdr S [ la)lla-medr S - ol

Next, we observe that for any bounded equicontinuous subset £/ C H~*(R), (5.24]) implies
that

He4t/$281f . 6455231]1‘

‘H—l(R) = Hf(x +4tk?) — f(z + 45“2)“}1—1(1@)

= || fla+4(t = 5)8%) = f(@)]| s gy = O (6.2)

as [t — s| — 0, uniformly for all f € F, by the definition of equicontinuity.

We can now apply this estimate for the first term of (6.1]) to get dg > 0 so that for all
q(0) € Q and all ¢, s € [0, T] with |t — s| < dg

4tKk20 45K20 €
2 q(0) — €20 ¢(0) H <<
€™ q(0) — e q(0))| ® <3

Moreover, the set

Q' = {4 (q(t)) : t € [0,T], ¢ solution to (H,]) with initial data ¢(0) € Q}

is bounded in H _%(R), so it is equicontinuous as well, with its equicontinuity properties

depending on ). Then ((6.2)) yields for the second term of (6.1) that there exists 6 = d > 0

so that
S
I

for all ¢(0) € Q and ¢,s € [0, T] with |t — 5| < d,.

—7)Kk20s s—T)Kk20y €
AT (q(7)) = TR0 g | dr <
Combining all the above, we conclude that we can find § > 0 depending only on ¢, T" and

@ so that for all ¢(0) € @ and ¢,s € [0,T] with |t —s| < ¢

Hq(t) - q(5>||H—1(R) < e.
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Theorem 6.2. Fix T > 0 and Q C Bj, equicontinuous in H~'. Let {g,(0)} be a sequence
in (Q and ¢, the solution to with initial data ¢,(0). Then:

1. Passing to a subsequence, g,(t) converges weakly in H '(R) to some ¢(t) € H'(R)
uniformly for all ¢ € [0, T7.

2. For the same subsequence, g(¢n(t)) — 5 converges weakly in H*(R) to g(q(t)) — 5

uniformly for all ¢ € [0, T7.
3. q is a solution to on [0,7].

Proof. In the following, we allow the implicit constants to depend on T" and Q).

1. Since [|g,(0)|| g1y < do for all n, by (3.1)
lgn (O la-—1r) S 0o forall te[0,T],neN.

We consider [0,7]NQ = {t; : j € N}. Then, for each j € N, ||¢n(;)[/z-1(r) is bounded so
we can find a subsequence that converges weakly in H *(R) to some ¢(¢;) € H '(R). By
a diagonal argument, we obtain a subsequence {g,, } such that g,, (t;) converges weakly in

H'(R) to ¢(t;) for all j € N. For the sake of convenience, we relabel the subsequence .

We now define for every ¢ € [0,T] ¢(t) to be the H~! weak limit of ¢(7,,) for {7,,} C
[0,7] N Q such that 7, — ¢. First of all, we need to establish that this is well-defined.
For every such sequence {7,,} there exists a subsequence {7,,, } for which ¢(7,,, ) converges

weakly in H~!, since
lg(T)|gr1ey SR foral 7e[0,7]NQ.

Moreover, for any two sequences {7,,}, {7/} in [0,7] N Q such that 7, — ¢, 7/, — ¢ and
{q(mn)}, {q(7],)} converge weakly in H~'(R), we get that for any ¢ € H'(R) with ||@|| g1 () =
1

[{a(Tm) = a(70), D) < [g(Tm) = @n(Tn), &) [+ K@ (Tm) = G (77,), 0)]

+ [gn(7) — (7). 9) (6.3)

for all m,n € N. Let ¢ > 0. For all n € N, by Lemma [6.1

[{gn (i) = @n(73), D) < Nl (7o) = @ (T )l 1) <€
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for m large (independently of n) so that |7, — 7/ | is sufficiently small. Then, for fixed m,
the first and last terms of (6.3)) are small for n sufficiently large by the definition of ¢ at

rational times. Therefore, for m sufficiently large we get that

(q(Tm) — q(7,), §)] < 3e,

so the H~! weak limits of ¢(7,,,) and ¢(7/,) are the same. The above two points ensure that
for every t € [0, T}, for any sequence {7,,} in [0, 7] NQ such that 7, — ¢, the sequence ¢(7,)

converges weakly in H~!(R) and the limit does not depend on the choice of {7,,}.

Next, we will show that q,(t) converges weakly in H'(R) to ¢(t) uniformly for all
t € [0,7]. Let e > 0 and fix ¢ € H'(R) with ||¢||g1 ) = 1. By definition ¢ is uniformly
continuous in time on [0,7] (with respect to the weak H~! topology) and by Lemma
{¢n} is equicontinuous in time on the same interval, so there exists ¢ > 0 such that for all

t,s € [0, T] satisfying |t — s| < §

[(q(t) —a(s), )| <€ (6.4)

and
{gn(t) — qn(s),p)| <e forall neN. (6.5)

The interval [0,7] is compact, so we can find 71,...,7 € [0,7] N Q so that [0,7] C
UM (T = 8, T + 6). We can also find N € N large enough so that for all 1 <m < M

m=1

Hgn(Tm) — (1), )| <& forall n > N. (6.6)

Let t € [0,7) and 7,y € {71, ..., 7as} such that |t — 7,,| < 6. Then by (6.4), (6.5)), and (6.6),

foralln > N

|<QH(t) - Q(t)>¢>| < ‘(%L(t) - Qn(Tm0>7¢>| + ’<qn<7—mo> - q<7—m0>7¢>|
+ [{a(Tmo) — (1), @)

< 3e.

Hence g, (t) converges weakly in H'(R) to ¢(¢) uniformly for all ¢ € [0, T].
45



2. Fix ¢ € C*(R)NH(R) with ||¢||g-1r) = 1, M > 0so that supp(¢) C {z : |z| < M},

and let € > 0. We want to show that for n sufficiently large

\ [ ol lotan0) - sta@)lds| <= toral te 0.7

Let ¢ € C°(R) be a smooth cutoff such that ¢y = 1 on {|z| < M} and ¢ = 0 on {|z| >
M + £72} in order to ensure that ||[¢/|| 2 + ||[¢"||2 < e.

From the definition of ¢ ({2.2)), using the notation r(7") = v/RyT\/ Ry as in chapter , and
by applying repeatedly the identity (5.21)) we have

/d)(x)[g(qn(t)) —g(q(t))]dx = /qﬁ(x)w(fﬂ)[g(qn(t)) —g(q(t))]dz
= > (1t { VRV Folv/ Rog /o) |

>1

= > (= { v/ Rodv/Ro(v/Roav/Ro)' |

>1

= (=1 [tr {r(¢v)r(g,)'} — tr {r(ov)r(q)'}]
= (=D [tr {r(@)r(an)r(g:) '} — tr {r(¢)r(wq)r(q)" ' }]
+ Z(—l)l [tr {r(¢)A(W)r(qn)'} — tr {r(#)A()r(q)'}]

= S0 0 {r(0)r (@) (W (g0 — 9)r(g)™ )

k>0 m>0

YN (=) e {r(6)r(q) AW)r () r(gn — @)r(gn)™} -

1>0 k>0 m>0

Then ([2.1)) allows us to estimate

\ [ o otan o) - staoiis
SO lella-llallf-ille(gn — )lla-llgnllF-

£>0 m>0

32> Molu-lallig-eClaln-) g — alla-1llallF-

1>0 k>0 m>0

Se

for n sufficiently large so that ||1(g,(t) — q(t))||lg-1 < e for all t € [0,T].
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3. We start with the equation given by the Duhamel formula for g,:

t
K20y —8)k20y
nlt) = ¢0q,(0) + [ 10800 (g ()
0

(6.7)

Fix ¢ € C°(R) with ||¢[| @) = 1, M > 0 so that supp(¢) C {x : |z| < M}. By (5.24)

for every t € [T, T]

supp(e*° %) C {z : |z| < M + 4>T}.

We consider a smooth cutoff v € C° supported on {z : |z| < M + 5k*T'} and equal to 1

inside {z : |z| < M +4k*T}. Then, for any sequence { f,,} in H !(R) that converges weakly

in H}(R) to f € H'(R), we get that

(€50 (fo — f),0) = (fo — fre %)
= ((fo — )0, e 150 )

which converges to 0 uniformly for all ¢ € [0,7]. This ensures that
et (0) — ¥ 9%q(0)  weakly in H™ ",
For the second term of we observe that, since
¢n(s) — q(s) weakly in H~* uniformly for all s € [0, T],

by part (2)

1

1
9(gn(s)) — — — g(q(s)) — By weakly in H' uniformly for all s € [0, 77,
K

2K

SO

7 (qn(s)) = ¢'(q(s)) weakly in H~! uniformly for all s € [0,T].

Now, taking advantage of again,

% o (q(s)) = €% ¢/ (q(s)) weakly in H~' uniformly for all s,t € [0, T].

This means that for G,,(t; s) := e*=9)5°%[¢/ (¢, (s)) — ¢'(q(s))], for any given & > 0

[(Gn(t; s),9)| <e forall s,te€0,T]
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for n sufficiently large (independently of s, t), hence
t t
‘(/ Gn(t; s)ds,(b)‘ < / (Gn(t;s), ¢y ds < T for all t € [0,T].
0 0
We conclude that
t 2 ¢ 2
/ eHt=s)n % g (gn(s))ds — / elt=s)m %' (q(s))ds weakly in H (6.9)
0 0

uniformly for all ¢ € [0, 7.

Returning to (6.7, we already know that the left hand side converges weakly in H~! to

q(t) for all t € [0,T], and by and the right hand side converges weakly in H~! to
() fot 16K5e2=9)5"0: o/ (4(5))ds for all ¢ € [0,T], so

t
q(t) = "% q(0) + / 1674970 g/ (¢ (s))ds  for all t € [0, T,
0

proving that ¢ is a solution to as desired. O
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CHAPTER 7

Symplectic non-squeezing for the flow on the line

We are finally in a position to state and prove a symplectic non-squeezing theorem for (H]).
Note that it can only encompass small initial data; after all, the nonlinearity only makes

sense for sufficiently small solutions.

80
H_%(R) = 10°

LL,aeC,0<r<R<% andT > 0. Then there exists g0 € {q € H2(R) : |lg —

Theorem 7.1. Fix k > 1. Let z € H~2(R) with ||| | € H2(R) with 104 ) =

ZHH—%(R) < R} such that the solution ¢, to with initial data ¢.(0) = g, satisfies

{1, q.(T)) — | > 7.

Proof. We fix 0 < § < {55 < g5 Let A= [zl ;4 + R < %. Let my, My, Ny, Ly be

sequences such that m,, — 0 and M,,, N,,, L, — o0 as n — 00, as in chapter b First of all,

we can find Z € H-2 N C®(R) and [ € C*°(R) such that

o= 2y gy <8 =l <5 and [, =1
where § > 0 is a small parameter to be chosen later.
We will only consider n sufficiently large so that supp(Z), supp(l~) ClI,:= [—%, %] We

define
(@) =21, () = Y Hx + jLn),
JEZ

L(z) =11, (x) =Y Iz +jLy).

JET

By Lemma for all n we have that z,,1, € H *(T,) for all integers k > 0 with

zallner,y = NZ ey, Ml = 1 )- (7.1)
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In addition, for n sufficiently large, z, € H~2(T,) and I, € H2(T,) with

1. (7.2)

S flenllp-yp,y = Blg-sgy I lMllgy ) = 10 ) =

1

From now on, we also require n to be sufficiently large so that z, € H *%(']I‘n), l, € H2(T,)

and

P E

We also define

.— pLln
Cn T Pmn<~-~§MnZ7“

1
An

L
=5 l Pl

By Lemma 4.3 ¢, € H2(T,), A\, € H2(T,,) with 1Ml 4, = 1 and

Jim {16, = 2l 2(x,) = 0, (7.3)
nhi{.lo ||>‘n - ln”H%(’H‘n) =0. (74)
In addition,
do

For every n sufficiently large, we consider the equation (H)) on T,, with initial data in #,,.
Theorem guarantees the existence of a unique solution up to time 7;, for any initial data

inH,N{f e H3 (T,) : K3 Hf”fr%( ) < do}. We can apply Gromov’s result for these finite

Trn
dimensional Hamiltonian systems for n large enough so that 7" < T}, with the new parameters

¢, and \,,; we get witnesses u, that solve (H)) with initial data u,,(0) = u, o € H, and satisfy
| tno — C””H‘%(Tn) < R — 106, |{(An, un(T)) — | > r + 104. (7.5)
It is clear that

< A.

H 3 (T,) =

20

[[en ol



Moreover, by Theorem , we know that for all n, u,(t) € H2(T,) and
||un(t)||H—%(Tn) 5 ||u’n,0||H—%(Tn) for all t E [07T]7
hence
Hun(t)HH,%(Tn) <A forall te|0,T]. (7.6)
In addition, for every t € [0,77], the Fourier transform of u,(t) is supported in {¢ : %mn <

€] < 4M,,}.

Next, we consider g, o := x2uy 0, provided by Theoremand constructed as described in

chapter |5, We have already seen in Lemma |5.2 that ||g,.l| . < A uniformly for all large
Ol g

1
“2(R) ™
n. Thus, passing to a subsequence, ¢, o converges weakly in H *%(R) to some gy € H *%(R).

Also g0 converges weakly in H!(R) to go € H *(R). In fact, we can show that
lao = 21l 3 gy < B — 46, (7.7)

Let ¢ € Hz NC>(R) with ||¢||

[_ Ln Ly

= 1. We only consider n large enough so that suppgp C

[~ zn>¢]

i3 (R)
]. We observe that for any n

/R(q[) - 5)¢‘ <

+

/(QO — Qn,0)¢’ + /(Qn,o — Un,0)¢’ +
R R

[ G- é>¢‘ | [ (o - w] .

By working on each term separately, we verify that the first four terms are bounded by ¢

for n large enough, depending on ¢. The last term is bounded by R — 99 provided n is
sufficiently large, again depending on ¢, thus completing the proof of (7.7).

This also implies that |go — z|| < R, thus HQOHH’%(R) < A. Additionally, by

1

H™3(R)
construction we get (5.14), 50 ||gnollg-1(r) < %. Theorem [3.1| then guarantees the existence
of a unique global solution ¢, to with initial data ¢, and ¢ solution to with initial

data ¢gy. Furthermore,
0 (D)3 gy < ol gy < A

o1



Then ¢,(T") has a subsequence that converges weakly in H ’%(R). By Theorem m, passing
to a further subsequence, ¢, (T') converges weakly in H !(R) to ¢(T). Uniqueness of limit
asserts that ¢(T) € H2(R) and a subsequence of ¢,(T) converges weakly in H~2(R) to
q(T). By we can also see that, passing to a subsequence, f,(T) = x:q,(T) converges
weakly in H=2(R) to ¢(T).

Furthermore, for n sufficiently large, by (7.5)), (7.6), (7.3)

b (1)) = ] 2 [ 0 (T)) = = [ = Lo 0 (T))]
> 1108 = A =l ln (Dl

> r+ 90

and

(1a(T)) = al = [l un(T)) = a = [l un(T) = fu(T)] = |, fu(T) = a(T)))|
> 7+ 96 — (Il 1@y lun(T) — fn(T)HH—l('Jl‘n) -0

>r+70

for n sufficiently large, depending on .

Finally, by (3.2))

(=L@ < |lt =1 (T)ll-3 gy < 0A-

H%(R)Hq HH—%(

Making sure we have chosen ¢ small enough so that [(I —,¢(T))| < &, we conclude that

{,q(T)) — | > 7.
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CHAPTER 8

Symplectic non-squeezing for the KdV|flow on the line

The goal of this chapter is to prove Theorem This is accomplished by exploiting the fact
that the H, flows are a good approximation to the KdV flow, an idea introduced in [KV19].
The key property that this approximation result relies on is equicontinuity. We have already
defined what it means for a set to be equicontinuous in H~'(R) and have spotlighted a
certain class of bounded subsets of H~! that have this property. Let us recall some further

results about equicontinuous subsets and the flows in question from [KV19|, including the

precise statement of the crucial approximation of (KdV|) by (H,)).

Lemma 8.1. If Q is a set of Schwartz functions that is equicontinuous in H~'(R), then so

is
Q" = {eJV(tHKdV+SH“)q g€ Q,t,s e R k> 1}.
Lemma 8.2. If Q* is equicontinuous in H~!(R), then

lim sup sup ||V Hrav=He)g _ qllz-1(®) = 0. (8.1)

Remark 8.3. In [KV19] the authors show for a special set (), namely where the
elements of Q form a sequence of Schwartz functions that converges in H~(R), as part of
the proof of Theorem 5.1. However, the only property of ) that is needed in the proof is
the equicontinuity of @Q* in H~*(R).

Lemma [8.2] was the decisive result in the proof of the following well-posedness theorem

for (KdV) in [KV19).
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Theorem 8.4. The (KdV)) equation is globally well-posed in H~*(R) in the following sense:

The solution map extends (uniquely) from Schwartz space to a jointly continuous map
®:Rx H'R) = H(R).

In particular, ® has the group property: ®(t + s) = ®(t) o ®(s). Moreover, each orbit
{®(t,q) : t € R} is bounded and equicontinuous in H~!(R). Concretely,

sup [lg(®) -1 < Ol + lg(O) 17+ (&)

If in addition ¢(0) € H~2(R), then

< 3
U lg(t)-3 gy S 10O -3y + 9O,y -

The results above combined with our work on chapter [f] give us access to the following
theorem on the preservation of weak limits under the KdV flow. As we have explained earlier,
working in the weak topology is one of the essential difficulties in the infinite volume regime.
Apart from being a interesting result on its own, Theorem will be the last ingredient for
the proof of Theorem

Theorem 8.5. Fix 7' > 0 and @ a bounded equicontinuous subset of H~!. Let {g,(0)} be
a sequence of Schwartz functions in @ and g, the solution to (KdV|) with initial data g, (0).

Suppose that
qn(0) — ¢(0) as n — oo weakly in H'(R).

Then, if ¢ is the solution to with initial data ¢(0), passing to a subsequence,
qn(T) — q(T) as n — oo weakly in H'(R).

Proof. Suppose Q@ C {f € H'(R) : || fllu-1r) < A}. First, we consider the case when
0< A< %0. This additional assumption ensures that the elements of the sequence g,(0)
give rise to unique global solutions under the H, flow.

Since [gn(0)||g-1) < A for all n, ¢(0) € H ' (R) and [|¢(0)||g-1ry < A. Moreover,

we can find Schwartz functions f,(0) € H'(R) so that F' = {f,(0)} C {f € H'(R) :
o4



| flla-1®) < 2A} is equicontinuous in H~!'(R) and f,(0) — ¢(0) in H~'(R). Then the set
Q U F is equicontinuous in H~'(R). Lemma and Lemma ensure that (8.1) holds.

4n(T) = q(T) = [eT"VH"d"qn(O) — eV, (0)]

+ [eTJVH,i €TJVH“q(0)}

+ [GTJVH 6TJVH f ( )}

+ [eTJVHan eTJVHKdV fn<0)}

+ [eTJVHKde ) GTJVHKqu(O)} )

By , the first and fourth terms converge to 0 in H~*(R) as x — oo for all n. Having
fixed k sufficiently large, passing to a subsequence the second and third terms converge to 0
weakly in H~!(R) as n — oo due to Theorem . Finally, the last term converges to 0 in
H~Y(R) by Theorem . This completes the proof of this special case.

As far as general bounds A are concerned, it can be reduced to the special case by

rescaling. Indeed, for A € 2% we can consider
o (t,x) = Nq,(Vt,\x), neN

which also solve (KdV]). In particular, one can observe that for N € 2N

PNy g) ~ [Pona2O)] -1y = A [ Poa 0],
~ A P>]Avq"<0>HH1(R)
and
|Peva0)] gy < [PenaO) 2y = A [Py a0,
P<]an<o)HH—1(R) '

The implication of these observations is twofold: on the one hand, for N = 1 they ensure

that

1 1
lap ()| -1®) S A2|gn(0) || r-1m) S AZA
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hence ||g)(0)|| -1y < £ if A is chosen appropriately small; one the other hand, for fixed A we
have that HP> N (0) || Hiw) 0 as N — oo uniformly for all n, thanks to the equicontinuity

of ). We conclude that the rescaled initial data fall under the special case of the Theorem.

Since ¢ (0) — ¢*(0) as n — oo weakly in H~!(R), the special case of the theorem
implies that ¢ (A 73T) — ¢*(A\73T) as n — oo weakly in H~!(R). This in turn shows that
qn(T) — q(T) as n — oo weakly in H'(R). O

Proof of Theorem[1.9. We are given the fixed parameters z € H~2(R), | € H2(R) with

[, =10a€C 0<r<R<oo,and T > 0.

First, we consider the case when |[z[| .} = < % and R < %.

(R)
We fix 0 < 6 < £ and take [ € C°(R) with |||

150 = 1 such that

i3 (R)

1= Tly3 gy < 0

with & > 0 a small parameter to be chosen later. By Theorem , for each kK > 1 we can
find g, solution to the [H,|flow with initial data ¢, € H2(R) satisfying

lawo = 23y < B 106, |{Lax(T)) = af > 7+ 100

For each £ > 1 we can find .o € H~2(R) N C®(R) so that

10

||q/€,0 - quHH,%(R) <e

We denote by ¢, the solution to (H,)) with initial data Gy . Since ||gy o] +

-k S ”ZHH*%(R)
R — 96 uniformly in , there exists ¢o € H ’%(R) so that, passing to a subsequence, g, 0 — qo

weakly in H=2 and H'. In particular,

||q0 - Z||H—%(R) < R?

as for every ¢ € Hz N C®(R) with HﬁbHH%(R) =1

[@- z>¢' <| [ (o - z>¢\ | [ - CJO)¢‘

S ”qN,O - ZHH*%(R) + 5

<R-9)
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for r sufficiently large, depending on ¢. What is more, qo is also the weak H =3 and H!

limit of (a subsequence of) g, as k — 0.
We consider the sets
Q = {Cjn,O K> 1}a
QF = {eJV(tHKdV“H")q g EeQ,t,s e R k> 1}
By Corollary , Lemma and Lemma , the boundedness of Q in H —3 (R) ensures that
(8.1)) holds for the solutions we may need it.

Let g be the solution to (KdV|) with initial data go. We observe that

q(T) - @{(T) = [eTJVHKdV qo — eTJVHKdV (jn,O}

4 [GTJVHKW~ _ oTJVHx

k.0 Gr0] -

Passing to a subsequence, one readily sees that by (8.1) the second term converges to 0
strongly in H~*(R) as k — oo and Theorem affirms that the first term converges to 0

weakly in H~}(R) as x — oo, therefore
G<(T) — q(T) weakly in H *(R) as k — oo.
Since
lae(t) = @)l -1y S €+ 5° / an(9) = ) -
for all t > 0, Gronwall’s inequality yields that
19x(T) = @e(T) -1y S e F
SO
q(T) — q(T) weakly in H *(R) as k — oo.
As a consequence, for x large enough (depending on 5)
[(a(T)) = al = | aT)) = a| = (L aelT) = a(T)| = | = La(T))]
>r+106 -5 —C (Hq(())HH,%(R)> 5

>r
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_ -1
by making sure we have chosen § < [C’ (”Z”H—%(R) + R)} J.

The general case follows by scaling. For A > 0, we consider the new parameters

2a(m) = A22(\z) € H2(R)  with |2 = Allz]

H 3 (R)

L,

.1
H 2(R

1 .
(@) i= l0w) € HER)  with [l = Wl ) =

ry = Ar, R, .= AR, ay = A, Ty := \"3T.

Assuming that A is sufficiently small, we can use the special case of Theorem that we
proved above and obtain solution to (KdV)) ¢, satisfying

192 (0) = 2all -y gy < Baand (I, a(T2)) — an| > 7
Then, taking q(¢, x) := %qk(ﬁt, %x) we get that

HQ(0> - ZHH_%(R) = %HQ)\(O) - z)\HH_%(R) < %R)\ == R,

[(1g(T)) — ol = b aa(T2)) —ax| > sra =1
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CHAPTER 9

Symplectic non-squeezing for the KdV flow on the

circle

The methodology developed in the previous chapters also allows us to obtain a simpler proof
of the already known result that the KdV flow on the circle has the symplectic non-squeezing
property. Once again, the key is to show symplectic non-squeezing for the H, flows via finite

dimensional approximation and argue that this property is inherited by the KdV flow.

The finite-volume setting affords us several simplifications in comparison to the line case.
The most obvious manifestation of the more favorable compact setting is that it permits
employing simpler finite-dimensional Hamiltonian systems to approximate the H, flow; after
all, truncation in space is no longer necessary. Instead, we are going to use the flows induced
by the Hamiltonians

1
HY(q) = —16K°a(k; P%Nq) + 4r? /T §q2dx,

namely
%Q’J{V = 4r2(¢N) + 16H5P%NQI(P%N(LJ@V)
4Y(0) € H3(T)

for N € 2N,

Furthermore, the compactness of the circle allows for a much shorter argument regarding
the recovery of witnesses to non-squeezing as limits of bounded sequences. More specifically,
in the circle setting we can extract a strong H ! subsequential limit from a sequence bounded
in H _%, thus avoiding working in the weak topology. This is in direct contrast to the line

regime where much of our efforts were focused on understanding the behavior of weak limits
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under the H, and KdV flows. Before we start, let us point out that on the circle the

homogeneous and inhomogeneous Sobolev norms H* and H* for s < 0 are equivalent.

Once again, the first step is the finite-dimensional approximation of the H, flows. Of
course, the immediate question that arises is whether the equations induced by the Hamil-
tonians HY are well-posed. One readily sees that they bear a strong resemblance to the
systems employed in the treatment of the line problem, . Looking back at Theorem
3.3, we did not impose any conditions on the lengths of the tori L,, so the theorem can be
applied equally well to systems where the lengths change (like in the infinite-volume regime,
L, — o0) and to systems on a fixed circle (for instance L, = 1). The last difference be-
tween and that we need to address is the absence of a low frequency truncation.

Nevertheless, this change can only simplify the argument.

Theorem 9.1 (Well-posedness for [HY)). Fix x > 1. Let Hy := {f € H™(T) : P, f =0},
N € 2Y. There exists §o > 0 small enough (independent of N and k) and a sequence
Ty > 0 satisfying limy_ ., Ty = oo so that the following are true for every N € N: For

every uno € {f € Hy : 52| f]| < do} € By, there exists a unique solution uy €

H‘%(T) -

C([0, Tn])HY(T) to the equation (H-'|). For each such initial data uy ¢ the solution uy/(t) €
‘Hn obeys

s (D)lir-1c8) S Hwoll - CRY

and

Jun(?) 9.2)

||H7%(T) 5 ||UN7O| H*%(T)

for all ¢ € [0, Ty]. The implicit constants here do not depend on N.

We begin by proving the following lemma, which will be applied repeatedly in this and

the subsequent chapters.

Lemma 9.2. Let z, € H '(T), 2 € H'(T) and 0 < R,, < 00, 0 < R < oo such that

lim ||z, — 2z||g-1my =0, lim R, = R.
n—00 n—oo
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Let ¢, n € N, be a sequence in H~'(T) such that
lqn — Z”HH*%(T) <R, forall neN.

Then there exists ¢ € H '(T) such that, passing to a subsequence, g, converges to ¢
(strongly) in H~'. Moreover,

Proof. We look at the sequence
o =qn—2n € H_%(T).

This sequence is restricted in a compact subset of H~2(T), since we have that || fall -3 m <
R, < R+ 1 for n sufficiently large. Therefore, there exists some f € H _%(']I‘) such that,
passing to a subsequence, f, converges to f strongly in H~!(T) and weakly in H _%('JI‘). We
then take

q:=f+z€HT).
Observing that
G —q=Jfo— [+ 20— 2,

we conclude that it converges to 0 strongly in H~!. In addition,

]

Theorem 9.3. Fix £ > 1. Let z € H2(T) with HZ”H—%(T < %nééo, | € H5(T) with

)
[ 3 =1, a€C0<r<R< 1—101550, and T' > 0. Then there exists .0 € {¢ € H2(T) :

lg — 2| ;-3 < R} such that the solution g, to|H,| with initial data .(0) = gy satisfies
{1, q:(T)) — | > 7.

Proof. We begin by taking 0 < ¢ < %(R — 7). Thanks to Theorem , Gromov’s theorem
can be applied to the flow induced by the Hamiltonian HY for initial data in {qg € H _%(T) :

q € Hn, ||qHH_ 1 < /ﬁég}, for appropriately adapted parameters as long as N is sufficiently
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large so that Ty > T. As a result, we obtain a sequence of witnesses ¢ (0) € H *%(']I‘),
N € 2 with P.yng™(0) = 0 such that the solution ¢~ to the HY flow with initial data
¢ (0) satisfies

4(0) = Penzll oy < R0

(g2 (T). ) — al >+ 39,

where [y = P_yl. Note that

1
IP<nll |, 1
H2(T)

1

11— In]] =30

ihm S N 3 oy + 1PN

SO

Jim [l = Ly ) = 0. (9.3)

We intend to use this sequence of witnesses to construct a witness for the H, flow. By
Lemma , passing to a subsequence, ¢ (0) converges strongly in H~! to some ¢.(0) €
H~2(T) satisfying

1:(0) = 24y < -
For every N sufficiently large we consider the solution ¢& € C([0,T]) ) to (HY)) with
initial data ¢ (0) and the solution ¢, € C’([O,T])H‘i(']l‘) to with initial data qK(O).

Using Duhamel’s formula we get for all ¢ € [0, T

g’ (t) — ax ()l a-1(ry Sllae (0) = ax(0)l[a-1(m)
#1667 [ 1Pene! (Pena (7)) = st
By Bernstein estimates, the diffeomorphism property of g, and estimate , for all s € [0, ¢]
|P<ng (Pengy (7)) = g (@e ()|l mr-1(m)
SN0 3 gy + 10 (1) = (D112,

so by Gronwall we get that for all ¢ € [0, T

lgx' () = ax ()l -2y < 1lg’ (0) = @ (O)|rr=r () + N 72 g (0} -y -
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In particular, this implies that ¢~ (T) — q.(T) in H~}(T) as N — oco. Moreover, due to
(19.2) we have that

10 Ty oy < 1Y O gy S el ) + B (9.4
therefore, passing to a subsequence, uniqueness of limits asserts that
¢V (T) = q.(T)  weakly in H2(T). (9.5)
Then for N sufficiently large

[{a<(T), 1) — ol = g (T), In) — o = (g (T),1 = )| = [{a(T) — ¢ (T), 1)|

>r+30—20>r
by (9.4), (9.3), and (9.5)). This concludes the proof of Theorem [9.3] ]

We are now ready to use the result of Theorem [9.3] to prove Theorem [I.3]

Proof of Theorem [I.3. Once again, we take 0 < 6 < (R —r). Let [ € H2(T) N C>(T) such
that ”ZHH%(T) =1and |l — l~HH%(T) < 6 for some small parameter § > 0 to be chosen later.

We only consider £ > 1 sufficiently large so that HZHH—%(T < %m%&) and R < %m%&). For

)
all such k, let ¢, denote the witness to symplectic non-squeezing for the flow induced by H,
that we obtain from Theorem for the radii 0 < r+ 26 < R — 9 < oo and the parameters
2,1, a,T. Since

1¢:(0) — ZHH*%(T) <R-4¢6  forall g,

Lemma [9.2] guarantees that there exists ¢(0) € H—2(T) with

such that, passing to a subsequence, ¢.(0) converges to ¢(0) strongly in H'(T) and weakly
in H2(T) as k — oo.

The next step will be to replace the sequence ¢,(0) by a sequence of Schwartz initial data
that converges to the same limit. For each s we can find a Schwartz function G, (0) € H~2(T)

such that

_ 10

HQH(O) - gﬁ(O)HH_%(’]I‘) <e
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Note that ||g.(0) , R for k large. Then clearly passing to a subsequence

HH—%(T) < HZ“H—%(T
G (0) converges to ¢(0) strongly in H~(T) and weakly in H~2(T) as xk — co.

Working similarly as in the proof of Theorem [I.2] we observe that the difference of the
solutions ¢, to (H,) with initial data ¢.(0) and ¢ to (KdV) with initial data ¢(0) can be

written as

¢(T) = Go(T) = (e"V!ravg(0) — Vi g, (0))

+ (VI G (0) — €V, (0))

Up to a subsequence, as k — oo the first term converges to 0 in H~! by Theorem and the
second term converges to 0 in H~! by an application of (which holds for the solutions
in question due to the boundedness of G.(0) in H~2(T)), so G.(T) — ¢(T) in H(T) as
k — 00. Moreover, by Duhamel’s formula the difference between the solutions to the H,

flow with initial data ¢.(0) and ¢, (0) at time ¢ > 0 satisfies

135(2) = @ ()| =1 < [13x(0) = g (0) [+ + 16&5/0 19'(Gx(s)) = 9 (g ()l -1 ds

1

t
<o 4 1687 / 1n(5) — gu(s) | -rds
0

with the implicit constant independent of k. By Gronwall’s inequality we obtain that
stﬁlo
1g:(T) = @ (T) [ -10m) < 777,

which suggests that q.(T) — ¢(T) in H !(T) as k — oo. Consequently, for s sufficiently

large

|<Q(T)=l> - a| > |<QR(T)7Z> - Oé| - |<QH<T) - Q(T)7l~>| - |<Q(T)7l~_ l>|
> 7+ 26 = [lge(T) = q(D)ll e+ [l ar = Nlg(T)| -y I =1

> 7426 = [lge(T) = (D)l 1l = C(lI2ll -3 + R)S

A3 H*

>r

provided that & has been chosen appropriately small, thus completing the proof that ¢ is,

indeed, a witness to symplectic non-squeezing for (KdV). ]
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CHAPTER 10

Proof of Theorems [1.4 and 1.5

Proof of Theorem[1.5. We are given z € H Y(T), | € H*(T) with HZHH%(T) =1, a € C,

0<r< R<oo,and T > 0. Let us take a small parameter 0 < § < % and consider a
sequence z, € H™(T)NH~2(T) such that |2 = 2u||-1¢1) = 0 as n — oco. Then, by Theorem

E, we get solutions ¢, to (KAV]) with initial data ¢,(0) € H~2(T) satisfying
182(0) = 2ull -3 gy < B=0, [(1,gu(T)) — ] > 7 +26.

Lemma (9.2 provides us with ¢(0) € H~!(T) with [|g(0) — z|| ) < R such that, passing

H=3(T
to a subsequence, ¢, (0) converges to ¢(0) in H~(T) as n — oo. The continuity of the KdV
flow in H~! then guarantees that ¢,(T") converges in H!(T) to the solution ¢(T) to (KdV)

with initial data ¢(0), as n — oo. Therefore,

[(L,q(T)) — ol = {1, gu(T)) — af = [{I,gu(T) — 9(T))]
> 7420 = [[Ul| 2wy lgn(T) = ¢(T) | -2(y

>

]

Proof of Theorem[1.]]. We follow an argument parallel to the one in the proof of Theorem

[I.5] Let us focus only on the aspects that require a modifies treatment.

The first point of divergence is the extraction of a subsequential limit ¢(0) from g, (0) by
an application of Lemma (9.2, Here, we need to use a variant of that Lemma for the line; the
same argument can work in the non-compact setting, the sole difference being that it can give

us only weak convergence. That way we obtain q(0) € H!(R) with [|¢(0) — z|| ) < R

H 2 (R
such that, passing to a subsequence, ¢,(0) converges to ¢(0) weakly in H'(R).
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Next, instead of strong H~! convergence of ¢,(T"), we can aim for the analogous weak
result. The only obstacle on our way towards this is to show that the set Q@ = {¢,(0) : n € N}
is equicontinuous in H~!(R); then we will be able to apply Theorem and carry out the
rest of the argument the same way we did for the circle case. However, one can readily see

that the equicontinuity of ) is guaranteed by the fact that Q C Q1 + @2, where

QIZ{Qn«))_Zn:nEN}a QQZ{ZN:TLGN},

and Lemma 2.71 O
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CHAPTER 11

Equivalent formulations of symplectic non-squeezing

In the introduction we listed two other equivalent formulations of Gromov’s Theorem. In
[KVZ] the corresponding alternative expressions of symplectic non-squeezing are derived for
the cubic NLS on R2. It is not suprising that the analogous statements are true for the KdV
equation, both in the circle and in the line setting. Below we will present the two equivalent
formulations of Theorem and Theorem The proofs of the respective results on the
line can be reconstructed from the following arguments and the proofs of Theorems and

L4

Corollary 11.1. Fix z € H~3(T), I € H3(T) with ||l ., =1, € C, 0 < R < o0, and
T > 0. Then there exists solution ¢ € H~2(T) to (KdV) such that

9(0) = 2l -3y < B [{La(T)) — ] > R

Proof. Let q, € H _%(T) be the witnesses to symplectic non-squeezing for (KdV]) given by
Theorem for the radii 0 < R — % <R+ % < 00, for n € N sufficiently large. We can find
a subsequence along which ¢,(0) converges to some ¢(0) € H~2(T) in H~'(T). Moreover,

for this limit we have that
By the continuity of the solution map for (KdV)), ¢,(T") converges to ¢(T) in H~(T). In
addition, the fact that

9T p-3 ) < C (IOl 3.0, ) < C (Il gy + R)

and uniqueness of limits ensure that passing to a subsequence ¢, (T") converges to ¢(T') weakly
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in =2 Then for any € > 0
[{a(T),1) — ol = [(gn(T), 1) — af = [{gn(T) — ¢(T), 1)
>R—¢
for n large enough, so we conclude that
[{g(T),1) —af = R.
O

Corollary 11.2. Fix z € H {(T), I € H(T) with || ,; =1, @ € C, 0 < R < oo, and
T > 0. Then there exists solution ¢ € H'(T) to (KdV) such that

9(0) ~ 2l < R. |(La(T)) — ] > R

Proof. Let q, € H™'(T) be the witnesses to symplectic non-squeezing for (KdV]) that we
obtain from Theorem for the radii 0 < R — % <R+ % < o0, for n € N sufficiently large.
Once again, we take advantage of Lemma [9.2] which provides us with ¢(0) € H=*(T) such
that ¢,(0) converges to ¢(0) in H~*(T), and satisfies

9(0) ~ 2l ) < B
By the continuity of the solution map for (KdV]), ¢,(T) converges to q(T') in H~'(T). This
suggests that for any € > 0

[(q(T), 1) — o] = [{gn(T), 1) = af = Kan(T) = ¢(T), 1)

>R—¢

for n large enough, so
[(¢(T), 1) — o] = R.
[

Corollary 11.3. For every z € H™2(T), | € Hz(T) with HZHH%(T) =1,0< R < oo and
T >0,

Area({(1,q(T)) : q solves (KAV), 4(0) € F4(T), (0) = 2]y, < BY) = 7.
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Proof. Without loss of generality, we may assume that |z|| PREPAAS ‘f—g and R < %; the

general case then follows by rescaling. Under these extra assumptions we ensure the well-
posedness of (HY)) on {q € Hy : ||lqg — Z“H*%(T) < R} up to time Ty, where Ty — oo as

N — oo.

Our goal is to prove a bound for the area of the set

O = {{1.q(T)) : g solves (KAY), ¢(0) € H(T), q(0) = 2], ... <R}.

(T)

We define for 0 < r < R the sets

Ky = {{L,a(T)) : q solves (KAV), q(0) € HH(T),[lg(0) = I, 3, < 7).

For any fixed 0 < r < R,

(TN < 103 WD 3 gy < I3 O gy +7)

so each IC, is bounded. One can establish that each IC, is also closed, hence compact. Note

also that

o= J k.

0<r<R

Suppose that Area(Q) < mR?. Then there exists ¢ > 0 such that
Area(Bs) := Area({z € C : dist(z, Kr_s) < 46}) < (R — 45)*.

We will use the analogous formulation of Gromov’s theorem for a sequence of finite dimen-
sional systems that approximate our flow and follow the arguments used in the proofs of
Theorems and to reach a contradiction. First of all, for each x > 1 and N € 2% we

consider the set
AY = {{lx,a(T) - g solves (HY), a(0) € H3(T), 4(0) ~ 2,y ) < R~ 45}

where zyy = Poyz € H2(T), | P-yl € H2(T). By the equivalent formulation
o)

-1
N T PN o
H?2

of Gromov’s theorem stated in the introduction, we get that

Area(AY) > w(R — 49)*.
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If all ¢ that solve HY with initial data ¢(0) € H~2(T), ||q(0) — ZN||H7%(T) < R — 46 satisfied
that dist({Ix,q(T)), Kr_s) < 49, then we would get that AY C Bs, which would in turn
yield

Area(AY) < Area(B;) < m(R — 46)?,

resulting in a contradiction. This asserts that, for each x > 1 and N € 2%, there exists ¢*

that solves (HN) with ¢ (0) € H~2(T),

g (0) — Penzll <R—45, dist({ln,q7 (T)), Kr-5) > 40.

1
~2(T)

Using Lemma[9.2] as in the proof of Theorem [9.3 we obtain ¢,(0) € H~(T) such that ¢~ (0)

converges to g.(0) in H~(T) as N — oo, which also satisfies
lgx(0) = 2]l -y < R —36.

Moreover, an argument similar to the one in the proof of Theorem 9.3|gives us for the solution

. to (H.)) with initial data ¢, (0)
dist((, g<(T)), Kr_s) > 30.

Next, we use Lemma again as in the proof of Theorem to get ¢(0) € H~2(T) such
that ¢,.(0) converges to ¢(0) in H1(T) as k — oo, with

la(0) = 2l < R =25

Imitating the proof of Theorem 1.3 once again, we can see that g.(7) converges in H(T)
to the solution ¢(7') to (KdV]|) with initial data ¢(0) at time T, so

dist({1, q(T)), Kn_s) > 20.

This results in a contradiction, since we found z = (I,q(T)) € Kg_s so that dist(z, Kr_s5) >
20. We conclude that
Area(O) > nR?.
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Corollary 11.4. For every z € H~'(T), I € H'(T) with [|I]| ,; =1,0 < R <ocoand T > 0,
Axca({{L, (1) - g solves (KAV), q(0) € H*(T), a(0) =l ) < ) > mR2
Proof. Once again, we consider

O = {{1,¢(T)) : q solves (KdV]), ¢(0) € H(T), [lg(0) — 2[| ;-3 ., < R}

(T)

and for 0 <r < R
K = {{l,q(T)) : q solves (KdV), ¢(0) € H™(T), [lq(0) = 2]l -3y <7}
Assuming that Area(O) < mR?, we find § > 0 such that
Area(Bs) := Area({z € C : dist(z, Kp_s) < 46}) < m(R — 46)°.

We can find a sequence z, € H~*(T) N H~2(T) such that z, — z in H~}(T). Arguing as
before and applying Corollary for the parameters z,,, we obtain for each n some solution
to (KdV)) ¢, that satisfies

an<0) - ZnHHf% <R- 467 diSt(U: qn(T)>7 ’CthS) > 40.

Lemma provides us with ¢(0) € H~'(T) with ||¢(0) — z|| ;-3 < R —30 such that passing
to a subsequence ¢,(0) converges to ¢(0) in H~*(T) as n — oo. Then ¢,(T) converges to

q(T) in H~(T), yielding that
dist((l, ¢(T)), Kr-s) > 30.
Since (1, q(T)) € Kgr—s, this is a contradiction. We conclude that

Area(O) > nR?.
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